arXiv:1111.1125v1 [gr-qc] 4 Nov 2011

Holomorphic Simplicity Constraints for 4d Riemannian Spinfoam Models

Maïté Dupuis^1, Etera R. Livine^2

1 Institute for Theoretical Physics III, University of Erlangen-Nürnberg, Erlangen, Germany. 2 Laboratoire de Physique, ENS Lyon, CNRS-UMR 5672, 46 Allée d’Italie, Lyon 69007, France.

E-mail: dupuis@theorie3.physik.uni-erlangen.de, etera.livine@ens-lyon.fr

Abstract.

Starting from the reformulation of the classical phase space of Loop Quantum Gravity in terms of spinor variables and spinor networks, we build coherent spin network states and show how to use them to write the spinfoam path integral for topological BF theory in terms of Gaussian integrals in the spinors. Finally, we use this framework to revisit the simplicity constraints reducing topological BF theory to 4d Riemannian gravity. These holomorphic simplicity constraints lead us to a new spinfoam model for quantum gravity whose amplitudes are defined as the evaluation of the coherent spin networks.

It was recently shown that the classical phase space for Loop Quantum Gravity on a fixed graph Γ can be elegantly parameterized in terms of spinor networks [1, 2, 3, 4, 5, 6, 7]. These spinor networks get quantized and lead to the spin network states of Loop Quantum Gravity. This spinor formalism provides a clear interpretation of these states as discrete geometries. Here we use it to define coherent spin networks and build the spinfoam amplitudes for topological BF theory as Gaussian integrals over the spinor variables [9]. This allows to revisit the simplicity constraints reducing topological BF theory to 4d Riemannian gravity and to construct a spinfoam model for 4d Riemannian gravity based on new holomorphic simplicity constraints [8, 9].

1. Classical spinor networks and semi-classical spinnetworks Spin network states for Loop Quantum Gravity can be seen as the quantization of classical spinor networks. These spinor networks are defined on a given graph Γ and consist in spinor variables z^v_e ∈ C^2 attached to the edges and vertices of Γ and satisfying certain closure and matching constraints.

Let us first focus on a given vertex v of Γ. For each edge e attached to v, we define a spinor |z_e⟩ and its dual spinor, which are two-dimensional complex vectors living in the fundamental representation of SU(2): |z_e⟩ = ( z^0_e z^1_e ) ∈ C^2 , ⟨z_e| = ( z̄^0_e z̄^1_e ) , and |z_e] = ς|z_e⟩ = ( −z̄^1_e z̄^0_e ) . (1)

The spinor space is naturally endowed with the canonical Poisson bracket {z^a_e , z̄^b_e} = −iδ_{ab}. The spinors determine 3-vectors ⃗V (z_e) ∈ R^3 , or ⃗V_e for short, through their projection on Pauli matrices, ⃗V (z_e) = ⟨z_e|⃗σ|z_e⟩. This vector ⃗V_e entirely determines the original spinor z_e up to a global phase. Its components form a su(2) algebra, {V^i_e , V^j_e } = 2ϵ^{ijk}V^k_e , and actually generates SU(2) transformation on the spinor, |z_e⟩ → g |z_e⟩ with g ∈ SU(2). We now impose the closure constraints ∑ e ⃗V_e = 0 at the vertex v, which generate a global SU(2) invariance on the spinors z_e. It reads in terms of the spinors as: ∑ e |z_e⟩⟨z_e| = 1 2 ∑ e ⟨z_e|z_e⟩I. (2) SU(2)-invariant observables are easily identified as scalar products between spinors as E_{ef} = ⟨z_e|z_f ⟩ and F_{ef} = [z_e|z_f ⟩ [3, 4, 6]. The modulus of these quadratic functionals give back the usual scalar products ⃗V_e · ⃗V_f , or more precisely |E_{ef} |^2 = |⃗V_e||⃗V_f | + ⃗V_e · ⃗V_f and |F_{ef} |^2 = |⃗V_e||⃗V_f | − ⃗V_e · ⃗V_f .

To form a spinor network on the graph Γ, we glue together the structures defined at each vertex. We now have spinors z^v_e around each vertex v, or equivalently two spinors z^{s,t}_e for each edge attached e to its source and target vertices, s(e) and t(e). These spinors satisfy the closure constraints at each vertex v and new matching constraints on each edge [2, 6]:

⟨z^s_e |z^s_e ⟩ = ⟨z^t_e|z^t_e⟩ or equivalently |⃗V^s_e | = |⃗V^t_e | . (3)

These generate U(1)-transformations on the spinors, z^{s,t}_e → e^{±iθ}z^{s,t}_e . The reduced phase space defined as the symplectic quotient (C^2 )^{2E} //SU(2)^V //U(1)^E is exactly the phase space of Loop Quantum Gravity on the graph Γ. This is achieved explicitly by the reconstruction of the holonomy along the edges from the spinors [2, 6, 7]. The geometrical interpretation of these spinor networks is as a set of polyhedra (dual to each vertex) glued together by area-matching of their faces (but not shape-matching).

2. Quantization and Coherent Spin Networks The quantization is straightforward and the spinor components are raised to annihilation and creation operators of harmonic oscillators: |z_e⟩ = ( z^0_e z^1_e ) → ( a_e b_e ) , ⟨z_e| = ( z̄^0_e z̄^1_e ) → ( a^†_e b^†_e ) , (4)

with [a_e, a^†_e] = [b_e, b^†_e] = 1 and [a_e, b_e] = 0 for all e. This leads to Schwinger representation of SU(2) in terms of a couple of harmonic oscillators. The components of the vector ⃗V_e become the su(2) generators and the spin j_e of the corresponding irreducible SU(2)-representation is given

by fixing the total energy E_e = |^⃗V (z_e)| = (a^†_ea_e + b^†_eb_e) = 2j_e. At the quantum level, the closure constraints impose SU(2)-invariance at each vertex v, while the matching constraints impose that the spins at the source and target vertices of each edge are equal. At the end, we recover spin network states, with SU(2)-representation j_e on each edge e and intertwiners at each vertex v, that is an SU(2)-invariant state in the tensor product of the SU(2)-representations j_e living on the edges e of v.

Next we introduce coherent spin networks peaked on each point of the spinor phase space. Starting with intertwiners, we define coherent intertwiners^1 as the group averaging of the standard coherent states for the harmonic oscillators labeled by the spinors {z_e} [8, 9]: ||{z_e}⟩ ≡ ∫ dg g ▷ e^{∑e z0e a†e+z1e b†e} |0⟩, (5) 1 There is a clear relation between these coherent states and the LS coherent intertwiners used in the definition of the EPRL-FK spinfoam models [10, 11]. The interested reader can find details in [4, 9].

where the vacuum state |0⟩ is the vacuum of the harmonic oscillators. These coherent states transform nicely under U(N) (see [4, 9] for details) and provide a decomposition of the identity on the Hilbert space H_N of N-valent intertwiners: I_{HN} = 1 π^{2N} ∫ [d^4z_e]^N e^{−⟨ze|ze⟩}||{z_e}⟩⟨{z_e}||. (6) Then we glue these coherent intertwiners to form a full coherent spin network on the graph Γ. We have intertwiners ||{z^v_e }_{e∋v} ⟩ for each vertex v ∈ Γ where the set of spinors {z^v_e } satisfy the closure and matching constraints. The coherent quantum state on Γ is defined as the tensor product of these intertwiner states, ψ_{{z}v_{e }} = ⨂ v ||{z^v_e }_{e∋v} ⟩. ψ_{{z}v_{e }} is truly labeled by points in the reduced phase space and its evaluation on the group elements {g_e} ∈ SU(2)^E reads:

ψ_{{z}v_{e }}(g_e) = ∫ [dh_v ] e ∑ e[z^{s(e)}_e |h^{−1}_{s(e)} g_e h_{t(e)}|z^{t(e)}_e ⟩ . (7)

This expression is explicitly SU(2)-invariant at every vertex v and holomorphic in the spinors z^v_e ’s. These coherent spin networks are semi-classical states peaked on the discrete geometry defined by their classical spinor labels [8, 9].

3. Spinfoam amplitudes for BF theory in terms of spinors At this stage we have all the tools necessary to re-write the spinfoam path integral for 4d BF theory with SU(2) as gauge group in terms of spinors and holomorphic coherent intertwiners. Generic spinfoams are defined on arbitrary 2-complexes, describing the time evolution of graphs. Representations (resp. intertwiners) are put on faces (resp. edges) on the 2-complexes and the spinfoam amplitude is defined as the integral over all possible data of the product of local amplitudes associated to each vertex of the 2-complex. The neighborhood of a vertex defined by the incoming edges and faces dressed with intertwiners and representations is described by a boundary graph and spin network states and the local vertex amplitude is defined as the evaluation of this boundary spin network (at the identity). Here, for simplicity’s sake, we will only consider 4d triangulations made of 4-simplices glued together along tetrahedra, with the 2-complex defined as the dual 2-skeleton and the spinfoam vertices as dual to the 4-simplices. Considering on a single 4-simplex σ and its dual boundary graph, we attach coherent intertwiners to each dual vertex (i.e tetrahedron) and we define the 4-simplex amplitude as the evaluation of the corresponding coherent spin network i.e ψ_{{z}τ_{Δ}}(g_Δ) ≡ ψ_{{z}v_{e }}(g_e) defined by (7) evaluated at g_e = I. τ label the five tetrahedra of the 4-simplex and are dual to the vertices v of the boundary graph, while Δ denote the ten triangles dual to the edges e of the boundary graph. Then the 4-simplices are glued together using the resolution of the identity on the space of intertwiners. There is nevertheless an ambiguity in the integration measure for the spinors and we fix it by requiring that the spinfoam amplitude for the SU(2) BF theory be topological, which gives a Gaussian integral over the spinor variables [9]: Z[M] = ∫ ∏ τ,Δ∈τ e^{−⟨zτ}Δ^{|zτ}Δ^⟩d^4z^τ_Δ π^2 ∏ Δ μ(z^{τ (Δ)}_Δ ) ∏ σ ∫ ∏ τ ∈σ dh^σ_τ e ∑ Δ∈σ[ς^ϵ σ s(Δ) zs(Δ)

Δ |(h^σ_{s(Δ)})^{−1}h^σ_{t(Δ)}|ς^ϵ σ t(Δ) zt(Δ) Δ ⟩

where the measure factor μ(z) = (⟨z|z⟩ − 1) is inserted for a single tetrahedron τ(Δ) for each triangle Δ (the origin of the dual plaquette) and the signs ϵ^σ_τ register the orientations of the tetrahedra with respect to each 4-simplex. Using the decomposition of the δ-distribution of SU(2) as an integral over spinors,

δ(g_1..g_n) = ∫ e^{−⟨z|z⟩}d^4z π^2 μ(z) e^{⟨z|g1 ..gn|z⟩} = ∫ ∏_{ni} e^{−⟨zi|zi⟩}d^4z_i π^{2n} μ(z_1) e^{⟨z1|g1|z2⟩}..e^{⟨zn |gn|z1⟩}, (8) we show that the definition above reproduces exactly the discretized path integral for BF theory: Z[M] = ∫ ∏ σ,τ ∈σ dh^σ_τ ∏ Δ δ( −→∏ σ∋Δ(h^σ_{s(Δ)})^{−1}h^σ_{t(Δ)}) . (9)

4. Holomorphic simplicity constraints for the Euclidean case We now go from the topological BF theory for Spin(4) ∼ SU_L(2) × SU_R(2) to 4d Riemannian gravity within the spinorial framework. The simplicity constraints are imposed at level of each intertwiner (or tetrahedron or edges of the dual 2-complex). Working at a vertex v with now two sets of spinors {z^{v,L}_e } and {z^{v,R}_e } independently satisfying the closure constraint, we introduce new simplicity constraints (where we have dropped the index v):

∀e, f F^L_{ef} = ρ^2F^R_{ef} i.e. ∀e, f [z^L_e |z^L_f ⟩ = ρ^2[z^R_e |z^R_f ⟩ (10)

where ρ is a fixed parameter related to the Immirzi parameter γ. At the classical level, these holomorphic simplicity constraints with the closure constraints imply the usual quadratic simplicity constraints (by taking their modulus square). They are also equivalent to the linear simplicity constraints proposed in [12], i.e the existence of a 4-vector normal to all the bivectors B_e + γ ⋆ B_e where B_e is defined by its self-dual and anti-self dual parts (⃗V (z^L_e ), ⃗V (z^R_e )) [9]. At the quantum level, the coherent intertwiner ||{z_e}⟩ diagonalizes the F̂ annihilation operators, F̂_{ij} ||{z_e}⟩ = [z_i|z_j ⟩ ||{z_e}⟩. Thus we solve exactly the holomorphic simplicity constraints by the coherent intertwiners |{z_e}⟩_ρ ≡ ||{ρz_e}⟩_L ⊗ ||{z_e}⟩_R with z^L_e = ρz_e = ρz^R_e [8, 9]. Then we define a new spinfoam model solving exactly the holomorphic simplicity constraints by its vertex amplitude given by the evaluation of the coherent spin network on the boundary 4-simplex graph obtained by gluing these coherent simple intertwiners |{z_e}⟩_ρ:

ρA_σ(z^τ_Δ) = ψ_{{ρz}τ_{Δ}}(I)ψ_{{z}τ_{Δ}}(I) = ∫ [dh_τ ]^5 e ∑ Δ∈σ ρ^2[z^{s(Δ)}_Δ |h^L_{s(Δ)}^{−1}h^L_{t(Δ)}|z^{t(Δ)}_Δ ⟩[z^{s(Δ)}_Δ |h^R_{s(Δ)}^{−1}h^R_{t(Δ)}|z^{t(Δ)}_Δ ⟩ .

(11) The full spinfoam amplitude is obtained by gluing these vertex amplitudes and integrating over the spinors with a Gaussian measure. The main difference with the EPRL-FK spinfoam model is that we do have quantum states solving the holomorphic simplicity constraint operators. The “drawback” is that the diagonal simplicity constraints are not strongly imposed and we do not work with simple representations satisfying j^L_e = j^R_e , but with Gaussian wave-packets peaked on this relation.

Finally, the reformulation of spinfoam amplitudes in terms of spinors presents the advantage of a clear link with coherent spin network states and an expression directly as the path integral of a discrete action in terms of spinors and holonomies. We hope it could be an interesting starting point for the study of the renormalization and coarse-graining of the spinfoam amplitudes.

References

[1] Freidel L and Speziale S 2010 Phys. Rev. D82 084040 (Preprint 1001.2748) [2] Freidel L and Speziale S 2010 Phys. Rev. D82 084041 (Preprint 1006.0199) [3] Freidel L and Livine E R 2010 J. Math. Phys. 51 082502 (Preprint 0911.3553) [4] Freidel L and Livine E R 2011 J.Math.Phys. 52 052502 (Preprint 1005.2090) [5] Borja E F, Diaz-Polo J, Garay I and Livine E R 2010 Class. Quant. Grav. 27 235010 (Preprint 1006.2451) [6] Borja E F, Freidel L, Garay I and Livine E R 2011 Class.Quant.Grav. 28 055005 (Preprint 1010.5451) [7] Livine E R and Tambornino J 2011 (Preprint 1105.3385) [8] Dupuis M and Livine E R 2011 Class.Quant.Grav. 28 085001 (Preprint 1006.5666) [9] Dupuis M and Livine E R 2011 (Preprint 1104.3683) [10] L. Freidel and K. Krasnov 2008 Class.Quant.Grav. 25 125018 (Preprint 1006.0199) [11] E.R. Livine and S. Speziale 2008 Europhys.Lett. 81 50004 (Preprint 1006.0199) [12] J. Engle, R. Pereira and C. Rovelli 2007 Phys.Rev.Lett. 99 161301 (Preprint 0705.2388) [13] J. Engle, E.R. Livine, R. Pereira and C. Rovelli 2008 Nucl.Phys.B 799 136-149 (Preprint 1006.0199)