arXiv:1111.3040v1 [hep-th] 13 Nov 2011

A Field Range Bound for General Single-Field Inflation

Daniel Baumann^♦ and Daniel Green^♣

♦ DAMTP, Cambridge University, Cambridge, CB3 0WA, UK

♣ School of Natural Sciences, Institute for Advanced Study, Princeton, NJ 08540, USA

Abstract

We explore the consequences of a detection of primordial tensor fluctuations for general singlefield models of inflation. Using the effective theory of inflation, we propose a generalization of the Lyth bound. Our bound applies to all single-field models with two-derivative kinetic terms for the scalar fluctuations and is always stronger than the corresponding bound for slow-roll models. This shows that non-trivial dynamics can’t evade the Lyth bound. We also present a weaker, but completely universal bound that holds whenever the Null Energy Condition (NEC) is satisfied at horizon crossing.

1 Introduction

The Lyth bound [1] for single-field slow-roll inflation [2] relates observable tensor modes to a super-Planckian excursion of the canonically-normalized inflaton field, Δϕ > M_{pl}. Treated as an effective field theory (EFT) with Planck-scale cutoff, the inflationary dynamics then becomes sensitive to an infinite number of Planck-suppressed operators [1, 3]. For example, the slow-roll potential V (ϕ) may receive the following corrections,

L = −^1_2 (∂_μϕ)^2 − V (ϕ) ( 1 + ∞∑ n=1 c_n ϕ^n M^n_{pl} ) . (1.1)

These corrections can be thought of as arising from integrating out Planck-scale degrees of freedom. Generic couplings of these fields to the inflaton ϕ result in Wilson coefficients c_n of order one. The divergence of the series for ϕ > M_{pl} can be interpreted as the breakdown of the effective theory as these heavy fields become massless. For super-Planckian fields, every term in (1.1) contributes at the same order and will alter the background equally. To make sense of slow-roll models with observable tensor modes therefore requires an approximate symmetry that explains why c_n ≪ 1. Moreover, it is desirable that this symmetry is realized in a UV-complete theory such as string theory [4, 5] to ensure that it survives any Planck-scale breaking effects [6].

For slow-roll inflation, these considerations are well understood. However, the equivalent statements for more general inflationary models—such as P (X)-theories [7], DBI inflation [8], ghost inflation [9] and galileon models [10]—are much less clear. In this paper, we therefore revisit the Lyth bound for the most general single-field theories of inflation. Such theories are described in a unified way by the EFT of single-field inflation [11] (see also [12–14]). This approach exploits the fact that the inflationary background, H(t), spontaneously breaks time-translation symmetry. Adiabatic fluctuations are then identified with the Goldstone boson, π, associated with the symmetry breaking. The low-energy EFT of the Goldstone mode can be constructed as a systematic derivative expansion [11]. We are interested in the role of tensor modes in this EFT. Does a similar Lyth bound exist? What is the relevant “field range” in the regime far from slow-roll?

At first sight, the EFT of inflation seems ill-suited for discussing questions about the inflationary background. Being a theory for the inflationary fluctuations, all information about the background is absorbed into the couplings of various operators. One may worry that any information about the field range may be lost by considering only the EFT of fluctuations. To explain why this is not the case, let us clarify what is special about super-Planckian fields in slow-roll inflation. In this case, two related things can happen when Δϕ > M_{pl}: i) The effective theory breaks down if heavy particles with mass of order M_{pl} become massless by coupling to ϕ. ii) An infinite number of Planck-suppressed operators contribute equally to physical quantities like the vacuum energy or the masses of particles. Both of these features should be visible in the EFT of inflation: i) Planck-mass particles becoming massless surely has a description in the EFT as it must be capable of describing all light fields. By introducing a time-dependent mass for additional fields, we can capture the same physics. Integrating out the additional fields leads to non-renormalizable operators in the effective theory for the Goldstone mode π. ii) A large field range is distinguished by an infinite number of operators contributing at order one to the generalized slow-roll parameters. In the theory of the fluctuations, these contributions to the action translate directly into contributions to the mass of π.

Formulating a field range bound in the EFT of inflation has certain advantages. First, the concept of field range can be ambiguous when defined in terms of the background field ϕ. In particular, far from slow-roll the (naive) “field range” won’t be invariant under field redefinitions. In contrast, our definition of field range in the EFT of inflation will be independent of field redefinitions. Second, the EFT of the Goldstone boson π allows a clean interpretation of the energy scales of the problem. In particular, it shows that two important energy scales characterize all single-field models: The Hubble scale H corresponds to the energy scale at which curvature fluctuations become time independent.^1 This is the energy scale that we have access to via CMB observations. The symmetry breaking scale Λ_b defines the energy scale associated with the time variation of the background above which the description in terms of the Goldstone boson π may be insufficient.

Given H and Λ_b, we will derive a compact and universal form for the power spectrum of curvature perturbations,

Δ^2_ζ ≡ k^3P_ζ ∼ ( H Λ_b

)_{2+2Δ} , (1.2)

where Δ is the scaling dimension of π, such that π → λ^Δπ when ω → λω. In all examples of interest, the kinetic terms for the Goldstone boson take the form Λ^4π̇^2 and the natural size of Planck-suppressed corrections to the mass of π is determined by the scale Λ. We define “largefield range” as the regime where an infinite number of operators give order H contributions to the mass of π. By relating Λ to Λ_b, we can relate this field range to the tensor-to-scalar ratio r. This leads to a bound on the field range that is at least as strong as the Lyth bound for slow-roll inflation and typically stronger. This result applies to virtually all single-field models in the literature.

The layout of this paper is as follows: In Section 2, we will review the aspects of the effective field theory of inflation relevant to this work. We will then derive the universal power spectrum and tensor-to-scalar ratio for any single-field model. Using the Null Energy Condition (NEC), we will prove a completely general upper bound on the tensor-to-scalar ratio. In Section 3, we will define the field range using the natural size of Planck-suppressed corrections to the EFT of inflation. Using this definition, we will prove a field range bound that holds for all models with two-derivative kinetic terms. We will then show how this bound and the NEC bound combine to make measurable gravity waves in a small-field model a near impossibility. We will conclude in Section 4.

1We will not consider single-field models with dissipation [15–18]. In such models, not only is freeze-out modified, but also the scalar [15–18] and tensor [19, 20] modes can be sourced directly.

2 Effective Theory of Single-Field Inflation

2.1 Adiabatic Fluctuations as Goldstone Bosons

The fact about inflation that is most relevant to our existence is that it ended. To do so, inflation requires a physical clock that knows how long the universe has been inflating and can tell it when to stop. In specific models, this role is typically played by a scalar field with a time-dependent vacuum expectation value (vev). More formally, inflation spontaneously breaks time-translation symmetry. As with any spontaneously broken symmetry, this implies the existence of a Goldstone boson. In inflation, the Goldstone boson π can be associated with local fluctuations of the clock. Dynamical gravity gauges the time translations and the Goldstone boson is eaten by the metric, ζ = −Hπ, where ζ is the comoving curvature perturbation.

In this work, we will focus on the behavior of fluctuations before horizon crossing, ω ≳ H. In this regime, we can ignore the mixing with gravity and focus on the physics of the Goldstone boson alone [11]. Because the theory spontaneously breaks time translations, any time-dependent vev in the complete theory appears in the EFT as an explicit t-dependence. The Goldstone boson restores time translations as an exact symmetry of the action—i.e. any time dependence should appear in the combination t + π, such that π → π + 1 under t → t − 1. Given an arbitrary quasi-de Sitter background with H^2(t) ≫ |Ḣ|(t), we write the action for the Goldstone boson as a derivative expansion in terms of the field t + π, S = ∫ d^4x √ −g [ M^2_{pl} [ 3H^2(t + π) + Ḣ(t + π) ] + M^2_{pl}Ḣ(t + π)∂_μ(t + π)∂^μ(t + π) + + ∞∑ n=2 1 n! M^4_n(t + π) [ (∂_μ(t + π))^2 + 1 ]_n + · · · ] . (2.1)

To cancel tadpoles for π some of the coefficients were fixed in terms of H and Ḣ. The first line in eq. (2.1) captures all slow-roll models, the second line parameterizes P (X)-theories [7, 8] and · · · signify terms arising in higher-derivative theories such as ghost inflation [9] and galileon models [10]. A priori, all the coefficients in the action may be arbitrary functions of t+π. However, scale invariance of the correlation functions requires an additional approximate symmetry under which t → t + d (with no transformation of π). For simplicity, we will take the limit where this is an exact symmetry, so that no explicit functions of t appear in any couplings. For the leading (slow-roll) terms in the action, this is accomplished by taking the decoupling limit M_{pl} → ∞ and Ḣ → 0 with M^2_{pl}Ḣ = const. For the remaining higher-derivative terms it implies that all couplings are time-independent, e.g. M_n ≈ const.

To compute the power spectrum, we need the quadratic terms in the π-Lagrangian

L_2 = (−M^2_{pl}Ḣ + 2M^4_2 )

≡ Λ^4

π̇^2 + M^2_{pl}Ḣ(∂_iπ)^2 + M̃^2_2 (∂^2π)^2 + · · · , (2.2)

where · · · are higher-derivative terms. At high energies, ω ≫ H, the equations of motion derived from (2.2) have approximate flat space solutions π ∝ e^{i(ωt−k·x)} and a dispersion relation of the form ω = f(k). At ω ≃ H, it is convenient to match to the conserved curvature perturbation ζ = −Hπ. Typically, a single operator containing spatial derivatives will be dominant at that moment, leading to an approximate dispersion relation of the form ω ≃ k^n/ρ^{n−1}, for some integer n. In general, n need not be an integer, although such cases do not arise from a simple derivative expansion like (2.2).

Much of the simplifications in the effective theory of inflation arise from a hierarchy of scales that all inflationary models possess. For example, in slow-roll models, the ratio of the scale at which the time translations are broken (ϕ̇) to the freeze-out scale (H) is controlled by the amplitude of curvature fluctuations,

Δ^2_ζ ∼

H^4 ϕ̇2 ∼ H^4 M^2_{pl}Ḣ

∼ 10^{−10} . (2.3)

As a result, the Goldstone boson is a reliable description for a wide range of energies. As we will see in the next two sections, this hierarchy is generic to all inflationary models and has a precise definition arising from the stress tensor.

2.2 Stress Tensor during Inflation

Given an action with a global symmetry, there always exists a conserved current j^μ. When the symmetry is spontaneously broken, this current is still conserved, but the associated charge is no longer well-defined. For example, if we consider the theory of an abelian Goldstone boson, the current is given by j^μ = f^2_π ∂^μπ + · · · [21]. At energies below f_π, the charge Q ≡ ∫ d^3x j^0 is not well-defined because the integral diverges. This argument identifies the symmetry breaking scale Λ_b with f_π [21]. In the case of spontaneous breaking of time translations, the same physics occurs with j^μ → T^{μ0}.

It is straightforward to determine the stress tensor of the EFT of inflation by Noether’s theorem,

T^μ_ν = − δL δ∂_μπ ∂_ν (t + π) + δ^μ_ν L = ( 2M^2_{pl}Ḣ − p_π ) δ^{0μ}∂_ν (t + π) + δ^{iμ}δ_{0ν} ∂_iO + δ^μ_ν L + · · · , (2.4)

where the operator O is linear in π and · · · are terms that are at least quadratic in π. We identify the coefficient of the first term in (2.4) with the canonical momentum, δL δπ̇ ≡ −2M^2_{pl}Ḣ + p_π . (2.5)

Here, we have separated the canonical momentum into a constant contribution −2M^2_{pl}Ḣ and an operator p_π that starts linear in π (e.g. for the slow-roll action p_π = −2M^2_{pl}Ḣ π̇ ). The constant acts trivially as an operator, while p_π satisfies

[p_π(x, t), π(y, t)] = −iδ(x − y) . (2.6)

The second term in (2.4) is required by conservation of the stress tensor, ∂_μT^{μ0} = 0, i.e. the term linear in π in T^{00} must be matched by a linear term in T^{i0}. Moreover, spatial translations are unbroken, so the momentum P^i ≡ ∫ d^3x T^{i0} has to be well defined at all energies. Hence, the only way an operator linear in π can appear in T^{i0} is as a total derivative, T^{i0} ⊃ ∂^iO (e.g. for slow-roll ∂^iO = −2M^2_{pl}Ḣ∂^iπ).

Although the charge is not well defined in theories with spontaneous symmetry breaking, the commutator of the charge with local operators is still meaningful. In particular, during inflation, the transformations under time translations are still generated by the Hamiltonian, δπ(x) = i[H, π(x)], where H ≡ ∫ d^3x T^{00}, even though H itself is not well defined at low energies.

Given that we know the transformation properties of the fields, many properties of T^{00} can be determined independently of the form of the action. In the next section, we will use this to define the scale Λ_b at which the time translations are broken. This works almost in the same way as for the Goldstone boson of an internal symmetry, except that now the theory can be non-relativistic and we have to be careful to define a true ‘energy’ scale [14]. This approach will allow us derive a universal form of the power spectrum Δ^2_ζ in terms of Λ_b.

2.3 Universal Form of the Scalar Power Spectrum

By definition, T^{00} has units of energy over volume, T^{00} = [ω][k]^3, and π has units of time, π = [ω]^{−1}. Moreover, we will assume that at energies close the Hubble scale, ω ∼ H, the Goldstone boson obeys some approximate scaling relation with scaling dimension Δ, i.e.

π → λ^Δπ , for ω → λω . (2.7)

It is convenient to write π = μ^{−1−Δ}ω^Δ ≡ μ^{−1−Δ}π̃ , (2.8)

where ω is the energy of π and μ is so far an undetermined energy scale. This scaling behavior is sufficient to determine the symmetry breaking scale from the stress tensor. The breaking of time translations occurs due to the linear term^2 δT^{00} = p_π, where the conjugate momentum p_π has units [ω][k]^3. In order to give the correct scaling in eq. (2.6), we define

δT^{00} = Λ^{1+Δ}_b p̃_π + · · · , (2.9)

where p̃_π scales with energy and momentum as ω^{−Δ}k^3 and Λ_b has units of energy, Λ_b = [ω]. The coefficient in eq. (2.9) is the symmetry breaking scale Λ_b. It controls the term in δT^{00} that leads to the divergence in the charge at low energies (like f_π does for ordinary Goldstone bosons). In general, Λ^4_b is not simply the coefficient of the kinetic term^3 in eq. (2.2), Λ^4. Furthermore, we have ensured that Λ_b is a true ‘energy’ scale whereas Λ^4 has units of [ω][k]^3 and is hence an ‘energy density’. In practice, one has to use the dispersion relation to relate Λ to Λ_b. In slowroll inflation, we find, Λ^4_b = 2M^2_{pl}|Ḣ| = ϕ̇^2, which is consistent with the intuition that the time dependence of ϕ(t) controls where the symmetry is spontaneously broken. In theories with small

2Naively, there appears to be an additional linear term in (2.4) coming from −2M^2_{pl}Ḣ∂ν π. However, this piece is cancelled by the linear term in δ^μ_ν L. Both terms arise from a total derivative in L and do not appear in the equations of motion. It is clear that this cancelation must occur. Under time translations, the Goldstone boson shifts by π → π + 1, which can be restated as [T^{00}(x), π(y)] ⊃ −iδ(x − y) . Any linear term beyond pπ would be inconsistent with this charge assignment, unless it has vanishing commutator with π.

3It is worth remarking that our definition in eq. (2.9) did not assume any special form of the action and applies equally to models without conventional kinetic terms [14].

sound speed, we get Λ^4_b = 2M^2_{pl}|Ḣ|c_s, while Λ^4 = 2M^2_{pl}|Ḣ|c^{−2}_s [14]. Finally, the commutation relation, [p_π(x), π(y)] = (Λ_b/μ)^{1+Δ}[p̃_π(x), π̃(y)] = −iδ(x − y) , (2.10)

implies^4 that μ ∼ Λ_b. The mode function near the Hubble scale H therefore behaves as

π ∼ Λ^{−1−Δ}_b ω^Δ . (2.11)

We assume that the modes are in the Bunch-Davies vacuum at high energies and evolve adiabatically as their physical wavelengths are redshifted. It then follows from the covariant conservation equation alone^5 that the modes freeze out at ω ∼ H. We therefore find ζ = −Hπ ∼ H ω^Δ Λ^{1+Δ}_b | | | ω=H ∼ ( H Λ_b

)_{1+Δ} . (2.13)

Hence, we obtain an estimate for the power spectrum of curvature perturbations for theories with the scaling behavior (2.7), Δ^2_ζ ≡ k^3P_ζ ∼ ( H Λ_b

)_{2+2Δ} . (2.14)

We combine this with the model-independent power spectrum for tensor modes,

Δ^2_h ≡ k^3P_h ∼ ( H M_{pl}

)_2 , (2.15)

to get the tensor-to-scalar ratio, r ∼ Λ^2_b M^2_{pl} ( Λ_b H )_{2Δ}

. (2.16)

This result forms the basis for obtaining a Lyth-like bound on general single-field inflation.

2.4 Null Energy Condition and Field Range

Given the form of the tensor-to-scalar ratio in (2.16), it might seem that we have the freedom to make r arbitrarily large while keeping the slow-roll parameter ε ≡ −^Ḣ_{H2} fixed. In particular, making Λ^4_b ≫ M^2_{pl}|Ḣ| might seem like a promising first step in generating measurable gravity

4One may instead use [p̃π , π̃] = −iδ(x − y) as the definition of Λ_b. This definition would suffice to eliminate any order-one factors relating Λ_b and μ, but leaves undetermined other order-one factors that relate these dimensionful scales to those that appear in the solutions to the equations of motion. As with all dimensional analysis arguments, we can’t determine the dependence on natural numbers. In principle, there could be accidental factors of 2 or π or e^{−1000} . All equalities in this section are at the level of dimensionful parameters.

5In the absence of dissipation, the stress tensor for the inflaton is covariantly conserved, namely

∇μT^{μν} = (∂0 + 3H)T^{00} + ∂iT^{i0} + Hgij T^{ij} = 0 . (2.12)

Linear terms in π are conserved using the equations of motion. When ω ≫ H, the equations of motion allow WKB-like solutions with ω(t) = f(k(t)). The existence of the WKB solutions follows from the observation that the conservation equation is the same as in flat space when we can drop 3HT^{00} and Hgij T^{ij} , i.e. ωT^{00} + kiT^{i0} ∼ 0, for ω ≫ H. Under reasonable assumptions, the WKB solutions are valid until ω ∼ H, where the contribution to the stress-energy conservation from 3HT^{00} is no longer negligible. For ω < H, we know that ζ = −Hπ has a constant solution [22] and therefore freeze-out will occur at ω ∼ H.

waves in a small-field model. However, in this section, we will show that in any theory satisfying the Null Energy Condition (NEC), there is an upper bound on the scale Λ_b (and hence r) for a given value of Ḣ. In the next section, we will argue that the bound from the NEC implies that the physically relevant field range can never be made parametrically small compared to the Lyth bound.

Recall that the NEC is the statement that

T_{μν} n^μn^ν ≥ 0 , (2.17)

for any null vector n^μn^νg_{μν} = 0. We will follow the logic of Arkani-Hamed et al. [23] and apply the NEC to the effective theory of inflation. The observed near-Gaussianity of the primordial fluctuations requires that the theory is weakly coupled at ω ∼ H, so that we can focus on terms that are linear in operators. We found the stress tensor to linear order in fluctuations in eq. (2.4). The NEC becomes [ −2M^2_{pl}Ḣ(1 + π̇) + Λ^{1+Δ}_b p̃_π ] (n^0)^2 + n^0n^i∂_iO ≥ 0 . (2.18)

We will drop the term −2M^2_{pl}Ḣ π̇ because it is suppressed relative to M^2_{pl}Ḣ by Δ_ζ ∼ 10^{−5}. Moreover, we are free to choose n^i such that n^ik_i = 0. We are then left with the following form of the NEC − 2M^2_{pl}Ḣ + Λ^{1+Δ}_b p̃_π ≥ 0 . (2.19) Because the fluctuations in the second term can take either sign, the NEC is violated if the coefficient Λ_b is too large. Using p̃_π ∼ ω^{−Δ}k^3 (see §2.3), we evaluate eq. (2.19) at freeze-out, ω ∼ H, 2M^2_{pl}|Ḣ| ≳ Λ^{1+Δ}_b H^{3−Δ}c^{−3}_p , (2.20) where c_p ≡ ω/k|_{ω=H} is the phase velocity at freeze-out. Notice that this is a very conservative bound. We only used the scaling behavior of p̃_π at low energies, ω ∼ H. If we extended the scaling of p̃_π to higher energies, we would get a stronger constraint. Combining eq. (2.20) with eqs. (2.14) and (2.16), we arrive at a Lyth-like relation (2M^2_{pl}|Ḣ|)^{1/2} Δt M_{pl}

≥ Δ^{1/2}_ζ · √ r c^{−3/2}_p ΔN . (2.21)

In the next section, we will explain how the quantity on the l.h.s. is related to a generalized notion of the physically relevant field range. In the case of slow-roll inflation, 2M^2_{pl}|Ḣ| = ϕ̇^2 and the NEC bound is a bound on the conventional field range for the canonically-normalized inflaton. In that case, the NEC bound is weaker than the Lyth bound by a numerical factor, Δ^{1/2}_ζ ∼ 10^{−2}. The NEC bound will nevertheless be useful as it assumes nothing more than we required to determine the universal form of the scalar power spectrum. Therefore, it places an absolute upper bound on the tensor-to-scalar ratio.

3 A Generalized Lyth Bound

3.1 Field Range in the EFT of Inflation The first challenge in defining the concept of a “field range” for general models of single-field inflation is to determine a quantity that is invariant under field redefinitions. In the absence of canonical kinetic terms for the background, the field distance does not have a natural normalization. We solve this problem by working in the EFT for the fluctuations, as the Goldstone bosons have a natural and unambiguous normalization. The second challenge is that our definition should be physically meaningful. In particular, we will demand that our notion of field range controls the natural size of Planck-suppressed corrections to the low-energy action. Our main diagnostic will be corrections to the mass of π (which is massless in the decoupling limit Ḣ → 0). Since these corrections are intimately tied to the size of the slow-roll parameters for the background, they will give us a handle on an appropriate definition of “field range”. Because the effective mass of π is a physical quantity, our definition will have physical content. Specifically, when this field range is super-Planckian, an infinite number of independent Planck-suppressed operators contribute masses of order H to the canonically-normalized Goldstone boson π_c.

Eta problem. As a warm-up, we consider the eta problem. In a slow-roll model, Plancksuppressed corrections of the form V (ϕ)^{ϕ2}_{M 2pl} contribute to η ≡ M^2_{pl}^{V ′′}_V at order one and threaten to end inflation prematurely. To resolve the eta problem and produce a viable model of inflation, one must explain the absence of these terms. On the other hand, the EFT of adiabatic fluctuations is valid even when these corrections are included [13]. However, in this non-inflating FRW universe the fluctuations π are massive. To see this, consider the lowest-order action for the Goldstone boson L = M^2_{pl}Ḣ(∂_μπ)^2 − M^2_{pl}(3H^2 + Ḣ) . (3.1)

In the decoupling limit (M_{pl} → ∞, Ḣ → 0, with M^2_{pl}Ḣ = const.) the Goldstone is exactly massless. In this limit, the mass for π is protected by a global shift symmetry, π → π + d, with no associated time translation. The eta problem refers to the fact that the symmetry is broken by Planck-suppressed operators that don’t vanish in the decoupling limit,

3M^2_{pl}H^2 → 3M^2_{pl}H^2 ( 1 + c

M^2_{pl}Ḣ M^2_{pl}

(t + π)^2 ) . (3.2)

This generates a mass for the canonically-normalized field π^2_c ≡ 2M^2_{pl}|Ḣ|π^2 of the form cH^2π^2_c . In slow-roll inflation, M^2_{pl}Ḣ =^1_2ϕ̇^2 and this statement is identical to the usual eta problem.

This logic generalizes straightforwardly to a broader class of single-field models. Consider theories with two-derivative kinetic terms

L = Λ^4π̇^2 + · · · ≡^1_2 π̇^2_c + · · · . (3.3)

This captures slow-roll inflation [2], Λ^4 = M^2_{pl}|Ḣ|, P (X)-theories [7, 8], Λ^4 = M^2_{pl}|Ḣ|c^{−2}_s , ghost inflation [9], Λ^4 = M^4, and galileon inflation [10], Λ^4 = M^2_{pl}|Ḣ|c^{−2}_s . To avoid superluminal propagation of π, we require Λ^4 ≥ M^2_{pl}|Ḣ| [11]. Like in eq. (3.2), we can have Planck-suppressed corrections to the energy density,

3M^2_{pl}H^2 → 3M^2_{pl}H^2 ( 1 + c

Λ^4 M^2_{pl}

(t + π)^2 ) . (3.4)

Without knowing anything about the Wilson coefficient c, the choice of scale Λ may seem arbitrary. It will be important for the rest of the paper that c ∼ O(1) is generic.

The appearance of the scale Λ in (3.4) is a reflection of the fact that π_c couples to gravity like any other light field. Consider, for example, the coupling of π_c to the linearize metric perturbation h_{ij} = M_{pl}δg_{ij} . From the kinetic term for π_c, we find the coupling

L_{int} = 1 8M^2_{pl} h_{ij} h^{ij}π̇^2_c =

Λ^4 4M^2_{pl} h_{ij} h^{ij}π̇^2 . (3.5)

As with all gravitational interactions, this becomes strongly coupled when ω ∼ M_{pl}. Whatever physics UV completes gravity at theses scales should couple to π^2_c with order-one couplings in order to regulate the growth of scattering amplitudes at these high energies. Since Planck-scale physics is not expected to respect any global symmetries [6], there is no reason it would not couple to π_c directly. Integrating out this new physics generates the term in (3.4) with c ∼ O(1). The mass term for the canonically-normalized Goldstone boson then is

M^2_{pl}H^2

Λ^4 M^2_{pl} π^2 ∼ H^2π^2_c . (3.6)

Large field ranges. In slow-roll models of large-field inflation, we should worry about corrections from an infinite number of Planck-suppressed operators, see eq. (1.1). In the EFT of inflation, these terms take the form

3M_{pl}H^2 → 3M^2_{pl}H^2 ( 1 + ∞∑ n=1 c_n (M 2_{pl}Ḣ M^2_{pl}

(t + π)^2 )_n) . (3.7)

The issue is the same as before: when |Ḣ|t^2 > 1, we have to check that every single Wilson coefficient is small, c_n ≪ 1. The equivalent situation arises in theories like eq. (3.3) if we make the replacement

3M^2_{pl}H^2 → 3M^2_{pl}H^2 ( 1 + ∞∑ n=1 c_n ( Λ4 M^2_{pl}

(t + π)^2 )_n) . (3.8)

The contribution to the mass of π_c from any term in eq. (3.8) is given by

c_n M^2_{pl}H^2

( Λ4 M^2_{pl} )_n t^{2n−2}π^2 = c_n H^2 ( Λ4t2 M^2_{pl} )_{n−1} π^2_c . (3.9)

Hence, if Λ^4t^2 > M^2_{pl} there are an infinite number of terms that contribute dangerously large masses to π_c. This motivates us to define “large field range” as

Λ^2Δt M_{pl}

> 1 , (3.10)

where Δt = t_f − t_i parameterizes the time interval between horizon exit of CMB scales and the end of inflation.

3.2 Lyth Bound for Single-Field Inflation

With a definition of field range in hand, we now wish to relate it to the size of the tensor-to-scalar ratio. We have written both quantities in terms of physical scales of the EFT of inflation. All that remains is to find the relation between these scales, so that we can recast r in terms of the field range.

To relate Λ to Λ_b and hence r, we require knowledge of the dispersion relation. Recall that we are considering theories with an approximate scaling symmetry: ω → λω and π → λ^Δπ, valid near ω ∼ H. This implies the following dispersion,

ω = k^n/ρ^{n−1} , where n = 3 1 + 2Δ

. (3.11)

Here, Δ is determined by n since we have assumed that the dominant kinetic term is π̇^2_c . For the special case n = 1, we define ω = c_sk. The leading contribution to the time-time component of the stress tensor is δT^{00} = 2Λ^4π̇ ≡ p_π = Λ^{1+Δ}_b p̃_π , (3.12)

where Λ^4 = [ω][k]^3. As their appearance in the stress tensor suggests, Λ and Λ_b refer to the same physical scale, just written in different units. To determine Λ^4_b = [ω]^4, we use the dispersion relation (3.11),

Λ_b = Λ ( Λ ρ ) 3(n−1)_{n+3}

. (3.13)

Using (3.13), the tensor-to scalar ratio (2.16) can be written in terms of Λ, r = (H ρ )_{3−3/n} Λ4 M^2_{pl}H^2 ≡ c^3_p Λ^4 M^2_{pl}H^2

, (3.14)

where, as before, c_p ≡ ω/k|_{ω=H} is the phase velocity at horizon crossing. We get the following relation Λ^2Δt M_{pl} ∼ √ r c^{−3/2}_p ΔN . (3.15)

This should be compared with the original Lyth bound for slow-roll inflation, Δϕ M_{pl} ∼ √ r ΔN . (3.16)

Of course, the two agree in the slow-roll limit where c_p = 1. Because the Goldstone boson is massless (i.e. ω → 0 as k → 0), it follows that if c_p(ω_0) > 1 for some energy ω_0 then the group velocity c_g(ω_1) ≡ dω/dk|_{ω1} > 1 for some other energy 0 < ω_1 < ω_0. For massless particles, having c_p > 1 anywhere therefore implies superluminal propagation, c_g > 1, somewhere. To avoid potential pathologies, we require c_p(H) < 1. This implies that the bound (3.15) is always stronger than the original Lyth bound (3.16).

3.3 Implications for Explicit Models

We have argued that Λ^2Δt is the natural definition of the physically relevant field range for theories where the fluctuations are governed by the kinetic term Λ^4π̇^2. We were then able to derive a bound on this quantity that is at least as strong as the Lyth bound. Two obvious questions that one might like to address are: (1) how do we understand this result in explicit models, and (2) can we relax the condition on the form of the kinetic term?

Corrections to P (X)-theories. Many single-field models described by the EFT of inflation arise from expanding around so-called P (X)-theories [7, 8], with Lagrangian

L = P (X, ϕ) − V (ϕ) , (3.17)

where X ≡ −(∂_μϕ)^2 and P (X, ϕ) is some function to be specified. The naive Lyth bound for the inflaton field ϕ is [24] Δϕ M_{pl} ∼ √ r c_sP_{,X} ΔN , (3.18)

where P_{,X} ≡ ∂_X P and c^2_s ≡ P_{,X} P_{,X} + 2XP_{,XX} ≤ 1 . (3.19)

Eq. (3.18) suggests that large tensors could arise without producing super-Planckian vev’s if we could make P_{,X} ≫ 1 for fixed c_s. In fact, various previous works have considered this possibility. Here, we argue that these attempts to get around the Lyth bound are somewhat misguided.

First, we should note that P_{,X} ≫ 1 implies that the kinetic term of the theory is far from canonical. It is therefore not clear anymore that Δϕ is the relevant field range. This is precisely the regime where the effective theory of the fluctuations is most useful. Given an inflationary solution, the theory for the fluctuations is described, as usual, by expanding in ϕ(x, t) = ϕ̄(t) + ˙ϕ̄(t)π(x, t). Taylor expanding P (X, ϕ) around such a background, one finds that

Λ^4 = X̄P_,¯_X + 2X̄^2P_,¯_X¯_X = X̄P_{,X̄} c^2_s

. (3.20)

For P_,¯_X ≫ 1, this implies

Λ^2Δt = √ P_,¯_X c_s ˙ϕ̄ Δt ≫ Δϕ . (3.21)

Large P_,¯_X hence leads to large Λ^2Δt even if Δϕ is small. We don’t win by making P_,¯_X large. Corrections like in eq. (3.8) are still a concern.

What do these corrections correspond to in the theory of the background? In slow-roll inflation, the corrections we considered were ΔL = −V (ϕ) ϕ^2 M^2_{pl}

. (3.22)

However, one should include all possible corrections, and if P_{,X} ≫ 1, the corrections we were proposing in §3.1 are much larger than the correction in (3.22). To identify these corrections in P (X)-theories, consider deforming the action as follows ΔL = P ( X − V (ϕ)^{ϕ2}_{M 2pl} , ϕ ) − V (ϕ) = P (X, ϕ) − V (ϕ) ( 1 + P_{,X} ϕ^2 M^2_{pl} ) + · · · . (3.23)

We see that introducing corrections directly to P (X, ϕ) reproduces the corrections proposed in the effective theory.^6 For P_{,X} ≫ 1, these corrections are enhanced relative to the correction to

6We can also see these corrections appearing within the context of the effective theory by introducing supersymmetry (SUSY). As SUSY only protects the mass down to the Hubble scale, we typically find that supergravity corrections give a mass of order H, unless we include a shift symmetry for the inflaton. For theories with cs ≪ 1, the supergravity corrections match those proposed here with Λ^4 = M^2_{pl}|Ḣ|c^{−2}_s [25].

the potential. For slow-roll models, P_{,X} = 1, the correction in (3.23) is identical to the correction to the potential (3.22).

Arbitrary kinetic terms and the NEC. The results derived in this section were, so far, restricted to models with two-derivative kinetic terms. If we relaxed this condition, is it possible to generate gravity waves without having to worry about large corrections? Recall that, in §2.4, we derived the following bound for theories satisfying the NEC at horizon crossing,

(2M^2_{pl}|Ḣ|)^{1/2} Δt M_{pl}

≥ Δ^{1/2}_ζ · √ r c^{−3/2}_p ΔN . (3.24)

This result made no assumptions about the form of the action. We can now translate this result into a statement about the minimal corrections to the action. First, we note that even if the theory at horizon crossing is not controlled by the two-derivative kinetic term Λ^4π̇^2, the absence of superluminal modes still requires that it is present with a coefficient Λ^4 ≥ M^2_{pl}|Ḣ|. The corrections to the action at high energies should not depend on the specific operator that dominates at horizon crossing, so we expect that corrections should be at least as large as those expected from the canonical kinetic term. Therefore, whatever definition of field range “Δϕ” is appropriate for these more general models, it should satisfy

“Δϕ” M_{pl}

≥ Δ^{1/2}_ζ · √ r c^{−3/2}_p ΔN . (3.25)

Although this bound is weaker than (3.15) by the numerical factor Δ^{1/2}_ζ ∼ 10^{−2}, it presents little room for engineering controlled models in field theory with measurable gravity waves.

Desensitizing inflation. Corrections to the inflaton action arise from integrating out massive degrees of freedom at the Planck scale. On the other hand, the scale at which modes freeze-out is the inflationary Hubble scale, H ∼ Δ_ζ √ rM_{pl}. Therefore, even for a measurable tensor amplitude, r ≳ 0.01, the physics of inflation happens at an energy scale that is five orders of magnitude below the scale where the quantum gravity corrections are being generated. Because of this large ratio of scales, it is conceivable that these corrections are absent at low energies as the result of significant RG flow. In the context of the eta problem, it was shown that changing the dimensions of operators near the Planck scale can reduced these corrections to an acceptable size [26]. One might wonder if a similar mechanism could explain the absence of large corrections for models producing measurable gravity waves.

As a concrete example, consider the following two-field action [14]

L = −^1_2 (∂_μπ_c)^2 −^1_2 [ (∂_μσ)^2 + μ^2σ^2 ] + ρπ̇_cσ + · · · , (3.26)

where π^2_c ≡ 2M^2_{pl}|Ḣ|π^2 and · · · stands for are all operators that are not quadratic in the fluctuations. At high energies, ω ≫ ρ, the theory is well described by two decoupled scalar fields, π_c and σ. At energies ω < ρ, it becomes a single-field model governed by a non-relativistic kinetic term. At very low energies, ω < μ^2/ρ, it becomes a model with small speed of sound c_s ≃ μ/ρ. Therefore, at high energies, the kinetic term is M^2_{pl}|Ḣ| π̇^2 ≡ Λ^4_{UV} π̇^2, while at low energies, it is M^2_{pl}|Ḣ|c^{−2}_s π̇^2 ≡ Λ^4_{IR} π̇^2. Due to the significant amount of RG flow, we have increased Λ^4 = Λ^4_{IR} at horizon crossing. From the bottom-up the corrections therefore look worse than they are from the top-down.

However, this model still fails to achieve measurable gravity waves with a small field range. Using Λ_{UV} in the definition of the field range and noting that the bound in (3.15) applies to Λ_{IR} (with c_p = c_s), we find

Λ^2_{UV}Δt M_{pl} ≡ (M^2_{pl}|Ḣ|)^{1/2}Δt M_{pl} = c_sΛ^2_{IR}Δt M_{pl} ≥ √ r c^{−1/2}_s ΔN . (3.27)

Despite achieving Λ_{IR} ≫ Λ_{UV}, the field range bound is still stronger than the Lyth bound.

The obstacle to achieving small field ranges is not restricted to this example. Any proposed mechanism, even with this type of RG flow, is ultimately limited by the NEC bound (3.25). The constraint from the NEC depends only on the values of M^2_{pl}Ḣ and Λ_b at horizon crossing. If M^2_{pl}Ḣ is independent of scale, then the bound (3.25) provides a lower limit on Planck-scale corrections, no matter how Λ evolves under RG flow. The only way to weaken the bound is for M^2_{pl}Ḣ to be larger in the IR than in the UV. However, to leading order, M^2_{pl}Ḣ is simply a constant in the EFT of inflation and is not altered by RG flow. Any attempt to modify this coefficient must take place at the level of the background and is beyond the scope of the EFT and this work (but see [27, 28]).

4 Conclusions

A stochastic background of tensor modes is arguably one of the most robust predictions of inflation. Realistically, a tensor signal will be observable in CMB polarization if the tensorto-scalar ratio r ≡ P_t/P_s is bigger than 0.01 [3]. Remarkably, this level of gravity waves, seems to be tied to Planck-scale physics. Under the restrictive assumption of slow-roll inflation, Lyth [1] showed that r > 0.01 corresponds to super-Planckian evolution of the inflaton field, Δϕ M_{pl} ∼ √ r 0.01

. (4.1)

Having the field traverse a distance larger than the cutoff provides a challenge for a controlled effective field theory description [3]. On the other hand, it provides an opportunity for UVcomplete treatments of inflation such as string theory realizations of large-field inflation [4, 5].

However, maybe assuming slow-roll is too limiting. We would like to be able to interpret future data without making strong theoretical assumptions. In this paper, we have therefore widened the scope of the Lyth bound. To achieve this, we employed the EFT of inflation [11] which describes all possible single-field theories in a single, unified framework. We showed that the power spectrum of scalar fluctuations can be expressed in a simple, unified form, in terms of the Hubble scale H, the symmetry breaking scale Λ_b and the scaling dimension Δ of the fluctuations (see §2.3). The EFT of inflation also allowed us to give a natural definition of the field range “Δϕ” which determines the relevance of Planck-suppressed corrections (see §3.1). These arguments culminated in the generalized Lyth bound

“Δϕ” M_{pl} ∼ c^{−3/2}_p · √ r 0.01

, (4.2) where c_p is the phase velocity at horizon crossing, ω ∼ H. Since we require c_p ≤ 1 to avoid superluminal modes, our bound is always stronger than the Lyth bound (4.1). Our result shows that non-trivial dynamics can’t evade the Lyth bound. The UV-sensitivity of observable gravity waves is a universal phenomenon and not special to slow-roll inflation.

Acknowledgments

We are grateful to Nima Arkani-Hamed, Liam McAllister and Rafael Porto for discussions. D.B. gratefully acknowledges support from a Starting Grant of the European Research Council (ERC STG grant 279617) and partial support from STFC under grant ST/FOO2998/1. The research of D.G. is supported by the DOE under grant number DE-FG02-90ER40542 and the Martin A. and Helen Chooljian Membership at the Institute for Advanced Study.

References

[1] D. Lyth, “What would we learn by detecting a gravitational wave signal in the cosmic microwave background anisotropy?,” Phys. Rev. Lett. 78, 1861-1863 (1997).

[2] A. Guth, “The Inflationary Universe: A Possible Solution To The Horizon And Flatness Problems,” Phys. Rev. D 23, 347 (1981); • A. Linde, “A New Inflationary Universe Scenario: A Possible Solution Of The Horizon, Flatness, Homogeneity, Isotropy And Primordial Monopole Problems,” Phys. Lett. B 108, 389 (1982); • A. Albrecht and P. Steinhardt, “Cosmology For Grand Unified Theories With Radiatively Induced Symmetry Breaking,” Phys. Rev. Lett. 48, 1220 (1982); • for a recent review see e.g. D. Baumann, “TASI Lectures on Inflation,” arXiv:0907.5424 [hep-th].

[3] D. Baumann et al., “CMBPol Mission Concept Study: Probing Inflation with CMB Polarization,” AIP Conf. Proc. 1141, 10 (2009).

[4] E. Silverstein and A. Westphal, “Monodromy in the CMB: Gravity Waves and String Inflation,” Phys. Rev. D 78, 106003 (2008).

[5] L. McAllister, E. Silverstein, and A. Westphal, “Gravity Waves and Linear Inflation from Axion Monodromy,” Phys. Rev. D82, 046003 (2010).

[6] R. Kallosh, A. Linde, D. Linde, and L. Susskind, “Gravity and Global Symmetries,” Phys. Rev. D 52, 912 (1995); • M. Kamionkowski and J. March-Russell, “Planck Scale Physics and the Peccei-Quinn Mechanism,” Phys. Lett. B 282, 137 (1992).

[7] C. Armendariz-Picon, T. Damour, and V. Mukhanov, “K-Inflation,” Phys. Lett. B458, 209-218 (1999); • X. Chen, M. Huang, S. Kachru, and G. Shiu, “Observational Signatures and Non-Gaussianities of General Single-Field Inflation,” JCAP 0701, 002 (2007).

[8] E. Silverstein and D. Tong, “Scalar Speed Limits and Cosmology: Acceleration from D-cceleration,” Phys. Rev. D70, 103505 (2004).

[9] N. Arkani-Hamed, P. Creminelli, S. Mukohyama, and M. Zaldarriaga, “Ghost Inflation,” JCAP 0404, 001 (2004).

[10] C. Burrage, C. de Rham, D. Seery, and A. Tolley, “Galileon Inflation,” JCAP 1101, 014 (2011).

[11] C. Cheung, L. Fitzpatrick, J. Kaplan, L. Senatore, and P. Creminelli, “The Effective Field Theory of Inflation,” JHEP 0803, 014 (2008).

[12] L. Senatore and M. Zaldarriaga, “The Effective Field Theory of Multi-Field Inflation,” arXiv:1009.2093 [hep-th].

[13] P. Creminelli, M. Luty, A. Nicolis, and L. Senatore, “Starting the Universe: Stable Violation of the Null Energy Condition and Non-Standard Cosmologies,” JHEP 0612, 080 (2006).

[14] D. Baumann and D. Green, “Equilateral Non-Gaussianity and New Physics on the Horizon,” JCAP 1109, 014 (2011).

[15] A. Berera, “Warm Inflation,” Phys. Rev. Lett. 75, 3218-3221 (1995).

[16] L. Hall, I. Moss, and A. Berera, “Scalar Perturbation Spectra from Warm Inflation,” Phys. Rev. D 69, 083525 (2004).

[17] D. Green, B. Horn, L. Senatore, and E. Silverstein, “Trapped Inflation,” Phys. Rev. D80, 063533 (2009).

[18] D. Nacir, R. Porto, L. Senatore, and M. Zaldarriaga, “Dissipative Effects in the Effective Field Theory of Inflation,” [arXiv:1109.4192 [hep-th]].

[19] L. Senatore, E. Silverstein, and M. Zaldarriaga, “New Sources of Gravitational Waves During Inflation,” [arXiv:1109.0542 [hep-th]].

[20] J. Cook and L. Sorbo, “Particle Production During Inflation and Gravitational Waves Detectable by Ground-Based Interferometers,” [arXiv:1109.0022 [astro-ph.CO]].

[21] S. Weinberg, “The Quantum Theory of Fields. Vol. 2: Modern Applications,” Cambridge, UK:

Univ. Pr. (1996) 489 p.

[22] S. Weinberg, “Adiabatic Modes in Cosmology,” Phys. Rev. D67, 123504 (2003).

[23] A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis, and R. Rattazzi, “Causality, Analyticity and an IR Obstruction to UV Completion,” JHEP 0610, 014 (2006).

[24] D. Baumann and L. McAllister, “A Microscopic Limit on Gravitational Waves from D-brane Inflation,” Phys. Rev. D75, 123508 (2007).

[25] D. Baumann and D. Green, “Signatures of Supersymmetry from the Early Universe,” [arXiv:1109.0292 [hep-th]]; • D. Baumann and D. Green, “Supergravity for Effective Theories,” [arXiv:1109.0293 [hep-th]].

[26] D. Baumann and D. Green, “Desensitizing Inflation from the Planck Scale,” JHEP 1009, 057 (2010); • D. Baumann and D. Green, “Inflating with Baryons,” JHEP 1104, 071 (2011).

[27] I. Ben-Dayan and R. Brustein, “Cosmic Microwave Background Observables of Small-Field Models of Inflation,” JCAP 1009, 007 (2010).

[28] S. Hotchkiss, A. Mazumdar, and S. Nadathur, “Observable Gravitational Waves from Inflation with Small Field Excursions,” [arXiv:1110.5389 [astro-ph.CO]].