arXiv:1111.2539v3 [hep-th] 11 Jan 2013

EMPG–11–26 HWM–11–24 DMUS–MP–11/01

On Twistors and Conformal Field Theories from Six Dimensions

Christian Sämann^a and Martin Wolf^{b ∗}

a Maxwell Institute for Mathematical Sciences Department of Mathematics, Heriot–Watt University Edinburgh EH14 4AS, United Kingdom

b Department of Mathematics, University of Surrey Guildford GU2 7XH, United Kingdom

Abstract

We discuss chiral zero-rest-mass field equations on six-dimensional space-time from a twistorial point of view. Specifically, we present a detailed cohomological analysis, develop both Penrose and Penrose–Ward transforms, and analyse the corresponding contour integral formulæ. We also give twistor space action principles. We then dimensionally reduce the twistor space of six-dimensional space-time to obtain twistor formulations of various theories in lower dimensions. Besides well-known twistor spaces, we also find a novel twistor space amongst these reductions, which turns out to be suitable for a twistorial description of self-dual strings. For these reduced twistor spaces, we explain the Penrose and Penrose–Ward transforms as well as contour integral formulæ.

11th January 2013 To the memory of Francis A. Dolan

∗E-mail addresses: c.saemann@hw.ac.uk, m.wolf@surrey.ac.uk

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 2 Spinors and free fields in six dimensions . . . . . . . . . . . . . . . . . . . . . . 4 2.1 Spinors in six dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Zero-rest-mass fields in six dimensions . . . . . . . . . . . . . . . . . . . . 5 3 Twistor space of six-dimensional space-time . . . . . . . . . . . . . . . . . . . . 8 3.1 Twistor space from space-time . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Space-time from twistor space . . . . . . . . . . . . . . . . . . . . . . . . . 11 4 Penrose transform in six dimensions . . . . . . . . . . . . . . . . . . . . . . . . . 13 4.1 Cohomological considerations . . . . . . . . . . . . . . . . . . . . . . . . . 15 4.2 Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 4.3 Integral formulæ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 5 Penrose–Ward transform in six dimensions . . . . . . . . . . . . . . . . . . . . . 28 5.1 Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 5.2 Twistor space action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 6 Reduction to lower dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 6.1 Field equations in lower dimensions . . . . . . . . . . . . . . . . . . . . . . 36 6.2 Ambitwistors and Maxwell fields . . . . . . . . . . . . . . . . . . . . . . . 38 6.3 Hyperplane twistors and self-dual strings . . . . . . . . . . . . . . . . . . . 44 6.4 Minitwistors and monopoles . . . . . . . . . . . . . . . . . . . . . . . . . . 51 7 Conclusions and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 A Spinor notation and reality conditions in six and four dimensions . . . . . 54 B Some remarks about n-gerbes . . . . . . . . . . . . . . . . . . . . . . . . . 57 C Formulæ for splittings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

1. Introduction

Since their discovery by Penrose [1], twistors have provided deep insights into various gauge and gravity theories, particularly into integrable ones. The cornerstone of twistor geometry is to replace space-time as a background for physical processes by an auxiliary space called twistor space. Differentially constrained data (such as solutions to field equations on space-time) are then encoded in differentially unconstrained complex analytic data (such as elements of cohomology groups) on twistor space. This allows for an elegant and complete description of solutions to certain classes of problems. The prime examples in this respect are all the solutions to the zero-rest-mass field equations on four-dimensional spacetime [1–4], instantons in Yang–Mills theory [5], and self-dual Riemannian four-dimensional manifolds [6]. Twistor geometry moreover underlies the well-known Atiyah–Drinfeld– Hitchin–Manin (ADHM) construction of Yang–Mills instanton solutions [7]. Even solutions to non-linear second-order differential equations such as the full Yang–Mills and Einstein equations and their supersymmetric extensions can be captured in terms of holomorphic data using twistor methods [8–13]. In these latter cases, however, the power to explicitly construct solutions is limited.

Perhaps the simplest and oldest example of a twistor description of space-time is obtained by replacing Minkowski space R^{1,3} by the space of projective light cones in this space, R^{1,3} × S^2. This space can be shown to be diffeomorphic to the open subset P^3_∘ := P^3 \ P^1 of complex projective three-space P^3.^1 In this paper, we will always work with complexified space-times. The twistor description of space-time C^4 is given by the space of totally null two-planes, which is again P^3_∘. Moreover, holomorphic vector bundles over P^3_∘, that are subject to a mild triviality condition, are in one-to-one correspondence with Yang– Mills instantons on C^4. There is a large variety of further examples of twistor spaces, on each of which there are such correspondences between cohomological data and solutions to field equations (via the so-called Penrose and Penrose–Ward transforms). In this paper, we shall encounter Penrose’s twistor space [1], the ambitwistor space [8, 9], and Hitchin’s minitwistor space [14]. For detailed reviews of various aspects of twistor spaces, see for example [15–17]. See also [18, 19] for recent reviews using conventions close to ours.

All the above-mentioned twistor spaces are suitable for capturing moduli spaces^2 of the four-dimensional Yang–Mills equations, their supersymmetric extensions, the BPS subsectors thereof and their dimensional reductions.^3 In the light of the recent success of M2-brane models [23], it is natural to wonder about twistor spaces underlying the description of solution spaces of more general gauge theories. Staying within M-theory, there are essentially three theories one might be interested in. The three-dimensional M2-brane models, M5- brane models which should be given by some N = (2, 0) superconformal field theories in six dimension, and the self-dual string equation in four dimensions which describes a BPS subsector of the dimensionally reduced M5-brane model.

In this paper, we shall focus on the latter two. The self-dual string equation given by Howe, Lambert & West [24] is a BPS equation that describes M2-branes ending on

1One may also conformally compactify space-time to obtain P^3 as twistor space. The line P^1 that is deleted from P^3 to obtain P^3_∘ corresponds on space-time to the point infinity which is used for this conformal compactification.

2These moduli spaces are obtained from the solution spaces by quotienting with respect to the group of gauge transformations.

3Examples of twistor spaces for higher-dimensional space-times including Penrose and Penrose–Ward transforms can be found e.g. in [20–22].

M5-branes. It can be seen as the M-theory analogue of the Bogomolny monopole equation describing D1-branes ending on D3-branes. Moreover, when re-phrased on loop space, all solutions to this equation have been shown to arise via an ADHM-like construction [25]. This is a strong hint that a twistor description of the solutions and the moduli space of this equation should be possible. Since the self-dual string equation arises from a reduction of the six-dimensional theory of self-dual three-forms, one should first consider a twistor space describing such three-forms and then further reduce it. Fortunately, a candidate twistor space that is suitable for a twistorial description of chiral theories has already appeared [15, 16, 21, 26–32]. We shall denote this twistor space by P^6. Since the non- Abelian extensions of both the self-dual string equation and the self-dual three-forms are still essentially unknown^4, we shall restrict ourselves to the Abelian cases. The hope is certainly that the twistor descriptions presented below might shed light on the issue of non-Abelian extensions.

Our first aim is to establish both Penrose and Penrose–Ward transforms for the construction of chiral zero-rest-mass spinor fields on six-dimensional space-time using the twistor space P^6. In particular, we shall give a detailed proof of a Penrose transform to establish an isomorphism between certain cohomology groups on P^6 and chiral zero-rest-mass fields on space-time. Our discussion follows the corresponding one in the four-dimensional case as given, e.g. in [34,17].^5 Moreover, we show how to generalise the Penrose–Ward transform to P^6 and how to obtain spinor fields via this transform. We shall also introduce twistor space action principles for chiral fields which might be the twistor analog of the space-time actions of Pasti, Sorokin & Tonin [35].

Our second aim is to demonstrate how the dimensional reductions of the six-dimensional spinor fields to four and three space-time dimensions is reflected in certain reductions of P^6. In particular, we find that the twistor space P^6 contains naturally the ambitwistor space, which provides a twistor description of the Maxwell and Yang–Mills equations, a twistor space we shall refer to as the hyperplane twistor space and which turns out to be suitable for a twistor description of the self-dual string equation, and the minitwistor space underlying a twistor description of monopoles. To our knowledge, the hyperplane twistor space has not been discussed in the literature before. Therefore, we shall be explicit in constructing both Penrose and Penrose–Ward transforms over this twistor space.

This paper is structured as follows. We begin our considerations with a brief review of spinors and free fields in six dimensions. We then present the construction of the twistor

4There is a non-Abelian extension of the self-dual string equation on loop space [25]. Also there have been some recent proposals for non-Abelian M5-brane models, see e.g. [33].

5An alternative proof can be found in [21]; see also [29].

space for six-dimensional space-time from various perspectives in Section 3. In Section 4, we lay down the cohomological foundation on which all of our later analysis is based. This section also contains a detailed proof of the Penrose transform and explicit integral formulæ yielding zero-rest-mass fields. The Penrose–Ward transform is presented in Section 5, where we also comment on the aforementioned action principle. We then continue with discussing various dimensional reductions in Section 6. In particular, we show how the six-dimensional picture reduces to the ambitwistor space describing Maxwell fields in four dimensions, the twistor description of self-dual strings and the twistor description of monopoles. We summarise our conclusions in Section 7, where we also present an outlook. Three appendices collect some technical background material.

Remark. Whilst finalising the draft, we became aware of the results of Mason, Reid- Edwards & Taghavi-Chabert [36], which partially overlap with the results presented in this work.

Dedication. We would like to dedicate this work to our friend and colleague Francis A. Dolan, who passed away very unexpectedly in September 2011.

2. Spinors and free fields in six dimensions

2.1. Spinors in six dimensions

In the following, we shall be working with the complexification of flat six-dimensional spacetime M^6 := C^6. Notice that reality conditions leading to real slices of M^6 with Minkowski or split signature can be imposed if desired. These are briefly discussed in Appendix A.

The spin bundle on M^6 is of rank eight and decomposes into the direct sum S ⊕ S̃ of the two rank-4 subbundles of anti-chiral spinors, S, and chiral spinors, S̃. There is a natural isomorphism identifying S and S̃ with the duals^6 S̃^∨ and S^∨ (see e.g. Penrose & Rindler [16] for details; this identification basically works via an automorphism of the Clifford algebra corresponding to charge conjugation). Therefore, we may exclusively work with, say, S and S^∨. We shall label the corresponding spinors by upper and lower capital Latin letters from the beginning of the alphabet, e.g. ψ^A for a section of S and ψ_A for a section of S^∨, with A, B, . . . = 1, . . . , 4.

We may identify the tangent bundle T_M 6 with the anti-symmetric tensor product of

6Given a linear space V , we denote its dual by V^∨.

the chiral spinor bundle with itself via T_M 6 ∼= S ∧ S , ∂_M := ∂ ∂x^M σ̃_∗←→ ∂ AB := ∂ ∂x^{AB} . (2.1)

Here, we coordinatised M^6 by x^M , for M, N, . . . = 1, . . . , 6 and used the identification σ̃ : x = (x^M ) → σ̃(x) = (x^{AB} ) with x^{AB} = σ̃^{AB}_M x^M ⇔ x^M =^1_4 σ^M_{AB} x^{AB}, where σ̃^{AB}_M , σ^M_{AB} are the six-dimensional sigma-matrices, cf. Appendix A. The induced linear mapping σ̃_∗ is explicitly given as ∂_{AB} =^1_4 σ^M_{AB}∂_M and the (flat) metric η_{MN} on M^6 can be identified with the Levi-Civita symbol^1_2 ε_{ABCD} in spinor notation. Hence, σ^M_{AB} =^1_2 ε_{ABCD}σ̃^{MCD} and we can raise and lower indices according to

∂_{AB} =^1_2 ε_{ABCD}∂^{CD} ⇐⇒ ∂^{AB} =^1_2 ε^{ABCD}∂_{CD} . (2.2)

For any two six-vectors p = (p^M ) and q = (q^M ), we shall write

p · q := p_M q^M =^1_4 p_{AB} q^{AB} =^1_8 ε_{ABCD}p^{AB}q^{CD} , (2.3)

and we have p^2 := p · p = √ det p^{AB}.

2.2. Zero-rest-mass fields in six dimensions

Next we wish to discuss zero-rest-mass fields in the six-dimensional spinor-helicity formalism, borrowing some of the ideas of [37]. Let us start by considering a momentum six-vector p = (p_M ). If we impose the null-condition p^2 = 0, then we have det p_{AB} = 0 = det p^{AB} . These equations are solved most generally by

p_{AB} = k_{Aa}k_{Bb}ε^{ab} and p^{AB} = k̃^{Aȧ}k̃^{Bḃ}ε_{ȧḃ} (2.4)

with a, b, . . . , ȧ, ḃ, . . . = 1, 2 and ε^{ab} = −ε^{ba} and ε_{ȧḃ} = −ε_{ḃȧ}. We shall refer to such a momentum as null-momentum. Moreover, transformations of the form k_{Aa} → M^b_ak_{Ab} and k̃Aȧ → M̃ȧ_ḃ k̃A^˙b with det M = 1 = det M̃ will leave p invariant, which shows that the indices a, ȧ, . . . are little group indices. The little group of (complex) null-vectors in six dimensions is therefore SL(2, C) × ~SL(2, C). Notice that k_{Aa}k̃^{Aḃ} = 0 since p_{AB} =^1_2 ε_{ABCD}p^{CD}, which, in turn, shows that k_{Aa} and k̃^{Aȧ} are not independent. Notice also that k_{Aa} has 4 × 2 = 8 components, but three of them can be fixed by little group transformations. Thus, k_{Aa} has indeed exactly the five independent components needed to describe the (five-dimensional) null-cone in six dimensions.

Fields form irreducible representations of the Lorentz group which are induced from representations of the little group. In six dimensions, the spin label of fields therefore has to be generalised to a pair of integers, labelling the irreducible representations of the little group SL(2, C) × ~SL(2, C). As an example of zero-rest-mass fields, let us consider the fields in the N = (2, 0) tensor multiplet [38]. This multiplet is a chiral multiplet and hence the fields transform trivially under the ~SL(2, C) subgroup. Amongst these fields, there is a self-dual three-form H = dB, which transforms as the (3, 1) of the little group. In spinor notation, H has components^7 H_{AB} = ∂_{C(A}B_{B)}^C , where B_B^C is trace-less and denotes the components of a two-form potential B in spinor notation. In addition, we have four Weyl spinors ψ^I_A in the (2, 1) and five scalars ϕ^{IJ} in the trivial representation (1, 1) of the little group. Notice that the a priori six components of ϕ^{IJ} = −ϕ^{JI} are reduced to five by the condition ϕ^{IJ} Ω_{IJ} = 0, where I, J, . . . = 1, . . . , 4 and Ω_{IJ} is an invariant form of the underlying R-symmetry; see e.g. [39] for more details. In the following, we shall work with complex fields. However, one may impose reality conditions on all fields as briefly discussed in Appendix A. The zero-rest-mass field equations (i.e. the free equations of motion) for the fields in the tensor multiplet read as

H^{AB} = 0 with ∂^{AC} H_{CB} = 0 , ∂^{AB} ψ_B = 0 , and □ϕ = 0 , (2.5)

where we suppressed the R-symmetry indices. Notice that the second equation is the Bianchi identity (which, of course, is equivalent to the field equation for self-dual threeforms). The corresponding plane waves are given by the expressions (i := √ −1) H_{AB ab} = k_{A(a}k_{Bb)} e^{ix·p} , ψ_{Aa} = k_{Aa} e^{ix·p} , and ϕ = e^{ix·p} . (2.6)

This follows from straightforward differentiation. Here, the representations of the little group formed by the fields become explicit. Furthermore, since H_{AB} = ∂_{C(A}B_{B)}^C , we can express the plane waves of H_{AB} in terms of the plane waves of the potential two-form B_B^A. To this end, we note that in spinor notation, gauge transformations of B_B^A are mediated by gauge parameters Λ_{AB} = Λ_{[AB]} via B_B^A → B_B^A + ∂^{AC} Λ_{CB} − ∂_{BC} Λ^{CA}. We shall choose Lorenz gauge, which in spinor notation reads as ∂_{C[A}B_{B]}^C = 0 = ∂^{C[A}B_C^{B]}. The residual gauge transformations are given by gauge parameters that obey ∂ · Λ = 0. Let us now choose reference spinors μ_{Aa} and define the null-momentum q_{AB} := μ_{Aa}μ_{Bb}ε^{ab} so that p · q ≠ 0. Then the plane waves of the potential two-form B_B^A in Lorenz gauge are given by B_B^A_{ab} = κ^A_{(a}k_{Bb)} e^{ix·p} with κ^A_a := −2i q^{AB}k_{Ba} p · q . (2.7)

7 A general three-form H = dB in six dimensions is described by a pair of symmetric bi-spinors H = (HAB , H^{AB} ) = (∂_{C(A}B_{B)}^C , ∂^{C(A}BC^{B)}) and transforms as the (3, 1) ⊕ (1, 3) of the little group. We use parentheses and square brackets to denote normalised symmetrisation and normalised anti-symmetrisation, respectively. By imposing either self-duality or anti-self-duality, one of the bi-spinors is put to zero. In our conventions, self-duality implies H^{AB} = 0 while anti-self-duality amounts to HAB = 0.

Clearly, B_B^A is trace-less and one can check that ∂_{C(A}B_{B)}^C yields the components for H_{AB} given in (2.6). Since ∂^{CA}B_C^B = 0, we also have H^{AB} = ∂^{C(A}B_C^{B)} = 0, which implies that B_B^A does indeed yield a self-dual field strength. Furthermore, the choice of μ_{Aa} is irrelevant since changes in μ_{Aa} merely correspond to (residual) gauge transformations of B_B^A, a fact that is already familiar from four dimensions [40].^8 One may analyse other spin fields in a very similar way and we shall present a few more comments in Remark 2.1 below.

Let us now introduce some notions and notation that we shall make use of in this paper. We shall mostly be interested in chiral zero-rest-mass fields, i.e. fields forming representations (2h + 1, 1), h ∈^1_2 N_0, of the little group SL(2, C) × ~SL(2, C). These fields will carry 2h symmetrised spinor indices. Specifically, using the conventions

[k] := ⊗^k det S^∨ , [−k] := [k]^∨ and [0] := [k] ⊗ [−k] for k ∈ N , S[±k] := S ⊗_{OM6} [±k] for some Abelian sheaf S on M^6 ,

(2.8)

we shall denote the sheaf of chiral zero-rest-mass fields on M^6 by Z_h,

Z_h := ker { ∂^{AB} : (⊙^{2h}S^∨)[1] → (⊙^{2h−1}S^∨ ⊗_{OM6} S)_0[2] } for h ≥^1_2 , ker { □ :=^1_4 ∂^{AB} ∂_{AB} : [1] → [2] } for h = 0 .

(2.9)

Here, the subscript zero refers to the totally trace-less part. The factors [±k] are referred to as conformal weights, as they render the zero-rest-mass field equations conformally invariant. See also Penrose & Rindler [15, 16] or Ward & Wells [17] for the discussion of conformal weights in the four-dimensional setting.

Remark 2.1. Recall that there is a potential formulation of zero-rest-mass fields in four dimensions, cf. e.g. Ward & Wells [17]. This formulation generalises to six dimensions, as we shall demonstrate now. Consider an h ∈^1_2 N^∗. From the potential fields

B_A^{A1···A2h−1} = B_A^{(A1···A2h−1)} ∈ H^0(M^6, (⊙^{2h−1}S ⊗_{OM6} S^∨)_0[1]) , (2.10)

we derive a field strength H_{A1···A2s} ∈ H^0(U, (⊙^{2h}S^∨)[1]) according to H_{A1···A2h} := ∂_{(A1B1} · · · ∂_{A2h−1 B2h−1} B_{A2h)}^{B1···B2h−1} . (2.11) The equations H^{A1···A2h} := ∂^{A(A1} B_A^{A2···A2h)} = 0 (2.12)

8Since the μAa appear only in the combination qAB = μAaμ_{Bb}ε^{ab}, we may focus on the induced changes in q. The space of the q is five-dimensional, so the most general change is of the form qAB → qAB +α qAB +βAB with β^2 = 0 and β · p = 0. Therefore, BB^A_{ab} → BB^A_{ab} + Λ^A_{(a}k_{Bb)} e^{ix·p}, with Λ^A_a := −2i^{βAB kBa}_{(1+α)p·q} . This is just a (residual) gauge transformation as a consequence of β · p = 0.

then imply that ∂^{AA1} H_{A1···A2h} = 0 . (2.13) Furthermore, the pair of spinors (H_{A1···A2h} , H^{A1···A2h} ) is invariant under gauge transformations of the form B_B^{AA1···A2h−2} → B_B^{AA1···A2h−2} + [ ∂_{CB} Λ^{C(AA1···A2h−2)} − ∂^{C(A}Λ_{CB}^{A1···A2h−2)} ] 0 , (2.14)

where the subscript zero refers again to the totally trace-less part and Λ_{AB}^{A1···A2h−2} = Λ_{[AB]}^{(A1···A2h−2)} is totally trace-less itself. Note that the traces of [ ∂_{CB} Λ^{C(AA1···A2h−2)} − ∂^{C(A}Λ_{CB}^{A1···A2h−2)} ] always drop out of the above definition of (H_{A1···A2h} , H^{A1···A2h} ). Altogether, the spinor field H_{A1···A2h} can therefore be regarded as a section of the sheaf Z_h. We shall make use of this formulation in Section 5 when dealing with the Penrose–Ward transform.

3. Twistor space of six-dimensional space-time

In this section, we shall review a particular twistor space associated with M^6 that is a very natural generalisation of known twistor spaces and suitable for the description of chiral theories in six dimensions. This twistor space has appeared earlier e.g. in [15,16,21,26–32]. Here we shall present a detailed discussion of its constructions from an alternative point of view.

Remark 3.1. We shall always be working with locally free sheaves and therefore we shall not make a notational distinction between vector bundles and their corresponding sheaves of sections. We shall switch between the two notions freely depending on context.

3.1. Twistor space from space-time

Let us consider the projectivisation P(S^∨) of the dual anti-chiral spin bundle S^∨. Since S^∨ is of rank four, P(S^∨) → M^6 is a P^3-bundle over M^6. Hence, the projectivisation P(S^∨) is a nine-dimensional complex manifold F^9 ∼= C^6 × P^3, the correspondence space. We take (x, λ) = (x^{AB} , λ_A) as coordinates on F^9, where λ_A are homogeneous coordinates on P^3.

Consider now the following vector fields on F^9:

V^A := λ_B ∂ ∂x_{AB} . (3.1)

Note that λ_AV^A = 0 because of the anti-symmetry of the spinor indices in the partial derivative. These vector fields define an integrable rank-3 distribution on F^9, which we call twistor distribution. Therefore, we have a foliation of F^9 by three-dimensional complex manifolds. The resulting quotient will be twistor space, a six-dimensional manifold denoted by P^6. We have thus established the following double fibration:

P^6 M^6

F^9 π_1 π_2 (3.2)

Let (z, λ) = (z^A, λ_A) be homogeneous coordinates on P^7 and assume that λ_A ≠ 0. This effectively means that we are working on the open subset

P^7_∘ := P^7 \ P^3 (3.3)

of P^7, where the removed P^3 is given by z^A ≠ 0 and λ_A = 0. In the double fibration (3.2), the projection π_2 is the trivial projection and π_1 : (x^{AB} , λ_A) → (z^A, λ_A) = (x^{AB} λ_B , λ_A). Thus, P^6 forms a quadric hypersurface inside P^7_∘, which is given by the equation

z^Aλ_A = 0 . (3.4)

We shall refer to the relation z^A = x^{AB}λ_B (3.5)

as incidence relation, because it is a direct generalisation of Penrose’s incidence relation in four dimensions.

Geometric twistor correspondence. The double fibration (3.2) shows that points in either of the base spaces M^6 and P^6 correspond to subspaces of the other base space: For any point x ∈ M^6, the corresponding manifold x̂ := π_1(π^{−1}_2 (x)) → P^6 is a threedimensional complex manifold bi-holomorphic to P^3 as follows from (3.5). Conversely, for any fixed p = (z, λ) ∈ P^6, the most general solution to the incidence relation (3.5) is given by x^{AB} = x^{AB}_0 + ε^{ABCD}μ_C λ_D , (3.6)

where x^{AB}_0 is a particular solution and μ_A is arbitrary. This defines a totally null-plane π_2(π^{−1}_1 (p)) in M^6. This plane is three-dimensional because of the freedom in the choice of μ_A given by the shifts μ_A → μ_A + ϱ λ_A for ϱ ∈ C which do not alter the solution (3.6).

Altogether, points in space-time correspond to complex projective three-spaces in twistor space while points in twistor space correspond to totally null three-planes in space-time. Thus, twistor space parametrises all totally null three-planes of space-time.

Twistor space as a normal bundle. The above considerations imply that P^6 can be viewed as a holomorphic vector bundle over P^3, where the global holomorphic sections are given by the incidence relation (3.5). In fact, (3.5) shows that P^6 is a rank-3 subbundle of the bundle O_P3 (1) ⊗ C^4 → P^3, whose total space is P^7_∘. Here and in the following, O_P3 (1) denotes the dual tautological bundle^9 over P^3.

To identify the subbundle P^6, let us denote by N_{Y |X} the normal bundle of some complex submanifold Y of a complex manifold X, i : Y → X. This bundle is defined by the following short exact sequence: 0 −→ T_Y −→ i^∗T_X −→ N_{Y |X} −→ 0 . (3.7) Let us now specialise to Y = P^3 and X = P^7 with coordinates (z^A, λ_A) on P^7 as before. If P^3→P^7 is given by z^A = 0 and λ_A ≠ 0, then T_P3 = ⟨^∂_{∂λA} ⟩ and T_P7 = ⟨^∂_{∂zA} ,^∂_{∂λA} ⟩. The normal bundle of N_P3_{|P}7 of P^3 inside P^7 is given by

0 −→ T_P3 −→ i^∗T_P7 −→ N_P3_{|P}7 −→ 0 , (3.8a)

which implies that N_P3_{|P}7 ∼= O_P3 (1) ⊗ C^4 , (3.8b)

since the coefficient functions of the basis vector fields^∂_{∂zA} and^∂_{∂λA} are linear in the coordinates. Hence, the z^A can be regarded as fibre coordinates of N_P3_{|P}7 , while the λ_A are base coordinates.

Using these results, we find that our twistor space P^6 fits into the short exact sequence^{10}

0 −→ P^6 −→ N_P3_{|P}7^κ−→ O_P3 (2) −→ 0 , (3.9a)

where κ : (z^A, λ_A) → z^Aλ_A . (3.9b)

Note that the sequence (3.9a) can be regarded as an alternative definition of twistor space. Again, we see that P^6 is a rank-3 subbundle of O_P3 (1) ⊗ C^4 → P^3 as stated earlier. It also shows that P^6 is the normal bundle of P^3 inside the quadric hypersurface Q^6 → P^7 given by the zero locus z^Aλ_A = 0. Moreover, notice that the open subset Q^6 ∩ P^7_∘ can be identified with P^6.

9or hyperplane bundle 10We use the notation O_P3 (k) := ⊗^kO_P3 (1) and O_P3 (−k) := O^∨_P3 (k), k > 0, as well as O_P3 (0) = O_P3 .

3.2. Space-time from twistor space

Next we wish to address the problem of how to obtain space-time M^6, and in particular the factorisation (2.1) of the tangent bundle, from twistor space using (3.9a). To this end, consider the long exact sequence of cohomology groups induced by the short exact sequence (3.9a),

0 −→ H^0(P^3, P^6) −→ H^0(P^3, N_P3_{|P}7 )^κ−→ H^0(P^3, O_P3 (2)) −→ −→ H^1(P^3, P^6) −→ H^1(P^3, N_P3_{|P}7 ) −→ H^1(P^3, O_P3 (2)) −→ · · · ,

(3.10)

where we have slightly abused notation by again using the letter κ. To compute these cohomology groups, we recall a special case of the Borel–Weil–Bott theorem:

Lemma 3.1. (Bott’s rule [41]) Let V be an n-dimensional complex vector space. Consider its projectivisation P(V ) together with the hyperplane bundle O_{P(V )}(1). Furthermore, set O_{P(V )}(k) := ⊗^kO_{P(V )}(1), O_{P(V )}(−k) := O^∨_{P(V )}(k) and O_{P(V )}(0) := O_{P(V )} for k ∈ N. Then

H^q(P(V ), O_{P(V )}(k)) ∼=

⊙^kV^∨ for q = 0 & k ≥ 0 , ⊙^{−k−n}V ⊗ det V for q = n − 1 & k ≤ −n , 0 otherwise ,

(3.11)

where det V ≡ Λ^nV .

From Bott’s rule for V = C^4, we find that H^1(P^3, N_P3_{|P}7 ) = 0 = H^1(P^3, O_P3 (2)) and furthermore H^1(P^3, P^6) = 0 , (3.12) since κ is surjective. Therefore, the long exact sequence of cohomology groups (3.10) reduces to

0 −→ H^0(P^3, P^6) −→ H^0(P^3, N_P3_{|P}7 )^κ−→ H^0(P^3, O_P3 (2)) −→ 0 . (3.13)

By applying Bott’s rule again, we deduce from the latter sequence that

dim_C H^0(P^3, P^6) = 6 . (3.14)

Because of (3.12) and (3.14), we may now apply Kodaira’s theorem of relative deformation theory^{11} to conclude that there is a six-dimensional family of deformations of P^3 inside

11Recall that Kodaira’s theorem states that if Y is a compact complex submanifold of a not necessarily compact complex manifold X with H^1(Y, N_{Y |X} ) = 0, then there exists a dimC H^0(Y, N_{Y |X} )-dimensional family of deformations of Y inside X. For more details, see e.g. [42].

the quadric hypersurface Q^6 → P^7. We shall denote this family by M^6 and the individual deformation of P^3 labelled by x ∈ M^6 as x̂.

Next we define the correspondence space F^9 according to

F^9 := {(p, x) ∈ P^6 × M^6 | p ∈ x̂} , (3.15)

Notice that F^9 is fibred over both P^6 and M^6. The typical fibres of π_2 : F^9 → M^6 are complex projective three-spaces P^3. Hence, we have again established a double fibration of the form (3.2), where the fibres of F^9 → P^6 are three-dimensional complex submanifolds of M^6.

On F^9, we may consider the relative tangent bundle, denoted by T_{π1} , along the fibration π_1 : F^9 → P^6. It is of rank three and defined by

0 −→ T_{π1} −→ T_F 9 −→ π^∗_1T_P 6 −→ 0 . (3.16)

By construction, the vector fields V^A given in (3.1) annihilate z^A = x^{AB} λ_B and therefore, T_{π1} can be identified with the twistor distribution generated by V^A, cf. (3.1). Hence, sections μ_A of T_{π1} are defined up to shifts by terms proportional to λ_A (recall that λ_AV^A = 0). Then we define a bundle N on F^9 by 0 −→ T_{π1} −→ π^∗_2 T_M 6 −→ N −→ 0 , μ_A → ε^{ABCD}μ_C λ_D , ξ^{AB} → ξ^{AB} λ_B . (3.17)

Clearly, the rank of N is three and the restriction of N to the fibre π^{−1}_2 (x) of F^9 → M^6 for x ∈ M^6 is isomorphic to the pull-back π^∗_1N_{x̂|P} 6 of the normal bundle N_{x̂|P} 6 of x̂ → P^6. Thus, N can be identified with π^∗_1N_{x̂|P} 6 .^{12}

These considerations allow us to reconstruct the tangent bundle T_M 6 from twistor space. In fact, we may apply the direct image functor (with regard to π_2) to the short exact sequence (3.17). Since both direct images^{13} π_{2∗}T_{π1} and π^1_{2∗}T_{π1} vanish, we obtain

T_M 6 ∼= π_{2∗} π^∗_1N_{x̂|P} 6 ⇐⇒ (T_M 6 )_x ∼= H^0(x̂, N_{x̂|P} 6 ) . (3.18)

Elements of H^0(x̂, N_{x̂|P} 6 ) are given in terms of elements of H^0(P^3, P^6) by allowing the latter to depend on x. One can check that this dependence is holomorphic in an open neighbourhood of x.

12Note that N_{x̂|P} 6 is bi-holomorphic to P^6 → P^3.

13Remember that the q-th direct image sheaf π^q_∗S of some Abelian sheaf S on X for some map π : X → Y is defined by the pre-sheaf Y ⊃ U open → H^q (π^{−1}(U), S). We abbreviate π∗S := π^0_∗S. See also Section 4 for details of the computation of direct image sheaves, in particular Proposition 4.2.

What remains to be understood is how the explicit factorisation (2.1) of the tangent bundle emerges from the above construction and in particular from H^0(P^3, P^6). To show this, we consider the Euler sequence for P^3,

0 −→ O_P3 −→ O_P3 (1) ⊗ C^4 −→ T_P3 −→ 0 . (3.19)

Upon dualising this sequence and twisting by O_P3 (2), we find^{14}

0 −→ Ω^1_P3 ⊗ O_P3 (2) −→ O_P3 (1) ⊗ C^4 −→ O_P3 (2) −→ 0 . (3.20)

By comparing with (3.9a), we may conclude that

P^6 ∼= Ω^1(2) with Ω^p(k) := Ω^p_{P3} ⊗ O_P3 (k) . (3.21)

Thus, elements of H^0(P^3, P^6) can also be viewed as elements of H^0(P^3, Ω^1(2)). The latter are of the form ω = ω^{AB}λ_Adλ_B with ω^{AB} = −ω^{BA}. Since

S_x ∼= H^0(x̂, O_{x̂}(1)) (3.22)

via s^A → s^Aλ_A for s^A ∈ S_x, we indeed find the factorisation (T_M 6 )_x ∼= S_x ∧ S_x. This concludes our construction of space-time from twistor space.

Remark 3.2. Notice that an identification of the form (2.1) amounts to choosing a (holomorphic) conformal structure. This can be seen as follows: Let X be a six-dimensional complex spin manifold. The first definition of a conformal structure on X (and perhaps the standard one) assumes an equivalence class [g], the conformal class, of holomorphic metrics g on X. Two given metrics g and g^′ are called equivalent if g^′ = γ^2g for some nowhere vanishing holomorphic function γ. Thus, a conformal structure is a line subbundle L in T^∨_X ⊙ T^∨_X .

An alternative definition of a conformal structure assumes a factorisation of the form T_X ∼= S ∧ S, where S is the rank-4 chiral spin bundle. This isomorphism in turn gives (canonically) the line subbundle det S^∨ ≡ Λ^4S^∨ in T^∨_X ⊙ T^∨_X since upon using splitting principle arguments (see e.g. [43]), one finds the identification K_X := det T^∨_X ∼= ⊗^3 det S^∨ for the canonical bundle K_X . Hence, det S^∨ can be identified with the line bundle L from above, and the metric g is then of the form γ^2 ε_{ABCD}.

4. Penrose transform in six dimensions

Having defined twistor space, we would like to understand differentially constrained data on space-time in terms of differentially unconstrained data on twistor space. Specifically,

14Here and in the following, we shall denote the sheaf of one-forms on some manifold X by Ω^1_X .

we are interested in the chiral fields introduced in Section 2.2 and prove the following theorem:^{15}

Theorem 4.1. Consider the double fibration (3.2). Let U ⊂ M^6 be open and convex and set U^′ := π^{−1}_2 (U) ⊂ F^9 and Û := π_1(π^{−1}_2 (U)) ⊂ P^6, respectively. For h ∈^1_2 N_0, there is a canonical isomorphism

P : H^3(Û, O_Û (−2h − 4)) → H^0(U, Z_h) , (4.1)

where Z_h is the sheaf of chiral zero-rest-mass fields defined in (2.9). This transformation is called the Penrose transform.

Note that contrary to the corresponding theorem in four dimensions, h is restricted to be non-negative. The case of negative h has to be treated differently as the cohomology group H^3(Û , O_Û (−2h − 4)) in this case yields nothing non-trivial on space-time. We shall come to this issue in Section 5.

There are various steps involved in proving Theorem 4.1 and the structure of the proof we shall present is similar to the one given in the four-dimensional setting. Therefore, the reader might find it useful to consult additionally e.g. the article by Eastwood, Penrose & Wells [34] or the text book by Ward & Wells [17] and references therein, where the four-dimensional case is presented in detail. We also refer to Buchdahl [44] and Pool [45] for very good accounts on various cohomological constructions which we shall make use of below. Murray [21] gave a proof for Penrose transforms on twistor spaces of certain even-dimensional Riemannian manifolds and Baston & Eastwood [29] provided an abstract discussion. Here, we shall present a very detailed proof which resembles the one in [34] or [17] in four dimensions and which, in addition, can be transferred relatively straightforwardly to our discussion presented in Section 6.3. To simplify our discussion, we shall restrict ourselves to complex holomorphic fields which correspond to real-analytic solutions upon imposing reality conditions as briefly discussed in Appendix A. Of course, it would be interesting to extend the discussion to hyperfunction solutions as well.

We first present the cohomological foundations needed for proving the above Penrose transform; these considerations are also needed in Section 5. In particular, we shall introduce the so-called relative de Rham complex on the correspondence space of the double fibration (3.2) and compute its cohomology by applying the direct image functor with respect to the projection π_2. We shall also recall a result of Buchdahl which allows us to

15We shall use the notation O_P 6 (k) := pr^∗O_P3 (k) where pr : P^6 → P^3 is the bundle projection and likewise for the open sets.

pull-back cohomological data from the twistor space to the correspondence space. Once we have presented the setup, we give the proof of Theorem 4.1.

4.1. Cohomological considerations

Relative de Rham complex. The starting point of our considerations is the double fibration (3.2). As a first tool in proving the Penrose transform, we introduce the relative differential forms Ω^p_{π1} , i.e. the differential p-forms along the fibres of the fibration π_1 : F^9 → P^6. We have already introduced the corresponding relative tangent bundle in (3.16). Simply dualising this sequence, we obtain the definition of the sheaf of relative one-forms from 0 −→ π^∗_1 Ω^1_P 6 −→ Ω^1_F 9 −→ Ω^1_{π1} −→ 0 . (4.2)

Recall from our previous discussion that in our parametrisation, sections μ_A of the relative tangent bundle T_{π1} are defined up to shifts by terms proportional to λ_A. This, in turn, induces the condition ω^Aλ_A = 0 on sections ω^A of Ω^1_{π1} . We shall come back to this point when discussing the direct images of Ω^1_{π1} .

In general, we introduce the relative p-forms Ω^p_{π1} on F^9 with respect to the fibration π_1 : F^9 → P^6 according to

0 −→ π^∗_1Ω^1_P 6 ∧ Ω^{p−1}_{F 9} −→ Ω^p_{F 9} −→ Ω^p_{π1} −→ 0 . (4.3)

Thus, relative p-forms have components only along the fibres of π_1 : F^9 → P^6 (i.e. any contraction with a vector field which is a section of π^∗_1 T P^6 vanishes). The coefficient functions in local coordinates, however, depend on both the base and the fibre coordinates. Note that the maximum value of p here is three. If we let pr_{π1} : Ω^p_{F 9} → Ω^p_{π1} be the quotient mapping, we can define the relative exterior derivative d_{π1} by setting

d_{π1} := pr_{π1} ∘ d : Ω^p_{π1} → Ω^{p+1}_{π1} , (4.4)

where d is the usual exterior derivative on F^9. In local coordinates (x^{AB} , λ_A) on F^9, the relative exterior derivative can be presented in terms of the vector fields (3.1).

Next, observe that the relative differential d_{π1} induces the relative de Rham complex. This complex is given in terms of an injective resolution of the topological inverse^{16} π^{−1}_1 O_P 6 of O_P 6 on the correspondence space F^9:

0 −→ π^{−1}_1 O_P 6 −→ O_F 9^{dπ1}−−→ Ω^1_{π1}^{dπ1}−−→ Ω^2_{π1}^{dπ1}−−→ Ω^3_{π1} −→ 0 . (4.5)

16Remember that the topological inverse π^{−1}S of some Abelian sheaf S on Y for π : X → Y is defined by the pre-sheaf X ⊃ U open → H^0(π(U), S).

We shall not explain here why this sequence is exact but instead refer the interested reader to Ward & Wells [17] or Buchdahl [44], where more general discussions are given.

A natural question is now if the sheaves Ω^p_{π1} have an interpretation in terms of certain pull-back sheaves from space-time and twistor space. Notice that the vectors fields (3.1) are given by V^A =^1_2 ε^{ABCD}λ_B∂_{CD}, where ∂_{AB} are the vector fields spanning T_M 6 . In terms of the V^A, the map d_{π1} : O_F 9 → Ω^1_{π1} reads explicitly as

V^A : f → ω^A = V^Af =^1_2 ε^{ABCD}λ_B ∂_{CD}f , f ∈ O_F 9 . (4.6)

This shows that ω^A = V^Af is a section of π^∗_2 (det S^∨ ⊗_{OM6} S) ⊗_{OF 9} π^∗_1 O_P 6 (1). Clearly, it is not the most general section of this sheaf, since we have λ_Aω^A = λ_AV^Af = 0; see also our comments given below (4.2). For a general section s^A of π^∗_2 (det S^∨ ⊗_{OM6} S)⊗_{OF 9} π^∗_1 O_P 6 (1), the map λ_A : s^A → s^Aλ_A gives a section of π^∗_2 det S^∨ ⊗_{OF 9} π^∗_1 O_P 6 (2) and its kernel gives Ω^1_{π1} . Altogether, we conclude that Ω^1_{π1} fits into the following short exact sequence:

0 −→ Ω^1_{π1} −→ π^∗_2 (det S^∨ ⊗_{OM6} S) ⊗_{OF 9} π^∗_1O_P 6 (1) −→ −→ π^∗_2 det S^∨ ⊗_{OF 9} π^∗_1O_P 6 (2) −→ 0 .

(4.7)

Using the notation (2.8), we then obtain the following proposition:

Proposition 4.1. The sheaves appearing in the relative de Rham sequence (4.5) can be canonically identified as follows. With Ω^p_{π1} (k) := Ω^p_{π1} ⊗_{OF 9} π^∗_1 O_P 6 (k), we have

0 −→ Ω^p_{π1} −→ π^∗_2 (Λ^pS)[p] ⊗_{OF 9} π^∗_1O_P 6 (p) −→ π^∗_2[1] ⊗_{OF 9} Ω^{p−1}_{π1} (2) −→ 0 . (4.8)

Proof: Using the fact that short exact sequences of the form 0 → E → F → L → 0, where L is the sheaf of sections of some line bundle, always induce 0 → Λ^pE → Λ^pF → Λ^{p−1}E ⊗ L → 0, the sequence (4.7) immediately leads to (4.8). □

Finally, we point out that the relative de Rham sequence (4.5) has a natural extension via twisting by a holomorphic vector bundle. Specifically, let E → P^6 be a holomorphic vector bundle over P^6 and consider the pull-back bundle π^∗_1 E over the correspondence space F^9. We may tensor (4.5) by π^{−1}_1 O_P 6 (E), which is the sheaf of sections of π^∗_1 E that are constant along π_1 : F^9 → P^6. Because O_F 9 (π^∗_1 E) ∼= π^∗_1 O_P 6 (E) and O_F 9 ⊗_π−1_{1 OP 6} π^{−1}_1 O_P 6 (E) are canonically isomorphic, we find

0 −→ π^{−1}_1 O_P 6 (E) −→ Ω^0_{π1} (E)^{dπ1}−−→ · · ·^{dπ1}−−→ Ω^3_{π1} (E) −→ 0 , (4.9a)

where we have defined

Ω^0_{π1} (E) := O_F 9 (π^∗_1 E) and Ω^p_{π1} (E) := Ω^p_{π1} ⊗_{OF 9} O_F 9 (π^∗_1 E) . (4.9b)

Direct image sheaves. The next important ingredient for our subsequent discussion is the direct images of Ω^p_{π1} (E) with respect to the fibration π_2 : F^9 → M^6 for the special case E = O_P 6 (k), k ∈ Z. To compute those, we shall make use of the following lemma:

Lemma 4.1. Let V be a four-dimensional complex vector space together with its projectivisation P(V ). Using the shorthand notations Ω^p(k) := Ω^p_{P(V )} ⊗ O_{P(V )}(k) and Ω^0(k) := O_{P(V )}(k), we have the following list of sheaf cohomology groups:

H^q(P(V ), Ω^0(k)) ∼=

⊙^kV^∨ for q = 0 & k ≥ 0 ,

⊙^{−k−4}V ⊗ det V for q = 3 & k ≤ −4 ,

0 otherwise ,

(4.10a)

H^q(P(V ), Ω^1(k)) ∼=

[ ⊙^{k−1}V ⊗ V ⊙^kV ]_∨ for q = 0 & k ≥ 2 ,

C for q = 1 & k = 0 ,

V^∨ ⊗ det V for q = 3 & k = −3 , [ ⊙^{−k−3}V^∨ ⊗ V ⊙^{−k−4}V^∨ ]_∨ ⊗ det V for q = 3 & k < −3 ,

0 otherwise , (4.10b)

H^q(P(V ), Ω^2(k)) ∼=

V ⊗ det V^∨ for q = 0 & k = 3 , ⊙^{k−3}V^∨ ⊗ V ⊙^{k−4}V^∨ ⊗ det V^∨ for q = 0 & k > 3 ,

C for q = 2 & k = 0 , ⊙^{−k−1}V ⊗ V ⊙^{−k}V for q = 3 & k ≤ −2 ,

0 otherwise ,

(4.10c)

H^q(P(V ), Ω^3(k)) ∼=

⊙^{k−4}V^∨ ⊗ det V^∨ for q = 0 & k ≥ 4 ,

⊙^{−k}V for q = 3 & k ≤ 0 ,

0 otherwise .

(4.10d)

Notice that here, we are essentially computing the Dolbeault cohomology groups H^{p,q}_{¯∂} (P^3, O_P3 (k)) of the complex projective three-space P^3 with values in O_P3 (k) via the Dolbeault isomorphism.

Proof: We already know the cohomology groups (4.10a) from Bott’s rule given in Lemma 3.1. Moreover, after computing (4.10b), all remaining cases follow directly from (4.10a) and (4.10b) via Serre duality.^{17} In fact, we find the cohomology groups (4.10c) and (4.10d) from H^q(P(V ), Ω^2(k)) ∼= [ H^{3−q}(P(V ), Ω^1(−k)) ]_∨ , H^q(P(V ), Ω^3(k)) ∼= [ H^{3−q}(P(V ), Ω^0(−k)) ]_∨ . (4.11)

To compute (4.10b), let us consider the Euler sequence (3.19). We can dualise this sequence and twist by O_{P(V )}(k) to obtain

0 −→ Ω^1(k) −→ Ω^0(k − 1) ⊗ V^∨ −→ Ω^0(k) −→ 0 . (4.12)

From this sequence and Bott’s rule, we derive the long exact sequences of cohomology groups

0 −→ H^0(P(V ), Ω^1(k)) −→ H^0(P(V ), Ω^0(k − 1) ⊗ V^∨)^κ−→ κ−→ H^0(P(V ), Ω^0(k)) −→ H^1(P(V ), Ω^1(k)) −→ 0 ,

(4.13a)

and 0 −→ H^3(P(V ), Ω^1(k)) −→ H^3(P(V ), Ω^0(k − 1) ⊗ V^∨) −→ −→ H^3(P(V ), Ω^0(k)) −→ 0 ,

(4.13b)

where we used H^2(P(V ), Ω^1(k)) = 0.

Let us start with H^q(P(V ), Ω^1(k)) for q = 0, 1. For k < 0, the sequence (4.13a) together with Bott’s rule yield that H^0(P(V ), Ω^1(k)) = 0 = H^1(P(V ), Ω^1(k)) while for k = 0 we find H^0(P(V ), Ω^1(0)) = 0 and H^1(P(V ), Ω^1(0)) ∼= H^0(P(V ), Ω^0(0)) ∼= C. For k = 1, (4.13a) also shows that H^0(P(V ), Ω^1(1)) = 0 = H^1(P(V ), Ω^1(1)) while for k ≥ 2 we find H^1(P(V ), Ω^1(k)) = 0 since κ is surjective. The rest of H^0(P(V ), Ω^1(k)) then follows from the short exact sequence

0 −→ H^0(P(V ), Ω^1(k)) −→ ⊙^{k−1}V^∨ ⊗ V^∨ −→ ⊙^kV^∨ −→ 0 . (4.14)

This concludes the cases q = 0, 1.

17Serre duality (cf. e.g. Griffiths & Harris [43]) asserts that if X is a compact n-dimensional complex manifold and S an Abelian sheaf on X, then H^q (X, Ω^p_X (S)) ∼= [ H^{n−q} (X, Ω^{n−p}_X (S^∨)) ]_∨ .

It remains to find H^3(P(V ), Ω^1(k)). The sequence (4.13b) and Bott’s rule show that for k ≥ −2, H^3(P(V ), Ω^1(k)) = 0 while for k = −3, we get H^3(P(V ), Ω^1(−3)) ∼= V^∨ ⊗ det V . For k < −3, (4.13b) reads as 0 −→ H^3(P(V ), Ω^1(k)) −→ ⊙^{−k−3}V ⊗det V ⊗V^∨ −→ ⊙^{−k−4}V ⊗det V −→ 0 , (4.15) which gives the remaining cases for H^3(P(V ), Ω^1(k)). This completes the proof. □ Next, we compute the direct image sheaves π^q_{2∗}Ω^p_{π1} (O_P 6 (k)). Using the short-hand notation Ω^p_{π1} (k) := Ω^p_{π1} (O_P 6 (k)), we have the following proposition: Proposition 4.2. Let k_p := 2p + k. The direct image sheaves π^q_{2∗}Ω^p_{π1} (k) are given by

π^q_{2∗}Ω^0_{π1} (k) ∼=

⊙^{k0} S for q = 0 & k_0 ≥ 0 , (⊙^{−k0−4}S^∨)[1] for q = 3 & k_0 ≤ −4 , 0 otherwise ,

(4.16a)

π^q_{2∗}Ω^1_{π1} (k) ∼=

( ⊙^{k1−1}S^∨ ⊗_{OM6} S^∨ ⊙^{k1} S^∨ )_∨ [1] for q = 0 & k_1 ≥ 2 , [1] for q = 1 & k_1 = 0 , (⊙^{−k1−3}S^∨ ⊗_{OM6} S)_0[2] for q = 3 & k_1 ≤ −3 , 0 otherwise ,

(4.16b)

π^q_{2∗}Ω^2_{π1} (k) ∼=

(⊙^{k2−3}S ⊗_{OM6} S^∨)_0[1] for q = 0 & k_2 ≥ 3 , [2] for q = 2 & k_2 = 0 , ( ⊙^{−k2−1}S^∨ ⊗_{OM6} S^∨ ⊙^{−k2} S^∨ ) [2] for q = 3 & k_2 ≤ −2 , 0 otherwise ,

(4.16c)

and

π^q_{2∗}Ω^3_{π1} (k) ∼=

(⊙^{k3−4}S)[2] for q = 0 & k_3 ≥ 4 , (⊙^{−k3} S^∨)[3] for q = 3 & k_3 ≤ 0 , 0 otherwise ,

(4.16d) where (⊙^lS^∨ ⊗_{OM6} S)_0 is the totally trace-less part of ⊙^lS^∨ ⊗_{OM6} S which is

(⊙^lS^∨ ⊗_{OM6} S)_0 ∼=

S for l = 0 , ⊙^lS^∨ ⊗_{OM6} S ⊙^{l−1}S^∨ for l ≥ 1 .

(4.17)

Proof: By definition of direct image sheaves, our task is to compute the cohomology groups H^q(π^{−1}_2 (U), Ω^p_{π1} (k)) for open sets U ⊂ M^6; see also footnote 13. Notice that it suffices to work with Stein open sets U so that U^′ := π^{−1}_2 (U) ∼= U × P^3 ⊂ F^9 since there are arbitrarily small Stein open sets on M^6. We could now apply the direct image functor to the short exact sequences of Proposition 4.1 to obtain the direct images. There is, however, a quicker way of computing these.

Consider the case when p = 0. It is rather straightforward to see that in this case, we have the identification

H^q(U^′, Ω^0_{π1} (k)) ∼= {holomorphic functions : U → H^q(P^3, O_P3 (k))} , (4.18)

and we can directly apply the results of Lemma 4.1. The other cohomology groups can be characterised analogously. We first recall our discussion of the relative one-forms, Ω^1_{π1} (0) = Ω^1_{π1} that led to the sequence (4.8). Let (x, λ) = (x^{AB}, λ_A) be local coordinates on F^9, as before. Then the components ω^A of a relative one-form ω are of weight one in λ and obey ω^Aλ_A = 0. This essentially implies that ω^A =^1_2 ε^{ABCD}ω_{BC} λ_D, where ω_{AB} = −ω_{BA} depends (holomorphically) on x. Together with our results for the twistor space P^6 presented at the end of Section 3, we may conclude that

H^q(U^′, Ω^1_{π1} (0)) ∼= {holomorphic functions : U → H^q(P^3, Ω^1(2))[1]} . (4.19)

This argument generalises to the remaining cohomology groups H^q(U^′, Ω^p_{π1} ) for p = 2, 3, and we have

H^q(U^′, Ω^p_{π1} (0)) ∼= {holomorphic functions : U → H^q(P^3, Ω^p(2p))[p]} . (4.20)

Therefore, if we let k_p := 2p + k, we obtain

H^q(U^′, Ω^p_{π1} (k)) ∼= {holomorphic functions : U → H^q(P^3, Ω^p(k_p))[p]} . (4.21)

In summary, all the cohomology groups H^q(π^{−1}_2 (U), Ω^p_{π1} (k)) are characterised in terms of the cohomology groups appearing in Lemma 4.1 for V = S^∨, which yields (4.16). □

So far, we have computed the direct images of the sheaves Ω^p_{π1} (k). The resolutions (4.5) and (4.9a) also contain the topological inverse sheaves π^{−1}_1 O_P 6 and π^{−1}_1 O_P 6 (O_P 6 (k)), respectively. The direct images of these sheaves are computed using spectral sequences. In the following, we shall merely recall a few facts about spectral sequences and we refer to [17] for a more detailed account.

For us, a spectral sequence is basically a sequence of two-dimensional arrays of Abelian groups E_r = (E^{p,q}_r ) for r = 1, 2, . . . which are labelled by p, q = 0, 1, 2, . . . together with differential operators d_r : E^{p,q}_r → E^{p+r,q−r+1}_r that obey d_r ∘ d_r = 0. In addition, the arrays are linked cohomologically from one order to the next. Specifically, we have E^{p,q}_{r+1} ∼= H^{p,q}(E_r) := ker d_r : E^{p,q}_r → E^{p+r,q−r+1} r im d_r : E^{p−r,q+r−1} r → E^{p,q}_r . (4.22)

There also is a well-defined limit of the spectral sequence in terms of the inductive limit

E^{p,q}_∞ = lim ind_{r→∞} E^{p,q}_r . (4.23)

If U ⊂ M^6 is open and U^′ := π^{−1}_2 (U), the resolution (4.9a) yields a spectral sequence with initial terms E^{p,q}_1 ∼= H^q(U^′, Ω^p_{π1} (E)) and differential operators d_1 : E^{p,q}_1 → E^{p+1,q}_1 induced by d_{π1} : Ω^p_{π1} (E) → Ω^{p+1}_{π1} (E). This spectral sequence converges to the cohomology group E^{p,q}_∞ ∼= H^{p+q}(U^′, π^{−1}_1 O_P 6 (E)), which is mnemonically written as H^q(U^′, Ω^p_{π1} (E)) ⇒ H^{p+q}(U^′, π^{−1}_1 O_P 6 (E)). Altogether, we have the following proposition:

Proposition 4.3. Let U be an open set in M^6 and let U^′ := π^{−1}_2 (U) ⊂ F^9. Then there is a spectral sequence

E^{p,q}_1 ∼= H^q(U^′, Ω^p_{π1} (k)) =⇒ H^{p+q}(U^′, π^{−1}_1 O_P 6 (k)) , (4.24)

where the differential operators d_1 : E^{p,q}_1 → E^{p+1,q}_1 are induced by the relative exterior derivative d_{π1} : Ω^p_{π1} (k) → Ω^{p+1}_{π1} (k).

Hence, we have an explicit way of computing H^q(U^′, π^{−1}_1 O_P 6 (k)) in terms of the cohomology groups H^q(U^′, Ω^p_{π1} (k)).

Cohomology groups of topological inverse sheaves. The final ingredient we need is a result due to Buchdahl [44]. Above we have computed the direct images of sheaves on the correspondence space F^9 along the fibration π_2 : F^9 → M^6 to obtain certain sheaves on space-time M^6. In the Penrose transform, these sheaves on F^9 originate from sheaves on twistor space. To connect the cohomology groups of both kinds of sheaves, we can use the following proposition:

Proposition 4.4. (Buchdahl [44]) Let X and Y be complex manifolds and π : X → Y a surjective holomorphic mapping of maximal rank with connected fibres. Furthermore, let S be an Abelian sheaf on Y . If there is an n_0 > 0 such that H^q(π^{−1}(p), C) = 0 for q = 1, . . . , n_0 and for all p ∈ Y , then π^∗ : H^q(Y, S) → H^q(X, π^{−1}S) (4.25) is an isomorphism for q = 0, . . . , n_0 and a monomorphism for q = n_0 + 1. The requirements of this proposition for the projection π_1 : F^9 → P^6 are always satisfied in our setting. Because we always work with convex subsets U ⊂ M^6, we always have the isomorphism H^q(U^′, S) ∼= H^q(Û, π^{−1}_1 S), where U^′ := π^{−1}_2 (U) ⊂ F^9 and Û := π_1(π^{−1}_2 (U)) ⊂ P 6. In a compactified version of the twistor correspondence, one has to supplement Theorem 4.1 by the above requirements.

4.2. Proof We are now ready to prove Theorem 4.1. We shall first proof the case h > 0, that is −2h − 4 < −4, and then come to the case h = 0, which is slightly more complicated.

Case h > 0. Recall that sections ψ of the sheaf Z_h defined in (2.9) obey the free field equation ∂^{AB} ψ_{BA1···A2h−1} = 0 . (4.26) We thus have to prove that, P : H^3(Û, O_Û (−2h − 4)) → H^0(U, Z_h) (4.27) is an isomorphism. We already know from Proposition 4.4 that H^3(Û, O_Û (−2h − 4)) ∼= H^3(U^′, π^{−1}_1 O_Û (−2h − 4)) , (4.28) which reduces (4.27) to H^3(U^′, π^{−1}_1 O_Û (−2h − 4)) ∼= H^0(U, Z_h) . (4.29) Firstly, we notice that there is a particular spectral sequence, the Leray spectral sequence L_r = (L^{p,q}_r ), which gives^{18} L^{p,q}_2 ∼= H^p(U, π^q_{2∗}Ω^l_{π1} (−2h − 4)) =⇒ H^{p+q}(U^′, Ω^l_{π1} (−2h − 4)) . (4.30)

18In general, if S is an Abelian sheaf on X and π : X → Y , the Leray spectral sequence Lr = (L^{p,q}_r ) relates the cohomology of S to that of its direct images (see e.g. Godement [46]) according to L^{p,q}_2 ∼= H^p(Y, π^q_∗S) ⇒ H^{p+q}(X, S).

For fixed l, Proposition 4.2 for h > 0 tells us that π^q_{2∗}Ω^l_{π1} (−2h − 4) = 0 if q ≠ 3. Thus, the Leray spectral sequence L^{p,q}_r is degenerate at the second level. Therefore, we have L^{p,q}_∞ ∼= L^{p,q}_2 for p, q ≥ 0 , (4.31) cf. (4.22). Recall that if a spectral sequence (E^{p,q}_r ) has the property that for some r_0, E^{p,q}_{r0} = 0 for q ≠ q_0, then E^{p,q0}_{r0} ∼= H^{p+q0} . This property together with (4.30) then imply

H^p(U^′, Ω^l_{π1} (−2h − 4)) ∼=

H^{p−3}(U, π^3_{2∗}Ω^l_{π1} (−2h − 4)) for p ≥ 3 , 0 for p < 3 .

(4.32)

Secondly, Proposition 4.3 yields another spectral sequence E_r = (E^{p,q}_r ) with E^{p,q}_1 ∼= H^q(U^′, Ω^p_{π1} (−2h − 4)) =⇒ H^{p+q}(U^′, π^{−1}_1 O_P 6 (−2h − 4)) . (4.33) Explicitly, the r = 1 array in this sequence reads as (k = −2h − 4)

H^0(U^′, Ω^0_{π1} (k))^{dπ1}−→ H^0(U^′, Ω^1_{π1} (k))^{dπ1}−→ H^0(U^′, Ω^2_{π1} (k))^{dπ1}−→ H^0(U^′, Ω^3_{π1} (k)) H^1(U^′, Ω^0_{π1} (k))^{dπ1}−→ H^1(U^′, Ω^1_{π1} (k))^{dπ1}−→ H^1(U^′, Ω^2_{π1} (k))^{dπ1}−→ H^1(U^′, Ω^3_{π1} (k)) H^2(U^′, Ω^0_{π1} (k))^{dπ1}−→ H^2(U^′, Ω^1_{π1} (k))^{dπ1}−→ H^2(U^′, Ω^2_{π1} (k))^{dπ1}−→ H^2(U^′, Ω^3_{π1} (k)) H^3(U^′, Ω^0_{π1} (k))^{dπ1}−→ H^3(U^′, Ω^1_{π1} (k))^{dπ1}−→ H^3(U^′, Ω^2_{π1} (k))^{dπ1}−→ H^3(U^′, Ω^3_{π1} (k)) H^4(U^′, Ω^0_{π1} (k))^{dπ1}−→ H^4(U^′, Ω^1_{π1} (k))^{dπ1}−→ H^4(U^′, Ω^2_{π1} (k))^{dπ1}−→ H^4(U^′, Ω^3_{π1} (k)) . . . . . . . .

(4.34)

We may now replace these cohomology groups by H^q(U^′, Ω^p_{π1} (k)) using (4.32) to obtain 0 0 0 0 0 0 0 0 0 H^0(U, π^3_{2∗}Ω^0_{π1} (k)) −→ H^0(U, π^3_{2∗}Ω^1_{π1} (k)) −→ · · · −→ H^0(U, π^3_{2∗}Ω^3_{π1} (k)) H^1(U, π^3_{2∗}Ω^0_{π1} (k)) −→ H^1(U, π^3_{2∗}Ω^1_{π1} (k)) −→ · · · −→ H^1(U, π^3_{2∗}Ω^3_{π1} (k)) H^2(U, π^3_{2∗}Ω^0_{π1} (k)) −→ H^2(U, π^3_{2∗}Ω^1_{π1} (k)) −→ · · · −→ H^2(U, π^3_{2∗}Ω^3_{π1} (k)) H^3(U, π^3_{2∗}Ω^0_{π1} (k)) −→ H^3(U, π^3_{2∗}Ω^1_{π1} (k)) −→ · · · −→ H^3(U, π^3_{2∗}Ω^3_{π1} (k)) . . . . . .

(4.35)

This diagram together with (4.22) then yield the following identification:

E^{0,3}_2 ∼= ker { H^0(U, π^3_{2∗}Ω^0_{π1} (−2h − 4)) → H^0(U, π^3_{2∗}Ω^1_{π1} (−2h − 4)) } . (4.36)

Furthermore, all E^{p,q}_r = 0 for p + q = 3 with q ≠ 3, and E^{0,3}_2 ∼= E^{0,3}_3 ∼= · · · ∼= E^{0,3}_∞ . From Proposition 4.2, it follows that π^3_{2∗}Ω^0_{π1} (−2h − 4) ∼= (⊙^{2h}S^∨)[1] and π^3_{2∗}Ω^1_{π1} (−2h − 4) ∼= (⊙^{2h−1}S^∨ ⊗_{OU} S)_0[2]. In addition, the relative exterior derivative d_{π1} : H^3(U^′, Ω^0_{π1} (k)) → H^3(U^′, Ω^1_{π1} (k)) induces the differential operator

∂^{AB} : H^0(U, π^3_{2∗}Ω^0_{π1} (−2h − 4)) → H^0(U, π^3_{2∗}Ω^1_{π1} (−2h − 4)) . (4.37)

In summary, from (4.28) and (4.33) we may therefore conclude that

H^3(Û , O_Û (−2h − 4)) ∼= H^3(U^′, π^{−1}_1 O_Û (−2h − 4)) ∼= E^{0,3}_2 ∼= H^0(U, Z_h) . (4.38)

Case h = 0. The proof for h = 0 is similar to the one presented above albeit somewhat more difficult. Firstly, we shall be dealing with a second-order partial differential operator and secondly, on a more technical level, the appropriate spectral sequence will degenerate differently.

Recall that Z_0 is the sheaf of solutions to the Klein–Gordon equation. That is, its sections describe scalar fields on space-time forming the trivial representation (1, 1) under the little group. We wish to prove that

P : H^3(Û, O_Û (−4)) → H^0(U, Z_0) (4.39)

is an isomorphism. Again, by virtue of Proposition 4.4, we only need to show that

H^3(U^′, π^{−1}_1 O_Û (−4)) ∼= H^0(U, Z_0) . (4.40)

From Proposition 4.2, we see that

π^q_{2∗}Ω^l_{π1} (−4) ∼=

[1] for (q, l) = (3, 0) , [2] for (q, l) = (2, 2) , 0 otherwise .

(4.41)

When (q, l) = (3, 0), the corresponding Leray spectral sequence (4.30) yields

H^p(U^′, Ω^0_{π1} (−4)) ∼=

H^{p−3}(U, π^3_{2∗}Ω^0_{π1} (−4)) ∼= H^{p−3}(U, [1]) for p ≥ 3 , 0 for p < 3 .

(4.42)

Moreover, with (4.41) the Leray spectral sequence (4.30) also gives

H^p(U, π^q_{2∗}Ω^l_{π1} (−4)) = 0 for p, q ≥ 0 and l = 1, 3 . (4.43)

When (q, l) = (2, 2), we derive

H^p(U^′, Ω^2_{π1} (−4)) ∼=

H^{p−2}(U, π^2_∗Ω^2_{π1} (−4)) ∼= H^{p−2}(U, [2]) for p ≥ 2 , 0 for p < 2 .

(4.44)

Next, the r = 1 part of the spectral sequence (4.33) for h = 0 is given by

H^0(U^′, Ω^0_{π1} (−4))^{dπ1}−→ H^0(U^′, Ω^1_{π1} (−4))^{dπ1}−→ H^0(U^′, Ω^2_{π1} (−4))^{dπ1}−→ H^0(U^′, Ω^3_{π1} (−4))

H^1(U^′, Ω^0_{π1} (−4))^{dπ1}−→ H^1(U^′, Ω^1_{π1} (−4))^{dπ1}−→ H^1(U^′, Ω^2_{π1} (−4))^{dπ1}−→ H^1(U^′, Ω^3_{π1} (−4))

H^2(U^′, Ω^0_{π1} (−4))^{dπ1}−→ H^2(U^′, Ω^1_{π1} (−4))^{dπ1}−→ H^2(U^′, Ω^2_{π1} (−4))^{dπ1}−→ H^2(U^′, Ω^3_{π1} (−4))

H^3(U^′, Ω^0_{π1} (−4))^{dπ1}−→ H^3(U^′, Ω^1_{π1} (−4))^{dπ1}−→ H^3(U^′, Ω^2_{π1} (−4))^{dπ1}−→ H^3(U^′, Ω^3_{π1} (−4))

H^4(U^′, Ω^0_{π1} (−4))^{dπ1}−→ H^4(U^′, Ω^1_{π1} (−4))^{dπ1}−→ H^4(U^′, Ω^2_{π1} (−4))^{dπ1}−→ H^4(U^′, Ω^3_{π1} (−4)) . . . . . . . . (4.45) Our above calculations show that the second and fourth columns of this diagram are zero, while the first and third ones are non-zero in general. Hence, the differential operator d_1 on E^{p,q}_1 vanishes identically and therefore, we have the identification E^{p,q}_1 ∼= E^{p,q}_2 . Substituting (4.42)–(4.44) into this diagram, we eventually find 0 −→ 0 −→ 0 −→ 0 0 −→ 0 −→ 0 −→ 0 0 −→ 0 −→ H^0(U, [2]) −→ 0 H^0(U, [1]) −→ 0 −→ H^1(U, [2]) −→ 0 H^1(U, [1]) −→ 0 −→ H^2(U, [2]) −→ 0 H^2(U, [1]) −→ 0 −→ H^3(U, [2]) −→ 0 H^3(U, [1]) −→ 0 −→ H^4(U, [2]) −→ 0 . . . .

(4.46)

Furthermore, the differential operator d_2 on E^{0,3}_2 maps E^{0,3}_2 to E^{2,2}_2 and since E^{p,q}_1 ∼= E^{p,q}_2 and thus, E^{0,3}_2 ∼= H^0(U, [1]) and E^{2,2}_2 ∼= H^0(U, [2]), respectively, we have a map □ : H^0(U, [1]) → H^0(U, [2]) which is induced by d_2. One can see that this map is a composition of first-order differential operators and it is indeed the one we defined in (2.9).

Finally, we note that

E^{0,3}_3 ∼= ker { □ : H^0(U, [1]) → H^0(U, [2]) } , (4.47) together with E^{0,3}_3 ∼= · · · ∼= E^{0,3}_∞ . Altogether,

H^3(Û, O_Û (−4)) ∼= H^3(U^′, π^{−1}_1 O_Û (−4)) ∼= E^{0,3}_3 ∼= H^0(U, Z_0) , (4.48)

which completes the proof for h = 0.

4.3. Integral formulæ

Similarly to four dimensions [3], we can write down certain contour integral formulæ yielding solutions to the zero-rest-mass field equations in six dimensions. As already indicated, such formulæ appeared first in works by Hughston [27].

Integral formulæ on twistor space. Let us choose a sufficiently fine open Stein covering Û = {Û_a} of Û. We shall make use of the abbreviations Û_{ab} := Û_a ∩ Û_b, Û_{abc} := Û_a ∩ Û_b ∩ Û_c, etc. The simplest choice for Û is a lift of the standard cover of P^3 to Û requiring four patches Û_a, a = 1, . . . , 4. In this case, there is only one quadruple overlap of four patches, and a holomorphic function f̂_{−2h−4} = f̂_{−2h−4}(z, λ) on Û_{1234} ⊂ Û of homogeneity −2h − 4 represents an element of H^3(Û, O_Û (−2h − 4)). For simplicity, we shall assume a Čech cocycle f̂_{−2h−4} of this form in the following. Note that this is not the most general way of representing elements of H^3(Û , O_Û ). This, however, requires merely a technical extension of our discussion below using branched contour integrals, cf. Penrose & Rindler [16].

Let us now restrict to h ≥ 0 and construct zero-rest-mass fields ψ ∈ H^0(U, Z_h). That is, ψ forms the representation (2h + 1, 1) of the little group SL(2, C) × ~SL(2, C), cf. (2.9). We start from a Čech cocycle f̂_{−2h−4}, which we restrict to x̂ ∼= P^3 to obtain f̂_{−2h−4} = f̂_{−2h−4}(x · λ, λ) on the intersection Û_{1234} ∩ x̂. Using the holomorphic SL(4, C)-invariant measure on P^3 given by

Ω^{(3,0)} := 1 4! ε^{ABCD}λ_Adλ_B ∧ dλ_C ∧ dλ_D , (4.49)

we can write down the contour integral ψ_{A1···A2h} (x) = ∮ C Ω^{(3,0)} λ_{A1} · · · λ_{A2h}f̂_{−2h−4}(x · λ, λ) , (4.50)

where the contour C is topologically a three-torus contained in Û_{1234}. Clearly

∂^{AB} ψ_{BA1···A2h−1} = 0 for h > 0 and □ψ = 0 for h = 0 , (4.51)

as follows from straightforward differentiation under the integral.

Integral formulæ on thickened twistor space. More recently, similar integral formulæ were discussed by Berkovits & Cherkis [31] and Chern [32] also for the cohomology groups H^3(Û , O_Û (2h − 4)) with h > 0. However, these cohomology groups yield trivial space-time fields as we shall discuss in Remark 5.1 (see also [29]). Therefore, their integral formulæ make only sense if one thickens (via infinitesimal neighbourhoods) P^6 into its ambient space P^7_∘ ∼= O_P3 (1)⊗C^4.^{19} Thickenings of manifolds occur in various twistor geometric contexts. The most prominent examples appear in the twistor descriptions of Yang–Mills theory and Einstein gravity [8–13] in four space-time dimensions (see also Section 6.2).

To thicken our twistor space P^6, consider O_P7_∘ , the sheaf of holomorphic functions on P^7_∘, and I, the ideal subsheaf of O_P7_∘ consisting of those functions that vanish on P^6 → P^7_∘. The ℓ-th order thickening (or ℓ-th infinitesimal neighbourhood) of P^6 inside P^7_∘ is the scheme P^6_{[ℓ]} defined by P^6_{[ℓ]} := (P^6, O_P7_∘ /I^{ℓ+1}) . (4.52) Notice that we recover the twistor space as the zeroth order thickening, i.e. P^6_{[0]} = P^6. Moreover, a cover of P^6 will also form a cover of P^6_{[ℓ]}. The spaces P^6_{[ℓ]} can be thought of as the jets of the embedding of P^6 into the larger manifold P^7_∘. In local coordinates (z^A, λ_A) on P^7_∘, we have (z^Aλ_A)^{i+1} = 0 for i ≥ ℓ but (z^Aλ_A)^i ≠ 0 for 0 < i ≤ ℓ on P^6_{[ℓ]}. This implies that on the first order thickening P^6_{[1]}, the four vector fields^∂_{∂zA} are linearly independent and act freely on functions on P^6_{[1]}. Differential operators of order ℓ constructed out of these four vector fields act freely on functions on P^6_{[ℓ]}. As we shall see momentarily, this fact is the essential ingredient for writing down a contour integral leading to zero-rest-mass fields.

Proceeding analogously to four dimensions, we shall now construct a second contour integral by replacing λ_A in (4.50) by the derivatives^∂_{∂zA} and adjusting the homogeneity of f̂_{2h−4} for h > 0 accordingly. The resulting 2h derivatives in the contour integral should act freely, and therefore we have to consider a thickening of Û ⊂ P^6 to 2h-th order, that is, Û_{[2h]} ⊂ P^6_{[2h]}. Let f̂^{[2h]}_{2h−4} = f̂^{[2h]}_{2h−4}(z, λ) be a representative of the cohomology group H^3(Û_{[2h]}, O_{Û[2h]} (2h − 4)) for h > 0. It is expanded as

f̂^{[2h]}_{2h−4}(z, λ) = ĝ(λ) + ∑ l≥1 1 l! z^{A1} · · · z^{Al}ĝ_{A1···Al} (λ) , (4.53) where the coefficients ĝ_{A1···Al} for l ≤ 2h are uniquely defined for 0 < l ≤ 2h. We may rewrite the above expansion as f̂^{[2h]}_{2h−4}(z, λ) = 1 (2h)! z^{A1} · · · z^{A2h}f̂_{A1···A2h} (z, λ) + · · · , (4.54) 19Recall that P^6 is a hypersurface in P^7_∘ as follows from (3.9a).

where the ellipsis denotes terms that contain at most 2h−1 factors of z^A. As the coefficients f̂_{A1···A2h} are uniquely fixed, they can be extracted from f̂^{[2h]}_{2h−4}. Upon restriction to x̂ ∼= P3, we may write f̂_{A1···A2h} (x · λ, λ) = ∂ ∂z^{A1} · · · ∂ ∂z^{A2h} f̂^{[2h]}_{2h−4}(z, λ) | | |_{z=x·λ} . (4.55) The latter relation can then be used to construct the contour integral formula ψ_{A1···A2h} (x) = ∮ C Ω^{(3,0)} f̂_{A1···A2h} (x · λ, λ) = ∮ C Ω^{(3,0)} ∂ ∂z^{A1} · · · ∂ ∂z^{A2s} f̂^{[2h]}_{2h−4}(z, λ) | | z=x·λ , (4.56)

where the contour is again a three-torus. By differentiation under the integral, one may check that this is indeed a zero-rest-mass field, i.e. ∂^{AB} ψ_{BA1···A2h−1} = 0 , (4.57) since^∂_{∂xAB} = λ_{[A}^∂_{∂zB]} under the integral.

More generally, we can write down the following contour integral, which interpolates between the above two formulæ (4.50) and (4.56): ψ_{A1···A2h} (x) = ∮ C Ω^{(3,0)} λ_{(A1} · · · λ_{Aj+h} ∂ ∂z^{Aj+h+1} · · · ∂ ∂z^{A2h )} f̂^{[h−j]} −2j−4(z, λ) | | |_{z=x·λ} . (4.58)

Here, j = −h, . . . , h and the indices A_1, . . . , A_{2h} are symmetrised in the integrand. Again, it is straightforward to check that these fields satisfy the field equation ∂^{AB} ψ_{BA1···A2h−1} = 0.

5. Penrose–Ward transform in six dimensions

In the previous section, we have seen how the Penrose transform relates H^3(Û, O_Û (−2h−4)) for h ≥ 0 to spinor fields on space-time subject to certain field equations. Recalling now the four-dimensional case, one would expect a Penrose transform for all h ∈^1_2 Z. However, the situation in six dimensions is rather different since the cohomology group H^3(Û , O_Û (−2h − 4)) yields trivial space-time fields for h < 0. In fact, what replaces H^3(Û , O_Û (−2h − 4)) in this case is the cohomology group H^2(Û, O_Û (2h − 2)) with h > 0. Notice that apart from these two cohomology groups all other (higher) cohomology groups (for O_Û (k) with k ∈ Z) appear to give trivial fields on space-time; see Remark 5.1 below for more details.^{20}

In this section, we wish to establish the following theorem:

20See also [29] for an abstract discussion with different arguments.

Theorem 5.1. Let U ⊂ M^6 be open and convex and set U^′ := π^{−1}_2 (U) ⊂ F^9 and Û := π_1(π^{−1}_2 (U)) ⊂ P^6, respectively. For h ∈^1_2 N_0, there is a canonical isomorphism

P : H^2(Û, O_Û (2h − 2)) → H^0(U, Z_h) , (5.1)

where Z_h is the sheaf of chiral zero-rest-mass fields defined in (2.9). This transformation is called Penrose–Ward transform.

We shall prove this theorem for h > 0 in a very elementary way via so-called Riemann– Hilbert problems and gauge potentials. This derivation forms a direct generalisation of the potential formulation that was given in the four-dimensional setting by the authors of [47, 5, 34]. The case h = 0 is somewhat exceptional and we shall treat it differently by using spectral sequence arguments similar to our previous discussion of the Penrose transform.

5.1. Proof

Case h > 0. We begin our considerations with elements of the cohomology group^{21} H^2(Û , O_Û (0)) ≡ H^2(Û , O_Û ), that is, h = 1. This case is particularly interesting since this cohomology group encodes holomorphic one-gerbes^{22} on Û: consider the exponential sheaf sequence on Û, 0 −→ Z −→ O_Û^{exp}−→ O^∗_Û −→ 0 . (5.2) Here, O^∗_Û is the sheaf of non-vanishing holomorphic functions on Û and exp : O_Û → O^∗_Û is the exponential map exp(f) := e^{2π√−1f} . The induced long exact sequence of cohomology groups on Û then yields

H^1(Û, O^∗_Û )^{c1}−→ H^2(Û, Z) −→ H^2(Û, O_Û ) −→ H^2(Û, O^∗_Û )^{DD}−→ H^3(Û , Z) . (5.3)

Notice that the cohomology group H^1(Û, O^∗_Û ) is the moduli space of holomorphic line bundles (zero-gerbes) over Û while H^2(Û, O^∗_Û ) is the moduli space of holomorphic onegerbes over Û. In addition, c_1 is the first Chern class map which gives the characteristic class of line bundles while DD the Dixmier–Douady class map which, correspondingly, gives the characteristic class of one-gerbes. One can check^{23} that H^3(Û, Z) = 0. Moreover, c_1 : H^1(Û , O^∗_Û ) → H^2(Û, Z) is surjective. Therefore, the above cohomology sequence reduces to H^2(Û, O_Û ) ∼= H^2(Û, O^∗_Û ) . (5.4)

21We shall again consider convex open subsets U ⊂ M^6 of space-time together with the corresponding subsets U^′ = π^{−1}_2 (U) ⊂ F^9 of the correspondence space and Û = π1(π^{−1}_2 (U)) ⊂ P^6 of twistor space.

22Some basic facts on n-gerbes are collected in Appendix B. 23There are no odd-dimensional cells in the cell decomposition of Û .

Thus, holomorphic one-gerbes over Û, which we denote by Γ̂ in the following, are characterised by elements of H^2(Û, O_Û ). Our goal is now to establish a Penrose–Ward transform to find the corresponding space-time interpretation of such gerbes. To slenderise the discussion, we shall consider the more general case of H^2(Û , O_Û (2h − 2)) with h > 0 and loosely speak of holomorphic one-gerbes also in this case. Note that the restriction of H^2(Û , O_Û (2h − 2)) to x̂ = π_1(π^{−1}_2 (x)) → Û for any x ∈ U vanishes by Lemma 4.1 (remember that x̂ ∼= P^3), i.e. a holomorphic one-gerbe Γ̂ described by H^2(Û , O_Û (2h − 2)) becomes holomorphically trivial upon restriction to any x̂.

To make our constructions explicit, let us choose an open Stein cover Û = {Û_a} of Û and a (smooth) partition of unity θ̂ = {θ̂_a} subordinate to Û. As before, we shall write Û_{ab} := Û_a ∩ Û_b, Û_{abc} := Û_a ∩ Û_b ∩ Û_c, etc. Consider a holomorphic one-gerbe Γ̂ which is described by a Čech cocycle f̂ = {f̂_{abc}} ∈ H^2(Û, O_Û (2h − 2)). The Dolbeault isomorphism allows us to identify the Čech cohomology group H^2(Û, O_Û (2h − 2)) with the Dolbeault cohomology group H^{(0,3)}_{¯∂} (Û , O_Û (2h − 2)) of ¯∂-closed (0, 2)-forms on Û with values in the holomorphic line bundle O_Û (2h − 2).^{24} Explicitly, this is done by using the partition of unity θ̂ = {θ̂_a}: we may introduce a smooth Čech one-cochain ŝ by setting

ŝ_{ab} := ∑ c f̂_{abc}θ̂_c on Û_{ab} . (5.5)

This cochain gives rise to a smooth splitting of f̂,

f̂_{abc} = ŝ_{ab} + ŝ_{bc} + ŝ_{ca} on Û_{abc} . (5.6)

From this splitting, we can now define (0, q)-forms with q = 1, 2 by

Â_{ab} := ¯∂ŝ_{ab} = ∑ c f̂_{abc} ¯∂θ̂_c on Û_{ab} , B̂_a := ∑ b,c f̂_{abc} ¯∂θ̂_b ∧ ¯∂θ̂_c on Û_a . (5.7)

These (0, q)-forms define a so-called holomorphic connective structure on Γ̂. Clearly, they are all ¯∂-closed on the respective intersections of the coordinate patches Û_a. Furthermore, the (0, 2)-forms B̂_a yield a globally defined ¯∂-closed (0, 2)-form B̂^{(0,2)} with B̂_a = B̂^{(0,2)}|_{Ûa} since B̂_a = ∑ b,c ŝ_{bc} ¯∂θ̂_b ∧ ¯∂θ̂_c. This is the desired Dolbeault representative. We therefore have Ĥ^{(0,3)} := ¯∂B̂^{(0,2)} = 0, which is the one-gerbe analogue of the equations of motion of (Abelian) holomorphic Chern–Simons theory for holomorphic vector bundles. Here, Ĥ^{(0,3)} is understood as the (0, 3)-part of the three-form curvature.

24Strictly speaking, they take values in some Abelian Lie algebra g.

Because Γ̂ is holomorphically trivial on any x̂ → Û, we have a holomorphic splitting of f̂ on x̂, f̂_{abc} = ĥ_{ab} + ĥ_{bc} + ĥ_{ca} on Û_{abc} ∩ x̂ . (5.8)

Here, the Čech one-cochain ĥ = {ĥ_{ab}} is holomorphic, i.e. ĥ = ĥ(x, λ) depends holomorphically on (x, λ). Finding such a splitting is known as Riemann–Hilbert problem. Notice that such splittings are not unique, as we can always shift ĥ_{ab} → φ̂_a − φ̂_b for holomorphic φ̂ = {φ̂_a}. Consider now the cover U^′ := {U^′_a} of U^′ ⊂ F^9 which is induced by Û, i.e. U^′_a = π^{−1}_1 (Û_a), and a (smooth) partition of unity θ^′ = {θ^′_a} subordinate to U^′. The pull-back f^′ = π^∗_1f̂ defines the pull-back one-gerbe Γ^′ = π^∗_1Γ̂ on U^′. This one-gerbe is holomorphically trivial on U^′ (since Γ̂ was so on any x̂), and we therefore have a holomorphic splitting

f^′_{abc} = π^∗_1f̂_{abc} = h^′_{ab} + h^′_{bc} + h^′_{ca} on U^′_{abc} (5.9)

with h^′_{ab} = h^′_{ab}(x, λ) holomorphic on U^′_{ab} ⊂ U^′. Notice that h^′ = ĥ. Moreover, we have another, smooth splitting s^′_{ab} := ∑ c f^′_{abc}θ^′_c obtained from the partition of unity. Evidently h^′_{ab} ≠ s^′_{ab}, but both splittings are related by a gauge transformation s^′_{ab} = h^′_{ab} − φ^′_a + φ^′_b with φ^′_a := ∑ b h^′_{ab}θ^′_b . (5.10)

We shall come back to this point below. In Appendix C we present an explicit derivation of the holomorphic splitting.

By the definition of a pull-back, f^′ = π^∗_1f is constant along the fibres of the fibration π_1. That is, d_{π1} f^′ = 0 ⇔ V^Af^′_{abc} = 0, where d_{π1} is the relative exterior derivative introduced in (4.4). We now have the following natural differential forms on correspondence space:

A^′_{ab} := d_{π1} h^′_{ab} on U^′_{ab} and B^′_a := ∑ b d_{π1} h^′_{ab} ∧ ¯∂θ^′_b on U^′_a . (5.11)

Notice that the differential forms π^∗_1Â_{ab} and π^∗_1B̂_a obtained from (5.7) are gauge equivalent to (5.11) via the gauge transformation that is mediated by the gauge parameter (5.10). Furthermore as one may check, A^′_{ab} is Čech-closed, thus representing an element of H^1(U^′, Ω^1_{π1} (2h − 2)). However, by Proposition 4.2, this cohomology group vanishes and therefore, A^′_{ab} can be split holomorphically as A^′_{ab} = A^′_a − A^′_b. As above, such a splitting is not unique, and this fact will turn out to correspond to space-time gauge transformations. The splitting of A^′ leads naturally to relative two-forms B̃^′_a := d_{π1} A^′_a which are gauge equivalent to B^′_a in (5.11) by construction. They now define a relative two-form B̃^′ via B̃′_a = B̃′|_{U ′a} , which is defined globally (i.e. on U ′) and which is relatively closed, i.e. the relative three-form curvature H^′ := d_{π1} B^′ = 0 vanishes. Altogether, we have obtained a flat relative connective structure on the pull-back one-gerbe Γ^′.

Using the Leray sequence and (4.16c) of Proposition 4.2, we find the identification

H^0(U^′, Ω^2_{π1} (2h − 2)) ∼= H^0(U, (⊙^{2h−1}S ⊗_{OU} S^∨)_0[1]) . (5.12)

We may express this explicitly as B̃^′ = e_A ∧ e_B λ_C ε^{ABCD}B_D^A1^{···A}2h−1 λ_{A1} · · · λ_{A2h−1} , (5.13) where B_A^{A1···A2h−1} = B_A^{(A1···A2h−1)} depends only on space-time and is totally trace-less. In the above field expansion, we used relative one-forms e_A of homogeneity −1, which combine with the tangent vectors V^A to give the relative exterior derivative d_{π1} = e_AV^A. The e_A are not unique since λ_AV^A = 0 implies that we can shift the e_A by terms proportional to λ_A. Notice that the above expansion of B̃^′ reflects this property. It is then a straightforward exercise to verify that d_{π1}B̃^′ = 0 if and only if

∂^{A(A1} B_A^{A2···A2h)} = 0 . (5.14)

The choice one has in the splittings of the Čech cocycles involved in the above construction result in B̃^′s that differ by d_{π1} -exact relative three-forms, i.e. B̃^′ → B̃^′ + d_{π1}Λ̃^′, where Λ̃^′ ∈ H^0(U^′, Ω^1_{π1} ). Since

H^0(U^′, Ω^1_{π1} (2h − 2)) ∼= H^0 ( U, ( ⊙^{2h−1}S^∨ ⊗_{OU} S^∨ ⊙^{2h}S^∨ )_∨ [1] ) (5.15)

by virtue of Proposition 4.2, we have

Λ̃^′ = e_Aλ_B ε^{ABCD} Λ_{CD}^A1^{···A}2h−2 λ_{A1} · · · λ_{A2h−2} , (5.16)

where Λ_{AB}^{A1···A2h−2} = Λ_{[AB]}^{(A1···A2h−2)} depends only on space-time and is totally trace-less. Therefore, B̃^′ → B̃^′ + d_{π1}Λ̃^′ corresponds on space-time to B_B^{AA1···A2h−2} → B_B^{AA1···A2h−2} + [ ∂_{CB} Λ^{C(AA1···A2h−2)} − ∂^{C(A}Λ_{CB}^{A1···A2h−2)} ] 0 , (5.17)

where the subscript zero refers to the totally trace-less part. Note that the trace-part of [ ∂_{CB} Λ^{C(AA1···A2h−2)} − ∂^{C(A}Λ_{CB}^{A1···A2h−2)} ] does not enter in (5.14) because the partial derivative is anti-symmetric in its indices. These are precisely the space-time gauge transformations displayed in (2.14).

From the potentials B_A^{A1···A2h−1} , one can derive fields H_{A1···A2h} ∈ H^0(U, (⊙^{2h}S^∨)[1]) by setting H_{A1···A2h} := ∂_{(A1B1} · · · ∂_{A2h−1 B2h−1} B_{A2h)}^{B1···B2h−1} . (5.18)

Because of (5.14), H_{A1···A2h} is a chiral zero-rest-mass field

∂^{AA1} H_{A1···A2h} = 0 . (5.19)

As an example, consider the case h = 1. Here, B_A^B represents a two-form potential of a self-dual three-form field since from (5.14) we have H^{AB} = ∂^{C(A}B_C^{B)} = 0 and H_{AB} obeys the Dirac equation. In this case, the gauge transformation (5.17) reduces to the familiar one for two-form potentials, that is, B_B^A → B_B^A + ∂^{AC} Λ_{CB} − ∂_{BC} Λ^{CA}.

Remark 5.1. Notice that the above discussion can be used to verify that H^2(Û, O_Û (−2h − 2)) with h < 0 yields trivial fields on space-time since by virtue of Proposition 4.2, the appropriate direct images vanish. Likewise, the above discussion can be straightforwardly adapted to the case H^3(Û, O_Û (−2h−4)) with h < 0. In this case, a short derivation reveals that H^3(Û , O_Û (−2h − 4)) does not give anything non-trivial on space-time either. Finally, one can show that the same is true for H^1(Û , O_Û (k)), k ∈ Z.

Case h = 0. The case h = 0 is somewhat exceptional since in this case H^1(U^′, Ω^1_{π1} (−2)) does not vanish as follows from Proposition 4.2. Thus, A^′_{ab} in (5.11) cannot be split a priori. Let us therefore treat this case differently by following the same procedure we used when proving that H^3(Û, O_Û (−4)) yields Klein–Gordon fields on space-time. We can be rather brief, however, as the discussion is very similar.

In particular, we find from Proposition 4.2

π^q_{2∗}Ω^l_{π1} (−2) ∼=

[1] for (q, l) = (1, 1) , [2] for (q, l) = (0, 3) , 0 otherwise .

(5.20)

When (q, l) = (1, 1), the corresponding Leray spectral sequence (4.30) yields

H^p(U^′, Ω^1_{π1} (−2)) ∼=

H^{p−1}(U, π^3_{2∗}Ω^1_{π1} (−2)) ∼= H^{p−1}(U, [1]) for p ≥ 1 , 0 for p < 1 .

(5.21)

Moreover, with (5.20) the Leray spectral sequence (4.30) also gives

H^p(U, π^q_{2∗}Ω^l_{π1} (−2)) = 0 for p, q ≥ 0 and l = 0, 2 . (5.22)

When (q, l) = (0, 3), we obtain

H^p(U^′, Ω^3_{π1} (−2)) ∼= H^p(U, π^0_{2∗}Ω^3_{π1} (−2)) ∼= H^p(U, [2]) for p ≥ 0 . (5.23)

Using these ingredients, the r = 1 part of the spectral sequence E^{p,q}_r given in (4.33) reads as 0 −→ 0 −→ 0 −→ H^0(U, [2]) 0 −→ H^0(U, [1]) −→ 0 −→ H^1(U, [2]) 0 −→ H^1(U, [1]) −→ 0 −→ H^2(U, [2]) 0 −→ H^2(U, [1]) −→ 0 −→ H^3(U, [2]) 0 −→ H^3(U, [1]) −→ 0 −→ H^4(U, [2]) . . . .

(5.24)

Since the first and third columns of this diagram are zero, while the second and fourth ones are non-zero in general, the differential operator d_1 on E^{p,q}_1 vanishes identically and therefore, we have the identification E^{p,q}_1 ∼= E^{p,q}_2 . The differential operator d_2 on E^{1,1}_2 maps E^{1,1}_2 to E^{3,0}_2 and since E^{p,q}_1 ∼= E^{p,q}_2 and thus, E^{1,1}_2 ∼= H^0(U, [1]) and E^{3,0}_2 ∼= H^0(U, [2]), respectively, we have a map □ : H^0(U, [1]) → H^0(U, [2]) which is induced by d_2. One can check that this map is indeed the Klein–Gordon operator defined in (2.9). We then have

E^{1,1}_3 ∼= ker { □ : H^0(U, [1]) → H^0(U, [2]) } , (5.25)

together with E^{1,1}_3 ∼= · · · ∼= E^{1,1}_∞ such that

H^2(Û, O_Û (−2)) ∼= H^2(U^′, π^{−1}_1 O_Û (−2)) ∼= E^{1,1}_3 ∼= H^0(U, Z_0) . (5.26)

5.2. Twistor space action

We have seen so far that elements of both H^2(Û, O_Û (2h − 2) and H^3(Û, O_Û (−2h − 4)) correspond to chiral zero-rest-mass fields of spin h ≥ 0. This is rather different when compared to four dimensions, where only a first cohomology group appears. Curiously, this difference allows us to write down a twistor space action principle for chiral fields (even without supersymmetry).

To demonstrate this, we first note that the holomorphic measure on P^6 is a (6,0)-form of homogeneity +6 given by

Ω^{(6,0)} := ∮ C Ω^{(4,0)}(z) ∧ Ω^{(3,0)}(λ) z^Aλ_A , (5.27)

where C is any contour encircling P^6 → P^7_∘. We have again used holomorphic volume forms Ω^{(4,0)}(z) :=^1_{4!} ε_{ABCD}dz^A ∧ dz^B ∧ dz^C ∧ dz^D and Ω^{(3,0)}(λ) :=^1_{4!} ε^{ABCD}λ_Adλ_B ∧ dλ_C ∧ dλ_D. Next we switch to the Dolbeault picture and represent elements of the cohomology groups H^2(Û , O_Û (2h − 2) and H^3(Û, O_Û (−2h − 4)) in terms of their Dolbeault representatives.

We shall denote them by B̂^{(0,2)}_{2h−2} and Ĉ^{(0,3)}_{−2h−4}, respectively, where the subscript indicates the respective homogeneity. Now we extend these fields to off-shell fields by assuming that they are not holomorphic and introduce the following twistor space action functional: S = ∫ Ω^{(6,0)} ∧ B̂^{(0,2)}_{2h−2} ∧ ¯∂Ĉ^{(0,3)}_{−2h−4} . (5.28)

Note that this action is well-defined as the respective weights cancel out. Clearly, the equations of motion resulting from the action (5.28) are ¯∂B̂^{(0,2)}_{2h−2} = 0 = ¯∂Ĉ^{(0,3)}_{−2h−4}. On-shell, B̂^{(0,2)}_{2h−2} and Ĉ^{(0,3)}_{−2h−4} therefore correspond indeed to representatives of the Čech cohomology groups H^2(Û, O_Û (2h − 2)) and H^3(Û, O_Û (−2h − 4)).

The case of h = 1 is of particular interest since in that case we obtain self-dual threeform fields on space-time. In that sense, (5.28) can be understood as a twistor space action for self-dual three-form fields. It would be interesting to see if, after imposing appropriate reality conditions (and partially fixing gauge), the action (5.28) is related to one of the chiral space-time actions of Pasti, Sorokin & Tonin [35]. We shall return to this issue in the near future.

6. Reduction to lower dimensions

In this section, we shall present various dimensional reductions of the twistor space P^6 to lower dimensions, specifically to twistor spaces of three- and four-dimensional space-times. Concretely, we shall focus on the reductions to the ambitwistor space P^5 [8, 9], to a new twistor space P^3 and to Hitchin’s minitwistor space P^2 [14]. We shall also discuss the corresponding Penrose and Penrose–Ward transforms. In particular, as is well-known, the ambitwistor space underlies a Penrose–Ward transform for the Maxwell equation in four dimensions, while the minitwistor space gives rise to a Penrose–Ward transform for the Abelian Bogomolny monopole equation in three dimensions.^{25} As we shall show below, the new twistor space P^3 underlies a Penrose–Ward transform for the Abelian self-dual string equation in four dimensions. We shall refer to P^3 as the hyperplane twistor space—the reason for this name becomes transparent shortly.

Note that a dimensional reduction on space-time induces a dimensional reduction of the subspaces of space-time that are parametrised by twistor space. In particular, the three-dimensional null-planes in M^6 parametrised by P^6 split under dimensional reduction from M^6 to M^4 into three classes of null spaces, as we shall argue. As there are no three-dimensional null vector spaces in M^4, we are left with the so-called α- and β-planes

25Both ambitwistor space and minitwistor space can be used also in the non-Abelian setting, but in this paper, we are only interested in the Abelian setting.

in M^4 and the null-lines given by intersections of both types of null-planes. These nullspaces should be in one-to-one correspondence with points on the reduced twistor spaces. Therefore, the dimensional reduction on space-time naturally induces further reductions on twistor space, which depend on the kind of null-set we choose to work with.

Starting from the double fibration (3.2), we shall dimensionally reduce space-time M^6, which induces reductions of the incidence relation and, correspondingly, of the associated twistor space P^6 and the correspondence space F^9. We thus arrive at the following chain of double fibrations:

P^6 M^6

F^9 π_1 π_2

P^5 M^4

F^6 π_3 π_4

P^3 M^4

F^6 π_5 π_6

P^2 M^3

F^4 π_7 π_8

∼= ∼= (6.1)

where M^n := C^n. To jump ahead of our story a bit, we shall find:

P^6 ∼= Ω^1_P3 ⊗ O_P3 (2) ^= twistor space of six-dimensional space-time M^6 , P^5 ∼= Jet^1O_P1_{×P}1 (1, 1) ^= ambitwistor space of four-dimensional space-time M^4 , P^3 ∼= O_P1_{×P}1 (1, 1) ^= hyperplane twistor space of four-dimensional space-time M^4 , P^2 ∼= O_P1 (2) ^= minitwistor space of three-dimensional space-time M^3 .

The above terminology shall be clarified when constructing the respective twistor spaces.

6.1. Field equations in lower dimensions

Before presenting these reductions, we explain how the self-dual string equation, the Maxwell equation and the Bogomolny equation arise via dimensional reductions of the equations of motion of the six-dimensional self-dual three-form field strength H = dB. As we have already discussed in Section 2, a general three-form H = dB in six dimensions is given by a pair of symmetric bi-spinors H_{AB} = ∂_{C(A}B_{B)}^C and H^{AB} = ∂^{C(A}B_C^{B)} via a (traceless) two-form potential B_B^A. Imposing self-duality onto H is equivalent to saying that H^{AB} = 0.

Field equations in four dimensions. To dimensionally reduce M^6 to M^4, we split the 6 ∼= 4 ∧ 4 representation of so(6, C) ∼= sl(4, C) into the bi-fundamental representation (2, 2) of sl(2, C) ⊕ sl(2, C) ∼= so(4, C) plus twice the trivial representation to obtain x^{AB} → (x^{αβ̇} , ε^{αβ} x^+, ε^{α̇β̇}x^−) , (6.2) where α, β, . . . , α̇, β̇, . . . = 1, 2. The symplectic forms ε^{αβ} and ε^{α̇β̇} of sl(2, C) ⊕ sl(2, C) can be used to raise and lower sl(2, C) spinor indices. Four-dimensional space-time M^4 is then given by the quotient M^4 := M^6/D_M 6 with the distribution D_M 6 := ⟨∂_±⟩.

A two-form potential in six dimensions B_B^A reduces then to B_B^A → (A^+_{αα̇}, A^−_{αα̇}, B_{αβ} = B_{(αβ)}, B_{α̇β̇} = B_{(α̇β̇)}, ϕ) (6.3) and represents in four dimensions two one-form potentials A^±_{αα̇}, a two-form potential (B_{αβ} , B_{α̇β̇}) and a scalar field ϕ. Notice that we used the symplectic forms ε_{αβ} and ε_{α̇β̇} to rise and lower spinor indices. Correspondingly, gauge transformations of B_B^A, B_B^A → B_B^A + ∂^{AC} Λ_{CB} − ∂_{BC} Λ^{CA} , (6.4) where Λ_{AB} = −Λ_{BA}, reduce in four dimensions to Λ_{AB} → (Λ_{αα̇}, Λ^+, Λ^−) with A^±_{αα̇} → A^±_{αα̇} + ∂_{αα̇}Λ^± , B_{αβ} → B_{αβ} + ε^{α̇β̇}∂_{(αα̇}Λ_{β)β̇} , B_{α̇β̇} → B_{α̇β̇} + ε^{αβ}∂_{α(α̇}Λ_{ββ̇)} , ϕ → ϕ . (6.5)

Furthermore, the (first-order) self-duality equation H^{AB} = ∂^{C(A}B_C^{B)} = 0 reduces to H_{αα̇} := ε^{β̇γ̇} ∂_{αβ̇} B_{α̇γ̇} − ε^{βγ} ∂_{βα̇}B_{αγ} = ∂_{αα̇}ϕ (6.6a) and f_{α̇β̇}(A^+) = 0 and f_{αβ}(A^−) = 0 , (6.6b) where f_{αβ} and f_{α̇β̇} are the self-dual and anti-self-dual parts of the curvature of a potential A_{αα̇}, i.e.

f_{αβ}(A) := ε^{α̇β̇}∂_{(αα̇}A_{β)β̇} and f_{α̇β̇}(A) := ε^{αβ} ∂_{α(α̇}A_{ββ̇)} . (6.6c) Note that under this decomposition, H_{AB} → (f_{αβ} (A^+), f_{α̇β̇}(A^−), ∂_{αα̇}ϕ). Equation (6.6a) is the self-dual string equation H = ⋆_4dϕ in spinor notation, while (6.6b) says that the curvature of A^+ (respectively, A^−) is self-dual (respectively, anti-self-dual). Recall that in four dimensions, the Maxwell equation and the Bianchi identity for a gauge potential A_{αα̇} read in spinor notation as

ε^{β̇γ̇} ∂_{αβ̇} f_{α̇γ̇} + ε^{βγ} ∂_{βα̇}f_{αγ} = 0 , (6.7a) and ε^{β̇γ̇} ∂_{αβ̇} f_{α̇γ̇} − ε^{βγ} ∂_{βα̇}f_{αγ} = 0 , (6.7b) so that the equations for f_{αβ} and f_{α̇β̇} decouple, i.e. ε^{β̇γ̇} ∂_{αβ̇} f_{α̇γ̇} = 0 = ε^{βγ} ∂_{βα̇}f_{αγ} . Therefore, A^±_{αα̇} constitute the degrees of freedom of a general Maxwell field A_{αα̇}, and we may write A_{αα̇} = A^+_{αα̇} + A^−_{αα̇}.

Field equations in three dimensions. To further reduce to three dimensions, we split the (2, 2) of sl(2, C) ⊕ sl(2, C) into the 3 ⊕ 1 of sl(2, C): x^{αα̇} → (x^{αβ} = x^{(αβ)}, x^{[12]}). We then have M^3 := M^4/D_M 4 with D_M 4 := ⟨_∂ ∂x^{[12]} ⟩ . Here, the field strength of a gauge potential reduces directly according to ∂_{αβ}A_{γδ} − ∂_{γδ}A_{αβ} = ε_{αγ} f_{βδ} + ε_{βδ} f_{αγ} , (6.8) and the BPS subsector of the reduced Maxwell equation is described by the Abelian Bogomolny equation^{26} F = ⋆_3dϕ, which reads in spinor notation as

f_{αβ} = ∂_{αβ} ϕ . (6.9)

Note that this equation can be obtained from the self-dual string equation by defining F =^∂_{∂x[14]} ⌟H. In spinor notation, this amounts to defining f_{αβ} := H_{(αβ)} and (6.6a) reduces to (6.9).

6.2. Ambitwistors and Maxwell fields

Ambitwistor space. The first reduction in the sequence (6.1) is that of (3.2) to the double fibration (π_3, π_4) containing the ambitwistor space P^5. Recall from (3.6) that three-dimensional totally null-planes in M^6, which are in one-to-one correspondence with points in P^6, are given by

x^{AB} = x^{AB}_0 + ε^{ABCD}μ_C λ_D , (6.10)

where μ_A is defined modulo terms proportional to λ_A. In view of the splitting sl(4, C) into sl(2, C) ⊕ sl(2, C) used in reducing M^6 to M^4, we now split the spinors λ_A and κ_A according to λ_A → (μ_α, λ_{α̇}) and μ_A → (κ_α, ν_{α̇}) . (6.11)

26or Dirac monopole equation

Correspondingly, upon using (6.2), the equation (6.10) decomposes as

x^{αβ̇} = x^{αβ̇}_0 + μ^αν^{α̇} − κ^αλ^{α̇} , x^+ = x^+_0 + ν_{α̇}λ^{α̇} , and x^− = x^−_0 + κ_αμ^α , (6.12)

where we have raised spinor indices with ε^{αβ} and ε^{α̇β̇}, respectively. Next we impose x^± = 0 = x^±_0 to dimensionally reduce to four dimensions. Hence, ν_{α̇}λ^{α̇} = 0 and κ_αμ^α = 0. There are essentially three cases emerging from these equations: firstly, μ_α = 0 but λ_{α̇} ≠ 0 and κ_α arbitrary and ν_{α̇} ∝ λ_{α̇} so that the first equation (6.12) reduces to

x^{αα̇} = x^{αα̇}_0 − κ^αλ^{α̇} . (6.13)

This equation parametrises anti-self-dual two-planes in four dimensions (so-called α-planes). Secondly, μ_α ≠ 0 but λ_{α̇} = 0 and κ_α ∝ μ_α and ν_{α̇} arbitrary so that

x^{αα̇} = x^{αα̇}_0 + μ^αν^{α̇} , (6.14)

which parametrises self-dual two-planes in four dimensions (so-called β-planes). Thirdly, we can have both μ_α ≠ 0 and λ_{α̇} ≠ 0 together with κ_α ∝ μ_α and ν_{α̇} ∝ λ_{α̇}. This gives

x^{αα̇} = x^{αα̇}_0 + ϱμ^αλ^{α̇} for ϱ ∈ C , (6.15)

which are the null-lines in four dimensions arising from intersecting α-planes and β-planes.

At this point, one has to make a choice which null-spaces one would like to work with. Choosing the α- or β-planes will lead to either Penrose’s twistor space or Penrose’s dual twistor space which are the twistor spaces parametrising such null-planes. In the following, we shall work with the null-lines obtained from intersections of α- and β-planes. This yields the ambitwistor space P^5 which is the twistor space parametrising such null-lines. As we shall show momentarily, the ambitwistor space P^5 as well as the correspondence space F^6 can be obtained by factoring out certain distributions. The quadric equation (3.4) defining P^6 in the open subset P^7_∘ of P^7 will reduce to the quadric equation defining P^5 in the open subset P^3_∘ × P^3_∘ of P^3 × P^3.

To proceed, we now decompose all the twistor coordinates (z^A, λ_A) on P^6 according to the splitting of sl(4, C) into sl(2, C) ⊕ sl(2, C) to obtain

(z^A, λ_A) → (z^α, −w^{α̇}, μ_α, λ_{α̇}) . (6.16)

Let us first consider the base space P^3 of the fibration P^6 → P^3. To reduce P^3 with homogeneous coordinates λ_A to P^1 × P^1 with homogeneous coordinates (μ_α, λ_{α̇}), we consider the corresponding reduction of the structure sheaf O_P3 of P^3. Local sections f of O_P3 fulfil the equation Υf = 0, where Υ := λ_A^∂_{∂λA} is the Euler vector field on P^3. This reflects the invariance under re-scalings λ_A → tλ_A, with t ∈ C^∗. Local sections f of O_P1_{×P}1 fulfil μ_α^∂_{∂μα} f = 0 and λ_{α̇}^∂_{∂λα̇} f = 0. Therefore, the quotient of P^3 by the distribution

D_P3 := ⟨ μ_α ∂ ∂μ_α − λ_{α̇} ∂ ∂λ_{α̇} ⟩ (6.17)

can be identified with P^1 × P^1.

Analogously, one reduces P^7 with homogeneous coordinates (z^A, λ_A) to P^3 × P^3. Since we are interested in non-compact versions, let us directly remove the P^3 defined by z^A ≠ 0 and λ_A = 0 from P^7 to obtain the ambient space P^7_∘ = P^7 \ P^3 ∼= O_P3 (1) ⊗ C^4 of the twistor space P^6 we encountered before. The quotient of P^7_∘ by the distribution

D_P7_∘ := ⟨ z^α ∂ ∂z^α + λ_{α̇} ∂ ∂λ_{α̇} − w^{α̇} ∂ ∂w^{α̇} − μ^α ∂ ∂μ^α ⟩ (6.18)

can be identified with P^3_∘ ×P̃^3_∘, where P^3_∘ and P̃^3_∘ are each bi-holomorphic to the total space of the bundle O_P1 (1) ⊗ C^2. The quadric condition z^Aλ_A = 0, which defines P^6 → P^7_∘, descends to the quadric equation

z^αμ_α − w^{α̇}λ_{α̇} = 0 , (6.19)

which defines the ambitwistor space P^5 → P^3_∘ × P̃^3_∘ as a quadric hypersurface of P^3_∘ × P̃^3_∘. Note that P^3_∘ is Penrose’s twistor-space of four-dimensional space time while P̃^3_∘ is the dual twistor space.

The correspondence space F^6 is obtained as the quotient of F^9 ∼= C^6 × P^3 by the distribution D_F 9 := ⟨ ∂ ∂x^± , μ_α ∂ ∂μ_α − λ_{α̇} ∂ ∂λ_{α̇} ⟩ , (6.20)

and we have F^6 := F^9/D_F 9 ∼= C^4 × P^1 × P^1. Altogether, we arrive at the following double fibration:

P^5 M^4

F^6 π_3 π_4 (6.21) where π_4 is the trivial projection and

π_3 : (x^{αα̇}, λ_{α̇}, μ_α) → (z^α, w^{α̇}, μ_α, λ_{α̇}) = (x^{αα̇}λ_{α̇}, x^{αα̇}μ_α, μ_α, λ_{α̇}) . (6.22)

Note that the twistor distribution in this case is of rank one and generated by the vector field μ_αλ_{α̇}∂^{αα̇}, i.e. P^5 ∼= F^6/⟨μ_αλ_{α̇}∂^{αα̇}⟩ with ∂^{αα̇} := ε^{αβ} ε^{α̇β̇ ∂}_{∂xββ̇} .

Geometrically, a point x in four-dimensional space-time M^4 corresponds to a holomorphic embedding of x̂ := π_3(π^{−1}_4 (x)) ∼= P^1 × P^1 → P^5. On the other hand, a point p in ambitwistor space P^5 corresponds to a null line π_4(π^{−1}_3 (x)) → M^4 given by

x^{αα̇} = x^{αα̇}_0 + ϱμ^αλ^{α̇} , with ϱ ∈ C , (6.23) in agreement with our initial choice of null-space.

Moreover, if we introduce the two projections pr_{1,2} : P^1 × P^1 → P^1 to the first and second copy of P^1, respectively, and in addition

O_P1_{×P}1 (k, l) := pr^∗_1O_P1 (k) ⊗ pr^∗_2O_P1 (l) , Ω^p_{P1×P1} (k, l) := Ω^p_{P1×P1} (pr^∗_1O_P1 (k) ⊗ pr^∗_2O_P1 (l))

(6.24)

for k, l ∈ Z, then the sequence (3.9a) naturally reduces to a corresponding sequence for the ambitwistor space 0 −→ P^5 −→ ( O_P1_{×P}1 (1, 0) ⊕ O_P1_{×P}1 (0, 1) ) ⊗ C^{2 κ}−→ O_P1_{×P}1 (1, 1) −→ 0 . (6.25)

Here, κ : (z^α, w^{α̇}, μ_α, λ_{α̇}) → z^αμ_α − w^{α̇}λ_{α̇}. Upon dualising and twisting by O_P1_{×P}1 (1, 1) the Euler sequence for P^1 × P^1, we find

0 −→ Ω^1_P1_{×P}1 (1, 1) −→ P^5 −→ O_P1_{×P}1 (1, 1) −→ 0 . (6.26)

This implies that P^5 can be identified with the bundle of first-order jets Jet^1O_P1_{×P}1 (1, 1) of O_P1_{×P}1 (1, 1) as a consequence of the jet-sequence

0 −→ Ω^1_X (S) −→ Jet^1S −→ S −→ 0 (6.27)

for an Abelian sheaf S on a complex manifold X (see e.g. [12]).

Remark 6.1. The above constructions show that we have a factorisation of the tangent bundle T_M 4 into the two bundles of undotted and dotted chiral spinors. We shall denote these bundles by S and S̃ and therefore, T_M 4 ∼= S ⊗_{OM4} S̃, which is the reduction of the corresponding factorisation (2.1) in six dimensions. Note that such a factorisation amounts to choosing a holomorphic conformal structure. Furthermore, we shall make use of the following notation (for k, l ∈ Z):

[k, l] := ⊗^k det S^∨ ⊗_{OM4} ⊗^l det S̃^∨ for k, l > 0 , ⊗^k det S^∨ ⊗_{OM4} ⊗^{|l|} det S̃ for k > 0 , l < 0 , ⊗^{|k|} det S ⊗_{OM4} ⊗^l det S̃^∨ for k < 0 , l > 0 , ⊗^{|k|} det S ⊗_{OM4} ⊗^{|l|} det S̃ for k, l < 0 , (6.28)

and we shall write S[k, l] := S ⊗_{OM4} [k, l] for an Abelian sheaf S on M^4. In addition, we introduce O_P 5 (k, l) := pr^∗O_P1_{×P}1 (k, l) for k, l ∈ Z , (6.29) where pr is the bundle projection pr : P^5 → P^1 × P^1 and O_P1_{×P}1 (k, l) was defined in (6.24).

Penrose–Ward transform. Let us consider an open set U ⊂ M^4 and define Û := π_3(π^{−1}_4 (U)) ⊂ P^5 with covering Û = {Û_a}. We start from holomorphic line bundles over Û which are holomorphically trivial on any x̂ ∼= P1 × P1 → Û. Such line bundles are characterised by Čech one-cocycles f̂ = {f̂_{ab}} ∈ H^1(Û, O_Û ). The pull-back of f̂ to the correspondence space can be split holomorphically, f^′_{ab} = π^∗_3f̂_{ab} = h^′_a − h^′_b. Since f^′_{ab} gets annihilated by the twistor distribution, we find A^′ := μ_αλ_{α̇}∂^{αα̇}h^′_a which is globally defined. Hence A^′ must be of the form A^′ := μ_αλ_{α̇}A^{αα̇}, where A_{αα̇} depends only on space-time. Since the twistor distribution is one-dimensional, we do not obtain any spacetime field equations for A_{αα̇}. Moreover, since the splitting f^′_{ab} = h^′_a − h^′_b is not unique, we can always consider h^′_a → h^′_a + φ^′, where φ^′ is defined globally on Û^′ := π^{−1}_4 (U) ⊂ F^6. Therefore, φ^′ can only depend on space-time (since the P^1s are compact) and thus, it corresponds to transformations of the form A_{αα̇} → A_{αα̇} + ∂_{αα̇}φ^′. In summary, this shows that H^1(Û , O_Û ) can be identified with the Maxwell potentials on U modulo gauge transformations. Notice that this construction also applies to the non-Abelian setting, that is, to Yang–Mills potentials.

In order to find a twistorial description of Maxwell/Yang–Mills fields which do satisfy the corresponding field equations, one has to do more work. Such descriptions (including their supersymmetric extensions) have been found a long time ago by Witten [8], Isenberg, Green & Yasskin [9, 10] and Manin [12]; see [44, 45] for a cohomological analysis, Mason & Skinner [48] for an action principle for Yang–Mills theory on ambitwistor space, and [49] for a recent review in conventions similar to ours. For the sake of completeness, we shall recall these constructions but keep the discussion very brief.

As is well-known, in order to construct self-dual (or anti-self-dual) solutions to the Maxwell/Yang–Mills equations, one employs Ward’s construction [5] starting from holomorphic vector bundles over Penrose’s twistor space P^3_∘ (or the dual twistor space P̃^3_∘) subject to certain triviality conditions. Because ambitwistor space incorporates both twistors and dual twistors, it can be used to give a twistor interpretation of the Maxwell/Yang– Mills equations. As we have seen above, however, the ambitwistor space itself is not quite sufficient to recover these equations. To resolve this problem, one needs to thicken the ambitwistor space into its ambient space P^3_∘ ×P̃^3_∘ to a certain order. This is fully analogous to the thickening of P^6 in P^7_∘ as encountered in Section 4.3. The ℓ-th order thickening (or the ℓ-th infinitesimal neighbourhood) is defined by P^5_{[ℓ]} := (P^5, O_P3_{∘×P̃}3_∘ /I^{ℓ+1}). Here, O_P3_{∘×P̃}3_∘ is the sheaf of holomorphic functions on P^3_∘ × P̃^3_∘ and I is the ideal subsheaf of O_P3_{∘×P̃}3_∘ consisting of those functions that vanish on P^5. Now we have the following theorem:

Theorem 6.1. ([8,9]) Let U be an open subset of M^4 such that any null line intersects U in a convex set. Then there is a one-to-one correspondence between gauge equivalence classes of complex holomorphic solutions to the Yang–Mills equations on U and equivalence classes of holomorphic vector bundles which are holomorphically trivial on any x̂ ∼= P^1 × P^1 → P^5 for all x ∈ U and which admit an extension to a 3-rd order thickening P^5_{[3]} of P^5 in P^3_∘×P̃^3_∘.

Note that if the holomorphic vector bundle can be extended to a finite neighbourhood within the ambient space P^3_∘ × P̃^3_∘, then the space-time gauge field constructed from this vector bundle is either self-dual, anti-self-dual or Abelian [9]. Thus, if one is only interested in the Maxwell equation (as we are in the present case) one may work with holomorphic line bundles on the ambient space P^3_∘ ×P̃^3_∘ which are holomorphically trivial on P^1 ×P^1 → P^3_∘ × P̃^3_∘. Since P^3_∘ is Penrose’s twistor space while P̃^3_∘ its dual, one finds a self-dual and an anti-self dual field strength. Both can be linearly superposed to obtain a solution to the Maxwell equation. This is possible as the equations for the two helicities decouple, as discussed in Section 6.1.

Penrose transform. Besides the Penrose–Ward transform and Maxwell fields, one may also consider other spinor fields on space-time which can be obtained from certain cohomology groups on ambitwistor space. In fact, we have the following theorems due to Pool [45] and Eastwood [50].

Theorem 6.2. (Pool [45]) Consider the double fibration (6.21). Let U ⊂ M^4 be open and convex and set U^′ := π^{−1}_4 (U) ⊂ F^6 and Û := π_3(π^{−1}_4 (U)) ⊂ P^3. For h_{1,2} ∈^1_2 N, there is a canonical isomorphism P : H^1(Û, O_Û (2h_1 − 2, 2h_2 − 2)) → → { H^0(U, (⊙^{2h1−1}S ⊗_{OU} ⊙^{2h2−1}S̃)[1, 1]) ∂^{αα̇}H^0(U, ⊙^{2h1−2}S ⊗_{OU} ⊙^{2h2−2}S̃) } . (6.30)

In particular, for h_1 = h_2 = 1 we recover the identification of H^1(Û, O_Û ) with Maxwell potentials on U ⊂ M^4 modulo gauge transformations.

Theorem 6.3. (Eastwood [50]) Let U ⊂ M^4 be open and convex and set U^′ := π^{−1}_4 (U) ⊂ F^6 and Û := π_3(π^{−1}_4 (U)) ⊂ P^3, where the maps π_{3,4} are those appearing in the double fibration (6.21). For h_{1,2} ∈^1_2 N_0, there is a canonical isomorphism P : H^2(Û , O_Û (−2h_1 − 2, −2h_2 − 2)) → → { ψ_{α1···α2h1 α̇1···α̇2h2} ∈ H^0(U, (⊙^{2h1} S ⊗_{OU} ⊙^{2h2}S̃)[1, 1]) such that ∂^{α1α̇1} ψ_{α1···α2h1 α̇1···α̇2h2} = 0 } . (6.31)

Eastwood’s result is particularly interesting for the case when h_1 = h_2 =^1_2 since then, we have an identification of H^2(Û, O_Û (−3, −3)) with all conserved currents on U ⊂ M^4. Notice that Eastwood also gives a twistorial interpretation of massive space-time fields in [50].

6.3. Hyperplane twistors and self-dual strings

In this section, we introduce a new twistor space P^3 which, to our knowledge, has not been considered before. For that reason, we shall present a more detailed discussion in the following. As we shall see below, this twistor space underlies a Penrose–Ward transform mapping a certain cohomology group on P^3 to solutions to the self-dual string equation on M^4 in a bijective manner.

Hyperplane twistor space. While ambitwistor space describes the intersection of αand β-planes, the hyperplane twistor space will describe the span of the union of both types of intersecting null-planes. Because these two kinds of planes intersect along a null-line, the span describes a three-dimensional hyperplane in M^4, hence the name hyperplane twistor space.

In the corresponding double fibration, space-time obviously remains the same. Recall that the two spheres in the correspondence space F^6 ∼= C^4 × P^1 × P^1 specify the choice of an α- and a β-plane. Because we need the same data in the definition of a hyperplane twistor, the correspondence space remains the same, too. The equivalence relation between points, however, is different: while two points in the correspondence space are equivalent if they correspond to the same null-line in the case of ambitwistors, in the case of hyperplane twistors, two points in the correspondence space are considered equivalent if they correspond to the same hyperplane. Therefore the twistor distribution for the hyperplane twistor space contains that of the ambitwistor space, but it is strictly larger, and the hyperplane twistor space is a subspace of the ambitwistor space.

Explicitly, the hyperplane twistor space P^3 can be obtained by quotenting P^5 by the distribution D_P 5 := ⟨ μ^α ∂ ∂z^α , λ^{α̇} ∂ ∂w^{α̇} ⟩ . (6.32)

It is rather straightforward to see that P^3 := P^5/D_P 5 is bi-holomorphic to the total space of the holomorphic line bundle O_P1_{×P}1 (1, 1) → P^1 × P^1. Altogether, we may write down the following double fibration:

P^3 M^4

F^6 π_5 π_6 (6.33)

where π_6 is the trivial projection and

π_5 : (x^{αα̇}, μ_α, λ_{α̇}) → (z, μ_α, λ_{α̇}) = (x^{αα̇}μ_αλ_{α̇}, μ_α, λ_{α̇}) . (6.34)

Note that the twistor distribution is of rank three and generated by the vector fields μ_α∂^{αα̇} and λ_{α̇}∂^{αα̇}, i.e. P^3 ∼= F^6/⟨μ_α∂^{αα̇}, λ_{α̇}∂^{αα̇}⟩, with ∂^{αα̇} := ε^{αβ} ε^{α̇β̇ ∂}_{∂xββ̇} as before.

The geometric twistor correspondence here is as follows. By virtue of the incidence relation z = x^{αα̇}μ_αλ_{α̇}, a point x ∈ M^4 corresponds to a holomorphic embedding of x̂ := π_5(π^{−1}_6 (x)) ∼= P^1 × P^1 → P^3, while a point p ∈ P^3 corresponds to a hyperplane π_6(π^{−1}_5 (p)) → M^4 in space-time. To see this, note that the incidence relation z = x^{αα̇}μ_αλ_{α̇} can be solved for fixed p = (z, μ, λ) ∈ P^3 by

x^{αα̇} = x^{αα̇}_0 + μ^αν^{α̇} − κ^αλ^{α̇} . (6.35)

Here, x^{αα̇}_0 is a particular solution and κ_α and ν_{α̇} are arbitrary, which parametrise translations of x^{αα̇}_0 along totally null two-planes (the α- and β-planes). The apparent four parameters in the spinors ν^{α̇} and κ^α are reduced to three, because the shifts

κ_α → κ_α + ϱμ_α and ν_{α̇} → ν_{α̇} + ϱλ_{α̇} for ϱ ∈ C (6.36)

leave the solution (6.35) invariant.^{27}

Remark 6.2. The above constructions show again that we have a factorisation of the tangent bundle T_M 4 into the two bundles of undotted and dotted chiral spinors. As before, we shall denote these bundles by S and S̃ and therefore, T_M 4 ∼= S ⊗_{OM4} S̃. Similarly to Remark 6.1, we introduce

O_P 3 (k, l) := pr^∗O_P1_{×P}1 (k, l) for k, l ∈ Z , (6.37)

where pr is the bundle projection pr : P^3 → P^1 × P^1 and O_P1_{×P}1 (k, l) was defined in (6.24).

27Upon imposing reality conditions corresponding to Euclidean signature, the hyperplane twistor space parametrises oriented lines in R^4.

Penrose–Ward transform. Let us fix a Stein cover Û = {Û_a} of P^3 together with a partition of unity θ̂ = {θ̂_a} subordinate to Û. As before, we shall use the abbreviations Û_{ab} = Û_a ∩ Û_b, etc. for intersections of patches. Instead of working with all of P 3, we again allow for the restriction to open neighbourhoods Û corresponding to open sets U ⊂ M^4 via Û = π_5(π^{−1}_6 (U)).

Consider a representative f̂ of the cohomology group H^2(Û , O_Û ). The exponential sheaf sequence yields again a long exact sequence of cohomology groups containing

H^1(Û, O^∗_Û )^{c1}−→ H^2(Û, Z) −→ H^2(Û, O_Û ) −→ H^2(Û , O^∗_Û )^{DD}−→ H^3(Û, Z) . (6.38)

Now the group H^3(Û, Z) vanishes, which implies that all one-gerbes on the hyperplane twistor space have vanishing Dixmier–Douady class and therefore become holomorphically trivial on any x̂. Moreover, the first map in this sequence is surjective and therefore elements of H^2(Û, O_Û ) specify holomorphic one-gerbes on the hyperplane twistor space.

Using the partition of unity, we have a smooth splitting of f̂,

f̂_{abc} = ŝ_{ab} + ŝ_{bc} + ŝ_{ca} (6.39)

on Û_{abc}, where ŝ_{ab} := ∑ c f̂_{abc}θ̂_c. As before, we perform the transition to the Dolbeault picture by introducing certain differential (0, 1)- and (0, 2)-forms on Û_{ab} and Û_a, respectively:

Â_{ab} := ¯∂ŝ_{ab} = ∑ c f̂_{abc} ¯∂θ̂_c and B̂_a := ∑ b,c f̂_{abc} ¯∂θ̂_b ∧ ¯∂θ̂_c . (6.40)

Altogether, we have obtained a holomorphic connective structure. Since H^2(Û, O_Û ) vanishes when restricted to any x̂ ∼= P^1 ×P^1 for any x ∈ U, we can find a holomorphic splitting of f̂ on Û_{abc} ∩ x̂. The next step in the Penrose–Ward transform is to pull-back f̂ to the correspondence space F^6, which yields f^′ = π^∗_5f̂. Analogously to the six-dimensional setting, we shall make use of the relative p-forms along π_5 : F^6 → P^3. We denote them by Ω^p_{π5} and they are given by a short exact sequence

0 −→ π^∗_5Ω^1_P 3 ∧ Ω^{p−1}_{F 6} −→ Ω^p_{F 6} −→ Ω^p_{π5} −→ 0 . (6.41)

This sequence also yields the projection pr_{π5} : Ω^p → Ω^p_{π5} via the quotient mapping, which allows us to introduce the relative differential d_{π5} := pr_{π5} ∘ d : Ω^p_{π5} → Ω^{p+1}_{π5} , cf. (4.4). On U^′ = π^{−1}_5 (Û) = π^{−1}_6 (U), we choose the cover U^′ := {U^′_a} that is induced by the cover Û.

Next we observe that the Čech cocycle f^′ = π^∗_5f̂ can be split holomorphically on U^′_{abc}. Therefore, we have f^′_{abc} = h^′_{ab} + h^′_{bc} + h^′_{ca} , (6.42) where h^′ = {h^′_{ab}} is holomorphic and, as before, its choice is not unique. Since f^′ is the pull-back of f̂ via π_5, it is annihilated by the relative exterior derivative d_{π5} . This allows us to introduce the following differential forms:

A^′_{ab} := d_{π5} h^′_{ab} on U^′_{ab} and B^′_a := ∑ b d_{π5} h^′_{ab} ∧ ¯∂θ^′_b on U^′_a . (6.43)

Similarly to the six-dimensional construction, one may verify that the relative differential one-form A^′_{ab} is Čech-closed and thus represents an element of H^1(U^′, Ω^1_{π5} ). To compute this cohomology group, we point out that we have a similar representation of the relative p-forms in terms of certain pull-back sheaves as in the six-dimensional setting, cf. Proposition 4.1. If we let Ω^p_{π5} (k, l) := Ω^p_{π5} ⊗_{OF 6} π^∗_5 O_P 3 (k, l), then one can check that Ω^p_{π5} is characterised by the following short exact sequence:

0 −→ Ω^p_{π5} −→ Λ^p [ π^∗_6(S[1, 1]) ⊗_{OF 6} π^∗_5 O_P 3 (0, 1) ⊕ ⊕ π^∗_6 (S̃[1, 1]) ⊗_{OF 6} π^∗_5O_P 3 (1, 0) ] −→ −→ π^∗_6 [1, 1] ⊗_{OF 6} Ω^{p−1}_{π5} (1, 1) −→ 0 ,

(6.44)

where we have used the notation introduced in Remarks 6.1 and 6.2. The induced long exact sequence of cohomology groups yields that H^1(U^′, Ω^1_{π5} ) = 0 since the map

H^0(U^′, π^∗_6 (S[1, 0]) ⊗_{OU′} π^∗_5O_P 3 (0, 1)⊕π^∗_6(S̃[0, 1]) ⊗_{OU′} π^∗_5 O_P 3 (1, 0)) → H^0(U^′, π^∗_6 [1, 1] ⊗_{OU′} Ω^0_{π5} (1, 1))

(6.45)

is surjective. Therefore, we have a splitting A^′_{ab} = A^′_a − A^′_b, which allows us to define a relative two-form by setting B̃^′_a := d_{π5} A^′_a. By construction, the two-forms B^′_a and B̃^′_a are gauge equivalent. Moreover, B̃^′_a defines a global (i.e. on U^′) relative two-form B̃^′, which is relatively closed, i.e. d_{π5}B̃^′ = 0. Altogether, we have obtained a flat relative connective structure on the correspondence space.

The final step in the construction is to push-down B̃^′ ∈ H^0(U^′, Ω^2_{π5} ) to space-time. To this end, we first point out that the sequence (6.44) also yields the isomorphism

H^0(U^′, Ω^2_{π5} ) ∼= H^0(U, (⊙^2S ⊗_{OU} Λ^2S̃ ⊕ Λ^2S ⊗_{OU} ⊙^2S̃ ⊕ Λ^2S ⊗_{OU} Λ^2S̃)[2, 2]) , (6.46)

which implies that a relative two-form corresponds to the space-time fields B_{αβ} = B_{(αβ)}, B_{α̇β̇} = B_{(α̇β̇)} and ϕ representing the field content of the self-dual string. To show that these fields indeed obey the self-dual string equation (6.6a), let us work in local coordinates (x^{αα̇}, μ_α, λ_{α̇}) on the correspondence space. Recall that the relative tangent bundle of the fibration π_5 : F^6 → P^3 (respectively, the twistor distribution) is spanned by the vector fields V^α := λ_{α̇}∂^{αα̇} and V^{α̇} := μ_α∂^{αα̇}, which satisfy μ_αV^α = λ_{α̇}V^{α̇}. Correspondingly, the relative cotangent bundle, i.e. the bundle of relative one-forms, will be spanned by one-forms e_α and e_{α̇} subject to the equivalence relation

(e_α, e_{α̇}) ∼ (e_α + μ_αe, e_{α̇} − λ_{α̇}e) (6.47)

for some e to accommodate μ_αV^α = λ_{α̇}V^{α̇}. The relative exterior derivative is then given by d_{π5} = e_αV^α + e_{α̇}V^{α̇}. In terms of the e_α and e_{α̇}, the most general expansion of a relative two-form then reads as B̃^′ = e^α ∧ e_αλ^{α̇}λ^{β̇}B_{α̇β̇} + e^{α̇} ∧ e_{α̇}μ^αμ^βB_{αβ} +

+ 2e^α ∧ e^{α̇} ( μ_αλ^{β̇}B_{α̇β̇} − λ_{α̇}μ^βB_{αβ} − μ_αλ_{α̇}ϕ ) , (6.48)

where all the fields B_{αβ} , B_{α̇β̇} and ϕ depend only on x^{αα̇} and represent the isomorphism (6.46). Note that the expression (6.48) is invariant under (6.47) as required for consistency. Using this expansion together with the expression for the relative exterior derivative, we obtain after some algebra that d_{π5}B̃^′ = 0 is equivalent to

ε^{β̇γ̇} ∂_{αβ̇} B_{α̇γ̇} − ε^{βγ} ∂_{βα̇}B_{αγ} = ∂_{αα̇}ϕ (6.49)

on space-time. This, however, is precisely the self-dual string equation (6.6a). Finally, we would like to point out that the above splittings are, as always, not unique, which results in gauge transformations in B̃^′ of the form B̃^′ → B̃^′ + d_{π5}Λ̃^′ where Λ̃^′ ∈ H^0(U^′, Ω^1_{π5} ). Such Λ̃^′ are of the form Λ̃^′ = (e_αλ_{α̇} + e_{α̇}μ_α)Λ^{αα̇}, where Λ^{αα̇} = Λ^{αα̇}(x) depends only on space-time. Then B̃^′ → B̃^′ + d_{π5}Λ̃^′ induces the space-time gauge transformations displayed in (6.5).

In summary, we have established the following theorem:

Theorem 6.4. Consider the double fibration (6.33). Let U ⊂ M^4 be open and convex and set U^′ := π^{−1}_6 (U) ⊂ F^6 and Û := π_5(π^{−1}_6 (U)) ⊂ P^3, respectively. Then there is a canonical isomorphism:

H^2(Û , O_Û ) ∼= { gauge equivalence classes of (complex holomorphic) solutions to the self-dual string equation on U } . (6.50)

Note that similarly to the discussion presented in Appendix C, also here one may construct the holomorphic splitting (6.42) explicitly by using the Green function of the Dolbeault operator on P^1 × P^1.

Remark 6.3. One may also consider the case of H^2(Û, O_Û (−2h_1 − 2, −2h_2 − 2) for h_{1,2} ≤ −1 using the above constructions. Specifically, one would obtain B_{α̇1···α̇−2h2−2β1···β−2h1} ,

B_{α1···α−2h1−2β̇1···β̇−2h2} and ϕ_{α1···α−2h1 −2β̇1···β̇−2h2−2} as space-time fields, which are totally symmetric in all of their spinor indices. Likewise, the self-dual string equation generalises straightforwardly to ε^{β̇γ̇} ∂_{(α1β̇}B_{α2···α−2h1 −1)γ̇β̇1···β̇−2h2−1} − ε^{βγ} ∂_{β(β̇1} B_{β̇2···β̇−2h2−1)γα1···α−2h1 −1} = ∂_{(α1 (β̇1} ϕ_{α2···α−2h1−1)β̇2···β̇−2h2−1)} . (6.51)

The cases with either h_1 = −^1_2 or h_2 = −^1_2 seem not to give anything non-trivial. The cases with h_{1,2} ≥ 0 will be discussed below.

Remark 6.4. One might wonder what the Penrose–Ward transform would yield for holomorphic line bundles over P^3 which are holomorphically trivial on any x̂. Such line bundles are characterised by Čech one-cocycles f̂ = {f̂_{ab}} ∈ H^1(Û, O_Û ). The pull-back of f̂ can be split holomorphically, f^′_{ab} = π^∗_5f̂_{ab} = h^′_a − h^′_b. This allows us to introduce a (global) relative one-form A^′ = e_αA^α + e_{α̇}A^{α̇} with components A^α := V^αh^′_a =: λ_{α̇}A^{αα̇} and A^{α̇} := V^{α̇}h^′_a =: μ_αA^{αα̇}, as a consequence of λ_{α̇}A^{α̇} = μ_αA^α. Here, A_{αα̇} depends only on space-time. From the flatness condition on the corresponding curvature, we obtain the equation V_αA_{α̇} − V_{α̇}A_α = λ^{α̇}μ^β(∂_{αα̇}A_{βα̇} − ∂_{βα̇}A_{αα̇}) = 0. Hence, A_{αα̇} has to be pure gauge. Notice that this even holds true in the non-Abelian case for rank-r holomorphic vector bundle over P^3 with r > 1.

Penrose transform. So far, we have discussed the Penrose–Ward transform yielding the identification of H^2(Û, O_Û ) with the moduli space of solutions (obtained from the solution space as a quotient with respect to the group of gauge transformations) of the self-dual string equation. In this paragraph we would like to demonstrate that there is a natural extension to other field equations in four dimensions. Specifically, we are interested in space-time fields of the form ψ_{α1···α2h1 α̇1···α̇2h2} = ψ_{(α1 ···α2h1 )(α̇1 ···α̇2h2 )} with h_{1,2} ∈^1_2 N_0 which obey ∂^{α1β̇} ψ_{α1···α2h1 α̇1···α̇2h2} = 0 = ∂^{βα̇1} ψ_{α1···α2h1 α̇1···α̇2h2} . (6.52a) We shall refer to such fields as zero-rest-mass fields of helicity (h_1, h_2). When either h_1 or h_2 vanishes then we have chiral spinors, ψ_{α1···α2h1} , or anti-chiral spinors, ψ_{α̇1···α̇2h2} . In the special case h_1 = h_2 = 0, we have a scalar field (denoted by ϕ) and, as always, a second-order field equation □ϕ = 0 . (6.52b)

Such zero-rest-mass fields can be constructed from representatives of cohomology groups on twistor space P^3 via the following theorem:

Theorem 6.5. Consider the double fibration (6.33). Let U ⊂ M^4 be open and convex and set U^′ := π^{−1}_6 (U) ⊂ F^6 and Û := π_5(π^{−1}_6 (U)) ⊂ P^3. For h_{1,2} ∈^1_2 N_0, there is a canonical isomorphism^{28}

P : H^2(Û, O_Û (−2h_1 − 2, −2h_2 − 2)) → { zero-rest-mass fields of helicity (h_1, h_2) on U } . (6.53)

The proof of this theorem is essentially the same as the one presented in Section 4.2. One can use again the machinery of spectral sequences and the direct image sheaves computed from the short exact sequences (6.44) of the relative differential forms after twisting by the pull-back of O_P 3 (k, l) for appropriate k and l. Therefore, we shall refrain from repeating analogous arguments for the present situation, but concern ourselves with the corresponding contour integral formulæ, which will make the theorem more transparent.

To this end, let us consider the canonical four-patch covering of P^3. An element of the cohomology group H^2(Û, O_Û (−2h_1 − 2, −2h_2 − 2)) can be represented by a collection of four functions f̂ = {f̂_{abc}}, each of which is of homogeneity (−2h_1 − 2, −2h_2 − 2). For our choice of cover, all four triple overlaps U_{abc} are of the same topology and moreover, also two double overlaps have the same topology as the triple overlaps. Therefore, two of the four functions defining the cocycle f̂ can be fixed using equivalence relations, i.e. adding an appropriate Čech one-cochain. One of the remaining two functions is then fixed by the cocycle condition for f, leaving us with just one function defining the cocycle f̂. Let us denote this function by f̂_{−2h1−2,−2h2−2} = f̂_{−2h1−2,−2h2−2}(z, μ, λ). Using now the holomorphic measure on P^1 × P^1 given by

Ω^{(2,0)} := 1 4 ε^{αβ} ε^{α̇β̇} μ_αdμ_β ∧ λ_{α̇}dλ_{β̇} , (6.54)

we can define spinor fields via the following integral: ψ_{α1···α2h1 α̇1···α̇2h2} (x) = ∮ C Ω^{(2,0)}μ_{α1} · · · μ_{α2h1} λ_{α̇1} · · · λ_{α̇2h2} f̂_{−2h1−2,−2h2−2}(x^{ββ̇}μ_βλ_{β̇}, μ, λ) . (6.55) It is trivial to check that these spinor fields obey the field equations (6.52). Notice that one can write this covariantly using branched contour integrals (see e.g. Penrose & Rindler [16] for a discussion in the ordinary twistor setting). Notice also that the above integral is somewhat similar to Eastwood’s integral in the ambitwistor setting [50].

28Notice that for either h1 = 0 or h2 = 0 one has a reduction of H^2(Û, O_Û (−2h1 − 2, −2h2 − 2)) to H^1(Û1, O_{Û1} (−2h1 − 2)) or H^1(Û , O_Û (−2h2 − 2)), where Û1 is an open subset of Penrose’s twistor space P^3_∘ and Û2 of its dual P̃^3_∘.

6.4. Minitwistors and monopoles

Minitwistor space. The twistor space used to describe monopoles on three-dimensional space-time M^3 := C^3 is Hitchin’s minitwistor space P^2 [14]. It can be regarded as the tangent space of P^1 or, equivalently, the total space of the holomorphic line bundle O_P1 (2) → P^1.

In the twistor picture, the restriction of the moduli space of sections from M^4 to M^3 amounts to restricting the line bundle P^3 to the diagonal P^1 with μ_α = λ_α in the base P^1 × P^1 of P^3. We can achieve this by quotenting by the distribution

D_P 3 := ⟨ μ^βλ_β ( λ_α ∂ ∂μ_α − μ_α ∂ ∂λ_α )⟩ . (6.56)

That is, P^2 := P^3/D_P 3 , and the holomorphic line bundle O_P1_{×P}1 (1, 1) → P^1 × P^1 reduces to the line bundle O_P1 (2) → P^1. The correspondence space is obtained by taking the quotient of F^6 by the distribution

D_F 6 = ⟨ ∂ ∂x^{[12]} , μ^βλ_β ( λ_α ∂ ∂μ_α − μ_α ∂ ∂λ_α )⟩ , (6.57)

so that F^4 := F^6/D_F 6 ∼= C^3 × P^1. Here, we have the double fibration

P^2 M^3

F^4 π_7 π_8 (6.58)

with π_7 : (x^{αβ} , μ_α) → (z, μ_α) = (x^{αβ} μ_αμ_β, μ_α) and π_8 being the trivial projection. In the case of P^2, we have a geometric twistor correspondence between points in M^3 and holomorphic embeddings P^1→P^2, as well as between points in P^2 and two-planes in M^3.^{29} Notice that the twistor distribution here is of rank two and it is generated by the vector fields μ_α∂^{αβ} , i.e. P^2 ∼= F^4/⟨μ_α∂^{αβ} ⟩ with ∂^{αβ} := ε^{αγ} ε^{βδ ∂}_{∂xγδ} .

Remark 6.5. There is an alternative way of obtaining the minitwistor space from the ambitwistor space in the non-Abelian setting. Firstly, one reduces to the miniambitwistor space [51] underlying a Penrose–Ward transform for solutions to the three-dimensional Yang–Mills–Higgs theory. Restricting to BPS solutions then amounts to restricting the miniambitwistor space to the minitwistor space.

Penrose–Ward transform. The construction of the Abelian monopole equations in the twistor context has been discussed extensively in the literature e.g. in [14,52]; see also [53]

29Upon imposing reality conditions corresponding to Euclidean signature, the minitwistor space parametrises oriented lines in R^3.

and [54] for a review in conventions similar to ours. Let us therefore just make a few comments in the following.

The Penrose–Ward transform works here in the familiar way. A holomorphic vector bundle over P^2 which becomes holomorphically trivial upon restriction to the submanifolds x̂ ∼= P^1→P^2 can be pulled back to F^4. Specifically, we have f̂ = {f̂_{ab}} ∈ H^1(Û, O_Û ) for Û ⊂ P 2. The pull-back of f̂ can be split holomorphically, f ′_{ab} = π∗_7f̂_{ab} = h′_a − h′_b. Using the Liouville theorem, this allows us to introduce a global relative one-form A^′ with components

A^{′α} := μ_β∂^{αβ} h^′_a =: μ_β(A^{αβ} − ε^{αβ} ϕ) , (6.59)

where the fields on the right-hand-side depend only on space-time. From the flatness condition on the corresponding curvature, we obtain

f_{αβ} = ∂_{αβ} ϕ , (6.60)

where f_{αβ} is the curvature of A_{αβ} as given in (6.8). This is the spinorial form of the Bogomolny monopole equation F := dA = ⋆_3dϕ in three dimensions.

7. Conclusions and outlook

We have discussed the Penrose transform on the twistor space P^6 associated with flat sixdimensional space-time. We have proved that this transform yields canonical isomorphisms between certain cohomological data on P^6 and solutions to the chiral zero-rest-mass field equations on space-time. We have also reviewed various contour integral formulæ yielding chiral zero-rest-mass-fields. We have pointed out that some of them implicitly require an infinitesimal extension of the twistor space P^6 into its ambient space P^7_∘ = P^7 \ P^3 ∼= O_P3 (1) ⊗ C^4. Interestingly, it is also possible to establish a Penrose–Ward transform for Čech two-cocycles with values in various sheaves on twistor space (one-gerbes). The Čech two-cocycles lead to potentials giving rise to zero-rest-mass fields on space-time, which satisfy the appropriate field equations. After lifting the Dolbeault representatives of the Čech cocycles used in both the Penrose- and the Penrose-Ward transform to off-shell fields on twistor space, we were able to give a twistor space action principle for these fields. This action is to be seen analogous to holomorphic Chern–Simons theory in the twistor description of self-dual fields on four-dimensional space-time.

We found that dimensional reductions of chiral spinor-fields from six-dimensional spacetime to four and three dimensions yield corresponding reductions of twistor space P^6 and the cohomological data in question. In particular, we have shown that the quadric P^6 in the open subset P^7_∘ of P^7 reduces to the ambitwistor space P^5, which is a quadric in the open subset P^3_∘ × P̃^3_∘ of P^3 × P̃^3. Moreover, the infinitesimal extension of P^6 to P^7_∘ that we encountered in the integral formulæ is mapped to the familiar infinitesimal extension of the ambitwistor space P^5 inside P^3_∘ × P̃^3_∘. We have also found the novel hyperplane twistor space P^3 ∼= O_P1_{×P}1 (1, 1). The Penrose–Ward transform for this case maps very naturally one-gerbes over the hyperplane twistor space to solutions to the self-dual string equation. This result is particularly interesting, as the self-dual string has been very rarely discussed in the context of integrable field theories. Moreover, it fills a gap by providing, at least in the Abelian case, the twistor picture underlying the generalised Atiyah–Drinfeld–Hitchin– Manin–Nahm construction of [25]. We have been able to complement this by a Penrose transform as well as corresponding contour integral formulæ for other fields.

Our results lead to a number of questions that are beyond the scope of this paper, but which we shall address in forthcoming publications (cf. e.g. [55]):

An issue to be resolved is that of thickenings of the twistor space P^6. It could be preferable to work directly with a supertwistor space containing P^6 as its body, instead of thickenings of P^6. This is suggested by our experience with the corresponding fourdimensional discussions. A supersymmetric extension of the twistor space P^6 which has some of the desired properties has been proposed by Chern [32].^{30} On the field theory side, it then remains to perform an analysis of the supersymmetric field equations in terms of constraint equations of a certain superconnection along the lines of [56,57]. Such an analysis has recently been worked out for the M2-brane models by Samtleben & Wimmer [58, 59].

An in-depth analysis of the twistor space action (5.28) that appeared very naturally from the Dolbeault representatives of the cohomology groups of interest in the Penrose– Ward transform is also necessary. It would be exciting if it was possible to establish a connection to the actions describing self-dual three-forms in six dimensions as given by Pasti, Sorokin & Tonin [35]. As indicated, this would require imposing reality conditions and partially fixing gauges.

Moreover, it is certainly of major importance to find non-Abelian extensions of the Penrose–Ward transforms we presented here, possibly based on the non-Abelian generalisations of gerbes as introduced e.g. in [60] or [61]. The fact that a non-Abelian version of the self-dual string equation can be found on loop space [25] indeed suggests that such non- Abelian generalisations should exist. Amongst other things, an advantage of this approach is that, given a non-Abelian cohomology on twistor space, all space-time structures such as gauge transformations, field equations, etc. will follow automatically via Riemann–Hilbert problems.

30The dimensional reduction to superambitwistor space, however, suggests to use a slightly different supertwistor space.

Another interesting issue to address concerns the hidden (non-local) symmetries of chiral six-dimensional field theories using twistor constructions as the ones presented here. Specifically, one would be interested in the deformation theory of the corresponding cohomological data on twistor space to obtain hidden symmetries and integrable hierarchies for the equations of motion on space-time. Similar constructions were performed in four dimensions e.g. in [62].

All of the above issues, i.e. the supersymmetric and non-Abelian extensions as well as the action principle and hidden symmetries and integrable hierarchies, should also be studied in the case of the hyperplane twistor space. In this case, we expect some of these problems to have more straightforward solutions than in the case of P^6.

Finally, one might also want to develop a twistor description of the (non-chiral) N = (1, 1) supersymmetric Yang–Mills theory in six dimensions. In fact, Samtleben & Wimmer [59] (see Devchand [63] for an earlier account) gave a Lax formulation for the constraint equations of the superconnection of this theory (see Harnad & Shnider [57]) with a sixdimensional null-vector as spectral parameter. This implies that one should be considering the space of all (super-)null-rays in six-dimensional (super-)space-time for a twistorial formulation of this theory [64].

Acknowledgements. We are very grateful to M. Dunajski, J. Figueroa-O’Farrill, L. Hughston, L. Mason, J. McOrist, S. Palmer, N. Rink, A. Torrielli, and R. Wimmer for helpful discussions and comments. C.S. was supported by an EPSRC Career Acceleration Fellowship. M.W. was in part supported by an STFC Postdoctoral Fellowship at DAMTP, University of Cambridge and by a Senior Research Fellowship at Wolfson College Cambridge.

Appendix

A. Spinor notation and reality conditions in six and four dimensions

Six dimensions. We wish to describe a six-dimensional chiral field theory containing a self-dual three-form field strength. Similarly to four dimensions, where self-duality of a twoform field strength is only possible in Euclidean and split signature (Kleinian signature), we also have a limited choice of signatures in six dimensions: The Hodge star on three-forms is only idempotent for Minkowski and split signature. That is, we have to restrict ourselves to the spaces R^{p,6−p} := (R^6, η) with p odd and metric η = (η_{MN} ) = diag(−1_p, 1_{6−p}) for M, N, . . . = 1, . . . , 6. Consider now the generators γ_M of the Clifford algebra Cℓ(R^{p,6−p}) of R^{p,6−p} with p odd. We thus have {γ_M , γ_N } = −2η_{MN} . The spinor representation 8_s of the corresponding generators γ_{MN} of Spin(p, 6 − p) splits into the direct sum S ⊕ S̃ of the subspaces of chiral and anti-chiral spinors. There is a natural isomorphism between S̃ and S^∨ [16], so that we can exclusively work with elements of S and S^∨. We label the corresponding spinors by upper and lower indices, e.g. (ψ^A) ∈ S and (χ_A) ∈ S^∨ with A, B, . . . = 1, . . . , 4.

We can choose a representation of Cℓ(R^{p,6−p}) such that the sigma-matrices^{31} σ^M_{AB} and σ̃^{M AB} are antisymmetric and satisfy σ̃^{M AB} =^1_2 ε^{ABCD}σ^M_{CD}. By definition, we have

σ^M_{AC}σ̃^{N CB} + σ^N_{AC}σ̃^{M CB} = −2η^{MN} 1_4 . (A.1)

We use the sigma-matrices to convert back and forth between vector and spinor notation:

x^{AB} := σ̃^{AB}_M x^M and x^M =^1_4 σ^M_{AB}x^{AB} , (A.2)

so that we can use the Levi-Civita symbol ε_{ABCD} as a metric:

x^M x_M =^1_4 x_{AB} x^{AB} , with x_{AB} = x_M σ^M_{AB} =^1_2 ε_{ABCD}x^{CD} . (A.3)

Derivatives act according to ∂ ∂x^{AB} x^{CD} =^1_4 σ^M_{AB} ∂ ∂x^M x^{CD} =^1_2 (δ^C_A δ^D_B − δ^D_A δ^C_B ) . (A.4)

For signature (p, 6 − p) = (1, 5), a set of sigma-matrices is given by

x_{AB} = x_M σ^M_{AB} =

0 x_0 + x_5 −x_3 − ix_4 −x_1 + ix_2 −x_0 − x_5 0 −x_1 − ix_2 x_3 − ix_4 x_3 + ix_4 x_1 + ix_2 0 −x_0 + x_5 x_1 − ix_2 −x_3 + ix_4 x_0 − x_5 0

, (A.5a)

while for signature (p, 6 − p) = (3, 3) we may use

x_{AB} = x_M σ^M_{AB} =

0 x_0 + x_5 −x_3 − ix_4 −x_2 − ix_1 −x_0 − x_5 0 x_2 − ix_1 x_3 − ix_4 x_3 + ix_4 −x_2 + ix_1 0 −x_0 + x_5 x_2 + ix_1 −x_3 + ix_4 x_0 − x_5 0

. (A.5b)

On spinors ψ ∈ S and χ ∈ S^∨, we can introduce an antilinear map

τ_p(ψ, χ) = (C_pψ^∗, C^{−1}_p χ^∗) , with C_p :=

0 1 0 0 p − 2 0 0 0 0 0 0 1 0 0 p − 2 0

. (A.6)

31They are the generalisations of the sigma-matrices in four dimensions, i.e. they correspond to the non-vanishing off-diagonal blocks in the Clifford generators.

Here, ψ^∗ and χ^∗ denote the complex conjugate of the spinors ψ and χ; p − 2 = ±1 depending on the two cases p = 1 and p = 3. Notice that with our choice of sigmamatrices, τ_p(σ^{MN} λ) = (σ^{MN} )^∗τ_p(λ) and therefore τ_p yields a real structure on spinors. This induces the following reality conditions on the bi-spinors (x^{AB} ) ∈ T_M 6 ∼= S ∧ S:

x^{AB} = (C_p)^A_C (x^{CD})^∗(C^{−1}_p )_D^B . (A.7)

We define weighted, totally antisymmetric products of sigma-matrices according to their index structure, for example:

σ^{MN A}_B :=^1_2 ( σ^{M AC} σ^N_{CB} − σ^{N AC} σ^M_{CB} ) = −σ^{MN}_B^A, σ^{MNK AB} :=^1_{3!} ( σ^{M AC} σ^N_{CD}σ^{K DB} ± permutations ) = σ^{MNK BA} , σ^{MNK} AB :=^1_{3!} ( σ^M_{AC} σ^{N CD}σ^K_{DB} ± permutations ) = σ^{MNK}_{BA} , σ^{MNKL A}_B :=^1_{4!} ( σ^{M AC} σ^N_{CD}σ^{K DE} σ^L_{EB} ± permutations ) = σ^{MNKL}_B^A . (A.8)

These products are used in the translation between vector and spinor notation for differential forms:^{32}

A_M → A_{AB} =^1_4 σ^M_{AB}A_M , B_{MN} → B_B^A = σ^{MN}_B^AB_{MN} , H_{MNK} → (H_{AB}, H^{AB} ) = (σ^{MNK}_{AB} H_{MNK} , σ^{MNK AB}H_{MNK} ) , G_{MNKL} → G^A_B = σ^{MNKL A}_B G_{MNKL} . (A.9)

Notice that the products σ^{MNK}_{AB} and σ^{AB}_{MNK} form projectors onto self-dual and anti-self-dual three-forms, respectively: σ^{MNK AB} = − 1 3! ε^{MNKRST} σ^{AB}_{RST} and σ^{AB}_{MNK} = − 1 3! ε_{MNKRST} σ^{RST AB} , (A.10) where ε^{012345} = +1 and ε_{012345} := −1.

Four dimensions. The six-dimensional spaces R^{p,p−6} allow for dimensional reductions to four dimensions with arbitrary signature. The process is always the same. For brevity, we focus here on the reduction R^{p,q} to R^{p−1,q−1}, which is done by imposing^∂_{∂x0} =^∂_{∂x5} = 0. In spinor notation, this amounts to a real form of the branching of the isometry group

32In spinor notation, two- and four-forms actually correspond to pairs (B^AB , BA^B ) and (G^AB , GA^B ). Depending on the choice of sigma-matrices, i.e. the choice of the underlying space-time, there are relations within these pairs, which allow for the distinction between two- and four-forms on space-time. To simplify our formulæ, we use the above identification of spinor fields.

corresponding to SL(4, C) → SL(2, C) × ~SL(2, C). Correspondingly, we restrict the sigmamatrices to their off-diagonal blocks: σ^M_{AB} → ( 0 σ^μ_{αα̇} −σ^μ_{αα̇} 0 ) , (A.11)

where μ, ν, . . . = 1, . . . , 4 and α, β, . . . , α̇, β̇, . . . = 1, 2. The translation between vector and spinor notation then reads as

x^{αα̇} := σ^{αα̇}_μ x^μ ⇐⇒ x^μ =^1_2 σ^μ_{αα̇}x^{αα̇} . (A.12)

Recall that indices can be raised and lowered with the antisymmetric tensor of sl(2, C): σ^{μ αα̇} = ε^{αβ} ε^{α̇β̇}σ^μ_{ββ̇} . We use the conventions ε_{12} = 1 and ε_{αβ} ε^{βγ} = δ^γ_α. The norm-squared of x^μ is thus given by

x^μx_μ =^1_2 x^{αα̇}x_{αα̇} :=^1_2 x^{αα̇}ε_{αβ} ε_{α̇β̇}x^{ββ̇} . (A.13)

The real structures we obtain from reducing the six-dimensional real structure read as

τ_p(ψ, χ) = (C_pψ^∗, C^{−1}_p χ^∗) with C_p := ( 0 1 p − 2 0 ) , (A.14)

and for the coordinate vector, we have

x^{αα̇} = (C_p)^α_β(x^{ββ̇})^∗(C^{−1}_p )_{β̇}^{α̇} ⇒ x^{1 ˙1} = x̄^{2 ˙2} and x^{1 ˙2} = (p − 2)x̄^{2 ˙1} . (A.15)

B. Some remarks about n-gerbes

Recall that the transition functions of a smooth principal U(1)-bundle^{33} over a manifold X form a Čech one-cocycle with values in the sheaf of invertible smooth functions on X denoted by E^∗_X . Thus, a principal U(1)-bundle is a geometric realisation of an element in H^1(X, E^∗_X ). For a holomorphic U(1)-bundle, the relevant sheaf is that of invertible holomorphic functions on X, O^∗_X , and the transition functions form an element of H^1(X, O^∗_X ).

The n-gerbes defined in [65], or rather the bundle n-gerbes developed in [66], form geometric realisations of the cohomology groups H^{n+1}(X, E^∗_X ) in the smooth category and H^{n+1}(X, O^∗_X ) in the holomorphic category. Note that in the smooth category, we always have the isomorphism^{34} H^{n+1}(X, E^∗_X ) ∼= H^{n+2}(X, Z) , (B.1)

33One can equivalently consider the associated line bundle.

34This isomorphism can be derived from the short exact sequence 0 → Z → EX^{exp}→ E^∗_X → 1 together with the fact that EX is a fine sheaf, which implies H^n(X, EX ) = 0.

which identifies the Čech (n + 2)-cocycle defining the n-gerbe with its characteristic class.

Explicitly, the geometric realisation of a Čech (n + 2)-cocycle is done by introducing an (n − 1)-gerbe over the fibre product Y ×_X Y of some surjective submersion Y → X. The space Y could be the disjoint union of the patches {U_a} of a cover of X, for example. We are not interested in these constructions themselves, and merely prefer the term n-gerbe over the term Čech (n + 1)-cocycle just as we prefer the term line bundle over the term transition functions.

Let us now consider the examples n = 0, 1 relevant in our discussion. In the following, we assume that we have a cover U = {U_a} on X. A zero-gerbe corresponds to a principal U(1)-bundle Γ. Topologically, this bundle is characterised by an element of H^2(X, Z), which, due to the isomorphy between Čech and de Rham cohomology, corresponds to an element F of H^2_{dR}(X, Z). This element is a curvature two-form taking values in u(1) and represents the first Chern class c_1(Γ). Application of the Poincaré lemma yields an u(1)- valued one-form potential A_a with dA_a = F on each patch U_a and a Čech one-cocycle f_{ab} with df_{ab} = A_a − A_b on intersection of patches U_{ab}. The exponentials t_{ab} := exp(f_{ab}) are the transition functions of Γ. Inversely, we can recover the representative F of the first Chern class using a (smooth) partition of unity θ = {θ_a} subordinate to the cover U: A_a = ∑ b d(f_{ab}θ_b) and F = ∑ a d(A_aθ_a).

In the case of a one-gerbe Γ, we start from a curvature three-form H ∈ H^3_{dR}(X, Z) representing the Dixmier–Douady class of Γ, the Poincaré lemma leads to a two-form potential B ∈ H^1(X, Ω^2_X ), a one-form potential A ∈ H^2(X, Ω^1_X ) and a Čech two-cocycle f_{abc} ∈ H^3(X, E^∗), which satisfy

H = dB_a on U_a , B_a − B_b = dA_{ab} on U_{ab} , A_{ab} + A_{bc} + A_{ca} = df_{abc} on U_{abc} . (B.2)

The set (A, B, H) is also known as the connective structure of the gerbe Γ. The inverse construction of H from f is again performed as above using the partition of unity θ.

Note that the notions of pull-back and restriction of an n-gerbe trivially generalise from those of functions and U(1)-bundles. An n-gerbe is topologically trivial, if the class of its defining Čech cocycle f in H^{n+1}(X, E^∗_X ) vanishes. That is, the Čech (n + 1)-cocycle is the coboundary of a Čech n-cochain. A holomorphic n-gerbe is a gerbe whose defining (n + 1)-cocycle f is an element of H^{n+1}(X, O^∗_X ) ⊂ H^{n+1}(X, E^∗_X ). That is, ¯∂f_{a1...an+1} = 0 on each U_{a1...an+1} where ¯∂ is the Dolbeault operator on X. An n-gerbe is holomorphically trivial, if the class of the defining Čech (n + 1)-cocycle f is trivial and therefore is the boundary of a holomorphic Čech n-cochain.

C. Formulæ for splittings

In this Appendix, we present explicit formulæ for holomorphic splitting (5.9) used in the construction of the differential forms (5.11). To this end, we shall follow the ideas of Helfer [67], who constructed similar holomorphic splittings in the context of self-dual Yang– Mills theory in four dimensions.

Recall that the smooth splitting s^′ = {s^′_{ab}} with s^′_{ab} = ∑ c f^′_{abc]}θ^′_d and the holomorphic splitting h^′ = {h^′_{ab}} are related by a gauge transformation

s^′_{ab} = h^′_{ab} − φ^′_{ab} with φ^′_{ab} := φ^′_a − φ^′_b , (C.1)

cf. (5.10). Hence in order to find h^′, we need to construct φ^′, which is a solution to the differential equation ¯∂φ^′_{ab} = − ∑ c f^′_{abc} ¯∂θ^′_c =: a^{(0,1)}_{ab} . (C.2)

Here, ¯∂ is the Dolbeault operator on P^3 and its Green function directly yields φ^′.

Fortunately, this Green function has been computed before in [68] (see also [19, 18]). It is a (0, 2)-form G^{(0,2)} = G^{(0,2)}(λ_1, λ_2) on P^3 × P^3 satisfying ¯∂G^{(0,2)} = δ^{(0,3)}, where the projective Dolbeault–Dirac delta distribution is given by

δ^{(0,3)}(λ_1, λ_2) := ∫ C ds s δ^{(0,4)}(sλ_1 + λ_2) . (C.3)

Here, λ_i is short-hand notation for λ_{iA} and δ^{(0,4)} is the Dolbeault–Dirac delta distribution on C^4.^{35} We have δ^{(0,3)}(t_1λ_1, t_2λ_2) = t^0_1t^{−4}_2 δ^{(0,3)}(t_1λ_1, t_2λ_2) for t_{1,2} ∈ C^∗, and for holomorphic functions f = f(λ) of homogeneity zero (defined on appropriate regions of P^3), we have the identity

f(λ_1) = ∫ Ω^{(3,0)}(λ_2) ∧ δ^{(0,3)}(λ_1, λ_2)f(λ_2) , (C.4)

where Ω^{(3,0)}(λ) :=^1_{4!} ε^{ABCD}λ_Adλ_B ∧ dλ_C ∧ dλ_D is the holomorphic measure on P^3. Notice that the Green function cannot be unique since one can always add a holomorphic (0, 2)- form to G^{(0,2)} while preserving ¯∂G^{(0,2)} = δ^{(0,3)}. By virtue of Lemma 4.1, however, all holomorphic (0, 2)-forms (of any homogeneity) on P^3 × P^3 must be Dolbeault-exact and therefore, ¯∂G^{(0,2)} = δ^{(0,3)} enjoys a gauge freedom of the form G^{(0,2)} → G^{(0,2)} + ¯∂φ^{(0,1)} for some (smooth) differential (0, 1)-form φ^{(0,1)} of appropriate homogeneity. A convenient choice of gauge is the Cachazo–Svrček–Witten gauge [69], ξ̄^A ∂ ∂λ̄^A_1 ⌟ G^{(0,2)}(λ_1, λ_2) = 0 , (C.5)

35On the complex plane C described by the coordinate λ, the Dolbeault–Dirac distribution is given by δ^{(0,1)}(λ) = ¯∂(2πiλ)^{−1}. Therefore, δ^{(0,4)}(λ) = δ^{(0,1)}(λA=1) ∧ · · · ∧ δ^{(0,1)}(λA=4).

where bar denotes complex conjugation and ξ_A is some fixed reference spinor. In this gauge, the Green function is given by

G^{(0,2)}(λ_1, λ_2) = ∫ C ds s δ^{(0,3)}(s ξ + λ_1, λ_2) , (C.6)

cf. e.g. [19]. It scales as G^{(0,2)}(t_1λ_1, t_2λ_2) = t^0_1t^{−4}_2 G^{(0,2)}(t_1λ_1, t_2λ_2) for t_{1,2} ∈ C^∗, and it is invariant under re-scalings of the reference spinor ξ_A.

In order to compute the gauge parameter as a solution of (C.2), we choose a covering of P^3 coming from U^′ and consider the respective double overlaps. We shall assume that the reference spinor ξ_A is not contained in any of these double overlaps.^{36} Altogether, we arrive at the gauge parameter φ^′_{ab}, which is given by the integral φ^′_{ab} = ∫ Ω^{(3,0)}(λ_2) ∧ G^{(0,2)}(λ_1, λ_2) ∧ a^{(0,1)}_{ab} (λ_2) , (C.7)

where we integrate over a suitable region.

References

[1] R. Penrose, Twistor algebra, J. Math. Phys. 8 (1967) 345.

[2] R. Penrose, Twistor quantization and curved space-time, Int. J. Theor. Phys. 1 (1968) 61. [3] R. Penrose, Solutions of the zero-rest-mass equations, J. Math. Phys. 10 (1969) 38. [4] R. Penrose and M. A. H. MacCallum, Twistor theory: An approach to the quantization of fields and space-time, Phys. Rept. 6 (1972) 241.

[5] R. S. Ward, On self-dual gauge fields, Phys. Lett. A 61 (1977) 81.

[6] R. Penrose, Non-linear gravitons and curved twistor theory, Gen. Rel. Grav. 7 (1976) 31. • M. Atiyah, N. J. Hitchin, and I. Singer, Self-duality in four-dimensional Riemannian geometry, Proc. Roy. Soc. Lond. A 362 (1978) 425. • R. S. Ward, Self-dual space-times with cosmological constant, Commun. Math. Phys. 78 (1980) 1.

[7] M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld, and Y. I. Manin, Construction of instantons, Phys. Lett. A 65 (1978) 185.

[8] E. Witten, An interpretation of classical Yang–Mills theory, Phys. Lett. B 77 (1978) 394. [9] J. Isenberg, P. B. Yasskin, and P. S. Green, Non-self-dual gauge fields, Phys. Lett. B 78 (1978) 462.

[10] J. Isenberg and P. B. Yasskin, Twistor description of non-self-dual Yang–Mills fields, in:

‘Complex Manifold Techniques In Theoretical Physics,’ 180, Lawrence, 1978.

36This assumption is needed to avoid certain ‘error terms’, see e.g. the review [19] for details.

[11] M. G. Eastwood and C. R. LeBrun, Thickening and supersymmetric extensions of complex manifolds, Amer. J. Math. 108 (1986) 1177. • C. R. LeBrun, Thickenings and gauge fields, Class. Quant. Grav. 3 (1986) 1039.

[12] Y. I. Manin, Gauge field theory and complex geometry, Springer Verlag, Berlin, 1988. [13] C. R. LeBrun, The first formal neighbourhood of ambitwistor space for curved spacetime, Lett. Math. Phys. 6 (1982) 345. • C. R. LeBrun, Thickenings and conformal gravity, Commun. Math. Phys. 139 (1991) 1. • C. R. LeBrun, Ambitwistors and Einstein’s equations, Class. Quant. Grav. 2 (1985) 555. • S. A. Merkulov, Simple supergravity, supersymmetric non-linear gravitons and supertwistor theory, Class. Quant. Grav. 9 (1992) 2369.

[14] N. J. Hitchin, Monopoles and geodesics, Commun. Math. Phys. 83 (1982) 579. [15] R. Penrose and W. Rindler, Spinors and space-time. Vol. 1: Two-spinor calculus and relativistic fields, Cambridge University Press, Cambridge, 1984.

[16] R. Penrose and W. Rindler, Spinors and space-time. Vol. 2: Spinor and twistor methods in space-time geometry, Cambridge University Press, Cambridge, 1986.

[17] R. S. Ward and R. O. Wells, Twistor geometry and field theory, Cambridge University Press, Cambridge, 1990.

[18] M. Wolf, A first course on twistors, integrability and gluon scattering amplitudes, J. Phys. A 43 (2010) 393001 [1001.3871 [hep-th]].

[19] T. Adamo, M. Bullimore, L. J. Mason, and D. Skinner, Scattering amplitudes and Wilson loops in twistor space, J. Phys. A 44 (2011) 454008 [1104.2890 [hep-th]].

[20] R. S. Ward, Completely solvable gauge field equations in dimension greater than four, Nucl. Phys. B 236 (1984) 381. • E. Witten, Twistor-like transform in ten dimensions, Nucl. Phys. B 266 (1986) 245. • M. G. Eastwood, The generalized Penrose–Ward transform, Math. Proc. Camb. Phil. Soc. 97 (1985) 165. • T. N. Bailey and M. G. Eastwood, Complex paraconformal manifolds - Their differential geometry, Forum Math. 3 (1991) 61.

[21] M. K. Murray, A Penrose transform for the twistor space of an even dimensional conformally flat Riemannian manifold, Ann. Global Anal. Geom. 4 (1986) 71.

[22] M. Wolf, A connection between twistors and superstring sigma models on coset superspaces, JHEP 0909 (2009) 071 [0907.3862 [hep-th]].

[23] J. Bagger and N. D. Lambert, Gauge symmetry and supersymmetry of multiple M2- branes, Phys. Rev. D 77 (2008) 065008 [0711.0955 [hep-th]]. • A. Gustavsson, Algebraic structures on parallel M2-branes, Nucl. Phys. B 811 (2009) 66 [0709.1260 [hep-th]]. • O. Aharony, O. Bergman, D. L. Jafferis, and J. M. Maldacena, N = 6 superconformal Chern–Simons-matter theories, M2-branes and their gravity duals, JHEP 10 (2008) 091 [0806.1218 [hep-th]].

[24] P. S. Howe, N. D. Lambert, and P. C. West, The self-dual string soliton, Nucl. Phys. B 515 (1998) 203 [hep-th/9709014].

[25] A. Gustavsson, Self-dual strings and loop space Nahm equations, JHEP 04 (2008) 083 [0802.3456 [hep-th]]. • C. Saemann, Constructing self-dual strings, Commun. Math. Phys. 305 (2011) 513 [1007.3301 [hep-th]]. • S. Palmer and C. Saemann, Constructing generalized self-dual strings, JHEP 10 (2011) 008 [1105.3904 [hep-th]].

[26] L. P. Hughston and W. T. Shaw, Minimal curves in six dimensions, Class. Quant. Grav. 4 (1987) 869.

[27] L. P. Hughston, The wave equation in even dimensions, Twistor Newsletter 9 (1979) 60. • L. P. Hughston, A remarkable connection between the wave equation and spinors in higher dimensions, Twistor Newsletter 14 (1982) 46. • L. P. Hughston, Applications of the geometry of SO(8) spinors to Laplace’s equation in six dimensions, Twistor Newsletter 17 (1984) 18. • L. P. Hughston, Applications of SO(8) spinors, in: ‘Gravitation and Geometry: a volume in honour of Ivor Robinson,’ eds. W. Rindler and A. Trautman, 253, Bibliopolis, Naples, 1987.

[28] L. P. Hughston, Applications of Cartan spinors to differential geometry in higher dimensions, in: ‘Spinors in Physics and Geometry,’ eds. G. Furlan and A. Trautman, World Scientific Press, 1987. • L. P. Hughston and L. J. Mason, A generalized Kerr–Robinson theorem, Class. Quant. Grav. 5 (1988) 275.

[29] J. R. Baston and M. G. Eastwood, The Penrose transform, Clarendon Press, Oxford, 1989. [30] Y. Inoue, Twistor spaces of even-dimensional Riemannian manifolds, J. Math. Kyoto Univ. 32 (1992) 101.

[31] N. Berkovits and S. A. Cherkis, Higher-dimensional twistor transforms using pure spinors, JHEP 0412 (2004) 049 [hep-th/0409243].

[32] T. Chern, Superconformal field theory in six dimensions and supertwistor,

0906.0657 [hep-th].

[33] N. Lambert and C. Papageorgakis, Non-Abelian (2,0) tensor multiplets and 3-algebras, JHEP 08 (2010) 083 [1007.2982 [hep-th]]. • C. Papageorgakis and C. Saemann, The 3-Lie algebra (2,0) tensor multiplet and equations of motion on loop space, JHEP 05 (2011) 099 [1103.6192 [hep-th]]. • H. Samtleben, E. Sezgin, and R. Wimmer, (1,0) superconformal models in six dimensions, 1108.4060 [hep-th]. • C.-S. Chu, A theory of non-Abelian tensor gauge field with non-Abelian gauge symmetry G × G, 1108.5131 [hep-th].

[34] M. G. Eastwood, R. Penrose, and R. O. Wells, Cohomology and massless fields, Commun. Math. Phys. 78 (1981) 305.

[35] P. Pasti, D. P. Sorokin, and M. Tonin, Note on manifest Lorentz and general coordinate invariance in duality symmetric models, Phys. Lett. B 352 (1995) 59 [hep-th/9503182]. • P. Pasti, D. P. Sorokin, and M. Tonin, Duality symmetric actions with manifest space-time symmetries, Phys. Rev. D 52 (1995) 4277 [hep-th/9506109]. • P. Pasti, D. P. Sorokin, and M. Tonin, On Lorentz invariant actions for chiral p-forms, Phys. Rev. D 55 (1997) 6292 [hep-th/9611100]. • P. Pasti, D. P. Sorokin, and M. Tonin, Covariant action for a D = 11 five-brane with the chiral field, Phys. Lett. B 398 (1997) 41 [hep-th/9701037].

[36] L. J. Mason, R. A. Reid-Edwards, and A. Taghavi-Chabert, Conformal field theories in six-Dimensional twistor space, J. Geom. Phys. 62 (2012) 2353 [1111.2585 [hep-th]].

[37] C. Cheung and D. O’Connell, Amplitudes and spinor-helicity in six dimensions, JHEP 0907 (2009) 075 [0902.0981 [hep-th]]. • T. Dennen, Y.-t. Huang, and W. Siegel, Supertwistor space for 6d maximal super Yang–Mills, JHEP 04 (2010) 127 [0910.2688 [hep-th]]. • Y.-t. Huang and A. Lipstein, Amplitudes of 3d and 6d maximal superconformal theories in supertwistor space, JHEP 1010 (2010) 007 [1004.4735 [hep-th]]. • B. Czech, Y.-t. Huang, and M. Rozali, Amplitudes for multiple M5-branes, 1110.2791 [hep-th].

[38] P. S. Howe, G. Sierra, and P. Townsend, Supersymmetry in six dimensions, Nucl. Phys. B 221 (1983) 331.

[39] P. Claus, R. Kallosh, and A. Van Proeyen, M five-brane and superconformal (0,2) tensor multiplet in six-dimensions, Nucl. Phys. B 518 (1998) 117 [hep-th/9711161].

[40] E. Witten, Perturbative gauge theory as a string theory in twistor space, Commun. Math. Phys. 252 (2004) 189 [hep-th/0312171].

[41] R. Bott, Homogeneous vector bundles, Ann. Math. 2 (1957) 66.

[42] D. Burns, Some background and examples in deformation theory, in: ‘Complex Manifold Techniques in Theoretical Physics,’ eds. D. Lerner and P. Sommers, Pitman, San Fransisco– London–Melbourne, 1979. • K. Kodaira, Complex manifolds and deformation of complex structures, Springer Verlag, New York, 1986.

[43] P. Griffiths and J. Harris, Principles of algebraic geometry, John Wiley & Sons, New York, 1978.

[44] N. P. Buchdahl, Analysis on analytic spaces and non-self-dual Yang–Mills fields, Trans. Amer. Math. Soc. 288 (1985) 431.

[45] R. Pool, Some applications of complex geometry to field theory, PhD Thesis, Rice University Texas, 1981.

[46] R. Godement, Topologie algébrique et théorie des faisceaux, Hermann, Paris, 1964.

[47] R. Penrose, Massless fields and sheaf cohomology, Twistor Newsletter 2 (1977) 9. • R. S. Ward, Sheaf cohomology and an inverse twistor function, Twistor Newsletter 6 (1977) 13.

[48] L. J. Mason and D. Skinner, An ambitwistor Yang–Mills Lagrangian, Phys. Lett. B 636 (2006) 60 [hep-th/0510262].

[49] A. D. Popov and C. Saemann, On supertwistors, the Penrose–Ward transform and N = 4 super Yang–Mills theory, Adv. Theor. Math. Phys. 9 (2005) 931 [hep-th/0405123].

[50] M. G. Eastwood, On the twistor description of massive fields, Proc. Roy. Soc. Lond. 374 (1981) A431.

[51] C. Saemann, On the mini-superambitwistor space and N = 8 super Yang–Mills theory, Adv. Math. Phys. 2009 (2009) 784215 [hep-th/0508137].

[52] R. S. Ward, Twistors in 2+1 dimensions, J. Math. Phys. 30 (1989) 2246. [53] M. F. Atiyah and N. J. Hitchin, The geometry and dynamics of magnetic monopoles, M.

B. Porter lectures, Princeton Univ. Pr., Princeton, 1988. • A. D. Popov, On explicit point multi-monopoles in SU(2) gauge theory, J. Math. Phys. 46 (2005) 073506 [hep-th/0412042].

[54] A. D. Popov, C. Saemann, and M. Wolf, The topological B model on a minisupertwistor space and supersymmetric Bogomolny monopole equations, JHEP 10 (2005) 058 [hep-th/0505161].

[55] C. Saemann and M. Wolf, Non-abelian tensor multiplet equations from twistor space,

1205.3108 [hep-th].

[56] M. F. Sohnius, Bianchi identities for supersymmetric gauge theories, Nucl. Phys. B 136 (1978) 461. • J. P. Harnad, J. Hurtubise, M. Legare, and S. Shnider, Constraint equations and field equations in supersymmetric N = 3 Yang–Mills theory, Nucl. Phys. B 256 (1985) 609.

[57] J. P. Harnad and S. Shnider, Constraints and field equations for ten-dimensional super Yang– Mills theory, Commun. Math. Phys. 106 (1986) 183.

[58] H. Samtleben and R. Wimmer, N = 8 superspace constraints for three-dimensional gauge theories, JHEP 1002 (2010) 070 [0912.1358 [hep-th]].

[59] H. Samtleben and R. Wimmer, N = 6 superspace constraints, SUSY enhancement and monopole operators, JHEP 1010 (2010) 080 [1008.2739 [hep-th]].

[60] L. Breen and W. Messing, Differential geometry of gerbes, Adv. Math. 198 (2005) 732 [math.AG/0106083].

[61] P. Aschieri, L. Cantini, and B. Jurco, Non-Abelian bundle gerbes, their differential geometry and gauge theory, Commun. Math. Phys. 254 (2005) 367 [hep-th/0312154]. • B. Jurco, Non-Abelian bundle 2-gerbes, 0911.1552 [math.DG].

[62] K. Pohlmeyer, On the Lagrangian theory of anti(-self-)dual fields in four-dimensional Euclidean space, Commun. Math. Phys. 72 (1980) 37. • L. Dolan, Kac–Moody algebras and exact solvability in hadronic physics, Phys. Rept. 109 (1984) 1. • A. D. Popov and C. R. Preitschopf, Extended conformal symmetries of the self-dual Yang–Mills equations, Phys. Lett. B 374 (1996) 71 [hep-th/9512130]. • T. A. Ivanova, On infinite-dimensional algebras of symmetries of the self-dual Yang–Mills equations, J. Math. Phys. 39 (1998) 79 [hep-th/9702144]. • A. D. Popov, Self-dual Yang–Mills: Symmetries and moduli space, Rev. Math. Phys. 11 (1999) 1091 [hep-th/9803183]. • A. D. Popov, Holomorphic Chern–Simons–Witten theory: From 2D to 4D conformal field theories, Nucl. Phys. B 550 (1999) 585 [hep-th/9806239]. • M. Wolf, On hidden symmetries of a super gauge theory and twistor string theory, JHEP 02 (2005) 018 [hep-th/0412163]. • M. Wolf, Twistors and aspects of integrability of self-dual SYM theory, Proc. of the Intern.

Workshop on Supersymmetries and Quantum Symmetries 1 (2005) 448 [hep-th/0511230]. • A. D. Popov and M. Wolf, Hidden symmetries and integrable hierarchy of the N = 4 supersymmetric Yang–Mills equations, Commun. Math. Phys. 275 (2007) 685 [hep-th/0608225].

[63] C. Devchand, Integrability on light-like lines in six-dimensional superspace, Z. Phys. C 32 (1986) 233.

[64] C. Saemann, R. Wimmer, and M. Wolf, A twistor description of six-dimensional N = (1, 1) super Yang–Mills theory, JHEP 1205 (2012) 020 [1201.6285 [hep-th]].

[65] J. L. Brylinski, Loop spaces, characteristic classes and geometric quantization, Birkhäuser, Boston, 2007.

[66] N. J. Hitchin, Lectures on special Lagrangian submanifolds, math/9907034. • D. S. Chatterjee, On gerbs, PhD thesis, Trinity College Cambridge, 1998. • M. K. Murray, Bundle gerbes, J. Lond. Math. Soc. 54 (1996) 403 [dg-ga/9407015]. • D. Stevenson, The geometry of bundle gerbes, PhD thesis, University of Adelaide, 2000.

[67] A. D. Helfer, A formula for the local solution of the self-dual Yang–Mills equations, Proc. Roy. Soc. Lond. A 414 (1987) 135.

[68] L. J. Mason and D. Skinner, Gravity, twistors and the MHV formalism, Commun. Math. Phys. 294 (2010) 827 [0808.3907 [hep-th]]. • L. J. Mason and D. Skinner, Dual superconformal invariance, momentum twistors and Grassmannians, JHEP 0911 (2009) 045 [0909.0250 [hep-th]]. • T. Adamo and L. J. Mason, MHV diagrams in twistor space and the twistor action, 1103.1352 [hep-th]. • R. Boels, L. J. Mason, and D. Skinner, Supersymmetric gauge theories in twistor space, JHEP 02 (2007) 014 [hep-th/0604040].

[69] F. Cachazo, P. Svrček, and E. Witten, MHV vertices and tree amplitudes in gauge theory, JHEP 09 (2004) 006 [hep-th/0403047].