arXiv:1111.3704v2 [gr-qc] 21 Jun 2012

ON WORMHOLE THROATS IN f(R) GRAVITY THEORY

Andrew DeBenedictis^∗ Dubravko Horvat^†

May 5, 2012

Abstract

We study the existence and properties of wormhole throats in modified f(R) gravity theory. Specifically, we concentrate on the cases where the lapse is not necessarily constant, and hence are not limited to the zero tidal force scenarios. In the class of theories whose actions are generated by Lagrangians of the form f(R) = ∑ α_n R^n we find parameters which allow for the existence of energy condition respecting throats, which do not exist in Einstein gravity. We also consider the effect of the modified action on the anisotropy of the models, and find that modified gravity can minimize the amount of anisotropy required to support the existence of a throat. In both these respects, the sector containing theories with positive n is more promising than the negative n sector in comparison to Einstein gravity alone, with large n being most favorable.

PACS numbers: 04.50.Kd 04.20.Gz Key words: Modified gravity, anisotropy, wormholes

1 INTRODUCTION

General relativity is arguably the most successful theory of gravity to date. The theory, aside from being pleasing on grounds such as diffeomorphism invariance, has passed all major tests in the solar system. On scales larger than the solar system, general relativity, supplemented with non-standard matter fields such as dark matter or dark energy, explains the dynamics of the large-scale structure of the universe rather well.

However, there has long been an interest in extended theories of gravitation, which possess general relativity in some limit (for example, see [1], [2].) These extensions are mainly motivated by the desire to eliminate the potentially “exotic” non-standard matter fields mentioned [3], [4], or to mimic some low energy quantum gravity effects which are thought to manifest at very high curvatures [5], [6]. Other motivations are perhaps more academic; we have only been able to study gravity effectively in its weak limit, and hence cannot be certain that Einstein gravity holds in stronger

∗Department of Physics,^†Department of Physics, and Faculty of Electrical Engineering The Pacific Institute for the Mathematical Sciences, and Computing, Simon Fraser University, University of Zagreb, Burnaby, British Columbia, Canada, V5A 1S6 Unska 3, HR-10 000 Zagreb, Croatia adebened@sfu.ca dubravko.horvat@fer.hr

gravitational fields. Therefore it is of interest to study gravitational theories which are diffeomorphism invariant and give Einstein gravity in an appropriate limit, but deviate from Einstein gravity in some way outside of the realm where gravitational effects have commonly been observed. This, admittedly, gives us much freedom regarding the types of theories that may be successful candidates.

Of particular interest are the class of theories known as f(R) gravity. These theories consider gravitational fields generated by actions of the form [7]: S = 1 2κ ∫ √ −g f(R) d^4x + ∫ √ −g L_{mat}(g) d^4x , (1)

where f(R) is some function of the Ricci scalar, R and L_{mat}(g) is the matter Lagrangian density. The equations of motion generated via varying this action with respect to the metric, and demanding that this variation vanish. These equations of motion are: ∂f(R) ∂R R^μ_ν − 1 2 f(R) δ^μ_ν − ∇^μ∇_ν^{∂f(R)}_{∂R} + δ^μ_ν □^{∂f(R)}_{∂R} = κ T^μ_ν , (2)

where as usual T^μ_ν is the stress-energy tensor of the matter field which comes from varying the matter action.

A number of earlier generalizations to Einstein gravity fall within the paradigm of f(R) theories. For example, theories with f(R) = R + α_2R^2 have long been studied (called “R-squared” gravity. See, for example, [8]-[14]). The Starobinsky inflationary theory [15] may be the most popular application of R-squared gravity theory. In the opposite regime, where curvature is low, there has been less interest in modifying Einstein gravity. However, it is worth mentioning that f(R) theory with inverse powers of the Ricci scalar has been considered as a possible candidate to explain the observed accelerated expansion of the universe [16]-[24]. Inverse Ricci terms may also appear in certain sectors of string/M theory (see [25], [26] for example). The vacuum state for inverse-R theories is not Minkowski space-time, but is instead either deSitter or anti-deSitter space-time. Admittedly, these inverse theories are highly constrained from stability considerations or solar system tests but may not be completely ruled out. (See [27]-[36] and references therein for a discussion of the restrictions.) For generality we also include this sector in our study. A thorough study of solutions in R^n cosmology may be found in [37] as well as [38] and a complete discussion of f(R) modifications to aid acceleration may be found in [39]. Outside of cosmology, and perhaps more relevant here, studies have been performed that have more bearing to stellar physics [40]-[48]. In another popular extension, namely that of f(T ) gravity where T is the torsion scalar, such solutions have also been studied [49], [50].

Given that integer powers of R have arguably generated the most interest in f(R) extensions, we propose here to study the properties of wormhole throats in gravity theories given by f(R) = ∑ n α_n R^n , (3)

with the α_n constants. This is quite general as any f(R) analytic in R may be expanded as such a power series (in the positive n sector) such as exponential gravity [51]. For completion, we allow for both positive and negative powers of R in the action (hence extending to f(R) expandable in negative powers as well). Of course, this series includes the n = 1 term (Einstein term) and can include n = 0 (cosmological constant).

The wormhole is of interest as it may provide a simple model for the space-time foam thought to be manifest at very high energies, where the corrections to Einstein gravity due to higher curvature terms may be important in encompassing some quantum gravity effects. As well, exhaustive studies have been performed on wormhole geometries in Einstein gravity and their properties (mainly in the static cases with spherical and axial symmetry) are now well known in Einstein gravity. For example, it is an interesting property that static wormhole throats necessarily must violate the weak/null energy conditions in Einstein gravity [52], [53] and, furthermore, must be anisotropic. It has been of much interest in wormhole physics to find either somewhat realistic matter models which can meet these slightly exotic conditions in a way required to support a wormhole throat, or else to consider alternative gravitational theories which may allow for energy condition respecting matter. In the latter vein, due to the complexity of the resulting equations, the zero tidal force class of wormholes is most often studied (g_{tt} = const.). Even then, analytic models are hard to come by and one often resorts to numerics. The zero tidal force models are interesting due to their tractability, which allows one to study important properties of these geometries. However, they may not be very realistic from a physics perspective though, as they yield a constant frequency shift in inhomogeneous structures possessing a preferred center and, in the weak-field limit, a constant Newtonian potential.

In this work we study wormhole throats and without the restriction of zero tidal force, although we do consider the zero tidal force cases as well for completion. The consideration of the throat is in many ways more general than considering the asymptotics, as the most salient features of a wormhole occur in the throat region. For example, in Einstein gravity, the necessary violation of energy conditions in static spherically-symmetric wormholes occurs in the neighborhood of the throat, regardless of asymptotics. In fact, in the Einstein gravity scenarios, if the matter field falls off sufficiently fast, or is patched to a vacuum or other solution, the properties far from the throat do not generally differ greatly from similar systems with trivial topology. As well, it has been argued (for example in [53]) that the global topology is too limited a tool to study wormholes, and a local geometric analysis near the throat is generally more useful in discerning interesting properties of wormholes. In such cases, the throat does not necessarily coincide with the common definition of a wormhole, which relies on global properties, and is viewed as an interesting object in its own right, capable of describing more general scenarios than just wormholes. We therefore now concentrate on the near throat region and study the properties in this vicinity. Admittedly, in some cases, demanding flatness at infinity would place extra restrictions on the properties of the wormhole [54], [55] but as the asymptotics of the universe are not exactly known, and we are interested in the existence of throats only, we will not consider such restrictions here.

In section 2 we briefly review some background material and present a nonstandard coordinate gauge that is more suited for wormhole analysis than the standard spherical coordinate chart. We discuss the mathematical construction of the throat in this chart. This is followed by a study, which is analytic when possible but otherwise numerical, of various scenarios depending on the terms present in the gravitational action. Of special importance, due to their physical relevance, are the non-zero tidal force models, which we examine in some detail. We particularly concentrate on the properties of energy conditions as well as the degree of anisotropy. In general, we find that the parameter space of Einstein gravity supplemented with terms where n is positive is more favorable in both these respects than Einstein gravity alone for a large range of parameters. Supplements with negative n have either a very small parameter space where they improve the energy conditions or else tend to worsen the situation when compared to Einstein gravity alone. Finally, in section 3, we conclude the study.

2 THE MODELS

As is common in wormhole studies in Einstein gravity, we will utilize here an anisotropic fluid source whose stress-energy tensor is given by:

T^μ_ν = (ρ + p_t)u^μu_ν + p_t δ^μ_ν + (p_r − p_t)s^μs_ν . (4)

Here ρ, p_t and p_r are the energy density, the perpendicular (to the inhomogeneous direction) pressure, and the parallel pressure respectively as measured in the fluid element’s rest frame. The vector u^μ is the fluid 4-velocity and s^μ is a space-like vector orthogonal to u^μ. These vectors satisfy:

u^μu_μ = −1, s^μs_μ = +1, u^μs_μ = 0 . (5)

Since we are interested in the properties of the actual material generating the gravitational field, we do not transform the system into an effective scalar-tensor system but instead keep the geometry and the material properties explicit.

We impose spherical symmetry and hence may write the metric as

ds^2 = − e^{Φ(r)} dt^2 + e^{Ξ(r)} dr^2 + r^2 dθ^2 + r^2 sin^2(θ) dφ^2 , (6)

= − e^{Φ(r)} dt^2 + { 1 + [∂_rP (r)]^2 } dr^2 + r^2 dθ^2 + r^2 sin^2(θ) dφ^2 ,

where the function P (r) describes the profile of the three geometry for fixed θ and φ (see below for details). In this chart the Ricci scalar is given by R = 1 2r^2 [ 1 + (P^′)^2

]_2 [ 4(P^′)^4 − 4r(P^′)^2Φ^′ − 4rΦ^′ + 8rP^′P^{′′} + 2r^2P^′P^{′′}Φ^′

+ 4(P^′)^2 − 2r^2(P^′)^2Φ^{′′} − r^2(P^′)^2(Φ^′)^2 − 2r^2Φ^{′′} − r^2(Φ^′)^2 ] , (7)

where the prime denotes differentiation with respect to r. Although the above is the most common form of metric system to locally describe spherically symmetric gravitational fields, this coordinate system is not ideal for studies of wormhole throats and hence we use a different chart, which we now present.

2.1 WORMHOLES

We consider here static throats, which must be anisotropic in Einstein gravity, in the class of modified gravities given by f(R) = ∑ n α_n R^n for both positive and negative

n. As mentioned previously, it is common in the literature on wormholes to consider zero tidal force models via the condition g_{tt}(r) = constant. However here we relax this restriction and study more general scenarios. As well, although the spherical coordinate chart of (6) can be utilized for wormhole throats if care is taken, it is not optimal, as g_{rr}(r) → ∞ as r → r_0 (see Figure 1 and equation (6)), and the most interesting properties of wormholes are arguably found near the throat region. Therefore, we use a different chart for the study of wormholes which essentially involves tilting the standard spherical chart by π/2. The wormhole throat is then given via the creation of a surface of revolution of the profile curve, r = Q(x), as shown in Figure 1 (also see figure caption). In this new chart, the space-time metric’s line element may be written as

ds^2 = −e^{Φ(x)} dt^2 + { 1 + [∂_xQ(x)]^2 } dx^2 + Q^2(x) dθ^2 + Q^2(x) sin^2(θ) dφ^2 . (8)

Note that in this new chart the metric is analytic at the throat since ∂_xQ(x) → 0, and hence g_{xx}(x) → 1 as one approaches the throat (x = 0)^1. Also, only one chart is required now to cover the wormhole, as opposed to two charts in the standard spherical coordinates. The function Q(x) must possess the following properties:

i) Q_0 := Q(0) > 0, ii) Q^′_0 := Q^′(x)_{|x=0} = 0, iii) Q^{′′}(x) > 0 in some neighborhood of the throat^2.

Aside from the above properties we make the mild assumption that Q(x) is analytic in some nonzero domain about x = 0.

In the above coordinate chart, the Ricci scalar is given by R = 1 2Q^2 [ 1 + (Q^′)^2

]_2 [ 4 − 4Q(Q^′)^3Φ^′ + 4(Q^′)^2 − 8QQ^{′′} − 4QQ^′Φ^′ + 2Q^2Q^′Q^{′′}Φ^′

− 2Q^2Φ^{′′} − Q^2(Φ^′)^2 − 2Q^2(Q^′)^2Φ^{′′} − Q^2(Q^′)^2(Φ^′)^2 ] , (9)

where here and subsequently the prime denotes differentiation with respect to x. We do not expect any serious pathologies (such as infinite tidal forces) in our analysis as, in the domain of validity of the coordinate chart (which is larger than the “r” chart, and covers the throat) the metric and its derivatives are well behaved and hence we expect the orthonormal Riemann tensor components to also be well behaved. We show later that the function Q(x) describing the spatial geometry, is C^∞ and that Φ(x) is also very smooth.

One issue which is of great interest in wormhole physics is the study of energy condition violation of the matter supporting the wormhole. It is known that in Einstein gravity energy conditions must be violated by static wormholes somewhere in the vicinity of the throat [52], [53]. It is possible that in more complicated gravitational theories, one may circumvent this issue and possess a throat region which respects energy conditions. An analysis in this vein was performed in [56] where the analysis

1As an aside, in this coordinate system the exterior Schwarzschild metric is given by Q(x) = 2M +^{x2}_{8M} . The horizon is located at x = 0.

2More precisely, if Q’s first non-zero derivative (higher than first order) at x = 0 is of even order, the function attains a local minimum if this derivative is positive, and hence we have a wormhole throat. If its first non-zero derivative is of odd order, it is a point of inflection and therefore does not describe a wormhole throat.

Figure 1: a) In the standard spherical chart the wormhole throat is generated by the surface of revolution created by rotating the profile curve x = P (r) = P_−(r) ⋃ P_+(r) but this leads to a metric singularity at the throat (r = r_0) where ∂_rP (r) → ∞. A new chart is created in b) via rotating the coordinates by π/2, and the surface of revolution (inset) is generated by rotating the curve r = Q(x) = P^{−1}(x). This does not have the metric singularity at the throat (x = 0). Also, a single chart can now cover both regions.

was limited to n = −1 and n = 2 extensions only. A very complete analysis may be found in [57], [58]. In the above cited studies, however, due to the complications involved, the zero tidal force assumption was made. This simplification eliminates some of the complications but still allows one to glean a number of the interesting properties that f(R) wormholes possess. However, constant redshift, and constant weak-field Newtonian potential, from various regions of an inhomogeneous gravitating object may not be particularly realistic and we wish to remove this assumption and allow for a non constant Φ(x) function. This can alter the physical properties of the throat significantly, as we shall see below. Aside from yielding more complicated equations, a non-constant Φ(x) now presents us with the problem of how to prescribe this function. For this we appeal to some physical considerations. It is more physical to demand some realistic properties on the matter fields than it is to blindly prescribe Φ(x), although the former is much more difficult than the latter, as one needs to solve a complicated differential equation for Φ(x). With this in consideration, what we initially do is prescribe some reasonable energy density profiles, ρ(x), for the matter field (eg. large positive energy density with zero slope at the throat and monotonically decreasing outward towards the surface or infinity, using parameters where this is possible) and numerically solve for Φ(x) using the numerical code COLSYS [59]. This will then give us an idea of what a realistic Φ(x) function should look like, and we use similar functions for subsequent studies. (The spatial geometry must also be prescribed, and this poses no problem as we apriori know that, spatially, we are dealing with a spherically symmetric wormhole.) We simply use this method to provide an idea of what the functions Φ(x) should look like in realistic scenarios and then use similar functions for our studies. It should be noted that the function Φ(x) controls the presence of event horizons. We avoid horizons by ensuring that Φ(x) does not approach −∞ anywhere in the domain of study.

In the following analysis we wish to discern how the various terms in the action affect the wormhole solution. In the case of f(R) = ∑ α_n R^n, each term in the sum contributes independently to the left-hand side of the field equations, and hence also contribute separately in determining the properties of T^μ_ν . Therefore, it is sufficient to study individual terms in the power series of f(R) separately to see how they each contribute individually to the matter field. Note that in this approach, α_n is simply an overall multiplicative constant, and hence we set it equal to one. One may see the effect of changing α_n by simply rescaling the results below by whatever value of α_n one chooses (with the exception of the anisotropy studies, for which we study the effects of varying α_n). Negative values of α_n also reflect the graphs about the z = 0 plane.

2.1.1 n = 1

This case, of course, corresponds to Einstein gravity. It is worthwhile presenting this to summarize the results of Einstein gravity in this coordinate chart, and for comparison with other powers of n later. Regardless of the powers present in the full action, it is expected to have an n = 1 term. We summarize the n = 1 results as follows:

ρ̃ :=κ ρ = −κ T^0_0 =

1 + (Q^′)^2 − 2QQ^{′′}

Q^2 [ 1 + (Q^′)^2

]_2 , (10i)

p̃_r :=κ p_r = κ T^1_1 =

Φ^′QQ^′ − 1

Q^2 [ 1 + (Q^′)^2

] , (10ii)

p̃_t :=κ p_t = κ T^2_2 = 1 4Q [ 1 + (Q^′)^2

]_2 [ 4Q^{′′} + 2Q^′Φ^′ + 2(Q^′)^3Φ^′ + Q(Q^′)^2(Φ^′)^2

−2QQ^′Q^{′′}Φ^′ + 2Q(Q^′)^2Φ^{′′} + Q(Φ^′)^2 + 2QΦ^{′′} ] . (10iii)

There are also the following combinations which occur in the energy conditions:

ρ̃ + p̃_r =

Q^′Φ^′ + (Q^′)^3Φ^′ − 2Q^{′′} Q [ 1 + (Q^′)^2

]_2 , (11i)

ρ̃ + p̃_t = 1 4Q^2 [ 1 + (Q^′)^2

]_2 [ 4 + 4(Q^′)^2 − 4QQ^{′′} + 2QQ^′Φ^′ + 2Q(Q^′)^3Φ^′

+Q^2(Q^′)^2(Φ^′)^2 − 2Q^2Q^′Q^{′′}Φ^′ + 2Q^2(Q^′)^2Φ^{′′} + Q^2(Φ^′)^2 + 2Q^2Φ^{′′} ] . (11ii)

The above expressions, though not overly complicated, do not shed much insight into the behavior of the matter fields near the throat, where we are most interested in. We therefore expand the relevant expressions in Taylor series about the throat

(x = 0):

ρ̃ = 1 Q_0 [ 1 − 2Q_0Q^{′′}_0 ] − 2 Q^{′′′}_0 Q_0 x + 1 Q^3_0 [ 4Q^2_0(Q^{′′}_0 )^3 − Q^{′′}_0 − Q^2_0Q^{′′′′}_0 ] x^2 + O(x^3) , (12i)

ρ̃ + p̃_r = −2 Q^{′′}_0 Q_0 + 1 Q_0 [ Q^{′′}_0Φ^′_0 − 2Q^{′′′}_0 ] x + 1 Q^2_0 [ 4Q_0(Q^{′′}_0)^3 − Q_0Q^{′′′′}_0 + 1 2 Q_0Q^{′′′}_0 Φ^′_0

+ Q_0Q^{′′}_0 Φ^{′′}_0 + (Q^{′′}_0 )^2 ] x^2 + O(x^3) , (12ii)

ρ̃ + p̃_t = 1 4Q^2_0 [ 4 + Q^2_0(Φ^′_0)^2 − 4Q_0Q^{′′}_0 + 2Q^2_0Φ^{′′}_0 ] + 1 Q_0 [ Q_0Φ^′_0Φ^{′′}_0 − Q_0(Q^{′′}_0 )^2Φ^′_0

+ Q_0Φ^{′′′}_0 − 2Q^{′′′}_0 + Q^{′′}_0Φ^′_0 ] x + O(x^2) . (12iii)

where the zero subscript indicates that the quantity is evaluated at x = 0.

From the (12i), it can be seen that the energy density in the throat region may be made positive. Regarding (12ii), if Q^{′′}_0 is non-zero it must be positive (as the throat is a local minimum) and (12ii) must therefore be negative near the throat. If Q^{′′}_0 is zero, then the condition for a local minimum implies that Q^{′′′}_0 is also zero, and hence the lowest order term which would contribute near the throat is the fourth derivative term, Q^{′′′′}_0 . Since this fourth derivative must then be positive under the condition of a minimum, and it appears with a negative sign in (12ii), this contribution is negative. In such a scenario energy conditions are (barely) met at the throat, but are violated as one moves away from the throat. Similar arguments apply to higher derivatives in case the fourth derivative vanishes at the throat (although one needs to study higher order terms in the expansion, which for brevity we did not write). It is in this way that energy conditions must be violated in the vicinity of a static wormhole throat in Einstein gravity.

For comparison with some of the modified gravity results to follow, which, due to the complicated expressions they yield, must be studied via computational methods, we choose a spatial geometry governed by

Q(x) = A cosh ( x x_o ) , (13)

as this function possesses all the salient properties to describe a throat. The parameter A represents the radius of the throat and x_0 represents the degree of “flare-out” of the wormhole. Both these parameters are strongly related to the degree of energy condition violation, and hence we pay particular attention to these quantities. For all cases studied in this work, when an explicit form of Q(x) is required, we use the form in (13).

For the function Φ(x) we appeal to physical considerations (with the aid of the numerical code COLSYS, as mentioned previously). For positive n we expect Φ(x) to slowly asymptote to a constant value far away from the throat, where the geometry is expected to approach Minkowski space-time. For negative n (and for generality, for all n) the asymptotic value should approach the deSitter or anti-deSitter value. As we are interested in the near-throat region only it is not crucial that the asymptote is manifest in the domain of consideration, but an indication of such an asymptote is desirable. We consider both scenarios where g_{tt} = −e^{Φ(x)} smoothly increases towards the asymptote, as well as scenarios where g_{tt} smoothly decreases towards the asymptote. (One cannot necessarily rule out one scenario over the other in extended gravity theories.) Specifically, we choose fitting functions of the form

g_{tt}(x) =A_0

B_0 + x^2 1 + x^2

− C_0 for concave-down g_{tt} , (14a) g_{tt}(x) = − A_0 + B_0x^2 C_0 + x^2 for concave-up g_{tt} , (14b)

Where A_0, B_0 and C_0 are fitting constants to fit generally to the COLSYS numerical results. Since the wormhole profile chosen in (13) is symmetric about the throat, we also make similar symmetry demands on g_{tt}. There is no great loss of generality in doing this since if one wishes to model a non-symmetric throat, the solution presented can be viewed as being valid only on one side of the throat, and a different solution can be patched to the other side. The forms of (14a,b) are used throughout this manuscript in the analysis of non-zero tidal force models.

In the figures below (Figures 2 - 7) we display the results of Einstein theory (n = 1) for the spatial geometry governed by (13). The first set of figures (figs. 2a-d) show the behavior of g_{tt}, along with the energy conditions (10i) and (11i,ii) as a function of the flare-out parameter, x_0. Although the energy density is positive (as is ρ̃ + p̃_t), the other energy condition is not positive. We can also see here the well-known situation that the greater the degree of flare-out (equivalent to small x_0) the more severe the energy condition violation in Einstein gravity.

Figure 3 displays the behavior of g_{tt}, along with the energy conditions (10i) and (11i,ii) as a function of the throat radius, A. Note that although the energy density can be made positive near the throat if the throat is not too large, the quantity (11i) is negative in the throat vicinity, confirming the analytic analysis above.

In Figure 4 we display the anisotropy, p̃_t − p̃_r, as a function of throat radius. Note that larger throats require less anisotropy (i.e. are “more isotropic”).

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 2: Einstein gravity, g_{tt} decreasing, throat radius=0.05, varying flare-out x_0.

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 3: Einstein gravity, g_{tt} decreasing, x_0 = 1, varying throat radius.

Figure 4: Anisotropy of throat region in Einstein case, g_{tt} decreasing, x_0 = 1, varying throat radius.

In Figures 5, 6 and 7 we present a similar analysis as above, except that in these figures, g_{tt} is concave-up. Note the similarity of these results to the previous analysis.

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 5: Einstein gravity, g_{tt} increasing, throat radius=0.05, varying flare-out x_0.

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 6: Einstein gravity, g_{tt} increasing, x_0 = 1, varying throat radius.

Figure 7: Anisotropy of throat region in Einstein case, g_{tt} increasing, x_0 = 1, varying throat radius.

2.1.2 n = 2

We now study the n = 2 contribution. Adding an α_2R^2 term to the gravitational action is arguably the most popular supplement to the Einstein-Hilbert action (see [8]-[14]). For example, this modification has been utilized to drive inflation purely from the gravitational sector (the Starobinsky inflationary theory [15]) or to capture some low-order quantum corrections [5].

As mentioned earlier, since in the theory given by the action (1) each term in the series contributes to the energy conditions separately, it is more instructive to look at this contribution on its own, to see whether it helps or hinders with respect to the energy conditions. For the anisotropy analysis, we add the Einstein term to it as well to see if the modification can make the system more or less isotropic compared to Einstein gravity alone. We consider zero and non-zero tidal force cases.

Zero tidal force: In the case of zero tidal force (Φ(x) = const.) we can get a handle on the behavior of the energy conditions at the throat by performing a series expansion as was done in the Einstein case. The results are summarized as:

ρ̃ =

2α_2 Q^4_0 [ 1 + 4Q^3_0Q^{′′′′}_0 − 16Q^3_0(Q^{′′}_0 )^3 + 4Q^2_0(Q^{′′}_0)^2 ]

+ 8α_2 Q^2_0 [ Q_0Q^{′′′′′}_0 − 25Q_0(Q^{′′}_0 )^2Q^{′′′}_0 + 3Q^{′′}_0 Q^{′′′}_0 ] x + O(x^2) , (15i)

ρ̃ + p̃_r =

8α_2 Q^2_0 [ Q_0Q^{′′′′}_0 − 4Q_0(Q^{′′}_0)^3 + 2(Q^{′′}_0 )^2 ]

+ 8α_2 Q^2_0 [ Q_0Q^{′′′′′}_0 − 25Q_0(Q^{′′}_0 )^2Q^{′′′}_0 + 3Q^{′′}_0 Q^{′′′}_0 ] x + O(x^2) , (15ii)

ρ̃ + p̃_t =

4α_2 Q^4_0 [ 1 + 2Q^2_0(Q^{′′}_0 )^2 − 3Q_0Q^{′′}_0 ] + 12α_2 Q^3_0 Q^{′′′}_0 ( 2Q_0Q^{′′}_0 − 1 ) x + O(x^2) . (15iii)

For α_2 > 0, which is the more physical sector [1], it can be seen that the above can all be made positive at the throat (for example, by considering models where Q^{′′}_0 = 0 and Q^{′′′′}_0 > 0). By analyticity in a non-zero neighborhood, in such scenarios there therefore must be a non-zero domain about the throat for which the functions are non-negative. Therefore, in this class of models, throats (and we stress again here that we are not considering asymptotics at infinity) are allowed which respect energy conditions. This will remain true even when adding the Einstein term to the action, as in the Einstein case the near-throat violation of energy conditions may be made arbitrarily small [60], [61] independently of the α_2 parameter.

Non-zero tidal force: Unfortunately, for non-zero tidal force the analytic expressions with a general Q(x) and Φ(x) are very long and complicated, even as a near throat expansion, and not very revealing. We must therefore specify these functions in order to perform numerical studies. For this purpose we choose the same function as in the Einstein case so that comparisons may be easily made. That is, we choose the profile Q(x) as given in (13) since, to reiterate, this function possesses all the required properties to describe a throat. Recall that the parameter A represents the radius of the throat and x_0 represents the degree of “flare-out” of the wormhole. We also use similar Φ(x) functions as presented in the Einstein case.

As mentioned previously, we set α_2 = 1, as all results here can be rescaled by whatever value of α_2 one wishes to study, including negative values, which result in a reflection about the horizontal planes in the graphs. As mentioned above, it should be noted that α_2 > 0 is the preferred model. The first set of results are summarized in Figure 8 (also please refer to figure captions for details).

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 8: R^2 contribution, g_{tt} decreasing, throat radius=0.05, and varying x_0.

Note that like the zero tidal-force case, there is a large region of the parameter space where all energy conditions can be respected. In fact, for positive α_2, a large flare-out (small x_0) actually helps the condition ρ̃ + p̃_r > 0 near the throat.

Also of interest is the anisotropy. Namely, can the presence of the extra terms in f(R) gravity lessen the amount of anisotropy required to support a throat, compared to Einstein gravity alone. To study this we present Figure 9 where the anisotropy, defined here as p̃_t − p̃_r, is presented for the Lagrangian R + α_2R^2 and is plotted in the vicinity of the minimum anisotropy curve. Note from this figure that anisotropy is a minimum for α_2 < 0, and not for the Einstein case (α_2 = 0), although the minimum curve is very close to α_2 = 0.

In Figure 10 we present another non-zero tidal force analysis (with the same g_{tt}(x) as in the previous case) where, instead of allowing x_0 to vary, we vary the throat radius. This study is interesting as even in Einstein gravity the size of the throat affects the amount of energy condition violation. We find that, generally, smaller throat radius is more favorable for respecting energy conditions. (This result is reversed for α_2 < 0.)

Next we consider non-zero tidal force models where g_{tt}(x) is increasing instead of decreasing. The figures below (figs. 11 and 12) summarize the results for varying x_0 and α_2. Note that in Figure 11 the graphs mimic the previous scenario with decreasing g_{tt}(x), indicating insensitivity to the form of the lapse function. Therefore, in this scenario, again energy conditions can be respected for the more physical sector

Figure 9: Minimum anisotropy region: R + α_2R^2 contribution, g_{tt} decreasing, throat radius=0.05, x_0 = 1, and varying α_2.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 10: R^2 contribution for x_0 = 1, g_{tt} decreasing and varying throat radius. For negative α_2 the graphs should be flipped around the plane z = 0.

of positive α_2. We also present the anisotropy in Figure 12 for the full Lagrangian of R + α_2R^2. Anisotropy is again minimized for α_2 ≠ 0 and in the negative sector.

Finally for this sub-section, we present the results for the increasing g_{tt}(x) but where the throat radius is allowed to vary. These results are summarized in Figure 13.

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 11: R^2 contribution, g_{tt} increasing, throat radius=0.05, and varying x_0.

Figure 12: Minimum anisotropy region: R + α_2R^2 contribution, g_{tt} increasing, throat radius=0.05, x_0 = 1, and varying α_2.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 13: R^2 contribution for x_0 = 1, g_{tt} increasing, and varying throat radius. For negative α_2 the graphs should be flipped around the plane z = 0.

Note that again smaller throat radius is more favorable for energy conditions than larger throat radius if α_2 is positive. (The result is reversed for negative α_2.) Parameters exist where energy conditions may again be satisfied, even when adding these results to the energy condition violating Einstein gravity terms.

2.1.3 n = 3

The n = 3 scenarios are also of interest and it has been shown in a cosmological setting how this case can be transformed to a system consisting of Einstein gravity and a scalar field with a self-coupling proportional to α_3ϕ^4 [62].

Zero tidal force: Again for the Φ(x) = const. scenario we present an analytic expansion about the throat, although, due to the complexity of the coefficients, we produce only the lowest order term. The results are:

ρ̃ =

4α_3 Q^6_0 [ 1 − 24Q^4_0Q^{′′}_0 Q^{′′′′}_0 + 6Q_0Q^{′′}_0 − 24Q^4_0(Q^{′′′}_0 )^2 + 12Q^3_0Q^{′′′′}_0 − 12Q^2_0(Q^{′′}_0)^2

−56Q^3_0(Q^{′′}_0 )^3 + 96Q^4_0(Q^{′′}_0 )^4 ] + O(x) , (16i)

ρ̃ + p̃_r =

24α_3 Q^5_0 [ Q^{′′}_0 − 4Q^3_0Q^{′′}_0Q^{′′′′}_0 − 4Q^3_0(Q^{′′′}_0 )^2 + 2Q^2_0Q^{′′′′}_0 − 12Q^2_0(Q^{′′}_0 )^3

+16Q^3_0(Q^{′′}_0 )^4 ] + O(x) , (16ii)

ρ̃ + p̃_t =

12α_3 Q^6_0 [ 1 − 5Q_0Q^{′′}_0 + 8Q^2_0(Q^{′′}_0 )^2 − 4Q^3_0(Q^{′′}_0 )^3 ] + O(x) . (16iii)

Here, in the case of positive α_3, (16i) - (16iii) can in principle be made positive. The simplest models obeying energy conditions would again be those where Q^{′′}_0 = 0 (which, due to the condition for a minimum, also requires Q^{′′′}_0 = 0) and Q^{′′′′}_0 > 0, as was the case for the corresponding situation in n = 2. Note that if Q^{′′}_0 = 0, the contributions from Einstein gravity, from (12i) - (12iii), exactly at the throat are non-negative (although (12ii) becomes negative in some neighborhood away from the throat), and hence with the addition of these α_3R^3 contributions, f(R) = R + α_3R^3 gravity can be made to obey energy conditions (and therefore, including the previous analysis, f(R) = R+α_2R^2 +α_3R^3 gravity can also be made to obey energy conditions).

Non-zero tidal force: The analysis of the non-zero tidal forces proceeds in a similar order as the n = 2 case. Due to the interest in keeping the paper of reasonable length, we present all the graphs (figs. 14 - 19) for this case first, and then briefly comment on the results afterward in table 1. (Please refer to figure captions for details.)

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 14: R^3 contribution, g_{tt} decreasing, throat radius=0.05 and varying x_0.

Figure 15: Minimum anisotropy region: R + α_3R^3 contribution, g_{tt} decreasing, throat radius=0.05, x_0 = 1, and varying α_3.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 16: R^3 contribution for x_0 = 1, g_{tt} decreasing, and varying throat radius. For negative α_3 the graphs should be flipped around the plane z = 0.

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 17: R^3 contribution, g_{tt} increasing, throat radius=0.05, and varying x_0.

Figure 18: Minimum anisotropy region: R + α_3R^3 contribution, g_{tt} increasing, throat radius=0.05, x_0 = 1, and varying α_3.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 19: R^3 contribution for x_0 = 1, g_{tt} increasing, and varying throat radius. For negative α_3 the graphs should be flipped around the plane z = 0.

We summarize the results for n = 3 in table 1.

Table 1: Summary of α_3R^3 contributions.

Parameter studied zero tidal-force g_{tt}(x) concave-down g_{tt}(x) concave-up

x_0 Possible to make energy conditions positive.

Tendency to make positive contribution to all energy conditions for all range of x_0 studied near the throat for positive α_3, and negative contribution for negative α_3.

Tendency to make positive contribution to all energy conditions for positive α_3, and negative contribution for negative α_3. Shows insensitivity to form of g_{tt}(x).

Throat radius Possible to make energy conditions positive.

Energy conditions more positive for small throat radius (with α_3 > 0. Reverse reported results for α_3 < 0).

Energy conditions more positive for small throat radius (with α_3 > 0. Reverse reported results for α_3 < 0).

Minimum anisotropy for R + α_3R^3

Not studied. α_3 < 0 minimizes anisotropy.

α_3 < 0 minimizes anisotropy.

2.1.4 n = −1

Zero tidal force: Again we begin with an analytic analysis of the zero tidal-force model. The results are summarized as:

ρ̃ = α_{−1}Q^2_0 4 (2Q_0Q^{′′}_0 − 1)^4 [ 1 − 2Q_0Q^{′′}_0 + 4Q^3_0Q^{′′′′}_0 + 24Q^4_0(Q^{′′′}_0 )^2 + 4Q^2_0(Q^{′′}_0)^2

−24Q^3_0(Q^{′′}_0 )^3 − 8Q^4_0Q^{′′′′}_0 Q^{′′}_0 + 32Q^4_0(Q^{′′}_0)^4 ] + O(x) , (17i)

ρ̃ + p̃_r = α_{−1}Q^3_0 2 (2Q_0Q^{′′}_0 − 1)^4 [ 3Q^{′′}_0 + 2Q^2_0Q^{′′′′}_0 + 12Q^3_0(Q^{′′′}_0 )^2 − 8Q_0(Q^{′′}_0)^2

−4Q^2_0(Q^{′′}_0)^3 − 4Q^3_0Q^{′′}_0Q^{′′′′}_0 + 16Q^3_0(Q^{′′}_0 )^4 ] + O(x) , (17ii)

ρ̃ + p̃_t = α_{−1}Q^2_0 4 (2Q_0Q^{′′}_0 − 1)^2 [ Q_0Q^{′′}_0 − 1 ] + O(x) . (17iii)

Here it can be seen that with inverse powers of R a peculiar singularity occurs. The singularity occurs when 2QQ^{′′} = 1 and corresponds to the vanishing of the Ricci scalar at these points. This is not unexpected and it is not a curvature singularity, but does herald a problem with the equations of motion when R = 0. One common way to attempt remedy this situation in studies of inverse-R gravity is to postulate that the (gravitational) vacuum state of the theory is not Minkowski space-time, but is instead deSitter or anti-deSitter space-time [20]. However, when one is not far away from sources (as in the study here) there can be curves or surfaces in the space-time on which R = 0 and these must be excluded. Hence the parameter space studied here will not include parameters near these pathologies, which we excise.

Here the vanishing of Q^{′′}_0 does not yield an energy condition respecting throat, unlike in the positive n cases. (Either ρ̃ + p̃_t < 0 for α_{−1} > 0 or else ρ̃ + p̃_r and ρ̃ < 0 for α_{−1} < 0.) Note that in principle it may be possible to respect energy conditions near the throat. One can say that if Q_0Q^{′′}_0 > 1 and furthermore if Q^{′′′′}_0 is large then it may be possible to respect energy conditions, but the situation is not obvious. Hence here the numerical results are needed, which we present for the more general non-zero tidal force scenarios.

Non-zero tidal force: If one is considering the region far from the throat, then g_{tt}(x) should, as mentioned above, asymptote to deSitter or anti-deSitter space-time. Our choices for g_{tt}(x) can accommodate this, but we are only interested in the near-throat region, so strictly speaking it is not a requirement.

Again, due to the interest in keeping the length reasonable, we present all the graphs for this case first (figs. 20 - 25), and then briefly comment on the results afterward in a summary table (table 2).

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 20: R^{−1} contribution, g_{tt} decreasing, throat radius=0.05, and varying x_0.

Figure 21: Anisotropy of throat region: R + α_{−1}R^{−1} contribution, g_{tt} decreasing, throat radius=0.05, x_0 = 1, and varying α_{−1}.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 22: R^{−1} contribution for x_0 = 1, g_{tt} decreasing, and varying throat radius. For negative α_{−1} the graphs should be flipped around the plane z = 0. The region around the singularity has been omitted.

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 23: R^{−1} contribution, g_{tt} increasing, throat radius=0.05, and varying x_0.

Figure 24: Anisotropy of throat region: R + α_{−1}R^{−1} contribution, g_{tt} increasing, throat radius=0.05, x_0 = 1, and varying α_{−1}.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 25: R^{−1} contribution for x_0 = 1, g_{tt} increasing, and varying throat radius. For negative α_{−1} the graphs should be flipped around the plane z = 0. The region around the singularity has been omitted.

We summarize the results for n = −1 in table 2.

Table 2: Summary of α_{−1}R^{−1} contributions.

Parameter studied zero tidal-force g_{tt}(x) concave-down g_{tt}(x) concave-up

x_0 Respecting energy conditions seems difficult at best.

Little sensitivity very near the throat on variations of x_0.

Little sensitivity very near the throat on variations of x_0.

Throat radius Respecting energy conditions seems difficult at best.

Possible to respect energy conditions near singular region for negative α_{−1} for a small section of parameter space. (Only on one side of the singular region.)

Seems possible to make small positive contribution to all energy conditions (see general n section) for very small region of parameter space.

Minimum anisotropy for R + α_{−1}R^{−1}

Not studied. Magnitude of anisotropy larger than corresponding pure Einstein case regardless of α_{−1}.

Magnitude of anisotropy larger than corresponding pure Einstein case regardless of α_{−1}.

2.1.5 n = −2

Finally we present here the contribution from α_{−2}R^{−2}. Much of this scenario mimics the α_{−1}R^{−1} contribution and hence we also summarize the results in a table (table 3) after all the graphs (figs. 26 - 31).

Zero tidal force: At the throat, the relevant quantities possess the following values:

ρ̃ = α_{−2}Q^4_0 8 (2Q_0Q^{′′}_0 − 1)^5 [ 56Q^3_0(Q^{′′}_0 )^3 − 6Q_0Q^{′′}_0 − 12Q^3_0Q^{′′′′}_0 − 96Q^4_0(Q^{′′′}_0 )^2 − 96Q^4_0(Q^{′′}_0)^4

+12Q^2_0(Q^{′′}_0 )^2 + 24Q^4_0Q^{′′}_0Q^{′′′′}_0 − 1 ] + O(x) , (18i)

ρ̃ + p̃_r = α_{−2}Q^5_0 2 (2Q_0Q^{′′}_0 − 1)^5 [ 8Q^2_0(Q^{′′}_0 )^3 − 4Q^{′′}_0 − 3Q^2_0Q^{′′′′}_0 − 24Q^3_0(Q^{′′′}_0 )^2

−24Q^3_0(Q^{′′}_0 )^4 + 10Q_0(Q^{′′}_0)^2 + 6Q^3_0Q^{′′}_0Q^{′′′′}_0 ] + O(x) , (18ii)

ρ̃ + p̃_t = α_{−2}Q^4_0 4 (2Q_0Q^{′′}_0 − 1)^3 [ 1 − Q_0Q^{′′}_0 ] + O(x) . (18iii)

Again it can be noted that the equations of motion become singular where the Ricci scalar vanishes. As expected, the degree of the singularity has increased in comparison to the n = −1 case. The situation regarding energy conditions here, like for n = −1, does not seem promising in the zero tidal force regime.

Non-zero tidal force: The following figs. 26 - 31 display the results of the non-zero tidal force scenarios.

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 26: R^{−2} contribution, g_{tt} decreasing, throat radius=0.05, and varying x_0. For negative α_{−2} the graphs should be flipped around the plane z = 0.

Figure 27: Anisotropy of throat region: R + α_{−2}R^{−2} contribution, g_{tt} decreasing, throat radius=0.05, x_0 = 1, and varying α_{−2}.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 28: R^{−2} contribution for x_0 = 1, g_{tt} decreasing, and varying throat radius. For negative α_{−2} the graphs should be flipped around the plane z = 0. The region around the singularity has been omitted.

(a) gtt(x) (b) ρ̃(x)

(c) ρ̃ + p̃r (d) ρ̃ + p̃t

Figure 29: R^{−2} contribution, g_{tt} increasing, throat radius=0.05, and varying x_0. For negative α_{−2} the graphs should be flipped around the plane z = 0.

Figure 30: Anisotropy of throat region: R + α_{−2}R^{−2} contribution, g_{tt} increasing, throat radius=0.05, x_0 = 1, and varying α_{−2}.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 31: R^{−2} contribution for x_0 = 1, g_{tt} increasing, varying throat radius. For negative α_{−2} the graphs should be flipped around the plane z = 0. The region around the singularity has been omitted.

We summarize the results for n = −2 in table 3.

Table 3: Summary of α_{−2}R^{−2} contributions.

Parameter studied zero tidal-force g_{tt}(x) concave-down g_{tt}(x) concave-up

x_0 Respecting energy conditions seems difficult at best.

Energy condition respecting model possible near throat. For most of positive parameter space, small values are found, which may be dwarfed by negative value of Einstein term).

Energy condition respecting model not found near the throat.

Throat radius Respecting energy conditions seems difficult at best.

Seems possible to make positive contribution to energy conditions for very small parameter space near the singular region for α_{−2} < 0. (Only on one side of the singular region.)

Does not seem possible to respect energy conditions.

Minimum anisotropy for R + α_{−2}R^{−2}

Not studied Magnitude of anisotropy larger than corresponding pure Einstein case regardless of α_{−2}.

Magnitude of anisotropy larger than corresponding pure Einstein case regardless of α_{−2}.

2.1.6 General n

Finally, for general n we first quote the throat values in the zero tidal-force case. The quantities are as follows:

ρ̃ =2^{n−1} α_n Q^{2n}_0 ( 1 − 2Q_0Q^{′′}_0 )_{n−3} [ 12n^2Q^4_0(Q^{′′′}_0 )^2 + 16n^2Q^4_0(Q^{′′}_0 )^4 + 2n^2Q^3_0Q^{′′′′}_0 + 2n^2Q_0Q^{′′}_0

− 4n^2Q^2_0(Q^{′′}_0 )^2 − 8Q^3_0(Q^{′′}_0 )^3 − 6Q_0Q^{′′}_0 + 1 − 8n^2Q^3_0(Q^{′′}_0 )^3 + 4nQ^4_0Q^{′′}_0 Q^{′′′′}_0

− 4n^3Q^4_0(Q^{′′′}_0 )^2 + 8nQ^3_0(Q^{′′}_0 )^3 − 2nQ_0Q^{′′}_0 − 16nQ^4_0(Q^{′′}_0 )^4 + 12Q^2_0(Q^{′′}_0)^2

+ 4nQ^2_0(Q^{′′}_0)^2 − 8nQ^4_0(Q^{′′′}_0 )^2 − 2nQ^3_0Q^{′′′′}_0 − 4n^2Q^4_0Q^{′′}_0Q^{′′′′}_0 ] + O(x) , (19i)

ρ̃ + p̃_r =2^n nα_n Q^{2n−1}_0 ( 1 − 2Q_0Q^{′′}_0 )_{n−3} [ 2Q^3_0Q^{′′′′}_0 Q^{′′}_0 + 6nQ^3_0(Q^{′′′}_0 )^2 + 8nQ^3_0(Q^{′′}_0 )^4

+ nQ^2_0Q^{′′′′}_0 − 2Q^{′′}_0 + 6Q_0(Q^{′′}_0 )^2 − 2n^2Q^3_0(Q^{′′′}_0 )^2 − 4nQ^2_0(Q^{′′}_0)^3 + nQ^{′′}_0 − 8Q^3_0(Q^{′′}_0 )^4

− 2nQ_0(Q^{′′}_0)^2 − 4Q^3_0(Q^{′′′}_0 )^2 − Q^2_0Q^{′′′′}_0 − 2nQ^3_0Q^{′′}_0Q^{′′′′}_0 ] + O(x) , (19ii)

ρ̃ + p̃_t =2^{n−1} nα_n Q^{2n}_0 [ 1 − Q_0Q^{′′}_0 ] [ 1 − 2Q_0Q^{′′}_0 ]_{n−1} + O(x) . (19iii)

These conditions represent the contribution to the energy conditions for a particular value of (arbitrary) n. The general energy conditions would then constitute the sum of these conditions summed over the n values which contribute to the gravitational action.

For the non-zero tidal force scenarios we present the following results in order to show the trends as n increases. The graphs (32)-(35) are plots of the energy conditions exactly at the throat x = 0 for g_{tt}(x) concave-down and g_{tt}(x) concave-up respectively. Note that from the analyticity of Q(x) in a neighborhood of the throat, if a quantity is positive at the throat then there exists a non-zero neighborhood of the throat where this quantity is positive, and hence the particular energy condition can be respected. In all the following graphs, only results where the energy conditions are positive are shown. (Refer to figure captions for details.)

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 32: R^n contribution at x = 0 for A = 0.05 and α_n = 1, g_{tt} decreasing, and varying x_0. In the far-left graph the plots correspond to n = −3 → 5 (bottom to top). The middle graph corresponds n = −3, −2, −1, 2, 3, 4, 5 (bottom to top). The right graph corresponds to parameters n = 1, 2, 3, 4, 5 (bottom to top). Values of n not displayed are negative (note though that these would be positive if the sign of α_n was negative).

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 33: R^n contribution at x = 0 for x_0 = 1 and α_n = 1, g_{tt} decreasing, and varying throat radius. In the far-left graph, the graphs correspond to n = −3 → +5 from bottom to top. In the middle graph, the plots correspond to n = −3, −2, −1, 3, 4, 5 from bottom to top (the others being either negative or too close to zero to show on the scale). In the far-right plot, the curves approaching the vertical-axis correspond to n = 1 → 5 from bottom to top. The curve that does not approach the vertical-axis corresponds to n = −2.

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 34: R^n contribution at x = 0 for A = 0.05 and α_n = 1, g_{tt} increasing, and varying x_0. In the far-left graph the plots correspond to n = −3 → 5 (bottom to top). The middle graph corresponds n = 0, −3, −2, −1, 2, 3, 4, 5 from bottom to top. (Note that n = 0 should give a contribution of zero, as it corresponds to the cosmological constant only scenario. The line at 10^{−16} ≈ 0 is a numerical artefact.) The right graph corresponds to parameters n = 0, 1, 2, 3, 4, 5 (bottom to top, again with the n = 0 plot being a numerical artefact.) Values of n not displayed are negative (note though that these would be positive if the sign of α_n was negative).

(a) ρ̃(x) (b) ρ̃ + p̃r (c) ρ̃ + p̃t

Figure 35: R^n contribution at x = 0 for x_0 = 1 and α_n = 1, g_{tt} increasing, and varying throat radius. In the far-left graph, the graphs correspond to n = −3 → +5 from bottom to top. In the middle graph, the plots correspond to n = −3, −2, −1, 2, 3, 4, 5 from bottom to top (the others being either negative or too close to zero to show on the scale). In the far-right plot, the curves intersecting the vertical-axis correspond to n = 1 → 5 from bottom to top. The curves that do not approach the vertical-axis corresponds to n = −1 (bottom) and n = −3 (top).

3 CONCLUDING REMARKS

We have studied the existence of wormhole throats in modified gravity theories with gravitational actions of the form S = ∫ M^4 ∑ n α_n R^n √ g d^4x. This action includes the n = 1 contribution of Einstein gravity. Of specific interest to our studies are energy condition violation and the degree of anisotropy required to support the throat, since in Einstein gravity alone the existence of throats implies both violation of energy conditions as well as the presence of anisotropy. We studied various terms contributing to the action separately, in order to discern which terms aid and which terms hinder the energy conditions. It would also be worthwhile to consider all terms together, but this would be more computationally involved. We have studied both the zero and non-zero tidal force solutions. In general, we find that the parameter space for energy condition respecting solutions is much larger for positive n than negative n, and that larger n increases the energy conditions. This is due to the fact that f(R) gravity has an equivalent description as a scalar-tensor theory, where the “scalar field” component may violate energy conditions. The positive n sector also allows one to minimize the anisotropy required to support a wormhole throat, whereas the negative n sector tends to make the required anisotropy much larger when compared to Einstein gravity. It may be then that if gravitation is governed by such a Lagrangian, or one which is expandable as such, throats may exist which obey the energy conditions violated by Einstein gravity alone and require little or perhaps no anisotropy. In light of this, it may be possible that if the true gravitational action contains higher positive powers of R, then throats in space-time may be more likely than with no such augmentation or with negative powers. Since it is unknown (though perhaps unlikely) whether or not the topology of space-time can change, we cannot say whether throats would be more likely in the early universe (where higher powers may contribute to inflationary expansion) than in the late universe (where inverse powers may contribute to late-time acceleration) (see, for example [63] for an analysis of modified gravity accommodating early and late-time accelerated expansion). However, it is interesting to speculate on this.

ACKNOWLEDGMENTS

A.D. is grateful for the kind hospitality of the University of Zagreb, where some of this work was carried out. D.H. is partially supported by the Croatian Ministry of Science under the project No. 036-0982930-3144. This work was also partially supported by CompStar, a Research Networking Programme of the European Science Foundation.

REFERENCES

[1] S. Capozziello and V. Faraoni, Beyond Einstein Gravity: A Survey of Gravitational Theories for Cosmology and Astrophysics, Springer, Dordrecht - Heidelberg - London - New York, (2011).

[2] S. Capozziello and M. De Laurentis, arXiv:1108.6266v2 [gr-qc] (2011). [3] S. Nojiri and S.D. Odintsov, Int. J. Geom. Meth. Mod. Phys. 4 115 (2007). [4] S. Nojiri and S.D. Odintsov, J. Phys. Conf. Ser. 66 012005 (2007). [5] N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space, Cambridge,Cambridge - New York - Sydney, (1984).

[6] V.F. Mukhanov and S. Winitzki, Introduction to Quantum Effects in Gravity, Cambridge, Cambridge - New York - Melbourne, (2007).

[7] H.A. Buchdahl, Mon. Not. R. Astr. Soc. 150 1 (1970). [8] H. Buchdahl, Nuov. Cim. 123 141 (1962).

[9] E. Pechlaner and R. Sexl, Commun. Math. Phys. 2 165 (1966). [10] G.F.R. Ellis, J. Murugan and C.G. Tsagas, Class. Quant. Grav. 21 233 (2004). [11] G. Allemandi, A. Borowiec and M. Francaviglia, Phys. Rev. D70 103503 (2004). [12] J.A.R. Cembranos, Phys. Rev. Lett. 102 141301 (2009). [13] C. Corda, H.J. Mosquera Cuesta, Astropart. Phys. 34: 587 (2011). [14] C. Corda, H.J. Mosquera Cuesta and R.L. Gomez, Accepted for publication in Astropart.

Phys. arXiv:1105.0147v2 [gr-qc] (2011). [15] A. A. Starobinsky, Phys. Lett. B91 99 (1980). [16] S. Nojiri and S.D. Odintsov, Gen. Rel. Grav. 36 1765 (2004).

[17] S. Capozziello, S. Carloni and A. Troisi, Rec. Res. Dev. Astro. Astroph. RSP/AA/21 (2003).

[18] S. Nojiri and S.D. Odintsov, Phys. Rev. D68 123512 (2003). [19] D. Vollick, Phys. Rev. D68 063510 (2003).

[20] S.M. Carroll, V. Duvvuri, M. Trodden and M.S. Turner, Phys. Rev. D70: 043528 (2004). [21] X. Meng and P. Wang, Class. Quant. Grav. 21 951 (2004). [22] X. Meng and P. Wang, Class. Quant. Grav. 22 23 (2005). [23] S. Nojiri and S.D. Odintsov, Phys. Rev. D74 086005 (2006).

[24] S. Capozziello, S. Nojiri, S.D. Odintsov and A. Troisi, Phys. Lett. B639 135 (2006). [25] S. Nojiri and S.D. Odintsov, Phys.Lett. B576 5 (2003).

[26] U. Günther, A. Zhuk, V.B. Bezerra and C. Romero, Class. Quant. Grav. 22 3135 (2005). [27] A.D. Dolgov and M. Kawasaki, Phys. Lett. B573 1 (2003). [28] T. Chiba, Phys. Lett. B575 1 (2003).

[29] A.E. Dominguez and D.E. Barraco, Phys. Rev. D70 043505 (2004). [30] E.E. Flanagan, Class. Quant. Grav. 21 3817 (2004). [31] R. Dick, Gen. Rel. Grav. 36 217 (2004).

[32] S.M. Carroll, A. De Felice, V. Duvvuri, D.A. Easson, M. Trodden and M.S. Turner, Phys.

Rev. D71 063513 (2005).

[33] R.P. Woodard , Lect. Notes Phys. 720 403 (2007) [34] S. Tsujikawa, Lect. Notes Phys. 800 99 (2010). [35] S. Nojiri and S.D. Odintsov, Phys. Rept. 505 59 (2011). [36] V. Faraoni, Phys. Rev. D83 124044 (2011).

[37] M.C.B. Abdalla, S. Nojiri and S.D. Odintsov, Int. Conf. Math. Method. Phys. (Rio de Janeiro, Brazil, 2004), Class. Quant. Grav. 22 L35, (2005).

[38] S. Carloni, P.K.S. Dunsby, S. Capozziello and A. Troisi, Class. Quant. Grav. 22 4839 (2005).

[39] F.S.N. Lobo, in Dark Energy-Current Advances and Ideas Research Signpost Publishers, (2008).

[40] T. Multamaki and I. Vilja, Phys. Rev. D76 064021 (2007).

[41] K. Kainulainen, J. Piilonen, V. Reijonen and D. Sunhede, Phys. Rev. D76 024020 (2007). [42] T. Multamaki and I. Vilja, Phys. Lett. B659 843 (2008). [43] T. Kobayashi and K. Maeda, Phys. Rev. D78 064019 (2008). [44] E. Babichev and D. Langlois, Phys. Rev. D80 121501 (2009). [45] V. Reijonen, arXiv:0912.0825v1 [gr-qc]. [46] E. Santos, Phys. Rev. D81 064030 (2010).

[47] L. Sebastiani and S. Zerbini, arXiv:1012.5230v3 [gr-qc] (2011). [48] E. Santos, arXiv:1104.2140v2 [gr-qc] (2011).

[49] M. Hamani Daouda, Manuel E. Rodrigues and M.J.S. Houndjo, accepted for publication in Euro. Phys. J. C, arXiv:1108.2920v4 [astro-ph.CO], (2011).

[50] M. Hamani Daouda, Manuel E. Rodrigues and M.J.S. Houndjo, arXiv:1109.0528v2 [physics.gen-ph], (2011).

[51] G. Cognola, E. Elizalde, S. Nojiri, S.D. Odintsov, L. Sebastiani and S. Zerbini, Phys.

Rev. D77 046009 (2008).

[52] M.S. Morris, K.S. Thorne and U. Yurtsever, Phys. Rev. Lett. 61 1466 (1988). [53] D. Hochberg and M. Visser, Phys. Rev. D56 4745 (1997). [54] K. Ghoroku and T. Soma, Phys. Rev. D46 1507 (1992).

[55] K.A. Bronnikov, M.V. Skvortsova and A.A. Starobinsky, Grav. Cosmol. 16 216 (2010). [56] N. Furey and A. DeBenedictis, Class. Quant. Grav. 22 313 (2005). [57] F.S.N. Lobo and M.A. Oliveira, Phys. Rev. D80 104012 (2009). [58] M.A. Oliveira, arXiv:1107.2703v1 [gr-qc] M.Sc. thesis (2011).

[59] U. Ascher, J. Christiansen and R. D. Russell, ACM Transact. Math. Software (TOMS) TOMS Homepage archive 7 #2 (1981).

[60] M. Visser, S. Kar and N. Dadhich, Phys. Rev. Lett. 90 201102 (2003). [61] K.K. Nandi, Y-Z Zhang and K.B.V. Kumar, Phys. Rev. D70 127503 (2004). [62] H.J. Schmidt, Astron. Nachr. 308 183 (1987).

[63] E. Elizalde, S. Nojiri, S.D. Odintsov, L. Sebastiani and S. Zerbini, Phys. Rev. D83 086006 (2011).