arXiv:1111.3272v1 [math-ph] 14 Nov 2011

Homological evolutionary vector fields in Korteweg–de Vries, Liouville, Maxwell, and several other models

Arthemy V Kiselev

Johann Bernoulli Institute for Mathematics and Computer Science, University of Groningen, P.O. Box 407, 9700 AK Groningen, The Netherlands

E-mail: A.V.Kiselev@rug.nl

Abstract. We review the construction of homological evolutionary vector fields on infinite jet spaces and partial differential equations. We describe the applications of this concept in three tightly inter-related domains: the variational Poisson formalism (e.g., for equations of Korteweg– de Vries type), geometry of Liouville-type hyperbolic systems (including the 2D Toda chains), and Euler–Lagrange gauge theories (such as the Yang–Mills theories, gravity, or the Poisson sigma-models). Also, we formulate several open problems.

Introduction We present a systematic yet very basic review of the construction of homological evolutionary vector fields on the infinite jet spaces and on several natural classes of partial differential equations such as the gauge models. For a long time, this geometric structure developed in parallel in mathematics and physics. Since mid-70’s, it has been being used intensively in theoretical physics: specifically, within the BRST- or BV-technique for the quantization of gauge-invariant systems [7, 9, 25, 29, 59]. In mathematics, the concept first stemmed over smooth manifolds in the problem of the homological vector field realizations of Lie algebroids [64], which encompass Lie algebras and vector bundles and are best known in the framework of symplectic and Poisson geometries. Although the notion of Lie algebroids in the geometry of manifolds had been known for a long time [49, 54], the proper generalization of this omnipresent structure to the geometry of jet bundles (c.f. [46]) appeared in [37]. In principle, it could be contemporary to the discovery of the BRST-technique ([9] vs [46]). In the meantime, a steady progress in the geometry of jet spaces [53, 65] created the platform for important applications of the future concept. Let us name only a few of them:

• the variational Poisson dynamics for the KdV-type systems [15, 23], also [10]; • modern revisions of the theory of Liouville-type hyperbolic equations [15, 67], in particular, the 2D Toda chains associated with the Dynkin diagrams [48];

• the cohomological approach to gauge fields [3, 4] and (quantum) Poisson theory [10].

In this paper, we recall the jet-bundle geometry that stands behind the structures Q^2 = 0. It allows us to address, from a unified standpoint [51, 59], many relevant physical models ranging from the Korteweg–de Vries equation and its Poisson structures [50] to the Yang–Mills theories, gravity, and Poisson sigma-models [1, 12].

In section 2 we first consider the evolutionary vector fields ∂^{(q)}_φ = ∑ |σ|≥0 d^{|σ|} dx^σ (φ) · ∂/∂qσ whose generating sections φ ( x, [q] ) belong to the images of matrix linear operators A_1, . . ., A_N in total derivatives (and those derivatives are equal to^d_{dxi} =^∂_{∂xi} + ∑ |σ|≥0 qσ+1i · ∂/∂qσ). The three above-mentioned classes of geometries are regular sources of collections of such operators. We impose the Berends–Burgers–van Dam hypothesis [11]: namely, we let the images of the operators be subject to the collective commutation closure. This involutive setup gives rise to the bi-differential structure constants [19] and bi-differential analogs of Christoffel symbols [38]. For any number N > 1 of the operators A_1, . . ., A_N , we reduce the setup at hand to the variational Lie algebroids [37] with one variational anchor. Having endowed the new bundle geometry with the Cartan connection, we reverse the parity of the fibres in it by brute force and then construct the odd, parity-reversing evolutionary vector field Q that encodes the entire initial geometry via the homological equality Q^2 = 0.

In section 3 we describe three natural examples of such geometries: the variational Poisson algebroids [27, 37], 2D Toda chains viewed as variational Lie algebroids [37, 39], and gauge algebroids [2, 38].

First, in section 3.1 we recall the construction of necessary superbundles using the notion of the variational cotangent bundle [47] and derive the representation via Q^2 = 0 for the variational Poisson structures [23]. As usual, the renowned KdV equation [50] offers us the minimally possible nontrivial illustration. The odd vector fields Q are themselves Hamiltonian and we write the corresponding W -charges explicitly.

By exploiting the profound relation between the variational Poisson geometry and 2D Toda chains [15, 35, 39, 67], we obtain the evolutionary fields Q for these models of Liouville type [62]. We emphasize that the differentials Q and their cohomology carry much more information than the ordinary Chevalley–Eilenberg differentials for the semi-simple Lie algebras at hand. Being obtained from the gauge-invariant Yang–Mills equations under a symmetry reduction [48], the 2D Toda chains represent the vast class of nonlinear Euler–Lagrange systems of Liouville type [58, 62, 67]. This class is very interesting by itself; moreover, the construction of the homological vector fields Q in section 3.2 remains valid uniformly for all such equations.

Finally, in section 3.3 we expose the true geometric nature of the BRST-differentials [9] or the ‘longitudinal’ components of the BV-differentials [7] for gauge systems. In agreement with the Second Noether Theorem, the differential operators A_1, . . ., A_N which we study here emerge from the Noether relations between the equations of motion; we explain why the same approach of Q^2 = 0 can successfully grasp more subtle geometries without any further modifications. The gauge parameters (that is, the arguments of the operators A_i), being the parity-reversed neighbours of the ghosts, together with the antifields (which will have appeared before in section 3.1) and the newly introduced antighosts constitute the classical BV-zoo. Similarly to the variational Poisson case, the evolutionary BV-differentials D, which incorporate the odd vector fields Q, are then determined by the Schouten bracket of the BV-charges with the inhabitants of the zoo.

In the appendix, we report the results of a direct search for the linear differential operators with involutive images; their coordinate-free understanding as the variational anchors in variational Lie algebroids is yet to be achieved.

We conclude that the presence of the evolutionary differentials Q is not specific to either the variational Poisson or gauge systems alone: indeed, it is an immanent property of a much wider class of models. The study of the arising cohomology theories not only sheds new light on each system or structure in particular but also reveals far-reaching links between them.

1. Preliminaries: Notation and conventions This towel may not serve as a shelter during the hurricane. (Liability disclaimer)

The geometry of jet fibre bundles is an established and well developed domain [3, 45, 51, 53, 57, 65]. Any deviations between the notations from different sources are easily tractable; we follow the notation of [37, 38] and adopt Dirac’s convention on bra- covectors ⟨ | and -ket vectors | ⟩, fixing the orientation δp ∧ δq on the cotangent bundles.

By default, we pronounce the standard incantation about the ground field R, the infinite smoothness of all mappings at hand, the locality along the oriented base Σ^n of the bundles (whence emerge the jets of sections of vector bundles π : E^{n+m} → Σ^n instead of the jet spaces J^∞(Σ^n → M^m) for maps of manifolds), and the locality with respect to the jet order (whence the filtration in C^∞(J^∞(π))). We assume that all total differential operators are local, i.e., polynomial in the total derivatives. By convention, the symmetries are infinitesimal and we identify the evolutionary vector fields | ∂_φ⟩ with their generating sections | φ⟩. For the sake of transparency, we consider the purely even, non-graded initial geometry of commutative vector spaces, manifolds, and bundles; the odd objects which we deal with appear later, through the explicit use of the parity reversion Π.

Our reasonings are independent of the choice of local coordinates. We denote the independent variables by x ∈ Σ^n, whereas the notation q runs through all the dependent variables such as the gauge fields (if any in the model under study) at the points of space-time or say, the realizations of the “string” Σ^n in the space-time M^{3,1}. The notation is multi-faceted: in each class of examples (see section 3), we shall recall the common specific notation so that, on one hand, an object in this review may acquire several interpretations in different contexts, while on the other hand, we shall of course meet with the habitual ghosts, antighosts, and antifields.

We work with the infinite jet bundles from the very beginning. Let us remember that many elementary constructions on usual manifolds –first of all, the Leibniz rule in the commutator [ , ] and the Schouten bracket [[ , ]] or in the Poisson brackets under the multiplication of the arguments by smooth functions– either entirely disappear over the jet spaces or (seldom) survive after a careful consideration and proper amendments. Furthermore, we deal with the variational Poisson structures [23, 33] over the spaces J^∞(π) of jets of sections for vector bundles π : E^{n+m} → Σ^n rather than suppose that the target space M^m for J^∞(Σ^n → M^m) alone is a Poisson manifold (c.f. [1, 12, 22]). The variational Poisson theory we exploit does not amount to the canonical formalism which one applies to a Lagrangian system after taking its Legendre transformation (except for section 3.2 where we do use that approach as well), c.f. [5, 52].

For completeness, we explicitly endow the horizontal infinite jet bundles [33] over the spaces J^∞(π) with the Cartan connection. When introducing the modules of sections of the horizontal bundles such as the spaces of the gauge parameters, never we attempt to treat these sections as the “collections of functions” or use any other, equally weak interpretation of their structure because it does not grasp properly the geometry of the building blocks — instead, this shadows it with irrelevant fragmentations. Indeed, let us remember that, under a differential change of the coordinates x and q, the genuine reparametrization rules for those sections are imperatively prescribed by their geometric nature (see [37, 39] for detail and examples). We thus ought to be careful with the C^∞(J^∞(π))-module structure for the spaces of such sections; this is specific in particular to the variational anchors in variational Lie algebroids (see section 2 and [37]) which are neither the anchors nor Lie algebroids for usual manifolds, respectively, unless the base manifold Σ^n shows itself in space-time as no more than a point, or unless all gauge fields are uniformly constant. This also means that we deal ab initio with the field-dependent gauge parameters p ( x, [q] ) ; moreover, their rigorous introduction (see section 3.3) demonstrates that the gauge models must be particularly restrictive in order for these sections p to not depend on a part of the variables that encode the points of J^∞(π).

In sections 2 and 3.1 we work on the empty jet spaces; later, in sections 3.2 and 3.3, we do onshell. We assume the off-shell validity of the Berends–Burgers–van Dam hypothesis stating the collective commutation closure of the evolutionary fields ∂^{(q)}_{Ai(·)} whose generating sections A_i(·) belong to the images of linear differential operators A_i. This may require us to quotient out the trivial symmetries that vanish on-shell.

We recall that the Euler–Lagrange systems E_{EL} = { F_i := δS/δq^i = 0 } contain as many equations as there are unknowns in it. (In contrast with [21], we do not assume that the density of the action functional S is a differential polynomial: indeed, see section 3.2.) We point out also that usually the equations, either in evolutionary systems or in the Euler–Lagrange systems, are enumerated (more precisely, labelled) by the respective unknowns q^i which explicitly occur in the left-hand sides. However, we emphasize that the admissible reparametrizations of the fields q and of the equations F = 0 are entirely unrelated. This produces its due effect on the transcription of the infinitesimal symmetries q̇ = φ ( x, [q] ) in the former case and, in the latter, on the objects that lie in or are dual to the horizontal module P_0 ∋ F_i of the equations, e.g., on the antifields q^† (thus, more appropriately denoted by F^†), the generating sections ψ of conservation laws (for the Euler–Lagrange systems, emerging from the Noether symmetries φ_L by the First Noether Theorem), or the objects which obey the Second Noether Theorem such as the ghosts γ and the antighosts γ^†. The 2D Toda chains in section 3.2 offer a perfect example of such discorrelation between φ_L and ψ, which is brought in by force due to a purely æsthetic tradition of writing hyperbolic systems with their symbols cast into diagonal shape. This requires a bit of attention (see [35, 39]): the Noether map φ_L → ψ is not always the identity.

In this paper, we understand as the Noether maps not only the linear differential operators ^P_0 ∋ ψ → φ ∈ sym E but, for i ≥ 0, the operators ^P_i → sym E at each ith generation of the syzygies Φ_i[Φ_{i−1}] ∈ P_i, i.e., the equations E = {F = 0 | F_j ∈ P_0} at i = 0, Noether’s relations Φ_1[F ] ≡ 0 at i = 1, etc.; the notation ^P_i corresponds to the modules of sections dual to P_i. In this sense, the Hamiltonian operators A: ^P_0 → sym E and the generators A_i : ^P_1 → sym E of gauge symmetries are Noether operators.

On the same footing, we note that the arguments p_i of the linear differential operators A_i which determine the evolutionary vector fields ∂^{(q)}_{Ai(pi)} do possess an ambiguity. This is due to several independent reasons and occurs not only because of the on-shell equivalence: for a given equation E, we let p^′_i ∼ p^{′′}_i whenever p^′_i −p^{′′}_i ≈ 0 on E. But indeed, the kernels ker A_i in reducible gauge theories carry the freedom as large as the presence of the free functional parameters in their description if the operator equations A_i ∘ ∇_i = 0 admit nontrivial solutions ∇_i ≠ 0. Independently, the differential equations ∑_N i=1 A_i ( p_i ( x, [q(x)] )) = 0 may have non-empty nonlinear spaces of solutions q(x). This shows that the structure constants (2) (c.f. [19] and [38]), which are bi-differential operators with respect to the arguments p_1, . . ., p_N of the operators A_1, . . ., A_N , are in fact equivalence classes of mappings. Because of this, considerable efforts are required to achieve the canonical normalization of the homological evolutionary vector fields on the jet-bundle extensions of such domains, see [37] and [21].

The construction of gauge symmetries, which appear in a class of geometries very particular by themselves, is reviewed in section 3.3. But let us recall in advance that these symmetries have the form ∂^{(q)}_{Ai(pi)} with arbitrary p_i = p_i ( x, [q] ) . In this context, the class of hyperbolic partial

differential equations q_{xy} = f(x, y; q^i, q^j_x, q^k_y ) that admit arbitrary functions p(x) and p(y) in their symmetries is close to but different from the renowned class of Liouville-type hyperbolic quasilinear systems (see section 3.2 or [67, 63] and [35, 39]).

Summarizing, we always highlight the geometric nature of the structures at hand and describe the links between them, as carefully as possible. The literature which is available on the rapidly developing topic of this review is so vast that, instead of the botany of new remarkable advancements, we now do the sociology of repeatedly practised oversights.

2. Basic concept: Involutive distributions of operator-valued evolutionary vector fields Let π and ξ_i, i = 1, . . . , N, be vector bundles over the base manifold Σ^n ∋ x and denote by π_∞ : J^∞(π) → Σ^n and ξ_{i,∞} : J^∞(ξ_i) → Σ^n the respective projections (the forgetful maps) to the base of the spaces of infinite jets of sections for these bundles. Consider the horizontal modules Γ ( π^∗_∞(ξ_i) ) of sections of the induced bundles π^∗_∞(ξ_i) and denote their elements by p_i ( x, [q] ) . The main example of such modules is κ(π) := Γ ( π^∗_∞(π) ) ∋ φ, which is the C^∞(J^∞(π))-module of the sections of evolutionary derivations ∂^{(q)}_φ = φ^∂_{∂q} +^d_{dx} (φ)^∂_{∂qx} + · · · on J^∞(π); we shall also use the modules Λ^n(π) of the highest horizontal forms^1 L = L · π^∗_∞(dvol (Σ^n) and the modules ^κ(π) of the variational covectors ψ which are dual^2 to the sections φ ∈ κ(π) with respect to the coupling ⟨ , ⟩ that takes values in Λ^n(π). (Generally speaking, the construction of the bundles ξ_i can be very involved even in the regular and natural classes of geometries, see section 3.2 and [39, 37].) Not accenting it at all times, we shall project to the nth horizontal cohomology spaces H^n(π) that are determined by the lifting d onto J^∞(π) of the de Rham differential on Σ^n. By this we gain the right to integrate by parts; we denote by ∫ ω or by [ω] the equivalence classes of differential forms ω.

Suppose that A_i : Γ ( π^∗_∞(ξ_i) ) → κ(π) are linear total differential operators that take values in the space of evolutionary vector fields for each i = 1, . . . , N. That is, the domains of the N operators may be different but the target space is common to them all. The Hamiltonian operators A: ^κ(π) → κ(π) on empty jet spaces J^∞(π) are an example of such structures [23].

Assume further that the images of the N operators A_i are subject to the collective commutation closure, [im A_i, im A_j ] ⊆ ∑_N k=1 im A_k. (1)

The sum of the images in the right-hand side is not direct because in effect they can overlap [50]. Assumption (1) gives rise to the bi-differential structure constants [19] via [ A_i(p_i), A_j (p_j ) ] = N∑ k=1 A_k ( c^k_{ij} (p_i, p_j ) ) ;

each c^k_{ij} is the equivalence class of bi-differential operators (possibly, with nonconstant, fielddependent coefficients) with both its arguments and its values taken modulo the kernels of the operators A_i, A_j and A_k, respectively. (The kernels can be sufficiently large unless the extra nondegeneracy assumptions are made; for the sake of brevity, we shall not emphasize the presence of such kernels in all formulas but rather in few ones, c.f. [37].)

Using the permutability of the evolutionary vector fields with the total derivatives and taking into account the Leibniz rule that always holds for the evolutionary derivations ∂^{(q)}_{Aℓ(pℓ)}, we obtain the canonical decomposition of the bi-differential structure constants,

c^k_{ij} (p_i, p_j ) = ∂^{(q)}_{Ai(pi)}(p_j) · δ^k_j − ∂^{(q)}_{Aj (pj )}(p_i) · δ^k_i + Γ^k_{ij}(p_i, p_j ). (2)

The symbols Γ^k_{ij} absorb the bi-linear action of c^k_{ij} by total differential operators on the arguments; the notation is justified [38] because the terms Γ^k_{ij} do indeed transform as the Christoffel symbols

1 The C^∞(J^∞(π))-module structure for the spaces of Hamiltonians H or Lagrangians L is practically useless because it does not pass –via any reasonable Leibniz rule– through the variational Poisson or Schouten brackets. 2 The agreed choice of the coupling implicitly prescribes that we fix the metric and the volume form on the base Σ^n. Let us add that in this paper we never focus on the concrete choice of that metric and also we do not pay any particular attention to the upper or lower location of the indices.

under the reparametrizations p_i → g p_i invoked by a differential change of the jet coordinates (whence the g’s are linear operators in total derivatives). We emphasize that generally speaking, the symbols Γ^k_{ij} alone –that is, without the first two standard terms in (2)– do not determine any Lie algebra structure: the true Jacobi identity is given by (7) where the standard terms are taken into account properly. It is likely that the restoration of the standard component in (2) for known bi-differential symbols Γ^k_{ij} is the cause of a fierce struggle in the modern double field theory and in the theories which are based on Courant-like brackets. We notice further that the bi-differential Christoffel symbols introduced in (2) must not be confused with the connections A = A_i dx^i in principal fibre bundles in gauge theories. It is interesting to pursue further this emerging parallel between the geometry over the jet bundles and the known connection-based structures over usual manifolds.

We remark that, in general, c^k_{ii} ≠ 0 (mod ker A_k) if k ≠ i, that is, the image of an operator alone may not be involutive even if the operator (in particular, its domain of definition) is well defined regardless of the entire collection A_1, . . ., A_N . Also, we note that for only one operator (N = 1) the Lie algebra of evolutionary vector fields in its image is, generally, non-abelian, which must not be confused with the abelian gauge theories (e.g., Maxwell’s electrodynamics) corresponding to one-dimensional Lie groups, which are always commutative.

We finally notice that the nature of the arguments p_i is firmly fixed by the reparametrization rules p_i → g p_i. Therefore, the isolated components of the sections p_i, which one may be tempted to treat as “functions” and by this fully neglect their geometry, may not be well-defined as true functions. We repeat that this primitivization discards much of the information about the setup and shadows the geometry which we have addressed so far.

We now reduce, in a regular way, the setup of many operators and their individual domains to one operator on the large domain [37]. Namely, we take the Whitney sum over J^∞(π) of the induced bundles π^∗_∞(ξ_i), which in down-to-earth terms means that we compose the new “tall” sections

p =^t ( p_1 | p_2 | . . . | p_N ) ∈ Γ (^N⨁ J^∞(π) k=1 π^∗_∞(ξ_i) ) =: ΓΩ ( ξ_π ) , (3a)

and understand the sections p as the arguments of the new “wide” matrix operator A = ( A_1 | A_2 | . . . | A_N ) . (3b)

Obviously, property (1) implies that

[im A, im A] ⊆ im A. (4)

By definition, operator (3b) is the variational anchor in the variational Lie algebroid [37]; its total space is the quotient of the sum over J^∞(π) of the initial domains for A_i by the kernel ker A = { p ∈ ΓΩ ( ξ_π ) | ∑_N i=1 A_i(p_i) = 0 } . We emphasize that variational Lie algebroids are not Lie algebroids and the variational anchors are not anchors as described by their traditional definition^3 [54, 64] for usual manifolds (here, for the target M^m alone but not J^∞(Σ^n → M^m)).

The operator A transfers the commutator [ , ] in the Lie algebra of evolutionary vector fields to the Lie algebra structure [ , ]_A on the quotient of its domain by the kernel [21, 37]. It is now entirely obvious that for a given collection A_1, . . ., A_N of the operators with a common domain (and not necessarily involutive images, but this does not matter) the induced bracket [ , ]_A may

3 The problem of integration of Lie algebroids to Lie groupoids, which is solved for manifolds (see [13]), is open in the variational case over the jet bundles.

not determine a well defined Lie structure on a single copy of that common domain (c.f. [2]): Indeed, it is the concatenations p of the N elements p_i from the same space for which the new bracket actually appears.

In fact, it is not the horizontal modules Γ ( π^∗_∞(ξ_i) ) of sections p_i ( x, [q] ) of the induced fibre bundles π^∗_∞(ξ_i) which we really need for the representation of the geometry at hand in terms of the homological vector fields, but it is the product J^∞(ξ_π) := J^∞(ξ) ×_Σn J^∞(π) over Σ^n of the infinite jet spaces for π and ξ = ⨁_N i=1 ξ_i. This means that we operate with the jet coordinates p_{i;τ} corresponding to the multi-indices τ instead of the derivatives^{d|τ |}_{dxτ} p_i ( x, [q] ) , whence the linear differential operators A_i become linear vector-functions of the jet variables p_{i;τ} . (In practice, this often means also that the number of the “fields” doubles at exactly this moment.) The following diagram endows the total space J^∞(ξ_π) with the Cartan connection ∇_C (c.f. [55]),

J^∞(ξ) ×_Σn J^∞(π) ..... ∇^π_C ........ J^∞(π)

J^∞(ξ) ∇ ξ C . ._{ξ∞} .................. ∇^ξ_C ........... Σ^n. π_∞ ∇ π C . . (5)

This justifies the application of the total derivatives to the variables p (including each p_i alone) and, from now on, allows us to consider on J^∞(ξ_π) the evolutionary vector fields with their sections depending (non)linearly on the fields q and the variables p_i.

The conversion of the sections p_i to jet variables creates the miracle: the kernel ker A of the operator A becomes a linear subspace in J^∞(ξ_π) for each point of J^∞(π). This is a significant achievement because it allows us to operate with the quotient spaces, which we anticipated when the bi-differential structure constants c^k_{ij} were introduced in (2).

Next, we take the fibres of the vector bundles ξ_i (hence, of ξ_{i,∞}) and reverse their parity, Π: p_i ⇄ b_i, the entire underlying jet space J^∞(π) remaining intact. This produces the horizontal infinite jet superbundle J^∞(Πξ_π) := J^∞(Πξ) ×_Σn J^∞(π) → J^∞(π) with odd fibres, the coordinates there being b_{i;τ} for i = 1, . . . , N and |τ| ≥ 0. (In a special class of geometries, see section 3.3, we shall recognize the variables b_i as the ghosts, which are denoted usually by γ_i.) The operators A_i tautologically extend to J^∞(Πξ_π) and become fibrewise-linear functions in b_{i;τ} ; the equivalence classes of the bi-differential Christoffel symbols Γ^k_{ij} are represented by bi-linear functions on that superspace.

Theorem. Whatever representatives in the equivalence classes of the bi-differential symbols Γ^k_{ij} be taken, the odd-parity evolutionary vector field

Q = ∂^{(q)}∑_{Ni=1 Ai(bi)} − 1 2 N∑ k=1 ∂^{(bk)}∑_{Ni,j=1 Γkij (bi,bj )} (6)

is homological:

Q^2 = 0 (mod N∑ k=1 ∂^{(bk)}_{φk(b⊗b⊗b)} | N∑ k=1 A_k(φ_k) = 0).

The proof is obtained immediately by passing from many arguments of many operators to the tall sections of wide operators, see (3), and then literally repeating the first half of the proof of the main theorem in [37]. However, we still prefer to prove the theorem straightforwardly; this will attest that the nature of the variables b_i at different i’s may be entirely uncorrelated.

Proof. The halved anticommutator^1_2 [Q, Q] = Q^2 of the odd vector field Q with itself is an evolutionary vector field. In this anticommutator, the coefficient of ∂/∂q, which determines the coefficients of ∂/∂q_σ at all |σ| ≥ 0, is equal to ∂^{(q)}∑_{Ni=1 Ai(bi)} (^N∑ j=1 A_j(b_j ) ) − 1 2 N∑ k,ℓ=1 δ^ℓ_k · A_ℓ (^N∑ i,j=1 Γ^k_{ij}(b_i, b_j) ) ; we now double the minuend –taking into account that b_i and b_j are odd, whence the minus sign occurs after their interchange– = 1 2 N∑ i,j=1 ( ∂^{(q)}_{Ai(bi)}(A_j )(b_j) − ∂^{(q)}_{Aj (bj )}(A_i)(b_i) − N∑ k=1 A_k ( Γ^k_{ij}(b_i, b_j) )) = 0,

by the definition of the symbols Γ^k_{ij} .

Second, let us consider the Jacobi identity for the Lie algebra of evolutionary vector fields with the generating sections belonging to the images of the operators A_1, . . ., A_N viewed as the fibrewise-linear functions on the total space of the bundle J^∞(ξ_π) → J^∞(π): 0 = ∑ ⟳ (imn) [ A_i(p_i), ∑ k A_k ( Γ^k_{mn}(p_m, p_n) )]

= ∑ ⟳ (imn) ∑ k A_k { ∂^{(q)}_{Ai(pi)} ( Γ^k_{mn}(p_m, p_n) ) + ∑ ℓ Γ^k_{iℓ} ( p_i, Γ^ℓ_{mn}(p_m, p_n) )} ,

where we have relabelled the indices ℓ ⇄ k in the second sum, = − ∑ ⟳ (imn) ∑ k A_k { −∂^{(q)}_{Ai(pi)} ( Γ^k_{mn}(p_m, p_n) ) + ∑ ℓ Γ^k_{ℓi} ( Γ^ℓ_{mn}(p_m, p_n), p_i )} . (7)

Thirdly, the velocity of each odd variable b_k induced by the (for convenience, not halved) anticommutator [Q, Q] = 2Q^2 is obtained as follows, −∂^{(q)}∑_{Ni=1 Ai(bi)} (∑ m,n Γ^k_{mn}(b_m, b_n) ) + 1 2 N∑ ℓ=1 ∂^{(bℓ)∑} m,n Γ^ℓ_{mn}(b_m,b_n) (∑ j,i Γ^k_{ji}(b_j , b_j) )

= −∂^{(q)}∑_{Ni=1 Ai(bi)} (∑ m,n Γ^k_{mn}(b_m, b_n) ) + 1 2 ∑ ℓ,i Γ^k_{ℓi} (∑ m,n Γ^ℓ_{mn}(b_m, b_n), b_i ) − 1 2 ∑ i,ℓ Γ^k_{iℓ} ( b_i, ∑ m,n Γ^ℓ_{mn}(b_m, b_n) )

= ∑ i,m,n { −∂^{(q)}_{Ai(bi)} ( Γ^k_{mn}(b_m, b_n) ) + N∑ ℓ=1 Γ^k_{ℓi} ( Γ^ℓ_{mn}(b_m, b_n), b_i )} . We notice that the extra sum over the three cyclic permutations of each fixed set of the indices i, m, and n does not produce any change of the signs because the cyclic permutations (of the respective three odd b’s) are even. Consequently, by taking the sum of all possible Jacobi identities (7), we conclude that the sought-for coefficient is equal to = 1 3 ∑ i,m,n ∑ ⟳ (imn) { . . . } = 0 (mod φ = (φ_1, . . . , φ_N ) | N∑ k=1 A_k(φ_k) = 0).

This completes the proof.

We remark that the above construction of the homological vector fields Q in absence of the equations of motion but with an a priori given collection A_1, . . ., A_N of generators (6) for the infinitesimal transformations of the model patterns upon the construction of nontrivial gauge theories with the zero action functional and the prescribed nontrivial gauge group, see [8, 60].

3. Examples: Three regular classes 3.1. Variational Poisson algebroids The definition of Hamiltonian operators on jet spaces [23], which are a class of linear differential operators in total derivatives, reads as follows [53, 33]. Consider a total differential operator A: ^κ(π) → κ(π) that maps variational covectors to evolutionary fields. Let H_1, H_2 ∈ H^n(π) be two Hamiltonian functionals, that is, the equivalence classes of two elements in the coupling module Λ^n(π) of the highest horizontal forms. The operator A is Hamiltonian if the bracket { , }_A defined by the formula

{H_1, H_2}_A := ⟨ δH_1 δq , A ( δH_2 δq )⟩ , ⟨ , ⟩: ^κ(π) × κ(π) → Λ^n(π), is a Poisson structure, i.e., if it is bi-linear (which comes automatically), is skew-symmetric (whence A = −A^†; the Z_2-graded case is more subtle, c.f. [31]), and satisfies the Jacobi identity. There are many formulations of convenient criteria for the verification of the latter (see [53, 23] and also [41, 31]). It is important that they reveal –or are based effectively on– the commutation closure (4) for the images of Hamiltonian operators.

For a Hamiltonian operator thus defined on the empty jet space J^∞(π), a determined autonomous evolution equation is called Hamiltonian with respect to that given structure if the equation can be cast into the form E = { F = q_t − A ( δH δq ) = 0 | H ∈ H^n(π) } . The left-hand side(s) of the equation E belong to a suitable horizontal module P_0 of form Γ ( π^∗_∞(ξ) ) for some ξ; usually, this module is identified with the module κ(π) = Γ ( π^∗_∞(π) ) of the velocities. This identification conveniently fills in several small gaps in the count of the base dimensions, the location of the Hamiltonian H for E in the highest horizontal cohomology group but not in the preceding one, and the (in/ex)clusion of the time-derivatives of q in the module P_0 of equations. However, we emphasize that the reparametrizations of the unknowns q and equations F = 0 are not correlated in principle. Let us remember that the arguments p of the Hamiltonian operator for E belong to the module ^P_0 which is ⟨ , ⟩-dual to P_0. While the system E remains in evolutionary transcription, the variational derivatives δϱ/δq of conserved densities ϱ for E constitute a linear subspace of ^P_0, but this correspondence vanishes under more general reparametrizations of the equations.

Reversing the parity of the sections p, we arrive at the following diagram:

antifields b ∈ Π^P_0

p ∈ ^P_0 Π ∗_{⟨ , ⟩} F ∈ P_0 ≃ κ(π) ←− usual identification.

We remark that, under the labelling of the evolution equations E = {q_t = r.-h.s.} by the fields q themselves, the antifields are then, on these grounds, usually denoted^4 by q^† or q^∗. But in

4 Without and with regard to the underlying metric and the Hodge structure, respectively (c.f. [12] for an example); because we do not have any metric involved explicitly in the model, we entirely discard this distinction.

view of the non-identical correspondence between the fields q and the left-hand sides F of the equations E = {F = 0}, the proper notation for the antifields would be F^† (resp., F^∗).

Not only the images of Hamiltonian operators are involutive so that [ A(p_1), A(p_2) ] = A ( [p_1, p_2]_A ) , but the brackets [ , ]_A are calculated effectively for each given A, see, e.g., [41, 31]. Therefore, we have all the data of section 2 ready at hand: taking the odd jet variables b = Π(p), we obtain the odd evolutionary vector fields

Q = ∂^{(q)}_{A(b)} − 1 2 ∂^{(b)}_{ΓAA(b,b)}, (8) which encode the variational Poisson structures (primarily, the Jacobi identity, see above) in terms of the homological condition Q^2 = 0.

The homological vector fields Q for Hamiltonian operators were constructed in the recent paper [27] by taking the advantage of the known geometric interpretation for b as the parityreversed variational covectors –but without references to variational Poisson algebroids. Namely, this was done by explicitly calculating the induced velocities of the sections p ( x, [q] ) for a priori specified velocities φ = A(p) of the unknowns q; we shall apply the same technique in section 3.3. Example. There are many examples when the Hamiltonian operators A are addressed in the context of the brackets [ , ]_A and bi-differential symbols Γ^A_A. For instance, the notorious KdV equation (say, upon w(x, t)) yields ([67], see also the Appendix)

A^{KdV}_2 = −^1_2^{d3}_{dx3} + 2w^d_{dx} + w_x, Γ^·_{,·}(p^1, p^2) =^d_{dx} (p^1) · p^2 − p^1 ·^d_{dx} (p^2), Q = ∂^{(w)}_{AKdV2 (b)} + ∂^{(b)}_{bbx} , (9) which is the minimally possible nontrivial illustration; we refer to [35] for the Boussinesq system, the Kaup–Boussinesq equation was considered in [36]; the Hamiltonian operators and the bidifferential Christoffel symbols for the Drinfeld–Sokolov equations associated with the root systems of rank two are contained in [40].

The calculation of variational Poisson cohomology groups determined by the evolutionary Poisson differentials Q is a rapidly developing topic, see [24, 14]. We regret to notice the extent to which the progress in the cohomology theory for variational Poisson algebroids is retarded –by three decades at the least– in comparison with the BRST- and BV-cohomology technique for the gauge algebroids (see section 3.3).

The evolutionary vector field Q in (8) is itself Hamiltonian with respect to the even W -charge Ω̄ = −^1_2 ⟨b, A(b)⟩ and the canonical symplectic structure ω = (^{0 1}_{−1 0} ) that stems from the volume form δp ∧ δq in the fibres over points of Σ^n in the variational cotangent bundle [47] to the jet space J^∞(π): Q = ∂^{(q)} δΩ̄/δb + ∂^{(b)} −δΩ̄/δq . We emphasize that this property of the field Q associated with a Hamiltonian operator A does not require the target M in the initial geometric setup J^∞(Σ^n → M^m) to be a Poisson manifold, c.f. [1, 12, 22].

The condition Q^2 =^1_2 [Q, Q] = 0 upon the evolutionary vector field Q is equivalent to the variational classical master equation [[Ω, Ω]] = 0 upon the variational Poisson bi-vector Ω =^1_2 ⟨b, A(b)⟩ and the variational Schouten bracket [[ω_1, ω_2]] = ⟨−→ δ ω_1 ∧ ←− δ ω_2 ⟩ (the oddparity Poisson bracket or the antibracket, see [68] or [32] and references therein), which in the adopted notation and with Dirac’s convention reads

[[ω_1, ω_2]] = ⟨(−→δ ω_1 δq δq + −→ δ ω_1 δb δb ) ∧ ( δq ←− δ ω_2 δq + δb ←− δ ω_2 δb )⟩

= −→ δ ω_1 δb ⟨δb, δq⟩ ←− δ ω_2 δq − −→ δ ω_1 δq ⟨δb, δq⟩ ←− δ ω_2 δb = [−→ δ ω_1 δb · ←− δ ω_2 δq − −→ δ ω_1 δq · ←− δ ω_2 δb ] , where the brackets [ ] mark the cohomology class after the volume form dvol Σ^n is fixed in the coupling ⟨ , ⟩. The composition of the antibracket^5 relies on the arrangement of the jet (super)fibre variables in the coupling-dual pairs of opposite parity: here, we have the fields q and the antifields b = q^† so that (up to the minus sign in Ω̄ = −Ω which is due to Dirac’s convention) Q = ∂^{(q)} [[Ω̄, q]] + ∂^{(q†)} [[Ω̄, q^†]] so that Q(Ξ) = [[Ω̄, Ξ]] ∀ Ξ.

Gauge models, which we address in section 3.3, provide a different geometric interpretation for the antifields and require the introduction of at least one generation of the ghost-antighost pairs.

The definition of variational Poisson structures admits its further generalization to nonevolutionary systems E. While the bi-linearity of the bracket remains intact, its skew-symmetry imposes a nontrivial constraint upon the operator A: ^P_0 → sym E in terms of the linearization of the system E at hand, whereas the Jacobi identity amounts to the same condition Q^2 = 0 upon the odd vector fields (8). A significant progress in this direction has been achieved only very recently, see [34, 43].

Open problem 3.1. Do there exist Hamiltonian operators A_1, . . ., A_N which are compatible in the sense of (1), and what then could be the geometry standing behind the bi-differential Christoffel symbols (c.f. [38]) ?

Finally, we recall that the root systems of semi-simple complex Lie algebras are a regular source of variational Poisson structures for KdV-type models [15]; this is achieved by using the 2D Toda chains.

3.2. 2D Toda chains The hyperbolic two-dimensional non-periodic Toda chains [48, 62] associated with the root systems of semi-simple complex Lie algebras g of rank r are the exponential-nonlinear Euler– Lagrange systems q^i_{xy} = exp ( K^i_jq^j ) , 1 ≤ i ≤ r, where K is the Cartan matrix of g. The action functionals for the 2D Toda chains are expressed in terms of the roots and are non-polynomial, thus exceeding the assumptions of [21]. Also, it is very instructive to inspect the non-identical correlation between the Noether symmetries and the generating functions of conservation laws for these Lagrangian equations, see [35, 39] for detail.

The 2D Toda chains are the best representatives of the vast class of Euler–Lagrange systems of Liouville type (see [67, 63] and references therein, also [35, 39]). By definition, the systems of this type possess as many Liouville’s integrals w ( x, y; [q] ) such that^d_{dy} (w) ≈ 0 on-shell and similarly, w ( x, y; [q] ) satisfying^d_{dx} (w) ≈ 0, as there are unknowns q. For example, consider the Liouville equation E = { F ≡ q_{xy} − exp(2q) = 0 } and let w = q^2_x − q_{xx} so that^d_{dy} (w) = −^d_{dx} (F ).

5 Let us recall that the Schouten bracket of variational one-vectors ⟨b, φi⟩ calculates the commutator [φ1, φ2] = ∂^{(q)}φ_1 (φ2)−∂^{(q)}φ_2 (φ1) of the two evolutionary vector fields ∂^{(q)}φ_i : Namely, we have that [[⟨b, φ1⟩, ⟨b, φ2⟩]] = ⟨b, [φ1, φ2]⟩. This formula illustrates our earlier warning about the absence of any reasonable Leibniz rule for either [ , ] or [[ , ]].

We have shown in [35] that the integrals for this class of Euler–Lagrange equations in fact depend differentially on the momenta m which emerge from the kinetic part of the action; this allows us to cast E into the evolutionary form q_y = δH/δm, m_y = −δH/δq. The differential orders of the integrals w = w[m] the concide with the exponents of the Lie algebra g, see [62, 39]; there are constructive procedures to obtain the integrals w and w (see [58] and [61] illustrated in [40]).

In [35, 39] we proved that the adjoint linearizations of the integrals with respect to the momenta, □ = ( ℓ^{(m)}_w )_† (10)

are linear differential operators with involutive images, see (4). These operators produce symmetries of the Liouville-type system at hand (in particular, its Noether symmetries φ_L = δH [ w[m] ] /δm = □ ( δH[w]/δw ) ). By construction, each column of the operator □ stems from the respective integral for E. However, the image of a particular column may not itself be closed under commutation: we encounter an example for the root system A_2 (here, for the second, higher-order integral and, respectively, the second column in (10), see [35, 40]).

The geometric nature of the domains of the operators □ is the most nontrivial in comparison with the other two sample geometries which we discuss in sections 3.1 and 3.3 of this review. In brief, the arguments p ( x, [ w[m] ]) in each such domain belong to the variational cotangent bundle to an equation other than E, while the Miura substitutions w = w[m] relate the systems; we refer to [35] and [39] for detail. This reasoning implies that the components of the sections p do not exist individually as well-defined “functions” and therefore the operators □ may not be split in separate columns. (Let us remember that the operators whose domains appear from the variational cotangent bundles [47], like the Hamiltonian operators, were referred to in [39, 37] as the operators of second kind.)

The term “Miura” is indeed justified in this context [15]: the brackets [ , ]_□ on the domains of □ are calculated by using the correlation [39] of the entire geometry of the 2D Toda chains with the previous case of variational Poisson algebroids (section 3.1). The correspondence yields the symbols Γ^□_□ explicitly in terms of the integrals w and the roots of g; this calculates the commutation relations in the symmetry algebras for the 2D Toda chains.

As usual, we reverse the parity of the arguments p for the operators □ by taking Π: p ⇄ b and obtain the homological evolutionary vector field

Q = ∂^{(q)}_{□(b)} − 1 2 ∂^{(b)}_{Γ□□(b,b)}, Q^2 = 0. (11)

Example. The operator □ = q_x +^1_2^d_{dx} for the Liouville equation q_{xy} = exp(2q) specifies the differential Q = ∂^{(q)}_{□(b)} + ∂^{(b)}_{bbx} ; the equality of the even velocity bb_x of the odd variable b to the respective velocity which we obtained in (9) for the Korteweg–de Vries equation is no coincidence [39].

Open problem 3.2. Is it true that for each operator □ of second kind and for the associated differential Q there is the Hamiltonian operator A with the same domain such that Γ^□_□ = Γ^A_A ?

Finally, we recall that the 2D Toda chains related to the root systems are obtained by imposing the cylindric symmetry reduction in the Yang–Mills equations, the distinguished gauge models [48]. In turn, the latter do carry their own homological vector fields; we discuss them in the next section. However, the Yang–Mills equations are a class of models for which (unlike, e.g., gravity) the bi-differential Christoffel symbols standing in the fields Q are structurally simple. This shows the “preservation of complexity” in its genuine sense of logic under the reduction (large, simple) → (small, complex) of the Yang–Mills systems to the 2D Toda chains. It is interesting to track the details of the correspondence between the homological vector fields Q, the compositions of the Schouten bracket, and the respective syzygies and charges in the two models and by this, to approach the origin of Liouville’s integrals w along a new direction. This will give us a clue to their analogs in the affine case of g^{(k)}.

3.3. Gauge systems The Euler–Lagrange systems E = { F = δS/δq = 0 | S ∈ H^n(π) } contain as many equations as there are unknowns q. By construction, such equations F_i = 0 are conveniently labelled by the respective fields q^i; let us remember that the horizontal module P_0 of the sections F is then P_0 ≃ ^κ(π). Because of this, the generating sections ψ ∈ ^P_0 of conservation laws for E acquire the nature of Noether symmetries φ_L ∈ sym E, which is indeed the case by virtue of the First Noether Theorem (up to, possibly, the non-identical Noether maps ^P_0 → κ(π), as we recalled in section 3.2).

Although the systems E are determined, there may appear the differential constraints (also called syzygies, Noether identities, or Bianchi identities) between the equations of motion,

Φ[F ] ≡ 0 ∀ q = q(x), Φ ∈ P_1.

The relations Φ_{i+1}[Φ_i] ≡ 0 between the relations, valid identically for all Φ_{i−1} (here Φ_0 = F ∈ P_0) give rise to possibly several but finitely many generations of the horizontal modules P_i ∋ Φ_i for i > 0. In the sequel, we shall assume that the given action functional S determines the system E = {F = 0} of equations of motion with one generation of the constraints Φ[F ] = 0 and that there are no further relations between the already known ones. In the following diagram we summarize the notation^6 and interpret the objects at hand in terms of the BV-theory [7]:

ghosts γ_i = b_i ∈ Π^P_1 γ^†_i ∈ P_1 antighosts

gauge parameters ϵ_i = p_i ∈ ^P_1 Π ∗_{⟨ , ⟩} Φ^i[F ] ∈ P_1 id Noether identities

q^† ∈ ΠP_0 antifields

Noether symmetries φ_L .= ψ ∈ κ(π) ≃ ^P_0 ^∗_{⟨ , ⟩} F ∈ P_0 ≃ ^κ(π) Π usual identification.

Each relation Φ^i[F ] = 0 between the equations F_j = 0, 1 ≤ j ≤ m, yields the linear total differential operator A_i : ^P_1 → sym E ⊂ κ(π) that generates symmetries of the system E. These symmetries are parametrized by arbitrary sections p_i ( x, [q] ) ∈ ^P_1 and are called gauge symmetries.

Namely, suppose that the identity Φ [ F [q] ] ≡ 0 holds irrespective of a section q = q(x).

Consequently, this identity is indifferent to arbitrary infinitesimal shifts, which are given by the π_∞-vertical evolutionary vector fields ∂^{(q)}_φ on J^∞(π). The chain rule implies that

∂^{(F )} ∂^{(q)}_φ (F )

(Φ) ≡ 0 ∈ P_1.

Passing to the linearizations (the definition of which in the non-graded case is ℓ^{(a)}_ψ ( φ[a] ) = ∂^{(a)}_φ (ψ) whenever this right-hand side is well-defined for the given a and ψ), we conclude that

ℓ^{(F )}_Φ ∘ ℓ^{(q)}_F (φ) = 0,

6 Again, we do not fix any metric on Σ^n and therefore not grasp the subtle difference between the transcripts γ^† and γ^∗ for the antighosts (see, e.g., [12]). We repeat that we do not pay any particular attention to the upper or lower location of indices.

where the composition is a linear mapping from κ(π) to P_1. Let us now couple this zero velocity along P_1 with any element p ∈ ^P_1 from the dual module and then integrate by parts, staying in the equivalence class of the zero in the cohomology. We obtain ( ℓ^{(q)}_F )† ∘ ( ℓ^{(F )}_Φ )† (p) = 0.

But let us recall that the linearization

ℓ^{(q)}_F : κ(π) → P_0 ≃ ^κ(π)

and the adjoint linearization ( ℓ^{(q)}_F )† : ^P_0 ≃ κ(π) → ^κ(π) ≃ P_0 coincide for the Euler–Lagrange systems E = { F = 0 } due to the Helmholz criterion (see [53, 65])

ℓ^{(q)}_F = ( ℓ^{(q)}_F )† ⇐⇒ ∃ S ∈ H^n(π) | F = δS/δq. This implies that ( ℓ^{(F )}_Φ )† (p) is, on-shell, a symmetry of the system E for any section p ∈ ^P_1.

Moreover, for each Noether identity Φ^i[F ] ∈ P_1 we have constructed explicitly the operator

A_i := ( ℓ^{(F )}_{Φi} )† that yields the symmetries φ = A_i(·) of the model.

We note that the constraints Φ need not be linear. Furthermore, in the cases of a very specific geometry of E there may appear the symmetry-producing operators which do not issue from any differential relations between the equations of motion. The approach which we have formulated by so far treats all such structures in a uniform way.

However, under the additional assumption that the symmetries obtained in the images of the operators are Noether, ∂^{(q)}_{A(p)}(S) = [0] ∈ H^n(π), the existence of the respective sections Φ is justified easily and besides, these constraints appear to be linear. Actually, suppose that ∂^{(q)}_{A(p)}(S) = ⟨ δS/δq, A(p) ⟩ = ⟨ p, A^†(F ) ⟩ = [0] for all sections p ∈ ^P_1. This implies that the Noether identity Φ[F ] = 0 amounts to the linear differential relation A^†(F ) = 0 between the equations of motion so that Φ coincides with its own linearization. Example. The Maxwell equations E = { F^i ≡ ∂_j F^{ij} = 0 } upon the skew-symmetric field strength tensor F_{ij} = ∂_iA_j − ∂_j A_i satisfy the obvious relation Φ = ∂_iF^i = 0 (that is, Φ = { ∂_i∂_j F^{ij} ≡ 0 } ), which manifests the invariance of the system (including its action functional) under (finite or infinitesimal) gauge transformations A → A − d_{dR} ( p(x, [A]) ) of the electromagnetic field A = A_i dx^i, here d_{dR} is the de Rham differential on the Minkowski space-time. The conventional plus sign in the transcript of the Bianchi identities yields the minus sign in front of the adjoint operator d^†_{dR} = −d_{dR} in the gauge symmetries. Because the coefficients of the de Rham differential, which spreads along the diagonal of the (4 × 4)-matrix operator A, are constant, the bi-differential Christoffel symbols Γ^A_A vanish in this model.

It is remarkable that the Yang–Mills theories with non-abelian gauge groups still do constitute a regular class of examples with the field-independent (and at most constant, whenever nonzero) coefficients in the bi-differential Christoffel symbols Γ^k_{ij}(·, ·). On the other hand, gravity produces the drastically more involved structure of these symbols with the explicit dependence on the unknown fields in their coefficients [20]. This is immanent also to the Liouville-type systems (see section 3.2).

Let the operators A_1, . . ., A_N : ^P_1 → sym E ⊂ κ(π) be the entire collection of the gauge symmetry generators for the system E. For the sake of clarity, we always assume the off-shell validity of the Berends–Burgers–van Dam hypothesis [11] about the collective commutation closure for the images of these operators, see (1). Then the odd evolutionary vector field (6) is the Becchi–Rouet–Stora–Tyutin differential [9]; in the model at hand, all parity-reversed arguments b_i belong to one module Π^P_1 and are known as the ghosts, usually denoted by γ_i. The variational Lie algebroid encoded by the evolutionary differential Q was named the gauge algebroid in [2].

As in the variational Poisson case (see section 3.1), we arrange the variables in pairs of opposite parity: even fields q ←→ odd antifields q^†, and odd ghosts γ_i ←→ even antighosts γ^†_i .

The evolutionary BRST-field Q lifts to the odd derivation ~Q on the horizontal infinite jet superspace that now contains the antifield coordinates q^†_τ and similarly, the antighosts γ^†_{i;τ} , here |τ| ≥ 0. The induced velocities of the newly incorporated fibre variables are calculated in agreement with their geometric nature.

First, we recall that the off-shell determining condition ∂^{(q)}_φ (F ) = ∇(F ) for φ to be an infinitesimal symmetry of the equation F = 0 states the existence of the linear total differential operator ∇ such that the right-hand side of the condition vanishes on-shell (i.e., by virtue of the equation and its differential consequences). Let us remember also that the operator ∇ = ∇_φ depends linearly on φ because the entire equality does so. Specifically for the gauge geometry at hand, this means that ∂^{(q)}_{A(γ)}(F ) = ∇_{A(γ)}(F ) or, after the parity reversion Π: F ⇄ F^† = q^† of

the linear entry F in both sides of the equality, we obtain the odd-parity component ∂^{(q†)} ∇_{A(γ)}(q^†) of the lifting ~Q for Q.

Second, we see that –due to the chain rule– the odd velocity of a Noether relation Φ[F ] ∈ P_1, or of the even antighost γ^† associated with it, is equal to ( ∂^{(q)}_{A(γ)}(A^†) ) (F ) + A^† ( ∇_{A(γ)}(F ) ) . Corollary. The proper antifield-antighost lifting ~Q of the BRST -differential Q reads ~Q = ∂^{(q)}∑ i A_i(γ_i)− 1 2 ∑ k ∂^{(γk )}∑ i,j Γ^k_{ij} (γ_i,γ_j )+∂

(q^†) ∑ i ∇_{Ai(γi)}(q^†)+ ∑ k ∂^{(γ†k )}∑ i ( ∂^{(q)}_{Ai(γi)}(A^†_k)(^{δS}_{δq} ) + A^†_k ( ∇_{Ai(γi)}(^{δS}_{δq} ) )).

The full Batalin–Vilkovisky differential D = d_{K-T} + ~Q + . . . merges the parity-reversing (and besides, vanishing on-shell) Koszul–Tate differential,

d_{K-T} = ∂^{(q†)}δS/δq + ∑ k ∂^{(γ†k)}_{A†k (q†)},

with the lifting ~Q of Q; however, D may contain further terms of the correction that ensures the off-shell equality D^2 = 0.

Let us now look at the problem of construction of the BV-differential from another perspective. The pairwise arrangement q^† ↔ q, γ ↔ γ^† for the ⟨ , ⟩-dual variables of opposite parity prescribes the composition of the variational Schouten bracket [[ω_1, ω_2]] = ⟨−→ δ ω_1 ∧ ←− δ ω_2 ⟩

([68] and, e.g., [28, 66]), now extending to all generations of the ghost-antighost pairs: [[ω_1, ω_2]]

= (−→δ ω_1 δq^† ⟨δq^†, δq⟩ ←− δ ω_2 δq − −→ δ ω_1 δq ⟨δq^†, δq⟩ ←− δ ω_2 δq^† ) + (−→δ ω_1 δγ ⟨δγ, δγ^†⟩ ←− δ ω_2 δγ^† − −→ δ ω_1 δγ^† ⟨δγ, δγ^†⟩ ←− δ ω_2 δγ )

= [−→ δ ω_1 δq^† · ←− δ ω_2 δq − −→ δ ω_1 δq · ←− δ ω_2 δq^† ] + [−→ δ ω_1 δγ · ←− δ ω_2 δγ^† − −→ δ ω_1 δγ^† · ←− δ ω_2 δγ ] .

In this notation,^7 the BV-differential D is determined ([68, 66], see also section 3.1) by the variational Schouten bracket of the BV-action S̄ and the respective super-jet variables,

D = ∂^{(q)} [[S̄, q]] + ∂^{(q†)} [[S̄, q^†]]

+ ∂^{(γ)} [[S̄, γ]] + ∂^{(γ†)} [[S̄, γ^†]]

, i.e., D(Ξ) = [[S̄, Ξ]],

where the extended action functional S̄ = −S has even parity and S equals [18, 30, 42], with the conventional Einstein’s summation over repeated indices and Dirac’s ordering of (co)vectors, S = S + ⟨q^†, A_k(γ_k)⟩ − 1 2 ⟨ Γ^k_{ij}(γ_i, γ_j ), γ^†_k ⟩ + ⟨correction terms⟩ .

The possible necessity to introduce the correction terms of higher polynomial orders in γ, γ^†, or q^† is legitimate, e.g., when the coefficients of the bi-differential symbols Γ^k_{ij} depend explicitly on the fields q and hence produce the redundant terms in the velocity of q^†, which thus must be cancelled out properly. The renowned paper [12] (c.f. [22]) contains a perfect example of a gauge model with one generator A of its gauge symmetries and an explicit calculation of the (zero-order) bi-differential Christoffel symbols Γ^A_A, BRST- and BV-differentials, and the master-action S, see [12, p. 595] where the parity reversion Π is the ‘promotion’ and the BRST-field Q is denoted by δ_0.

The cohomological condition [D, D] = 0 is equivalent to the classical master equation [[S, S]] = 0. The BV-cohomology with respect to the differential D (or [[S, ·]]) provides the resolvent for the algebra C^∞(E) of observables in the model and opens a way for the quantization of gauge systems.

Open problem 3.3. Describe the variational Poisson structures that are pertinent to gaugeinvariant systems.

The most recent techniques of [26, 34, 44] allow –or soon will allow– the regular search for variational Poisson structures on non-evolutionary gauge-invariant models by using the respresentation of the structures via Q^2 = 0. It must be noted however, that the gauge algebroids are endowed a priori with the evolutionary differentials which suit well for the quantization of the systems. Therefore, the variational Poisson structures –whenever found for a given gauge model– will either provide only a few of its symmetries or, if there is a functional freedom in the domains of the Hamiltonian operators, will definitely not provide the entire Lie algebra of infinitesimal gauge transformations because of the apparent difference between the domains of definition for the Hamiltonian operators and ordinary gauge generators (compare the diagrams in this section and in section 3.1). This confirms that the bi-Hamiltonian complete integrability paradigm ([50], see [44]), which relies on the construction of the Poisson pencils for hierarchies of evolutionary systems, becomes insufficient in the geometry of gauge fields.

7 Likewise, the odd Laplacian is

ΔBV = −→ δ δq^† ∘ ←− δ δq + −→ δ δγ ∘ ←− δ δγ^† .

Conclusion The realization of nonlinear systems, or parts of the information which they carry, in terms of homological evolutionary vector fields Q is not specific to gauge-invariant models only. Indeed, other natural classes of partial differential equations can be addressed with convenience from the same viewpoint. Moreover, even for the already known gauge systems the available approach is ready to capture more of their geometry without any extra modifications.

For a long time, the physical and mathematical incarnations of the notion of Lie algebroids over infinite jet spaces developed in parallel, the progress on the math side being seriously retarded with respect to the demands from physics. Seemingly, the exchange between the two theories, foresighted in [10], channeled through the construction of the variational Schouten bracket. Nowadays, the systematic and well-motivated calculation of the variational Poisson cohomology only begins — while the BRST- and BV-cohomology theories are an established domain of research and the subject of a vastest literature. In this review we traced the links between the variational Poisson algebroids, gauge algebroids, and –playing the rôle of mediators– 2D Toda-like systems also viewed as variational Lie algebroids.

Acknowledgments The author is grateful to the Organizing committee of 7th International Workshop ‘Quantum Theory and Symmetries–7’ (August 7–13, 2011; CVUT Prague, Czech Republic) for a welcome and warm atmosphere during the meeting. The author thanks G. Barnich, B. A. Dubrovin, G. Felder, E. A. Ivanov, S. O. Krivonos, J. W. van de Leur, M. Schlichenmaier, M. A. Semenov– Tian-Shansky, and M. A. Vasiliev for helpful discussions and stimulating remarks. Also, the author thanks J. Krasil’shchik and A. Verbovetsky for constructive criticisms and interesting correspondence.

This research was supported in part by NWO VENI grant 639.031.623 (Utrecht) and JBI RUG project 103511 (Groningen). A part of this research was done while the author was visiting at the IHÉS (Bures-sur-Yvette); the financial support and hospitality of this institution are gratefully acknowledged.

Appendix: The hunting of the variational Lie algebroids We now list several operators which we obtained in a fixed system of local coordinates and whose images are then closed under commutation. We denote by u(x) the field and, for brevity, we use the notation {{p, q}}_A instead of Γ^A_A(p, q). Let us fix the weights |u| = 2, |d/dx| = 1 that originate from the scaling invariance of the KdV equation u_t = −^1_2 u_{xxx} + 3uu_x; we have that |d/dt| = 3. Using the method of undetermined coefficients, we performed the search for scalar operators that satisfy (4) and which are homogeneous with respect to the weights not greater than 7. We obtained two compatible Hamiltonian operators A^{KdV}_1 = d/dx and A^{KdV}_2 = −^1_2 (d/dx)^3 + 2u d/dx + u_x, the odd powers (d/dx)^{2n+1} of d/dx, and the Hamiltonian operator u^2

(_d dx )_3 + 3uu_x (_d dx )_2 + 3uu_{xx}^d_{dx} + uu_{xxx}. Also, there are four non-skew-adjoint operators with involutive images,

A^{(6)}_4 = u^3 − u^2_x, A^{(6)}_5 = 2u^2_x − uu_{xx} − 2uu_x^d_{dx} + u^2

(_d dx )_2 , {{p, q}}_A(6)_4 = 2u_x · (pq_x − p_xq), {{p, q}}_A(6)_5 = −2u_x · (pq_x − p_xq) + u · (pq_{xx} − p_{xx}q); A^{(7)}_8 = u^2_x^d_{dx} − 2uu_{xx}^d_{dx} − 4uu_x

(_d dx )_2

− 4u^2

(_d dx )_3 , {{p, q}}_A(7)_8 = u^2 · (pq_x − p_xq);

A^{(7)}_9 = −2u_xu_{xx} − u^2_x^d_{dx} , {{p, q}}_A(7)_9 = 8u_{xx} · (pq_x − p_xq) + 2u_x · (pq_{xx} − p_{xx}q).

Finally, we have found the operators that contain arbitrary functions: f(u)(d/dx)^n and f(u)u^2 with vanishing Christoffel symbols {{ , }}_A, and also A_3 = f(u)u_x, {{p, q}}_{A3} = f(u) ( p_xq − pq_x ) ; A_4 = f(u) ( u^d_{dx} − u_x ) , {{p, q}}_{A4} = f(u) ( pq_x − p_xq ) . The transformation rules for the sections that constitute the domains of the operators A_3, A_4, A^{(6)}_4 , . . ., A^{(7)}_9 are yet to be found. Likewise, the interpretation as variational anchors and the understanding of the physics of the models remain an open problem for the infinite class of linear total differential operators with involutive images which were found in [56, 67].

References

[1] Alexandrov M., Schwarz A., Zaboronsky O., Kontsevich M. (1997) The geometry of the master equation and topological quantum field theory, Int. J. Modern Phys. A12:7, 1405–1429.

[2] Barnich G. (2010) A note on gauge systems from the point of view of Lie algebroids, AIP Conf. Proc. 1307 XXIX Workshop on Geometric Methods in Physics (June 27 – July 3, 2010; Białowieża, Poland), 7–18.

arXiv:math-ph/1010.0899

[3] Barnich G., Brandt F., Henneaux M. (1995) Local BRST cohomology in the antifield formalism. I., II.

Commun. Math. Phys. 174:1, 57–91, 93–116. arXiv:hep-th/9405109 [4] Barnich G., Brandt F., Henneaux M. (2000) Local BRST cohomology in gauge theories, Phys. Rep. 338:5, 439–569.

[5] Barnich G., Henneaux M. (1996) Isomorphisms between the Batalin–Vilkovisky antibracket and the Poisson bracket, J. Math. Phys. 37:11, 5273–5296.

[6] Batalin I. A., Fradkin E. S., Fradkina T. E. (1990) Generalized canonical quantization of dynamical systems with constraints and curved phase space, Nucl. Phys. B332:3, 723–736.

[7] Batalin I., Vilkovisky G. (1981) Gauge algebra and quantization, Phys. Lett. B102:1, 27–31;

Batalin I. A., Vilkovisky G. A. (1983) Quantization of gauge theories with linearly dependent generators, Phys. Rev. D29:10, 2567–2582.

[8] Baulieu L., Singer I. M. (1988) Topological Yang–Mills symmetry. Conformal field theories and related topics (Annecy-le-Vieux, 1988), Nuclear Phys. B Proc. Suppl. 5B, 12–19.

[9] Becchi C., Rouet A., Stora R. (1976) Renormalization of gauge theories, Ann. Phys. 98:2, 287–321;

Tyutin I. V. (1975) Gauge invariance in field theory and statistical mechanics, Preprint Lebedev FIAN no. 39. [10] Belavin A. A. (1989) KdV-type equations and W -algebras, in: Integrable systems in quantum field theory and statistical mechanics. Adv. Stud. Pure Math. 19, Acad. Press, Boston, MA, 117–125.

[11] Berends F. A., Burgers G. J. H., van Dam H. (1985) On the theoretical problems in constructing interactions involving higher-spin massless particles, Nucl. Phys. B260:2, 295–322.

[12] Cattaneo A. S., Felder G. (2000) A path integral approach to the Kontsevich quantization formula, Commun.

Math. Phys. 212:3, 591–611.

[13] Crainic M., Fernandes R. L. (2003) Integrability of Lie brackets, Ann. Math. (2)157:2, 575–620. [14] De Sole A., Kac V. G. (2011) The variational Poisson cohomology, 130 p. Preprint arXiv:math-ph/1106.0082 De Sole A., Kac V. G. (2011) Essential variational Poisson cohomology, 30 p. Preprint

arXiv:math-ph/1106.5882

[15] Drinfel’d V. G., Sokolov V. V. (1985) Lie algebras and equations of Korteweg–de Vries type, J. Sov. Math.

30, 1975–2035.

[16] Dubrovin B. A. (1996) Geometry of 2D topological field theories, Lect. Notes in Math. 1620 Integrable systems and quantum groups (Montecatini Terme, 1993), Springer, Berlin, 120–348.

[17] Dubrovin B. A., Novikov S. P. (1983) Hamiltonian formalism of one-dimensional systems of the hydrodynamic type and the Bogolyubov–Whitham averaging method, Sov. Math. Dokl. 27:3, 665–669; Dubrovin B. A., Novikov S. P. (1984) Poisson brackets of hydrodynamic type, Sov. Math. Dokl. 30:3, 651–654.

[18] Dubois-Violette M. (1987) Systèmes dynamiques contraints: l’approche homologique, Ann. Inst. Fourier (Grenoble) 37:4, 45–57.

[19] Fradkin E. S., Vasiliev M. A. (1976) Model of supergravity with minimal electromagnetic interaction. Preprint Lebedev FIAN-76-197, 23 p.

[20] Fradkin E. S., Vilkovisky G. A. (1975) Quantization of relativistic systems with constraints, Phys. Lett.

B55:2, 224–226.

[21] Fulp R., Lada T., Stasheff J. (2002) sh-Lie algebras induced by gauge transformations, Commun. Math.

Phys. 231:1, 25–43.

[22] Fulp R., Lada T., Stasheff J. (2003) Noether’s variational theorem II and the BV formalism. Proc. 22nd Winter School “Geometry and Physics” (Srní, 2002), Rend. Circ. Mat. Palermo (2) Suppl. No. 71, 115– 126.

[23] Gel’fand I. M., Dorfman I. Ja. (1981) Schouten bracket and Hamiltonian operators, Functional Anal. Appl.

14:3, 223–226.

[24] Getzler E. (2002) A Darboux theorem for Hamiltonian operators in the formal calculus of variations, Duke Math. J. 111:3, 535–560.

[25] Gitman D. M., Tyutin I. V. (1990) Quantization of fields with constraints. Springer Ser. Nucl. Part. Phys., Springer-Verlag, Berlin.

[26] Golovko V. A. (2011) Variational Poisson–Nijenhuis structures and integrable Hamiltonian systems (in Russian). PhD thesis, Lomonosov MSU, Moscow, 189 pp.

[27] Golovko V. A., Krasil’shchik I. S., Verbovetsky A. M. (2008) Variational Poisson–Nijenhuis structures for partial differential equations, Theor. Math. Phys. 154:2, 227–239.

[28] Gomis J., París J., Samuel S. (1995) Antibracket, antifields and gauge-theory quantization, Phys. Rep.

259:1-2, 1–145.

[29] Henneaux M., Teitelboim C. (1992) Quantization of gauge systems. Princeton University Press, Princeton, NJ. [30] Henneaux M. (1985) Hamiltonian form of the path integral for theories with a gauge freedom, Phys. Rep.

126:1, 1–66.

[31] Hussin V., Kiselev A. V. (2011) A convenient criterion under which Z2-graded operators are Hamiltonian, J. Phys. Conf. Ser. 284 Mathematical and physical aspects of symmetry. Proc. 28th Int. colloquium on Group-Theoretical Methods in Physics (July 26–30, 2010; Northumbria University, Newcastle, UK), 012035, 6 p. arXiv:nlin.SI/1103.2542 [32] Igonin S., Verbovetsky A., Vitolo R. (2004) Variational multivectors and brackets in the geometry of jet spaces, Symmetry in nonlinear mathematical physics (Kiev, 2003). Pr. Inst. Mat. Nats. Akad. Nauk Ukr. Mat. Zastos. 50, 1335–1342.

[33] Kersten P., Krasil’shchik I., Verbovetsky A. (2004) Hamiltonian operators and ℓ^∗-coverings, J. Geom. Phys.

50:1–4, 273–302.

[34] Kersten P., Krasil’shchik I., Verbovetsky A., Vitolo R. (2011) On integrable structures for a generalized Monge–Ampere equation, Preprint arXiv:nlin.SI/1104.0258, 17 pp.

[35] Kiselev A. V. (2005) Hamiltonian flows on Euler-type equations, Theor. Math. Phys. 144:1, 952–960.

arXiv:nlin.SI/0409061

[36] Kiselev A. V. (2007) Algebraic properties of Gardner’s deformations for integrable systems, Theor. Math.

Phys. 152:1, 963–976. arXiv:nlin.SI/0610072 [37] Kiselev A. V., van de Leur J. W. (2011) Variational Lie algebroids and homological evolutionary vector fields, Theor. Math. Phys. 167:3, 772–784. arXiv:math.DG/1006.4227 [38] Kiselev A. V., van de Leur J. W. (2011) Involutive distributions of operator-valued evolutionary vector fields and their affine geometry, Proc. 5th Int. workshop ‘Group analysis of differential equations and integrable systems’ (June 6–10, 2010; Protaras, Cyprus), 99–109. arXiv:math-ph/0904.1555 [39] Kiselev A. V., van de Leur J. W. (2010) Symmetry algebras of Lagrangian Liouville-type systems, Theor.

Math. Phys. 162:3, 149–162. arXiv:nlin.SI/0902.3624 [40] Kiselev A. V., van de Leur J. W. (2009) A geometric derivation of KdV-type hierarchies from root systems, in: Proc. 4th Int. workshop ‘Group analysis of differential equations and integrable systems’ (October 26–30, 2008; Protaras, Cyprus), 87–106. arXiv:nlin.SI/0901.4866 [41] Kiselev A. V., van de Leur J. W. (2009) A family of second Lie algebra structures for symmetries of dispersionless Boussinesq system, J. Phys. A: Math. Theor. 42:40, 404011 (8 p.) arXiv:nlin.SI/0903.1214 [42] Kostant B., Sternberg S. (1987) Symplectic reduction, BRS cohomology, and infinite-dimensional Clifford algebras, Ann. Phys. 176:1, 49–113.

[43] Krasil’shchik I., Verbovetsky A. (2011) Geometry of jet spaces and integrable systems, J. Geom. Phys. 61, 1633–1674. arXiv:math.DG/1002.0077, [44] Krasil’shchik I. S., Verbovetsky A. M., Vitolo R. (2011) A unified approach to computation of integrable structures, Preprint arXiv:nlin.SI/1110.4560, 18 pp.

[45] Krasil’shchik I. S., Vinogradov A. M., eds. (1999) Symmetries and conservation laws for differential equations of mathematical physics. (Bocharov A. V., Chetverikov V. N., Duzhin S. V. et al.) AMS, Providence, RI.

[46] Kumpera A., Spencer D. (1972) Lie equations. I: General theory. Annals of Math. Stud. 73. Princeton University Press, Princeton, NJ; University of Tokyo Press, Tokyo.

[47] Kupershmidt B. A. (1980) Geometry of jet bundles and the structure of Lagrangian and Hamiltonian formalisms. Geometric methods in mathematical physics (Proc. NSF–CBMS Conf., Univ. Lowell, Mass., 1979), Lecture Notes in Math. 775, Springer, Berlin, 162–218.

[48] Leznov A. N., Saveliev M. V. (1979) Representation of zero curvature for the system of nonlinear partial differential equations xα,zz̄ = exp(Kx)α and its integrability, Lett. Math. Phys. 3, 489–494;

Leznov A. N., Saveliev M. V. (1992) Group-theoretical methods for integration of nonlinear dynamical systems. Progr. in Phys. 15. Birkhäuser Verlag, Basel.

[49] Mackenzie K. (1987) Lie groupoids and Lie algebroids in differential geometry. London Math. Soc. Lect. Note Ser. 124. CUP, Cambridge.

[50] Magri F. (1978) A simple model of the integrable equation, J. Math. Phys. 19:5, 1156–1162. [51] McCloud P. (1994) Jet bundles in quantum field theory: the BRST-BV method, Class. Quant. Grav. 11:3, 567–587.

[52] Nutku Y. (2001) Lagrangian approach to integrable systems yields new symplectic structures for KdV, in:

Integrable hierarchies and modern physical theories (H. Aratyn and A. S. Sorin, eds) Proc. Advanced Research Workshop (ARW-UIC 2000) (Chicago, IL, July 22-26, 2000), NATO Sci. Ser. II Math. Phys. Chem. 18, Kluwer Acad. Publ., Dordrecht, 203–213.

[53] Olver P. J. (1993) Applications of Lie groups to differential equations, Grad. Texts in Math. 107 (2nd ed.), Springer–Verlag, NY.

[54] Pradines J. (1967) Théorie de Lie pour les groupoïdes différentiables. Calcul différenetiel dans la catégorie des groupoïdes infinitésimaux, C. R. Acad. Sci. Paris Sér. A-B 264, A245–A248.

[55] Quillen D. (1985) Superconnections and the Chern character, Topology 24:1, 89–95. [56] Sanders J. A., Wang J. P. (2002) On a family of operators and their Lie algebras, J. Lie Theory 12:2, 503–514.

[57] Saunders D. J. (1989) The geometry of jet bundles. London Math. Soc. Lect. Note Ser. 142. CUP, Cambridge. [58] Saveliev M. V. (1993) On the integrability problem of a continuous Toda system, Theor. Math. Phys. 92:3, 1024–1031.

[59] Schwarz A. (1993) Geometry of Batalin–Vilkovisky quantization, Commun. Math. Phys. 155:2, 249–260. [60] Schwarz A. S. (1979) The partition function of a degenerate functional, Commun. Math. Phys. 67:1, 1–16. [61] Shabat A. B. (1995) Higher symmetries of two-dimensional lattices, Phys. Lett. A200:2, 121–133;

Shabat A. B. (1996) First integrals of the infinite Toda lattice. Symmetries and integrability of difference equations (D. Levi, L. Vinet and P. Winternitz, eds.; Estérel, PQ, 1994), CRM Proc. Lecture Notes 9, AMS, Providence, RI, 345–351.

[62] Shabat A. B., Yamilov R. I. (1981) Exponential systems of type I and the Cartan matrices, Prepr. Bashkir division Acad. Sci. USSR, Ufa, 22 p.

[63] Sokolov V. V., Startsev S. Ya. (2008) Symmetries of nonlinear hyperbolic systems of the Toda chain type, Theor. Math. Phys. 155:2, 802–811.

[64] Vaintrob A. Yu. (1997) Lie algebroids and homological vector fields, Russ. Math. Surv. 52:2, 428–429. [65] Vinogradov A. M. (1984) The C-spectral sequence, Lagrangian formalism, and conservation laws. I. The linear theory, II. The nonlinear theory, J. Math. Anal. Appl. 100:1, 1–40, 41–129.

[66] Witten E. (1990) A note on the antibracket formalism, Modern Phys. Lett. A5:7, 487–494. [67] Zhiber A. V., Sokolov V. V. (2001) Exactly integrable hyperbolic equations of Liouvillean type, Russ. Math.

Surveys 56:1, 61–101.

[68] Zinn-Justin J. (1975) Renormalization of gauge theories. Trends in Elementary Particle Theory (Lect. Notes in Phys. 37 H. Rollnick and K. Dietz eds), Springer, Berlin, 2–39.

Zinn-Justin J. (1976) Méthodes en théorie des champs / Methods in field theory. (École d’Été de Physique Théorique, Session XXVIII, tenue à Les Houches, 28 Juillet–6 Septembre, 1975; R. Balian and J. Zinn- Justin, eds) North-Holland Publ. Co., Amsterdam etc.