arXiv:1111.3072v2 [hep-ph] 11 Jul 2013

UMISS-HEP-2011-05

Deviation from Tri-Bimaximal Mixing and Large Reactor Mixing Angle.

Ahmed Rashed^1

Department of Physics and Astronomy, University of Mississippi, Lewis Hall, University, MS, 38677, USA

Department of Physics, Faculty of Science, Ain Shams University, Cairo, 11566, Egypt.

(July 12, 2013)

Abstract

Recent observations for a non-zero θ_{13} have come from various experiments. We study a model of lepton mixing with a 2 − 3 flavor symmetry to accommodate the sizable θ_{13} measurement. In this work, we derive deviations from the tri-bimaximal (TBM) pattern arising from breaking the flavor symmetry in the neutrino sector, while the charged leptons contribution has been discussed in a previous work. Contributions from both sectors towards accommodating the non-zero θ_{13} measurement are presented.

1E-mail: amrashed@phy.olemiss.edu

1 Introduction

Neutrino oscillations can be parametrized in terms of three mixing angles θ_{12}, θ_{13}, θ_{23} and Dirac (δ) and Majorana (ζ_1, ζ_2) CP violating phases

V = c_{12}c_{13} s_{12}c_{13} s_{13}e^{−iδ} −s_{12}c_{23} − c_{12}s_{13}s_{23}e^{iδ} c_{12}c_{23} − s_{12}s_{13}s_{23}e^{iδ} c_{13}s_{23} s_{12}s_{23} − c_{12}s_{13}c_{23}e^{iδ} −c_{12}s_{23} − s_{12}s_{13}c_{23}e^{iδ} c_{13}c_{23} P_ν , (1)

where c_{ij} ≡ cos θ_{ij} , s_{ij} ≡ sin θ_{ij} , and P_ν ≡ {1, e^{iζ1} , e^{iζ2} } is a diagonal phase matrix, which is physically relevant if neutrinos are Majorana particles. The experiments have shown that the angles of lepton mixing are relatively larger than their counterparts in the quark sector. Recent data from the Double Chooz [1], Daya Bay [2], RENO [3] experiments as well as latest T2K [4] and MINOS [5] experiments have yielded nonzero values for θ_{13}. The best-fit values for the mixing angles are given as [6] sin^2 θ_{12} = 0.320, sin^2 θ_{23} = 0.427 (0.600) (for normal (inverted) hierarchy), sin^2 θ_{13} = 0.0246 (0.0250) (for normal (inverted) hierarchy). (2)

The distribution of the flavors in the mass eigenstates, corresponding to the bestfit values of the mixing angles, has shown that the leading order mixing method is a quite successful way to describe the lepton mixing. The most common patterns that have been discussed in the literatures to describe the lepton mixing, which may arise from discrete symmetries, are called; democratic (DC) [7], bimaximal (BM) [8], and tri-bimaximal (TBM) [9] mixing matrix. Recently, a pattern has been proposed to link the lepton and quark sectors so-called Tri-bimaximal-Cabibbo mixing [10]. Many previous studies have considered the TBM form in the symmetric limit of different flavor symmetries [11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. Contributions from the charged lepton sector to the leptonic mixing have been studied previously [21, 22]. The recent θ_{13} measurement has been discussed [23, 24, 25, 26, 27], several papers have considered deviations from the charged lepton sector [28, 29]. Early studies of a sizable θ_{13} have been conducted previously [30].

The leptonic mixing matrix is obtained from the contributions of the diagonalization of the charged lepton and neutrino mass matrices. Many models have been introduced to study the leptonic mixing in the basis where the charged lepton mass matrix is diagonal. Our approach considers both contributions from the charged lepton and neutrino sector to obtain the leading order leptonic mixing as well as deviations from it. One of the central ideas of this approach is the requirement that the mass matrices, in a symmetric limit, be diagonalized by unitary matrices composed of pure numbers independent of the parameters of the mass matrices. If one starts with a 2 − 3 symmetric mass matrix for the charged lepton sector and requires it to be diagonalized by unitary matrices of pure numbers one recovers the decoupled 2 − 3 symmetry; decoupling of the first generation from the second and third generations. This helps in understanding the mass splitting between the first generation from the second and third generations.

Before we begin our analysis we would like to remark the fact that the quark and charged leptons exhibit similar hierarchical structures. We therefore assume the same flavor structure for them. One can use similar parametrization and flavor symmetric limit in the quark and charged lepton sector. The discussion of the 2-3 flavor symmetry in the quark sector can be found in Ref. [31].

In Ref. [32], they have considered the decoupled 2 − 3 symmetry as the flavor symmetry in the charged lepton sector. The contributions of the charged lepton and neutrino sector have been discussed in Ref. [32] with the Bimaximal (BM) pattern being the leading order term of the lepton mixing. In this work, we assume a certain texture for the neutrino mass matrix with the third generation decoupled from the first two generations. Requiring the elements of the unitary matrix that diagonalizes the neutrino mass matrix to be independent of the mass parameters, the leptonic mixing turns out to have the TBM form in the symmetric limit under a certain condition.

In our model, we introduce a Lagrangian that extends the SM particle content by three right-handed neutrinos, three complex singlet scalar fields, and an additional Higgs doublet.^2 The symmetry group of the SM is extended by the product of the symmetries Z_4 × U(1) × SO(3). The Z_4 symmetry serves to have a 2 − 3 symmetric Yukawa matrix in the charged lepton sector and yields the mass matrices in the charged lepton and neutrino sector to have decoupled structures. The global SO(3) flavour symmetry leads to diagonal Dirac neutrino mass matrix and equal vacuum expectation values of the three singlet scalars. The SO(3) symmetry is broken in the other terms of the Yukawa Lagrangian. We present a global U(1) symmetry that equates certain couplings of the neutrinos as we relate the couplings to the U(1) charges. The U(1) symmetry forbids the Majorana masses of the righthanded neutrinos. The Majorana neutrino masses are generated via the v.e.v of the singlet scalars and the U(1) gets broken spontaneously. Without altering the lepton mixing, an additional Majorana mass term is introduced to protect one of the neutrino masses from blowing up.

Breaking the symmetry in the charged lepton sector has been studied in Ref. [32]. In the neutrino sector we generate a deviation to the TBM mixing by explicitly breaking the SO(3) symmetry in the scalar potential. The symmetry breaking term violates the alignment of the v.e.v’s of the singlet scalar fields. The contribution of the neutrino sector to the deviation of the lepton mixing goes as ∼^{v2}_{w2} where v is the electroweak (EW) scale and w is the scale of the v.e.v of singlet scalars. Introducing a small symmetry breaking parameter is sufficient to generate the realistic lepton mixing and mass matrices. If the realistic neutrino mass matrix has small deviations

2 Some recent motivations for considering two Higgs doublet models can be found in Ref. [33].

from the TBM form, one can say that the TBM is not an accidental symmetry [34].

The paper is organized in the following manner: In Sec. 2 we study the TBM mixing in the flavor symmetric limit. In Sec. 3 we discuss the Lagrangian that describes the flavor symmetry in the charged lepton and neutrino sector. In Sec. 4 we break the flavor symmetry to generate the realistic leptonic mixing. In Sec. 5 we show the numerical results due to the symmetry breaking, and, finally, in Sec. 6 we conclude with a summary of the results reported in this work.

2 The TBM matrix from flavor symmetry

In Ref. [32], it was assumed that the Yukawa matrix of the charged lepton sector is invariant under the μ−τ interchange. Since the leptonic mixing matrix is composed of pure numbers, it is naturally supposed the mass matrices to be diagonalized by a unitary matrices composed of pure numbers. This results in the Yukawa matrix of the charged lepton sector to be decoupled as [32]

Y^L_{23} = l_{11} 0 0 0^1_2 l_T^1_2 l_T 0^1_2 l_T^1_2 l_T . (3)

This Yukawa matrix leads to zero muon mass m_μ = 0, shifting m_μ from the zero value will cause symmetry breaking later. The Yukawa matrix can be invariant under additional flavor symmetries such as a Z_2 symmetry and diagonalized by the unitary matrix W^l_{23} given by

W^l_{23} =

1 0 0 0 −^{1√}_2^{1√}_2 0^{1√}_2^{1√}_2 . (4)

Having established the flavor symmetry in the charged lepton sector, we use the TBM mixing as an input to identify the flavor symmetry in the neutrino sector. In the 2-3 symmetric limit the PMNS matrix, with s_{13} = 0, is given by

U^s_{P MNS} = c_{12} s_{12} 0 −^{1√}_2 s_{12}^{1√}_2 c_{12}^{1√}_2 1√ 2 s_{12} −^{1√}_2 c_{12}^{1√}_2 . (5)

The TBM form is obtained by setting

s_{12} = sin θ_{12} = 1 √ 3 , c_{12} = cos θ_{12} = √ 2 3 . (6)

Then, we can express U^s_{P MNS} as

U^s_{P MNS} = U^†_ℓ U_ν , (7)

where

U_ℓ = W^l_{23},

U_ν = c_{12} s_{12} 0 s_{12} −c_{12} 0 0 0 1 . (8)

Let us discuss the structure of the neutrino matrix in the flavor symmetric limit. It can be easily seen that M_ν is given as

M_ν = a √ 2(a − b) 0 √ 2(a − b) b 0 0 0 c , (9)

with U^T_ν M_νU_ν = M^d_ν and mass eigenvalues given by M^d_ν = diag (2a − b, 2b − a, c). (10) We see that the neutrino mass matrix exhibits decoupling of the first two generations from the third one and it can be invariant under flavor symmetries such as a Z_2 symmetry.

3 The origin of the μ − τ symmetry in this model

The Lagrangian that describes this model will be discussed in this section. It is assumed to be invariant under the product of the symmetries Z_4 ×U(1). The Yukawa Lagrangian exhibits μ − τ symmetry, which can be generated by a Z_4 symmetry. We use the see-saw mechanism to produce the neutrino mass matrix. The particle content of the model is given by

• three left-handed lepton doublets D_{αL} , where α is denoted by e, μ, and τ,

• three right-handed charged-lepton singlets α_R, and

• three right-handed neutrino singlets ν_{αR}.

In the scalar sector, we employ

• two Higgs doublets ϕ_j with vacuum expectation values, v.e.v’s, ⟨ 0|ϕ^0_j |0 ⟩ =^{vj√}_2 , j = 1, 2, and

• three complex singlet scalar fields ϵ_k with v.e.v’s ⟨0|ϵ^0_k|0⟩ = w_k, k = 1, 2, 3 .

The symmetry of the Lagrangians is assumed as Z_4 : D_{μL} ↔ −D_{τL} , μ_R ↔ −τ_R, ν_{μR} ↔ −ν_{τ R}, ν_{eR} → iν_{eR}, e_R → ie_R, D_{eL} → iD_{eL} , ϵ_1 → −iϵ_1, ϵ_2 → iϵ_2, ϵ_3 → −ϵ_3, ϕ_1 → ϕ_1, ϕ_2 → ϕ_2,

U(1) : { ν_{(e,μ,τ )R}, e_R, (μ, τ)_R, D_{(e,μ,τ )L} , ϵ_{(1,2,3)}, ϕ_1, ϕ_2 } = { 1 3 , 7 3 , 4 3 , 4 3 , 2 3 , 0, −1 } . (11)

The most general Lagrangian invariant under the underlined symmetry is given by

L_Y = y_1D̄_{eL} e_Rϕ_2 + [ y_2 (¯ D_{μL} μ_R + D̄_{τL} τ_R ) + y_2 (¯ D_{μL} τ_R + D̄_{τL} μ_R )] ϕ_1 + y_D [¯ D_{eL} ν_{eR} + D̄_{μL} (ν_{μR} + ν_{τ R}) + D̄_{τL} (ν_{μR} + ν_{τ R}) ]~ ϕ_2 + 1 2 yν̄_{eR} ( ν^c_{μR} (ϵ_1 + ϵ_2) √ 2 + ν^c_{τ R} (ϵ_1 − ϵ_2) √ 2 )

+ 1 2 y ν̄_{eR} ν^c_{eR} ϵ_3 + h.c. (12) Here, ϕ̃_j ≡ iσ_2ϕ^∗_j is the conjugate Higgs doublet. The Z_4 symmetry yields the decoupling structure in the charged lepton and neutrino mass matrices. In our model we relate the couplings to the U(1) charges as y = cq where y is a coupling, q is a U(1) charge, and c is a constant. This leads to a universal coupling to the right-handed neutrinos and to the charged leptons.

The phenomenology of the above Lagrangian with the off-diagonal elements D̄_{μL} ν_{τ R} + D̄_{τL} ν_{μR} can be studied. But in this model we choose to work with diagonal Dirac neutrino mass matrix M_D to make the model even simpler. For this, we impose an approximate symmetry of the Lagrangian. A global SO(3) flavour symmetry is introduced in a way that the transformations of the fields are given as follows: e_R μ_R τ_R , D_{eL} D_{μL} D_{τL} , ν_{eR} ν_{μR} ν_{τ R} , ϵ_1 ϵ_2 ϵ_3

, ϕ_1, ϕ_2. (13)

In the above Lagrangian, the SO(3) symmetry is only satisfied by the Dirac mass terms for the neutrinos and is broken by the other terms in the way that the Yukawa Lagrangian is invariant under the symmetry product Z_4 × U(1). The implications of proposing the SO(3) flavour symmetry in the lepton sector will be discussed in a separate work. By implementing these particle assignment we find that the offdiagonal elements D̄_{μL} ν_{τ R} + D̄_{τL} ν_{μR} are forbidden leading to a diagonal Dirac mass matrix. We can then rewrite the above Lagrangian as

L_Y = y_1D̄_{eL} e_Rϕ_2 + [ y_2 (¯ D_{μL} μ_R + D̄_{τL} τ_R ) + y_2 (¯ D_{μL} τ_R + D̄_{τL} μ_R )] ϕ_1

+ y_D [¯ D_{eL} ν_{eR} + D̄_{μL} ν_{μR} + D̄_{τL} ν_{τ R} ]~ ϕ_2 + 1 2 yν̄_{eR} ( ν^c_{μR} (ϵ_1 + ϵ_2) √ 2 + ν^c_{τ R} (ϵ_1 − ϵ_2) √ 2 )

+ 1 2 y ν̄_{eR} ν^c_{eR} ϵ_3 + h.c. (14) When the singlet scalar fields acquire their v.e.v’s, the U(1) symmetry gets broken spontaneously and the neutrinos obtain their Majorana masses [35]. One of the neutrino masses blows up, therefore, we need to introduce a Majorana mass term as a U(1) symmetry breaking term, which is not going to change the mixing,

L_M = 1 2 M [ ν̄_{eR}ν^c_{eR} + ν̄_{μR}ν^c_{μR} + ν̄_{τ R}ν^c_{τ R} ] + h.c. (15) The above Majorana mass term is invariant under the SO(3) symmetry. The wouldbe-Goldstone bosons could be generated due to the spontaneous symmetry breaking of the global U(1) symmetry by the v.e.v’s of the singlet scalars. They can acquire masses through the explicit symmetry breaking of U(1). Studying the effects of breaking the U(1) symmetry falls beyond the main goal of this paper.

The most general scalar potential V that is invariant under the above symmetry product Z_4 × U(1) × SO(3) is V = −μ^2 ( |ϵ_1|^2 + |ϵ_2|^2 + |ϵ_3|^2 ) + ( |ϵ_1|^2 + |ϵ_2|^2 + |ϵ_3|^2

)^2∑ i=1 σ_iϕ^†_i ϕ_i +λ ( |ϵ_1|^2 + |ϵ_2|^2 + |ϵ_3|^2

)_2 + V_{2HD}(ϕ_1, ϕ_2), (16)

where V_{2HD}(ϕ_1, ϕ_2) is the potential of the two Higgs doublets [36],

V_{2HD}(ϕ_1, ϕ_2) = λ^′_1(ϕ^†_1ϕ_1 − v^2_1 )^2 + λ^′_2(ϕ^†_2ϕ_2 − v^2 )^2

+ λ^′_3 [ (ϕ^†_1ϕ_1 − v^2_1 ) + (ϕ^†_2ϕ_2 − v^2 )

]_2

+ λ^′_4 ( (ϕ^†_1ϕ_1)(ϕ^†_2ϕ_2) − (ϕ^†_1ϕ_2)(ϕ^†_2ϕ_1) )

+ λ^′_5 ( Re(ϕ^†_1ϕ_2) − v_1v_2 cos ξ

)_2

+ λ^′_6 ( Im(ϕ^†_1ϕ_2) − v_1v_2 sin ξ

)_2 , (17)

where v_1 and v_2 are the vacuum expectation values of the two Higgs doublets ϕ_1 and ϕ_2, consequently, and ξ is a phase constant. One can easily verify that the v.e.v’s of the Higgs doublets are different and non-zero in the symmetric limit [32].

We can minimize the potential to get the v.e.v’s (⟨0|ϵ^0_k|0⟩ = w_k) as follows ∂V ∂|ϵ_1| | | | | min = −2μ^2w_1 + 2w_1 2∑ i=1 σ_iv^†_i v_i + 4λw_1 ( w^2_1 + w^2 + w^2_3 ) = 0,

∂V ∂|ϵ_2| | | | min = −2μ^2w_2 + 2w_2 2∑ i=1 σ_iv^†_i v_i + 4λw_2 ( w^2_1 + w^2 + w^2_3 ) = 0, ∂V ∂|ϵ_3| | | | | min = −2μ^2w_3 + 2w_3 2∑ i=1 σ_iv^†_i v_i + 4λw_3 ( w^2_1 + w^2 + w^2_3 ) = 0. (18)

One can notice that the three equations are not independent. Thus, the three v.e.v’s are the same and equal to

w^2 = μ^2 − (σ_1|v_1|^2 + σ_2|v_2|^2) 6λ , (19)

where w_k = w for k = 1, 2, 3.

The explicit form of the charged lepton Yukawa matrix and the Majorana and Dirac neutrino mass matrices can be written from Lagrangian (14) as follows

Y^L_{23} = v_1 √ 2 y_1v_2/v_1 0 0

0 y_2 y_2 0 y_2 y_2 ,

M_R = M + √ 2v_w 2v_w 0 2v_w M 0 0 0 M , with v_w = y w√ 2 , M_D = A I, with A = y_D v_2 √ 2 , (20)

where I is the unit matrix. Using the see-saw formula [37], the neutrino mass matrix is given as

M_ν = −M^T_D M^{−1}_R M_D. (21)

Then M_ν has the structure

M_ν = X G 0 G Y 0 0 0 Z , (22)

where X = − A^2M M^2 + √ 2Mv_w − 4v^2_w , Y = − A^2(M + √ 2v_w) M^2 + √ 2Mv_w − 4v^2_w , G = 2A^2v_w M^2 + √ 2Mv_w − 4v^2_w , Z = − A^2 M . (23)

One can easily verify that the relation between the entries in Eq. 9 is satisfied by the elements in Eq. 23. The mass eigenvalues (2X − Y, 2Y − X, Z) can be written as m_1 = −

A^2 M + 2 √ 2v_w , m_2 = −

A^2 M − √ 2v_w , m_3 = −

A^2 M . (24)

From the above equations one can estimate the range of the v.e.v v_2 where A = yv_2/ √ 2. As the absolute neutrino masses are in the eV scale, therefore, v_2 has to be in the MeV scale if the see-saw scale (M) is in the TeV range. The mass eigenvalues satisfy the relation 1 m_1 + 2 m_2 = 3 m_3

. (25)

Similar relations among the masses are discussed in Ref. [38]. Thus, we can use the above sum-rule to obtain an upper limit for the heaviest mass |m_3| ⩽^{3|m1||m2|}_{|2|m1|+|m2||} for the normal hierarchy or |m_2| ⩽^{2|m1||m3|}_{|3|m1|−|m3||} for the inverted hierarchy.

4 Symmetry Breaking

The breaking of the flavor symmetries in the charged lepton and neutrino sector cause deviations from the TBM form. Symmetry breaking in the charged lepton sector has been considered in Ref. [32] to generate the realistic charged-lepton mass matrix

Y^L = l_{11} l_{12} −l_{12} l_{12}^1_2 l_T (1 + 2κ_l)^1_2 l_T −l_{12}^1_2 l_T^1_2 l_T , (26)

with

l_{12} ≈ √ z_μ 2 (l_e − l_μ), l_T ≈ (l_τ − l_μ)(1 − 1 2 (zz_μ)^2), κ_l = zz_μ, z_μ ≡ m_μ m_τ . (27)

where z is an arbitrary parameter with a value around 2. In this section we are going to consider deviations of the TBM structure from the neutrino sector.

We are going to break the SO(3) symmetry, which has led to equal v.e.v’s in the symmetric limit, and maintain the other symmetries of the Lagrangian. We will break the symmetry by introducing symmetry breaking terms of dimension four. We can present a large number of symmetry breaking terms. The most straightforward way is to break the alignment of the v.e.v’s of (ϵ_1, ϵ_2) which, in turn, violate the decoupling in the neutrino mass matrix. Here, we introduce the most general form of symmetry breaking terms ξ ( |ϵ_1|^2 − |ϵ_2|^2

)_2 + ( |ϵ_1|^2 − |ϵ_2|^2

)^2∑ i=1 ρ_iϕ^†_i ϕ_i + ϱ ( |ϵ_1|^4 − |ϵ_2|^4 ) . (28)

The most general symmetry breaking terms can be expressed in terms of the form in Eq. 28 and symmetry conserving terms that can be absorbed in the symmetric potential. Thus, the scalar potential including all the terms of the form in Eq. 28 is given as follows V = −μ^2 ( |ϵ_1|^2 + |ϵ_2|^2 + |ϵ_3|^2 ) + ( |ϵ_1|^2 + |ϵ_2|^2 + |ϵ_3|^2

)^2∑ i=1 σ_iϕ^†_i ϕ_i

+ ξ ( |ϵ_1|^2 − |ϵ_2|^2

)_2 + ( |ϵ_1|^2 − |ϵ_2|^2

)^2∑ i=1 ρ_iϕ^†_i ϕ_i + ϱ ( |ϵ_1|^4 − |ϵ_2|^4 )

+ ξ^′ ( |ϵ_1|^2 + |ϵ_2|^2

)_2 + ( |ϵ_1|^2 + |ϵ_2|^2

)^2∑ i=1 ρ^′_iϕ^†_i ϕ_i + ϱ^′ ( |ϵ_1|^4 + |ϵ_2|^4 )

+ λ ( |ϵ_1|^2 + |ϵ_2|^2 + |ϵ_3|^2

)_2

+ V_{2HD}(ϕ_1, ϕ_2). (29)

We can parametrize the v.e.v’s of the singlet scalars as

⟨0 |ϵ_1| 0⟩ = β_1 cos γ, ⟨0 |ϵ_2| 0⟩ = β_1 sin γ, and ⟨0 |ϵ_3| 0⟩ = β_2. (30)

We require that all terms in the symmetry breaking potential are of the same size which results in, from Eq. 28, ϱ ∼^{v2}_{β21} ρ_i and ξ ∼^{v2}_{β21 cos 2γ} ρ_i where v^2 = v^2_1 + v^2 is the EW scale. The only terms that depend on γ are

f(γ) = ξβ^4_1 cos^2 2γ + β^2_1 cos 2γ 2∑ i=1 ρ_i|v_i|^2 + ϱβ^4_1 cos 2γ + ϱ^′β^4_1 ( 1 + cos^2 2γ 2 ) . (31)

After minimizing the potential, one can get the parameters of the v.e.v’s as follows

cos 2γ = − ϱβ^2_1 + (ρ_1|v_1|^2 + ρ_2|v_2|^2) (2ξ + ϱ^′)β^2_1 , β^2_1 =

|v_1|^2(ϱρ_1 − ρ^′_1(2ξ + ϱ^′)) + |v_2|^2(ϱρ_2 − ρ^′_2(2ξ + ϱ^′)) −ϱ^2 + 2ξ(2ξ^′ + ϱ^′) + ϱ^′(2ξ^′ + ϱ^′) , β^2_2 = β^{′2}_2 −2λ(−ϱ^2 + 2ξ(2ξ^′ + ϱ^′) + ϱ^′(2ξ^′ + ϱ^′))

, (32) where

β^{′2}_2 ≡ −μ^2(−ϱ^2 + 2ξ(2ξ^′ + ϱ^′) + ϱ^′(2ξ^′ + ϱ^′)) + |v_1|^2(σ_1(−ϱ^2 + 2ξ(2ξ^′ + ϱ^′) + ϱ^′(2ξ^′ + ϱ^′)) + 2λ(ϱρ_1 − ρ^′_1(2ξ + ϱ^′))) + |v_2|^2(σ_2(−ϱ^2 + 2ξ(2ξ^′ + ϱ^′) + ϱ^′(2ξ^′ + ϱ^′)) + 2λ(ϱρ_2 − ρ^′_2(2ξ + ϱ^′))).(33)

Then, we find that the following relation is satisfied

β^2_2 + β^2_1 = 3w^2. (34)

In Eq. 32, since ϱ ∼^{v2}_{β21} ρ_i that leads to cos 2γ ≈ 0 up to corrections of v^2/β^2_1 where v is the EW scale and we assume β_1 to be in the TeV range in order to produce a sizable symmetry breaking parameter. However, we consider the first order correction to cos 2γ (cos 2γ ≈ τ) in our analysis where the symmetry breaking term is defined by τ ≡ − ϱβ^2_1 + (ρ_1|v_1|^2 + ρ_2|v_2|^2)

(2ξ + ϱ^′)β^2_1

. (35)

This leads to shifting the v.e.v’s of the two singlet scalars (⟨0 |ϵ_1| 0⟩ ≠ ⟨0 |ϵ_2| 0⟩) up to the first order of τ. Then, the Majorana neutrino mass matrix takes the form

M_R = M + v_{β2} v_{β1p} v_{β1n} v_{β1p} M 0 v_{β1n} 0 M , (36)

where v_{βi} = yβ_i and

v_{β1p} = y √ 2 (⟨0 |ϵ_1| 0⟩ + ⟨0 |ϵ_2| 0⟩),

v_{β1n} = y √ 2 (⟨0 |ϵ_1| 0⟩ − ⟨0 |ϵ_2| 0⟩). (37)

We write the v.e.v’s of the singlet scalars after the symmetry breaking as

⟨0 |ϵ_1| 0⟩ = β_1 √ 2 ( 1 + τ 2 ) , ⟨0 |ϵ_2| 0⟩ = β_1 √ 2 ( 1 − τ 2 ) , (38)

then

v_{βp} = v_{β1} , v_{βn} = τ 2 v_{β1} . (39)

Note that, from the discussion below Eq. 30 and using Eq. 35 one finds ξ ∼ v^2 β^2_1 τ ρ_i ∼ ϱ τ , (40)

which leads to ξ ≃ 10ϱ for τ = 0.1.

The results of the model have to satisfy the neutrino oscillation measurements. Although the numerical results show that breaking the SO(3) symmetry in the scalar potential, see Eq. 28, is not sufficient to break the slight equality of (m_1, m_2) to satisfy the Δm^2_{12} measurement. Therefore, we introduce additional terms to the Dirac mass term for the neutrinos which minimally break the SO(3) symmetry, 1 2 [ M_1ν̄_{eR}ν^c_{eR} + M_2 ( ν̄_{μR}ν^c_{μR} + ν̄_{τ R}ν^c_{τ R} )] + h.c. (41) By presenting the above terms we have broken the SO(3) symmetry in the whole Yukawa Lagrangian and the scalar potential. Note that the above terms break the U(1) symmetry too. Thus

M_R =

M^′ + v_{β2} v_{β1}^τ_2 v_{β1}

v_{β1} M^{′′} 0 τ 2 v_{β1} 0 M^{′′} , (42)

where M^′ = M + M_1 and M^{′′} = M + M_2. Using the see-saw formula (21), the neutrino mass matrix is given by

M_ν =

X^′ G^′ P^′ G^′ Y^′ W^′ P^′ W^′ Z^′ , (43)

where

X^′ = −

4A^2M^{′′} 4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} (4 + τ^2) , Y^′ = −

A^2(4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} τ^2) M^{′′}(4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} (4 + τ^2)) , Z^′ = −

4A^2(M^′M^{′′} + M^{′′}v_{β2} − v^2_{β1} ) M^{′′}(4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} (4 + τ^2)) , G^′ =

4A^2v_{β1} 4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} (4 + τ^2) , P^′ =

2A^2v_{β1} τ 4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} (4 + τ^2) , W^′ = −

2A^2v^2_{β1} τ M^{′′}(4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} (4 + τ^2))

. (44)

From Eqs. (43, 44), one gets the mass eigenvalues

m_1 = −

A^2 4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} (4 + τ^2)

[2(M^′ + M^{′′} + v_{β2} ) −2 √ M^{′2} + M^{′′2} − 2M^′(M^{′′} − v_{β2} ) − 2M^{′′}v_{β2} + v^2_{β2} + v^2_{β1} (4 + τ^2) ] , m_2 = −

A^2 4M^′M^{′′} + 4M^{′′}v_{β2} − v^2_{β1} (4 + τ^2)

[2(M^′ + M^{′′} + v_{β2} ) +2 √ M^{′2} + M^{′′2} − 2M^′(M^{′′} − v_{β2} ) − 2M^{′′}v_{β2} + v^2_{β2} + v^2_{β1} (4 + τ^2) ] , m_3 = −

A^2 M^{′′} . (45)

We can diagonalize the mass matrix in Eq. 43 using the unitary matrix U_ν = W^ν_{12}R^ν_{23}R^ν_{12} with,

R^ν_{12} = c_{12ν} s_{12ν} 0 −s_{12ν} c_{12ν} 0 0 0 1 , c_{12ν} = cos θ_{12ν} ; s_{12ν} = sin θ_{12ν} ,

R^ν_{23} =

1 0 0 0 c_{23ν} s_{23ν} 0 −s_{23ν} c_{23ν} , c_{23ν} = cos θ_{23ν} ; s_{23ν} = sin θ_{23ν} . (46)

On can find relations between the mass matrix elements in Eq. 44

X^′(Z^′ − Y^′) = P^{′2} − G^{′2}, G^′P^′(Z^′ − Y^′) = W^′(P^{′2} − G^{′2}). (47)

Applying the above relations to the corresponding mass matrix elements of M_ν = U_ν M^d_ν U^†_ν with U_ν = W^ν_{12}R^ν_{23}R^ν_{12} , one can get the two mixing angles

s_{23ν} = √ 3m_1(m_2 − m_3) m_2(m_1 − m_3) ,

s_{12ν} = √ −2m_1m_2 + 3m_1m_3 − m_2m_3 3m_3(m_1 − m_2)

. (48)

Following Ref. [39], we expand the angles in Eq. 1 as

s_{13} = r √ 2 , s_{12} = 1 √ 3 (1 + s), s_{23} = 1 √ 2 (1 + a), (49) where the three real parameters r, s, a describe the deviations of the reactor, solar, and atmospheric angles, respectively, from their tri-bimaximal values. We use global fits of the mixing parameters with 3σ significance [6] 0.18 < r < 0.26, −0.10 < s < 0.05, −0.15 < a < 0.17. (50) To first order in r, s, a the lepton mixing matrix can be written as [39],

U ≈ √_2 3 (1 −^1_2 s)^{1√}_3 (1 + s)^{1√}_2 re^{−iδ} −^{1√}_6 (1 + s − a + re^{iδ})^{1√}_3 (1 −^1_2 s − a −^1_2 re^{iδ})^{1√}_2 (1 + a) 1√ 6 (1 + s + a − re^{iδ}) −^{1√}_3 (1 −^1_2 s + a +^1_2 re^{iδ})^{1√}_2 (1 − a) . (51)

We are not going to consider CP violation in this work, thus, we assume that δ = 0. We can write the parameters (r, s, a) in terms of the elements of the mixing matrix, r = −1 − s + a − √ 6U_{21}, s = −1 + √ 3U_{12}, a = −1 + √ 2U_{23}. (52)

Now, we can calculate the full deviation of the leptonic mixing coming from the charged lepton and neutrino sector. We obtain the elements of the lepton mixing matrix U_{P MNS} = U^†_l U_ν , (53) with U_ℓ = W^l_{23}R^l_{23}R^l_{13}R^l_{12} and U_ν = W^ν_{12}R^ν_{23}R^ν_{12}. Thus, up to first order in (s_{12l}, s_{13l}, s_{23l}) one can get r ≈ −s_{12l} + √ 2 3 s_{23ν} + s_{13l}, s ≈ −s_{12l} + √ 2s_{12ν} − s_{13l}, a ≈ −s_{23l} + √ 2 3 s_{23ν} . (54)

In Ref. [32], it was found that the contribution of the charged lepton sector, with δ = 0, is give as

• For z = 1.8: s_{12l} ≈ ±0.44, s_{13l} ≈ ∓0.0012, s_{23l} ≈ −0.053,

• For z = 1.7: s_{12l} ≈ ±0.48, s_{13l} ≈ ∓0.0013, s_{23l} ≈ −0.050,

We can check the contributions of the charged leptons, U_ℓ = W^l_{23}R^l_{23}R^l_{13}R^l_{12}, without corrections from the neutrino sector, i.e. U_ν = W^ν_{12}. By substituting the above values in Eq. 54, up to the first order one gets

• For z = 1.8: r ≈ 0.44, s ≈ 0.44, a ≈ 0.053,

• For z = 1.7: r ≈ 0.48, s ≈ 0.48, a ≈ 0.050,

The results above do not match the experimental values where the charged lepton sector introduces large corrections to the mixing angles θ_{13} and θ_{12}. Thus, it becomes necessary to combine the contributions come from the charged lepton and neutrino sector in order to calculate the full deviation from the TBM mixing.

5 Numerical results

In the case of degenerate neutrino masses m_1 ≈ m_2 ≈ m_3, one can find from Eq. 10 that a ≈ b ≈ c. This leads to a diagonal neutrino mass matrix M_ν ≈ diag (a, a, a). This means that the lepton mixing matrix does not include a contribution from the neutrino sector, which is inconsistent with the experimental data. Thus, in the symmetric limit our model excludes the case of the degenerate neutrino masses.

The numerics goes as follows; using the experimental values of the neutrino mixing parameters at 3σ significance [6] we choose random values of the masses (m_1, m_2, m_3) which satisfy

Δm^2_1 = m^2 − m^2_1 = (7.12 − 8.20) × 10^{−5}eV^2, Δm^2_{32} = |m^2_3 − m^2| = (2.31 − 2.74) × 10^{−3}eV^2. (55)

We substitute the masses in (r, s, a) in Eq. 52 with (s_{12ν} , s_{23ν} ) given in Eq. 48 and (s_{12l}, s_{23l}, s_{13l}) in the previous section. If the results agree with the experimental constraints in Eq. 50 we plot, in Figs. (1, 2), the possible values of the absolute masses and mixing angles. By substituting the masses obtained above in Eq. 45, one can find the values of the Lagrangian parameters (v_{β1}, v_{β2}, A, M^′, M^{′′}). The results support the normal mass hierarchy. The figures show that the scale of the neutrino masses is in the few meV to ∼ 50 meV range (meV= 10^{−3}eV). Also, the full contribution from both the charged lepton and neutrino sector accommodates the measurements of the mixing angles. The graphs (1, 2) show that the see-saw scales (M^′, M^{′′}) are in the TeV range, and the extra Higgs, that generates the Dirac neutrino masses, has v.e.v (v_2), included in A, in the MeV scale^3. Also, the graphs indicate that the v.e.v’s of the singlet scalar fields (v_{β1}, v_{β2}) are in the TeV scale. 4 Various other mechanisms to generate the neutrino masses with TeV scale new physics are mentioned in Ref. [43].

Three mass-dependent neutrino observables are probed in different types of experiments. The sum of absolute neutrino masses m_{cosm} ≡ Σm_i is probed in cosmology, the kinetic electron neutrino mass in the beta decay (M_β ) is probed in direct

3Higgs doublet with a small v.e.v has been discussed in the literatures [40]. 4Several papers have introduced neutrino mixing models in the TeV scale (for review see Refs. [41, 42]).

search for neutrino masses, and the effective mass (M_{ee}) in neutrinoless double beta decay 0νββ is probed in the 0νββ experiment where the decay rate Γ ∝ M^2_{ee}. In terms of the “bare” physical parameters, m_i and U_{αi}, the observables are given by [38]

Σm_i = |m_1| + |m_2| + |m_3|, M_{ee} = ||m_1||U_{e1}|^2 + |m_2||U_{e2}|^2e^{iζ1} + |m_3||U_{e3}|^2e^{iζ2} |, M_β = √ |m_1|^2|U_{e1}|^2 + |m_2|^2|U_{e2}|^2 + |m_3|^2|U_{e3}|^2, (56)

We plot M_β versus Σm_i and M_{ee} versus m_{light}, where m_{light} is the lightest neutrino mass which is m_1 in this model and the Majorana phases (ζ_1, ζ_2) are varied in the interval [0, π]. The graphs show that Σm_i ≈ 60 meV, M_{ee} < M_β, M_{ee} < 0.40 eV [44], and the graphical representation M_{ee}-m_1 agrees with the results in Ref. [45].

6 Conclusion

In this paper, we extended our model in Ref. [32] to treat the leptonic mixing in the flavor symmetric limit with the tri-bimaximal pattern. The charged lepton sector was considered in Ref. [32] in a basis where the charged lepton Yukawa matrix is nondiagonal with a 2−3 symmetric structure except for one breaking by the muon mass. We fixed the neutrino mass matrix to have a decoupling of the first two generations from the third one, and under a certain condition we generated the lepton mixing in the symmetric limit with the TBM structure. This model was described by the Lagrangian that extended the SM by three right-handed neutrinos, an extra Higgs doublet, and three complex singlet scalar fields. Also, the symmetry group of the SM was extended by the product of the symmetries Z_4 × U(1) × SO(3). The global SO(3) flavour symmetry was introduced in a way that it is maintained by the Dirac neutrino mass terms in the Yukawa Lagrangian and the scalar potential and broken elsewhere.

The symmetry breaking in the charged lepton sector did not fit the data by introducing a large contribution to the mixing angles θ_{13} and θ_{12}. Therefore, by breaking the SO(3) symmetry in the effective potential in a way that violates the alignment of the v.e.v’s of the singlet scalars and in the entire Yukawa Lagrangian, the contribution of the neutrino sector to the symmetry breaking was introduced to accommodate the measurements. The analysis of our model to fit the experimental constraints of the mixing angles showed that this model supported the normal mass hierarchy with masses in the few meV to ∼ 50 meV range, meV= 10^{−3}eV. Also, the v.e.v of the additional Higgs was obtained in the MeV scale. The v.e.v’s of the singlet scalars and the see-saw scale were found to be in the TeV range. The graphs showed that Σm_i ≈ 60 meV and M_{ee} < M_β and M_{ee} < 0.40 eV. The graphical representation M_{ee}-m_1 agreed with the results in Ref. [45].

7 Acknowledgements

The author gratefully thanks A. Datta for enlightening discussions and comments. Also, the author thanks Yue-Liang Wu for suggesting useful references. This work was supported in part by the US-Egypt Joint Board on Scientific and Technological Co-operation award (Project ID: 1855) administered by the US Department of Agriculture, summer grant from the College of Liberal Arts, University of Mississippi, and in part by the National Science Foundation under Grant No. 1068052.

Figure 1: Scatter plot for z = 1.8 with s_{12l} ≈ −0.44, s_{13l} ≈ 0.0012, and s_{23l} ≈ −0.053. In the neutrino sector, we take τ = 0.1 (meV = 10^{−3} eV). In the M_{ee}-m_1 graph, the Majorana phases (ζ_1, ζ_2) are varied in the interval [0, π].

Figure 2: Scatter plot for z = 1.7 with s_{12l} ≈ −0.48, s_{13l} ≈ 0.0013, and s_{23l} ≈ −0.05. In the neutrino sector, we take τ = 0.05 (meV = 10^{−3} eV). In the M_{ee}-m_1 graph, the Majorana phases (ζ_1, ζ_2) are varied in the interval [0, π].

References

[1] Y. Abe et al. [DOUBLE-CHOOZ Collaboration], Phys. Rev. Lett. 108, 131801 (2012) [arXiv:1112.6353 [hep-ex]].

[2] F. P. An et al. [DAYA-BAY Collaboration], Phys. Rev. Lett. 108, 171803 (2012) [arXiv:1203.1669 [hep-ex]].

[3] J. K. Ahn et al. [RENO Collaboration], Phys. Rev. Lett. 108, 191802 (2012) [arXiv:1204.0626 [hep-ex]].

[4] K. Abe et al. [T2K Collaboration], Phys. Rev. Lett. 107, 041801 (2011) [arXiv:1106.2822 [hep-ex]].

[5] L. Whitehead [MINOS Collaboration], “Recent results from MINOS ”, Joint Experimental-Theoretical Seminar (24 June 2011, Fermilab, USA). Websites: theory.fnal.gov/jetp, http://www-numi.fnal.gov/pr-plots/ P. Adamson et al. [MINOS Collaboration], “Improved search for muon-neutrino to electronneutrino oscillations in MINOS,” arXiv:1108.0015 [hep-ex].

[6] D. V. Forero, M. Tortola and J. W. F. Valle, arXiv:1205.4018 [hep-ph].

[7] H. Fritzsch and Z. Z. Xing, Phys. Lett. B 372, 265 (1996); Phys. Lett. B 440, 313 (1998); Phys. Rev. D 61,073016 (2000).

[8] F. Vissani, hep-ph/9708483; V.D. Barger, S.Pakvasa, T.J. Weiler, and K. Whisnant, Phys. Lett. B437, 107 (1998); A.J. Baltz, A.S. Goldhaber, and M. Goldhaber, Phys. Rev. Lett. 81, 5730 (1998); I. Stancu and D.V. Ahluwalia, Phys. Lett. B460, 431 (1999); H. Georgi and S.L. Glashow, Phy. Rev. D61, 097301 (2000); N. Li and B.-Q. Ma, Phys. Lett. B 600, 248 (2004) [arXiv:hep-ph/0408235].

[9] P.F. Harrison, D.H. Perkins, and W.G. Scott, Phys. Lett. B458, 79 (1999);

Phys. Lett. B530, 167 (2002); Z.Z. Xing, Phys. Lett. B533, 85 (2002); P.F. Harrison and W.G. Scott, Phys. Lett. B535, 163 (2002); Phys. Lett. B557, 76 (2003); X.-G. He and A. Zee, Phys. Lett. B560, 87 (2003); See also L. Wolfenstein, Phys. Rev. D18, 958 (1978); Y. Yamanaka, H. Sugawara, and S. Pakvasa, Phys. Rev. D25, 1895 (1982); D29, 2135(E) (1984); N. Li and B.-Q. Ma, Phys. Rev. D 71, 017302 (2005) [arXiv:hep-ph/0412126].

[10] S. F. King, arXiv:1205.0506 [hep-ph].

[11] For a list of flavor symmetries and references see C. S. Lam, arXiv:0809.1185 [hep-ph].

[12] P. H. Frampton, S. T. Petcov and W. Rodejohann, Nucl. Phys. B 687 (2004) 31 [arXiv:hep-ph/0401206]; A. Dighe, S. Goswami and W. Rodejohann, Phys. Rev. D 75 (2007) 073023 [arXiv:hep-ph/0612328]; F. Plentinger and W. Rodejohann, Phys. Lett. B 625 (2005) 264 [arXiv:hep-ph/0507143];

[13] R. N. Mohapatra and W. Rodejohann, Phys. Rev. D 72 (2005) 053001 [arXiv:hep-ph/0507312]; K. A. Hochmuth, S. T. Petcov and W. Rodejohann, arXiv:0706.2975 [hep-ph]. G. Altarelli, F. Feruglio and Y. Lin, Nucl. Phys. B 775 (2007) 31 [arXiv:hep-ph/0610165]; G. Altarelli and F. Feruglio, Nucl. Phys. B 741 (2006) 215 [arXiv:hep-ph/0512103]; G. Altarelli and F. Feruglio, Nucl. Phys. B 720 (2005) 64 [arXiv:hep-ph/0504165];

[14] F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, Nucl. Phys. B 775 (2007) 120 [arXiv:hep-ph/0702194]. E. Ma, arXiv:0709.0507 [hep-ph]; E. Ma, arXiv:hep-ph/0701016; E. Ma, Mod. Phys. Lett. A 22 (2007) 101 [arXiv:hep-ph/0610342]; E. Ma, Mod. Phys. Lett. A 21 (2006) 2931 [arXiv:hep-ph/0607190]; E. Ma, Mod. Phys. Lett. A 21 (2006) 1917 [arXiv:hep-ph/0607056]; E. Ma, H. Sawanaka and M. Tanimoto, Phys. Lett. B 641 (2006) 301 [arXiv:hep-ph/0606103]; E. Ma, Phys. Rev. D 73 (2006) 057304; B. Adhikary, B. Brahmachari, A. Ghosal, E. Ma and M. K. Parida, Phys. Lett. B 638 (2006) 345 [arXiv:hep-ph/0603059];

[15] E. Ma, Mod. Phys. Lett. A 20 (2005) 2601 [arXiv:hep-ph/0508099]; E. Ma, Phys. Rev. D 72 (2005) 037301 [arXiv:hep-ph/0505209]; S. L. Chen, M. Frigerio and E. Ma, Nucl. Phys. B 724 (2005) 423 [arXiv:hep-ph/0504181]; E. Ma, Phys. Rev. D 70 (2004) 031901 [arXiv:hep-ph/0404199]. I. de Medeiros Varzielas and G. G. Ross, Nucl. Phys. B 733 (2006) 31 [arXiv:hep-ph/0507176]; I. de Medeiros Varzielas, S. F. King and G. G. Ross, Phys. Lett. B 644 (2007) 153 [arXiv:hep-ph/0512313]; I. de Medeiros Varzielas, S. F. King and G. G. Ross, Phys. Lett. B 648 (2007) 201 [arXiv:hep-ph/0607045];

[16] S. F. King and M. Malinsky, Phys. Lett. B 645 (2007) 351 [arXiv:hep-ph/0610250]; S. F. King and M. Malinsky, JHEP 0611 (2006) 071 [arXiv:hep-ph/0608021]; C. Luhn, S. Nasri and P. Ramond, Phys. Lett. B 652 (2007) 27 [arXiv:0706.2341 [hep-ph]]. P. F. Harrison and W. G. Scott, Phys. Lett. B 557 (2003) 76 [arXiv:hep-ph/0302025];

[17] P. F. Harrison and W. G. Scott, Phys. Lett. B 535 (2002) 163 [arXiv:hep-ph/0203209]; R. N. Mohapatra, S. Nasri and H. B. Yu, Phys. Lett. B 639 (2006) 318 [arXiv:hep-ph/0605020]; R. N. Mohapatra and H. B. Yu, Phys. Lett. B 644 (2007) 346 [arXiv:hep-ph/0610023]; M. C. Chen and K. T. Mahanthappa, Phys. Lett. B 652 (2007) 34 [arXiv:0705.0714 [hep-ph]]; C. I. Low and R. R. Volkas, Phys. Rev. D 68 (2003) 033007 [arXiv:hep-ph/0305243]; X. G. He, Nucl. Phys. Proc. Suppl. 168 (2007) 350 [arXiv:hep-ph/0612080]; A. Aranda, arXiv:0707.3661 [hep-ph].

[18] A. H. Chan, H. Fritzsch and Z. z. Xing, arXiv:0704.3153 [hep-ph]; Z. z. Xing, Phys. Lett. B 618 (2005) 141 [arXiv:hep-ph/0503200]; Z. z. Xing, H. Zhang and S. Zhou, Phys. Lett. B 641 (2006) 189 [arXiv:hep-ph/0607091]; S. K. Kang,

Z. z. Xing and S. Zhou, Phys. Rev. D 73 (2006) 013001 [arXiv:hep-ph/0511157]; S. Luo and Z. z. Xing, Phys. Lett. B 632 (2006) 341 [arXiv:hep-ph/0509065];

[19] M. Hirsch, E. Ma, J. C. Romao, J. W. F. Valle and A. Villanova del Moral, Phys.

Rev. D 75 (2007) 053006 [arXiv:hep-ph/0606082]; N. N. Singh, M. Rajkhowa and A. Borah, arXiv:hep-ph/0603189; X. G. He and A. Zee, Phys. Lett. B 645 (2007) 427 [arXiv:hep-ph/0607163]; N. Haba, A. Watanabe and K. Yoshioka, Phys. Rev. Lett. 97 (2006) 041601 [arXiv:hep-ph/0603116].

[20] S. Pakvasa, W. Rodejohann and T. J. Weiler, arXiv:0711.0052 [hep-ph].

S. F. King, JHEP 0508 (2005) 105 [arXiv:hep-ph/0506297]; I. Masina, Phys. Lett. B 633 (2006) 134 [arXiv:hep-ph/0508031]; S. Antusch and S. F. King, Phys. Lett. B 631 (2005) 42 [arXiv:hep-ph/0508044]; S. Antusch, P. Huber, S. F. King and T. Schwetz, JHEP 0704 (2007) 060 [arXiv:hep-ph/0702286]. N. Li and B. Q. Ma, Phys. Rev. D 71 (2005) 017302 [arXiv:hep-ph/0412126].

[21] P. H. Frampton, S. T. Petcov and W. Rodejohann, Nucl. Phys. B 687 (2004) 31, hep-ph/0401206; G. Altarelli, F. Feruglio and I. Masina, Nucl. Phys. B 689 (2004) 157, hep-ph/0402155; S. Antusch and S. F. King, Phys. Lett. B 591 (2004) 104, hep-ph/0403053; F. Feruglio, Nucl. Phys. Proc. Suppl. 143 (2005) 184 [Nucl. Phys. Proc. Suppl. 145 (2005) 225], hep-ph/0410131; R. N. Mohapatra and W. Rodejohann, hep-ph/0507312.

[22] S. Antusch and S. F. King, Phys. Lett. B 659 (2008) 640 [arXiv:0709.0666 [hep-ph]]. Y. Lin, Nucl. Phys. B 813, 91 (2009) [arXiv:0804.2867 [hep-ph]]. K. S. Babu and S. Gabriel, arXiv:1006.0203 [hep-ph]. K. A. Hochmuth, S. T. Petcov and W. Rodejohann, Phys. Lett. B 654, 177 (2007) [arXiv:0706.2975 [hep-ph]].

[23] C. Duarah, A. Das and N. N. Singh, arXiv:1207.5225 [hep-ph]. E. I. Lashin, M. Abbas, N. Chamoun and S. Nasri, arXiv:1206.4754 [hep-ph]. G. Altarelli, F. Feruglio and L. Merlo, arXiv:1205.5133 [hep-ph]. B. Brahmachari and A. Raychaudhuri, arXiv:1204.5619 [hep-ph]. A. Damanik, arXiv:1206.0987 [hepph].

[24] E. Peinado and A. Vicente, arXiv:1207.6641 [hep-ph]. J. A. Acosta, A. Aranda, M. A. Buen-Abad and A. D. Rojas, arXiv:1207.6093 [hep-ph]. S. Kashiwase and D. Suematsu, arXiv:1207.2594 [hep-ph]. W. Grimus and L. Lavoura, arXiv:1207.1678 [hep-ph]. Y. H. Ahn, S. Baek and P. Gondolo, arXiv:1207.1229 [hep-ph]. W. Rodejohann and H. Zhang, arXiv:1207.1225 [hep-ph]. S. Roy and N. N. Singh, arXiv:1206.7016 [hep-ph].

[25] S. Verma, Phys. Lett. B 714, 92 (2012) [arXiv:1206.6583 [hep-ph]]. A. G. Dias, A. C. B. Machado and C. C. Nishi, arXiv:1206.6362 [hep-ph]. W. - M. Yang, arXiv:1206.5353 [hep-ph]. C. Alvarado, A. Aranda, O. Corradini,

A. D. Rojas and E. Santos-Rodriguez, arXiv:1206.5216 [hep-ph]. F. F. Deppisch, arXiv:1206.5212 [hep-ph]. J. Liao, D. Marfatia and K. Whisnant, arXiv:1205.6860 [hep-ph].

[26] F. Bazzocchi and L. Merlo, arXiv:1205.5135 [hep-ph]. F. G. Canales, A. Mondragon and M. Mondragon, arXiv:1205.4755 [hep-ph]. F. -G. Cao, Phys. Rev. D 85, 113003 (2012) [arXiv:1205.4068 [hep-ph]]. B. -Q. Ma, arXiv:1205.0766 [hepph]. H. Ishimori and E. Ma, arXiv:1205.0075 [hep-ph]. W. A. Mann, T. Kafka, J. Schneps and O. Altinok, arXiv:1204.6338 [hep-ph]. M. Fukugita, Y. Shimizu, M. Tanimoto and T. T. Yanagida, arXiv:1204.2389 [hep-ph].

[27] G. Blankenburg, G. Isidori and J. Jones-Perez, arXiv:1204.0688 [hep-ph].

I. d. M. Varzielas and G. G. Ross, arXiv:1203.6636 [hep-ph]. H. Fritzsch, Mod. Phys. Lett. A 27, 1250079 (2012) [arXiv:1203.4460 [hep-ph]]. Y. H. Ahn and S. K. Kang, arXiv:1203.4185 [hep-ph]. D. Meloni, JHEP 1205, 124 (2012) [arXiv:1203.3126 [hep-ph]]. X. Zhang and B. -Q. Ma, Phys. Lett. B 713, 202 (2012) [arXiv:1203.2906 [hep-ph]]. G. C. Branco, R. G. Felipe, F. R. Joaquim and H. Serodio, arXiv:1203.2646 [hep-ph]. E. Ma, A. Natale and A. Rashed, Int. J. Mod. Phys. A 27, 1250134 (2012) [arXiv:1206.1570 [hep-ph]].

[28] D. Marzocca, S. T. Petcov, A. Romanino, M. Spinrath, [arXiv:1108.0614 [hep-ph]]. Y. H. Ahn, H. -Y. Cheng, S. Oh, [arXiv:1107.4549 [hep-ph]]. R. d. A. Toorop, F. Feruglio, C. Hagedorn, [arXiv:1107.3486 [hep-ph]]. P. S. Bhupal Dev, R. N. Mohapatra, M. Severson, [arXiv:1107.2378 [hepph]]. S. Dev, S. Gupta, R. R. Gautam, [arXiv:1107.1125 [hep-ph]]. D. Meloni, [arXiv:1107.0221 [hep-ph]]. N. Haba, R. Takahashi, Phys. Lett. B702, 388-393 (2011). [arXiv:1106.5926 [hep-ph]]. S. Zhou, [arXiv:1106.4808 [hep-ph]].

[29] X. -G. He, A. Zee, [arXiv:1106.4359 [hep-ph]]. Y. -j. Zheng, B. -Q. Ma, [arXiv:1106.4040 [hep-ph]]. H. Ishimori, T. Kobayashi, [arXiv:1106.3604 [hep-ph]]. M. -C. Chen, K. T. Mahanthappa, A. Meroni, S. T. Petcov, [arXiv:1109.0731 [hep-ph]]. S. Davidson, M. Elmer, [arXiv:1108.0548 [hep-ph]]. J. Heeck, W. Rodejohann, Phys. Rev. D84, 075007 (2011). [arXiv:1107.5238 [hep-ph]]. S. Antusch, V. Maurer, [arXiv:1107.3728 [hep-ph]]. X. -G. He, S. K. Majee, [arXiv:1111.2293 [hep-ph]]. N. Haba, T. Horita, K. Kaneta, Y. Mimura, [arXiv:1110.2252 [hep-ph]]. A. Aranda, C. Bonilla, A. D. Rojas, [arXiv:1110.1182 [hep-ph]].

[30] S. -F. Ge, H. -J. He and F. -R. Yin, JCAP 1005, 017 (2010) [arXiv:1001.0940 [hep-ph]]. H. -J. He and F. -R. Yin, Phys. Rev. D 84, 033009 (2011) [arXiv:1104.2654 [hep-ph]]. Y. H. Ahn, H. -Y. Cheng and S. Oh, Phys. Rev. D 83, 076012 (2011) [arXiv:1102.0879 [hep-ph]].

[31] A. Datta and P. J. O’Donnell, Phys. Rev. D 72, 113002 (2005) [arXiv:hep-ph/0508314]. A. Datta, Phys. Rev. D 74, 014022 (2006) [arXiv:hep-ph/0605039].

[32] A. Rashed, A. Datta, [arXiv:1109.2320 [hep-ph]]. Accepted for publication in Physical Review D.

[33] S. Andreas, O. Lebedev, S. Ramos-Sanchez et al., JHEP 1008, 003 (2010).

[arXiv:1005.3978 [hep-ph]]. A. Rashed, M. Duraisamy, A. Datta, Phys. Rev. D82, 054031 (2010). [arXiv:1004.5419 [hep-ph]]. R. Dermisek, J. F. Gunion, Phys. Rev. D81, 055001 (2010). [arXiv:0911.2460 [hep-ph]].

[34] M. Abbas, A. Y. .Smirnov, Phys. Rev. D82, 013008 (2010). [arXiv:1004.0099 [hep-ph]].

[35] Y. -L. Wu, Phys. Rev. D60, 073010 (1999), [hep-ph/9810491], J. -Y. Liu, Y. Tang, Y. -L. Wu, [arXiv:1108.5012 [hep-ph]].

[36] John F. Gunion, Howard E. Haber, Gordon Kane, and Sally Dawson. “The Higgs Hunter’s Guide”.

[37] M. Gell-Mann, P. Ramond, and R. Slansky, in Supergravity, Proceedings of the Workshop, Stony Brook, New York, 1979, eds. F. van Nieuwenhuizen and D. Freedman (North Holland, Amsterdam, 1979);

T. Yanagida, in Proceedings of the Workshop on Unified Theories and Baryon Number in the Universe, Tsukuba, Japan, 1979, eds. O. Sawada and A. Sugamoto (KEK report no. 79–18, Tsukuba, 1979);

R.N. Mohapatra and G. Senjanović, Phys. Rev. Lett. 44 (1980) 912. J. Schechter and J. W. F. Valle, Phys. Rev. D 22, 2227 (1980). J. Schechter and J. W. F. Valle, Phys. Rev. D 25, 774 (1982).

[38] J. Barry and W. Rodejohann, Nucl. Phys. B 842, 33 (2011) [arXiv:1007.5217 [hep-ph]].

[39] S. F. King, Phys. Lett. B 659, 244 (2008) [arXiv:0710.0530 [hep-ph]].

[40] M. Sher and C. Triola, Phys. Rev. D 83, 117702 (2011) [arXiv:1105.4844 [hepph]]. F. Chen, J. M. Cline and A. R. Frey, Phys. Rev. D 80, 083516 (2009) [arXiv:0907.4746 [hep-ph]]. X. -G. He, J. Tandean and G. Valencia, Phys. Rev. D 74, 115015 (2006) [hep-ph/0610274]. D. L. Anderson, C. D. Carone and M. Sher, Phys. Rev. D 67, 115013 (2003) [hep-ph/0303215]. J. McDonald, Phys. Rev. Lett. 88, 091304 (2002) [hep-ph/0106249]. A. Rashed, M. Duraisamy and A. Datta, Phys. Rev. D 82, 054031 (2010) [arXiv:1004.5419 [hep-ph]]. S. M. Davidson and H. E. Logan, Phys. Rev. D 82, 115031 (2010) [arXiv:1009.4413 [hep-ph]].

[41] A. Rashed and A. Datta, Phys. Rev. D 85, 035019 (2012) [arXiv:1109.2320 [hep-ph]]. N. Haba, T. Horita, K. Kaneta and Y. Mimura, arXiv:1110.2252 [hep-ph]. A. Ibarra, E. Molinaro and S. T. Petcov, JHEP 1009, 108 (2010) [arXiv:1007.2378 [hep-ph]]. W. Chao, Phys. Rev. D 82, 016008 (2010) [arXiv:1003.1468 [hep-ph]]. Z. -z. Xing and S. Zhou, Phys. Lett. B 679, 249 (2009) [arXiv:0906.1757 [hep-ph]].

[42] W. Loinaz, N. Okamura, S. Rayyan, T. Takeuchi and L. C. R. Wijewardhana, Phys. Rev. D 68, 073001 (2003) [hep-ph/0304004]. J. C. Montero, C. A. de S.Pires and V. Pleitez, Phys. Lett. B 502, 167 (2001) [hep-ph/0011296]. E. Ma, Phys. Rev. Lett. 86, 2502 (2001) [hep-ph/0011121]. C. D. Carone and H. Murayama, Phys. Lett. B 392, 403 (1997) [hep-ph/9610383]. M. -C. Chen and J. Huang, Mod. Phys. Lett. A 26, 1147 (2011) [arXiv:1105.3188 [hep-ph]].

[43] M. -C. Chen, J. Huang, [arXiv:1105.3188 [hep-ph]].

[44] R. N. Mohapatra and A. Y. Smirnov, Ann. Rev. Nucl. Part. Sci. 56, 569 (2006) [arXiv:hep-ph/0603118].

[45] J. Beringer et al. [Particle Data Group Collaboration], Phys. Rev. D 86, 010001 (2012).