arXiv:1111.4092v5 [math-ph] 13 Mar 2012

Detection probability enhancement as a natural feature of LHV models and implications for Bell inequalities

David Rodríguez^1 1 Departamento de Física Aplicada III, Universidad de Sevilla, E-41092 Sevilla, Spain^∗ (Dated: March 14, 2012)

(still a draft - a brief version will be sent for publication)

Experimental tests of Bell inequalities often require supplementary assumptions; in particular inhomogeneous inequalities [6] (like the Clauser-Horne one) require the so-called “no-enhancement” hypothesis. In this paper, by extending an already well known Local Hidden Variables (LHV) model for the Clauser-Horne-Shimony-Holt inequality [3] to account for the probabilities of detection when the polarizers are removed, we show that, not only (i) the phenomenon of “variable detection probability” can be straightforwardly included in usual LHV framework for homogeneous inequalities, but (ii) the violation, as a result of a breaking of the no-enhancement hypothesis, of the non-genuine (involving supplementary assumptions) versions of inhomogeneous Bell inequalities appears as the most natural consequence of that phenomenon. Our treatment focuses strictly on LHV’s as mathematical constructions, leaving aside any other consideration in relation to QM, which is convenient to expose the importance of “variable detection probability” and “detection probability enhancement” as primary concepts within the context of Bell inequalities.

Besides, the appearance of enhancement, also as the most natural feature, within the Wigner- PDC picture of quantum optics [36], clearly supports the view that such a phenomenon is more than just a conceptual curiosity, invented, at convenience, for the sake of keeping local realism alive. It also confers some legitimacy to the following conjecture (far from new): theoretical violations of Bell inequalities (the genuine versions, non-genuine ones can and indeed are experimentally violated, here we show how) are simply an indicator of the non-physical character of some of the elements of the ordinary, quantum Hilbert-space.

Aside from exposing that key role of enhancement, our work is useful (see Appendix) to gain understanding on some well-known results: (i) There exist LHV models simulating the results of non-genuine Bell tests of the Clauser-Horne inequality, whenever the detection efficiency is below a certain threshold ηcrit. (ii) The standard way of calculating ηcrit for typical CH-tests [18] or other similar ones [22] fits with our formulation of the problem: we find that η > ηcrit guarantees no LHV model exist, but not only for a “non-genuine” test (where the violation that one would expect to obtain is simply the quantum prediction with no further detection efficiency considerations, i.e, for instance βng (CH) = βq (CH) with βq (CH) the quantum prediction for the CH inequality), but also for the “genuine” one (if it is really possible to carry it out), which is the case examined for instance by [18, 22], and where one expects to obtain simply βg (CH) > 0.

PACS numbers:

Previous note: corrections on former versions

Proofs in Sec. III, spanning also to former notes [32,35] were not completely right, aside from unnecessarily complicated. Now it’s all much clearer; in particular, we have completely reworked anything from former Sec. V.

I. INTRODUCTION

A “realistic” test of a Bell inequality requires supplementary assumptions. This is so whether if it is the case

∗Electronic address: drodriguez@us.es

of the “fair sampling” hypothesis, in experiments with data-rejection (only events yielding all simultaneous detections are selected to compute the result of the experiment), as it is customary of tests of the so-called Clauser- Horne-Shimony-Holt (CHSH) inequality [3], or whether if we choose not to reject any (detected) event, single or double-count ones. This second case is the one that interests us here: it is the case of the Clauser-Horne inequality [8], tested either under a single or double channel scheme (see [19] for a description). Due to the fact that we cannot detect every and each single event (emission of a pair of particles, in this particular experiment), probabilities involved in the inequality have to be estimated, which requires a supplementary assumption: the no-enhancement assumption. As formulated in [7]: “for every emission λ, the probability of a count with a polarizer in place is less or equal to the probability with the polarizer removed”, where λ is the (hypothetical) hidden variable expressing the (at least the initial) state of the pair of particles.

In this paper, we will work on an already well known model of Local Hidden Variables for the CHSH (maximal entanglement) correlations. That model will be useful to make the following facts evident:

(i) An extended version of the former model can violate the “non-genuine” version of the Clauser-Horne inequality [10], which is one that is customarily tested in experimental setups: single or double channel ones [11].

(ii) Point (i) necessarily implies that the supplementary assumption in [10], say, “no-enhancement” is broken; once the model is extended to include behavior in absence of polarizers, the enhancement of the detection probability for certain particles arises indeed as an evident, pretty natural feature of the initial model without the need to add any further hypothesis.

The LHV model upon which we will work is given in Sec. II; in Sec. III, we will explicitly show how and where the “no-enhancement” assumption is broken, appearing as a completely natural feature of (at least this instance of) a local model, even before any attempt is done to include it in. In Sec. IV, we dig in how the appearance of “enhancement” allows the model to violate the “non-genuine” version of the Clauser and Horne’s inequality. In Sec. V we provide evidence for the former results: we show how the extended model can violate a non-genuine version of the Clauser-Horne inequality. Finally, we conclude in Sec.VI by doing some comments on the (possible) consequences of all this for the locality debate and QM in general, that we think may be more or less thought-provoking.

Additionally, in the Appendix, we tackle the problem of building an LHV model for a certain quantum state and set of observables where, beyond the simulation of the result of a particular test on a particular inequality, now we demand compliance with all quantum predictions on the state (marginal expection values or multi-partite correlations).

II. AN LHV MODEL SIMULATING QUANTUM CORRELATIONS FOR A CHSH TEST

The following model simulates the quantum correlations for a maximally entangled state and observables distributed so as to produce the maximum violation in the typical test for the CHSH [3] inequality. This model is a particular case of the family of models given in [25]; specifically it corresponds to the case N = 2 (two observers, two observables per observer) that simply reduces to the well known CHSH inequality [3].

Definitions: We will begin by saying that every pair of particles is in a “state” (A_1, A_2; B_1, B_2) that determines the response of particle 1 when A_1 or A_2 is measured, and the response of particle 2 when B_1 or B_2 is measured. Each particle has 3 possible responses to the local measurements: being detected by the detector −1, being detected by the detector +1, or being undetected. We denote them as −1, +1, and 0, respectively. For instance, (+1, −1; +1, 0) denotes the state in which if A_1 (A_2) is measured, then particle A will give the result +1 (−1), and if B_1 (B_2) is measured, particle B will give +1 (will not be detected). Any such LHV model has, therefore, 3^4 = 81 different possible states, each of them occurring with a specific frequency.

Conventions: P (A_i) is the probability that particle A is detected (giving either 1 or −1) when A_i is measured, P (A_i|B_j ) is the probability that particle A is detected when A_i is measured conditioned to the fact that particle B has been detected when B_j has been measured, P (A_i, B_j ) is the probability that particle A is detected when A_i is measured and particle B is detected when B_j is measured. Later, we will use P (A) = P (A = 1), P (B) = P (B = 1) to denote that particle A,B, respectively, is detected when the polarizer is removed, with A = 0, B = 0, denoting absence of detection.

Restrictions on the model: assuming that all the detectors have identical detection efficiency η, and that this efficiency is independent of the observable measured, any LHV model must satisfy the following restrictions:

P (A_i) = P (B_j ) = η, (1) P (A_i|B_j ) = P (B_i|A_j ) = η, (2)

and, redundantly, P (A_i, B_j ) = η^2 too, for all i, j ∈ {1, 2}. Besides, if the LHV model must reproduce the results of the Bell experiments on a maximally entangled state, the following additional restrictions must be satisfied:

⟨A_i⟩ = ⟨B_j ⟩ = 0, (3)

for all i, j ∈ {1, 2}, and, if the LHV model must reproduce the maximum violation,

⟨A_1B_1⟩ = ⟨A_1B_2⟩ = ⟨A_2B_1⟩ = −⟨A_2B_2⟩. (4)

Explicit models: Let β correspond to the value obtained in an experimental test of the CHSH inequality [3], and let us define the following subsets of states, each of them appearing with the same frequency: M_P ≡ {(±1, ±1; ±1, ±1), (±1, ±1; ±1, ∓1), (±1, ∓1; ±1, ±1), (±1, ∓1; ∓1, ±1)}, (5) M_Q ≡ {(±1, ±1; ±1, 0), (±1, ∓1; 0, ±1), (±1, 0; ±1, ±1), (0, ±1; ±1, ∓1)}, (6) M_R ≡ {(0, 0; 0, 0)}, (7)

such that now, for η = η_{crit}(β), with

η_{crit}(β) = 2 1 +^β_2

, (8) the LHV model in which each of the states in M_P appears with frequency p/8, each of the states in M_Q appears with frequency q/8, and the state in M_R appears with frequency 1 − p − q, where

p = η_{crit}(β) [ 3η_{crit}(β) − 2 ], (9a) q = 4η_{crit}(β) [ 1 − η_{crit}(β) ], (9b)

satisfies (1)–(4), and gives β = 2

(_2 η − 1 ) . Specifically, the maximal violation allowed by QM is obtained when p ≈ 0.40 and q ≈ 0.57. On the other hand, for the same β, other models (they are not unique) can obtained for η < η_{crit}(β) [30].

III. APPEARANCE OF ENHANCEMENT

The purpose of this section is to provide evidence for two facts:

(A) The former LHV model M contradicts the supplementary hypothesis in [2]; quoting Clauser, Horne, Shimony and Holt themselves: “given a pair of photons emerges from the polarizers, the probability of their joint detection is independent of the polarizer orientations”. It is enough to see that, even with the model satisfying (1)– (2), we come across with that, in general,

P (A_i|B_j = b) ≠ η, (10) P (B_j |A_i = a) ≠ η, (11)

for observables A_i, B_j and particular polarizations a, b = ±1, respectively. In other words: restricted to the subset of pairs for which one of the particles has a particular polarization (B_j = b for particle B or A_i = a for particle A), the probability of detection of the other particle is variable on the choice of observable. This is clearly a violation of the former hypothesis. Indeed, from the model, for instance [31]: P (A_1|B_2 = +1) =^1_3 η^2 +^2_3 η ≠ η.

Besides, (A) implies a breaking of the fair sampling assumption, which in turn is only possible if the detection efficiency is low enough to allow the model to “select” when certain particles should not be detected, depending on the state of the pair.

(B) M contradicts the “no-enhancement” hypothesis, as defined in [7]. Quoting Clauser and Horne: “for every emission λ, the probability of a count with a polarizer in place is less or equal to the probability with the polarizer removed”. We will now prove that indeed that is not the case; before, we have to complete M with a set of instructions telling particles what to do when no polarizer is placed on their way (none of the observables for which M predetermined results is actually measured). This can be done with no trauma, in two steps:

(I) We add two additional instructions to the list of hidden instructions for each “state” of M (see Sec. II), obtaining a new model M^′ so that now, each state s ∈ M^′ is given by six (and not only four) hidden instructions: s ≡ (A_1, A_2; B_1, B_2; A, B). The last two A, B ∈ {0, 1} simply tell if the corresponding particle would be detected (’1’), or not (’0’), when no polarizer was placed on its way. The LHV should now also comply with (again, if we are going to define - and be able to estimate - detection efficiency in a consistent way) a new set of (experimentally testable) restrictions:

P (A) = P (B) = η, (12) P (A|B) = P (B|A) = η, (13) P (A_i|B) = P (B_j |A) = η, (14)

and, of course, redundantly, also P (A, B) = η^2 and P (A_i, B) = P (A, B_j ) = η^2.

(II) We make the model satisfy (12)–(14), by simply setting: (i) A = B = 1 for states in M_P , obtaining an extended subset M^′_P , (ii) A = 0 where some A_i = 0 (for instance, when A_2 = 0, but not when A_1 = 0), and B = 0 where some B_j = 0 (for instance, when B_2 = 0, but not when B_1 = 0), for states in M_Q, obtaining M^′_Q, (iii) A = B = 0 for states in M_R, obtaining M^′_R.

Both (I) and (II) are done while keeping p = P (M^′_P ) and q = P (M^′_Q) to, for a given η, exactly their former values in Sec. II. For instance (the construction is not unique for the restrictions involved so far):

M^′_Q ≡ {(±1, ±1; ±1, 0; 1, 0), (±1, ∓1; 0, ±1; 1, 1), (±1, 0; ±1, ±1; 0, 1), (0, ±1; ±1, ∓1; 1, 1)}. (15)

At this stage, our initial LHV model M has been extended to obtain a new one M^′, that gives also the probability of detection of a particle when polarizers are removed, while keeping coherence with all experimentally testable restrictions concerning the detectors (we do not include yet quantum predictions other than the bipartite correlations that M already simulated). For our purposes in this section it suffices now to see that for certain states (that is the requirement in Clauser and Horne’s words, quoting again: “for every emission λ...”; here a particular state corresponding to a particular λ), the probability of detection with the polarizer is unity, while the one without polarizer is null. For an instance of this, see the third state in M^′_Q, where A = 0 but A_1 = ±1 (in contrast to that, A_2 = 0 for that same state: this is what we mean by “variable detection probability”).

IV. ENHANCEMENT IN A NON-GENUINE CH-TEST

Henceforth, P_{obs}(·) will stand for the probabilities we can “observe” in an experiment (therefore, they are more like “estimations” of probabilities, an estimation that will involve, in general, supplementary assumptions). On the other hand, P_M(·) will stand for a probability defined on an LHV model M, and P_{|ψ⟩}(·) the probabilities predicted by QM for a given state |ψ⟩.

If we could control every single pair of particles that is emitted from the source, we could easily access marginal probabilities such as

P_M′ (A_i = a), P_M′ (B_j = b), (16)

but the truth is we cannot control whether a pair of photons have been not emitted or whether they simply have gone undetected, which limits us to “observe” P_M′ (A_i = a, B), P_M′ (B_j = b, A). (17) However, and here comes our key point, we find that, for the “non-genuine” version of the test, what we “observe” are not the “real” marginal probabilities, but rather something like [10]: P_{obs}(A_i = a) ≡ P_M′ (A_i = a, B) P_M′ (A, B) = P_M′ (A_i = a|B)P_M′ (B) P_M′ (A, B) ∝ P_M′ (A_i = a|B), (18)

P_{obs}(B_j = b) ≡ P_M′ (B_j = b, A) P_M′ (A, B) = P_M′ (B_j = b|A)P_M′ (A) P_M′ (A, B) ∝ P_M′ (B_j = b|A). (19) Indeed, from our model, for instance, P_M′ (A_1 = +1|B) ≠ P_M′ (A_1 = +1), and therefore, the estimated simple probabilities are somehow “falsified”, with respect to their real value as frequencies on the LHV model: P_{obs}(A_1 = +1) ∝ P_M′ (A_1 = +1|Λ_B) ≠ P_M′ (A_1 = +1), a similar thing happening for A_1 = −1, A_2 = ±1, B_1 = ±1, B_2 = ±1.

On the other hand, if Λ is the overall probabilistic space defined by M^′, we can also define Λ_A, Λ_B ⊂ Λ as the subset of states where, respectively, always A = 1 and B = 1, and write

P_{obs}(A_i = a) ∝ P_M′ (A_i = a|Λ_B ), (20) P_{obs}(B_j = b) ∝ P_M′ (B_j = b|Λ_A). (21)

where the fact that Λ_A ≠ Λ_B opens room for the observed probabilities to go beyond the local bound in a Bell inequality (in general, such bound only applies if all probabilities are representative of the same set Λ).

V. A VIOLATION OF A (NON-GENUINE) CLAUSER-HORNE INEQUALITY

In this section, with the aim of illustrating the former results, we explore and compare the behaviour of M^′ both in a genuine and non-genuine test of the Clauser- Horne (CH) inequality [7, 8]. In coherence with (A29) and (A33) we represent (details of the calculation are given in [33]): β_{gen}(CH) ≡ P (A_1 = B_1 = 1) + P (A_1 = B_2 = 1) + P (A_2 = B_1 = 1) −P (A_2 = B_2 = 1) − P (A_1 = 1) − P (B_1 = 1), β_{ng} (CH) ≡ 1 η^2 × [ P (A_1 = B_1 = 1) + P (A_1 = B_2 = 1) + P (A_2 = B_1 = 1) −P (A_2 = B_2 = 1) − P (A_1 = 1, B) − P (A, B_1 = 1)], (22)

FIG. 1: Result in the genuine (βgen(CH)) and non-genuine (βng (CH)) experiments for the Clauser-Horne inequality, for an “efficiency” η ∈ [0, 1], evaluated upon the LHV model M^′ (which is just an instance of LHV model simulating the CHSH correlations, but whose correlations does not necessarily have to represent a certain quantum state). As advanced, βg (CH) ≤ 0 (i.e, below local bound) for all values of η, while βng (CH) > 0 for η < 1; for η = 1 no enhancement can occur so we have, necessarily, βng (CH) = 0.

Clearly, the introduction of “enhancement”in our initial LHV model M (to yield M^′ has been enough to qualify it to violate the non-genuine version of the CH inequality. Thi should be enough to convince the reader or the crucial importance of that and other related phenomena, in general of that of a “variable detection probability”.

VI. CONCLUSIONS AND LAST COMMENTS

Seems like we are finally on the right track (we have made other previous attempts [34]), at least as far as polarization-entangled photons are concerned, to understand how nature can violate Bell inequalities without having to abandon local realism, a possibility that, as legitimate and exciting as it may be, should be under our choice the last one to embrace. Having already dug into the case of Bell experiments performed and evaluated upon the fair sampling hypothesis (and where the breaking of that hypothesis leads to what was in the first place [4, 5, 12] identified as a “detection loophole”), we have tried to satisfy our curiosity on the case of experiments where no event selection takes place: specifically, we wondered if the necessary element to simulate quantum predictions in this second situation could fit well in the framework of the LHV models that simulate the first kind.

The answer is positive: the element we need to invalidate a Bell test that does not require any data-selection (for instance, a test in which the Clauser-Horne inequality [8] is evaluated) is simply what we have called enhancement, a breaking of the no-enhancement hypothesis [7]. We can now say that such an element is, if not already present, at least introducible in the most straightforward way into the LHV models built to (and only to) be able to account only for the bipartite correlations (as such is the case of the Clauser-Horne-Shimony-Holt inequality [2]). With all this we underline the close relation between the phenomena of “limited efficieny” (or what we choose to call “reduced detection probability”) and “variable detection probability”. Roughly speaking, all LHV’s “select” when particles should be or not be detected in order to avoid collision with local realism; those two phenomena open room for this selection to take place.

Yet, it is common knowledge, local models can can only exist below certain efficiency thresholds. The fundamentals of this question surely deserve some brief overview: η > η_{crit} guarantees there are no LHV models, not only for the “non-genuine” test (where the violation that one would obtain is simply the quantum prediction with no detection efficiency playing any role the calculation, i.e, for instance β_{ng} (CH) = β_q (CH) for the CH inequality), but also for the “genuine” one, to which [22] and others are referring to and where one expects to obtain β_g (CH) > 0 (if it is really true that such a test can be carried out: that would mean keeping track of every single particle emitted from the source, whether it is detected or not).

Besides and to this day, those efficiency restrictions have not been approached [40], which gives some legitimacy to a conjecture (previously set forward, perhaps not by entirely equivalent lines, by others like Marshall and Santos): “variable detection probability“, with the peculiarities that give rise both to “enhancement”, is simply another natural, unavoidable feature of the classical, local entities lying under the quantum mechanical description. Such an interpretation, on the other hand, is also supported (though still vaguely) by much of the work done within the Wigner-PDC picture of Quantum Optics implemented by Parametric Down Conversion [36– 38], a completely orthodox reformulation (at least up to the detection theory) of the standard quantum theory and where photon correlations are explained (with more rigor we should say “can be interpreted”) as mere interference between classical propagating waves, and where “enhancement” also arises as the most natural of phenomena.

Before we conclude, let us insist that at least to our (possibly limited) knowledge and as far as photon polarization-entanglement is concerned, up to now no genuine Bell inequality has been violated, not even a test without supplementary assumptions has been performed or designed (perhaps for the exception of [35]?), either. On the other hand, experiments with massive particles, while devoid of the detection loophole (at least in principle... some also seem to involve photons though we must confess we do not know much about them), do not guarantee absence of signaling between the parties (the socalled locality loophole) [41]. The challenge is still there, anyway, for, at least as far as photons are concerned, one of the two options:

(i) performing a non-genuine Bell test where the quantum prediction is confirmed β = β_q and where the efficiency surpasses the critical threshold, η > η_{crit}, (ii) performing a genuine test and obtaining β > 0 (or β > β_l with β_l the local bound for that particular inequality), again with the requirement of η > η_{crit}. In any caes, we are of the opinion that more than forty years of failed attempts should be regarded as evidence on the impossibility of either (i) or (ii).

All this said, our aim is no other than to convince whoever may be interested that some serious research is still necessary on some of these matters, but not only from the orthodox point of view (there is plenty of that), but perhaps from other positions: there may be benefits, a better understanding being definitely one of them. As a last remark, it would not be fair not to express gratitude to the whole lot of ground-breaking work done by R. Risco-Delgado [15], whom we also thank for valuable comments and encouragement.

Appendix A: LHV models for all Bell inequalities

(this section is still in progress)

The procedure used in Sec. III is not at all unique, nor does it guarantee that the resulting model M^′ satisfies all quantum predictions for correlations and marginal expectation values. It has served its purpose, nevertheless; here we tackle the problem from the more restrictive perspective, as a by-product of which we gain understanding on other related, crucial results: (i) There exist LHV models simulating the results of non-genuine Bell tests of the Clauser-Horne inequality, whenever the detection efficiency is below a certain threshold η_{crit}. (ii) The standard way of calculating η_{crit} for typical CHtests [18] or other similar ones [22] fits with our formulation of the problem: we find that η > η_{crit} guarantees no LHV model exist, but not only for a “nongenuine” test (where the violation that one would expect to obtain is simply the quantum prediction with no further detection efficiency considerations, i.e, for instance β_{ng} (CH) = β_q (CH) with β_q (CH) the quantum prediction for the CH inequality), but also for the “genuine” one (if it is really possible to carry it out), which is the case examined for instance by [18, 22], and where one expects to obtain simply β_g (CH) > 0.

Switching to a purely mathematical perpective, building an LHV model that simulates the quantum prediction for a certain Bell inequality (for a certain state and a certain set of observables) can be reduced to solve a linear problem.

1. I2222 inequalities: two observers, two dichotomic observables per observer

For an LHV M for a I_{2222} inequality we can assume each state in the model s ∈ M is given by a list of six instructions s ≡ (A_1, A_2; B_1, B_2; A, B), the first four stating what result one would obtain if any of the four observables A_i, B_j is measured (including, as we have seen along the paper, a possible “non-detection”) and where the last two A, B ∈ {0, 1} simply tell if the corresponding particle would be detected (’1’), or not (’0’), when no polarizer was placed on its way. The model M may then simulate (or not) quantum predictions for a certain quantum state and the given set of observables. Building M now stands for assigning a probability (frequency of appearance) to every possible state s (every possible assignation of the values 0, ±1 to each instruction in the former list): such assignation must obey some restrictions (linear in the probabilistic weights).

a. Block (a): testable behavior of detectors (with and without polarizers)

This first block is composed by the restrictions that reflect the (experimentally testable) behavior of the detectors; these are the first 16 rows of the linear system:

P (A_i) = η, [2], (A1) P (B_j ) = η, [2], (A2) P (A_i|B) = η, [2], (A3) P (B_j |A) = η, [2], (A4)

P (A_i|B_j ) = η, [2], (A5) P (B_j |A_i) = η, [2], (A6) P (A|B) = η, [2], (A7) P (B|A) = η, [2], (A8)

in total other 16 restrictions for the same number of free parameters (the probabilities themselves: we will make precisions on this in the following).

Lemma I :

(A) Let us now focus only on the subset of hidden instructions (A_1, A_2; B_1, B_2), leaving aside A, B though they are also necessary to completely specify the state of the pair of particles. An LHV model satisfying the first block (a) of conditions is always symmetrizable with respect to η: it is, at most, composed by one instance of a class of subsets S_{l,m}, with probability ρ_{l,m}, such that (i) they contain only states that predetermine l X’s (non-detections) for the observables A_1, A_2, and m X’s for the observables B_1, B_2,

(ii) P (A_j ), P (B_k) and P (A_j , B_k) are the same for j, k ∈ {0, 1}, i.e, subset of states that are symmetrical with respect to 0’s, under permutation of the labels A_1, A_2 or B_1, B_2 and permutation of particles A, B.

(B) Let P_{l,m}(·) denote probabilities restricted to an instance (there will be only one in the model) of each class S_{l,m}, η ≤ max l,m;ρ_{l,m}≠0 P_{l,m}(A_i), P_{l,m}(B_j ). (A9) (C) The former inequality can be saturated if max l,m;ρ_{l,m}≠0 ≤^1_2 . (A10)

Proof :

(A) Suppose we depart from an LHV model M satisfying all conditions of block (a): we can always do all possible permutations of particles and observables, obtaining a whole set of models that we can now average obtaining a new model that would clearly M^′ be composed of sets symmetrical with respect to 0’s.

(B) Obvious, looking at either one of the expressions η = ∑ l,m P_{l,m}(A_i)ρ_{l,m}, (A11) η = ∑ l,m P_{l,m}(B_j )ρ_{l,m}. (A12)

(C) We have the linear system, in ρ_{l,m}: η = ∑ l,m P_{l,m}(A_i)ρ_{l,m}, (A13) η = ∑ l,m P_{l,m}(B_j )ρ_{l,m}, (A14) η^2 = ∑ l,m P_{l,m}(A_i, B_j )ρ_{l,m}, (A15)

which, for ρ_{l,m} restricted by the axiomatic laws of probability, has a solution whenever η < η_{crit}, this property given by the linearity of the system. Once this is said, it is enough now to provide a solution for η =^1_2 . Indeed, such is the one given by an instance of S_{1,1}, s_{1,1} ≡ {(0, a_2; 0, b_2), (0, a_2; b_1, 0), (a_1, 0; 0, b_2), (a_1, 0; b_1, 0)}, with a_i, b_j ≠ 0 and with probability ρ_{1,1} = 1, satisfying the three restrictions (A13)–(A15).

b. Block (b): compatibility with quantum predictions

Now we have, for a_i, b_j = ±1 ,a second set of restrictions referring to the capacity of the model to simulate the quantum predictions for a given state |ψ⟩; these are the second 24 rows of the linear system

P (A_i = a_i, B_j = b_j ) = η^2P_{|ψ⟩}(A_i = a_i, B_j = b_j ), [16], (A16)

plus, restrictions on the single detection probabilities that in principle we could not access without supplementary assumptions:

P (A_i = a_i) = ηP_{|ψ⟩}(A_i = a_i), [4], (A17) P (B_j = b_j ) = ηP_{|ψ⟩}(B_j = b_j ), [4]. (A18)

or, equivalently, what we would observe in a “nongenuine” experiment, and (mathematically at least) entirely equivalent to the former:

P (A_i = a_i, B) = η^2P_{|ψ⟩}(A_i = a_i), [4], (A19)

P (B_j = b_j , A) = η^2P_{|ψ⟩}(B_j = b_j ), [4]. (A20)

Now, we should realize, within this second block, all probabilities P (·) are free parameters (independent variables), that should be enough to adjust to a vector of independent terms given by P_{|ψ⟩}(·), configuring a linear system that will always have solution.

Lemma II : Up to now (no further restrictions on probabilities) the system composed by blocks (a) and (b), completely decoupled, is always compatible.

Proof : The first step is realizing that blocks (a) and (b) are strictly diagonal. A second is realizing that each of the independent variables (probabilities defined on the model) are - so far we are not demanding anything else, for instance the restrictions coming from the axiomatic laws of probability that we will leave for later - indeed free parameters: working on the model, one can modify one leaving all the rest untouched by adding states with the corresponding zeros (non-detections) wherever they are necessary.

c. Additional restrictions (c): axioms of probability

Moreover, both groups of parameters are subjected to two analogous sets of restrictions coming from the axiomatic laws of probability, namely:

(i) all probabilities in [0, 1], (ii) the corresponding complementarity restrictions, that, in the way that we have formulated the problem, only affect block (b):

P (A_i = +1) + P (A_i = −1) = η, [2], (A21) P (B_j = +1) + P (B_j = −1) = η, [2], (A22) and P (A_i = +1, B_j = +1) +P (A_i = +1, B_j = −1)

+P (A_i = −1, B_j = +1) +P (A_i = −1, B_j = −1) = η^2, [4], (A23)

for each pair A_i, B_j . We insist: no new complementarity restrictions must be imposed on the free parameters of block (a), as they are already implicit by the use of η in the model.

(iii) Restrictions coming from the laws of conditioned probability, such as P (A_i = a_i, B_j = b_j ) = P (A_i = a_i|B_j = b_j )P (B_j = b_j ) do not need to be considered because we have been careful not to include any redundant conditions: in relation to that example, we either use the joint and simple probabilities as free parameters, or the conditioned and simple, but never the three of them.

Lemma III : Adding to the system composed by (a) and (b) together the new sets of restrictions (i) and (ii), the system always has solution for η ≤ η_{crit} with (A) η_{crit} ≥ 0, (B) Moreover, the same as (A) is true, but also with η_{crit} ≥^1_2

Proof :

Proof of (A) is indeed trivial, as for η = 0 there is always a trivial solution for the system. Proving (B) is slightly more involved:

(i) First, let us invoke the previous result in Lemma I.A, by virtue of which an LHV model is composed of sets of states which are symmetrical, upon exchange of labels A_i, B_j , with respect to η (the 0’s). Now let us build a model where, for both pairs of mutually exclusive observables (pairs A_1, A_2) and B_1, B_2) we force the following behavior: if A_1 = 0 (B_1 = 0) then A_2 = 0 (B_2 = 0) and vice-versa, if A_2 = 0 (B_2 = 0) then A_1 = 0 (B_2 = 0). Trivially, one can see that this model has η ≤^1_2 , but one can always find a model where the equality holds, invoking Lemma I.C.

(ii) Now, for instance let us consider the CH inequality as written in [18], and let us label Λ_{i,j} the subset of states where we can obtain results for A_i, B_j , then it is obvious that all we can observe in the experiment is a set of four quantities

I_{1,1} ≡ P (A_1 = +1, B_1 = +1|Λ_{1,1}) − P (A_1 = +1|Λ_{1,1}) −P (B_1 = +1|Λ_{1,1}), (A24)

I_{1,2} ≡ P (A_1 = +1, B_2 = +1|Λ_{1,2}) − P (A_1 = +1|Λ_{1,2}), (A25)

I_{2,1} ≡ P (A_2 = +1, B_1 = +1|Λ_{2,1}) − P (B_1 = +1|Λ_{2,1}), (A26)

I_{2,2} ≡ −P (A_2 = +1, B_2 = +1|Λ_{2,2}), (A27) where clearly {Λ_{i,j} } is a complete set of disjoint subsets (a partition of the whole space of states Λ, as the first step (i) of the procedure has made possible). None of those quantities are subjected by a local bound (because they are not Bell inequalities).

(iii) Now, we must realize that due to Λ = ⋃ i,j Λ_{i,j} satisfies all conditions of block (a), plus the axiomatic restrictions of (c), then we can work with each Λ_{i,j} independently, merely imposing the restrictions of block (b), which is something always solvable because quantum probabilities are not even themselves constrained by a Bell inequality for those subsets.

2. Generalization to Imnpq inequalities: two observers, m, n observables, pi, qj results per observable

Lemma IV : Lemmas II–III are generalizable to the case of m observables A_i (i = 1, 2 . . . m), with p_i possible results for A_i, and n observables B_j (j = 1, 2 . . . n), with q_j possible results for B_j .

Proof : it must be immediate.

3. Other generalizations

The generalization to an arbitrary number of observers, observables per observer and results per observable poses not conceptual difficulties.

Another possible generalization is for “asymmetrical” efficiencies; it is of no conceptual difficulty either. Anyway, it is for instance relevant to check [22]’s 0.43 value for an I_{3322}-inequality with asymmetrical efficiencies (η = 1 for one of the two observers).

Finally, the generalization to n-partite correlations stands for the inclusion of more linear restrictions in the system.

4. Critical efficiencies

There is a very easy way to show that there is an upper bound η_{crit} so that for η > η_{crit} the system becomes incompatible.

[1] J.S. Bell, Physics (Long Island City, N.Y.) 1, 195 (1964). [2] J.F. Clauser, M.A. Horne, A. Shimony, and R.A. Holt, Phys. Rev. Lett. 23, 880 (1969).

[3] CHSH inequality, from [2] Let A1, A2 and B1, B2 be, respectively, pair of dichotomic (Ai, Bj ∈ {±1}) observables at two distant sides, we write |⟨A1B1⟩ + ⟨A1B2⟩ + ⟨A2B1⟩ − ⟨A2B2⟩| ≤ 2, (A28) or simply, for any four values A1, A2, B1, B2 = ±1, A1B1 +A1B2 +A2B1 −A2B2 ≤ 2. As opposed to the original Bell [1], this inequality - it can be proven - remains valid for indeterministic theories (loss of information in the measurement process, see [29]).

[4] E.P. Wigner, private communication to P.M. Pearle, see Ref. [5].

[5] P.M. Pearle, Phys. Rev. D 2, 1418 (1970). [6] We believe the distinction between homogenous and inhomogeneous inequalities was first introduced by M. Horne himself (?), then later redefined by E. Santos (?). For our purposes here:

(i) homogeneous inequalities: involving only bi-partite correlations.

(ii) inhomogeneous: all the rest.

[7] J.F. Clauser, M.A. Horne, Phys. Rev. D 10, 526 (1974). [8] CH inequality, from [7]: let again A1, A2 and B1, B2 be, respectively, pair of dichotomic (Ai, Bj ∈ {±1}) observables at two distant sides, a possible formulation (the one from [18]; there are equivalent ones) is

P (A1 = B1 = 1) + P (A1 = B2 = 1) + P (A2 = B1 = 1) −P (A2 = B2 = 1) − P (A1 = 1) − P (B1 = 1) ≤ 0, (A29)

This inequality considered, explicitly, indeterminism (although [2] includes that case as well), see [29].

[9] Other equivalent forms of the CH inequality can be obtained by: (i) changing +1’s for −1’s, (ii) swapping A1 for A2 (B1 for B2), though in that case the choice of observables may not be optimal (in the sense of a maximal violation), at least for the particular state we are measuring upon.

[10] Operational expression used in experiments on the CH inequality (see, for instance, [19], eq. 32-33). From each “number of counts” registered, we estimate P_{obs}(Ai = 1, Bj = 1) ≈ N(ai, bj )/N(∞, ∞), (A30) P_{obs}(Ai = 1) ≈ N(ai, ∞)/N(∞, ∞), (A31) P_{obs}(Bj = 1) ≈ N(∞, bj )/N(∞, ∞), (A32) where ai, bj are the orientation of the apparatus and ∞ stands for the case where no polarizer is placed on the photon’s way. Now, substituting in eq. (A29) we obtain the inequality S_{obs}(CH) < 0, with S_{obs}(CH) = [N(a1, b1) − N(a1, b2) + N(a2, b1) + N(a2, b2) −N(a2, ∞) − N(∞, b1)]/N(∞, ∞), (A33)

where ’ng’ stands for “non-genuine” and where, in relation to (A29), ai ≡ Ai = +1, bj ≡ Bj = +1 and ∞ means the photon is detected with no polarizer or device placed on its way.

[11] Most of the experimental tests carried out so far are described, for instance, in [19]: the typical CH test is performed either on a single or double channel setup, but there is no way one can keep individual track of each and every pair or particles emitted from the source. This is the crucial weakness that gives room to “enhancement” (also to “subset selection” in data-rejection experiments).

[12] A. Garg and N.D. Mermin, Phys. Rev. D 35, 3831 (1987). [13] N. D. Mermin, Phys. Rev. Lett. 65, 1838 (1990). [14] P.H. Eberhard, Phys. Rev. A 47, R747 (1993). [15] Main reference on enhancement, variable detection probability: R. Risco-Delgado. “Localidad y no localidad bajo recientes resultados teóricos y experimentales”, PHD Thesis. Universidad de Sevilla (1997).

[16] G. Weihs, T.Jennewein, C. Simon, H. Weinfurter, A.

Zeilinger. Phys. Rev. Lett. 81, 5039 (1998). [17] J.-Å. Larsson, Phys. Rev. A 57, 3304 (1998). [18] J.-Å. Larsson and J. Semitecolos, Phys. Rev. A 63, 022117 (2001).

[19] A. Aspect. “Bell’s theorem: the naive view of an experimentalist”. in “Quantum (Un)speakables - From Bell to Quantum Information”. ed. by R.A. Bertlmann and A. Zeilinger, Springer (2002).

[20] M. Barbieri, F. De Martini, G. Di Nepi, P. Mataloni.

Phys. Lett. A 334, 23 (2005).

[21] A. Cabello and J.-Å. Larsson, Phys. Rev. Lett. 98, 220402 (2007).

[22] N. Brunner, N. Gisin, V. Scarani, C. Simon, Phys. Rev.

Lett. 98, 220403 (2007).

[23] N. Brunner, N. Gisin. Phys. Lett. A 372, 3162 (2008). [24] A. Cabello, D. Rodríguez, I. Villanueva, Phys. Rev. Lett.

101, 120402 (2008).

[25] A. Cabello, J. -Å. Larsson, D. Rodríguez. Phys. Rev. A 79, 062109 (2009).

[26] S. Pironio, J-D. Bancal, V. Scarani. arXiv:1101.2277v2 [quant-ph] (2011).

[27] D. Rodríguez, in “http://arxiv.org/abs/1108.4823v2” (2011).

[28] I think the term “genuine” is due to Emilio Santos (?). [29] Indeterminism: let λ be the hidden variable, and let Ai, Bj be the results of measurement on the two sides, using, respectively, orientations ϕi, ϕj , we cannot write Ai = A(λ, ϕi), Bj = B(λ, ϕj ), but only things like P (Ai = a) = f(λ, ϕi), (A34) P (Bj = b) = f(λ, ϕj ), (A35) for a, b = ±1, or equivalently, Ai = A(λ, ϕi, ωA), Bj = B(λ, ϕj , ωB ), (A36) where now ωA, ωB are new random variables defined locally at stations A, B, reflecting the state of the measurement apparatus and anything else within the environmet of that apparatus that may influence the result. This last may not be the standard expression but it suffices fo our purposes here.

[30] Just for completeness, we provide an inmediate way of doing so: it suffices to add to the model a new subset of states M_Q′ with one ’0’ per state (the same kind of states as in MQ), ±1 evenly distributed and simulating β = 2, for instance: M_Q′ ≡ {(±1, ±1; ±1, 0), (±1, ∓1; 0, ±1), (±1, 0; ±1, ±1), (0, ±1; ±1, ∓1)}, so that now p = P (MP ), q = P (MQ), q^′ = P (M_Q′ ), and of course r = 1 − p − q − q^′ = P (MR).

Adding this new subset M_Q′ to the model has the effect of decreasing η, while the parameters p, q, q^′ can be adjusted to leave β untouched.

[31] From the model, P (A1|B2 = +1, MP ) = 1, P (A1|B2 = +1, MQ) =^2_3 , P (A1|B2 = +1, MR) = 0, which we can use to evaluate

P (A1|B2 = +1) = pP (A1|B2 = +1, MP ) +qP (A1|B2 = +1, MQ) +(1 − p − q)P (A1|B2 = +1, MR) = η(3η − 2) + 4^2_3 η(1 − η) =^1_3 η^2 +^2_3 η ≠ η, (A37)

in general for a given η.

[32] Let us come back to the model and set our focus on the subset M^′Q; for instance P_M′_Q (A1 = +1) =^3_8 , P_M′_Q (B) =^3_4 , while P_M′_Q (A1 = +1, B) =^1_4 , so P_M′_Q (A1 = +1, B) ≠ P_M′_Q (A1 = +1) · P_M′_Q (B), which means, taking now the whole model M^′ (the former probabilities are trivial within the sets M^′P and M^′R), that P_M′ (A1 = +1, B) ≠ P_M′ (A1 = +1) · P_M′ (B), or, equivalently, P_M′ (A1 = +1|B) ≠ P_M′ (A1 = +1), (^1_4 ≠^9_{32} ).

[33] From the point of view of the calculation, the following quantities are of interest:

P_M′_Q (A1 = +1, B1 = +1) =^1_4 , (A38)

P_M′_Q (A1 = +1, B2 = +1) =^1_4 , (A39)

P_M′_Q (A2 = +1, B1 = +1) =^1_4 , (A40)

P_M′_Q (A2 = +1, B2 = +1) = 0, (A41)

P_M′_Q (A1 = +1) =^3_8 , (A42)

P_M′_Q (B1 = +1) =^3_8 , (A43)

P_M′_Q (A1 = +1, B) =^1_3 , (A44)

P_M′_Q (A, B1 = +1) =^1_3 , (A45)

and therefore we can calculate

A ≡ P_M′ (A1 = +1, B1 = +1) = p +^1_4 q, (A46)

B ≡ P_M′ (A1 = +1, B2 = +1) = p +^1_4 q, (A47)

C ≡ P_M′ (A2 = +1, B1 = +1) = p +^1_4 q, (A48) D ≡ P_M′ (A2 = +1, B2 = +1) = p, (A49)

E ≡ P_M′ (A1 = +1) = p +^3_8 q, (A50)

F ≡ P_M′ (B1 = +1) = p +^3_8 q, (A51)

E^′ ≡ P_M′ (A1 = +1, B) = p +^1_3 q, (A52)

F^′ ≡ P_M′ (A, B1 = +1) = p +^1_3 q, (A53)

and now, rewriting expressions (22) and (22), we get βgen(CH) = A + B + C − D − E − F, (A54) βng (CH) = 1 η^2 [ A + B + C − D − E^′ − F^′ ] . (A55)

[34] Recently, we had explored a different alley [27]. Our final conclusion: some experiments have been performed that definitely rule out the kind of LHV models we had advocated there, see [16]. Such ruling-out is not guaranteed, nevertheless, in realtion to the efficiency loophole (or what we would call, more precisely though they are very related, the “enhancement loophole”): real experiments do not even approach the critical thresholds.

[35] In [20], we find: “... this source allows, in principle, the coupling to the output detectors of the full set of optical modes carrying the particle pairs involved in the EPR measurement. In other words, all the entangled pairs created over the entire set of wavevectors allowed by phase matching can virtually be detected”. On those grounds, the authors claim (a violation of the genuine inequality is observed) to be safe from the detection loophole; I have two questions to make:

(i) an inmediate, surely absurd one: what is the meaning of “in principle” and “virtually”?, (ii) a not so absurd one (I think), concerning the nongenuine version of the inequality: all the way we have been demanding P (A) = P (B) = P (Ai|B) = P (Bj |A) = η, (A56) which, evident as it may seem, and even it already allows a break of the no-enhancement assumption, assumes another hypothesis: that the detection efficiency is, on average (now we are talking about all states, not depending on the particular state of the pair), equal when the polarizer is placed and when it is not. From here, I propose a generalization, that may well suit this kind of situation, and for which all previous arguments about enhancement and the existence of LHV models work as well; let us demand, from now on

P (A) = P (B) = η1, (A57) P (Ai|B) = P (Bj |A) = η2, (A58) of course also giving rise to the observable condition P (Ai, Bj ) = η^2 , but also to P (Ai, B) = P (Bj , A) = η1η2, (A59) by virtue of which the situation would be, “in principle”, experimentably detectable. Now, the former includes (obviously) the case η1 > η2, or even η1 ≈ 1 which may lead the experimenters to think that, because then P (Ai, Bj ) = η^2 < P (A, B) = η^2_1 , there is no possible enhancement. This is a mistake: we have already seem that, for an LHV model to exist, it is enough that enhancement occurs on certain pairs on certain states (recalling once again Clauser and Horne’s words, their inequality requires no-enhancement “for every λ” [7]).

[36] See:

(i) A. Casado, T.W. Marshall and E. Santos. J. Opt. Soc. Am. B 14, 494 (1997).

(ii) A. Casado, A. Fernández-Rueda, T.W. Marshall, R. Risco-Delgado, E. Santos. Phys. Rev. A, 55, 3879 (1997). (iii) A. Casado, A. Fernández-Rueda, T.W. Marshall, R. Risco-Delgado, E. Santos. Phys. Rev. A, 56, 2477 (1997). (iv) A. Casado, T.W. Marshall, E. Santos. J. Opt. Soc. Am. B 15, 1572 (1998).

(v) A. Casado, A. Fernández-Rueda, T.W. Marshall, J. Martínez, R. Risco-Delgado, E. Santos. Eur. Phys. J. D 11, 465 (2000), (vi) A. Casado, T.W. Marshall, R. Risco-Delgado, E. Santos. Eur. Phys. J. D 13, 109 (2001).

(vii) A. Casado, R. Risco-Delgado, E. Santos. Z. Naturforsch. 56a, 178 (2001).

[37] Last - very interesting - developments :

(i) “Wigner representation for experiments on quantum cryptography using two-photon polarization entanglement produced in parametric down-conversion ”, A. Casado, S. Guerra, J. Plácido. J. Phys. B: At. Mol. Opt. Phys. 41, 045501 (2008).

(ii) “Partial Bell-State Analysis with Parametric down Conversion in the Wigner Function Formalism”, A. Casado, S. Guerra, J. Plácido. Advances in Mathematical Physics (2010).

[38] Parametric Down Conversion: a pair of entangled photons is obtained by pumping a laser beam into a nonlinear crystal. Within the Wigner formalism [36], this generation can be interpreted as the non-linear mix of the laser frequency with the components of the Zero Point Field. A recent review on all this techniques is [39], for more details we refer the reader to the series of papers cited in [36].

[39] Keiichi Edamatsu. “Entangled Photons: Generation, Observation and Characterization”. Japanese Journal of Applied Physics 46, 7175 (2007).

[40] We have for instance ηcrit(CHSH) ≈ 0.83 and ηcrit (CH) ≈ 0.67, for observer-symmetrical efficiencies. For the asymmetrical case, ηcrit has been lowered down to 0.43, for an inequality (I3322, in [22]) involving three observables per observer. There are simple arguments to show that (it is a well known fact amongst experts in the field, I believe anyway) an inequality with N mutually exclusive observables per observer (or at least for one of the observers), either with observer-symmetrical or asymmetrical efficiencies, cannot have ηcrit <^1_N . On the other hand, for observable-asymmetrical efficiencies, there have been recent proposals [42] lowering ηcrit down to ... zero! As far as we know, no experimental test taking advantage of this strategy has been performed or designed yet.

[41] Bell’s tests without detection loophole:

(i) M. A. Rowe, D. Kielpinski, V. Meyer, C. A. Sackett, W. M. Itano, C. Monroe, and D. J. Wineland. “Experimental violation of a Bell’s inequality with efficient detection”, Nature (London) 409, 791 (2001). (ii) D.N. Matsukevich, P. Maunz, D. L. Moehring, S. Olmschenk, and C. Monroe, “Bell inequality violation with two remote atomic qubits”, Phys. Rev. Lett. 100, 150404 (2008).

[42] G. Garbarino, Phys. Rev. A 81, 032106 (2010).