arXiv:1111.1595v1 [hep-th] 7 Nov 2011

Kohn condition and exotic Newton-Hooke symmetry in the non-commutative Landau problem

P-M. Zhang^∗ and P. A. Horvathy^{†‡} Institute of Modern Physics, Chinese Academy of Sciences Lanzhou (China) (Dated: November 8, 2011)

Abstract

N “exotic” [alias non-commutative] particles with masses m_a, charges e_a and non-commutative parameters θ_a, moving in a uniform magnetic field B, separate into center-of-mass and internal motions if Kohn’s condition e_a/m_a = const is supplemented with e_aθ_a = const . Then the centerof-mass behaves as a single exotic particle carrying the total mass and charge of the system, M and e, and a suitably defined non-commutative parameter Θ. For vanishing electric field off the critical case eΘB ≠ 1, the particles perform the usual cyclotronic motion with modified but equal frequency. The system is symmetric under suitable time-dependent translations which span a 4 + 1-parameter centrally extended subgroup of the “exotic” [i.e., two-parameter centrally extended] Newton-Hooke group. In the critical case B = B_c = (eΘ)^{−1} the system is frozen into a static “crystal” configuration. Adding a constant electric field, all particles perform, collectively, a cyclotronic motion combined with a drift perpendicular to the electric field when eΘB ≠ 1. For B = B_c the cyclotronic motion is eliminated and all particles move, collectively, following the Hall law. Our time-dependent symmetries are reduced to the Heisenberg group of translations.

PACS numbers: 11.30.-j,02.20.Sv,73.43.-f

† Permanent address: Laboratoire de Mathématiques et de Physique Théorique, Université de Tours (France).

∗Electronic address: zhpm-at-impcas.ac.cn ‡Electronic address: horvathy-at-lmpt.univ-tours.fr

I. INTRODUCTION

Kohn’s theorem [1] says that a system of charged particles in a uniform magnetic field can be decomposed into center-of-mass and relative coordinates if the charge-to-mass ratios are the same for all particles, e_a m_a = const = e M , (1) where e = ∑ a e_a and M = ∑ a m_a are the total charge and mass, respectively. Renewed interest in the question [2, 3] comes from its relation to Newton-Hooke symmetry [4–6].

For an isolated system, the possibility of having a center-of-mass decomposition relies on the non-trivial cohomology of the Galilei group [7]. In d ≥ 3 space dimensions the latter is the same as the one which generates the central extension by the mass. In the plane the Galilei group also admits an “exotic” central extension [8, 9], though, highlighted by the non-commutation of boosts. “Exotic” Galilean symmetry is realized by non-commutative particles in the plane; such a particle can be coupled to an electromagnetic field, leading to the non-commutative Landau problem [10]. In the critical case B = B_c = (eΘ)^{−1} the system becomes singular, and all motions follow a generalized Hall law [9–11].

In this Note we combine and extend these results to a system of N exotic particles in the plane. First we briefly review some aspects of the Landau problem for N ordinary particles.

Our new results are presented in Sections III and IV : we first generalize Kohn’s theorem to exotic particles, and then we establish their symmetry under suitable time-dependent translations. Off the critical case i.e. for eΘB ≠ 1 our conserved quantities realize the two-fold “exotic” extension of the Newton-Hooke group [5, 12], further extended, as in the Galilean case [3, 7], by internal rotations and time translations.

In Section IV we show how the Hall effect arises. In the critical case B = B_c all particles move, collectively, as dictated by the Hall law. The dimension of the phase space of the system drops from 4N to 2N, and our “time-dependent translation” – symmetry reduces to the Heisenberg group.

II. KOHN’S THEOREM AND NEWTON-HOOKE SYMMETRY OF THE LAN- DAU PROBLEM

A simplest proof of Kohn’s theorem is obtained by using the equations of motion; alternatively, the standard Lagrangian can be decomposed as L = L_{com} + L_{int}, where L_{com} and L_{int} only depend on the center-of-mass, X = ∑ a m_ax_a/M and the relative coordinates, x_{ab} = x_a − x_b, respectively [2]. Recent interest in Kohn’s theorem arose [2, 3] when it was noticed that when (1) holds, the “time-dependent translation” (or “boost”),

x_a → x_a + b(t) (2)

is a symmetry of the equations of motion whenever b satisfies Mb̈ = e ḃ × B. (3) (2) plainly leaves the relative coordinates invariant and only act on the center-of-mass. The Lagrangian changes, moreover, as L → L − ( X + 1 2 b ) · { Mb̈ − e ḃ × B } 0 + d dt { ( X + 1 2 b ) · ( Mḃ + e 2 b × B ) } , (4)

confirming that (2) is indeed a symmetry when (3) holds. Working in the plane, this equation is solved by b(t) = R(−ωt) a + c , where a and c are constant vectors, ω = eB/M, and R denotes a planar rotation. For a = 0 we get an ordinary translation and for c = 0 a “boost” [17]. Adding rotations and time translations provides us with Newton-Hooke transformations [4, 5, 12]. Then Noether’s theorem provides us with conserved “magnetic momentum” and “magnetic center-of-mass”,

Π_i = M (˙ X_i − ωε_{ij}X_j ) , K = MR(ωt)Ẋ, (5) respectively. Eliminating Ẋ yields the usual cyclotronic motion,

X^i(t) = ε_{ij} eB ( Π^j − ( R(−ωt)K )_j) . (6)

The value of Π determines the center around which the vector K rotates with common frequency ω, shared by all particles.

Moreover, the usual one-particle commutation relations {p^i_a, p^j_b} = e_aBε^{ij} δ_{ab}, {x^i_a, p^j_b} = δ^{ij}δ_{ab}, {x^i_a, x^j_b} = 0, imply that {P^i, P^j} = eBε^{ij}, {X^i, X^j } = 0, {X^i, P^j} = δ^{ij} , (7) where P = ∑ a p_a. The conserved quantities (5) satisfy therefore {Π^i, Π^j } = −Mω ε^{ij}, {K^i, K^j} = Mω ε^{ij}, {Π^i, K^j } = 0. (8) These relations are consistent with those of the mass-centrally-extended Newton-Hooke group [2–5] [18]. We just mention that the equations of motion [omitted here] are Hamilton’s equations for h = ∑ p^2_a/2m_a; splitting h as h = H + h_{int}, where H = P^2 2M , h_{int} = 1 4 ∑ a≠b m_am_b M^3 p^2_{ab}, p_{ab} = M m_am_b (m_bp_a − m_ap_b) (9)

shows that H alone would yield the center-of-mass equations, owing to {X^i, h_{int}} = {P^i, h_{int}} = 0.

III. THE LANDAU PROBLEM FOR EXOTIC PARTICLES

Let us now consider N “exotic” particles endowed with masses, charges and noncommutative parameters m_a, e_a and θ_a, respectively, moving in a planar electromagnetic field. Although our theory works for any B and E, we assume, for simplicity, that both fields are constant. Generalizing the 1-particle equations in [9], we describe our system by

m^∗_aẋ^i_a = p^i_a − m_ae_aθ_aε^{ij}E^j, ṗ^i_a = e_aBε^{ij}ẋ^j_a + e_aE^i, (10)

where m^∗_a = m_a(1 − e_aθ_aB) is the effective mass of the particle labeled by a = 1, . . . , N. Note, in the first relations, also the “anomalous velocity terms” perpendicular to the electric field. Summing over all particles, we find that when e_a/m_a and e_aθ_a are both constants i.e. when the generalized Kohn conditions e_a m_a = e M , e_aθ_a = e Θ, Θ = ∑ a m^2_aθ_a M^2

(11)

hold (where e = ∑ a e_a is the total charge), then the center-of-mass splits off,

M^∗Ẋ^i = P^i − MeΘε^{ij} E^j , Ṗ^i = eBε^{ij}Ẋ^j + eE^i, M^∗ = M(1 − eΘB). (12)

The center-of-mass behaves hence as a single “exotic” particle carrying the total mass, charge and non-commutative parameter, M, e and Θ, respectively.

We first consider the purely magnetic case E = 0, postponing that of E ≠ 0 to Sect. IV. Then the center-of-mass performs the usual cyclotronic motion but with modified frequency, X(t) = R(−ω^∗t)A + B, ω^∗ = eB M^∗ = ω 1 − eΘB , (13) where A and B are constant vectors.

Now we generalize the symmetry (2). Ignoring the relative coordinates, an easy calculation shows that a time-dependent boost (2), implemented as X → X + b, P → P + M^∗ḃ, is a symmetry for (12) whenever b satisfies

M^∗b̈^i − eBε^{ij}ḃ^j = 0. (14)

cf. (3). Alternatively, we note that the N-body exotic equations (10) derive from the first-order phase space Lagrangian [9], L_{exo} = ∑ a { (p_a + e_aA_a) · ẋ_a − p^2_a 2m_a + θ_a 2 p_a × dṗ_a } . (15)

When the generalized Kohn conditions (11) hold, our Lagrangian can be decomposed into the sum of center-of-mass and internal parts, L_{exo} = L_{com} + L_{int}, with [19], L_{com} = (P + eA) · Ẋ − P^2 2M + Θ 2 P × Ṗ , (16)

L_{int} = 1 2 ∑ a≠b m_am_b M^2 ( p_{ab} + eA_{ab} ) · ẋ_{ab} − h_{int} + Θ 4 ∑ a≠b (m_am_b M )_2 p_{ab} × ṗ_{ab} , (17) where A_{ab} = A_a − A_a.

Let us now consider a time-dependent translation b(t). Implementing it on p_a according to p_a → p_a +m^∗_aḃ, we see that it leaves invariant the internal part, and only acts (consistently with our earlier implementation) on the center-of-mass. Then a tedious calculation shows that our Lagrangian changes as δL_{exo} = d dt [ 1 2 ΘM^∗ε^{ij}P^jḃ^i + 1 2 M^∗b^iḃ^i + M^∗ḃ^iX^i + 1 2 eBε^{ij}b^iX^j ]

+ ( Θ 2 P^iε^{ij} − 1 2 b^j − X^j ) ( M^∗b̈^j − eBε^{jk}ḃ^k ) , (18)

which is a surface term when (14) is satisfied.

Assume first that we are off the critical case, M^∗ ≠ 0, i.e., eΘB ≠ 1. Then (14) is solved as in the ordinary case but with frequency ω → ω^∗,

b(t) = R(−ω^∗t) a + c , (19)

where a and c are constant vectors. The associated conserved quantities are therefore

P^i = M^∗ (˙ X^i − ω^∗ε^{ij}X^j ) , (20) K = M^∗ M R(ω^∗t)P = M^{∗2} M R(ω^∗t)Ẋ. (21)

Eliminating Ẋ yields the classical trajectories cf. (13),

X^i(t) = ε_{ij} eB ( P^j − [ R(−ω^∗t)K ]_j 1 − eΘB ) . (22)

The commutation relations of our system of exotic particles [9, 10], {p^i_a, p^j_b} = e_aBε^{ij} 1 − e_aθ_aB δ_{ab}, {x^i_a, p^j_b} = δ^{ij} 1 − e_aθ_aB δ_{ab}, {x^i_a, x^j_b} = θ_aε^{ij} 1 − e_aθ_aB δ_{ab}, (23)

imply the center-of-mass Poisson brackets, {P^i, P^j} = eBε^{ij} 1 − eΘB , {X^i, P^j} = δ^{ij} 1 − eΘB , {X^i, X^j} = Θε_{ij} 1 − eΘB . (24)

These Hamiltonian structures would allow us to recover both exotic equations of motion (10) and (12). Moreover, the commutation relations of the exotic conserved quantities (21) are, {P^i, P^j } = −M^∗ω^∗ε^{ij}, {K^i, K^j} = (1 − eΘB)M^∗ω^∗ε^{ij}, {P^i, K^j } = 0. (25) Our new formulae can be compared to those in the ordinary i.e. case θ_a = 0 in eqn. (8). Remembering that M^∗ω^∗ = Mω = eB we see that the commutation relations of the conserved magnetic momenta P^i are the same as in the commutative Landau problem. The boost-with-boost relation are also similar to those in (8) to which they reduce when Θ = 0. For Θ ≠ 0, however, they pick up the characteristic factor 1 − eΘB. The new relations (25) correspond in fact to the two-parameter centrally-extended “ exotic” Newton- Hooke symmetry ~NH [5, 12]. We only mention here that, like in the Galilean case [9, 10], the non-commutativity contributes to the c-o-m angular momentum, J = X × ( P + eA(X) ) + Θ 2 P^2, (26)

where the “exotic” contribution, (Θ/2)P^2 = MΘH, comes from the manifestly rotationinvariant exotic term in (16). Moreover, if the interaction potential between the particles is itself radial, V = V (|x_a − x_b|), then the system will be also invariant w.r.t. internal rotation around the center-of-mass, inducing a second, conserved, “internal angular momentum”, j_{int} = 1 2 ∑ a,b m_am_b M^2

(x_{ab}) × (p_{ab} + eA_a) + MΘh_{int}. (27)

The “exotic”contribution here is again proportional to the internal energy, h_{int} in (9). All this is understood by observing that, for V = 0, the equations of internal motions, M^∗ẋ_{ab} = p_{ab} , ṗ^i_{ab} = eBε^{ij}ẋ^j_{ab} , (28) have indeed the same form as those of the center of motion, (12). The internal motions are therefore once again cyclotronic with common frequency ω^∗ = eB/M^∗.

The two terms in the total angular momentum, j = J + j_{int}, are separately conserved – as are H and h_{int} in (9). The latter are in fact associated with “internal rotations” and “internal time translations” which act as symmetries, independently of those acting on the center of mass. In conclusion, for N ≥ 2, the full symmetry of the system is ~NH ⊗ (SO(2) × R), (29) in analogy with the Galilean, and extending the commutative cases [3, 7].

IV. THE HALL EFFECT IN NON-COMMUTATIVE MECHANICS

The most interesting physical application of the exotic model is to the Hall effect [9– 11, 16] that we now extend to N exotic particles. We first assume that the electric field is turned off. Then, in the critical case,

M^∗ = 0 i.e. B = B_c = 1 eΘ , (30)

the only way to satisfy the equations of motion (12) is P = Ẋ = 0 and thus X(t) = X_0 : the center-of-mass becomes fixed. Note that while the frequency diverges, ω^∗ → ∞, the radius of the circle, | | | ( eB(1 − eΘB) )_{−1} K/ | | |, shrinks to zero as the critical value is approached. In fact, the whole system gets “frozen” into a static “crystal” configuration: all effective masses vanish, m^∗_a = 0 when B = B_c; all individual positions are therefore fixed.

Eqn. (14) only allows for b = const : the 4-parameter symmetry algebra reduces to mere translations [20]. The associated conserved quantities behave as P^i → −eB_cε^{ij}X^j_0 and K → 0 as M^∗ → 0 i.e. B → B_c = (eΘ)^{−1}.

Let us now restore the electric field, E, assumed constant for simplicity. This amounts to adding ∑ a e_eE · x_a to the Lagrangian (15). But the Kohn condition (11) allows us to infer that this is simply eE · X; the electric field only effects therefore the center-of-mass, but not the internal motion.

Let us now consider the center-of-mass equations, (12). We show that the constant electric field can be eliminated as in the commutative case by a suitable Galilean boost. Consider indeed x_a → ~x_a = x_a + ut, p_a → ~p_a = p_a + m_au, where u is a constant vector. It acts on the center-of-mass as X → ~X = X + ut, P → ~P = P + Mu. This is not a symmetry of the system, though, but yields rather

M^∗ ˙~X^i − ~P^i = eΘ ( Bu^i + ε^{ij} E^j ) , ˙~P^i − eBε^{ij} ˙~X^i = e ( − Bε^{ij} u^j + E^i ) . Choosing u^i = −ε^{ij} E^j /B the electric term is therefore eliminated, leaving us with the pure magnetic problem we just solved. The motion in the original frame is thus obtained by combining the purely-magnetic motions with the constant-speed drift −u, perpendicular to the electric field. Off the critical case, eΘB ≠ 1, we get, both for individual particles and their center-of-mass, collectively drifted cyclotronic motions with common frequency ω^∗ plus drift velocity ε^{ij}E^j /B.

In the critical case, B = B_c and for E = 0 instead, all “motions” are mere fixed points : as we have seen, our particles are frozen into static equilibrium. Boosting backwards allows us to conclude that, when (30) holds, all particles, and hence also their center-of-mass, drift, collectively, with the Hall velocity ẋ_a = ε^{ij} E^j B_c for all a = 1, . . . , N . (31)

By (28), the internal motions are still frozen.

It is convenient to introduce the guiding centers of the particles, q_a = x_a − (m_a/e_aB^2_c )E which move, together with their center of mass, Q = ( ∑ a m_aq_a)/M = X − eMΘ^2E, following the Hall law, (31). Their equations of motion can be derived from the reduced Lagrangian [obtained from (15) by Faddeev-Jackiw reduction [9, 10]], L_{red} = ∑ a 1 2θ_a ε^{ij} q^i_aq̇^j_a − U, U = − ∑ a e_aE · q_a . (32)

As noticed by Landau-Lifshitz in the commutative case, [14], the guiding center coordinates are non-commuting, {q^i_a, q^j_b } = −θ_a δ_{ab}ε^{ij} = − 1 e_aB_c δ_{ab}ε^{ij} , {Q^i, Q^j} = −Θ ε^{ij} = 1 eB_c ε^{ij}. (33)

The Hamiltonian has no kinetic term and reduces to U, the potential alone [15].

As δL_{red} =^d_{dt} ( ∑ a ε^{ij}b^iq^j_a/2θ_a ) under a translation b, the associated conserved quantities are non-commuting, P^i_{red} = − 1 Θ ε^{ij}Q^j , {P^i_{red}, P^j_{red}} = − 1 Θ ε^{ij} = −eB_cε^{ij}, (34) showing that our residual symmetry is the Heisenberg group with central extension parameter −Θ^{−1} = −eB_c. These relations are consistent with letting B → B_c in (21) and (25).

V. CONCLUSION

The intuitive meaning of the Kohn condition is to guarantee a collective behavior : all particles rotate with the same frequency, shared also by their center-of-mass. The additional condition e_aθ_a = const implies that the typical factors (1 − e_aθ_aB) are the same for all particles, namely (1 − eΘB), allowing us to extend Kohn’s theorem to exotic particles.

Our second result is to prove the two-parameter centrally-extended “ exotic” Newton- Hooke symmetry for our a system of N exotic particles [21]. As in the Galilean case, the commutation relations only differ from the ordinary (1-parameter) case in the boost-boost relation, which now also involves the non-commutative parameter Θ, and is supplemented by internal rotations and time translations.

Off the critical case eΘB ≠ 1, the motions are analogous to those in the ordinary Landau problem but with modified frequency. In the critical case B = B_c = (eΘ)^{−1}, however, all particles are frozen into a static “crystal” configuration when the electric field vanishes, and drift perpendicularly to the electric field with Hall velocity when E = const ≠ 0.

It is worth saying that our description for the reduced system presented in Sect. IV is in fact that of pointlike vortices in the plane [10], consistently with Laughlin’s suggestion, who explains the Hall effect by the motion of charged vortices [16].

All our investigations have been purely classical. It is not difficult to quantize our system, though, as in the ordinary case [2].

Acknowledgments

P.A.H is indebted to the Institute of Modern Physics of the Lanzhou branch of the Chinese Academy of Sciences for hospitality, and to C. Duval for correspondence. This work was partially supported by the National Natural Science Foundation of China (Grant No. 11035006) and by the Chinese Academy of Sciences visiting professorship for senior international scientists (Grant No. 2010TIJ06).

[1] W. Kohn, “Cyclotron resonance and de Haas-van Alphen oscillations of an interacting electron gas,” Phys. Rev. 123 (1961) 1242.

[2] G. W. Gibbons, C. N. Pope “Kohn’s Theorem, Larmor’s Equivalence Principle and the Newton-Hooke Group,” Annals of Physics 326 (2011) 1760 [arXiv:1010.2455].

[3] P. M. Zhang and P. A. Horvathy, “Kohn’s theorem and Galilean symmetry,” Phys. Lett. B702 (2011) 177 [arXiv:1105.4401].

[4] The vast literature includes H. Bacry, J.-M. Lévy-Leblond, “Possible kinematics,” J. Math.

Phys. 9 (1968) 1605; G. W. Gibbons, and C. E. Patricot, “Newton-Hooke spacetimes, Hpp-waves and the cosmological constant,” Class. Quant. Grav. 20 (2003) 5225; A.V. Galajinsky “Conformal mechanics in Newton-Hooke spacetime,” Nucl. Phys. B 832 (2010) 586 [arXiv:1002.2290], etc.

[5] O. Arratia, M. A. Martin, M. del Olmo, “(2+1) Newton-Hooke Classical and Quantum Systems,” Int. J. Theor. Phys. 50 (2011) 2035.

[6] M. Hassaïne, P.A. Horvathy, “The symmetries of the Manton superconductivity model,” Journ. Geom. Phys. 34 (2000) 242 [math-ph/9909025];

[7] J.-M. Souriau, Structure des systèmes dynamiques, Dunod (1970). Chap. III., pp. 162-168;

Structure of Dynamical Systems. A Symplectic View of Physics, Birkhäuser, (1997). [8] Early references include Y. Brihaye, C. Gonera, S. Giller and P. Kosiński, “Galilean invariance in 2 + 1 dimensions,” hep-th/9503046; D. R. Grigore, “Transitive symplectic manifolds in 1+2 dimensions,” Journ. Math. Phys. 37 (1996), 240; J. Lukierski, P. C. Stichel and W. J. Zakrzewski, “Galilean-invariant (2 + 1)-dimensional models with a Chern-Simons-like term and d = 2 noncommutative geometry,” Ann. Phys. 260 (1997), 224 [hep-th/9612017].

[9] C. Duval and P. A. Horváthy, “The “Peierls substitution” and the exotic Galilei group.” Phys.

Lett. B 479 (2000) 284 [hep-th/0002233]; “Exotic galilean symmetry in the non-commutative plane, and the Hall effect.” Journ. Phys. A34 (2001) 10097 [hep-th/0106089]. For a recent review, see P. A. Horvathy, L. Martina and P. C. Stichel, “Exotic galilean symmetry and non-commutative mechanics,” SIGMA 6 (2010) 060 [arXiv:1002.4772].

[10] P. A. Horváthy, “The non-commutative Landau problem,” Ann. Phys. (N. Y.) 299 (2002) 128 [hep-th/0201007]; P. A. Horváthy and M. S. Plyushchay, “Nonrelativistic anyons in external electromagnetic field,” Nucl. Phys. B 714 269 (2005) [hep-th/0502040].

[11] A. Kokado, T. Okamura, T. Saito, “Noncommutative phase space and the Hall effect,” Prog.

Theor. Phys. 110 (2003) 975.

[12] P. D. Alvarez, J. Gomis, K. Kamimura, M. S. Plyushchay, “(2+1)D Exotic Newton-Hooke Symmetry, Duality and Projective Phase,” Annals Phys. 322 (2007) 1556 [hep-th/0702014]; “Anisotropic harmonic oscillator, non-commutative Landau problem and exotic Newton- Hooke symmetry,” Phys. Lett. B 659 (2008) 906 [arXiv:0711.2644].

[13] S. Iso, D. Karabali, B. Sakita, “Fermions in the lowest Landau level: Bosonization, W infinity algebra, droplets, chiral bosons,” Phys. Lett. B296 (1992) 143. [hep-th/9209003]; A. Cappelli, G. V. Dunne, C. A. Trugenberger, G. R. Zemba, “Conformal symmetry and universal properties of quantum Hall states,” Nucl. Phys. B398 (1993) 531. [hep-th/9211071].

[14] L. Landau and E. Lifshitz, Mécanique Quantique. Théorie non relativiste, Chap. 111. MIR:

Moscou (1967) p. 497.

[15] R. Peierls, “Zur Theorie des Diamagnetismus von Leitungselektronen,” Z. Phys. 80, 763 (1933).

[16] R. B. Laughlin, Phys. Rev. Lett. 50 (1983) 1395. For further details, see, e. g., Quantum Hall Effect, Ed. M. Stone, World Scientific Singapore (1992).

[17] They are in fact“imported Galilean translations and boosts” [3, 6].

[18] The same symmetry was found earlier for Chern-Simons vortices in a constant electromagnetic field, see Ref. [6].

[19] An interaction potential V (x_a −x_b) would modify the equations of motion (10) by contributing to the electric fields felt by each particle. The extra terms would, however, drop out under summing, leaving the center-of mass equations unchanged and affecting the internal motion only. Since our main interest lies in the center-of-mass motion, we only consider V = 0 in what follows.

[20] All diffeomorphisms of the plane become instead symmetries [9, 13].

[21] Owing to the equivalence of the uniform-B–field and oscillator problems [2, 3], the latter plainly shares the same exotic Newton-Hooke symmetry.