arXiv:1111.4810v1 [hep-ph] 21 Nov 2011

Antenna Subtraction in pQCD at NNLO

James Currie^∗ Institute for Particle Physics Phenomenology Department of Physics University of Durham DH1 3LE UK E-mail: j.r.currie@durham.ac.uk

In this talk I discuss the antenna subtraction method for isolating infrared (IR) singularities of jet cross sections in perturbative QCD. The method is applied at next-to-next-to-leading order (NNLO) to dijet production in hadron collisions at the LHC. The double real radiative corrections to the dijet cross section are considered and their IR behaviour is examined. IR subtraction terms are constructed to absorb numerical divergences of the cross section in the single and double unresolved regions of phase space using the antenna subtraction method. A pictorial representation of matrix elements and antenna functions is presented with specific examples of how such diagrams can be used in practical calculations.

10th International Symposium on Radiative Corrections (Applications of Quantum Field Theory to Phenomenology) September 26-30, 2011 Mamallapuram, India

∗Speaker.

© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/

1. Introduction

One of the most powerful tools for describing the physics of high energy hadronic collisions is perturbative QCD in the context of the parton model. In this framework, the cross section for two partons to scatter into a number of jets can be calculated as a perturbative expansion in the strong coupling, α_s [1], dσ = ∑ i, j

∫ dξ_1

ξ_1 dξ_2 ξ_2 f_i(ξ_1) f_j(ξ_2) [ dσ̂^{LO}_{i j} + ( α_s 2π ) dσ̂^{NLO}_{i j} + ( α_s 2π )_2 dσ̂^{NNLO} i j + O(α^3_s ) ] (1.1)

where ξ_1,ξ_2 and f_i(ξ_1), f_j(ξ_2) denote the momentum fraction and Parton Density Function (PDF) associated with initial state parton i and j respectively. By calculating the higher order contributions, the theoretical prediction for the cross section can be improved in several respects [2]. In high energy collisions where α_s is small, higher order corrections naturally improve the convergence of the perturbative series and significantly reduce the renormalization and factorization scale uncertainty. The partonic cross section can only be compared with experimentally observed jets by use of a jet clustering algorithm. Such algorithms benefit from having more particles in the final state and so higher order calculations allow a more realistic comparison between parton level and hadron level jets [3]. Similarly higher order corrections allow for multiple initial state radiation which in turn generates transverse momentum for the final state.

Next-to-leading order (NLO) calculations of the dijet cross section have been available for some time and have been tested against experimental data at both the TEVATRON and the LHC [4, 5]. Currently the cutting edge for jet cross sections is the NNLO contribution to dijet production with hadronic initial states. NNLO calculations contain several components: the two loop doublevirtual cross section, dσ̂^{VV}_{NNLO}, the one loop real-virtual contribution, dσ̂^{RV}_{NNLO} and the double-real tree level contribution, dσ̂^{RR}_{NNLO}. Each component contributes to the same order of α_s and so the terms with a lower number of loops have a higher number of final state particles thus requiring integration over a larger dimensional phase space. The dijet cross section can be written in terms of these quantities and expressed as [6],

dσ_{NNLO} = ∫ Φ_4

dσ̂^{RR}_{NNLO} + ∫ Φ_3

dσ̂^{RV}_{NNLO} + ∫ Φ_2

dσ̂^{VV}_{NNLO} (1.2)

where the requirement that exactly two jets are observed is implemented by the jet function, J^{(n)}_2 which is defined to construct two jets from n final state partons, ∫ Φ_n = ∫ dΦ_n J^{(n)}_2 (p_1,··· , p_n). (1.3)

The calculation of each of the three terms in Eq. (1.2) presents different challenges: The double-virtual contribution has only explicit poles arising directly from the loop integrations but the loop integration itself is highly non-trivial. On the other hand the matrix elements for the double-real contribution have been known for many years but their intricate implicit IR singularity structure and more complicated phase space integration has caused a bottleneck in the calculation. The real-virtual contribution contains both implicit and explicit IR singularities. In this talk we will focus on the double-real radiative corrections to the dijet cross section for processes involving quarks and gluons in either the initial or final state. IR divergences are inherent to the double-real cross section and arise from field configurations where partons become soft or collinear in any combination. The factorization of the colour ordered matrix elements in these IR configurations is universal [7] and this is exploited to isolate the singular behaviour of the cross section.

2. Antenna Subtraction

A significant effort has been applied to the calculation of the NNLO dijet cross section [8–14] and all necessary matrix elements are now known. The remaining challenge is to isolate the implicit (local) IR singularities in the double-real and real-virtual contributions, to explicitly cancel the IR poles between terms and to numerically integrate the resultant finite integrand over the appropriate phase space. Many techniques have been developed for the purpose of isolating IR poles both at NLO and NNLO [15–19]. The antenna subtraction method [18] is one such formalism and has been applied successfully at NNLO to the calculation of e^+e^− → 3 j [20,21]. The method consists of constructing a subtraction term, dσ̂^S_{NNLO}, from antenna functions and reduced multiplicity matrix elements which mimics the IR behaviour of the physical matrix elements in all singular configurations. A subtraction term is also constructed to absorb the implicit IR singularities of the one loop real-virtual contribution. With the subtraction terms defined properly and including mass factorization terms, dσ^{MF,1,2}_{NNLO} , the cross section may be rewritten in the form [6],

dσ_{NNLO} = ∫ Φ_4 [ dσ̂^{RR}_{NNLO} − dσ̂^S_{NNLO} ] + ∫ Φ_4

dσ̂^S_{NNLO} + ∫ Φ_3 [ dσ̂^{RV}_{NNLO} − dσ̂^{V S}_{NNLO} ] + ∫ Φ_3

dσ̂^{V S}_{NNLO} + dσ̂^{MF,1}_{NNLO} + ∫ Φ_2

dσ̂^{VV}_{NNLO} + dσ̂^{MF,2}_{NNLO}. (2.1)

In doing so, the difference between the double-real emission matrix elements and the subtraction term is rendered IR finite and the integrand can be integrated over the four-parton phase space, yielding a finite result. The subtraction term is constructed in such a way to allow for analytic integration of the antenna function containing all IR divergences over the antenna phase space, a subspace depending only on the parton momenta involved in a singular configuration. Upon integration in d = 4 − 2ε dimensions the IR poles may be extracted, cancelled against the explicit poles coming from the virtual amplitudes and the finite remainder numerically integrated. The final goal is to rewrite the cross section in the form,

dσ_{NNLO} = ∫ Φ_4 [ dσ̂^{RR}_{NNLO} − dσ̂^S_{NNLO} ]

+ ∫ Φ_3 [ dσ̂^{RV}_{NNLO} − dσ̂^T_{NNLO} ]

+ ∫ Φ_2 [ dσ̂^{VV}_{NNLO} − dσ̂^U_{NNLO} ] , (2.2)

where each term is individually finite and can be numerically integrated over the appropriate phase space in four dimensions,

dσ̂^T_{NNLO} = dσ̂^{V S}_{NNLO} − dσ̂^{MF,1}_{NNLO} − ∫ χ_1

dσ̂^S_{NNLO}

dσ̂^U_{NNLO} = −dσ̂^{MF,2}_{NNLO} − ∫ χ_1

dσ̂^{VS}_{NNLO} − ∫ χ_2

dσ̂^S_{NNLO} (2.3)

where χ_n denotes the phase space corresponding to the parton momenta involved in a singular configuration with n unresolved partons.

In the antenna formalism, the subtraction term is constructed from an antenna function containing all the IR singular behaviour and a finite reduced matrix element. The antenna function’s arguments are the momenta of two hard radiators and one or two momenta that are allowed to become unresolved. The arguments of the matrix element used for the subtraction term are obtained from the original momenta via a phase space map [11, 22]. The momenta involved in the antenna function are mapped onto two composite momenta such that the matrix element is independent of the unresolved momenta in the singular limits. The subtraction term for a double real emission n parton process can be schematically represented as a sum over terms of the form,

dσ̂^S_{NNLO} ∼ X_{m+2}(i_1,··· ,i_{m+2}) ⊗ M^0_{n−m}( j_1,··· , j_{n−m}) (2.4)

where X_{m+2} is a (m+2) parton antenna function containing at most m unresolved partons and M^0_{n−m} is a squared matrix element summed over colours and helicities. At NNLO we are interested in three and four parton antenna functions to absorb the single and double unresolved divergences. We consider colour ordered amplitudes because of their universal factorization properties in unresolved limits; the subtraction term is constructed to capture this factorized behaviour.

(a) X_6 (b) Y_6 (c) Z_6

Figure 1: The three hexagon topologies for 2 → 4 scattering. I and F denote initial and final state edges respectively.

A novel way to understand how to construct subtraction terms is to consider the problem diagrammatically. Consider a n-parton squared matrix element as a n-gon with each edge representing the momenta of an external leg. For six parton scattering the real matrix elements are represented as hexagons as in Fig. 1. Two of the six edges are labelled with an I to denote that these edges represent initial state partons. There are three independent ways two I’s can be distributed about the hexagon, defining three kinematic topologies, X_6,Y_6,Z_6, see Fig. 1.

As well as the six parton matrix elements, the calculation involves four and five parton matrix elements in the subtraction terms. These are represented as box and pentagon diagrams and displayed in Fig. 2. In these cases there are only two independent kinematic topologies, X_4,Y_4 and X_5,Y_5 for the boxes and pentagons respectively.

The antenna functions which reflect the IR behaviour of squared matrix elements and are colour ordered can also be represented in pictorially. Three and four parton antennae are represented as triangles and boxes where now the number of initial state edges can be zero, one or two,

(a) X_4 (b) Y_4 (c) X_5 (d) Y_5

Figure 2: The two box and pentagon topologies representing four and five parton matrix elements.

depending on whether we are representing a final-final, initial-final or initial-initial antenna, see Fig. 3.

(a) X_3 (b) Y_3 (c) Z_3 (d) V_4 (e) W_4

Figure 3: The three triangle and two additional box topologies used to represent the three and four parton antenna

functions.

Using this diagrammatic approach, the factorization of the matrix elements is quite intuitive and follows a diagrammatic algorithm, represented in Fig. 4. First consider a final state parton becoming unresolved and identify its hard colour adjacent neighbours. The hard neighbouring edges are then stretched and pinched to a point, separating the original polygon into two daughter polygons. The daughter polygon containing the unresolved edges represents the appropriate antenna function and the remaining polygon containing only resolved edges represents the reduced matrix element with mapped momenta.

Figure 4: A diagrammatic representation of single unresolved parton factorization for six parton scattering belonging

to the X_6 topology. The unresolved edge (blue) is adjacent to two hard edges (red). Edges are labelled I and F to denote initial or final state partons.

The unresolved limits of the six parton matrix elements can be systematically examined by simply taking all the possible pinches of the appropriate hexagon. In the single unresolved limits the hexagon is pinched to give a product of a triangle and a pentagon, see Fig. 4. A colour connected double unresolved limit is obtained by letting two adjacent edges go unresolved; in this case the hexagon is pinched to form the product of two boxes. Almost colour connected limits are derived by iteratively pinching out two edges separated by a single hard edge, yielding a product of two triangles with one edge in common and a box. Colour disconnected double unresolved limits are taken by pinching out two edges with no neighbours in common resulting in the product two triangles with distinct edges and a box. The four parton antenna functions also contain single unresolved limits of their own which have to be removed. This is achieved by applying the same algorithm to the box as was done for the hexagon; single unresolved edges are pinched out and subtraction terms are constructed from a product of two triangles. In this way the full subtraction term can be constructed from blocks of subtraction terms which remove unresolved limits of the matrix elements in a systematic way whilst not introducing spurious singularities of their own. In Fig. 5 a block is defined to remove a specific double unresolved limit from the six parton matrix element using a four parton antenna function whose spurious single unresolved limits are removed in turn by products of triangles.

Figure 5: The block of subtraction terms used to absorb divergences arising from colour connected partons F_1 and F_2

(blue) becoming unresolved in a six parton matrix element (hexagon) belonging to the X_6 topology. Colour connected double unresolved limits are removed using the four parton antenna (box). Spurious single unresolved limits of the box are removed using iterated three parton antennae (triangles) including the extra limit when F_3 becomes unresolved (green).

The specific antenna functions and matrix elements used in this block depend on the partonic channel under examination and can be read off directly from the diagrams when the edges are labelled with the appropriate parton species. In six gluon scattering, the block of subtraction terms in Fig. 5 absorbs divergences coming from the i, j unresolved limit of the matrix element M^0_6 (^1, ^2,i, j,k,l), where the hat denotes initial state partons^1. Translating the block of diagrams from Fig. 5 into the specific functions for this process yields the subtraction term [6],

F^0_4 (^2,i, j,k) M^0_4 (^1, ^̄2, ~(i jk),l) − f^0_3 (^2,i, j) F^0_3 (^̄2, ~(i j),k) M^0_4 (^1, ^̄2, ~((i j)k),l) − f^0_3 (i, j,k) F^0_3 (^2, ~(i j), ~( jk)) M^0_4 (^1, ^̄2, ~((i j)( jk)),l) − f^0_3 ( j,k, ^2) F^0_3 (^̄2,i, ~( jk)) M^0_4 (^1, ^̄2, ~(i( jk)),l) (2.5)

where f^0_3 ,F^0_3 ,F^0_4 are the various three and four gluon antenna functions, and their arguments reflect the parton momenta generated via the appropriate phase space maps [11, 22]. This process was considered in [6] and such a block of subtraction terms can be found in the appropriate double-real subtraction term formula. The generality of this approach can be seen by considering a different physical process, for example a quark-antiquark pair scattering into four gluons where we consider the colour ordered six parton matrix elements M^0_6 (^1_q,i, j,k,l, ^2_{q̄}). In this case the block of diagrams

1This set of matrix elements is represented diagrammatically by a hexagon belonging to the X_6 topology

in Fig. 5 translates to a subtraction term given by,

D^0_4(^1_q,i, j,k) M^0_4 (^̄1_q, ~(i jk),l, ^2_{q̄}) − d^0_3 (^1_q,i, j) D^0_3(^̄1_q, ~(i j),k) M^0_4 (^̄1_q, ~((i j)k),l, ^2_{q̄})

− f^0_3 (i, j,k) D^0_3(^1_q, ~(i j), ~( jk)) M^0_4 (^̄1_q, ~((i j)( jk)),l, ^2_{q̄})

− d^0_3 (^1_q,k, j) D^0_3(^̄1_q,i, ~(k j)) M^0_4 (^̄1_q, ~(i(k j)),l, ^2_{q̄}) (2.6)

where d^0_3 ,D^0_3,D^0_4 are quark-gluon antenna functions defined in [18]. By deriving blocks of subtraction terms in this manner and carefully keeping track of any over-subtraction, the full subtraction term can be formulated systematically. The details of the subtraction term for each partonic channel vary according to the matrix elements and antenna functions involved but can be derived within this basic framework. In order to keep track of the parton species involved in a process it is often convenient to draw the polygon edges to reflect the parton it represents as in Fig. 6; in this way the antenna species and specific singular limits can be read off the diagrams directly.

(a) (b) (c)

Figure 6: Diagrams can also be drawn with wavy edges to represent gluons and straight edges to represent quarks for

either matrix elements or antenna functions. (a) M^0_6 (^1_q,i, j,k,l, ^2_{q̄}), (b) F^0_3 (i, j,k), (c) D^0_4(i_q, j,k,l)

3. Conclusions

In this talk, I have outlined the general procedure by which single and double unresolved IR singularities can be isolated using the antenna subtraction method. The method relies on two factorization theorems: antenna phase space factorization and universal matrix element factorization. These properties are exploited to construct a subtraction term which mimics the double-real radiation cross section in the singular limits and thus absorbs all divergences without introducing additional spurious singular behaviour. A novel pictorial method is introduced for constructing the double-real radiation subtraction term within the antenna subtraction formalism. The method allows general blocks of subtraction terms to be generated using only kinematic information; these can then be dressed with process specific information to determine the final form of the subtraction formula.

4. Acknowledgements

I gratefully acknowledge useful discussions with Thomas Gehrmann, Aude Gehrmann-De Ridder, Nigel Glover and Joao Pires. This work is supported by the Science and Technologies Facilities Council.

References

[1] R. Ellis, W. Stirling, and B. Webber, QCD and Collider Physics. Cambridge University Press, 1996.

[2] E. W. N. Glover, Progress in NNLO calculations for scattering processes, Nucl. Phys. Proc. Suppl.

116 (2003) 3–7, [hep-ph/0211412].

[3] G. P. Salam, Towards Jetography, Eur. Phys. J. C67 (2010) 637–686, [arXiv:0906.1833]. [4] S. D. Ellis, Z. Kunszt, and D. E. Soper, Two jet production in hadron collisions at order α^3_s in QCD, Phys.Rev.Lett. 69 (1992) 1496–1499.

[5] W. Giele, E. W. N. Glover, and D. A. Kosower, The Two-Jet Differential Cross Section at O(α^3_s ) in Hadron Collisions, Phys.Rev.Lett. 73 (1994) 2019–2022, [hep-ph/9403347].

[6] E. W. N. Glover and J. Pires, Antenna subtraction for gluon scattering at NNLO, JHEP 1006 (2010) 096, [arXiv:1003.2824].

[7] J. M. Campbell and E. W. N. Glover, Double unresolved approximations to multiparton scattering amplitudes, Nucl.Phys. B527 (1998) 264–288, [hep-ph/9710255].

[8] D. A. Kosower, Antenna factorization of gauge theory amplitudes, Phys.Rev. D57 (1998) 5410–5416, [hep-ph/9710213].

[9] A. Gehrmann-De Ridder, T. Gehrmann, and E. W. N. Glover, Gluon-gluon antenna functions from Higgs boson decay, Phys.Lett. B612 (2005) 49–60, [hep-ph/0502110].

[10] A. Gehrmann-De Ridder, T. Gehrmann, and E. W. N. Glover, Quark-gluon antenna functions from neutralino decay, Phys.Lett. B612 (2005) 36–48, [hep-ph/0501291].

[11] A. Daleo, T. Gehrmann, and D. Maitre, Antenna subtraction with hadronic initial states, JHEP 04 (2007) 016, [hep-ph/0612257].

[12] G. Luisoni, A. Daleo, A. Gehrmann-De Ridder, and T. Gehrmann, NNLO antenna subtraction with one hadronic initial state, PoS DIS2010 (2010) 122.

[13] R. Boughezal, A. Gehrmann-De Ridder, and M. Ritzmann, Antenna subtraction for two hadronic initial states at NNLO, PoS DIS2010 (2010) 101.

[14] T. Gehrmann and P. F. Monni, Antenna subtraction at NNLO with hadronic initial states: real-virtual initial-initial configurations, arXiv:1107.4037.

[15] S. Catani and M. Seymour, A General algorithm for calculating jet cross-sections in NLO QCD, Nucl.Phys. B485 (1997) 291–419, [hep-ph/9605323].

[16] S. Frixione, Z. Kunszt, and A. Signer, Three jet cross-sections to next-to-leading order, Nucl.Phys.

B467 (1996) 399–442, [hep-ph/9512328].

[17] G. Heinrich, Sector Decomposition, Int.J.Mod.Phys. A23 (2008) 1457–1486, [arXiv:0803.4177]. [18] A. Gehrmann-De Ridder, T. Gehrmann, and E. W. N. Glover, Antenna subtraction at NNLO, JHEP 0509 (2005) 056, [hep-ph/0505111]. Erratum added online, 8/18/06.

[19] M. Czakon, Double-real radiation in hadronic top quark pair production as a proof of a certain concept, Nucl.Phys. B849 (2011) 250–295, [arXiv:1101.0642]. * Temporary entry *.

[20] A. Gehrmann-De Ridder, T. Gehrmann, E. W. N. Glover, and G. Heinrich, Infrared structure of e^+e^− → 3 jets at NNLO, JHEP 0711 (2007) 058, [arXiv:0710.0346].

[21] S. Weinzierl, The Infrared structure of e^+e^− → 3 jets at NNLO reloaded, JHEP 0907 (2009) 009, [arXiv:0904.1145].

[22] D. A. Kosower, Antenna factorization in strongly-ordered limits, Phys. Rev. D71 (2005) 045016, [hep-ph/0311272].