arXiv:1110.5983v2 [hep-lat] 24 Dec 2011

International Journal of Modern Physics A © World Scientific Publishing Company

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice^∗

ANOSH JOSEPH Theoretical Division, Los Alamos National Laboratory, Los Alamos, NM 87545, USA anosh@lanl.gov

Inspired by the ideas from topological field theory it is possible to rewrite the supersymmetric charges of certain classes of extended supersymmetric Yang–Mills (SYM) theories in such a way that they are compatible with the discretization on a Euclidean spacetime lattice. Such theories are known as maximally twisted SYM theories. In this review we discuss the construction and some applications of such classes of theories. The one-loop perturbative renormalization of the four-dimensional lattice N = 4 SYM is discussed in particular. The lattice theories constructed using twisted approach play an important role in investigating the thermal phases of strongly coupled SYM theories and also the thermodynamic properties of their dual gravitational theories.

Keywords: Supersymmetric models; Gauge/string duality; Renormalization; Lattice gauge theory.

PACS numbers: 12.60.Jv, 11.25.Tq, 11.10.Gh, 11.15.Ha

1. Introduction

Formulation of discretized supersymmetric Yang–Mills (SYM) theories in a way ensuring compatibility with the lattice is an old problem in lattice field theory. Recent developments based on the ideas taken from topological field theories and also orbifold/deconstruction techniques have created promising pathways into the solution of this long standing problem. In this review we focus on a class of lattice gauge theories constructed from topologically twisting the continuum SYM theories. The twisted SYM theories on the lattice turn out to be local, doublers free, and exact gauge-invariant theories, which are invariant under one or more supersymmetries. These theories, in principle, are qualified enough to form the basis for a truly nonperturbative definition of the continuum SYM theories.

To make this review as self-contained as possible, we have included a set of introductory topics, such as the construction of SYM theories in various dimensions, general properties of topological field theories, and their connections to SYM theories and lattice formulations, and the geometric structure of the resultant lattices.

We introduce the four-dimensional N = 4 SYM theory in Section 2. To maintain the symmetry between the number of fermion and boson degrees of freedom in

∗Preprint no. LA-UR-11-11648 1

2 Anosh Joseph

a given Yang–Mills theory coupled to spin-1/2 fermions in arbitrary dimensions, various conditions can be imposed on Dirac fermions in various dimensions. These conditions lead to Weyl, Majorana, and Weyl–Majorana fermions. The method of dimensional reduction is then applied to the ten-dimensional N = 1 SYM theory to obtain the N = 4 SYM theory in four dimensions.

In Section 3, we introduce topological field theories, BRST invariance in gauge theories, and then discuss topological field theories of Witten type, which are the focus of our interest.

We show how to twist the supersymmetries of SYM theories with extended supersymmetries in Section 4. The method of maximal twisting is discussed, and then its relevance to the lattice constructions is explained. We give the twisted versions of the two-dimensional N = 2 and four-dimensional N = 4 SYM theories, exposing the nilpotent scalar supersymmetries appearing as a consequence of the twist. We also write down the action and scalar supersymmetries of these theories.

In Section 5, we introduce supersymmetric lattices, their geometric structure, orientation of the field operators, covariant derivatives on the lattice, connection to Dirac–Kähler fermions, and discretized supersymmetries and actions of the twisted SYM theories.

After these introductory sections, in Section 6, we review the N = 4 SYM at one-loop on a four-dimensional lattice. The lattice formulation of the N = 4 SYM retains one exact supersymmetry at non-zero lattice spacing. This feature, combined with gauge-invariance and the large point group symmetry of the lattice theory, can be used to show that the only counterterms that appear at any order in perturbation theory correspond to the renormalizations of existing terms in the bare lattice action. Also it can be shown that mass terms are not generated at any finite order of perturbation theory. The one-loop renormalization coefficients of the theory exhibit a common logarithmic divergence that can be absorbed by a single wavefunction renormalization. This implies that for the lattice N = 4 theory, at oneloop, only a fine tuning of the finite parts is required to regain full supersymmetry in the continuum limit.

In Section 7, we review some of the applications of the lattice constructions of twisted SYM theories in the context of the AdS/CFT correspondence. We discuss recent results obtained from lattice simulations of the SYM quantum mechanics and the two-dimensional SYM theory at finite temperature. Both the gauge theories appear in the generalizations of the holographic duality conjecture. The dual gravitational theory of SYM quantum mechanics contains black holes. As the temperature changes, there is a transition between black holes (described by a confined phase in the gauge theory) and a gas of hot strings (described by a deconfined phase in the gauge theory) in the dual gravitational theory. The transition is continuous and it passes through a point known as the Horowitz–Polchinski correspondence point. In the case of the two-dimensional supersymmettic Yang–Mills theory, the dual gravitational theory has an even more interesting phase structure. At large

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 3

N, the (1+1)-dimensional sixteen supercharge SU(N) Yang–Mills is believed to describe a dual description of the decoupling limit of N coincident D1-branes on a circle. The D1-branes have charge and mass, and they describe certain black hole geometry. In the dual gravitational theory, at large N and strong coupling, it has been proposed that, there is a phase transition related to the Gregory–Laflamme phase transition connecting a localized black hole solution and a uniform black hole solution wrapping around the compactified direction. The study of the time and space Polyakov loops in the two-dimensional gauge theory may show evidence supporting this transition. This gauge theory is analyzed on the lattice using twisted construction, and indeed the behavior the time and space Polyakov loops strongly suggests such a transition. In particular, at strong coupling, the transition has the parametric dependence on coupling predicted by the gravitational theory. The temperature corresponding to the Gregory–Laflamme phase transition can be estimated from the lattice study of the gauge theory which, interestingly, is not yet known directly in the gravitational dual.

2. N = 4 super Yang–Mills theory

Supersymmtric Yang–Mills (SYM) theories form an interesting class of quantum field theories. Among them, the four-dimensional SYM theory with sixteen supersymmetries is a very special quantum field theory in its own right. This theory exhibits many interesting properties. For zero theta angle, the four-dimensional SYM theory with a simple gauge group has just a single dimensionless coupling parameter, the gauge coupling parameter g. The classical version of this theory exhibits superconformal invariance, owing to the dimensionless nature of its coupling parameter. Its beta function vanishes identically to all orders in perturbation theory and the same is believed to be true at the nonperturbative level. This theory, therefore, is finite, with no renormalization at all. Its coupling parameter does not run, unlike most gauge theories, different values of g really give different theories, rather than being transmuted to a change of scale. Another interesting property exhibited by this theory is exact electric-magnetic duality, that is, the invariance under the interchange of electric and magnetic quantum numbers. The theory is also invariant under the replacement of g with 4π/g, that is, the theory with a weak gauge coupling g is fully equivalent to the one with a strong gauge coupling 4π/g.

In 1997, Maldacena proposed1 a new duality relating Type II supergravity (a certain low energy limit of string theory) in (d+1)-dimensional anti-de Sitter (AdS) space and d-dimensional super conformal theories. This is known as the holographic principle. The N = 4 SYM theory takes part in the most successful realization of holographic principle. This theory can be realized as the gauge theory living on a D3-brane of Type IIB superstring theory in AdS_5 × S^5 space.

The action of N = 4 SYM theory was given for the first time in 1977 in Refs. 2 and 3 within the framework of string theory toroidal compactifications. This theory has the maximal amount of supersymmetry, sixteen real supercharges, for a four-

4 Anosh Joseph

dimensional field theory with global supersymmetry.

There exist different types of construction schemes for four-dimensional N = 4 SYM theory. We follow the original work of Brink, Schwarz and Scherk given in Ref. 2, where it is constructed by dimensional reduction from ten dimensions.

2.1. Yang–Mills theory with fermions

We are interested in constructing a Yang–Mills theory coupled to spin-^1_2 fermions in d spacetime dimensions with an additional symmetry: the number of bosonic and fermionic degrees of freedom are equal. We will call this symmetry supersymmetry.

A massless gauge potential in d dimensions has d − 2 on-shell real degrees of freedom. A Dirac spinor in d dimensions has 2^{[d/2]} on-shell real degrees of freedom, where [d/2] represents the integral part. These two numbers do not match in any dimension. In order to demand the additional symmetry, we will have to reduce the number of fermionic degrees of freedom by requiring the spinor to satisfy some supplementary conditions.

Let us consider a Yang–Mills theory coupled to massless spin-^1_2 particles on a d-dimensional flat Minkowski space R^{1,(d−1)} with signature g_{mn} = diag(−, +, +, · · · , +), where m, n = 0, 1, 2, · · · , (d − 1). The metric is

ds^2 = ∑ m,n g_{mn}dx^mdx^n = −(dx^0)^2 + (dx^1)^2 + · · · + (dx^{(d−1)})^2 . (1)

The theory has a gauge field A_m taking values in the real Lie algebra of a compact gauge group G. The gauge field takes values in anti-hermitian matrices, in the adjoint representation of G. The covariant derivative D_m is D_m = ∂_m + A_m , (2) The corresponding curvature F_{mn} is F_{mn} = [D_m, D_n] = ∂_mA_n − ∂_nA_m + [A_m, A_n] . (3) We add a fermionic term to the d-dimensional Yang–Mills action. The fermions are contained in a Dirac spinor λ taking values in the Lie algebra of G.

The action is

S = Tr ∫ d^dx ( − 1 4 F_{mn}F^{mn} + iλΓ^mD_mλ ) , (4)

where Γ^m are the d-dimensional gamma matrices. Since anti-hermitian matrices generate the Lie algebra in our case, the trace Tr is negative definite.

We examine the dimensions in which the action (4) permits the extra symmetry - supersymmetry - between the gauge bosons and the fermions without the addition of other fields. The requirement of same number of bosonic and fermionic degrees of freedom is essential for field theories that transform as linear representations of supersymmetry. Since the spinor degrees of freedom grow faster than that of gauge bosons, we will reduce the number of spinor degrees of freedom by imposing some additional conditions on the fermions. Before we choose those conditions, a familiarization with spinor representations in arbitrary dimensions would be useful.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 5

2.2. Spinors in higher dimensions The Lorentz group, the symmetry group of Minkowski space, admits finitedimensional representations. Spinors appear as fields that transform under finitedimensional representations of the Lorentz group.

We use the language of Clifford algebras to discuss the spinor representations in d dimensions. A Clifford algebra is a set of matrices (we call them gamma matrices) satisfying the anticommutation relations:

{Γ_m, Γ_n} = 2g_{mn} , (5)

where m, n = 0, 1, · · · (d − 1).

Given such a set of matrices, we see that the following antisymmetric matrices,

Σ^{mn} = − i 4 [Γ^m, Γ^n] = −Σ^{nm} , (6)

satisfy the commutation relations of the Lorentz group generators:

i[Σ^{mn}, Σ^{sr}] = η^{ns}Σ^{mr} + η^{mr}Σ^{ns} − η^{nr}Σ^{ms} − η^{ms}Σ^{nr} . (7)

The matrices Σ^{mn} give a d-dimensional representation of the Lorentz algebra. They are a set of antisymmetric tensors transforming according to the d-dimensional Lorentz vector representation of SO(1, d − 1). They act on the space of fields called Dirac spinors. The algebra generated by Σ^{mn} yield the spinor representation of SO(1, d − 1). The d-dimensional representation of the Lorentz algebra generated by Σ^{mn} is not always an irreducible representation. To see if a given representation is reducible or not, we need to consider separately the case where d is an odd or even dimension.

We begin with the construction of gamma matrices in even dimensions, d = 2k + 2, where k = 1, 2, · · · . We group the gamma matrices into a set of raising and lowering operators4^,5

u^±_0 = 1 2 (±Γ_0 + Γ_1) ,

u^±_a = 1 2 (Γ_{2a} ± iΓ_{2a+1}) , (8)

where a = 1, · · · , k. These operators satisfy the following anticommutation relations: {u^+_i , u^−_j } = δ_{ij} , i, j = 0, 1, · · · , k {u^+_i , u^+_j } = {u^−_i , u^−_j } = 0 , (9)

along with the conditions:

(u^+_i )^2 = (u^−_i )^2 = 0 . (10)

We can let u^−_i operators act repeatedly on any spinor state to reach a spinor |ξ⟩ annihilated by all u^−_i ’s

u^−_i |ξ⟩ = 0, for all i . (11)

6 Anosh Joseph

Now we can let the creation operator u^+_i act on |ξ⟩, at most once each, in all possible ways to obtain a spinor representation. The spinor states obtained in that way are given in Table 1.

Table 1. Spinor states and their corresponding numbers.

states |ξ⟩ u^+_i |ξ⟩ u^+_i u^+_j |ξ⟩ · · · (u^+_k u^+_{(k−1)} · · · u^+_0 )|ξ⟩

number 1 k + 1_{k+1}C_2 · · · 1

The total number of states is

1 + (k + 1) +_{k+1}C_2 + · · · + 1 = k+1∑ n=0 k+1C_n = 2^{k+1} = 2^{d/2} . (12)

This representation has dimension 2^{k+1}. The spinor representation is given by

|s_0s_1 · · · s_k⟩ = (u^+_k )^{sk + 12} · · · (u^+_0 )^{s0 + 12} |ξ⟩ , (13)

where each of s_i is ±^1_2 . The |ξ⟩ we started with contains all s_i = −^1_2 .

The matrix elements of Γ^m can be derived from the definitions and the anticommutation relations by taking the |s_0s_1 · · · s_k⟩ as a basis.

The generators Σ_{2i,2i−1} form a commuting set. We consider the operator

S_i ≡ Σ_{2i,2i−1} = u^+_i u^−_i − 1 2 . (14)

The basis vectors |s_0s_1 · · · s_k⟩ defined above form simultaneous eigenstates of all the S_i’s with eigenvalues s_i,

S_i|s_0s_1 · · · s_k⟩ = s_i|s_0s_1 · · · s_k⟩ . (15)

The half-integer eigenvalues show that this is a spinor representation. The spinors form the 2^{k+1}-dimensional Dirac representation of the Lorentz algebra SO(1, 2k+1). For example, in d = 4, the states | ±^1_2 , ±^1_2 ⟩ form a four component Dirac spinor.

Noting that increasing d by two doubles the size of Dirac matrices, we can give an iterative expression for gamma matrices in even dimensions starting in d = 2.

The gamma matrices in d = 2 are:

Γ^0 = ( 0 1 −1 0 ) , Γ^1 = ( 0 1 1 0 ) . (16)

Then in d = 2k + 2 with k = 1, 2, · · · we have,

Γ^m = γ^m ⊗ ( −1 0 0 1 ) , m = 0, · · · , d − 3 , Γ^{(d−2)} = I⊗ ( 0 1 1 0 ) , Γ^{(d−1)} = I⊗ ( 0 −i i 0 ) , (17)

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 7

with γ^m the 2^k × 2^k Dirac matrices in d − 2 dimensions and I the 2^k × 2^k identity. The 2 × 2 matrices act on the index s_k, which is added in going from 2k to 2k + 2 dimensions.

For representations in odd dimensions, we need to add a new gamma matrix Γ_{d+1} to the Γ_m matrices. Let us define Γ_{d+1} in the following section.

2.2.1. Weyl spinors

Since the generators Σ^{mn} are quadratic in the gamma matrices, the spinor states |s_0s_1 · · · s_k⟩ with even and odd numbers of +^1_2 s do not mix. This indicates that the Dirac representations in even dimensions are reducible representations of the Lorentz algebra.

We define a new gamma matrix:

Γ_{d+1} = i^{−k}Γ_0Γ_1 · · · Γ_{d−1} , (18)

which has the properties:

(Γ_{d+1})^2 = 1, {Γ_{d+1}, Γ^m} = 0, [Γ_{d+1}, Σ^{mn}] = 0 . (19)

All the Dirac spinor states are eigenstates to Γ_{d+1}

Γ_{d+1}|s_0s_1 · · · s_k⟩ = ±|s_0s_1 · · · s_k⟩ , (20)

with eigenvalue +1 for even numbers of s_i = +^1_2 and −1 for odd ones.

Since Γ_{d+1} commutes with the generators of the Lorentz algebra Σ^{mn} cannot furnish an irreducible representation of SO(1, d − 1). The Dirac representation, let us denote it by S, breaks down into two 2^k-dimensional irreducible representations S^+ and S^−. These representations are called Weyl (or chiral) representations, and they can be obtained by projecting out the two subspaces using Γ_{d+1}. We define a projection operator:

P^± = 1 2 (I± Γ_{d+1}) . (21)

The Lorentz generators and representation now split into two parts:

Σ^±_{mn} = P^±Σ_{mn}, S^± = P^±S . (22)

The spinors obtained in this way are called Weyl spinors.

In d = 4, the Dirac representation is the familiar four-dimensional one, which separates into two two-dimensional Weyl representations distinguished by their eigenvalue under the chirality operator Γ_5.

4_{Dirac} = 2 + 2^′ . (23)

Here we have labeled a representation S by its dimension (in boldface). In d = 10, the representations are:

32_{Dirac} = 16 + 16^′ . (24)

8 Anosh Joseph

To get representations in odd dimensions, d = 2k + 3, we simply add Γ_{d+1} to the gamma matrices for d = 2k + 2. The set of creation and annihilation operators is the same as that of d = 2k + 2. This is now an irreducible representation of the Lorentz algebra because Σ^{md} anticommutes with Γ_{d+1}. Thus, there is a single spinor representation of SO(1, 2k + 2), which has dimension 2^{k+1}. There is no chirality in odd dimensions.

For k even, the Weyl irreducible representations are equivalent to complex conjugates of each other. While for k odd each Weyl representation is equivalent to its own complex conjugate. The Weyl representations can only be real for k = 1 (mod) 4 and must be pseudo-real for k = 3 (mod) 4.

The Lorentz generators Σ_{mn} in odd-dimensional case furnish an irreducible representation of the Lorentz group by themselves. In each odd dimension, the fundamental spinor representation is either real or pseudo-real.

2.2.2. Majorana spinors

The above construction of the irreducible representations of gamma matrices shows that, in even dimensions, d = 2k + 2, the irreducible representations are unique up to a change of basis. That is, for any set of gamma matrices {Γ^m} and {Γ^{m′} } both satisfying the Clifford algebra, there exists a nonsingular matrix M, such that

Γ_m = MΓ^′_mM^{−1}, for all m = 0, 1, · · · d − 1 . (25)

Thus, the matrices (Γ^m)^∗ and −(Γ^m)^∗ satisfy the same Clifford algebra as Γ^m. This implies that the Dirac representation is its own conjugate in even dimensions.

We can impose a condition that relates the spinor state |ξ⟩^∗ to |ξ⟩. This condition must be consistent with Lorentz transformations and so must have the form: |ξ⟩^∗ = B|ξ⟩ , (26) with B, a nonsigular matrix satisfying

BΣ^{mn}B^{−1} = −(Σ^{mn})^∗ . (27)

Such a condition, called the Majorana (or reality) condition, is consistent only if BB^∗ = 1.

Using the reality and anticommutation properties of the gamma matrices, one finds

B^∗B = (−1)^{k(k+1)/2} or (−1)^{k(k−1)/2} . (28)

Thus, a Majorana condition is possible only if k = 0 or 3 (mod) 4 for the first case, and for k = 0 or 1 (mod) 4 for the second case. If k = 0, both conditions are possible, but they are physically equivalent. They are related to each other through a similarity transformation.

The Majorana condition on a Dirac spinor λ is:

λ = Cλ^T , (29)

December 30, 2011 5:12 WSPC/INSTRUCTION FILE SYMLATTICE

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 9

where C is the charge conjugation matrix. It transforms the Lorentz representation matrices in the following way:

CΣ^{mn}C^{−1} = −Σ^{mnT} . (30)

Table 2. We can impose various conditions on SO(1, d − 1) Dirac spinors in various dimensions. For the Weyl representation, it is indicated whether these are conjugate to themselves (self) or to each other (complex). The smallest representation in each dimension, counting the number of real components, is given in the final column. A dash indicates that the condition cannot be imposed.

d Majorana Weyl Weyl–Majorana min. rep. 2 yes self yes 1 3 yes - - 2 4 yes complex - 4 5 - - - 8 6 - self - 8 7 - - - 16 8 yes complex - 16 9 yes - - 16 10 yes self yes 16

2.2.3. Weyl–Majorana spinors

Imposing a Majorana condition on a Weyl spinor requires the Weyl spinor representation to be conjugate to itself. For k odd, which is d = 0 or 4 (mod) 8, it is therefore not possible to impose both the Majorana and Weyl conditions on a spinor: one can impose one or the other. Precisely for k = 0 (mod) 4, which is d = 2 (mod) 8, a spinor can simultaneously satisfy the Majorana and Weyl conditions.

Table 3. Conditions on spinor degrees of freedom in various dimensions. Note the bold numbers indicating the matching of fermion and gauge field degrees of freedom. d A_m λ_D λ_M λ_W λ_{W M} 3 1 2 1 - - 4 2 4 2 2 - 6 4 8 - 4 - 10 8 32 16 16 8

We can have Majorana spinors in d = 2, 3, 4, 8, 9, 10, and Weyl spinors in d = 2, 4, 6, 8, 10. For the cases d = 4, 8, while one can, in principle, impose a Majorana condition, this condition is incompatible with the Weyl condition and, thus, there

10 Anosh Joseph

are no Weyl–Majorana spinors for d = 4, 8. For d = 2, 10, we can impose both Majorana and Weyl conditions, that is, we have Weyl–Majorana spinors (See Table 2). The Weyl–Majorana spinors in d = 2 and d = 10 are particularly important because of their relevance in string theory.

Imposing a Majorana or Weyl condition on the spinor, though, reduces its degrees of freedom, each by a factor of one half. Starting with d = 3, the various possibilities for matching the degrees of freedom of a gauge field A_m to those of Dirac (λ_D ), Majorana (λ_M ), Weyl (λ_W ) and Weyl–Majorana (λ_{W M} ) spinors are shown in Table 3.

Note that in d > 10 there are no solutions to our matching problem on fermiongauge boson degrees of freedom. That is, d = 10 is the highest dimension in which we can have a SYM action (on a flat spacetime without adding extra fields).

2.3. Supersymmetric Yang–Mills theory in ten dimensions

The SYM action in ten dimensions has the form

S = Tr ∫ d^{10}x ( − 1 4 F_{mn}F^{mn} + iλΓ^mD_mλ ) , (31)

where F_{mn} is the ten-dimensional curvature, m, n = 0, 1, · · · , 9; λ is a Weyl– Majorana spinor (it is known as a gaugino) with its 8 degrees of freedom matching with those of the ten-dimensional gauge field A_m. The Dirac spinor in ten dimensions has 32 degrees of freedom. This can be reduced to 16 by imposing the Weyl condition (decomposing λ in to chiral and antichiral parts λ_± by applying the projection operator P_±). Imposing the Majorana condition λ = Cλ^T on this Weyl spinor further reduces the number of degrees of freedom down to 8. Thus we obtain a Weyl–Majorana spinor with 8 degrees of freedom matching with those of the gauge field.

The action (31) is invariant under a set of transformations of the fields, called the supersymmetry transformations δ_S A_m = iαΓ_mλ , δ_S λ = Σ_{mn}F^{mn}α , (32) where the constant spinor field parameter α is a single Weyl–Majorana spinor parameterizing the supersymmetry transformations. This is referred to as N = 1 supersymmetry. In d = 10, there are 16 real supercharges corresponding to these transformations.

The symbol δ_S stands for the supersymmetric variation. For a generic field Φ, it means:

δ_S Φ = 16∑ a=1 [ϵ^aQ_a, Φ} , (33)

where Q_a are the sixteen supersymmetries. The symbol [X, Y } denotes, the graded commutator, XY − (−1)^{|X||Y |}Y X. We have |X| = 1 when the field X is fermionic and |X| = 0 when it is bosonic.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 11

2.4. Dimensional reduction to four dimensions

We are interested in constructing N = 4 SYM theory in four dimensions. To obtain this theory, we dimensionally reduce the ten-dimensional N = 1 SYM theory down to four dimensions.

2.4.1. The method of dimensional reduction

Let us consider compactifying one spatial dimension of R^{1,(d−1)} on a circle of radius R, that is,

R^{1,(d−1)} −→ R^{1,(d−2)} × S^1. (34)

The coordinates x^m, m = 0, 1, · · · , (d−1) of R^{1,(d−1)} decompose into (x^μ, z), where x^μ are the coordinates of R^{1,(d−2)} and z the coordinate on the compactified spatial dimension S^1. The limit R → 0, in which the compactified dimension shrinks to zero size, is called ‘dimensional reduction.’ To understand what happens to spacetime fields under this action, we consider the simplest case of a complex scalar field φ with periodic boundary conditions on the compactified direction S^1. This field has the Fourier expansion: φ(x^μ, z) = 1 √ 2πR ∑ n∈Z φ_n(x^μ)e^{inz/R} . (35) The kinetic part of the action for this field becomes:

S^{(d)}_{KE} = ∫ d^dx^mφ^† ( □_{(d)} − m^2 ) φ = ∫ d^{(d−1)}x^μ ∫ dzφ^† ( □_{(d−1)} +

∂^2 ∂z^2 − m^2 ) φ = ∫ d^{(d−1)}x^μ ∑ n∈Z φ^†_n(x^μ) ( □_{(d−1)} − m^2 − n^2 R^2 ) φ_n(x^μ) . (36)

The Fourier modes φ_n(x^μ) acquire curvature dependent masses m^2 + n^2/R^2. In the limit R → 0, the modes φ_n for n ≠ 0 become infinitely massive. It would cost an infinite amount of energy to excite such modes, and they therefore decouple from the theory. The only mode that survives in this limit is the zero mode φ_0, with the kinetic action: S^{(d−1)} KE = ∫ d^{(d−1)}x^μφ^†_0 ( □_{(d−1)} − m^2 ) φ_0 . (37)

We can extend the method of dimensional reduction to more than one space dimensions. Consider compactification on a torus T^k = S^1 × S^1 · · · S^1, k times, with each circle of radius R. The spacetime becomes: R^{1,(d−1)} −→ R^{1,d−1−k} × T^k . (38) The Lorentz group splits in the following way:

SO(1, d − 1) → SO(1, d − 1 − k) × isometries on T^k . (39)

12 Anosh Joseph

The representations of the fields also take new forms. The covariant derivative, D_m = ∂_m + A_m, acting on the zero mode of a field simply reduces to D_μ for m = μ. The components of the covariant derivative in the reduced directions, D_i for i = 1, · · · , k, acting on a zero mode is just A_i on the mode. The gauge field components in the reduced dimensions, A_i i = 1, · · · k, become a collection of scalar fields.

In the limit R → 0, the isometries on T^k become the rotations on R^k , and we have the splitting: SO(1, d − 1) → SO(1, d − 1 − k) × SO(k) . (40) A spinor field decomposes into direct sums of representations of SO(1, d − 1 − k) because of the tensor product structure of the Clifford algebra. The Lorentz group splitting is the same as in (40).

2.4.2. From N = 1, d = 10 SYM to N = 4, d = 4 SYM

Dimensional reduction of ten-dimensional N = 1 SYM theory down to four dimensions leads to an N = 4 SYM with the same number of supersymmetries.

The Lorentz group SO(1, 9) splits according to

SO(1, 9) → SO(1, 3) × SO(6) . (41)

We will also be using the notation of Spin group, the double cover of the Lorentz group, in the later sections. The double cover splits according to Spin(1, 9) → Spin(1, 3) × Spin(6) ≈ Spin(1, 3) × SU(4) . (42) Dimensional reduction of the theory on a six-dimensional torus T^6 gives rise to a multiplet of four-dimensional fields possessing an additional SO(6) ∼ SU(4) global symmetry. This internal rotational symmetry is known as the R-symmetry, SO_R(6), of the dimensionally reduced theory.

After dimensional reduction, the ten-dimensional gauge field reduces to a four dimensional real vector A_μ, μ = 0, 1, 2, 3, transforming under the SO(1, 3) symmetry. The reduced components of the gauge field A_i, i = 1, 2, · · · , 6 become six real scalars. The SO_R(6) becomes an internal symmetry mixing between these scalars. They transform as the second rank complex self-dual 6 of SU(4).

The Clifford algebra splits up as follows:

Γ_μ = γ_μ ⊗ I_8, Γ_i ≈ γ_{pq} = γ_5 ⊗ ( 0 ρ_{pq} ρ^{pq} 0 ) , (43)

where γ_μ, μ = 0, 1, 2, 3, are the ordinary 4 × 4 gamma matrices, and the 4 × 4 ρ matrices, with p, q = 1, 2, 3, 4, are given by (ρ_{pq} )_{rs} = ϵ_{pqrs}, (ρ^{pq} )_{rs} = 1 2 ϵ^{pqkl}ϵ_{klrs} , (44) and the chirality matrix Γ_{11}, in terms of our usual γ_5 is:

Γ_{11} = Γ_0 · · · Γ_9 = γ_5 ⊗ I_8 . (45)

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 13

Finally, the ten-dimensional charge conjugation matrix is related to the fourdimensional matrix C by

C_{10} = C ⊗ ( 0 I_4 I_4 0 ) . (46)

Imposing both Majorana and Weyl conditions on the Dirac spinor results in the structure λ = Lχ^s R~χ_s , (47)

where L =^1_2 (I+ γ_5) and R =^1_2 (I− γ_5); s = 1, 2, 3, 4; and ~χ_s = Cχ^{sT} . We have four left-handed and four right-handed (Weyl) spinors.

The spinor index 16 separates into (2, 4) + (2, 4) under SO(1, 3) × SO(6). The ten-dimensional spinor becomes four Weyl spinors.

Thus the dimensionally reduced action is S = ∫ d^4xTr ( − 1 4 F_{μν} F^{μν} − 1 2 D_μA_iD^μA_i + 1 4 [A_i, A_j ]^2 )

− i 2 Tr (λΓ^μD_μλ + iλΓ_i[A_i, λ]) . (48)

The supersymmetry transformation laws take the following form after dimensional reduction δA_μ = −iαΓ_μλ , δA_i = −iαΓ_iλ , δλ = (1 2 F_{μν} Γ^{μν} + D_μA_j Γ^{μj} + i 2 [A_i, A_j ]Γ^{ij} ) α . (49)

3. Topological field theory

Supersymmetric field theories naively break supersymmetry when they are discretized on a lattice. Topological field theories provide a crucial insight into establishing the compatibility between SYM theories and lattice discretization. Certain supersymmetric field theories with extended supersymmetries can be discretized on a lattice while preserving at least one supersymmetry. The continuum limit of these discretized theories turn out to have a structure similar to that of topological field theories. In this section we briefly introduce a class of topological field theories and show how their structure is compatible with discretization on the lattice.

As the name suggests, topological field theories are characterized by observables (correlation functions) which depend only on the topology (global features) of the space on which these theories are constructed. The non-dependence on local features implies that the observables of topological field theories are independent of the metric of the space on which they are defined.

14 Anosh Joseph

The origin of topological field theories goes back to the work of Schwarz and Witten. In 1978, Schwarz showed6 that Ray-Singer torsion^a could be represented as the partition function of a certain quantum field theory. In 1982, the work of Witten7 provided a framework for understanding Morse theory^b in terms of supersymmetric quantum mechanics. These two field theory constructions represent the prototype of all known topological field theories.

There are two general classes of topological field theories: they are known as Witten and Schwarz type. In Witten type topological field theories, the classical action is trivial (zero or a topological invariant). In Schwarz type theories, classical actions are non-trivial. The prototype example of a Witten type theory is the Donaldson theory^c; the best known example of Schwarz type theory is the Chern–Simons theory.

3.1. Yang–Mills theory and BRST invariance

Let us begin our brief description of topological field theory focusing only on Witten type theory, as only this type eventually leads to a discretization on the lattice.

We look at a conventional nonabelian field theory with gauge symmetry. The best example is Yang–Mills theory in four dimensions. The classical action is a combination of gauge field Lagrangian and Dirac Lagrangian. It is

S_c = ∫ d^4xTr ( − 1 4 F_{μν} F^{μν} + ψ(Γ^μD_μ − m)ψ ) , (50)

where the trace is over the generators of the gauge group G and the fermion multiplet ψ belongs to an irreducible representation of G. The field strength is:

F^A_{μν} = ∂_μA^A_ν − ∂_μA^A_ν + f^{ABC} A^B_μ A^C_ν , (51)

where f^{ABC} are the structure constants of G. The covariant derivative is defined in terms of the representation matrices T^A by

D_μ = ∂_μ + A^A_μ T^A . (52)

The gauge-fixed (quantum) action after Faddeev–Popov gauge-fixing is

S_q = S_c + ∫ d^4xTr ( 1 2ξ (∂^μA^A_μ )^2 + c^A(−∂^μD^{AC}_μ )c^C ) , (53)

where ξ is a gauge parameter, and c and c are the Faddeev–Popov ghost and antighost fields.

The Faddeev–Popov ghost fields serve as negative degrees of freedom to cancel the effects of unphysical time-like and longitudinal polarization states of gauge bosons A_μ, and thus make the gauge theory a complete interacting theory.

aRay-Singer torsion is a particular topological invariant of Riemannian manifolds. bMorse theory is a method to determine the topology of a manifold from the critical points of only one suitable function on the manifold.

cDonaldson theory is the study of smooth 4-manifolds using gauge theory techniques.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 15

There is a beautiful formal tool to implement this cancellation, known as the BRST formulation8^,9.

Let us rewrite the gauge-fixed action by introducing a new commuting scalar field B^A to expose the the symmetry associated with the BRST technique:

S_q = S_c + ∫ d^4xTr ( − ξ 2 (B^A)^2 + B^A∂^μA^A_μ + c^A(−∂^μD^{AC}_μ )c^C ) . (54)

The new field B^A is not a normal propagating field, as it has a quadratic term without derivatives. These type of fields, which appear in the functional integral part but have no independent dynamics, are called auxiliary fields. We can eliminate them by using the equations of motion. We could also get rid of the dependence on B by integrating it in a functional integral with a standard Euclidean measure [dB]. This would bring us back to (53), the Faddeev–Popov gauge-fixed action.

The BRST symmetry has a continuous parameter that is an anticommuting number. Let us denote it by ϵ (we call this the BRST parameter), and consider the following infinitesimal transformation of the fields in the action: δA^A_μ = ϵD^{AC}_μ c^C δψ = iϵc^AT^Aψ δc^A = − 1 2 ϵf^{ABC} c^B c^C δc^A = ϵB^A δB^A = 0 (55)

The BRST transformation above is a global symmetry of the gauge-fixed action for any value of the gauge parameter ξ.

The BRST transformation has one more remarkable feature, which is a natural consequence of its anticommuting nature. Let QΦ be the BRST transformation of the generic field Φ of the theory:

δΦ = ϵQΦ . (56)

Then the BRST variation of QΦ vanishes:

Q^2Φ = 0 . (57)

That is, the BRST operator Q is nilpotent.

The BRST operator gives a precise relation between the unphysical gauge boson polarization states and anti-ghosts as positive and negative degrees of freedom. We can use the principle of BRST symmetry to remove the unphysical gauge boson polarizations in nonabelian gauge theories. The complete quantum action, S_q, which comprises the classical action S_c together with the necessary gauge-fixing and ghost terms, is, by construction, Q-invariant.

The change in gauge field A^A_μ involves the ghost field c^A. In the infinitesimal gauge symmetry (Yang–Mills symmetry), transformation for A^A_μ given by A^A_μ → A^A_μ −(D_μθ)^A we can replace the gauge parameter −θ^A by the ghost field c^A. That is,

16 Anosh Joseph

gauge-invariant quantities are also BRST-invariant. We also see that all observables are given by BRST-invariant expressions, since all observables in a gauge theory must be gauge-invariant.

With the BRST transformations, we can write:

S_q = S_c + Q ∫ d^4x [ c^A ( ∂^μA^A_μ − ξ 2 B^A )] . (58)

We can show that the vacuum expectation value of QO for any (not necessarily Q invariant) functional O is zero. We write: ⟨O⟩ = ∫ [dA][dc][dc] O(A, c, c)e^{−Sq (A,c,c)} . (59) Let us rename the variables of integration in the following way: A^{A′}_μ = A^A_μ + δA^A_μ , c^{A′} = c^A + δc^A , c^{A′} = c^A + δc^A . (60) where δ = ϵQ is the BRST variation with ϵ an arbitrary Grassmann number. The vacuum expectation value of O becomes: ⟨O⟩ = ∫ [dA^′][dc^′][dc^′] O(A^′, c^′, c^′)e^{−Sq (A′,c′,c′)} . (61) Assuming that the measure of integration is invariant, which it should be for consistency of the theory, we get the vacuum expectation value of O: ⟨O⟩ = ∫ [dA][dc][dc] (O + δO)e^{−Sq −δSq} , = ⟨O⟩ + ⟨δO⟩ , (62) since δS_q = 0. The change δO is the BRST variation of the operator O. We can thus write the above equation as ⟨QO⟩ = 0 . (63) 3.2. Introducing topological field theory Now that we are familiar with the basics of BRST quantization of gauge theories, we can move on to introducing topological field theories. Following Ref. 10 we define a topological field theory as a field theory that consists of

(i) A collection of fields Φ (which are Grassmann graded) defined on a Riemannian manifold (M, g), (ii) A nilpotent operator Q, which is odd with respect to the Grassmann grading, (iii) Physical states defined to be Q-cohomology classes, (iv) An energy-momentum tensor which is Q-exact, i.e., T_{αβ} = QV_{αβ} (Φ, g) , (64) for some functional V_{αβ} of the fields and the metric.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 17

The collective field content of the theory Φ includes the gauge field, ghosts, and multipliers. The theory has local gauge symmetry, and, as we briefly discussed before in the case of Yang–Mills, we can construct a BRST type operator Q that is nilpotent. We denote the variation of any functional O(Φ) as: δO = QO . (65) The physical Hilbert space is defined by the condition:

Q |phys⟩ = 0 . (66)

Furthermore, a physical state of the form:

|phys⟩ = |phys⟩ + Q|χ⟩ (67)

is equivalent to |phys⟩, for any state |χ⟩. A state is called Q-closed if it is annihilated by Q, while a state is called Q-exact if it is of form Q|χ⟩. Thus the physical Hilbert space splits into different equivalence classes called Q-cohomology classes.

We take Q to be metric independent, which is the simplest situation to deal with, also the best choice of connecting SYM theories with global supersymmetries. For a theory defined on some manifold M, with a metric g_{αβ} , the energy-momentum tensor T_{αβ} is defined by the change in the action under an infinitesimal deformation of the metric:

δ_gS_q = 1 2 ∫ M d^nx √ gδg^{αβ} T_{αβ} . (68) We assume that the functional measure in the path integral is both Q-invariant and metric independent.

We now consider the change in the partition function: Z = ∫ [dΦ]e^{−Sq} , (69)

under the infinitesimal change in the metric:

δ_g Z = ∫ [dΦ]e^{−Sq} (δ_g S_q ) , = ∫ [dΦ]e^{−Sq} ( − 1 2 ∫ M d^nx √ gδg^{αβ} T_{αβ} ) , = ∫ [dΦ]e^{−Sq} ( − 1 2 ∫ M d^nx √ gδg^{αβ} QV_{αβ} ) . (70)

Let us denote: χ = − 1 2 ∫ M d^nx √ gδg^{αβ} V_{αβ} . (71) Thus, we have δ_gZ = ∫ [dΦ]e^{−Sq} Qχ = ⟨Qχ⟩ = 0 . (72)

18 Anosh Joseph

That is, the partition function Z is independent of metric deformations. It depends not on the local structure of the manifold, but only on global properties. Thus Z can be considered as a topological invariant of the theory.

We can now move on to finding other metric independent correlation functions in the theory. Let us consider the vacuum expectation value of an observable O(Φ): ⟨O⟩ = ∫ [dΦ]e^{−Sq} O , (73) and look for the conditions that are sufficient for this expectation value to be a topological invariant, that is, for δ_g ⟨O⟩ to be zero.

Following the steps as before, we find: δ_g⟨O⟩ = ∫ [dΦ]e^{−Sq} (δ_g O − δ_gS_q · O) . (74)

Assuming that O enjoys the properties:

δ_g O = QR and QO = 0 , (75)

for some R, we have that δ_g⟨O⟩ = ⟨QR⟩ + ⟨Q(χO)⟩ = 0 . (76) Now, it is clear that if O = QO^′, for some O^′, we automatically have ⟨O⟩ = 0. Thus, BRST invariant operators that are not Q-exact are topological invariants if they satisfy the condition δ_g O = QR.

In the case of Witten type theories, the complete quantum action S_q , which comprises the classical action plus all the necessary gauge-fixing and ghost terms, can be written as a BRST commutator, that is,

S_q = QV , (77)

for some functional V (Φ, g) of the fields, and Q is the nilpotent BRST charge.

By using the Q-exact nature of the action, we can prove that the partition function Z and the above class of topological invariant correlators are also exact at the semi-classical level. Let us introduce a dimensionless parameter β to rescale the action S_q → βS_q and then consider the variation of the partition function under a change in β: δ_β Z = − ∫ [dΦ]e^{−βSq} S_qδβ = − ∫ [dΦ]e^{−βSq} (QV ) δβ = 0 . (78) This shows that Z is independent of β, as long as β is non-zero^d. We can evaluate the partition function in the large-β limit. Such a limit corresponds to the semi-classical approximation, in which the path integral is dominated by fluctuations around the

dWe cannot set β to zero, as the path integral requires a damping factor.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 19

classical minima. In Witten type theories, such an approximation is exact. We can also establish the semi-classical exactness of the topologically invariant correlation functions in a similar way.

It should be noted that topological field theories do not admit dynamical excitations. That is, these theories have no propagating degrees of freedom. In Witten type theories, the BRST operator Q plays the role of a supersymmetry charge as well. The classical action for Witten type theories is:

S_c = { 0 or a topological invariant

(79)

This action admits a large amount of topological shift symmetry:

A^{A′}_μ = A^A_μ + ϵ^A_μ . (80)

From the structure of the topological shift symmetry, we can see that each bosonic field has a Q-superpartner. We have defined our theory by the requirement that physical states are annihilated by Q. Hence, the superpartners are interpreted as ghosts, leading to a total of zero degrees of freedom. The energy of any physical state in these theories is zero, and, hence, there are no physical excitations.

Thus, the number of degrees of freedom in a Witten type topological field theory and a conventional supersymmetric field theory are quite different. There are no physical degrees of freedom at all in Witten type theories. This may seem a little strange since from what we have described above topological field theories are also supersymmetric theories in their own right with supersymmetry charge Q. If we think of them as topological field theories, they have to satisfy the requirement that they have no degrees of freedom, while, on the other hand, if we think of them as supersymmetric field theories, we require them to have both bosonic and fermionic states. These two requirements do not contradict with each other if we look at these theories from the point of view of the so-called twisting of the supersymmetry. (We will describe the details of twisting in Section 3.) In the context of the lattice supersymmetry constructions, we are strongly dependent on this view point.

We can construct topological field theories from SYM theories through the twisting process. The zero degrees of freedom restriction would then be equivalent to a projection to the vacuum states of the supersymmetric gauge theory. Once Q is chosen, we can change the physical interpretation of the supersymmetric gauge theory in the following way to make it a topological field theory: We restrict our interest to Q-invariant path integrals, observables, and states, and we consider anything of the form QO, for any operator O, to be trivial. Thus, the interesting observables or states lie in the cohomology groups of Q. Theories obtained after these restrictions are topological field theories.

Since we will be interested in dynamical excitations of the (twisted) supersymmetric gauge theories, we will not impose these restrictions on path integrals, observables, and states, but treat the theory as merely a twisted version of the original supersymmetric theory that exposes a nilpotent supersymmetry explicitly.

20 Anosh Joseph

3.3. Constructing a topological field theory

The original construction of topological quantum field theory by Witten11 showed that Donaldson theory can be realized as a four-dimensional “twisted” N = 2 SYM theory. There are different approaches to deriving the action of Witten’s theory and a topological field theory in general. We briefly describe them below. We will be interested in the third method, the method of twisting.

3.3.1. Gauge-fixing topological shift symmetry

Beaulieu and Singer12, and Brooks, Montano and Sonnenschein13 noted that Witten’s theory can be derived by gauge-fixing the local transformation

δA^A_μ = θ^A_μ , (81)

where A^A_μ is a gauge field in the adjoint representation. The gauge-fixing has two steps: BRST gauge-fixing to expose fermionic symmetries and Yang–Mills gaugefixing of the gauge field. They started with a classical action that is BRST and Yang– Mills gauge-invariant. The set of classical actions that satisfy these conditions are the trivial classical action S_c = 0 and actions that are topological invariants (such as the theta term).

The gauge-fixing condition that leads to Witten’s theory corresponds to gauge field configurations with vanishing instanton curvature,

F^+_{μν} = F_{μν} + ~F_{μν} = 0 . (82)

A series of topological gauge-fixing steps generate a set of ghosts and ghost for ghost fields, leading to Witten’s N = 2 SYM action in four dimensions11.

3.3.2. Quantization through Batalin–Vilkovisky procedure

The basic idea here14 is to regard the instanton equation F^+_{μν} = 0 as arising from a suitable classical action involving a linear combination of the F^+_{μν} and an auxiliary self-dual field G_{μν} . The equation of motion for G_{μν} becomes the Langevin equation for the system. This theory has an on-shell reducibility. Quantizing the theory with this on-shell reducibility requires us to make use of the Batalin–Vilkovisky quantization procedure15. The result is the quantum action of N = 2, d = 4 SYM theory given by Witten11.

3.3.3. Twisting the supercharges of Yang–Mills theory

There is yet another way to understand the origin of the action given in11. This is the most useful way for us in the context of lattice supersymmetry. The motivation here is to obtain the (scalar) BRST supercharge by “twisting” a set of conventional (spinorial) supercharges. After twisting, we obtain an action that bears a formal similarity to that of Witten’s four-dimensional N = 2 SYM theory. The twisting

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 21

procedure can obviously be applied to various classes of SYM theories with extended supersymmetries.

It is most natural to use Euclidean signature in constructing topological quantum field theories. Twisting of the supersymmetries is problematic in Lorentz signature.

4. Twisted super Yang–Mills theories

In Section 4 we briefly mentioned that we can twist the supersymmetries of SYM theories to derive topological field theories. Since topological field theories are most naturally related to Euclidean signature, we will be focusing on SYM theories on Euclidean spacetime. Our interest in constructing SYM theories on the lattice also require these theories to have a flat Euclidean signature. Although twisting is not consistent with Lorentz signature, we can usually return to Lorentz signature, if the theory is constructed on a manifold of type M = R × W , by simply taking Lorentz signature on R.

We are specifically interested in the method of twisting, as it provides a way of studying a class of SYM theories on a flat Euclidean spacetime lattice. All SYM theories do not admit twisting; only SYM theories with extended supersymmetries (N > 1) undergo twisting. Among the set of extended SYM theories, we focus on a special class of SYM theories that can be maximally twisted.

In Section 2, we showed that SYM theories can be constructed only in certain spacetime dimensions. The theories we construct in that way are N = 1 SYM theories. We can construct SYM theories with extended supersymmetries through the method of dimensional reduction. In Table 4, we show how a set of SYM theories with extended supersymmetries can be obtained through the dimensional reduction of a set of N = 1 theories in higher dimensions.

Table 4. Dimensional reduction of a set of N = 1 SYM theories and their daughter theories in lower dimensions. Here (a, a) represents left- and right-handed supersymmetries.

N = 1, d = 10 N = 1, d = 6 N = 1, d = 4 ↓ ↓ ↓ N = 2, d = 6 N = 2, d = 4 N = 2, d = 3 ↓ ↓ ↓ N = 4, d = 4 N = 4, d = 3 N = (2, 2), d = 2 ↓ ↓ N = 8, d = 3 N = (4, 4), d = 2 ↓ N = (8, 8), d = 2

Theories with extended supersymmetries in d dimensions contain a (Euclidean) spacetime rotation group SO(d) and an R-symmetry group, which we denote by G_R. Supersymmetric theories typically have global chiral symmetries that do not

22 Anosh Joseph

commute with the supercharges. They are called “R-symmetries.” These symmetries turn out to play a crucial role in twisting. We are interested in the full twist of the Lorentz group - called maximal twisting. Construction of a manifestly supersymmetric d-dimensional Yang–Mills theory through twisting requires the R-symmetry group to contain SO(d) as a subgroup. That is, there should exist a nontrivial homomorphism from the Euclidean Lorentz group SO(d)_E to the R-symmetry group G_R. In Table 5 we list a set of Euclidean SYM theories with their Lorentz and R-symmetries, and the existence of maximal twist in each case.

Table 5. A set of Euclidean SYM theories with symmetry groups and the possibilities of maximal twist.

Theory Lorentz symmetry R-symmetry Maximal twist d = 2, N = 2 SO(2) SO(2) × U(1) Yes d = 2, N = 4 SO(2) SO(4) × SU(2) Yes d = 2, N = 8 SO(2) SO(8) Yes d = 3, N = 1 SO(3) U(1) No d = 3, N = 2 SO(3) SO(3) × SU(2) Yes d = 3, N = 4 SO(3) SO(7) Yes d = 4, N = 1 SO(4) U(1) No d = 4, N = 2 SO(4) SO(2) × SU(2) No d = 4, N = 4 SO(4) SO(6) Yes

The constraint on the minimal size of the R-symmetry group forbids maximally twisted lattice formulation of some interesting class of theories, such as the N = 2 SYM (the Seiberg–Witten theory) in four dimensions and the generic N = 1 supersymmetric QCD theories.

The well known N = 4 SYM in four dimensions can be twisted in three different ways16^,17^,18 but only one of them, introduced by Marcus18, undergo maximal twisting and, thus, leads to a lattice construction of this theory. The other two twists cannot be implemented on a lattice in a gauge covariant way.

The twists of three-dimensional N = 4 and N = 8 and two-dimensional N = (8, 8), N = (4, 4) theories are presented by Blau and Thompson19.

4.1. Twisting in d dimensions

In this section, we briefly review the maximal twists of extended SYM theories in the continuum formulation on R^d . From the list we created above we see that the R-symmetry group possess an SO(d)_R subgroup for six of the theories. The theories that allow maximal twisting have the property: SO(d)_E × SO(d)_R ⊂ SO(d)_E × G_R . (83) To construct the twisted theory, we embed a new rotation group SO(d)^′ into the diagonal sum of SO(d)_E × SO(d)_R, and declare this SO(d)^′ as the new Lorentz symmetry of the theory. This is called the twisted rotation group.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 23

The details of twist construction are slightly different in each case. We focus on the general idea of twisting first and then go on to the special cases of interest in later sections. Let us assume that a fermionic field, which is a spacetime spinor, is in the spinor representation of the R-symmetry group SO(d)_R as well^e. After twisting, the fermions become integer spin representations of the twisted rotation group SO(d)^′, since the product of two half-integer spins is always an integer spin. The fermions still preserve their Grassmann odd nature, but they are now irreducible antisymmetric tensor fields of the twisted rotation group. They can be expressed as a direct sum of scalars, vectors, anti-symmetric tensors, and other higher p-forms.

The bosons of the theory, Grassmann even fields, transform as vectors d under the SO(d)^′ - the gauge bosons V_μ transform as (d, 1), and the scalars B_μ transform as (1, d) under the SO(d)_E × SO(d)_R. If there are more than d scalars in the untwisted theory (for example, N = 4, d = 4 theory has six scalars), they become either 0-forms or d-forms under SO(d)^′.

It is clear now why we have used the the name maximal twist for this type of twisting. The twisting procedure involves the twisting of the full Lorentz symmetry group instead of twisting a subgroup of it. The four-dimensional N = 2 theory can only admit a half twisting as its R-symmetry group is not as large as the Lorentz rotation group SO(4)_E . The other two theories, N = 1 in d = 4 and N = 1 in d = 3 do not admit a nontrivial twisting as there is no nontrivial homomorphism from their Euclidean rotation group to their R-symmetry group.

The supersymmetries also take new forms under the twisted rotation group. They also transform like twisted fermions, in integer spin representations of the twisted rotation group. The scalar component Q of the twisted supersymmetries is nilpotent

Q^2 = 0 . (84)

The twisted superalgebra implies that the momentum P_a is now the Q-variation of something. That is, it is Q-exact. This fact renders it plausible that the entire energy momentum tensor may be Q-exact in twisted theories. This, in turn, implies that the entire action of the theory could be written in a Q-exact form S = QΛ. (In some cases, for example, N = 4 in d = 4 case, the twisted action is a sum of Q-exact and Q-closed terms.) The subalgebra Q^2 = 0 of the twisted supersymmetry algebra does not produce any spacetime translations. We can use this fact to carry the twisted theory easily onto the lattice.

On a flat Euclidean spacetime, the twisted theory is merely a rewriting of the physical theory, and, indeed, possesses all supersymmetries of the physical theory. The twisted SYM theory can be made topological by interpreting the scalar supercharge Q as a BRST operator. Then the observables of the physical theory are restricted only to a set of topological observables, appropriately defined correlators of the twisted operators.

eIt is the spin group Spin(d) to be more precise, but using SO(d) will also lead to same results.

24 Anosh Joseph

Although the twisted formulation of supersymmetry goes back to Witten11 in the topological field theory construction of four-dimensional N = 2 SYM theory in the context of Donaldson invariants, this formulation had been anticipated in earlier lattice work using Dirac–Kähler fields20^,21^,22^,23^,24. The precise connection between Dirac–Kähler fermions and topological twisting was found by Kawamoto and collaborators25^,26^,27. They observed that the 0-form supercharge that arises after twisting is a scalar that squares to zero and constitutes a closed subalgebra of the full twisted superalgebra. It is this scalar supersymmetry that can be made manifest in the lattice action, even at finite lattice spacing28^,29^,30^,31^,32.

4.2. Twisted N = 2, d = 2 SYM theory

We begin with a simple example of the twist construction: the two-dimensional N = 2 SYM theory. This theory can be obtained by the dimensional reduction of four-dimensional N = 1 SYM theory. The global symmetry of the four-dimensional theory:

SO(4)_E × U(1) , (85) where SO(4)_E is the Euclidean Lorentz symmetry and U(1) is the chiral symmetry, splits in the following way, after dimensional reduction, to become the global symmetry of the two-dimensional theory G = SO(2)_E × SO(2)_{R1} × U(1)_{R2} . (86) Here, SO(2)_E is the Euclidean Lorentz symmetry; SO(2)_{R1} is rotational symmetry along reduced dimensions and U(1)_{R2} is the chiral U(1) symmetry of the theory. We rewrite the symmetry group of the theory as:

SO(2)_E × SO(2)_{R1} × U(1)_{R2} ∼ SO(2)_E × SO(2)_{R1} × SO(2)_{R2} . (87) Since the internal symmetry group contains two SO(2)’s, we can maximally twist this theory in two ways. They are called the A-model and the B-model twists33. In the A-model twist, the twisted rotation is defined as the diagonal SO(2) subgroup of the product of the Lorentz rotation SO(2)_E and the (chiral) SO(2)_{R2} symmetry. In the B-model twist, the twisted rotation group is the diagonal SO(2) subgroup of the product of the Lorentz rotation SO(2)_E and the (internal) SO(2)_{R1} symmetry.

We will be focusing on the B-model twist picture (it is also known as self-dual twist), since the form of the twisted action resembles that of the orbifold constructions 34^,35^,36^,37, a complementary and equivalent approach to lattice supersymmetry.

The fermions and supersymmetries are now decomposed into integer spin representations of the twisted rotation group - there is a 0-form η, a 1-form ψ_a and a 2-form χ_{ab}:

supercharges: Q Q_a Q_{ab} fermions: η ψ_a χ_{ab} number of fields: 1 2 1

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 25

The twisted fermions transform under the twisted symmetry, SO(2)^′ × U(1)_{R2} , in the following integer spin representation η ⊕ ψ_a ⊕ χ_{ab} −→ 1 1_2 ⊕ 2_− 1_2 ⊕ 1 1_2 (88) The gauge field A_a transform as (2, 1)_0, and the scalars B_a transform as (1, 2)_0 under the rotation group SO(2)_E × SO(2)_{R1} × U(1)_{R2} . In the new rotation group SO(2)^′ × U(1)_{R2} , they transform as (2)_0. Naturally we can combine the gauge field and scalars to obtain a complexified gauge field in this type of twist, that is, A_a = A_a + iB_a and A_a = A_a − iB_a. (89) Thus, the complexified gauge bosons transform as A_a ⊕ A_a −→ 2_0 ⊕ 2_0 . (90)

4.2.1. Supersymmetry transformations and twisted action The twisting process produces a nilpotent supercharge Q; it acts on the twisted fields in the following way: QA_a = ψ_a Qψ_a = 0 QA_a = 0 Qχ_{ab} = −F_{ab} Qη = d Qd = 0 (91) where d is an auxiliary field introduced for the off-shell completion of the supersymmetry algebra. It has equations of motion: d = [D_a, D_a] . (92) The twisted theory has complexified covariant derivatives and field strengths. For a generic field Φ, we have:

D_aΦ ≡ ∂_aΦ + [A_a, Φ], D_aΦ ≡ ∂_aΦ + [A_a, Φ] . (93) The field strength takes the form:

F_{ab} = [D_a, D_b], F_{ab} = [D_a, D_b] . (94) The action of the twisted theory can be expressed in a Q-exact form: S = Q ∫ d^2xTr Λ = Q ∫ d^2xTr ( χ_{ab}F_{ab} + η[D_a, D_a] − 1 2 ηd ) . (95)

26 Anosh Joseph

After Q-variation and integrating out the field d yields S = ∫ d^2xTr ( − F_{ab}F_{ab} + 1 2 [D_a, D_a]^2 − χ_{ab}D_{[a}ψ_{b]} − ηD_aψ_a ) . (96)

The action is Q-invariant by construction QS = Q^2Λ = 0 . (97) This theory can be made topological by regarding Q as a BRST charge.

4.2.2. The twisted supersymmetry algebra The two-dimensional supersymmetry algebra of the untwisted N = 2 theory has the form {Q_{αi}, Q_{βj} } = 2δ_{ij} γ^a_{αβ} P_a , (98) where Q_{αi} is supercharge, the left-indices α(= 1, 2) and the right-indices i(= 1, 2) are Lorentz spinor and internal spinor suffixes labeling two different N = 2 supercharges, respectively. We can take these operators to be Majorana in two dimensions. P_a is the generator of translation.

The process of twisting leads to the decomposition of the above supercharges with double spinor indices into scalar, vector and pseudo-scalar components: Q_{αi} = (IQ + γ^aQ_a + γ^5 ~Q)_{αi}, ~Q = ϵ_{ab}Q_{ab} . (99) These are the twisted supercharges of the two-dimensional N = 2 SYM theory. The supersymmetry relations can be rewritten by the twisted generators in the following form: {Q, Q_a} = P_a, { ~Q, Q_a} = −ϵ_{ab}P^b , (100) Q^2 = ~Q^2 = {Q, ~Q} = {Q_a, Q_b} = 0 . (101) This is the twisted N = d = 2 supersymmetry algebra.

4.2.3. Connection with Dirac–Kähler fermions The supercharges and fermions become tensorial in their representations as a result of twisting. The twisted fermions appearing in the matrix form (99) can be considered as components of a geometrical object called a Dirac–Kähler field27 Ψ = (η, ψ_a, χ_{ab}) . (102) If we take a standard free fermion action for a theory with two degenerate Majorana species and replace the fermions by matrices, we find that the action can be easily written as27 S_F = Tr Ψ^†γ_a∂_aΨ . (103)

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 27

Expanding the matrices into (real) components (η, ψ_a, χ_{ab}) and doing the trace yields

S_F = 1 2 η∂_aψ_a + χ_{ab}∂_{[a}ψ_{b]} . (104)

This geometrical rewriting of the fermionic action yields the so-called Dirac–Kähler action, which is most naturally rewritten using the language of differential forms as38

S_F = ⟨Ψ · (d − d^†)Ψ⟩ . (105)

Here d and d^† are the usual exterior derivative and its adjoint. Their action of d on general rank p-antisymmetric tensors (forms) ω_{[μ1···μp ]} yields a rank p + 1 tensor with components ω_{[μ1···μp μp+1]} and the square bracket notation indicates complete antisymmetrization between all indices. The dot notation just indicates that corresponding tensor components are multiplied and integrated over space. The operator d^† maps rank p tensors to rank p − 1. This recasting of the action in geometrical terms not only yields a nilpotent supersymmetry but allows us to discretize the action without inducing fermion doubles39.

The choice of maximal twisting gives rise to twisted fermions that are just sufficient to saturate a single Dirac–Kähler field40 and, thus, leads to a lattice construction that does not suffer from the fermion doubling problem.

4.3. Twisted N = 4, d = 4 SYM theory

We begin with looking at the symmetries of the ten-dimensional N = 1 SYM theory, as the theory we are interested in is obtained by the dimensional reduction of it down to four dimensions. Taking spinors into consideration, the rotational symmetry group of the ten-dimensional theory is Spin(10). The ten-dimensional Dirac spinors are in the spin representations S^+ and S^− of rank 16. These representations are complex conjugates of each other in Euclidean spacetime. We can define a Euclidean chirality operator Γ^E_{11} in ten dimensions. It acts on the spin representations by a multiplication by ∓i. (In (20), the chirality operator acts on Lorentz representations of Dirac spinor.), that is,

Γ^E_{11}S^± = ∓i S^± . (106)

If ϵ is the infinitesimal Grassmann valued parameter generating supersymmetry transformations then

Γ^E_{11}ϵ = −iϵ . (107)

After dimensional reduction, the ten-dimensional Euclidean rotation symmetry group reduces to Spin(10)_E → Spin(4)_E × Spin(6)_R ,

28 Anosh Joseph

where Spin(4)_E ∼ SU(2) × SU(2) is the four-dimensional rotational symmetry group on R^4 and Spin(6)_R ∼ SU(4)_R is the global R-symmetry group of the dimensionally reduced theory.

The ten-dimensional chirality operator also splits into two Γ^E_{11} → ^Γ^E ~Γ^E, where ^ΓE measures the Spin(4) chirality and ~ΓE measures the Spin(6) chirality. Thus, in four dimensions, the chirality condition becomes

Γ^E_{11}ϵ = ^Γ^E ~Γ^E ϵ . (108)

The complexification of Spin(4) is SL(2, C ) × SL(2, C ) and the two spin representations corresponding to the two eigenvalues of ^Γ^E are (2, 1) and (1, 2) of SL(2, C ) × SL(2, C )^f . They are pseudo-real in Euclidean dimensions. The spin representations of Spin(6) are the defining four-dimensional representation 4 of SU(4)_R and its dual 4. Thus, the four-dimensional fermion fields transform under Spin(4) × Spin(6) ∼ SL(2, C ) × SL(2, C ) × Spin(6) (109) as (2, 1, 4) ⊕ (2, 1, 4) . (110)

The supersymmetries also transform the same way under Spin(4) × Spin(6).

Now we introduce the maximal twisting of this theory. This twist was originally introduced by Marcus18. This twist plays a crucial role in the Geometric Langlands program as well. See Ref. 41 for a natural description of the geometric Langlands program using the (Marcus) twisted N = 4 SYM theory in four dimensions compactified on a Riemann surface.

There is a nontrivial homomorphism from the four-dimensional rotation group Spin(4) to the R-symmetry group Spin(6) of the theory. That means there exists maximal twisting of the theory. We replace the Spin(4) rotation group with a different subgroup Spin^′(4) of Spin(4) × Spin(6). Though the new Spin^′(4) group is isomorphic to the original rotational symmetry Spin(4), and acts on R^4 the same way that Spin(4) does, it acts differently on the N = 4 gauge theory.

We choose the homomorphism from Spin(4) to Spin(6), such that the action of Spin^′(4) on S^+ has a non-zero invariant vector. Since the supersymmetry generator ϵ takes values in S^+ (See (106) and (107) above), a choice of an invariant vector in S^+ will give us a Spin^′(4)-invariant supersymmetry. We will call it Q. This is a scalar symmetry under the Spin^′(4) group, and it will automatically obey Q^2 = 0.

We describe below how the fields transform under the twisted rotation group. From the twist construction, we want the 4 of Spin(6) (= SU(4)_R) to transform as (2, 1)⊕(1, 2) of Spin(4)(= SU(2)×SU(2)). The 4 of Spin(6), which is the complex conjugate of the 4, transforms the same way under Spin(4), since the (2, 1) and (1, 2) of Spin(4) are pseudo-real.

f The two-dimensional representation of the first SL(2, C ) tensored with the trivial one-dimensional representation of the second SL(2, C ) gives (2, 1), and vice versa gives (2, 1).

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 29

We can embed the Spin(4)(=SU(2) × SU(2)) in Spin(6) (= SU(4)_R). This embedding commutes with the additional U(1) group. So our embedding is such that the 4 of Spin(6) transforms under SU(2) × SU(2) × U(1) as (2, 1)_1 ⊕ (1, 2)_{−1}. The 4 transforms as the complex conjugate of this, or (2, 1)_{−1} ⊕ (1, 2)_1.

We could also use the language of SO groups to describe the twist instead of Spin groups. To do so, we use the fact that the fundamental six-dimensional vector representation 6 of SO(6) is, in terms of Spin(6) = SU(4)_R, the same as antisymmetric part of 4 ⊗ 4. So 6 is the antisymmetric part of (2, 1)_1 ⊕ (1, 2)_{−1}, which is (2, 2)_0 ⊕ (1, 1)_2 ⊕ (1, 1)_{−2}. Here (2, 2) is the same as the vector representation 4 of SO(4). So the 6 of SO(6) decomposes into the sum of a vector 4 and two scalars of SO(4).

We can likewise analyze how the supersymmetries transform under Spin^′(4). The 4 of Spin(6) transforms as (2, 1)_{−1} ⊕ (1, 2)_1 of Spin^′(4) × U(1), and the 4 as (2, 1)_1 ⊕ (1, 2)_{−1}. So using (110)

(2, 1, 4) ⊕ (2, 1, 4) ,

the supersymmetries that transform as (2, 1) of Spin(4) transform under Spin^′(4)× U(1) as

(2, 1)_0 ⊗ [ (2, 1)_{−1} ⊕ (1, 2)_1 ] = (1, 1)_{−1} ⊕ (3, 1)_{−1} ⊕ (2, 2)_1 , (111)

and the supersymmetries that transform as (1, 2) of Spin(4) transform under Spin^′(4) × U(1) as

(1, 2)_0 ⊗ [ (2, 1)_{−1} ⊕ (1, 2)_1 ] = (1, 1)_{−1} ⊕ (1, 3)_{−1} ⊕ (2, 2)_1 . (112)

Thus, the supercharges and fermions transform under the new rotation group

SU(2)^′ × SU(2)^′ × U(1) as (1, 1)_{−1} ⊕ (2, 2)_1 ⊕ [(3, 1) ⊕ (1, 3)]_{−1} ⊕ (2, 2)_1 ⊕ (1, 1)_{−1} , (113)

or equivalently under the rotation group

SO(4)^′ × U(1) as 1_{−1} ⊕ 4_1 ⊕ 6_{−1} ⊕ 4_1 ⊕ 1_{−1} . (114)

As a result of this choice of embedding, the twisted theory contains supersymmetries and fermions in integer spin representations. They transform as scalars, vectors and higher rank p-form tensors:

supercharges: Q Q_μ Q_{μν} Q̄_μ Q̄ fermions: η ψ_μ χ_{μν} ψ̄_μ η̄ number of fields: 1 4 6 4 1

30 Anosh Joseph

The four gauge bosons transform as (2, 2)_0 under the twisted rotation group. We label them as a vector field A_μ. Similarly, four of the six scalars of the theory are now elevated to the same footing as the gauge bosons; they also transform as (2, 2)_0 under the twisted rotation group. We label them as a vector field B_μ. The two other scalars remain as singlets under the twisted rotation group. We label them by ϕ and ϕ̄. Thus the bosons of the twisted theory transform as:

SU(2)^′ × SU(2)^′ × U(1) → (1, 1)_1 ⊕ (2, 2)_0 ⊕ (2, 2)_0 ⊕ (1, 1)_{−1} , (115)

or equivalently

SO(4)^′ × U(1) → 1_1 ⊕ 4_0 ⊕ 4_0 ⊕ 1_{−1} . (116)

We parametrize the bosonic field content of the theory by

bosons: ϕ A_μ B_μ ϕ̄ number of fields: 1 4 4 1

4.4. Supersymmetry transformations and twisted action

We have seen that the two vector fields A_μ and B_μ of the twisted N = 4, d = 4 theory transform the same way under the twisted rotation group. We can take the complex combination of these two vector fields to describe the twisted theory in a compact way18. Now there are two complexified connections in the theory: A_μ ≡ A_μ + iB_μ , A_μ ≡ A_μ − iB_μ . (117)

It is possible to define three covariant derivatives and field strengths^g using these connections:

D_μ · ≡ ∂_μ + [A_μ, · ], F_{μν} ≡ [D_μ, D_ν ] , (118) D_μ · ≡ ∂_μ + [A_μ, · ], F_{μν} ≡ [D_μ, D_ν ] , (119) D_μ · ≡ ∂_μ + [A_μ, · ], F_{μν} ≡ [D_μ, D_ν ] . (120)

To make contact with the lattice construction, which we will discuss in Section 5, we will go one more step further. We assemble the complexified gauge fields and the two scalar fields, ϕ and ϕ, into a single five-component complexified connection:

A_a = ( A_μ ≡ A_μ + iB_μ, A_5 ≡ A_5 + iB_5 ) , a = 1, · · · , 5 ; μ = 1, · · · , 4 (121)

where the fifth component A_5 = ϕ and A_5 = ϕ. Correspondingly, we package the fermions in the SU(5) × U(1) representation (which is a subgroup of SO(10), the Lorentz symmetry group of the ten-dimensional theory) - they become fivedimensional scalar, vector and antisymmetric tensors (η, ψ_a, χ_{ab}). The original

gWe employ an anti-hermitian basis for the generators U(N).

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 31

twisted theory will then be obtained by simple dimensional reduction of a theory in five dimensions. A similar language arises in the orbifold construction of this theory37 where the fermions and bosons transform in the representations of SU(5) × U(1):

bosons: 10 → 5 ⊕ 5 fermions: 16 → 1 ⊕ 5 ⊕ 10

In addition to these fields, we introduce one auxiliary bosonic scalar field d for off-shell completion of the scalar supersymmetry.

The nilpotent scalar supersymmetry Q now acts on these fields in a simple manner QA_a = ψ_a Qψ_a = 0 QA_a = 0 Qχ_{ab} = −F_{ab} Qη = d Qd = 0 (122)

The action of the twisted theory can now be expressed in a compact five-dimensional form, as a linear combination of Q-exact and Q-closed terms:

S = QΛ + S_{Q−closed} , (123)

where Λ = ∫ Tr ( χ_{ab}F_{ab} + η[D_a, D_a] − 1 2 ηd ) , (124) and S_{Q−closed} = − 1 2 ∫ Tr ϵ_{abcde}χ_{de}D_cχ_{ab} . (125) The invariance of the Q-closed term is a result of the Bianchi identity (or Jacobi identity for covariant derivatives) ϵ_{abcde}D_cF_{de} = ϵ_{abcde}[D_c, [D_d, D_e]] = 0 . (126) Carrying out the Q-variation and subsequently eliminating the auxiliary field d using the equation of motion, we can write down the action in terms of the propagating fields: S = ∫ Tr ( − F_{ab}F_{ab} + 1 2 [D_a, D_a]^2 − χ_{ab}D_{[a}ψ_{b]} − ηD_aψ_a − 1 2 ϵ_{abcde}χ_{de}D_cχ_{ab} ) . (127)

32 Anosh Joseph

We can obtain the twisted theory in four dimensions by dimensional reduction of this theory along the 5th direction. We write down the decomposition of fivedimensional fields into four-dimensional fields as follows A_a → A_μ ⊕ ϕ F_{ab} → F_{μν} ⊕ D_μϕ [D_a, D_a] → [D_μ, D_μ] ⊕ [ϕ, ϕ] ψ_a → ψ_μ ⊕ η χ_{ab} → χ_{μν} ⊕ ψ_μ (128)

The action (127), after dimensional reduction, yields: S = ∫ Tr ( − F_{μν} F_{μν} + 1 2 [D_μ, D_μ]^2 + 1 2 [ϕ, ϕ]^2 + (D_μϕ)(D_μϕ) − χ_{μν} D_{[μ}ψ_{ν]} −ψ_μD_μη − ψ[ϕ, ψ_μ] − ηD_μψ_μ − η[ϕ, η] − χ^∗_{μν} D_μψ_ν − 1 2 χ^∗_{μν} [ϕ, χ_{μν} ] ) , (129)

where the last two terms arise from the dimensional reduction of the Q-closed term with χ^∗, the Hodge dual of χ, defined as χ^∗_{μν} =^1_2 ϵ_{μνρλ}χ_{ρλ} and ψ_μ =^1_2 χ_{5μ}.

The twisted supersymmetry transformations take the following form after dimensional reduction to four dimensions:

QA_μ = ψ_μ, Qψ_μ = 0 QA_μ = 0, Qχ_{μν} = −F_{μν} Qη = d, Qd = 0, Qϕ = η Qη = 0, Qψ_μ = D_μϕ Qϕ = 0 (130)

5. Supersymmetric lattices

Continuum supersymmetric field theories when naively discretized on the lattice break supersymmetry completely. The attempt to arrive at the continuum limit of the renormalized lattice theories, by carefully tuning the coefficients of the counterterms, turns out to be unnatural and practically impossible in most of the cases. For this reason supersymmetric field theories resisted discretization on the lattice for a long time since they were discovered.

We can easily identify the problem with discretization just by looking at the supersymmetry algebra. It naively breaks on the lattice. The algebra {Q, Q} = γ_aP_a is already broken at the classical level as there are no infinitesimal translation generators on a discrete spacetime. Another way to realize this difficulty is by looking at the supersymmetry variation on the lattice. A naive supersymmetry variation of a naively discretized supersymmetric theory cannot yield zero as a consequence of the failure of the Leibniz rule when applied to lattice difference operators.

At present there exist a new set of theoretical tools and ideas to construct a family of lattice models that retain exactly some of the continuum supersymmetry

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 33

at non-zero lattice spacing. The focus is to maintain a particular subalgebra of the full supersymmetry algebra in the lattice theory that contain some supersymmetric charges that are exact on the lattice theory. This exact symmetry will constrain the effective lattice action and protect the theory from dangerous supersymmetry violating counterterms. The resultant supersymmetric lattice theories turns out to be local and free of doublers, and, in the case of Yang–Mills theories, also possess exact gauge-invariance. These lattice models, in principle, form the basis for a truly non-perturbative definition of the continuum supersymmetric field theories.

Having a lattice formulation of supersymmetric gauge theories is very advantageous, as it opens up a large arena of theoretical and numerical investigations. For example, the availability of a supersymmetric lattice construction for the fourdimensional N = 4 SYM theory is clearly very exciting from the point of view of exploring the connection between gauge theories and string/gravitational theories. The lattice formulation of this theory is important in its own right, even without the connection to string theory – it provides a non-perturbative formulation of a supersymmetric gauge theory.

The geometric structure of twisted SYM theories allows them to be easily transported onto the lattice. The fermions manifest themselves in integer spin representations of the twisted rotation group. They carry the structure of anti-symmetric tensor fields. They also fill out the right number of ingredients to build a single Dirac-Kähler field. Such a construction suitably evades the fermion doubling problem on the lattice. The nilpotent supercharge exposed by the process of twisting does not generate translations. This property makes the twisted theory to be discretized keeping the nilpotent scalar supersymmetry unbroken. All these unique features make the twisted continuum theory well qualified to undergo discretization. We follow a geometric discretization scheme to construct lattice versions of the twisted SYM theories 29^,39^,42^,43^,44^,45 and it is detailed in Sub. sec. 5.1.

There also exist other variants of exact lattice supersymmetry formulations in the literature. In Refs 46 and 47 lattice formulation of four-dimensional N = 4 SYM theory, which requires no fine-tuning is constructed. Similarly, the four-dimensional N = 2 SYM theory can be constructed48. Interestingly, these formulations regularize the four-dimensional space-time by a two-dimensional lattice and fuzzy 2-sphere. Lattice formulation of two-dimensional N = (2, 2), (4, 4) SYM theories preserving nilpotent supercharges is presented in Refs. 49 and 50. Although it is not based on the geometric construction we will be discussing, it has been nonperturbatively shown that continuum limit of the formulation for two-dimensional N = (2, 2) SYM51^,52 gives the same physics as the orbifold constructions53.

5.1. Geometric structure of continuum and lattice action

We begin the description of the lattice formulation of supersymmetric gauge theories by looking at the general structure of the continuum gauge theory. The bosonic and fermionic fields are in integer spin representations of the twisted rotation group.

34 Anosh Joseph

The fermions are p-forms, that is, they are tensor fields in general. We take the gauge group to be U(N) and represent all the fields in the adjoint representation of this gauge group. The continuum action, defined on a d-dimensional flat Euclidean spacetime has the following properties.

The action is Lorentz invariant, and it consists of complex covariant derivatives D_a and D_a associated with a complex (not hermitian) connection A_a and its complex conjugate A_a, respectively, and a set of (bosonic and/or fermionic) tensor fields, {f^{(±)}_{a1···ap} }, that is,

S_{cont} = S_{cont} ( D_a, D_a, {f^{(±)}_{a1···ap} } ) . (131)

The covariant derivatives can act on the tensor fields in a curl-like or a divergence-like operation. The curl-like operation gives D_a{f^{(±)}_{a1···ap} (x)} = ∂_a{f^{(±)}_{a1···ap} (x)} + [A_a(x), {f^{(±)}_{a1···ap} (x)}] , D_a{f^{(±)}_{a1···ap} (x)} = ∂_a{f^{(±)}_{a1···ap} (x)} + [A_a(x), {f^{(±)}_{a1···ap} (x)}] , (132) while the divergence-like operation gives D_{ai} {f^{(−)}_{a1···ap} (x)} = ∂_{ai} {f^{(−)}_{a1···ap} (x)} + [A_{ai} (x), {f^{(−)}_{a1 ···ap} (x)}] , D_{ai} {f^{(+)}_{a1···ap} (x)} = ∂_{ai} {f^{(+)}_{a1···ap} (x)} + [A_{ai} (x), {f^{(+)}_{a1 ···ap} (x)}] , (133) where (1 ≤ i ≤ p).

We choose a hypercubic abstract lattice to write down the lattice versions of the SYM theories^h. The p-form fields are mapped to lattice fields living on p-cells of the lattice. The p-cell lattice field can have two possible orientations. This orientation is physical and determines how the lattice fields are gauge rotated on the lattice. So we need to choose an orientation that respects gauge symmetry on the lattice. We choose the fields to be positively oriented, that is, the orientation of the field corresponds to the one in which the link vector has positive components with respect to the coordinate basis.

We replace the complexified connections A_a and A_a with the following link fields on the lattice: A_a(x) → e^{Aa(n)} ≡ U_a(n) , A_a(x) → e^{Aa(n)} ≡ U_a(n) , (134)

where n denotes the integer valued lattice site.

The lattice action contains a set of site, link and p-form fields:

S_{latt} = S_{latt} ( U_a(n), U_a(n), {f^{(±)}_{a1···ap} (n)} ) . (135)

hLater we will see that there are more exotic lattice choices that expose the maximum amount of symmetry and thus impose stronger constraints on the counterterms on the lattice. We can write down a set of transformation rules that connects the basis vectors of such lattices with those of the hypercubic lattice.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 35

The fields on the lattice can be regarded as variables living on orientable links. As a result of this prescription the lattice variables U_a(n), U_a(n), {f^{(+)}_{a1···ap} (n)}, {f^{(−)}_{a1···ap} (n)} live on links (n, n + ^μ_a), (n + ^μ_a, n), (n, n + ^μ_{a1} + · · · + ^μ_{ap} ) and (n + ^μ_{a1} + · · · + ^μ_{ap} , n) respectively. A site variable η(n) lives on a link (n, n).

For G(n) ∈ U(N), the lattice variables translate under the gauge transformations in the following way: U_a(n) → G(n)U_a(n)G^†(n + ^μ_a) U_a(n) → G(n + ^μ_a)U_a(n)G^†(n) {f^{(+)}_{a1···ap} (n)} → G(n){f^{(+)}_{a1···ap} (n)}G^†(n + ^μ_{a1} + · · · + ^μ_{ap} ) {f^{(−)}_{a1···ap} (n)} → G(n + ^μ_{a1} + · · · + ^μ_{ap} ){f^{(−)}_{a1···ap} (n)}G^†(n) (136) Notice that these transformations respect the p-cell and orientation assignments of the lattice fields.

The covariant derivatives D_a (D_a) in the continuum become forward and backward covariant differences D^{(+)}_a (D^{(+)}_a ) and D^{(−)}_a (D^{(−)}_a ), respectively. They act on the lattice fields f^{(±)}_{a1···ap} (n) in the following way: D^{(+)}_b f^{(+)}_{a1···ap} (n) ≡ U_b(n)f^{(+)}_{a1···ap} (n + ^μ_b) − f^{(+)}_{a1···ap} (n)U_b(n + ^μ) D^{(+)}_b f^{(−)}_{a1···ap} (n) ≡ U_b(n + ^μ)f^{(−)}_{a1···ap} (n + ^μ_b) − f^{(−)}_{a1···ap} (n)U_b(n) D^{(+)}_b f^{(+)}_{a1···ap} (n) ≡ f^{(+)}_{a1···ap} (n + ^μ_b)U_b(n + ^μ) − U_b(n)f^{(+)}_{a1 ···ap} (n) D^{(+)}_b f^{(−)}_{a1···ap} (n) ≡ f^{(−)}_{a1···ap} (n + ^μ_b)U_b(n) − U_b(n + ^μ)f^{(−)}_{a1 ···ap} (n) (137) where we have defined ^μ = ∑_p i=1 ^μ_{ai} .

5.1.1. Prescription for discretization

Thus, from a given continuum twisted action in d dimensions, we can construct the lattice action using the following prescription for discretization.

(i.) For complexified gauge bosons in the continuum A_a(x) and A_a(x), we introduce lattice link fields U_a(n) = e^{Aa(n)} and U_a(n) = e^{Aa(n)}.

(ii.) A continuum p-form field will be mapped to a corresponding lattice p-form field associated with a p-dimensional hypercubic lattice. The lattice site (n) is spanned by the (positively oriented) unit vectors {^μ_{a1} · · · ^μ_{ap} }. The continuum fields become link variables and live on oriented links. The continuum complex covariant derivatives D_a and D_a become link variables U_a(n) and U_a(n), and they live on the links (n, n + ^μ_a) and (n + ^μ_a, n), respectively. The tensor fields f^{(+)}_{a1···ap} (x) and f^{(−)}_{a1···ap} (x) become lattice variables f^{(±)}_{a1···ap} (n) living on links (n, n + ^μ_{a1} + · · · + ^μ_{ap} ) and (n + ^μ_{a1} + · · · + ^μ_{ap} , n), respectively.

(iii.) The curl-like complex covariant derivatives become forward covariant differences given in (132).

36 Anosh Joseph

(iv.) The divergence-like complex covariant derivatives become backward covariant differences given in (133).

(v.) The gauge transformations of lattice variables are given in (136).

5.2. Two-dimensional lattice N = 2 SYM theory

As a result of the geometrical discretization prescription the two-dimensional N = 2 lattice SYM theory lives on a two-dimensional square lattice spanned by two orthogonal basis vectors. The fermionic and bosonic fields live on sites, links and body diagonal of the lattice unit cell.

The lattice covariant forward difference operator D^{(+)}_a acts on the lattice scalar and vector fields in the following way:

D^{(+)}_a f(n) = U_a(n)f(n + ^μ_a) − f(n)U_a(n) , D^{(+)}_a f_b(n) = U_a(n)f_b(n + ^μ_a) − f_b(n)U_a(n + ^μ_b) , (138)

where ^μ_a is the unit vector along the a direction; there are two unit vectors: (^μ_1, ^μ_2). We have replaced the continuum complex gauge fields A_a by non-unitary link fields U_a = e^{Aa} .

The lattice covariant backward difference operator D^{(−)}_a replaces the continuum covariant derivative in divergence-like operations and its action on (positively oriented) lattice vector fields can be obtained by requiring that it to be the adjoint to D^{(+)}_a . Thus, its action on lattice vectors is

D^{(−)}_a f_a(n) = f_a(n)U_a(n) − U_a(n − ^μ_a)f_a(n − ^μ_a) . (139)

The nilpotent scalar supersymmetry acts on the lattice fields in the following way:

QU_a(n) = ψ_a(n) Qψ_a(n) = 0 QU_a(n) = 0 Qχ_{ab}(n) = F^†_{ab}(n) Qη(n) = d(n) Qd(n) = 0 (140)

The lattice field strength can be written as:

F_{ab}(n) = D^{(+)}_a U_b(n) = U_a(n)U_b(n + ^μ_a) − U_b(n)U_a(n + ^μ_b) . (141)

It reduces to the continuum (complex) field strength in the naive continuum limit and is automatically antisymmetric in the indices.

The supersymmetry transformations on the lattice, associated with the nilpotent supersymmetry, imply that the fermion fields ψ_a(n) have the same orientation as their superpartners, the gauge links U_a(n), and run from n to (n+^μ_a). However, the field χ_{ab}(n) must have the same orientation as F^†_{ab}(n) and hence is to be assigned

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 37

to the negatively oriented link running from (n + ^μ_a + ^μ_b) to n. The negative orientation is crucial for allowing us to write down gauge-invariant expressions for the fermion kinetic term. The scalar fields η(n) and d(n) can be taken to transform simply as site fields.

5.2.1. Gauge transformations on the lattice

The gauge transformation properties of the lattice fields conveniently summarize these link mappings and orientations: η(n) → G(n)η(n)G^†(n) ψ_a(n) → G(n)ψ_a(n)G^†(n + ^μ_a) χ_{ab}(n) → G(n + ^μ_a + ^μ_b)χ_{ab}(n)G^†(n) U_a(n) → G(n)U_a(n)G^†(n + ^μ_a) U_a(n) → G(n + ^μ_a)U_a(n)G^†(n) (142)

The action is again Q-exact on the lattice: S = QΛ, where Λ = ∑ n Tr ( χ_{ab}(n)D^{(+)}_a U_b(n) + η(n)D^{(−)}_a U_a(n) − 1 2 η(n)d(n) ) . (143)

Acting with the Q transformation shown above and again integrating out the auxiliary field d, we derive the gauge and Q-invariant lattice action: S = ∑ n Tr ( F^†_{ab}(n)F_{ab}(n) + 1 2 ( D^{(−)}_a U_a(n)

)_2

−χ_{ab}(n)D^{(+)}_{[a} ψ_{b]}(n) − η(n)D^{(−)}_a ψ_a(n) ) . (144)

It is interesting to see that each term in the action forms a closed loop on the two-dimensional lattice. This is a requirement for preserving the gauge symmetry on the lattice.

Fig. 1. Orientations of the twisted fields of the two-dimensional N = 2 SYM on a two-dimensional Euclidean lattice.

38 Anosh Joseph

5.3. Four-dimensional lattice N = 4 SYM theory

The way we discretized the two-dimensional N = 2 theory on a two-dimensional square lattice immediately motivates us to choose the discretization of the fourdimensional N = 4 theory on a four-dimensional hypercubic lattice. The fermions of the four-dimensional theory live on p-cells of the hypercubic lattice unit cell, associating themselves with the p-form representation of the continuum SO(4) symmetry. The fermionic content of the hypercubic lattice construction manifest themselves as an explicit realization of Dirac–Kähler fermions. The bosons are also distributed on this lattice in orientations consistent with those of the fermions. The symmetry of the hypercubic lattice action is S_4, much smaller than the symmetry of the hypercube itself, due to the orientation assignment of the fields.

The gauge link fields U_a(n), a = 1, 2, 3, 4, live on elementary coordinate directions in the unit cell of the hypercube pointing in the direction (n, n + ^μ_a). The superpartners of the gauge link fields, ψ_a(n), also live on the same links and oriented identically. The field U_a(n) is oriented in the opposite direction (n + ^μ_a, n). The complexified field strength F_{ab}(n) runs along the direction (n, n + ^μ_a + ^μ_b). By exact supersymmetry, this implies that the field χ_{ab}(n) (and thus F_{ab}(n)) runs in the opposite direction.

The assignment of U_5(n) (and, thus, that of ψ_5(n)) is not immediately obvious. The Dirac–Kähler decomposition demands a 4-form. This motivates assigning the lattice field to the body diagonal of the unit hypercube, which is a 4-cell. It is oriented along the vector ^μ_5 = (−1, −1, −1, −1). We see that this assignment ensures that ^μ_1 + ^μ_2 + · · · + ^μ_5 = 0, and it is crucial for constructing gauge-invariant quantities on the lattice.

The basis vectors ^μ_a of the hypercubic lattice are thus defined as^i ^μ_1 = (1, 0, 0, 0) ^μ_2 = (0, 1, 0, 0) ^μ_3 = (0, 0, 1, 0) ^μ_4 = (0, 0, 0, 1) ^μ_5 = (−1, −1, −1, −1) (145) Though the four-dimensional fields come with five indices they are all taken care of with suitable orientation assignments consistent with the lattice gauge symmetry.

On the hypercubic lattice the action of the four-dimensional theory takes the following form S = ∑ n,a,b,c,d,e { Q Tr [ χ_{ab}D^{(+)}_a U_b(n) − η(n) ( D^{(−)}_a U_a(n) − 1 2 d(n) )]

− 1 2 Tr ϵ_{abcde}χ_{de}(n + ^μ_a + ^μ_b + ^μ_c)D^{†(−)}_c χ_{ab}(n + ^μ_c) } . (146)

iThese vectors are related to the r-charges defined in the orbifold formulation of the fourdimensional N = 4 lattice SYM theory37.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 39

where the lattice field strength is given by

F_{ab}(n) ≡ D^{(+)}_a U_b(n) = ( U_a(n)U_b(n + ^μ_a) − U_b(n)U_a(n + ^μ_b) ) . (147)

and the covariant difference operators appearing in this expression are given by D^{(+)}_c f(n) = U_c(n)f(n + ^μ_c) − f(n)U_c(n) D^{(+)}_c f_d(n) = U_c(n)f_d(n + ^μ_c) − f_d(n)U_c(n + ^μ_d) D^{(−)}_c f_c(n) = f_c(n)U_c(n) − U_c(n − ^μ_c)f_c(n − ^μ_c) D^{(−)}_c f_{ab}(n) = f_{ab}(n)U_c(n − ^μ_c) − U(n + ^μ_a + ^μ_b − ^μ_c)f_{ab}(n − ^μ_c) (148) The supersymmetry transformations on the lattice fields are almost identical to their continuum counterparts: QU_a(n) = ψ_a(n) Qψ_a(n) = 0 QU_a(n) = 0 Qχ_{ab}(n) = −F^L_{ab}(n) Qη(n) = d Qd(n) = 0 (149) After the Q-variation, as performed in the continuum, and integrating out the auxiliary field d, the final lattice action is: S = ∑ n Tr [ F^{L†}_{ab} F^L_{ab} + 1 2 ( D^{(−)}_a U_a(n)

)_2 − χ_{ab}(n)D^{(+)}_{[a} ψ_{b]}(n) − η(n)D^{†(−)}_a ψ_a(n) − 1 2 ϵ_{abcde}χ_{de}(n + ^μ_a + ^μ_b + ^μ_c)D^{(−)}_c χ_{ab}(n + ^μ_c) ] . (150)

To see that this action targets the continuum twisted theory one needs to expand U_a about the unit matrix37^j U_a(n) = I_N + A_a(n) , U_a(n) = I_N − A_a(n) . (151) While the supersymmetric invariance of the Q-exact term is manifest in the lattice theory it is not immediately clear that the Q-closed term remains supersymmetric after discretization. Interestingly, this can be shown using a remarkable property of the discrete field strength, which can be shown to satisfy an exact Bianchi identity just as for the continuum44.

ϵ_{abcde}D^{(−)}_c F_{ab}(n + ^μ_c) = 0 . (152)

jThough this is equivalent to the more conventional expression U_a(n) = e^{Aa (n)} at the leading order, the linear representation offers important advantages over the exponential representation.

40 Anosh Joseph

5.3.1. The A^∗_4 lattice construction

There exists a more symmetric lattice than the hypercubic lattice for the fourdimensional N = 4 theory. This lattice is called the A^∗_4 lattice. On this lattice, we treat all five basis vectors equally and they are oriented in such a way that the basis vectors connect the center of a 4-simplex to its corners. Having a most symmetric lattice is advantageous because the greater the symmetry is, the fewer relevant or marginal operators will exist on the lattice.

The lattice possesses an S^5 point group symmetry, which is the Weyl group of SU(5). We briefly described the SU(5) × U(1) decomposition of the fields of the four-dimensional N = 4 SYM theory in Sec. 4.4. The discretization prescription for such a decomposition of the fields would be the A^∗_4 lattice. A specific basis for the A^∗_4 lattice is given in the form of five lattice vectors:

^e_1 = ( 1 √ 2 , 1 √ 6 , 1 √ 12 , 1 √ 20 )

^e_2 = ( − 1 √ 2 , 1 √ 6 , 1 √ 12 , 1 √ 20 )

^e_3 = ( 0, − 2 √ 6 , 1 √ 12 , 1 √ 20 )

^e_4 = ( 0, 0, − 3 √ 12 , 1 √ 20 )

^e_5 = ( 0, 0, 0, − 4 √ 20 ) (153)

These lattice vectors connect the center of a 4-simplex to its five corners. They are related to the SU(5) weights of the 5 representation. The unit cell of the A^∗_4 lattice is a compound of two 4-simplices corresponding to the 5 (formed by the basis vectors ^e_m) and 5 (formed by the basis vectors −^e_m) representations of SU(5). The basis vectors satisfy the relations 5∑ m=1 ^e_m = 0; ^e_m · ^e_n = ( δ_{mn} − 1 5 )

5∑ m=1 (^e_m)_μ(^e_m)_ν = δ_{μν} ; μ, ν = 1, · · · , 4.

Notice also that S^5 is a subgroup of the twisted rotation symmetry group SO(4)^′ and that the lattice fields transform in reducible representations of this discrete group - for example, the vector A_a decomposes into a four component vector A_μ and a scalar field ϕ under SO(4)^′. Invariance of the lattice theory with respect to these discrete rotations then guarantees that the theory will inherit full invariance under twisted rotations in the continuum limit.

Proceeding in this manner, it is possible to assign all the remaining fields to links on the A^∗_4 lattice. Since ψ_a(n) is a superpartner of U_a(n) it must also reside on the link connecting n → n + ^e_a. Conversely the field U^†_a (n) resides on the oppositely

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 41

oriented link from n → n − ^e_a. The ten fermions χ_{ab}(n) are then chosen to reside on new fermionic links n + ^e_m + ^e_n → n, while the singlet fermionic field η(n) is assigned to the degenerate link consisting of a single site n.

The integer-valued lattice site n can be related to the physical location in spacetime using the A^∗_4 basis vectors ^e_a. R = a 4∑ ν=1 (μ_ν · n)^e_ν = a 4∑ ν=1 n_ν ^e_ν , (154)

where a is the lattice spacing. On using the fact that ∑ m ^e_m = 0, we can show that a small lattice displacement of the form dn = ^μ_m corresponds to a spacetime translation by (a^e_m): dR = a 4∑ ν=1 (μ_ν · dn)^e_ν = a 4∑ ν=1 (^μ_ν · ^μ_m)^e_ν = a^e_m . (155) In the next section, we will use the A^∗_4 lattice construction to study the one-loop renormalization of the four-dimensional N = 4 SYM theory.

6. Lattice N = 4 SYM theory at one-loop

It would be very advantageous to have a lattice formulation of the N = 4 SYM theory as it would provide a non-perturbative definition of this theory and open up a new window to explore its strong coupling dynamics through lattice simulations. Such a lattice construction would also allow for a systematic study of its dual string theory. In the last section, the lattice version of this theory is derived and showed that the lattice theory on an A^∗_4 lattice exhibits much more symmetry compared to the one on a four-dimensional hypercubic lattice.

The N = 4 SYM theory in the continuum has sixteen supersymmetric invariances but the lattice cousine of this theory retains only one supersymmetry exactly on the lattice. This leaves room for the question of how much fine tuning would be required to take the continuum limit of this lattice theory targeting the usual N = 4 theory. This issue is addressed in this section using both general arguments valid to all orders in perturbation theory and an explicit calculation of the renormalization of the lattice N = 4 theory to one-loop order. A more detailed discussion can be found in Ref. 54.

6.1. General renormalization structure as revealed by symmetries

The four-dimensional N = 4 SYM theory on an A^∗_4 lattice exhibits the following set of symmetries32

i. The exact supersymmetry corresponding to the scalar supercharge Q. ii. Lattice gauge symmetry.

iii. The S_5 point group symmetry and discrete translations on the lattice.

42 Anosh Joseph

If the gauge group is U(N), the lattice theory possesses an additional fermionic symmetry:

η(n) → η(n) + ϵI_N, δ_ϵ(all other fields) = 0 , (156)

where ϵ is an infinitesimal Grassmann parameter. Thus the set of symmetries contains one more item:

iv. Fermionic shift symmetry.

Following the conventions given in Ref. 54, we use hermitian basis for the generators of the gauge group satisfying Tr (T^AT^B) =^1_2 δ^{AB} and also explicitly indicate the dependence on the gauge coupling g. There are three types of covariant derivatives and field strengths in the continuum theory due to the presence of the complexified connections: D_a · ≡ ∂_a + ig[A_a, · ], F_{ab} ≡ − i g [D_a, D_b] , D_a · ≡ ∂_a + ig[A_a, · ], F_{ab} ≡ − i g [D_a, D_b] , D_a · ≡ ∂_a + ig[A_a, · ], F_{ab} ≡ − i g [D_a, D_b] . (157)

The continuum action is: S = ∫ Tr ( F_{ab}F_{ab} + 1 2g^2

[D_a, D_a]^2 − χ_{ab}D_{[a}ψ_{b]} − ηD_aψ_a − 1 2 ϵ_{abcde}χ_{de}D_cχ_{ab} ) . (158)

Rescaling of the fields gη → η, gψ_a → ψ_a, gχ_{ab} → χ_{ab} and gA_a → A_a provides the extraction of the coupling parameter dependence from the terms in the action: S = 1 g^2 ∫ Tr ( − [D_a, D_b][D_a, D_b] + 1 2 [D_a, D_a]^2 − χ_{ab}D_{[a}ψ_{b]} − ηD_aψ_a − 1 2 ϵ_{abcde}χ_{de}D_cχ_{ab} ) . (159)

The lattice action take the following Q-exact form: S = 1 g^2 ∑ n { Q Tr [ − iχ_{ab}D^{(+)}_a U_b(n) − η(n) ( iD^{†(−)}_a U_a(n) − 1 2 d(n) )]

− 1 2 Tr ϵ_{abcde}χ_{de}(n + ^μ_a + ^μ_b + ^μ_c)D^{†(−)}_c χ_{ab}(n + ^μ_c) } , (160)

where the lattice field strength is given by: F_{ab}(n) ≡ − i g D^{(+)}_a U_b(n) = − i g ( U_a(n)U_b(n + ^μ_a) − U_b(n)U_a(n + ^μ_b) ) . (161)

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 43

We would be interested to see what the above mentioned set of symmetries of the lattice action tell us about the existence of any relevant or marginal operators - operators whose mass dimension is less than or equal to four - on the lattice. The Q-invariance of the action restricts the possible counterterms to be either of a Qexact form, or of a Q-closed form. The only one Q-closed operator permitted by the lattice symmetries is the one already present in the bare lattice action as a fermion kinetic term. Thus a possible renormalization of this term is allowed. There may be a set of Q-exact counterterms appearing on the lattice. Any Q-exact counterterm we add to the action, which respects the lattice symmetries, must be of the form

O = QTr (Ψf(U, U^†)) .

There are, thus, no terms permitted by symmetries with a dimension less than two. Lattice gauge symmetry tells us that each term must correspond to the trace of a closed loop on the lattice. The smallest dimension gauge-invariant operator is then just Q(Tr ψ_aU^†_a ). But this vanishes identically, since both U^†_a and ψ_a are singlets under Q. This structure also forbids dimension^7_2 operators, and so we are left with just dimension four counterterms. Notice, in particular, that lattice symmetries permit no simple fermion bi-linear mass terms. However, gauge-invariant fermion bilinears with link field insertions are possible, and their effect should be accounted for carefully. Thus we can write down in a schematic way the set of possible dimension four Q-exact operators

L_1 = g^{−2}QTr (χ_{ab}U_aU_b) L_2 = g^{−2}QTr (ηD^†_aU_a) L_3 = g^{−2}QTr (ηU_aU^†_a ) L_4 = g^{−2}QTr (η)Tr (U_aU^†_a ) (162)

The first operator can be simplified to the form Q(χ_{ab}F_{ab}), by making use of the antisymmetry of χ_{ab}, and it is nothing but one of the continuum Q-exact terms present in the bare action. The second operator also corresponds to one of the Qexact terms in the bare action. However, the third operator L_3 and the final doubletrace operator L_4 are not present in the bare Lagrangian. They both transform non-trivially under the fermionic shift symmetry. However, the linear combination of the two

D = L_3 − 1 N L_4 , (163)

with N the rank of the gauge group U(N), turns out to be invariant under the shift symmetry.

Thus the relevant counterterms correspond to renormalizations of operators that are already present in the bare action together with the new operator D. The most

44 Anosh Joseph

general form for the renormalized lattice Lagrangian should be of the form: L = ∑ n,a,b,c,d,e { Q Tr [ − iα_1χ_{ab}D^{(+)}_a U_b(n) − iα_2η(n)D^{†(−)}_a U_a(n) + α_3 2 η(n)d(n) ] − α_4 2 Tr ϵ_{abcde}χ_{de}(n + ^μ_a + ^μ_b + ^μ_c)D^{†(−)}_c χ_{ab}(n + ^μ_c) } +QβD , (164) where (α_i, i = 1 . . . 4) and β are dimensionless numbers taking values (1, 1, 1, 1) and 0 respectively in the classical lattice theory. Thus, it appears that, at most, four dimensionless ratios of these couplings might need to be tuned to approach N = 4 Yang–Mills in the continuum limit. Furthermore, since these operators are dimension four, we expect this tuning to be, at worst, logarithmic in the cut-off.

We could expand the action around U_m(n) =^1_a I_N in order to see the explicit form of the D operator close to the continuum limit.

D ∼ 1 a [ Tr η(n)( 5∑ m=1 ψ^m(n)) − 1 N Tr η(n)Tr ( 5∑ m=1 ψ^m(n)) ] + . . . (165)

where ellipsis are dictated by supersymmetry. We see that the S_5 (and twisted SO(4)^′) singlet field (

∑_5 a=1 ψ_a), which is contained in the reducible representation ψ_a, is the only field that could form a fermion mass term by pairing with η.

It turns out that the exploration using general lattice symmetry arguments reveals a lot about the possible counter terms in the lattice theory. To determine how the couplings (α_i, β) evolve with the cut-off a full perturbative analysis is required.

6.2. Lattice propagators and vertices

The classical lattice action (160) is a combination of three parts - bosonic (S_B ), fermionic (S_F ) and Q-closed terms (S_c). After rewriting the field strength and covariant derivatives in terms of the bosonic link fields U_a(n) they take the following form:

S_B = 1 g^2 ∑ n,a,b Tr [( D^{(+)}_a U_b(n) )_†( D^{(+)}_a U_b(n) ) + 1 2 ( D^{†(−)}_a U_a(n)

)_2]

= 1 g^2 ∑ n,a,b Tr [( U^†_b (n + ^μ_a)U^†_a (n) − U^†_a (n + ^μ_b)U^†_b (n) )

× ( U_a(n)U_b(n + ^μ_a) − U_b(n)U_a(n + ^μ_b) )

+ 1 2 ( U_a(n)U^†_a (n) − U^†_a (n − ^μ_a)U_a(n − ^μ_a) )_2]

, (166)

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 45

S_F = − 1 g^2 ∑ n,a,b,c,d Tr 1 2 (δ_{ac}δ_{bd} − δ_{ad}δ_{bc}) [ χ_{ab}(n) ( U_c(n)ψ_d(n + ^μ_c) −ψ_d(n)U_c(n + ^μ_d) )] + η(n) ( ψ_a(n)U^†_a (n) −U^†_a(n − ^μ_a)ψ_a(n − ^μ_a) ) , (167) and S_c = − 1 2g^2 ∑ n,a,b,c,d,e Tr ϵ_{abcde} ( χ_{de}(n + ^μ_a + ^μ_b + ^μ_c) × [ χ_{ab}(n + ^μ_c)U^†_c (n) − U^†_c (n + ^μ_a + ^μ_b)χ_{ab}(n) ]) . (168)

To proceed further, we expand the U_a(n) fields around unity

U_a(n) = 1 a I_N + iA_a(n) , (169)

U^†_a(n) = 1 a I_N − iA_a(n) . (170)

This expansion point is but one of an infinite number of classical vacuum solutions - the full moduli space of the lattice theory corresponds to the set of all bosonic field variables U_a(n) such that 0 = ∑ n,a,b Tr [( U^†_b (n + ^μ_a)U^†_a (n) − U^†_a (n + ^μ_b)U^†_b (n) )

× ( U_a(n)U_b(n + ^μ_a) − U_b(n)U_a(n + ^μ_b) )

+ 1 2 ( U_a(n)U^†_a (n) − U^†_a (n − ^μ_a)U_a(n − ^μ_a) )_2] . (171)

These equations possess a large class of solutions corresponding to constant diagonal matrices modulo gauge transformations. This additional freedom can be used to compute the one-loop contribution to the effective action of the theory.

6.2.1. The bosonic propagators

The derivation of propagators and vertices of the lattice theory becomes easier if we switch to the momentum space. Consider a generic field Φ(x). On the A^∗_4 lattice it has the Fourier expansion

Φ(x) = 1 (La)^4 ∑ p e^{ip·x}Φ_p , (172)

where x = a

∑_4

a=1 n_a^e_a denotes the position on A^∗_4 lattice^k. The momenta lie on the dual lattice and are given by p =^{2π}_{La}

∑_4

a=1 m_a^g_a (for a lattice with spacing a

kFor simplicity we will adopt the convention that momentum sums ∑ k automatically include the 1/(La)^4 normalization factor.

46 Anosh Joseph

and length L). The basis vectors of the dual lattice ^g_a, a = 1 . . . 4 satisfy the relation

^e_a · ^g_b = δ_{ab} . (173)

Both sets of lattice coordinates n_a, m_a take integer values in the range −L/2 + 1, . . . , L/2 on an L^4 lattice. We take the boundary conditions to be periodic in all directions while deriving propagators. On looking at (172) we see that the fields are invariant under translations by a lattice length in any direction. A field shifted by one of the basis vectors can be expressed as

Φ(x + ^e_a) = ∑ p e^{ipa} e^{ip·x}Φ_p , (174)

where p_a =^{2π}_L m_a. Considering the fact that the A^∗_4 lattice has five basis vectors, we should know how to deal with shifts in the lattice action associated with the additional ^e_5 vector. It turns out that we can simply replace any ^e_5 shift encountered in the action by the equivalent shift −

∑_4 a=1 ^e_a since

∑_5

a=1 ^e_a = 0. Also it seems like there is an apparent lack of rotational invariance associated with the naive continuum limit of terms in the action which resemble

∑_5 a=1 sin^2 p_a. If we decompose p_a = p · ^e_a and take the naive continuum limit they become 5∑ a=1 sin^2 p_a → 5∑ a=1 p^2_a = 4∑ μ,ν 5∑ a=1 p_μp_ν ^e^μ_a ^e^ν_a = 4∑ μ p^2_μ , (175)

with the correct rotationally invariant form.

Thus, the bosonic action when expanded around (169) and (170) gives the following second-order term in Fourier space

S^{(2)}_B ≈ 2 ∑ k,a,b Tr ( A_a(k) [ δ_{ab}f_c(k)f^∗_c (k) − f^∗_a (k)f_b(k) ] A_b(−k)

+B_a(k) [ f^∗_a (k)f_b(k) ] B_b(−k) ) , (176)

where

f_a(k) = (e^{ika} − 1) . (177)

We need to gauge-fix the bosonic action before deriving the propagators. A natural gauge-fixing choice would be an obvious generalization of Lorentz gauge-fixing18 G(n) = ∑ a ( ∂^{(−)}_a A_a(n) + ∂^{(−)}_a A_a(n) ) . (178)

This gauge-fixing choice adds the following term to the bosonic action at quadratic order S_{GF} = 1 4α ∑ n G^2(n) = 1 α ∑ n,a Tr (∂^{(−)}_a A_a(n))^2 , (179)

where ∂^{(−)}_a f(n) = f(n) − f(n − ^μ_a). On using the relation ∑ n (∂^{(+)}_a f(n))g(n) = − ∑ n f(n)∂^{(−)}_a g(n) ,

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 47

the gauge-fixing term becomes S_{GF} = − 1 α ∑ n,a,b Tr A_a(n)∂^{(+)}_a ∂^{(−)}_b A_b(n) . (180)

In momentum space it becomes S_{GF} = 1 α ∑ k,a,b Tr A_a(k)f^∗_a (k)f_b(k)A_b(−k) . (181)

Thus the gauge-fixed bosonic action to quadratic order is

S^{(2)}_B + S_{GF} ≈ 2 ∑ k,a,b,c Tr ( A_a(k) [ δ_{ab}f_c(k)f^∗_c (k) − ( 1 − 1 2α ) f^∗_a (k)f_b(k) ] A_b(−k)

+B_a(k) [ δ_{ab}f_c(k)f^∗_c (k) ] B_b(−k) ) . (182)

The choice α = 1/2 makes the above expression diagonal

S^{(2)}_B ≈ 2 ∑ k,a,b,c Tr A_a(k) [δ_{ab}f_c(k)f^∗_c (k)] A_b(−k)

= 2 ∑ k,a,b Tr [ A_a(k)δ_{ab} ( 4 ∑ c sin^2 (k_c 2 )) A_b(−k) ] . (183)

Putting in the trace (using the convention Tr (T^AT^B) =^1_2 δ_{AB} ) the quadratic bosonic action can be written as

S^{(2)}_B ≈ ∑ k,a,b A^A_a (k)M^{AB}_{ab} (k)A^B_b (−k) , (184)

where M^{AB}_{ab} (k) = ^k^2δ_{ab}δ_{AB} , with ^k^2 = 4 ∑ c sin^2 (_{kc} 2 ) . Thus only the AA propagator is non-zero and it is given by (See figure 2.) ⟨A^A_a (−k)A^B_b (k)⟩ = δ_{ab}δ_{AB} 1 ^k2 . (185)

6.2.2. The fermionic propagators The fermionic part of the action, which has the following form on the lattice

S_F = − 1 g^2 ∑ n,a,b,c,d,e Tr ( χ_{ab}(n)D^{(+)}_{[a} ψ_{b]}(n) + η(n)D^{†(−)}_a ψ_a(n) + 1 2 ϵ_{abcde}χ_{de}(n + ^μ_a + ^μ_b + ^μ_c)D^{†(−)}_c χ_{ab}(n + ^μ_c) ) , (186)

Fig. 2. The bosonic propagators on the lattice.

48 Anosh Joseph

when expanded up to second order in the fields using (169) and (170) takes the form

S^{(2)}_F ≈ 1 g^2 ∑ k,a,b,c,d,e Tr χ_{ab}(k) [ − f^∗_a (k)δ_{bc} + f^∗_b (k)δ_{ac} ] ψ_c(−k) + η(k)f_c(k)ψ_c(−k) + 1 2 ϵ_{abcde}χ_{de}(k)e^{i(ka +kb )}f_c(k)χ_{ab}(−k) . (187) Upon restricting the sum and rescaling the field 2χ_{ab} → χ_{ab} the fermionic action becomes

S^{(2)}_F ≈ 1 g^2 ∑ k,a<b;c,d<e Tr ( χ_{ab}(k) [ − f^∗_a (k)δ_{bc} + f^∗_b (k)δ_{ac} ] ψ_c(−k) + η(k)f_c(k)ψ_c(−k) + 1 2 ϵ_{abcde}χ_{de}(k)e^{i(ka +kb )}f_c(k)χ_{ab}(−k) ) . (188)

It is convenient to write this in the form of a matrix product

S^{(2)}_F ≈ 1 g^2 ∑ k (Ψ(k)Ψ(−k)) ( 1 4 ) ( 0 M(k) −M^T (k) 0 ) ( Ψ(k) Ψ(−k) )

= 1 4g^2 ∑ k Φ(k)MΦ(k) . (189)

where Φ ≡ (Ψ(k), Ψ(−k)) and Ψ_i = (η, ψ_1, . . . , ψ_5, χ_{12}, . . . , χ_{15}, . . . , χ_{45}). The matrix M(k) takes the following block matrix form

(η ψa χ_{de}) (k) 0 f_b(k) 0 −f^∗_a (k) 0 fg (k)δ_{ha} − f_h(k)δga 0 −f^∗_d (k)δ_{eb} + f^∗_e (k)δ_{db} ϵ_{ghcde}q_{gh}fc(k) η ψ_b χ_{gh} (−k).

where q_{gh} = e^{i(kg +kh )}. The matrix M also has the properties M^T (k) = −M^∗(k) = −M(−k) . Upon using the property that ∑ a ^μ_a = 0, we can square the matrix M to obtain

M^2(k) = − 5∑ a=1 |e^{ika} − 1|^2I_{16} = −4 5∑ a=1 sin^2 ( k_a 2 ) I_{16} = −^k^2I_{16} . (190)

This implies,

M^{−1} = − 1 ^k2 M , (191)

and the inverse of the full fermion matrix is:

M^{−1} = − 1 ^k2 ( 0 −M^T (k) M(k) 0 ) . (192)

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 49

We write the quadratic part of the fermionic action as:

S^{(2)}_F = 1 4g^2 ∑ k Tr ∑ ij Φ_i(k)M_{ij} (k)Φ_j (k)

= 1 4g^2 ∑ k ∑ ij,A,B Φ^A_i (k)M_{ij} (k)Φ^B_j (k)Tr (T^AT^B ) = 1 8g^2 ∑ k ∑ ij,A,B Φ^A_i (k)M_{ij} (k)Φ^B_j (k)δ_{AB} , (193)

where the fermions are expanded as Φ = Φ^AT^A and the property Tr (T^AT^B) = 1 2 δ_{AB} is used. Thus, we write the fermion propagators as:

⟨Φ^A_i (k)Φ^B_j (k)⟩ = 2M^{−1}_{ij} (k)δ_{AB} , (194)

or, alternatively,

⟨Ψ^A_i (k)Ψ^B_j (−k)⟩ = 2 ^k2 M^T_{ij} (k)δ_{AB} . (195)

By switching the fields and with some relabeling, we have

⟨Ψ^A_i (−k)Ψ^B_j (k)⟩ = −⟨Ψ^B_j (k)Ψ^A_i (−k)⟩ = − 2 ^k2 M^T_{ji} (k)δ_{BA} = − 2 ^k2 M_{ij} (k)δ_{AB} . (196)

Notice that if we replace k with −k we have

⟨Ψ^A_i (−k)Ψ^B_j (k)⟩ = 2 ^k2 M^T_{ij} (−k)δ_{AB} = − 2 ^k2 M_{ij} (k)δ_{AB} . (197)

We must also undo the earlier rescaling of the χ field. This gives a factor of^1_2 in the ψχ propagators and a factor of^1_4 in the χχ propagators. It should also be noted that switching the direction of fermion flow in the propagators would lead to an additional minus sign.

Fig. 3. The fermionic propagators on the lattice.

50 Anosh Joseph

6.2.3. The vertices on the lattice Since the expressions for vertices require additional trace contractions of the gauge group generators let us further fix the conventions on the trace algebra. We have for the generators T^A of U(N),

T^AT^B = 1 2 (d_{ABC} + if_{ABC} )T^C , (198)

where d_{ABC} and f_{ABC} are the symmetric and antisymmetric structure constants, respectively. This product formula is consistent with our previous trace convention, Tr (T^AT^B) =^1_2 δ_{AB} , and, in addition, it yields the results:

Tr (T^AT^BT^C ) = Tr ( 1 2 (d_{ABD} + if_{ABD})T^DT^C ) (199) = 1 2 (d_{ABD} + if_{ABD})Tr [T^DT^C ] = 1 2 (d_{ABD} + if_{ABD}) 1 2 δ_{DC} = 1 4 (d_{ABC} + if_{ABC} ) = 1 4 λ_{ABC} . We have λ_{ACB} = λ_{ABC} , (200) since f_{ABC} is antisymmetric and d_{ABC} is symmetric.

To derive the expressions for the vertices, we come beck to the original gaugefixed action for the theory given by S = 1 g^2 ∑ n Tr [( D^{(+)}_a U_b(n) )_†( D^{(+)}_a U_b(n) ) + 1 2 ( D^{†(−)}_a U_a(n)

)_2

+ 2A_a(n)∂^{(+)}_a ∂^{(−)}_b A_b(n) − ( χ_{ab}(n)D^{(+)}_{[a} ψ_{b]}(n) + η(n)D^{†(−)}_a ψ_a(n) + 1 2 ϵ_{abcde}χ_{de}(n + ^μ_a + ^μ_b + ^μ_c)D^{†(−)}_c χ_{ab}(n + ^μ_c) )] . (201)

The last three terms of the action give rise to vertices between varying number of A’s and the fermions η, ψ_a, and χ_{ab}.

At linear order in A there are three vertices. They are: V_{ηAψ} = − i 4 δ_{ab}[λ_{ABC} − λ_{ABC} e^{−i(pa +qa)}] , V_{χAψ} = − i 4 (−δ_{ac}δ_{bd} + δ_{ad}δ_{bc})[λ_{ABC} e^{ipc} − λ_{ABC} e^{iqd} ] , V_{χAχ} = − i 8 ϵ_{abcde} ( e^{i(ka+kb +kc )}[λ_{ABC} e^{ipc} − λ_{ABC} e^{i(qa +qb )}] −e^{i(pd+pe+pc)}[λ_{ABC} e^{ikc} − λ_{ABC} e^{i(qd+qe )}] ) . (202)

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 51

6.3. Renormalized fermion propagators at one-loop The propagators and vertices described above can be used to construct four different amputated diagrams at one-loop. The renormalized fermion propagators receive contributions from these amputated diagrams.

• The amputated ηψ diagram.

I_{ηψ} (p) = ∑ k,q ∑ BC ∑ abc δ_{−p,k+q} [ 1 ^k2 [(e^{ikb} − 1)δ_{ac} − (e^{ikc} − 1)δ_{ab}] ] · [ 1 ^q^2 ]

· [ i 4 [λ_{ABC} − λ_{ABC} e^{i(ka +qa)}] ]

· [ i 4 (−δ_{ba}δ_{cd} + δ_{bd}δ_{ca})[λ_{BCD}e^{−ipa} − λ_{BCD} e^{iqd} ] ] . (203)

Fig. 4. The boson-fermion vertices on the lattice.

52 Anosh Joseph

• The first amputated ψχ diagram.

I^1_{ψχ}(p) = ∑ k,q ∑ bcdef m ∑ BC [ 1 2^k^2 ϵ_{bcmef} e^{i(ke +kf )}(e^{ikm} − 1) ]

· [ 1 ^q^2 ] · [ − i 4 (−δ_{bd}δ_{ca} + δ_{ba}δ_{cd})[λ_{ACB} e^{ipd} − λ_{ACB} e^{−iqa} ] ]

· [ i 8 ϵ_{ef dgh} ( e^{ik(d+g+h)} [λ_{BCD}e^{−ipd} − λ_{BCD}e^{i(qg +qh )}] ]

−e^{−ip(d+e+f )} [λ_{BCD}e^{ikd} − λ_{BCD}e^{i(qe +qf )}] )] . (204)

• The second amputated ψχ diagram.

I^2_{ψχ}(p) = ∑ k,q ∑ bc ∑ BC [ 2 ^k2 (e^{ikc} − 1) ] · [ 1 ^q^2 ] · δ_{ab} [ − i 4 [λ_{ACB} − λ_{ACB} e^{−i(pa −qa)}] ]

· [ − i 4 (−δ_{db}δ_{ec} + δ_{dc}δ_{eb})[λ_{DCB} e^{ikb} − λ_{DCB}e^{iqc} ] ] . (205)

• The amputated χχ diagram.

I_{χχ}(p) = ∑ k,q ∑ cdef ∑ BC δ_{k+q−p,0} [ 1 ^k2 [(e^{−ike} − 1)δ_{f d} − (e^{−ikd} − 1)δ_{f e}] ] · [ 1 ^q^2 ]

· [ − i 8 ϵ_{abcde} ( e^{−ik(a+b+c )}[λ_{ACB} e^{ipc} − λ_{ACB} e^{−i(qa +qb )}] −e^{ip(c+d+e)}[λ_{ACB} e^{−ikc} − λ_{ACB} e^{−i(qd+qe )}] )]

· [ − i 4 (−δ_{gc}δ_{hf} + δ_{gf} δ_{hc})[λ_{BCD}e^{ikc} − λ_{BCD}e^{iqf} ] ] . (206)

Notice that the contributions of these diagrams all vanish in the limit p → 0. This implies that mass counterterms are not present in the lattice theory at one-loop. In Section 6.1, we argued that the only dangerous mass term involved a coupling of η and ψ_a, revealed through the new operator D. Now we see that this term does not arise at one-loop. In the next section, we will see that this feature persists to all orders and, thus, leads to the conclusion that no mass counterterms are needed at any finite order of perturbation theory.

6.4. The effective action

The above result, the absence of boson and fermion mass terms, can be shown by deriving the effective action of the theory by invoking topological field theory ideas. We are interested in computing the partition function of the lattice theory in oneloop order around an arbitrary classical vacuum state in which the fermions vanish and the bosonic fields correspond to constant commuting matrices. On expanding the fields around such a constant commuting background,

U_a(n) = U_a + iA_a(n), U^†_a (n) = U^†_a − iA_a(n) , (207)

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 53

and choosing the gauge α = 1/2, the quadratic part of the bosonic action takes the form

S_B = −2 ∑ n,a,b Tr A_b(n)D^{†(−)}_a D^{(+)}_a A_b(n) . (208)

The covariant derivatives here depend on the constant commuting classical background [U_a(n), U^†_a (n)] = 0. After integration over the fluctuations in the bosonic fields, the bosonic contribution to the one-loop partition function is

det^{−5}(D^{†(−)}_a D^{(+)}_a ) . (209)

The gauge-fixing functional (178) leads to the quadratic ghost action:

S_G = ∑ n,a Tr c D^{†(−)}_a D^{(+)}_a c . (210)

The quadratic fermionic part of the action is given by the corresponding terms in (160), except that now the covariant derivatives depend only on the background fields.

Since the background is constant, we can pass to momentum space in which the action separates into terms for each mode k. The 16 × 16 fermion matrix M(k) for the mode k then can be shown to satisfy

det M(k) = det(D^{†(−)}_a (k)D^{(+)}_a (k))^8 . (211)

Fig. 5. One-loop diagrams of fermions and complexified gauge fields.

54 Anosh Joseph

Going back to position space, and taking into account the fact that there is a double counting of modes in the matrix form (189), we obtain

Pf(M) = det^4(D^{†(−)}_a D^{(+)}_a ) . (212)

The ghosts add another factor of det(D^{†(−)}_a D^{(+)}_a ), which is just what is needed to cancel the bosonic contribution given earlier.

The conclusion is that the effective action of the lattice theory at one-loop obtained by expanding about an arbitrary point in the classical moduli space becomes identically zero. Similar to the continuum case, since the moduli space of the lattice theory is not lifted we can conclude that there can be no boson or fermion masses at one-loop. It is expected that this analysis can be extended to all loops. The topological invariant nature of the partition function allows us compute it exactly in the semi-classical approximation. In Ref. 55 similar arguments are used to show that the vacuum energy of supersymmetric lattice theories with four and eight supercharges remains zero to all orders in the coupling. The calculation presented above extends that analysis to the case of sixteen supercharges. Thus, the conclusion is that the boson and scalar masses remain zero to all orders in the coupling constant, and in turn, the fermions also remain massless, which is consistent with the explicit one-loop calculation above.

The expressions for the amputated one-loop diagrams derived above, Eq. (203)- (206), contribute to the renormalization of the three twisted fermion propagators. This is sufficient to calculate α_1, α_2 and α_4 that appear in the general action: L = 1 g^2 ∑ n,a,b,c,d,e { Q Tr [ − iα_1χ_{ab}D^{(+)}_a U_b(n) − iα_2η(n)D^{†(−)}_a U_a(n) + α_3 2 η(n)d(n) ]

− α_4 2 Tr ϵ_{abcde}χ_{de}(n + ^μ_a + ^μ_b + ^μ_c)D^{†(−)}_c χ_{ab}(n + ^μ_c) } . (213)

The extraction of the coefficient α_3 requires further work. One simple way to extract it is through a computation of the renormalized auxiliary boson propagator.

6.5. One-loop diagrams for the auxiliary field propagator

Instead of integrating out the auxiliary field d from the bosonic action, we look at the off-shell form

S_B = ∑ n,a,b Tr ( F^†_{ab}(n)F_{ab}(n) − i g d(n)D^{†(−)}_a U_a(n) + 1 2 d^2(n) ) , (214)

where F_{ab}(n) = −^i_g D^{(+)}_a U_b(n) to compute the renormalized propagator for the d field.

The Feynman rules for the fermions are identical to those of the previous (onshell) analysis, but the boson propagators change and so they need to be recomputed in this off-shell scenario. On expanding the link fields around unity and using the

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 55

same lattice gauge-fixing term as before we find the momentum space form for the gauge fixing term:

S_{GF} [A] = 1 α ∑ k,a,b Tr A_a(k)f^∗_a (k)f_b(k)A_b(−k) . (215)

It is convenient in this calculation to work with the real and imaginary parts of the complex gauge field explicitly, thus, A_a = A_a + iB_a . (216) The gauge-fixed bosonic action on the lattice to quadratic order in fields, with the choice α =^1_2 , is then

S^{(2)}_B = ∑ k,a,b Tr 2A_a(k) [ δ_{ab}f_c(k)f^∗_c (k) ] A_b(−k)

+2B_a(k) [ δ_{ab}f_c(k)f^∗_c (k) − f^∗_a (k)f_b(k) ] B_b(−k)

−2id(k)f_a(k)B_a(−k) + 1 2 d(k)d(−k) . (217)

The d − B_a system decouples from A_a to the order. Its action is given by

S^{(2)}_B [d, B_a] ∼ ∑ k,a,b Tr 2B_a(k) [ δ_{ab}f^∗_c (k)f_c(k) − f^∗_a (k)f_b(k) ] B_b(−k)

−2id(k)f_a(k)B_a(−k) + 1 2 d(k)d(−k) . (218)

or in matrix form ( d B_a ) (k) (_1

2 −if_b(k) −if^∗_a (k) M_{ab}(k) ) ( d B_b ) (−k) , (219)

where M_{ab}(k) = 2[δ_{ab} ∑ c f_c(k)f^∗_c (k) − f^∗_a (k)f_b(k)]. Using standard identities for the inverse of a partitioned matrix, we find

M^{−1} =

(_1 2 −if_b(k) −if^∗_a (k) M_{ab}(k) )−1 = 1 ∑ c f_c(k)f^∗_c (k) ( 0 if_b(k) if^∗_a (k)^1_2 1_5 ) . (220) We have ∑ c f_c(k)f^∗_c (k) = 4 ∑ c sin^2 (_{kc} 2 ) and, as before, we define ^k^2 ≡ 4 ∑ c sin^2 (_{kc} 2 ) . Thus the lattice propagators are

⟨d^A(k)d^B (−k)⟩ = 0 , (221) ⟨d^A(k)B^B_a (−k)⟩ = iδ_{AB} (e^{−ika} − 1) ^k2 , (222) ⟨B^A_a (k)B^B_b (−k)⟩ = δ_{ab}δ_{AB} 1 2^k^2

. (223)

From (217) the propagator for the A field is also ⟨A^A_a (k)A^B_b (−k)⟩ = δ_{ab}δ_{AB} 1 2^k^2

. (224)

56 Anosh Joseph

The d field is non-propagating at tree level as it should be since it is an auxiliary field. On using these propagators and those derived earlier for the bosons and fermions, we can now write down the generic Feynman diagram contributing to a renormalization of the auxiliary boson propagator. It is shown in figure 6 and represents the set of amputated diagrams possessing two external B field legs. These combine with the external ⟨dB⟩ propagators derived above to yield the renormalized propagator for the auxiliary field. The vanishing of the tree level ⟨dd⟩ propagators ensures that no amputated diagrams with 2 d field external legs contribute.

The set of all such lattice Feynman diagrams is shown below and corresponds to a subset of the B field vacuum polarization diagrams.

It is important to notice that almost all these diagrams appear in the continuum off-shell twisted theory. The exceptions are just the diagrams containing a BBd vertex that corresponds to the lattice vertex

V_{dBB} = ⟨d^A(−k − q)B^B_a (k)B^C_b (q)⟩ = i 2 δ_{ab}(λ_{ABC} + λ_{ABC} )(1 − e^{−i(ka+qa )}) . (225) These diagrams do not contribute to the divergent piece in the ⟨dd⟩ propagator at this order of perturbation theory since the above vertex vanishes as the lattice spacing is sent to zero.

Hence, we are left with a set of diagrams that correspond to those of the equivalent continuum theory at one-loop order. This fact can be exploited to argue that the leading logarithmic divergences of the lattice theory are shared with the continuum theory.

6.6. The divergence in the one-loop diagrams

At this stage, the expressions we have in hand, the amputated one-loop diagrams that determine the renormalization of three fermion propagators and the set of Feynman graphs needed to renormalize the auxiliary bosonic field propagator would in principle, allow us to determine all four coefficients α_i appearing in the renormalized action (164). The question of how much fine tuning of the lattice theory is required to regain full supersymmetry would be determined by the parts of those expressions that diverge as the lattice spacing is sent to zero. So it is necessary to evaluate those expressions for the one-loop integrals as the lattice spacing goes to zero.

We first focus on the diagrams contributing to the fermion propagators. The one-loop fermion propagators all vanish as the external momentum goes to zero,

Fig. 6. The generic diagram contributing to renormalized d propagator.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 57

which is consistent with the earlier effective action computation showing that no fermionic mass terms can be generated perturbatively. But coming to the amputated one-loop diagrams, there is a difficulty, due to the power counting theorem of Reisz56^,57^,58^,59: we cannot simply take the naive continuum limit of the expressions for the the amputated one-loop diagrams as they have a naive degree of divergence of 1. It turns out that a trick due to Ref. 60 and detailed in Ref. 61 can be used to extract the leading divergences from those diagrams without disrespecting Reisz’s theorem.

Fig. 7. Set of all lattice amputated Feynman diagrams contributing the renormalized d propagator.

58 Anosh Joseph

The trick is to split the integral I(p) into two pieces:

lim_{a→0} I(p) = lim_{a→0} [ I(p) − I(0) − ∑ b p_b ∂I ∂p_b | | | |_{p=0} ]

+ lim_{a→0} [ I(0) + ∑ b p_b ∂I ∂p_b | | |_{p=0} ] . (226)

Now the first term in square brackets can be evaluated in the naive continuum limit and contains no divergence. The divergence is in the second term but since there is no external momenta in the integrand, its evaluation on the lattice becomes simple. Not that, I(0) vanishes for each of the diagrams so the calculation becomes even more simple.

Next step obviously would be the numerical evaluation of the integral for a variety of regulator masses μ^l and extract the logarithmic divergence and any constant contributions using a fitting procedure. It turns out that, we could use a simpler approach if we are only interested in the leading log divergences, in which a naive continuum limit can be taken and the expressions evaluated using the dimensional regularization.

As a result of such procedure, we obtain the following expressions for the fermion self-energy diagrams: I_{ηψd} (p) ∼ − i 8π^2 p_df_{ABC} f_{BCD} log μa , I_{ψa χde} (p) ∼ i 8π^2 f_{ABC} f_{BCD}(δ_{da}p_e − δ_{ea}p_d) I_{χab χgh} (p) ∼ − i 16π^2 f_{ABC} f_{BCD} ∑ d ϵ_{abdgh}p_d log μa . (227) The cutoff^1_a has been inserted inside the logarithm to ensure that it is dimensionless^m.

The amputated divergent diagrams for the lattice d propagator are also log divergent. It is possible to extract the sum of these logarithmic divergences using the same tricks used for the fermions, evaluating the diagram in the naive continuum limit. The sum of all these diagrams, contracted with external dB propagators, will then yield a log divergent term of the form C_{dd} = cf_{ACB}f_{DCB} log (μa) , (228) where c is a constant to be determined by explicitly evaluating the diagrams. However, it is not necessary to evaluate these diagrams, even in the continuum, to determine α_3 – the requirement that the continuum theory preserve full supersymmetry will automatically determine α_3 in terms of the other α_i corresponding to the fermion propagator renormalization.

lThe regulator mass controls the behavior of the integrand close to the origin of momentum space. mHere the case considered is of infinite lattice size which reduces all lattice sums in momentum space to integrals.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 59

6.7. Renormalized propagators Upon combining the divergent parts of the individual amputated diagrams computed above we can compute the leading logarithmic divergences appearing in the renormalized propagators. Several of the amputated fermion diagrams may appear as internal bubbles when correcting a given fermion propagator. For example, in the ψη diagram shown in figure 8, naively three of the amputated diagrams contribute to the renormalization of this propagator. However, the underlying Lorentz structure of the propagators and integrals (at least in the case of the log divergences) restricts the contributions from some of the diagrams. As a result, only the ηψ amputated diagram contributes to the renormalization of the ηψ propagator.

The renormalization of the ηψ propagator, denoting the full diagrams by C, is given by C_{ψdη} ∼ 1 4π^2 f_{ABC} f_{BCD} 2ip_d p^2 log μa . (229)

For the case of other diagrams, it can be shown that only I_{ψχ} contributes to C_{ψχ} and I_{χχ} to C_{χχ}. C_{ψaχde} ∼ 1 4π^2 f_{ABC} f_{BCD} ip_dδ_{ae} − ip_eδ_{ad} p^2 log μa . (230)

Noting that the internal propagator in I_{χχ} can be a ψχ or χψ, the full diagram C_{χχ} comes with a factor of 2. C_{χab χde} ∼ 1 4π^2 f_{ABC} f_{BCD} log μa ∑ k ip_k 2p^2 ϵ_{abkde} . (231) The coefficients of the propagators in the renormalized propagator amplitudes C now determine the coefficients α_i. Explicitly, they take the form

α_i = 1 + b_i log μa i = 1, 2, 4 , (232)

where

b_i = b = g^2N 4π^2

, (233)

and the property f_{ABC} f_{BCD} = Nδ_{AD} is used for the case of SU(N). This restriction is needed as the color structure of any counterterms must match that of the tree propagators. For the case of U(N) it becomes f_{ABC} f_{BCD} = N(δ_{AD} − δ_{A0}δ_{D0}). The U(1) trace part can be ignored in the continuum as it simply decouples from the rest of the system. On the lattice, especially when performing simulations, a similar

Fig. 8. Full ηψ propagators.

60 Anosh Joseph

result can be achieved by giving the U(1) mode a large mass of the order of the cut-off that will serve to decouple it from the SU(N) modes at finite lattice spacing. This will result in breaking of supersymmetry in this sector but it may be removed by sending the U(1) mass to zero after taking the continuum limit.

Naive expectations would lead us to conclude that the coefficients b_i are all different. However, the above results indicate that, in fact, the log divergent parts of b_i and, hence, α_i are actually all equal. The reasoning is, to untwist the continuum theory into a theory with four Majorana spinors requires that the continuum twisted fermions exhibit a common wavefunction renormalization. This just follows from the fact that the individual components of the spinors mix the different twisted fermions together. To achieve this requires that the corresponding renormalization constants of the kinetic terms α_i should all be equal – agreeing with the findings above. Furthermore, since the leading log behavior of the lattice theory is the same as the continuum, one should expect that the log divergent part of the lattice couplings behave in the same way. Thus, a single wavefunction renormalization of the twisted lattice fermions is all that is needed to render the renormalized theory finite.

The common anomalous dimension of the fermions in this twisted scheme is then given by γ = g^2N 8π^2

. (234)

The leading log divergent contribution to the ⟨dd⟩ propagator can be computed from the naive continuum limit of the corresponding continuum expression for the sum of the BB bubble diagrams given in diagram 7. Combined with the fact that the tree level ⟨dB⟩ propagators required on the outside of these BB amputated diagrams are the same as the continuum to O(a), the log divergence in the mass renormalization of the d field must be the same on the lattice as in the continuum. Using this fact it can be argued that the log divergent part of α_3 must actually be equal to that of the fermions, α_1, for example. This follows from the fact that the bosonic action for general α_i can be rewritten as

α_1 ( F_{ab}F_{ab} ) + α^2 α_3 (1 2 [D_a, D_a]^2 ) . (235)

This renormalized bosonic action can be untwisted to yield the conventional gauge field plus scalar action in the continuum limit only for α_3 = α_2 = α_1. This condition must be true since the continuum twisted theory exhibits full supersymmetry. Then the general arguments on renormalization described earlier indicate that the log divergence of α_3 on the lattice must satisfy the same property.

To conclude, the log divergent parts of the coefficients α_i, i = 1 · · · 4 must all be equal to one-loop order in the lattice theory. This implies that a common wavefunction renormalization of both twisted fermions and bosons is sufficient to render the renormalized theory finite at one-loop with all fields acquiring an anomalous dimension (in this scheme) given by γ =^{g2 N}_{8π2} . Physically, the equality of the couplings α_i, i = 1 · · · 4 means that no logarithmic fine tuning is required at weak coupling

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 61

for the lattice theory to exhibit full supersymmetry as the lattice spacing is sent to zero.

7. Applications to AdS/CFT

The duality conjecture between gauge theories and string theories62 provides a very promising new direction for investigating the properties of gravitational theories. This conjecture may be used to describe certain black holes in terms of the world volume theories of the D-branes that compose them. The type II string theory reduces to a supergravity theory for low energies compared to the string scale α^{′−1/2}. In this limit the gravitational theory contains black holes with finite temperature and N units of D-brane charge. Then one can use the correspondence to describe these black holes in terms of the worldvolume theories of the D-branes, which are supersymmetric Yang–Mills theories with sixteen supercharges in various dimensions, taken in the large N ‘t Hooft limit and at finite temperature. The string theory black holes are described by the strongly coupled sectors of these gauge theories. Solving the gauge theories would allow one to directly study the quantum properties of the dual black holes, including their thermodynamic properties. Since the gauge theories are strongly coupled, their direct computation needs nonperturbative techniques such as lattice simulations.

According to the AdS/CFT conjecture, type II superstring theory in AdS_{d+1}×M space, where M is a compact manifold with positive curvature, should be equivalent to a superconformal field theory living on the d-dimensional boundary of AdS_{d+1}. Among the many generalizations of this conjecture we look closely at the two cases - those involving D0-branes and D1-branes - to apply the twisted field theory formulations to derive some interesting results.

7.1. D0-brane thermodynamics from lattice SYM

The duality conjecture consists of a mapping between type II string theory containing N Dp-branes and (p + 1)-dimensional supersymmetric gauge theories with gauge group SU(N). Perhaps the simplest of these systems would be the one which describes the dynamics of D0-branes in type IIA string theory in terms of sixteen supercharge Yang–Mills quantum mechanics in the large N ‘t Hooft limit. The low temperature string theory describes black holes with N D0-brane charge, whose thermodynamics may hence be studied using the dual sixteen supercharge quantum mechanics with gauge group SU(N). We need nonperturbative techniques such as lattice simulations to study the dual quantum mechanics since it is strongly coupled.

We consider a system of N coincident D0-branes in the “decoupling limit” with N large and Ng_s fixed, where g_s is the string coupling. The decoupling limit is taken by considering excitations of the collection of D0-branes with fixed energy while sending the string length scale α^′ to zero. The degrees of freedom of the D0- brane system then split up into those localized near the branes (known as the ‘near horizon’ excitations, which are of our interest) and those living far from the branes.

62 Anosh Joseph

There are two ways to describe the degrees of freedom living near the D0-branes using perturbative approach depending on the value of the fixed quantity Ng_s.

Case 1. Ng_s ≪ 1 The D0-branes decouple from the ten-dimensional background gravitational theory. The degrees of freedom are described by the dynamics of the sixteen supercharge SU(N) Yang–Mills quantum mechanics, which is the worldvolume theory of the D0- branes whose degrees of freedom are the open strings ending on the branes. At fixed energy excitations of the D0-branes and in the limit string length approaching zero, the higher string corrections become irrelevant. The Yang–Mills coupling is small in this regime and it is given by

g^2_{Y M} = g_sα^{′−3/2}/(2π)^2 . (236)

Case 2. Ng_s ≫ 1 The D0-branes couple strongly to gravity in this limit. The degrees of freedom are described by the target spacetime supergravity solution for N D0-branes. Since the characteristic radius of curvature of the solution is much larger than the string length, the string worldsheet theory becomes weakly coupled. Thus supergravity is a good approximation in this regime. Geometrically this solution has two regions - the far horizon one, which is asymptotically flat 10-d spacetime and the near horizon one, which has a curvature characteristic to a black hole geometry. A potential energy barrier separates the finite energy excitations in these two regions. We focus on the ‘near-horizon’ region excitations. Identifying U and U_0 as the energy sales we wish to fix U = r α^′ U_0 = r_0 α^′ (237)

with U ≥ U_0. Then decoupling limit corresponds to taking α^′ → 0 keeping U, U_0 fixed. In this limit the entropy of the black hole becomes S = 1 28 √ 15π^{7/2}

N^2 ( U_0/λ^{1/3} )_{9/2} (238)

and the temperature is given by T/λ^{1/3} = 7 16 √ 15π^{7/2} ( U_0/λ^{1/3} )_{5/2} (239)

where λ = Ng^2_{Y M} .

It should be noted that both the above perturbative descriptions - the Yang– Mills for Ng_s ≪ 1 and the stringy black hole for Ng_s ≫ 1 - are not just limited to the regimes of Ng_s where they are perturbatively good. In fact the Yang–Mills description (Ng_s ≪ 1) is well defined for all Ng_s. The string black hole description (Ng_s ≫ 1) is also valid for finite Ng_s away from Ng_s ≫ 1 but in that case one must take into account stringy α^′ corrections to the description of the black hole in supergravity.

The equations given in (238) and (239) for entropy and temperature relate the Yang–Mills quantities to those of the string theory.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 63

We define a parameter,

β = 1/t = λ^{1/3}/T , (240)

which can be thought of as a dimensionless inverse temperature, characterizing the behavior of the theory. Then for large β ≫ 1 (but still finite as compared with large N) the system of D0-branes should be well described by a supergravity black hole with negligible string corrections. Assuming the holographic correspondence is correct, we can predict (in the large β limit) the precise form of the entropy and free energy of the Yang–Mills quantum mechanics,

S = 11.5N^2β^{−9/5}, f = −4.11N^2β^{−14/5} , (241)

since it is known how to compute the Bekenstein–Hawking entropy of the supergravity black hole. Here f is the dimensionless free energy, related to the usual free energy F through F = λ^{1/3}f.

As β decreases the curvature at the horizon radius becomes larger and the supergravity description receives string oscillator α^′ corrections. For small β ≪ 1 the system can best be thought of as a highly excited hot ball of strings and branes. It has been argued that the hot ball of strings for β ≪ 1 and the black hole at β ≫ 1 are the same object, and the physics at the transition point β ∼ 1 (the Horowitz– Polchinski ‘correspondence point’) is therefore smooth63. The presence of a black hole in the dual string theory (geometrically, it is realized as the presence of a contractible Euclidean time circle in the theory) indicates the Yang–Mills theory is in a confined phase with a finite expectation value for the amplitude of the Polyakov loop ⟨|^1_N Tr e^{i ∮ Adτ} |⟩64. The appearance of a deconfined phase in the gauge theory would correspond to the absence of a black hole in the dual theory (geometrically, the presence of a non-contractible time circle) with a vanishing expectation value for the Polyakov loop. Thus we expect that the sixteen supercharge quantum mechanics at large β ≫ 1 to be confined, as it is indeed dual to a black hole. At small β ≪ 1 we expect that the sixteen supercharge theory is likely to be deconfined.

Lattice simulations^n of the sixteen supercharge SU(N) Yang–Mills quantum mechanics have already been carried out in the ‘t Hooft limit66. The simulations probed the low temperature regime for N ≤ 5 and the intermediate and high temperature regimes for N ≤ 12. The ‘t Hooft scaling of thermodynamic quantities has been observed and at low temperatures the numerical results are consistent with the dual black hole prediction. The intermediate temperature range is dual to the correspondence region, and the numerical results are consistent with smooth behavior there as well.

The plots of dimensionless energy and expectation value of the Polyakov loop against temperature for various N are shown in figure 9. (Figures are from Ref. 66.) The data points for energy approach a constant at very high temperatures corresponding to the result from classical equipartition assuming N^2 deconfined gluonic

nSee Ref. 65 for the details of the code for simulating SYM theoreis on the lattice.

64 Anosh Joseph

states. (In this limit the fermions acquire thermal masses and thus they are lifted out of the dynamics.) For low temperatures the energy approaches zero signaling the presence of a supersymmetric vacuum at vanishing temperature. The ‘t Hooft scaling sets in for small N, with N = 3 already giving results close to an extrapolated large N result. The results obtained by the high temperature expansion67 is denoted by the asymptotic dashed line and agree with the numerical data.

The simulations indicate that the data points appear to interpolate from high to low temperature smoothly. The intermediate temperature range t ∼ 1 is dual to the Horowitz–Polchinski correspondence regime and the data indicate apparently smooth behavior at that regime. The low temperature behavior of the theory appears consistent with the prediction from supergravity (shown using solid curve near origin on the left plot).

There have been a series of numerical studies in recent years to explore the holographic principle between supersymmetric gauge theories and supergravity theories, focusing on the cases when the super Yang–Mills theory is one-dimensional and the dual gravitational theory describes the low energy dynamics of D0-branes 66,68,69,70,71,72,73,74 or the N = 4 theory compactified on S3 × R 75,76,77. In the next section we focus on the phase structure and thermodynamic properties of gravitational theories whose worldvolume theory is described by a collection of D1-branes78^,79.

7.2. D1-brane thermodynamics from lattice SYM

We consider the case where the low energy string theory consists of a large number of N coincident D1-branes wrapped on a spatial circle, which, in the decoupling limit, is described by a two-dimensional maximally supersymmetric Yang–Mills the-

Fig. 9. Left: A plot of the dimensionless energy ϵ/t against dimensionless temperature t. The low temperature black hole prediction is shown using solid line. The high temperature expansion results are shown using asympotic dashed line. Right: A plot of the Polyakov loop observable P against temperature t. For large t the amplitude of the Polyakov loop has a finite expectation value and thus the sixteen supercharge quantum mechanics is in a deconfined phase. For small t the theory is in a confined phase indicating the presence of a black hole in the dual gravitational theory. The two phases are connected through a smooth transition point, which agrees with the Horowitz–Polchinski correspondence point.

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 65

ory on a circle62^,80. There exists a new dimensionless coupling in the gauge theory that can be varied in addition to the temperature when the spatial direction is compactified on a circle. Thus the two-dimensional Yang–Mills system possesses a richer structure at large N than its one-dimensional counterpart. Arguments from a high temperature limit and also from strong coupling, using a dual supergravity description, indicate that the system should possess an interesting phase structure in the two-dimensional parameter space spanned by the temperature and this new coupling in the large N limit80^,81. A large N transition between confined and deconfined phases with respect to the spatial Polyakov line is expected, which interpolates between the high temperature region and the strongly coupled region. In particular, for the strongly coupled region, the dual D1-brane system can be described by certain black holes in supergravity, with a compact spatial circle. Then arguments from the dual gravity model indicate a first order Gregory–Laflamme82^,83 phase transition between the black hole solutions localized on the circle and uniform black hole solutions which wrap the circle80^,81^,84^,85^,86^,87^,88^,89. Translating back to the SYM, the dual gravity model predicts the parametric dependence of the transition temperature against dimensionless circle coupling – a dependence that seemingly cannot be deduced by simple SYM considerations. Interestingly, since the relevant gravity solutions have not been constructed yet (analog solutions are known, but not in the correct dimension90^,91^,92), the precise coefficient in this relation is not known, and determining it in SYM yields a prediction for the phase transition temperature that could be tested in the future when the gravity solutions (of a classical but non-trivial gravitational problem) are constructed.

We are interested in studying large N thermal two-dimensional maximally supersymmetric (16 supercharge) SU(N) Yang–Mills theory, in the ’t Hooft limit, with coupling λ = Ng^2_{Y M} , with the spatial direction compactified. Continuing the theory to Euclidean time, this implies the Yang–Mills theory is defined on a rectangular 2-torus, with time cycle size β, and space cycle size R. The fermion boundary conditions distinguish the two cycles, being anti-periodic on the time cycle so that β has the interpretation of inverse temperature, and periodic boundary conditions on the space cycle. The action may then be written as: S = N λ ∫ T^2 dτdxTr [_1

4 F^2_{μν} +^1_2 ∑ I [D_μϕ^I , D^μϕ^I ]^2 −^1_4 ∑ I,J [ϕ^I , ϕ^J ]^2

+fermions ] , (242)

where I, J = 1, . . . , 8 and ϕ^I are the 8 adjoint scalars, and τ is the coordinate on the time circle, and x the coordinate on the space circle. Since λ, β and R are dimensionful, it is convenient to work with the two dimensionless couplings:

r_τ = √ λ β and r_x = √ λ R , (243)

which give the dimensionless radii of the time and space circles, respectively, measured in units of the ’t Hooft coupling. We will be interested in the expectation

66 Anosh Joseph

values of the trace of the Polyakov loops on the time and space circles,

P_τ = 1 N ⟨| |Tr (P exp(i ∮ A_τ )) | |⟩ , P_x = 1 N ⟨| |Tr (P exp(i ∮ A_x)) | |⟩ , (244) as at large N, these give order parameters for confinement/deconfinement (or center symmetry breaking) phase transitions which we will discuss below. As discussed in80^,81 there are several interesting limits for the theory. In the large torus limit, that is when 1 ≪ r_x, r_τ , the string theory dual may be described by supergravity. For the weak coupling limit, r_x, r_τ ≪ 1, or asymmetric torus limits r_τ ≪ r^3_x and r_x ≪ r^3_τ , we will find the dynamics are captured by a lower dimensional Yang–Mills theory. For 1 ≪ r_τ ≪ r^2_x, the string theory is in the Type IIB regime, where we expect P_τ ≠ 0 but P_x = 0. In the IIA regime, where 1 ≪ r_τ and r^{4/3}_x ≪ r_τ , we have P_τ ≠ 0, and P_x ≠ 0 for r^2_x ≤ c_{crit} r_τ and P_x = 0 for r^2_x > c_{crit} r_τ , with c_{crit} an order one constant with c_{crit} > 2.29. In the regime where both IIA and IIB apply, they give consistent results. Thus, in the large torus, supergravity regimes, the SYM is always deconfined in the time direction, and there is a first order deconfinement/confinement transition in the space direction at r^2_x = c_{crit} r_τ .

The simplest picture is then that the Gregory–Laflamme first order phase transition, r^2_x = c_{crit} r_τ for 1 ≪ r_τ , and the second order transition r^3_τ ≪ r_x and r^3_x = 1.35 r_τ in the time reduced bosonic quantum mechanics are two ends of the same spatial Polyakov loop confinement/deconfinement phase transition line. At some point in-between, the order presumably changes, and here the new third order Gross–Witten phase transition emerges, although this is not measured by center

Fig. 10. Cartoon of the expected large N, spatial Polyakov loop deconfinement transition line in coupling space. The simplest possibility is depicted, where the spatial deconfinement transition interpolates between the strong coupling Gregory-Laflamme transition parametric behavior r^2_x ∼ r_τ , and the high temperature reduction deconfinement transition behavior r^3_x = 1.35r_τ .

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 67

symmetry breaking, but by more detailed information about the spatial Polyakov loop eigenvalue distribution. It is interesting80^,87^,88 that the new phase at small r_x also exists for 1 ≪ r_x in the form of non-uniform IIA black strings, but, unlike at weak coupling, these are never thermally dominant in the IIA supergravity region. In figure 10, the expected phase diagram for the spatial confinement/deconfinement transition is summarized.

The numerical simulations of this theory focus on the Polyakov lines for both the thermal and spatial circle. These are defined on the lattice in the usual way

P_x = 1 N ⟨| |Tr Π^{L−1}_{ax=0}Ua_x | |⟩ , P_τ = 1 N ⟨| |Tr Π^{T −1}_{aτ =0}Ua_τ | |⟩ , (245) where the unitary piece of the complexified link U_μ is extracted to compute these expressions. The values of spatial and temporal Polyakov lines are evaluated as a function of r_τ for two different lattices with the same aspect ratio, a 2×8 lattice and a 3 × 12 lattice, for N = 3 and with values of the infrared regulator m = 0.05, 0.10 and 0.20. The use of two different lattices with the same aspect ratio would allow

Fig. 11. Spatial and temporal Polyakov lines (P_x and P_τ ) against dimensionless time circle radius r_τ for maximally supersymmetric SU(3) Yang–Mills on 2 × 8 and 3 × 12 lattices using different values of the infrared regulator m.

68 Anosh Joseph

to test for and quantify finite lattice spacing effects. The simulations are performed for values of the dimensionless time circle radius in the range 0.02 ≤ r_τ ≤ 1.0. Figure 11 shows the numerical results.

The temporal Polyakov remains close to unity over a wide range of r_τ indicating that the theory is (temporally) deconfined, and is consistent with expectations for the asymmetric torus limits, and the strong coupling regions, where there is a dual supergravity description in terms of black holes. However, the spatial Polyakov line has a different behavior taking values close to unity for small r_τ while falling rapidly to plateau at much smaller values for large r_τ . It is tempting to see the rather rapid crossover around r_τ ∼ 0.2 as a signal for a would be thermal phase transition as the number of colors is increased. This conjecture is seen to be consistent with the data: in figure 12 the Polyakov lines are shown for N = 2, 3, 4 on 2 × 8 lattices as a function of r_τ . The plateau evident at large r_τ falls with increasing N and the crossover sharpens. This is consistent with the system developing a sharp phase transition in the large N limit.

Figure. 13 is obtained by analyzing the numerical data for SU(3) and SU(4). The superposition of the P_x = 0.5 contours for SU(3) and SU(4) is given as dashed black lines. The case where the SU(4) loop P_x is greater than the SU(3) loop is denoted by shaded (blue) region, which is expected to estimate the large N deconfined region for a first order transition (which gravity suggests at strong coupling). ‘Holes’ in this blue region are due to statistical errors. The boundary of this region (ignoring ‘holes’) seems to be matching well the P_x = 0.5 contours, and represents a best guess for where the large N transition resides. This figure should be compared to figure 10 giving a sketch of the expected phase structure. Plotted on the figure is the high temperature prediction for the transition (r^3_x = 1.35r_τ , red curve). The estimated large N transition curve fits well both this high temperature prediction and also the strong coupling dual gravity predicted parametric behavior r^2_x = c_{crit}r_τ . The data obtained through simulations suggests c_{crit} ≃ 3.5 (plotted as blue curve), which obeys the constraint from gravity c_{crit} > 2.29.

The value of the ratio α ≡ c_{crit}/2.29 gives the ratio of the GL thermal phase transition temperature to the Gregory–Laflamme dynamical instability temperature (the minimum temperature to which uniform strings can be supercooled), so α = T_{GL phase}/T_{GL instab}. Although the Gregory-Laflamme instability temperature is known 80 (corresponding to the behavior r^2_x = 2.29r_τ at strong coupling), the Gregory–Laflamme phase transition temperature is not known in the gravitational theory, as the localized solutions have not been constructed. The lattice estimation, α ≃ 1.5, obtained through the analysis performed above provides a prediction for the thermal behavior of the gravity solutions. This is the first time a prediction about the properties of non-trivial classical gravity solutions has been made from the Yang–Mills side of a holographic correspondence.

December 30, 2011 5:12 WSPC/INSTRUCTION FILE SYMLATTICE

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 69

Fig. 12. Plot of the absolute values of the spatial and temporal Polyakov lines (Px and Pτ ) against the dimensionless time circle radius rτ for maximally supersymmetric SU(N) Yang–Mills on a 2 × 8 lattice for N = 2, 3, 4, using the value of the infrared regulator m = 0.10.

Fig. 13. Plot showing a superposition of the Px = 0.5 contours for SU(3) and SU(4) as dashed black lines. Plotted on the figure is the high temperature prediction for the transition (r^3_x = 1.35rτ , red curve). We note that the estimated large N transition curve fits well both this high temperature prediction and also the strong coupling dual gravity predicted parametric behavior r^2_x = c_{crit}rτ . The data obtained through simulations suggests c_{crit} ≃ 3.5 (plotted as blue curve), which obeys the constraint from gravity c_{crit} > 2.29.

70 Anosh Joseph

8. Future Directions

In this review we have focused on a set of of SYM theories with extended supersymmetries that exhibits compatibility with discretization on the lattice. These lattice theories are constructed based on the ideas drawn from topological twisting. The supersymmetries of certain Yang–Mills theories can be rewritten in a twisted form such that the resultant theory (twisting is just a change of variables in flat Euclidean spacetime) resembles like a topological field theory. The supersymmetries and fermions of the theory transform in integer spin representations of the twisted rotation group, and twisting always produces a nilpotent supersymmetry. The supersymmetry algebra associated with the nilpotent supersymmetry does not generate translations and thus we can implement this sector on the lattice hoping that the remaining broken supersymmetries on the lattice can be fine tuned, once we take the continuum limit of the lattice theory to approach the target theory.

We have looked at the interesting case of four-dimensional N = 4 SYM theory. At one-loop this theory needs only one wavefunction renormalization of the counterterms to achieve the continuum limit. The analysis was performed around a specific point in the coupling space, namely α_i = 1. It would be interesting to do the one-loop analysis starting from an arbitrary point in coupling parameter space and study the flow of the couplings as the theory is renormalized. It would also be interesting to go beyond one-loop analysis on the lattice inspired by the topological field theory nature of the formalism. An interesting task would be to understand the perturbative lattice beta function, perhaps even to all orders. Also it would be interesting to see to what extent just some preserved supersymmetry charges guarantee scale invariance in the theory.^o

We could also extend the analysis in the context of AdS/CFT to three- and four-dimensional Yang–Mills systems, which are thought to be dual to D-2 and D-3 brane systems, using these exact supersymmetry lattice formulations.

9. Acknowledgments

I thank useful discussions with Simon Catterall, Eric Dzienkowski, Richard Galvez, Joel Giedt, Dhagash Mehta, Mithat Ünsal, Robert Wells and Toby Wiseman. This work is supported in part by the LDRD program at the Los Alamos National Laboratory.

References 1. J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231-252 (1998). [hep-th/9711200].

2. L. Brink, J. H. Schwarz, J. Scherk, “Supersymmetric Yang–Mills Theories,” Nucl.

Phys. B121, 77 (1977).

oI thank Poul Damgaard for these suggestions.

December 30, 2011 5:12 WSPC/INSTRUCTION FILE SYMLATTICE

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 71

3. F. Gliozzi, J. Scherk, D. I. Olive, “Supersymmetry, Supergravity Theories and the Dual Spinor Model,” Nucl. Phys. B122, 253-290 (1977).

4. J. Polchinski, “String theory. Vol. 2: Superstring theory and beyond,” Cambridge, UK: Univ. Pr. (1998) 531 p.

5. S. Weinberg, “The quantum theory of fields. Vol. 3: Supersymmetry,” Cambridge, UK:

Univ. Pr. (2000) 419 p.

6. A. S. Schwarz, “The Partition Function of Degenerate Quadratic Functional and Ray- Singer Invariants,” Lett. Math. Phys. 2, 247-252 (1978).

7. E. Witten, “Supersymmetry and Morse theory,” J. Diff. Geom. 17, 661-692 (1982). 8. C. Becchi, A. Rouet, R. Stora, “Renormalization of Gauge Theories,” Annals Phys.

98, 287-321 (1976).

9. M. Z. Iofa, I. V. Tyutin, “Gauge Invariance of Spontaneously Broken Nonabelian Theories in the Bogolyubov-Parasiuk-HEPP-Zimmerman Method,” Teor. Mat. Fiz. 27, 38-47 (1976).

10. D. Birmingham, M. Blau, M. Rakowski, G. Thompson, “Topological field theory,” Phys. Rept. 209, 129-340 (1991).

11. E. Witten, “Topological Quantum Field Theory,” Commun. Math. Phys. 117, 353 (1988).

12. L. Baulieu, I. M. Singer, “Topological Yang–mills Symmetry,” Nucl. Phys. Proc. Suppl.

5B, 12-19 (1988).

13. R. Brooks, D. Montano, J. Sonnenschein, “gauge-fixing And Renormalization In Topological Quantum Field Theory,” Phys. Lett. B214, 91 (1988).

14. J. M. F. Labastida, M. Pernici, “A Gauge Invariant Action in Topological Quantum Field Theory,” Phys. Lett. B212, 56 (1988).

15. I. A. Batalin, G. A. Vilkovisky, “Quantization of Gauge Theories with Linearly Dependent Generators,” Phys. Rev. D28, 2567-2582 (1983).

16. J. P. Yamron, “Topological Actions From Twisted Supersymmetric Theories,” Phys.

Lett. B213, 325 (1988).

17. C. Vafa, E. Witten, “A Strong coupling test of S duality,” Nucl. Phys. B431, 3-77 (1994). [hep-th/9408074].

18. N. Marcus, “The Other topological twisting of N=4 Yang–Mills,” Nucl. Phys. B452, 331-345 (1995). [hep-th/9506002].

19. M. Blau, G. Thompson, “Aspects of N_T ≥ 2 topological gauge theories and D-branes,” Nucl. Phys. B492, 545-590 (1997). [hep-th/9612143].

20. S. Elitzur, E. Rabinovici, A. Schwimmer, “Supersymmetric Models On The Lattice,” Phys. Lett. B119, 165 (1982).

21. N. Sakai, M. Sakamoto, “Lattice Supersymmetry And The Nicolai Mapping,” Nucl.

Phys. B229, 173 (1983).

22. V. A. Kostelecky, J. M. Rabin, “Supersymmetry On A Superlattice,” J. Math. Phys.

25, 2744 (1984).

23. D. M. Scott, “Lattices, Supersymmetry, And Kahler Fermions,” J. Phys. A A17, 1123 (1984).

24. H. Aratyn, A. H. Zimerman, “Lattice Supersymmetry For N=4 Yang–mills Model,” J. Phys. A A18, L487 (1985).

25. N. Kawamoto, T. Tsukioka, “N=2 supersymmetric model with Dirac-Kahler fermions from generalized gauge theory in two-dimensions,” Phys. Rev. D61, 105009 (2000). [hep-th/9905222].

26. J. Kato, N. Kawamoto, Y. Uchida, “Twisted superspace for N=D=2 super BF and Yang–Mills with Dirac-Kahler fermion mechanism,” Int. J. Mod. Phys. A19, 2149- 2182 (2004). [hep-th/0310242].

December 30, 2011 5:12 WSPC/INSTRUCTION FILE SYMLATTICE

72 Anosh Joseph

27. A. D’Adda, I. Kanamori, N. Kawamoto, K. Nagata, “Twisted superspace on a lattice,” Nucl. Phys. B707, 100-144 (2005). [hep-lat/0406029].

28. S. Catterall, “Lattice supersymmetry via twisting,” Nucl. Phys. Proc. Suppl. 140, 751-753 (2005). [hep-lat/0409015].

29. S. Catterall, “A Geometrical approach to N=2 super Yang–Mills theory on the two dimensional lattice,” JHEP 0411, 006 (2004). [hep-lat/0410052].

30. S. Catterall, “Lattice formulation of N=4 super Yang–Mills theory,” JHEP 0506, 027 (2005). [hep-lat/0503036].

31. S. Catterall, “Dirac-Kahler fermions and exact lattice supersymmetry,” PoS LAT2005, 006 (2006). [hep-lat/0509136].

32. S. Catterall, D. B. Kaplan, M. Unsal, “Exact lattice supersymmetry,” Phys. Rept.

484, 71-130 (2009). [arXiv:0903.4881 [hep-lat]].

33. E. Witten, “Phases of N = 2 theories in two dimensions,” Nucl. Phys. B 403, 159 (1993) [arXiv:hep-th/9301042].

34. D. B. Kaplan, E. Katz, M. Ünsal, “Supersymmetry on a spatial lattice,” JHEP 0305, 037 (2003). [hep-lat/0206019].

35. A. G. Cohen, D. B. Kaplan, E. Katz, M. Ünsal, “Supersymmetry on a Euclidean spacetime lattice. 1. A Target theory with four supercharges,” JHEP 0308, 024 (2003). [hep-lat/0302017].

36. A. G. Cohen, D. B. Kaplan, E. Katz, M. Ünsal, “Supersymmetry on a Euclidean spacetime lattice. 2. Target theories with eight supercharges,” JHEP 0312, 031 (2003). [hep-lat/0307012].

37. D. B. Kaplan, M. Ünsal, “A Euclidean lattice construction of supersymmetric Yang– Mills theories with sixteen supercharges,” JHEP 0509, 042 (2005). [hep-lat/0503039].

38. T. Banks, Y. Dothan, D. Horn, “Geometric Fermions,” Phys. Lett. B117, 413 (1982). 39. J. M. Rabin, “Homology Theory Of Lattice Fermion Doubling,” Nucl. Phys. B201, 315 (1982).

40. A. D’Adda, I. Kanamori, N. Kawamoto, K. Nagata, “Exact extended supersymmetry on a lattice: Twisted N=2 super Yang–Mills in two dimensions,” Phys. Lett. B633, 645-652 (2006). [hep-lat/0507029].

41. A. Kapustin, E. Witten, “Electric-Magnetic Duality And The Geometric Langlands Program,” [hep-th/0604151].

42. P. Becher, “Dirac Fermions On The Lattice: A Local Approach Without Spectrum Degeneracy,” Phys. Lett. B104, 221 (1981).

43. P. Becher, H. Joos, “The Dirac-Kahler Equation and Fermions on the Lattice,” Z.

Phys. C15, 343 (1982).

44. H. Aratyn, M. Goto, A. H. Zimerman, “A Lattice Gauge Theory For Fields In The Adjoint Representation,” Nuovo Cim. A84, 255 (1984).

45. P. H. Damgaard, S. Matsuura, “Geometry of Orbifolded Supersymmetric Lattice Gauge Theories,” Phys. Lett. B661, 52-56 (2008). [arXiv:0801.2936 [hep-th]].

46. M. Hanada, S. Matsuura, F. Sugino, “Two-dimensional lattice for four-dimensional N=4 supersymmetric Yang-Mills,” [arXiv:1004.5513 [hep-lat]].

47. M. Hanada, “A proposal of a fine tuning free formulation of 4d N = 4 super Yang- Mills,” JHEP 1011 (2010) 112. [arXiv:1009.0901 [hep-lat]].

48. M. Hanada, S. Matsuura, F. Sugino, “Non-perturbative construction of 2D and 4D supersymmetric Yang-Mills theories with 8 supercharges,” [arXiv:1109.6807 [hep-lat]].

49. F. Sugino, “A Lattice formulation of superYang-Mills theories with exact supersymmetry,” JHEP 0401 (2004) 015. [hep-lat/0311021].

50. F. Sugino, “SuperYang-Mills theories on the two-dimensional lattice with exact supersymmetry,” JHEP 0403 (2004) 067. [hep-lat/0401017].

December 30, 2011 5:12 WSPC/INSTRUCTION FILE SYMLATTICE

Supersymmetric Yang–Mills theories with exact supersymmetry on the lattice 73

51. I. Kanamori, H. Suzuki, “Restoration of supersymmetry on the lattice: Twodimensional N = (2,2) supersymmetric Yang-Mills theory,” Nucl. Phys. B811 (2009) 420-437. [arXiv:0809.2856 [hep-lat]].

52. M. Hanada, I. Kanamori, “Lattice study of two-dimensional N=(2,2) super Yang-Mills at large-N,” Phys. Rev. D80 (2009) 065014. [arXiv:0907.4966 [hep-lat]].

53. M. Hanada, I. Kanamori, “Absence of sign problem in two-dimensional N = (2,2) super Yang-Mills on lattice,” JHEP 1101 (2011) 058. [arXiv:1010.2948 [hep-lat]].

54. S. Catterall, E. Dzienkowski, J. Giedt, A. Joseph, R. Wells, “Perturbative renormalization of lattice N=4 super Yang–Mills theory,” JHEP 1104, 074 (2011). [arXiv:1102.1725 [hep-th]].

55. S. Matsuura, “Exact Vacuum Energy of Orbifold Lattice Theories,” JHEP 0712, 048 (2007) [arXiv:0709.4193 [hep-lat]].

56. T. Reisz “A Power Counting Theorem for Feynman Integrals on the Lattice” Commun.

Math. Phys. 116, 81 (1988) 57. T. Reisz “A Convergence Theorem for Lattice Feynman Integrals with Massless Propagators” Commun. Math. Phys. 116, 573 (1988) 58. T. Reisz “Renormalization of Feynman Integrals on the Lattice” Commun. Math.

Phys. 117, 79 (1988) 59. T. Reisz “Renormalization of Lattice Feynman Integrals with Massless Propagators” Commun. Math. Phys. 117, 639 (1988) 60. H. Kawai, R. Nakayama and K. Seo “Comparison of the Lattice Λ Parameter with the Continuum Λ Parameter in Massless QCD” Nucl. Phys. B 189, 40 (1981) 61. S. Capitani “Lattice Perturbation Theory,” Phys. Rept. 382, 113 (2003) [arXiv:0211.036v2 [hep-lat]].

62. N. Itzhaki, J. M. Maldacena, J. Sonnenschein, and S. Yankielowicz, Supergravity and the large N limit of theories with sixteen supercharges, Phys. Rev. D58 (1998) 046004.

63. G. T. Horowitz, J. Polchinski, “A Correspondence principle for black holes and strings,” Phys. Rev. D55, 6189-6197 (1997). [hep-th/9612146].

64. E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2, 505-532 (1998). [hep-th/9803131].

65. S. Catterall, A. Joseph, “An object oriented code for simulating supersymmetric Yang– Mills theories,” [arXiv:1108.1503 [hep-lat]].

66. S. Catterall and T. Wiseman, Black hole thermodynamics from simulations of lattice Yang–Mills theory, Phys. Rev. D78 (2008) 041502.

67. N. Kawahara, J. Nishimura, S. Takeuchi, “High temperature expansion in supersymmetric matrix quantum mechanics,” JHEP 0712, 103 (2007). [arXiv:0710.2188 [hepth]].

68. M. Hanada, J. Nishimura, and S. Takeuchi, Non-lattice simulation for supersymmetric gauge theories in one dimension, Phys. Rev. Lett. 99 (2007) 161602.

69. S. Catterall and T. Wiseman, Towards lattice simulation of the gauge theory duals to black holes and hot strings, JHEP 12 (2007) 104.

70. K. N. Anagnostopoulos, M. Hanada, J. Nishimura, and S. Takeuchi, Monte Carlo studies of supersymmetric matrix quantum mechanics with sixteen supercharges at finite temperature, Phys. Rev. Lett. 100 (2008) 021601.

71. M. Hanada, A. Miwa, J. Nishimura, and S. Takeuchi, Schwarzschild radius from Monte Carlo calculation of the Wilson loop in supersymmetric matrix quantum mechanics, Phys. Rev. Lett. 102 (2009) 181602.

72. M. Hanada, Y. Hyakutake, J. Nishimura, and S. Takeuchi, Higher derivative corrections to black hole thermodynamics from supersymmetric matrix quantum mechanics, Phys. Rev. Lett. 102 (2009) 191602.

December 30, 2011 5:12 WSPC/INSTRUCTION FILE SYMLATTICE

74 Anosh Joseph

73. S. Catterall and T. Wiseman, Extracting black hole physics from the lattice, JHEP 04 (2010) 077.

74. M. Hanada, J. Nishimura, Y. Sekino, and T. Yoneya, Monte Carlo studies of Matrix theory correlation functions, Phys. Rev. Lett. 104 (2010) 151601.

75. S. Catterall and G. van Anders, “First Results from Lattice Simulation of the PWMM,” JHEP 1009, 088 (2010) [arXiv:1003.4952 [hep-th]].

76. G. Ishiki, S. -W. Kim, J. Nishimura and A. Tsuchiya, “Deconfinement phase transition in N=4 super Yang-Mills theory on R x S**3 from supersymmetric matrix quantum mechanics,” Phys. Rev. Lett. 102, 111601 (2009) [arXiv:0810.2884 [hep-th]].

77. G. Ishiki, S.-W. Kim, J. Nishimura, and A. Tsuchiya, Testing a novel large-N reduction for N=4 super Yang–Mills theory on R × S^3, JHEP 09 (2009) 029.

78. S. Catterall, A. Joseph, T. Wiseman, “Gauge theory duals of black hole - black string transitions of gravitational theories on a circle,” [arXiv:1009.0529 [hep-th]].

79. S. Catterall, A. Joseph, T. Wiseman, “Thermal phases of D1-branes on a circle from lattice super Yang–Mills,” JHEP 1012, 022 (2010). [arXiv:1008.4964 [hep-th]].

80. O. Aharony, J. Marsano, S. Minwalla, and T. Wiseman, Black hole-black string phase transitions in thermal 1+1- dimensional supersymmetric Yang–Mills theory on a circle, Class. Quant. Grav. 21 (2004) 5169–5192.

81. O. Aharony et al., The phase structure of low dimensional large N gauge theories on tori, JHEP 01 (2006) 140.

82. R. Gregory and R. Laflamme, Black strings and p-branes are unstable, Phys. Rev.

Lett. 70 (1993) 2837–2840.

83. R. Gregory and R. Laflamme, The Instability of charged black strings and p-branes, Nucl. Phys. B428 (1994) 399–434.

84. L. Susskind, “Matrix theory black holes and the Gross-Witten transition,” hep-th/9805115.

85. M. Li, E. J. Martinec, and V. Sahakian, Black holes and the SYM phase diagram, Phys. Rev. D59 (1999) 044035.

86. E. J. Martinec and V. Sahakian, Black holes and the SYM phase diagram. II, Phys.

Rev. D59 (1999) 124005.

87. B. Kol, Topology change in general relativity and the black-hole black-string transition, JHEP 10 (2005) 049.

88. T. Harmark and N. A. Obers, New phases of near-extremal branes on a circle, JHEP 09 (2004) 022.

89. T. Harmark and N. A. Obers, New phases of thermal SYM and LST from Kaluza-Klein black holes, Fortsch. Phys. 53 (2005) 536–541.

90. H. Kudoh and T. Wiseman, Properties of Kaluza-Klein black holes, Prog. Theor. Phys.

111 (2004) 475–507.

91. H. Kudoh and T. Wiseman, Connecting black holes and black strings, Phys. Rev. Lett.

94 (2005) 161102.

92. M. Headrick, S. Kitchen, and T. Wiseman, A new approach to static numerical relativity, and its application to Kaluza-Klein black holes, Class. Quant. Grav. 27 (2010) 035002.