arXiv:1111.3021v3 [gr-qc] 20 Jan 2012

Physical process first law and increase of horizon entropy for black holes in Einstein-Gauss-Bonnet gravity

Ayan Chatterjee^∗ and Sudipta Sarkar^† The Institute of Mathematical Sciences, Chennai, India (Dated: January 23, 2012)

We establish the physical process version of first law by studying small perturbations of a stationary black hole with regular bifurcation surface in Einstein-Gauss-Bonnet (EGB) gravity. Our result shows that when the stationary black hole is perturbed by a matter stress energy tensor and finally settles down to a new stationary state, the Wald entropy increases as long as the matter satisfies null energy condition.

The striking similarity of the laws of black hole mechanics with thermodynamics was first established in case of general relativity (GR) [1]. It is interesting to explore whether this analogy is a peculiar property of GR or a robust feature of any generally covariant theory of gravity.

The zero’th law, which ensures the constancy of surface gravity is valid for any stationary Killing horizon with a regular bifurcation surface [2], irrespective of the gravitational dynamics.

The equilibrium state version of first law is established by Wald and collaborators [3, 4] for any arbitrary diffeomorphisom invariant theory of gravity. Comparing with the first law of thermodynamics, the entropy of the black hole can be expressed as a local geometric quantity integrated over a space-like cross section of the horizon and is associated with the Noether charge of Killing isometry that generates the horizon.

For black holes in GR, the analog of second law of thermodynamics is the “area theorem” which asserts that area of a black hole can not decrease in any classical process [5]. A simple illustration of this result can be obtained by studying the physical process version of the first law which describes the dynamical change of horizon area in response to a flux of matter through the horizon [6]. In case of stationary bifurcate horizons with a horizon generating Killing field ξ^a, the physical process first law is, ΔA = − 8π κ ∫ H T_{ab}ξ^adH^b (1)

where κ is the surface gravity of the black hole, T_{ab} is the stress energy tensor of the matter and the integration is over the horizon H. The measure is dH_b = −k_b dλ √ γ dA, where λ is an affine parameter along the horizon generators, k^b = (∂_λ)^b is tangent to the generators, and √ γdA is the area element of a constant λ horizon slice.( For a detail discussion and derivation of this law for GR, see Refs. [7], [8] and [9]). The main ingredients in the derivation are the Raychaudhuri equation and the assumption

∗Electronic address: achatterjee@imsc.res.in †Electronic address: sudiptas@imsc.res.in

of sufficiently quasi stationary process in which the expansion and shear of the generators are small and hence all second order terms can be neglected. There is also an assumption that the black hole is stable under small perturbations. Eq.(1) shows that in a dynamical process, the area of a black hole can not decrease as long as the matter satisfies null energy condition (i.e T_{ab}k^ak^b ≥ 0). Once we identify the Hawking temperature as T = κ/2π, Eq.(1) becomes completely analogous to the Clausius relationship ΔS = ΔQ/T as in ordinary thermodynamic systems.

The question of validity of the full second law for arbitrary theory of gravity still remains an unresolved issue. Except for the case of f(R)-gravity [10], there is no proof of the analog of Hawking’s area theorem beyond GR. In the quasi-stationary case, an argument for second law valid for all diffeomorphism invariant gravity theories was given in Ref. [10], under the assumption that the stationary comparison version of the first law implies the physical process version for quasi-stationary processes. Still, we need a direct proof of the physical process version, by computing the change of the Wald entropy due to the accretion of matter by the black hole. This is an important consistency check for the validity of black hole thermodynamics beyond GR [11]. If the physical process and the equilibrium state versions of the first law do not match, this will suggest an inconsistency in the assumptions behind the derivation, in particular to the assumption that the black hole horizon is not destroyed by throwing matter into it and the final state in the late time is again stationary. The fact that in GR, both these versions agree, lends strong support to the idea that gravitational collapse result in a predictable black hole. It is expected that black holes in any reasonable theory of gravity must have such property. Also, a direct proof of physical process version of first law will automatically establish a quasi-stationary version of the second law [10].

In this letter, we provide a direct proof of the physical process version of the first law for Einstein-Gauss-Bonnet (EGB) gravity. Our proof involves the direct evaluation of the change of the Wald entropy when a stationary black hole is weakly perturbed and finally settles down to a new stationary state. We show that in such a process, the Wald entropy for EGB theory can not decrease as long as the matter stress energy tensor satisfies null energy condition. This firmly establishes that the Wald entropy for stationary black holes merits the name entropy even for more general gravity theories. The letter is organized as follows: we begin by presenting the properties of stationary Killing horizons and discuss how Einstein tensor takes a highly symmetric form on the Killing horizon of any stationary (and non-extremal) black hole spacetime [13]. Next, we review the Wald entropy for stationary horizons in EGB theory and present the proof of the physical process version of the first law. Finally, we conclude with some discussions^1. Let us begin with properties of a stationary black hole horizon. In a D-dimensional spacetime, the event horizon is a null hyper-surface H parametrized by an affine parameter λ. The vector field k^a = (∂_λ)^a is tangent to the horizon and obeys geodesic equation. Consider a spatial cross section at λ = 0 everywhere. All such λ = constant slices are space-like and foliate the horizon. Any point p on such slices have coordinates {λ, x^A} where x^A, (A = 2, · · · , D) are the coordinates of a point on λ = 0 slice connected with p by a horizon generator. We can construct a basis with the vector fields, {k^a, l^a, e^a_A} where l^a is a second null vector such that l^ak_a = −1. The induced metric on any slice is γ_{ab} = g_{ab} + 2k_{(a}l_{b)}. The change of the induced metric from one slice to another can be obtained from the metric evolution equation [12],

L_kγ_{ab} = 2 ( σ_{ab} + θ (D − 2) γ_{ab} ) , (2)

where σ_{ab} is the shear and θ is the expansion of the horizon. If the event horizon is also a Killing horizon^2, i.e. the horizon generators are the orbits of a Killing field ξ^a = (∂/∂v)^a, which is null on the horizon, we can define the surface gravity κ by the relationship ξ^a∇_aξ^b = κ ξ^b. For stationary spacetimes with a Killing horizon, both the expansion and shear vanish and using Raychaudhuri equation and the evolution equation for shear, we obtain [12], R_{ab}k^ak^b = k^ak^cγ^b_mγ^d_nC_{abcd} = 0 where C_{abcd} is the Weyl tensor.

The Einstein tensor (and hence the Ricci tensor) takes a highly symmetric, block diagonal form on a stationary Killing horizon with a regular bifurcation surface [13]. To understand this result, let us construct a basis {ξ^a, N^a, e^a_A}, where N^a is another null vector satisfying ξ^aN_a = −1 and express Ricci tensor in this basis. On the stationary Killing horizon, Ricci tensor satisfies the relation R_{ab}ξ^b ∼ ξ_a [12]. Using this, it is straightforward to show, that on the bifurcation surface, the Ricci

1 We adopt the metric signature (−, +, +, +, ...) and our sign conventions are same as those of [12].

2 Here we make an implicit assumption, that the event horizon of a stationary black hole is also a Killing horizon with regular bifurcation surface. Although this is certainly true for GR [14], we are not aware of any proof for EGB gravity.

tensor must have a form, R_{ab} = C_1g^⊥_{ab} + C_{ab}, where g^⊥_{ab} = −2k_{(a}l_{b)}, is the metric of the 2-dimensional plane orthogonal to the (D−2)-dimensional bifurcation surface. The coefficient C_1 is given by, C_1 = −R_{ab}k^al^b and C_{ab} is a tensor entirely intrinsic to the horizon cross section such that k^aC_{ab} = l^aC_{ab} = 0. Since Ricci tensor is a Killing invariant, we can Lie propagate the Ricci tensor onto any other space-like section of the horizon (For a related discussion, see [15] ). For stationary Killing horizons, since both the expansion and shear vanish, using the block diagonal form of the Ricci tensor on the horizon, it is also possible to show that [16], k^aγ^b_i γ^c_j γ^d_k C_{abcd} = 0. Another relationship which will be useful for our calculation is the expression of intrinsic Ricci curvature

(D−2)Rab of the cross-section of the stationary Killing

horizon in terms of full curvatures, given by [17] (D−2)R ab = γ^m_a γ^n_b γ^r_s R^s_{mrn}. (3) Next, we discuss the features of EGB gravity theory. A simple modification of the Einstein-Hilbert action is to include the higher order curvature terms preserving the diffeomorphism invariance and still leading to an equation of motion containing no more than second order time derivatives. In fact this generalization is unique [18] and the lowest order correction appears as the Gauss-Bonnet (GB) term, L_{GB} = R^2 − 4R_{ab}R^{ab} + R_{abcd}R^{abcd} in spacetime dimensions D > 4. EGB gravity is free from ghosts [19, 20], leads to a well-defined initial value problem and therefore, is a reasonable candidate for a low energy effective theory of gravity. The action functional is given by, L = 1 16π ∫ d^Dx √ −g (R + αL_{GB} ) . (4) The field equation of EGB theory is, G_{ab} +αH_{ab} = 8πT_{ab} where, H_{ab} ≡ 2 [ RR_{ab} − 2R_{aj} R^j_b − 2R^{ij} R_{aibj} +R^{ijk}_a R_{bijk} ] − 1 2 g_{ab}L_{GB} . (5) For the action in Eq.(4), the Wald entropy associated with a stationary Killing horizon is [21] , S = 1 4 ∫ ρ √ γ dA, (6) where the entropy density ρ = ( 1 + 2α^{(D−2)}R ) and the integration is over (D − 2)-dimensional space-like crosssection of the horizon.^{(D−2)}R is the intrinsic Ricci scalar of the horizon cross-section.

Our goal is to prove that this entropy always increases when a black hole is perturbed by a weak matter stress energy tensor of order O(ϵ) provided the matter obeys null energy condition. Since the black hole is stationary in the asymptotic future, the vector field ξ^a is an exact Killing vector at late times and all the Lie derivatives of dynamical fields w.r.t ξ^a vanish. The accretion process is assumed to be slow such that all changes of the dynamical fields are first order and we can neglect all viscous effects. More specifically, we assume that: θ ∼ σ_{ab} ∼ O(ϵ). (7) The bifurcation surface at λ = 0 is taken as the initial cross-section and the final cross-section is in the asymptotic stationary regime. Then the change is entropy is [10] ,

Δ S = 1 4 ∫ H ( dρ dλ + θ ρ ) dλ √ γ dA, ≃ − 1 4 ∫ H ( d^2ρ dλ^2 − ρ R_{ab}k^ak^b ) λ dλ √ γ dA (8) In deriving the second line, a total derivative is discarded since it vanishes both on the initial λ = 0 slice and on the final stationary state. Also, we have used the Raychaudhuri equation and neglected all terms except those first order in perturbation. Using field equation, this entropy change is expressed as,

ΔS = ∫ H λ ( 2π T_{ab} − α 4 R_{ab} ) k^ak^bdλ √ γ dA, (9) where R_{ab} = H_{ab} − 2^{(D−2)}RR_{ab} + 2 ∇_a∇_b^{(D−2)}R. The first term in Eq.(9) is linear in perturbation. Our aim is to prove that the first order part of the term R_{ab}k^ak^b vanishes identically. In order to see that, we note that the terms in R_{ab} involve squares of curvatures. We are only interested in quantities first order in perturbation over a background stationary spacetime. The background spacetime in our context has no particular physical meaning except as a reference spacetime. Therefore, when we encounter a product of two quantities X and Y , to extract the part linear in perturbation, we will always express such a product as,

XY ≈ X^{(B)} Y^{(P )} + X^{(P )} Y^{(B)}, (10)

where X^{(B)} is the value of the quantity X evaluated on the stationary background and X^{(P )} is the perturbed value of X linear in perturbation. Note that, on the stationary background, Raychaudhuri equation demands R^{(B)}_{ab} k^ak^b = 0 and since T^{(B)}_{ab} k^ak^b = 0, we have H^{(B)}_{ab} k^ak^b = 0. Also, to simplify the calculation, we use diffeomorphism freedom to make the null geodesic generators of the event horizon of the perturbed black hole coincide with the null geodesic generators of the background stationary black hole [9]. As a result, the perturbation in the location of the horizon vanishes. As an illustration of the perturbation scheme mentioned in the Eq.(10), we evaluate a term in H_{ab}k^ak^b as, 2R^{ij} R_{aibj} k^ak^b = 2 ( R^{(B)ij} R^{(P )}_{aibj} + R^{(P )ij} R^{(B)}_{aibj} ) k^ak^b = 2 ( C^{mn}R^{(P )}_{ambn} + R^{(P )ij} R^{(B)}_{aibj} ) k^ak^b, (11) where we have used the results of [13] to express the background Ricci tensor on the horizon as R^{(B)}_{ab} = C_1g^⊥_{ab}+C_{ab}. Also, note that γ^{ij} R^{(P )}_{aibj} k^ak^b = R^{(P )}_{ab} k^ak^b. Implementing similar scheme for other terms, the first order part R_1 of ( H_{ab} − 2^{(D−2)}RR_{ab} ) k^ak^b becomes,

R_1 = [ − 8 R^{(B)} (D − 1)(D − 2) + 8 C_1 (D − 2) − 8 C^{(B)}_{abcd} k^al^bl^ck^d (D − 2) ] R^{(P )}_{mn} k^mk^n − 4(D − 4) (D − 2) C^{ab}R^{(P )}_{aibj} k^ik^j . (12) The last term in R_{ab}k^ak^b requires special care. To evaluate this term, we note that the change of the (D − 2)- dimensional scalar curvature can be thought of due to the change in the intrinsic metric. Then, we can calculate this change by using the standard result of variation of Ricci scalar as,

k^a∇_a(^{(D−2)}R) = d^{(D−2)}R dλ =^{(D−2)}R_{ab} L_kγ^{ab} + D_a(δ_λV^a), (13)

where D_a is the covariant derivative intrinsic to the horizon cross-section and since the sections of the horizon are compact surfaces without boundaries, the surface term D_a(δ_λV^a) in Eq.(13) does not contribute. Then using Eq.(2) and neglecting terms of higher order, we obtain,

d^2 dλ^2 (_{(D−2)} R ) = −2^{(D−2)}R^{(B)ab} ( dσ_{ab} dλ + γ_{ab} (D − 2) dθ dλ )

= 2^{(D−2)}R^{(B)ab} R^{(P )}_{acbd}k^ck^d, (14)

where we have again used Raychaudhuri equation and the evolution equation for shear [12] keeping terms linear in perturbation. The last line follows after expressing the perturbed Weyl tensor in terms of curvature and Ricci tensors.

We rewrite Eq.(14) using Eq.(3) and express R^{(B)}_{smrn} in terms of Weyl and Ricci tensors of the background to arrive at,

d^2 dλ^2 (_{(D−2)} R ) = [ 4 C^{(B)}_{abcd} k^al^bl^ck^d (D − 2) + 4 C (D − 1)(D − 2) − 4 C_1 (D − 3) (D − 1)(D − 2) ] R^{(P )}_{mn} k^mk^n + 2(D − 4) (D − 2) C^{ab}R^{(P )}_{aibj} k^ik^j , (15) where we have defined, C = γ^{ab}C_{ab}. Next, using the expression, R^{(B)} = 2C_1+C, and comparing with Eq.(12), it is straightforward to prove that the first order term in R_{ab}k^ak^b vanishes identically and we have the result,

ΔS = 2π ∫ H λ T_{ab}k^ak^b dλ √ γ dA + O(ϵ^2). (16)

For the background stationary horizon, the Killing vector ξ^a is related with the horizon generators k^a as ξ^a = κλk^a, since T_{ab} itself is of O(ϵ), we can use this relation in Eq.(16). Then, identifying the Hawking temperature as T = κ/2π, in the leading order of perturbation, we finally obtain, T ΔS = − ∫ H T_{ab} ξ^a dH^b. (17)

This is the desired form which establishes the physical process version of the first law for EGB gravity. If the matter stress tensor obeys null energy condition, Eq.(16) shows that the Wald entropy for stationary black holes in EGB theory can not decrease in a dynamical process which perturbs the black hole and leads to a new stationary state. Since, it is expected that classical matter obeys null energy condition, we can conclude that as in case of GR, the entropy of stationary black holes in EGB theory can not decrease through any classical process. An interesting feature of this derivation of physical process first law is that it is completely local in nature. Unlike the equilibrium state version, there is no reference of the asymptotic infinity. In fact, it is the field equation which enforces the first law for quasi stationary changes of the horizon. In case of GR, it is possible to reverse this argument and derive Einstein equation as an equation of state of the spacetime [22]. Attempting similar construction for EGB gravity will require a notion of entropy for non-stationary states. For some possible proposals, see Refs. [23] and [24].

The derivation of the laws of black hole mechanics is entirely classical. To complete the thermodynamic analogy, we need to invoke quantum theory. The idea that black holes radiate at a temperature T = κ/2π is entirely a consequence of quantum field theory in the presence of a horizon and independent of the gravitational dynamics. As a result, the mere analogy of classical black hole physics with thermodynamics becomes an exact law once the quantum effects are taken into consideration. Then, a natural interpretation of the black hole entropy is that it counts the quantum micro-states of the black hole. For any reasonable theory of gravity, which has stable black holes, the density of states must be of the form exp (S_W ), where S_W is the Wald entropy. In fact, in the context of string theory, it has been shown at least for extremal and near-extremal black holes in EGB theory, that the microscopic computations exactly matches with the Wald formula [25, 26]. Also, the GB term appears as a low energy α^′ correction in case of tree level heterotic string theory [19]. Hence, from this microscopic point of view, it is desirable that the Wald entropy of the black holes in EGB theory should increase and our result establishes this at least in the context of first order perturbation. For ordinary thermodynamic systems, the entropy, by construction is a path independent function and the change of the entropy from one stationary state to another is always given by the difference of entropies between two states, independent of the process. The agreement of the equilibrium state and the physical process version of first law establishes the same property for black hole entropy. Hence, our result implies that the thermodynamic analogy for black holes is not only a feature of GR and simple f(R) theories, but equally applicable for well-motivated modifications of GR, like the EGB theory. For f(R) gravity, it is not very surprising that the physical process version holds, since all f(R) theories are related to GR by a field dependent conformal rescaling of the metric. But, the validity of physical process version of first law for EGB gravity is a non-trivial check suggesting a more general nature of black hole thermodynamics. A possible generalization of our work would be to study black holes in a general Lovelock theory [18]. For any mth order Lovelock term L_m in D-spacetime dimensions, the entropy density of the stationary black holes is [21] simply proportional to^{(D−2)}L_{(m−1)}, the previous Lovelock term but intrinsic to the horizon cross-section. This remarkable property suggests that our method can be readily used to investigate the physical process version of the first law for any Lovelock theory.

In this letter, we have only considered the increase of the black hole entropy alone, neglecting the contribution of the quantum fields outside the horizon. In GR, we know that the effective negative energy flux from quantum fields to a black hole can lead to a decrease of horizon entropy. Then the relevant question is whether a generalized second law (Δ(S_{BH} +S_{outside}) ≥ 0) holds. There are arguments [27] that the generalized Second Law applies for semi-classical processes in case of black holes in GR. Validity of these arguments for reasonable higher curvature gravity theories is still an open problem. Finally, it is worthwhile to study whether the physical process first law holds for any diffeomorphism invariant gravity theory or applies to a special class of action functional. The answer, in either way, will be an important input for any quantum theory of gravity.

Acknowledgments

We would like to thank G. Date, Raf Guedens, Sanved Kolekar, Ted Jacobson and T Padmanabhan for comments and discussions.

[1] J. M. Bardeen, B. Carter, S. W. Hawking, Commun.

Math. Phys. 31, 161-170 (1973).

[2] I. Racz, R. M. Wald, Class. Quant. Grav. 9, 2643-2656

(1992).

[3] R. M. Wald, Phys. Rev. D48, 3427-3431 (1993). [grqc/9307038].

[4] V. Iyer and R. M. Wald, Phys. Rev. D 50, 846 (1994) [arXiv:gr-qc/9403028].

[5] S. W. Hawking, Commun. Math. Phys. 25, 152 (1972). [6] S. W. Hawking and J. B. Hartle, Commun. Math. Phys.

27, 283 (1972).

[7] T. Jacobson and R. Parentani, Found. Phys. 33, 323 (2003) [arXiv:gr-qc/0302099].

[8] A. J. Amsel, D. Marolf and A. Virmani, Phys. Rev. D 77, 024011 (2008) [arXiv:0708.2738 [gr-qc]].

[9] S. Gao and R. M. Wald, Phys. Rev. D 64, 084020 (2001) [arXiv:gr-qc/0106071].

[10] T. Jacobson, G. Kang, R. C. Myers, Phys. Rev. D52, 3518-3528 (1995). [gr-qc/9503020].

[11] R. M. Wald, “Quantum field theory in curved spacetime and black hole thermodynamics,” Chicago, USA: Univ. Pr. (1994) 205 p [12] R. M. Wald, “General Relativity,” Chicago, Usa: Univ.

Pr. ( 1984) 491p [13] A. J. M. Medved, D. Martin and M. Visser, Phys. Rev.

D 70, 024009 (2004) [arXiv:gr-qc/0403026].

[14] S. W. Hawking, G. F. R. Ellis, “The Large scale structure of space-time,” Cambridge University Press, Cambridge, 1973.

[15] T. Jacobson, G. Kang and R. C. Myers, Phys. Rev. D 49, 6587 (1994) [arXiv:gr-qc/9312023].

[16] M. Ortaggio, V. Pravda and A. Pravdova, Class. Quant.

Grav. 24, 1657 (2007) [arXiv:gr-qc/0701150].

[17] E. Gourgoulhon, J. L. Jaramillo, Phys. Rept. 423, 159- 294 (2006). [gr-qc/0503113].

[18] D. Lovelock, J. Math. Phys. 12, 498-501 (1971). [19] B. Zwiebach, Phys. Lett. B 156, 315 (1985). [20] B. Zumino, Phys. Rept. 137, 109 (1986). [21] T. Jacobson and R. C. Myers, Phys. Rev. Lett. 70, 3684 (1993) [arXiv:hep-th/9305016].

[22] T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995) [arXiv:grqc/9504004].

[23] T. Padmanabhan, Rept. Prog. Phys. 73, 046901 (2010) [arXiv:0911.5004 [gr-qc]].

[24] R. Guedens, T. Jacobson and S. Sarkar, arXiv:1112.6215 [gr-qc].

[25] G. Lopes Cardoso, B. de Wit and T. Mohaupt, Phys.

Lett. B 451, 309 (1999) [hep-th/9812082].

[26] A. Sen, Gen. Rel. Grav. 40, 2249 (2008) [arXiv:0708.1270 [hep-th]].

[27] W. G. Unruh, R. M. Wald, Phys. Rev. D25, 942- 958 (1982); V. P. Frolov and D. N. Page, Phys. Rev. Lett. 71, 3902 (1993) [arXiv:gr-qc/9302017]; A. C. Wall, [arXiv:1105.3445 [gr-qc]].