arXiv:1111.0884v1 [hep-th] 3 Nov 2011

Perturbative running of the Immirzi parameter^1

Dario Benedetti^1 and Simone Speziale^2

1Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Am Mühlenberg 1, D-14476 Potsdam, Germany 2Centre de Physique Théorique, UMR6207 CNRS-Luminy Case 907, 13288 Marseille, France

E-mail: dario.benedetti@aei.mpg.de, simone.speziale@cpt.univ-mrs.fr

Abstract. We report on the renormalization of the Immirzi parameter found through perturbative one-loop calculations.

If one takes the tetrad e^I_μ and the Lorentz connection ω^{IJ}_μ as independent variables, the lowest order action for gravity (with zero cosmological constant) has the following form, S[e, ω] = − 1 κ^2 ∫ { 1 2 ϵ_{IJKL}e^I ∧ e^J ∧ F^{KL}[ω] + 1 γ e_I ∧ e_J ∧ F^{IJ} [ω] } . (1)

The first term is just the Einstein-Cartan action for general relativity. The second term, henceforth Holst term, is, by itself, topological, and does not change the equations of motion in the absence of torsion sources. Its coupling constant γ is known as the Immirzi, or Barbero- Immirzi, parameter in the loop quantum gravity community, where it plays an important role at the non-perturbative level [1]. This motivates the question of whether any non-trivial quantum mechanical role of γ shows up already in perturbation theory, where the gravitational theory (1) is non-renormalizable, but can be regarded as an effective field theory. To address the question, in [2] we studied the perturbative one-loop effective action of (1). Here we report on the aspects of our findings most relevant to the renormalization of γ and their implications, and further include explicit plots of the runnings.

To quantize the theory, we used the background-field method and a one-loop perturbative expansion. We took generic background fields e and ω, in particular off-shell, but we assumed invertibility of the tetrad. This allowed us to decompose ω = ω(e) + K, where ω(e) is the unique spin connection solving d_ωe = 0, and K the contorsion. Within this framework, the quantization generates an infinite number of terms, that can be packaged in invariants of the background Riemann and contorsion tensors. We regularized the theory using the heat-kernel expansion with an UV cut-off Λ_{UV} . For the divergent part of the one-loop effective action, we found

Γ^{div}[e, K] = − 1 32π^2 { Λ^4_{UV} ∫ e − Λ^2_{UV} ∫ eL_1 − ln(Λ^2_{UV} /μ^2) ∫ eL_2 } , (2)

1 Based on a talk given by the first author at LOOPS’11, Madrid, May 2011. To appear in the Proceedings.

with

L_1[e, K] = 17 3 R(e) + 3γ^2 + 5

4γ^2 K_{μνρ}K^{μνρ} − 7γ^2 − 3 4γ^2 K^μ_{μρ}K_ν^{νρ} + 9γ^2 − 13 4γ^2 K_{μνρ}K^{νμρ} + 3 γe ϵ^{μνρσ}K_{μν}^λK_{ρσλ} + 4 γe ϵ^{μνρσ} K_{μνρ}K^λ_{λσ}, (3) and L_2 a very long expression including all possible dimension-four invariants.

In (3), the first ϵKK invariant coincides with the Holst term once ω = ω(e) + K is used. It is thus the divergent term candidate to renormalize the Immirzi parameter. However, on-shell R_{μν} = K_{μνρ} = 0, and all the quadratic and logarithmic divergences in (2) vanish. Therefore, they can be simply renormalized through field redefinitions. Only the quartic divergence survives, but it can be reabsorbed, for instance, including also a bare cosmological constant in the action, as in [4]. Hence, like in the metric formulations [3, 4, 5], we find that pure quantum gravity is on-shell finite at one-loop, and we expect the appearance of non-renormalizable divergences at two loops [6].

The situation can change in the presence of curvature or torsion sources. As a first step in that direction, we considered a different renormalization scheme, in which the divergences are absorbed whenever possible into a redefinition of the couplings. Such a scheme, used for example in [5], comes closer to the spirit of the calculations done in the context of the asymptotic safety scenario [7], where the running of the traditionally inessential Newton’s constant can be motivated by the special role it has in the theory [8]. With these considerations in mind, we considered an off-shell renormalization condition for κ^2 and γ obtained from the quadratic divergences (3). To define non-trivial beta functions from quadratic divergences, we used a non-minimal subtraction ansatz as in [9, 10]. Defining the dimensionless Newton’s constant g ≡^1_{16π} μ^2κ^2, we found the following beta functions,

β_g = g(2 − 17 3π g), β_γ = 4 3π γg. (4) The beta function for Newton’s constant is independent of γ, and it shows an anti-screenig effect and a non-Gaussian fixed point. Although the latter lies outside the realm of perturbation theory, the result is in nice agreement with the asymptotic safety conjecture [7]. The Immirzi parameter has a non-trivial running as well. By inspection, γ = 0 and γ = ∞ are fixed points, consistently with the results of [11].^2 An explicit solution of the flow shows that γ = ∞ is UVattractive. On the other hand, γ = 0 is not the IR asymptote of generic trajectories, because γ stops running as soon as g goes to zero. In other words, {g = 0, γ ≶ 0} is a marginal direction, and the IR limit of γ depends on the initial conditions. The situation is depicted and further explained in Fig. 1.

The result is intriguing, as a UV flow from γ = 0 to γ = ∞ would be nicely consistent with the idea that the metric captures the degrees of freedom of general relativity at low energies, while the connection field becomes more important at high energies, as suggested by loop quantum gravity. The reason for this is that the γ → 0 limit of (1) gives the second-order metric formalism,^3 whereas for γ → ∞ we obtain Einstein-Cartan theory and the connection is totally independent. The running (4) we found gives qualitative support to this picture, however, it is off-shell, thus scheme and gauge dependent.

2 On the other hand, nothing happens at γ^2 = 1. These are the special values for which one is dealing with a formulation of gravity in terms of self-dual variables only.

3 To see this, notice first that the Holst term equals, up to the topological Nieh-Yan invariant, the torsion-squared T ∧ T . In the path integral,^1_γ T ∧ T is singular as γ → 0, but it can be rewritten as 2B ∧ T + γB ∧ B using an auxiliary 2-form field B. The limit γ = 0 now yields a Lagrange multiplier enforcing T = 0, i.e. the second-order theory.

Figure 1. The running in the pure gravity case, with t = ln μ and μ the energy scale. The running of g is characterized by two plateaus, respectively at the IR Gaussian fixed point, and at the UV non-Gaussian fixed point, with a short transient in between. The running of γ is clearly dictated by the plateaus of g, with the first corresponding to a frozen γ and the second to an exponential running.

An on-shell running of the Immirzi parameter can be obtained adding a source of torsion. To do so, we considered the following coupled gravity-fermion system,

S_{coupled}[e, ψ] = − ∫ d^4x e { 1 κ^2 R(e) + i 2 ψγ^I e^μ_I ∇_μ(e)ψ + 3κ^2 128 ( γ2 γ^2 − 1 ) A_I A^I } , (5)

where ψ is a Majorana spinor, and A^I = ψ̄γ^I ψ the axial current. This action is obtained from (1) minimally coupled to the Dirac action, once the field equations for ω are used. The one-loop quantization of an action like (5) had been previously considered in [12]. Merging their results with ours, we found for the quadratic divergences

L_1 = 3 512 ( 28 γ^2 γ^2 − 1 − 5 ) κ^4A^2. (6)

Unlike in the vacuum case, the logarithmic divergences do not vanish on-shell, thus establishing the non-renormalizability of the theory already at one-loop. On the other hand, the quadratic divergence (6) leads to a renormalization of the Immirzi parameter, this time on-shell, with resulting beta function

β_γ2 = −(γ^2 − 1) μ^2κ^2 (8π)^2

(23γ^2 + 5). (7)

We see that neither γ = 0 nor γ = ∞ are stable under renormalization, in contrast with the pure gravity case. There is a fixed point, γ^2 = 1, and it is UV-attractive. However, it corresponds to a divergent coupling for the four-fermion interaction, hence it is out of the range of validity of perturbation theory. In the IR, the coupling flows to a finite value determined by the initial condition, and the flow depends qualitatively on whether γ^2 is larger or smaller than one, with the same UV limit and opposite IR limits. See Fig 2 for details.

Figure 2. The running of γ^2 in the coupled case, with the two sectors |γ_R| ≶ 1. These IR asymptotes depend on the initial condition γ_0. Notice that these have to be restricted in order to guarantee that γ_R(μ) remain real for all values of μ. With these restrictions, in the IR limit μ → 0 the Immirzi parameter flows towards a value between γ_0 and |γ_R| = +∞, for γ^2_0 > 1, or between γ_0 and γ_R = 0, for γ^2_0 < 1.

Finally, notice that the flow depends explicitly on the external parameter μ^2κ^2. This can be interpreted as the renormalization scale measured in Planck units, as κ^2 is inessential and we are not letting it run in the present scheme. One can alternatively renormalize κ^2 as well, as we did above for pure gravity. In this off-shell scheme, one finds again a γindependent running of Newton’s constant, with beta function β_g = g_R(2 −^{11}_{2π} g_R), and in (7), κ^2μ^2 ≡ 16πg_0μ^2/μ^2_0 is replaced by a non-trivial running g_R(μ), bounded between g_R(μ = 0) = 0 and g_R(μ = ∞) = 4π/11. This modifies things like the velocity along the flow and the reality bounds on γ_0, but not the conclusions about the special points γ^2_R = 0, 1, ∞.

The fact that γ = 0 is not stable is particularly interesting. If one starts with vanishing bare Immirzi parameter, γ = 0, the action (5) reduces to the second-order Einstein-Hilbert action coupled to fermions, with no four-fermion interaction. However, the latter is nonetheless generated by radiative corrections, see (6) with γ = 0. Namely, the radiative corrections introduce quadratic divergences which are non-renormalizable in the second-order formalism. In order to renormalize these divergences one is forced to introduce the four-fermion term in the classical action, that is, one is forced to have a non-vanishing Immirzi parameter. In this sense, the first order formulation is more suitable to quantize the coupled gravity-fermion system. Similarly, fine-tuned couplings such as the one proposed in [13] do not appear to be stable under radiative corrections.

We also looked at more general actions than (5), which include non-minimal couplings of the fermions. It can then happen that the dependence on the Immirzi parameter becomes undistinguishable from the non-minimal couplings [13, 14]. In these cases, we found that quadratic divergences non-renormalizable within the Holst action are expected, therefore one should include all dimension-two invariants, as in (3), in the bare action.

In conclusion, we showed how the Immirzi parameter gets renormalized by radiative corrections in the perturbative context. In the cases considered, the renormalization is driven by quadratic divergences, however a logarithmic contribution to the running likely arises if one includes a cosmological constant term. The results obtained could serve as a guidance in studies of semiclassical limit of loop quantum gravity, as well as a bridge to the asymptotic safety scenario.

Acknowledgments We thank Daniel Litim for useful discussions, and we gratefully acknowledge support from the European Science Foundation (ESF) through the activity “Quantum Geometry and Quantum Gravity”.

References

[1] Rovelli C 2004 Quantum gravity (Cambridge, UK: University Press) [2] Benedetti D and Speziale S 2011 J. High Energy Phys. JHEP06(2011)107 (Preprint arXiv:1104.4028) [3] ’t Hooft G and Veltman M J G 1974 Annales Poincare Phys. Theor. A 20 69-94 [4] Christensen S M and Duff M J 1980 Nucl. Phys. B 170 480-506 [5] Buchbinder I L and Shapiro I L 1985 Acta Physica Polonica B16 103-107 [6] Goroff M H and Sagnotti A 1986 Nucl. Phys. B266 709 [7] Niedermaier M and Reuter M 2006 Living Rev. Rel. 9 5 [8] Percacci R and Perini D 2004 Class. Quant. Grav. 21 5035-5041 (Preprint hep-th/0401071) [9] Robinson S P and Wilczek F 2006 Phys. Rev. Lett. 96 231601 (Preprint hep-th/0509050) [10] Niedermaier M R 2009 Phys. Rev. Lett. 103 101303 [11] Daum J E and Reuter M 2010 Renormalization Group Flow of the Holst Action Preprint arXiv:1012.4280 [12] Barvinsky A O and Vilkovisky G A 1981 Nucl. Phys. B191 237-259 [13] Mercuri S 2006 Phys. Rev. D73 084016 (Preprint gr-qc/0601013) [14] Alexandrov S 2008 Class. Quant. Grav. 25 145012 (Preprint arXiv:0802.1221)