arXiv:1111.4822v2 [hep-th] 29 Apr 2012

Noncommutative gravity coupled to fermions: second order expansion via Seiberg-Witten map

Paolo Aschieri and Leonardo Castellani

Dipartimento di Scienze e Tecnologie Avanzate and INFN Gruppo collegato di Alessandria, Università del Piemonte Orientale, Viale T. Michel 11, 15121 Alessandria, Italy

Abstract

We use the Seiberg-Witten map (SW map) to expand noncommutative gravity coupled to fermions in terms of ordinary commuting fields. The action is invariant under general coordinate transformations and local Lorentz rotations, and has the same degrees of freedom as the commutative gravity action. The expansion is given up to second order in the noncommutativity parameter θ.

A geometric reformulation and generalization of the SW map is presented that applies to any abelian twist. Compatibility of the map with hermiticity and charge conjugation conditions is proven. The action is shown to be real and invariant under charge conjugation at all orders in θ. This implies the bosonic part of the action to be even in θ, while the fermionic part is even in θ for Majorana fermions.

aschieri@to.infn.it leonardo.castellani@mfn.unipmn.it

1 Introduction

Field theories defined on noncommutative spaces can be systematically constructed by use of an associative and noncommutative ‹-product. This product between fields generates infinitely many derivatives and introduces a dimensionful noncommutativity parameter θ. The prototypical and simplest example of ‹-product is the Groenewold-Moyal product [1] (historically arising in phase-space after Weyl quantization [2]) :

fpxq ‹ gpxq ” exp ^ i 2 θ^{μν} B Bx^μ B By^ν ˙ fpxqgpyq|_{yÑx} (1.1) “ fpxqgpxq` i 2 θ^{μν} B_μfB_ν g` 1 2! ^ i 2 ˙_2 θ^{μ1ν1} θ^{μ2 ν2} pB_{μ1} B_{μ2} fqpB_{ν1} B_{ν2} gq ` ¨ ¨¨

with a constant θ.

Replacing in the classical theory the usual product by the star product leads to a deformation of the classical theory (called the noncommutative theory, or NC theory), containing an infinite number of new interactions and higher derivative terms. This procedure has been exploited to obtain deformed gravity theories in various dimensions [3, 4, 5, 6, 7, 8, 9, 10], including deformed supergravity [11, 12].

Such theories, seen as effective field theories, encode ab initio a noncommutative structure of spacetime, and it may be interesting to compare them to effective field theories emerging for example from string/brane interactions.

NC field theories are invariant under deformations of the classical symmetries: for instance the NC action for gauge fields is invariant under deformed gauge symmetries that involve ‹ - products.

The fields of NC theories can be expanded in a formal series in θ. Via the Seiberg-Witten (SW) map [13], this expansion can be realized in terms of classical fields (i.e. the original fields of the ordinary theory) transforming under the ordinary transformation laws [14, 15, 16]. In fact the SW map is explicitly determined by requiring that the NC transformation laws of the NC fields arise from the ordinary transformations of the classical fields, once the NC fields are seen as function of the classical fields. The SW map is a key ingredient in the construction of the NC standard model [17, 18], because it allows to have the same gauge group and degrees of freedom as in the commutative case.

In this paper we apply the Seiberg-Witten map to the NC vielbein gravity theory coupled to fermions developed in Ref. [10]. We determine the NC vielbein, spin connection, curvature and fermionic matter up to second order in θ, and expand the NC action to second order. We thus extend ordinary (commutative) vielbein gravity via higher order derivative terms dictated by NC vielbein gravity. All these results are given first for the usual Groenewold-Moyal product, and then for a general abelian twist determined by a set of commuting vector fields tX_I u.

The resulting action is a deformation of the commutative action, given in terms of the ordinary gravity fields and of the background noncommutativity vector fields tX_I u. All fields transform covariantly under ordinary diffeomorphisms, including the backgound fields tX_I u. These fields can be given dynamics by adding covariant kinetic and potential terms, in the spirit of ref. [19].

The action, being written geometrically, is invariant under general coordinate transformations.

Finally the expanded action is invariant under ordinary local Lorentz transformations (gauge trasnformations) of the classical fields, since these classical transformations induce, via the SW map, the NC transformations of the NC fields under which the NC action is invariant. Thus local Lorentz invariance is not broken in the θ-expanded NC action: in fact each order in θ of the expanded action is separately gauge invariant. This is not obvious at first sight because noncovariant terms, containing for example the“naked” spin connection, enter the expansion of the NC fields via the SW map. Only repeated integrations by parts allow to re-express the action in terms of gauge covariant quantities, where the spin connection appears in Lorentz covariant derivatives and curvatures.

The organization of the paper is as follows. In Section 2 we begin with a summary of NC vielbein gravity coupled to fermions and then prove the charge conjugation invariance of the action. In Section 3 the Seiberg-Witten map at all orders is recalled, and in Section 4 the map is found in the geometric language of exterior forms for a general abelian twist. In Section 5 all the fields of the NC theory are expressed via the SW map, up to second order in θ, in terms of the classical vielbein, spin connection, and Dirac fermions. In Section 6 we prove that the SW map is compatible with the hermiticity and charge conjugation conditions, ensuring that the action is real and even in θ. In Section 7 the action is expanded to second order. Section 8 contains our conclusions.

Appendix A is devoted to a short summary of twisted differential geometry, Appendix B deals with the hermiticity and charge conjugation of the SW map in a general setting. Appendix C contains gamma matrix conventions and properties.

2 Noncommutative vielbein gravity coupled to fermions

2.1 Classical action

The usual action of first-order gravity coupled to fermions can be recast in an index-free form, convenient for generalization to the non-commutative case: S “ ż T r ` iR ^ V ^ V γ_5 ´ rpDψqψ̄ ´ ψDψ̄s ^ V ^ V ^ V γ_5 ˘ (2.1)

The fundamental fields are the 1-forms Ω (spin connection), V (vielbein) and the fermionic 0-form ψ (spin 1/2 field). The curvature 2-form R and the exterior covariant derivative on ψ and ψ̄ are defined by

R “ dΩ ´ Ω ^ Ω, Dψ “ dψ ´ Ωψ, Dψ̄ “ dψ̄ ` ψ̄Ω (2.2)

with Ω “ 1 4 ω^{ab}γ_{ab}, V “ V^aγ_a (2.3)

and thus are 4 ^ 4 matrices in the spinor representation. See Appendix C for D “ 4 gamma matrix conventions and useful relations. The Dirac conjugate is defined as usual: ψ̄ “ ψ^:γ_0.

Then also pDψqψ̄, ψDψ̄ are matrices in the spinor representation, and the trace T r is taken on this representation. Using the D “ 4 gamma matrix identities: γ_{abc} “ iε_{abcd}γ^dγ_5, T rpγ_{ab}γ_cγ_dγ_5q “ ´4iε_{abcd} (2.4) leads to the usual action: S “ ż R^{ab} ^ V^c ^ V^dε_{abcd} ` irψ̄γ^aDψ ´ pDψ̄qγ^aψs ^ V^b ^ V^c ^ V^dε_{abcd} (2.5) with R ” 1 4 R^{ab}γ_{ab}, R^{ab} “ dω^{ab} ´ ω^a_c ^ ω^{cb} (2.6) 2.2 Invariances

The action is invariant under local diffeomorphisms (it is the integral of a 4-form on a 4- manifold) and under the local Lorentz rotations: δ_ϵV “ ´rV, ϵs, δ_ϵΩ “ dϵ ´ rΩ, ϵs, δ_ϵψ “ ϵψ, δ_ϵψ̄ “ ´ψ̄ϵ (2.7) with ϵ “ 1 4 ϵ^{ab}γ_{ab} (2.8) The invariance can be directly checked on the action (2.1) noting that δ_ϵR “ ´rR, ϵs δ_ϵDψ “ ϵDψ, δ_ϵppDψqψ̄q “ ´rpDψqψ̄, ϵs, δ_ϵpψDψ̄q “ ´rψDψ̄, ϵs, (2.9) using the cyclicity of the trace T r (on spinor indices) and the fact that ϵ commutes with γ_5. The Lorentz rotations close on the Lie algebra: rδ_{ϵ1} , δ_{ϵ2} s “ ´δ_{rϵ1,ϵ2s} (2.10)

2.3 Hermiticity and charge conjugation

Since the vielbein V^a and the spin connection ω^{ab} are real fields, the following conditions hold:

γ_0V γ_0 “ V^:, ´ γ_0Ωγ_0 “ Ω^:, (2.11) γ_0rpDψqψ̄sγ_0 “ rψDψ̄s^:, γ_0rψDψ̄sγ_0 “ rpDψqψ̄s^: (2.12) and can be used to check that the action (2.1) is real.

Moreover, if C is the D “ 4 charge conjugation matrix (antisymmetric and squaring to ´1), we have CV C “ V^T , CΩC “ Ω^T (2.13) since the matrices Cγ_a and Cγ_{ab} are symmetric.

Similar relations hold for the gauge parameter ϵ “ p1{4qε^{ab}γ_{ab}: ´γ_0ϵγ_0 “ ϵ^:, CϵC “ ϵ^T (2.14) ε^{ab} being real.

The charge conjugation of fermions:

ψ^C ” Cpψ̄q^T (2.15) can be extended to the bosonic fields V , Ω V^C ” CV^T C, Ω^C ” CΩ^T C (2.16) Then the relations (2.13) can be written as: V^C “ V, Ω^C “ Ω (2.17) and are the analogues of the Majorana condition for the fermions: ψ^C “ ψ Ñ ψ̄ “ ψ^T C (2.18) So far we have been treating ψ as a Dirac fermion, and therefore reality of the action requires both terms in square brackets in the action (2.1) or (2.5). If ψ is Majorana, the two terms give the same contribution, and only one of them is necessary.

2.4 The noncommutative action and its invariances

After replacing exterior products by deformed exterior products (see Appendix A on twist differential geometry), the action(2.1) becomes: S “ ż T r ` iR ^_‹ V ^_‹ V γ_5 ´ rpDψq ‹ ψ̄ ´ ψ ‹ Dψ̄s ^_‹ V ^_‹ V ^_‹ V γ_5 ˘ (2.19) with R “ dΩ ´ Ω ^_‹ Ω, Dψ “ dψ ´ Ω ‹ ψ Dψ̄ “ dψ̄ ` ψ̄ ‹ Ω (2.20) Almost all preceding formulae continue to hold, with ‹-products and ‹-exterior products.

However, the expansion of the fundamental fields on the Dirac basis of gamma matrices must now include new contributions^1: Ω “ 1 4 ω^{ab}γ_{ab} ` iω1 ` ω̃γ_5, V “ V^aγ_a ` Ṽ^aγ_aγ_5 (2.21)

Similarly for the curvature : R “ 1 4 R^{ab}γ_{ab} ` ir1 ` r̃γ_5 (2.22)

1for example ω^{ab}γ_{ab} ^_‹ ω^{cd}γ_{cd} “ ω^{ab} ^_‹ ω^{cd}p´iϵ_{abcd}γ^5 ´ 4δ^a_c γ_{bd} ´ 2δ^{ab}_{cd} 1q contains 1, γ_5 besides γ_{ab} matrices since the ^_‹ product is not antisymmetric.

and for the gauge parameter: ϵ “ 1 4 ε^{ab}γ_{ab} ` iε1 ` ε̃γ_5 (2.23)

Indeed now the ‹-gauge variations read:

δ_ϵV “ ´V ‹ ϵ ` ϵ ‹ V, δ_ϵΩ “ dϵ ´ Ω ‹ ϵ ` ϵ ‹ Ω, δ_ϵψ “ ϵ ‹ ψ, δ_ϵψ̄ “ ´ψ̄ ‹ ϵ (2.24)

and in the variations for V and Ω also anticommutators of gamma matrices appear, due to the noncommutativity of the ‹-product. Since for example the anticommutator tγ_{ab}, γ_{cd}u contains 1 and γ_5, we see that the corresponding fields must be included in the expansion of Ω. Similarly, V must contain a γ_aγ_5 term due to tγ_{ab}, γ_cu. Finally, the composition law for gauge parameters becomes:

rδ_{ϵ1} , δ_{ϵ2} s “ δ_{ϵ2‹ϵ1´ϵ1‹ϵ2} (2.25)

so that ϵ must contain the 1 and γ_5 terms, since they appear in the composite parameter ϵ_2 ‹ ϵ_1 ´ ϵ_1 ‹ ϵ_2.

The invariance of the noncommutative action (2.19) under the ‹-variations is demonstrated in exactly the same way as for the commutative case, noting that

δ_ϵR “ ´R ‹ ϵ ` ϵ ‹ R, δ_ϵDψ “ ϵ ‹ Dψ, δ_ϵppDψq ‹ ψ̄q “ ´pDψq ‹ ψ̄ ‹ ϵ ` ϵ ‹ pDψq ‹ ψ̄ (2.26)

etc., and using now the fact that ϵ still commutes with γ_5, and the cyclicity of the trace T r with respect to pointwise matrix products and the graded cyclicity of the integral with respect to the ‹-produc, so that ş T r is graded cyclic.

The local ‹-symmetry satisfies the Lie algebra of GLp2, Cq, and centrally extends the SOp1, 3q Lie algebra of the commutative theory.

Finally, the ‹-action (2.19) is invariant under diffeomorphisms generated by the Lie derivative, in the sense that ż L_vp4´formq “ ż pi_vd ` di_vqp4´formq “ ż dpi_vp4´formqq “ boundary term (2.27) since dp4´formq “ 0 on a 4-dimensional manifold. In fact the action is geometrical (it is the integral of a 4-form) and as such it is invariant under usual coordinate transformations.

2.5 Hermiticity and charge conjugation

Hermiticity conditions can be imposed on V , Ω and the gauge parameter ϵ:

γ_0V γ_0 “ V^:, ´ γ_0Ωγ_0 “ Ω^:, ´ γ_0ϵγ_0 “ ϵ^: (2.28)

Moreover it is easy to verify the analogues of conditions (2.12):

γ_0rpDψq ‹ ψ̄sγ_0 “ rψ ‹ Dψ̄s^:, γ_0rψ ‹ Dψ̄sγ_0 “ rDψ ‹ ψ̄s^: (2.29)

These hermiticity conditions are consistent with the gauge variations, as in the commutative case, and can be used to check that the action (2.19) is real. On the component fields V^a, Ṽ^a, ω^{ab}, ω, and ω̃, and on the component gauge parameters ε^{ab}, ε, and ε̃ the hermiticity conditions (2.28) imply that they are real fields.

The charge conjugation relations (2.13), however, cannot be exported to the noncommutative case as they are. Indeed they would imply the vanishing of the component fields Ṽ^a, ω, and ω̃ (whose presence is necessary in the noncommutative case) and anyhow would not be consistent with the ‹-gauge variations.

An essential modification is needed, and makes use of the θ dependence of the noncommutative fields. This dependence will be made explicit in Section 3, using the Seiberg-Witten map. At this stage we just assume that there is such a dependence. Then we can impose consistent charge conjugation conditions as follows:

CV_θpxqC “ V_{´θ}pxq^T , CΩ_θpxqC “ Ω_{´θ}pxq^T , Cε_θpxqC “ ε_{´θ}pxq^T (2.30) These conditions can be checked to be consistent with the ‹-gauge transformations. For example CV_θpxq^T C can be shown to transform in the same way as V_{´θ}pxq: δ_ϵpCV^T_θ Cq “ Cpδ_ϵV_θq^T C “ Cp´ϵ^T_θ ‹_{´θ} V^T_θ ` V^T_θ ‹_{´θ} ϵ^T_θ qC “ “ ϵ_{´θ} ‹_{´θ} V_{´θ} ´ V_{´θ} ‹_{´θ} ϵ_{´θ} “ δ_ϵV_{´θ} (2.31) where we have used C^2 “ ´1 and the fact that the transposition of a ‹-product of matrixvalued fields interchanges the order of the matrices but not of the ‹-multiplied fields. To interchange both it is necessary to use the “reflected” ‹_{´θ} product obtained by changing the sign of θ, since f ‹_θ g “ g ‹_{´θ} f (2.32) for any two functions f, g.

For the component fields and gauge parameters the charge conjugation conditions imply: V^a_θ “ V^a_{´θ}, ω^{ab}_θ “ ω^{ab}_{´θ} (2.33) Ṽ^a_θ “ ´Ṽ^a_{´θ}, ω_θ “ ´ω_{´θ}, ω̃_θ “ ´ω̃_{´θ}, (2.34)

Similarly for the gauge parameters:

ε^{ab}_θ “ ε^{ab}_{´θ} (2.35) ε_θ “ ´ε_{´θ}, ε̃_θ “ ´ε̃_{´θ} (2.36) Finally, let us consider the charge conjugate spinor: ψ^C ” Cpψ̄q^T (2.37) It transforms under ‹-gauge variations as:

δ_ϵψ^C “ Cpδ_ϵψ̄q^T “ Cp´ψ̄ ‹ ϵq^T “ Cp´ϵ^T ‹_{´θ} ψ^˚q “ Cϵ^T C ‹_{´θ} Cψ^˚ “ ϵ_{´θ} ‹_{´θ} ψ^C (2.38) i.e. it transforms in the same way as ψ_{´θ}. Then we can impose the noncommutative Majorana condition:

ψ^C_θ “ ψ_{´θ} ñ ψ^:_θγ_0 “ ψ^T_{´θ}C (2.39) If the NC Majorana condition holds for ψ, it is immediate to verify that CpDψ_θ ‹_θ ψ̄_θqC “ ´pψ ‹ Dψ̄q^T_{´θ} (2.40) in close analogy with the charge conjugation conditions (2.30).

2.6 Reality and charge conjugation invariance of the action

Reality of the noncommutative action is proven by using the hermiticity conditions on V , Ω, R and on the fermion bilinears Dψ ‹ ψ̄ and ψ ‹ Dψ̄ when comparing the action (2.19) with its complex conjugate, obtained by taking the Hermitian conjugate of the 4-form in the overall trace inside the integral.

We define noncommutative charge conjugation to be the following transformation (extended linearly and multiplicatively to products of fields):

ψ Ñ ψ^C “ Cpψ̄q^T “ ´γ_0Cψ^˚ , V Ñ V^C ” C V^T C , Ω Ñ Ω^C ” C Ω^T C , ‹_θ Ñ ‹^C_θ “ ‹_{´θ} , (2.41) and consequently ^_{‹θ} Ñ ^^C_{‹θ} “ ^_{‹´θ} . Then the action (2.19) is invariant under charge conjugation. Indeed (setting for short ^_{´θ} ” ^_{‹´θ} ),

S^C “ ż T r ` iR^C ^_{´θ} V^C ^_{´θ} V^C γ_5 ´ rpDψ^C q ‹_{´θ} ψ̄^C ´ ψ^C ‹_{´θ} Dψ̄^C s ^_{´θ} V ^_{´θ} V ^_{´θ} V γ_5 ˘

“ ż T r ` iR^C ^_{´θ} V^C ^_{´θ} V^C γ_5 ´ rpDψ^C q ‹_{´θ} ψ̄^C ´ ψ^C ‹_{´θ} Dψ̄^C s ^_{´θ} V ^_{´θ} V ^_{´θ} V γ_5

˘_T

“ S (2.42)

It may be useful to exhibit the various steps. Let us first concentrate on the bosonic part of the action. Then: S^C_{bosonic} “ i ż T rpR^C ^_{´θ} V^C ^_{´θ} V^C γ_5q^T “ ´i ż T rpR^T ^_{´θ} V^T ^_{´θ} V^T Cγ_5C^{´1}q^T “ ´i ż T r ` pV^T ^_{´θ} V^T γ^T_5 q^T ^_‹ R ˘ “ ´i ż T r ` ´pV^T γ^T_5 q^T ^_‹ V ^_‹ R ˘

“ i ż T rpγ_5V ^_‹ V ^_‹ Rq “ i ż T rpR ^_‹ γ_5V ^_‹ V q “ i ż T rpR ^_‹ V ^_‹ V γ_5q “ S_{bosonic} (2.43) Similarly the fermionic part of the action satisfies S^C_{fermionic} “ S_{fermionic}. Let’s first consider the connection terms in S_{fermionic} “ ż ´ψ̄ ‹ V ^_‹ V ^_‹ V ^_‹ γ_5dψ ´ dψ̄ ^_‹ V ^_‹ V ^_‹ V ‹ γ_5ψ

` ψ̄ ‹ V ^_‹ V ^_‹ V ^_‹ γ_5Ω ‹ ψ ´ ψ̄ ‹ Ω ^_‹ V ^_‹ V ^_‹ V ‹ γ_5ψ (2.44)

We find

pψ̄ ‹ V ^_‹ V ^_‹ V ^_‹ γ_5Ω ‹ ψq^C “ ψ^C ‹_{´θ} V^C ^_{´θ} V^C ^_{´θ} V^C ^_{´θ} γ_5Ω^C ‹_{´θ} ψ^C “ ´pψ̄q^T ‹_{´θ} V^T ^_{´θ} V^T ^_{´θ} V^T ^_{´θ} γ^T_5 Ω^T ‹ pψ̄q^T “ ψ̄ ‹ Ωγ_5 ^_‹ V ^_‹ V ^_‹ V ‹ ψ “ ´ψ̄ ‹ Ω ^_‹ V ^_‹ V ^_‹ V ‹ γ_5ψ (2.45) where in the third line we inserted the definitions of the charge conjugate fields and simplified the C matrices by recalling that γ^T_5 “ Cγ_5C^{´1}; in the fourth line we transposed the whole expression (that is invariant because it is valued in complex numbers). We observe that the charge conjugation transformation squares to the identity; then the two connection terms in S_{fermionic} are mapped one into the other under charge conjugation, and hence their sum is invariant.

The proof for the fermion kinetic term is similar, and can be obtained by replacing the spin connection with the exterior derivative, invariant under charge conjugation.

We can also conclude that the action must be even in θ if the fermions satisfy the Majorana condition. Indeed (2.30) and the Majorana fermions property (2.40) imply

V^C “ V_{´θ} , Ω^C “ Ω_{´θ} , ‹^C_θ “ ‹_{´θ} , rpDψq ‹ ψ̄ ´ ψ ‹ Dψ̄s^C “ rpDψq ‹ ψ̄ ´ ψ ‹ Dψ̄s_{´θ} . (2.46)

Hence the bosonic action S_{bosonic}pθq is mapped into S_{bosonic}p´θq under charge conjugation. Also for the fermionic action S_{fermionic}pθq we have S_{fermionic}pθq^C “ S_{fermionic}p´θq if the fermions are Majorana. Invariance of S_{bosonic} and of S_{fermionic} under charge conjugation then implies invariance of the action under θ Ñ ´θ. Finally Spθq “ Sp´θq implies that all corrections to the classical action are even in θ if we consider Majorana fermions.

2.7 Commutative limit θ Ñ 0

In the commutative limit the action reduces to the usual action of gravity coupled to fermions of eq. (2.1). Indeed in virtue of the charge conjugation conditions on V and Ω, the component fields Ṽ^a, ω, and ω̃ all vanish in the limit θ Ñ 0 (see the second line of (2.34)), and only the classical spin connection ω^{ab}, vielbein V^a and Dirac fermion ψ survive. Similarly the gauge parameters ε, and ε̃ vanish in the commutative limit.

3 SW map for Groenewold-Moyal noncommutativity

In this section we consider Groenewold-Moyal noncommutativity, i.e. the star product is given by (1.1). The Seiberg-Witten map (SW map) relates the noncommutative gauge fields Â to the ordinary A, and the noncommutative gauge parameters ε̂ to the ordinary ε and A so as to satisfy:

ÂpAq ` δ̂_{ε̂}ÂpAq “ ÂpA ` δ_εAq (3.47)

with

δ_εA_μ “ B_με ` iεA_μ ´ iA_με, (3.48) δ̂_{ε̂}Â_μ “ B_με̂ ` iε̂ ‹ Â_μ ´ iÂ_μ ‹ ε̂; (3.49)

here, as usual in the literature on the subject, the A and ε transformations are chosen to be compatible with hermiticity (rather than anti-hermiticity) conditions.

The Seiberg-Witten condition (3.47) states that the dependence of the noncommutative gauge field on the ordinary one is fixed by requiring that ordinary gauge variations of A inside

ÂpAq produce the noncommutative gauge variation of Â. In a gauge theory physical quantities are gauge invariant: they do not depend on the gauge potential but on the equivalence class of potentials related by gauge transformations. The SW map relates the noncommutative gauge theory to the commutative one by requiring noncommutative fields to have the same gauge equivalence classes as the commutative ones. In this way the degrees of freedom of a noncommutative gauge theory are the same as those of the corresponding commutative one.

Equation (3.47) can be solved order by order in θ [16], yielding Â and ε̂ as power series in θ: ÂpA, θq “ A ` A^1pAq ` A^2pAq ` ¨ ¨ ¨ ` A^npAq ` ¨ ¨ ¨ (3.50) ε̂pε, A, θq “ ε ` ε^1pε, Aq ` ε^2pε, Aq ` ¨ ¨ ¨ ` ε^npε, Aq ` ¨ ¨ ¨ (3.51)

where A^npAq and ε^npε, Aq are of order n in θ. Note that ε̂ depends on the ordinary ε and also on A.

In [13] it is shown that if Â and ε̂ solve the differential equations B Bθ^{ρσ} Â_μ “ ´1 4 tÂ_{rρ}, B_{σs}Â_μ ` F̂_{σsμ}u_‹ (3.52) B Bθ^{ρσ} ε̂ “´ 1 4 tÂ_{rρ}, B_{σs}ε̂u_‹ (3.53)

with the definitions

F̂_{νρ} ” B_νÂ_ρ ´ B_ρÂ_ν ´ iÂ_ν ‹ Â_ρ ` iÂ_ρ ‹ Â_ν (3.54) tf, gu_‹ ” f ‹ g ` g ‹ f (3.55)

then Â and ε̂ satisfy also the SW condition (3.47).

The differential equations (3.52),(3.53) admit solutions given recursively by [20]

A^{n`1}_μ “´ 1 4pn ` 1q θ^{ρσ}tÂ_ρ, B_σÂ_μ ` F̂_{σμ}u^n_‹ (3.56)

ε^{n`1} “´ 1 4pn ` 1q θ^{ρσ}tÂ_ρ, B_σε̂u^n_‹ (3.57)

where tf̂, ĝu^n_‹ is n-th order term in tf̂, ĝu_‹, so that for example

tÂ_ρ, B_σε̂u^n_‹ ” ÿ r`s`t“n pA^r_ρ ‹^s B_σε^t ` B_σε^t ‹^s A^r_ρq (3.58)

and ‹^s indicates the s-th order term in the star product expansion (1.1). Here is a simple proof of (3.56), (3.57): multiplying the differential equations by θ^{μν} and analysing them order by order yields θ^{μν} B Bθ^{μν} A^{n`1}_ρ “ pn ` 1qA^{n`1}_ρ “´ 1 4 θ^{μν} tÂ_{rμ}, B_{νs}Â_ρ ` F̂_{νsρ}u^n_‹ (3.59) θ^{μν} B Bθ^{μν} ε^{n`1} “ pn ` 1qε^{n`1} “´ 1 4 θ^{μν} tÂ_{rμ}, B_{νs}ε̂u^n_‹ (3.60) since A^{n`1}_ρ and ε^{n`1} are homogeneous functions of θ of order n ` 1.

Similar expressions hold for the gauge field strength, and for matter fields ϕ transforming in the fundamental or in the adjoint representation of the gauge group:

F^{n`1}_{μν} “´ 1 4pn ` 1q θ^{ρσ} ´ tÂ_ρ, B_σF̂_{μν} ` D_σF̂_{μν} u^n_‹ ´ 2tF̂_{μρ}, F̂_{νσ}u^n_‹ ¯ (3.61)

ϕ^{n`1} “´ 1 4pn ` 1q θ^{ρσ} ´ Â_ρ ‹ pB_σϕ̂ ` D_σϕ̂q

¯_n , δ̂_{ε̂}ϕ̂ “ iε̂ ‹ ϕ̂ (3.62)

ϕ^{n`1} “´ 1 4pn ` 1q θ^{ρσ}tÂ_ρ, B_σϕ̂ ` D_σϕ̂u^n_‹ , δ̂_{ε̂}ϕ̂ “ iε̂ ‹ ϕ̂ ´ iϕ̂ ‹ ε̂ (3.63)

where the covariant derivative on F̂ and ϕ̂ is given by D_σF̂_{μν} “ B_σF̂_{μν} ´ iÂ_σ ‹ F̂_{μν} ` iF̂_{μν} ‹ Â_σ, D_σϕ̂ “ B_σϕ̂ ´ iÂ_σ ‹ ϕ̂ (fundamental) and D_σϕ̂ “ B_σϕ̂ ´ iÂ_σ ‹ ϕ̂ ` iϕ̂ ‹ Â_σ (adjoint).

Note The solution to (3.47) is not unique. For example if Â is a solution, any finite noncommutative gauge transformation of Â gives another solution. Another source of ambiguities is related to field redefinitons of the gauge potential. Both types of ambiguities should not lead to physical effects since the S matrix of the θ expanded theory (the noncommutative theory) is order by order in θ gauge invariant and is expected to be independent from field redefinitions. The ambiguities are anyhow constrained by two physical requirements:

• the hermiticity properties of the commutative fields must be extended to the noncommutative fields, and this implies reality of the NC actions;

• the charge conjugation properties of the commutative fields must be extended to the noncommutative fields, and this implies that commutative actions with charge conjugation symmetry can be deformed into noncommutative ones with noncommutative charge conjugation symmetry.

In this respect it is worth mentioning that the physically relevant ambiguities found up to second order in θ in [21] do not preserve the charge conjugation properties of the noncommutative fields [22].

It is therefore possible that the expansion of NC vielbein gravity to Opθ^2q presented in the next Sections is unique up to physically irrelevant field redefinitions.

4 Geometric formulation of SW map for a general abelian twist

The SW map conditions can be formulated in the presence of an arbitrary (space-time dependent) NC star-product, not necessarily only in the Groenewold-Moyal case. The SW map with arbitrary noncommutativity has been constructed for abelian gauge theories in [26] using Kontsevich’s results. In the nonabelian case the situation is more involved and there is no definite result (despite interesing partial ones [27]). In this section we show that when the star-product is obtained via a set of mutually commuting vector fields (i.e. via an abelian twist) we can construct order by order solutions to the SW map. The mutually commuting vector fields can be spacetime dependent and hence we obtain a SW map for nonabelian gauge fields with nonconstant noncommutativity. The resulting NC gauge potential is then a 1-form that depends on the commutative gauge potential 1-form and on the mutually commutative vector fields.

The SW condition (3.47) can be seen as an 1-form equation, and therefore is coordinate independent. Likewise the differential eq.s (3.52),(3.53) can be recast in a coordinate independent form: B Bθ^{IJ} Â “ ´1 4 ti_{XrI} Â, L_{XJs}Â ` i_{XJs}F̂ u_‹ (4.64) B Bθ^{IJ} ε̂ “´ 1 4 ti_{XrI} Â, L_{XJs}ε̂u_‹ (4.65)

where all quantities and operations are diffeomorphic-convariant: Â is a one-form, F̂ ” dÂ´ iÂ ^_‹ Â is a two-form, i_{XI} and L_{XI} are respectively the contraction and the Lie derivative along the mutually commuting vector fields X_I . When the abelian twist reduces to the Moyal case of the preceding Section, the curvature becomes F̂ “^1_2F̂_{μν} dx^μ ^ dx^ν , where the F̂_{μν} components are given in (3.54). Note that in the Moyal case dx^μ ^_‹ dx^ν “ dx^μ ^ dx^ν since L_{XI} dx^μ “ dL_{XI} x^μ “ 0.

Our strategy is the following: we first write down, in a coordinate independent way, candidate recursive solutions for the SW condition (3.47). Then we prove that in a particular coordinate system the candidate solutions satisfy the SW condition, and therefore must satisfy it in any coordinate system.

The candidate recursive solutions are given by:

A^{n`1} “´ 1 4pn ` 1q θ^{IJ} ti_{XI} Â, L_{XJ} Â ` i_{XJ} F̂ u^n_‹ (4.66)

ε^{n`1} “´ 1 4pn ` 1q θ^{IJ} ti_{XI} Â, L_{XJ} ε̂u^n_‹ (4.67)

We choose now a particular coordinate system adapted to the mutually commuting vectors X_I , i.e. precisely the coordinates y^I such that X_I “ B{By^I. It is then immediate to verify that the candidate solutions indeed reduce to the recursive solutions given in the preceding Section, where one just substitutes the coordinates x^μ with y^I . For example L_{XI} pÂ_J dy^J q “ BÂ_J {By^I dy^J , etc. Thus (4.66) and (4.67) are bona fide solutions of the SW equations in a generic coordinate system. The same argument can be used to prove that (4.66) and (4.67) are solutions of the differential equations (4.64) and (4.65) , and that these latter imply the SW gauge condition (3.47).

Similarly one proves the generalization of eq.s (3.61)-(3.63):

F^{n`1} “´ 1 4pn ` 1q θ^{IJ} ´ ti_{XI} Â, 2L_{XJ} F̂ ´ iri_{XJ} Â, F̂ su^n_‹ ´ ri_{XI} F̂ , i_{XJ} F̂ s^n_‹ ¯ (4.68) ϕ^{n`1} “´ 1 4pn ` 1q θ^{IJ} ´ i_{XI} Â ‹ p2L_{XJ} ϕ̂ ´ ipi_{XJ} Âq ‹ ϕ̂q ¯_n , δ̂_{ε̂}ϕ̂ “ iε̂ ‹ ϕ̂ (4.69)

ϕ^{n`1} “´ 1 4pn ` 1q θ^{IJ} ti_{XI} Â , 2L_{XJ} ϕ̂ ´ ipi_{XJ} Âq ‹ ϕ̂ ` iϕ̂ ‹ pi_{XJ} Âqu^n_‹ , δ̂_{ε̂}ϕ̂ “ iε̂ ‹ ϕ̂ ´ iϕ̂ ‹ ε̂

(4.70)

Note In order to prove that (4.66) and (4.67) satisfy the SW condition we have implicitly assumed that we have four commuting vector fields tX_I u spanning (at each point of the four dimensional space-time manifold) the four dimensional tangent space-time. In this case we can indeed locally find a coordinate system ty^J u such that X_I “ B{By^I (Frobenius theorem). This assumption can be relaxed: (4.66) and (4.67) satisfy the SW condition also in the case of abelian twists e^{´ i}2^{θIJ XI bXJ} where the N mutually commuting vector fields tX_I u span a subspace of the four dimensional tangent space-time. The proof is algebraic and follows the same steps as the original proof given by Seiberg and Witten.

5 Expansion of fields to second order in θ

Here we apply the formulae of the preceding section to the gauge fields, matter fields and gauge parameters of noncommutative vielbein gravity coupled to fermions. The gauge field is the spin connection Ω, the matter fields are the vielbein (since it transforms in the adjoint representation of the gauge group, see (2.24)) and the fermi field (transforming in the fundamental representation). Comparison of the matter fields gauge transformations Dψ “ dψ ´ Ω ‹ ψ (defined in (2.20)) and D_σϕ̂ “ B_σϕ̂ ´ iÂ_σ ‹ ϕ̂ (defined below (3.63)), show that the formulae of the preceding section holds with i pA replaced by Ω.

The solutions of the SW map provide explicit expressions for the fields in terms of θ and the ordinary fields. The expressions for V , Ω and R must have the all order gamma matrix structure:

V “ V^aγ_a ` Ṽ^{1 a}γ_aγ_5 ` V^{2 a}γ_a ` Ṽ^{3 a}γ_aγ_5 ` ¨ ¨ ¨ (5.1) Ω “ 1 4 ω^{ab}γ_{ab} ` piω^11 ` ω̃^1γ_5q` 1 4 ω^{2 ab}γ_{ab} ` piω^31 ` ω̃^3γ_5q ` ¨ ¨ ¨ (5.2) R “ 1 4 R^{ab}γ_{ab} ` piR^11 ` R̃^1γ_5q` 1 4 R^{2 ab}γ_{ab} ` piR^31 ` R̃^3γ_5q ` ¨ ¨ ¨ (5.3)

(with all component fields V^a, Ṽ^{1 a}, V^{2 a}, Ṽ^{3 a}, ω^{ab}, ω^1, ω̃^1, etc. real) as can be deduced from (3.56), (3.63), (3.61). For example the first order term in Ω contains an anticommutator of γ_{ab} matrices, yielding 1 and γ_5 matrices. The second order term contains anticommutators of γ_{ab} with 1 and γ_5, or commutators of γ_{ab} with γ_{ab}, yielding again γ_{ab} matrices, and so on. The gamma matrix structure depends therefore on the parity of the order in θ. The corrections up to second order in θ in the above expansions, and for the fermi field, are given in the following Tables, for Groenewold-Moyal twist, and for general abelian twist. The expansion up to first order appeared in [23] (see also [24]).

TABLE 1: SW fields at second order, Groenewold-Moyal product

Vielbein

V^{1 a}_μ “ 0 (5.4) Ṽ^{1 a}_μ “ 1 4 θ^{ρσ}ω^{bc}_ρ ϵ^{abcd}pB_σV^d_μ´ 1 2 ω^{de}_σ V^e_μ q (5.5)

V^{2 a}_μ “´ 1 8 θ^{ρσ} „ 4ω^1_ρpB_σV^a_μ´ 1 2 ω^{ab}_σ V^b_μ q ´ ϵ_{abcd}ω^{bc}_ρ pB_σṼ^{1 d}_μ ` ω̃^1_σV^d_μ´ 1 2 ω^{de}_σ Ṽ^{1 e}_μ q ȷ

` 1 8 θ^{ρσ}θ^{ντ} „ ω^{bc}_ρ B_ν ω^{bc}_σ B_τ V^a_μ ` 2ω^{bc}_ρ B_ν ω^{ca}_σ B_τ V^b_μ ´ B_ν ω^{ab}_ρ B_τ pB_σV^b_μ´ 1 2 ω^{bc}_σ V^c_μ q ȷ (5.6)

Ṽ^{2 a}_μ “ 0 (5.7)

Spin connection

ω^{1 ab}_μ “ 0 (5.8)

ω^1_μ “´ 1 16 θ^{ρσ}ω^{ab}_ρ pB_σω^{ab}_μ ` R^{ab}_{σμ}q (5.9)

ω̃^1_μ “´ 1 16 θ^{ρσ}ω^{ab}_ρ pB_σω^{cd}_μ ` R^{cd}_{σμ}qϵ_{abcd} (5.10)

ω^{2 ab}_μ “´ 1 8 θ^{ρσ} pB_σω^{cd}_μ ` R^{cd}_{σμ}qp2ω^1_ρδ^{ab}_{cd} ` ω̃^1_ρϵ_{abcd}q ´ 1 4 θ^{ρσ}ω^{cd}_ρ rpB_σω^1_μ ` R^1_{σμ}qδ^{ab}_{cd}` 1 2 pB_σω̃^1_μ ` R̃^1_{σμ}qϵ_{abcd}s ` 1 8 θ^{ρσ}θ^{ντ} pB_νω^{ac}_ρ qB_τ pB_σω^{bc}_μ ` R^{bc}_{σμ}q (5.11) ω^2_μ “ 0 (5.12) ω̃^2_μ “ 0 (5.13)

Curvature

R^{1 ab}_{σμ} “ 0 (5.14)

R^1_{σμ} “´ 1 16 θ^{ντ} rω^{ab}_ν pB_τ R^{ab}_{σμ} ` D_τ R^{ab}_{σμ}q ´ 2R^{ab}_{σν} R^{ab}_{μτ} s (5.15)

R̃^1_{σμ} “ 1 32 θ^{ντ} rω^{ab}_ν pB_τ R^{cd}_{σμ} ` D_τ R^{cd}_{σμ}qϵ_{abcd} ´ 2R^{ab}_{σν} R^{cd}_{μτ} ϵ_{abcd}s (5.16)

R^{2 ab}_{μν} “´ 1 4 θ^{ρσ}r2ω^{ab}_ρ B_σR^1_{μν} ` 2ω̃^{ab}_ρ B_σR̃^1_{μν}

` ω^1_ρpB_σR^{ab}_{μν} ` D_σR^{ab}_{μν} q ` ω̃^1_ρpB_σR̃^{ab}_{μν} ` D_σR̃^{ab}_{μν} q ´ 2R^{ab}_{μρ}R^1_{νσ} ´ 2R̃^{ab}_{μρ}R^1_{νσ} ´ 2R^1_{μρ}R^{ab}_{νσ} ´ 2R̃^1_{μρ}R^{ab}_{νσ}s

` 1 32 θ^{ρσ}θ^{λτ} rω̃^{ab}_λ B_ρω̃^{cd}_τ B_σR^{cd}_{μν} ´ ω^{ab}_λ B_ρω^{cd}_τ B_σR^{cd}_{μν} ´ 4B_ρω^{ca}_λ B_σpB_τ R^{cb}_{μν} ` D_τ R^{cb}_{μν} q ` 8B_ρR^{ca}_{μλ}B_σR^{cb}_{ντ} s (5.17) R^2_{μν} “ 0 (5.18) R̃^2_{μν} “ 0 (5.19)

with ω̃^{ab}_μ ”^1_2 ϵ^{abcd}ω^{cd}_μ , R̃^{ab}_{μν} ”^1_2 ϵ^{abcd}R^{cd}_{μν} .

Fermion field

ψ^1 “ 1 8 θ^{μν} ω^{ab}_μ pγ_{ab}B_νψ ` ω^{ac}_ν γ_{bc}ψq (5.20)

ψ^2 “´ 1 8 θ^{ρσ}rpω^1_ρ ´ iγ_5ω̃^1_ρqpB_σψ ` D_σψq´ i 4 ω^{ab}_ρ γ_{ab}pB_σψ^1 ` D_σψ^1q ´ piω^1_σ ` γ_5ω̃^1_σqψs ` 1 64 θ^{ρσ}θ^{μν} γ_{ab}r 1 4 ω^{ab}_ρ γ_{cd}B_μω^{cd}_σ B_ν ψ ` B_μω^{ab}_ρ B_ν pB_σψ ` D_σψqs (5.21)

TABLE 2: SW forms at second order, general abelian twist

Vielbein

V^{1 a} “ 0 (5.22) Ṽ^{1 a} “ 1 4 θ^{IJ} X^ρ_I ω^{bc}_ρ ϵ^{abcd}pL_{XJ} V^d´ 1 2 X^σ_J ω^{de}_σ V^eq (5.23)

V^{2 a} “´ 1 8 θ^{IJ} X^ρ_I „ 4ω^1_ρpL_{XJ} V^a´ 1 2 X^σ_J ω^{ab}_σ V^bq ´ ϵ_{abcd}ω^{bc}_ρ pL_{XJ} Ṽ^{1 d} ` X^σ_J ω̃^1_σV^d´ 1 2 X^σ_J ω^{de}_σ Ṽ^{1 e}q ȷ

` 1 8 θ^{IJ} θ^{KL}rX^ρ_I ω^{bc}_ρ L_{XK} pX^σ_J ω^{bc}_σ qL_{XL} V^a ` 2ω^{bc}_ρ L_{XK} pX^σ_J ω^{ca}_σ qL_{XL} V^b

´ L_{XK} pX^ρ_I ω^{ab}_ρ qL_{XL} pL_{XJ} V^b´ 1 2 X^σ_J ω^{bc}_σ V^cqs (5.24) Ṽ^{2 a} “ 0 (5.25)

Spin connection

ω^{1 ab} “ 0 (5.26)

ω^1 “´ 1 16 θ^{IJ} X^ρ_I ω^{ab}_ρ pL_{XJ} ω^{ab} ` i_{XJ} R^{ab}q (5.27)

ω̃^1_μ “´ 1 16 θ^{IJ} X^ρ_I ω^{ab}_ρ pL_{XJ} ω^{cd} ` i_{XJ} R^{cd}qϵ_{abcd} (5.28)

ω^{2 ab} “´ 1 8 θ^{IJ} X^ρ_I pL_{XJ} ω^{cd} ` i_{XJ} R^{cd}qp2ω^1_ρδ^{ab}_{cd} ` ω̃^1_ρϵ_{abcd}q ´ 1 4 θ^{IJ} X^ρ_I ω^{cd}rpL_{XJ} ω^1 ` i_{XJ} R^1qδ^{ab}_{cd}` 1 2 ppL_{XJ} ω̃^1 ` i_{XJ} R̃^1qϵ_{abcd}s

` 1 8 θ^{IJ} θ^{KL}L_{XK} pX^ρ_I ω^{ac}_ρ qL_{XL} pL_{XJ} ω^{bc} ` i_{XJ} R^{bc}q (5.29) ω^2 “ 0 (5.30) ω̃^2 “ 0 (5.31)

Curvature

R^{1 ab} “ 0 (5.32) R^1 “´ 1 16 θ^{IJ} rX^ν_I ω^{ab}_ν p2L_{XJ} R^{ab} ´ 2X^τ_J ω^{ac}_τ R^{cb}q ´ 2pi_{XI} R^{ab}qpi_{XJ} R^{ab}qs (5.33)

R̃^1 “ 1 32 θ^{IJ} rX^ν_I ω^{ab}_ν p2L_{XJ} R^{cd} ´ 2X^τ_J ω^{ce}_τ R^{ed}qϵ_{abcd} ´ 2pi_{XI} R^{ab}qpi_{XJ} R^{cd}qϵ_{abcd}s (5.34)

R^{2 ab} “´ 1 2 θ^{IJ} rX^ρ_I ω^{ab}_ρ L_{XJ} R^1 ` X^ρ_I ω̃^{ab}_ρ L_{XJ} R̃^1 ` X^ρ_I ω^1_ρpL_{XJ} R^{ab} ´ X^σ_J ω^{ac}_σ R^{cb}q ` X^ρ_I ω̃^1_ρpL_{XJ} R̃^{ab} ´ X^σ_J ω^{ac}_σ R̃^{cb}q ´ i_{XI} pR^{ab} ` R̃^{ab}qi_{XJ} R^1 ´ i_{XI} pR^1 ` R̃^1qi_{XJ} R^{ab}s ` 1 32 θ^{IJ} θ^{KL}rX^λ_Kω̃^{ab}_λ L_{XI} pX^τ_Lω̃^{cd}_τ qL_{XJ} R^{cd} ´ X^λ_K ω^{ab}_λ L_{XI} pX^τ_Lω^{cd}_τ qL_{XJ} R^{cd} ´ 4L_{XI} pX^λ_K ω^{ca}_λ qL_{XJ} p2L_{XL} R^{cb} ´ 2X^τ_Lω^{cd}_τ R^{db}q ` 8L_{XI} pi_{XK} R^{ca}qL_{XJ} pi_{XL} R^{cb}qs (5.35) R^2 “ 0 (5.36) R̃^2 “ 0 (5.37)

with ω̃^{ab} ”^1_2 ϵ^{abcd}ω^{cd}, R̃^{ab} ”^1_2 ϵ^{abcd}R^{cd}.

Fermion field

ψ^1 “ 1 8 θ^{IJ} X^μ_I ω^{ab}_μ pγ_{ab}L_{XJ} ψ ` X^ν_J ω^{ac}_ν γ_{bc}ψq (5.38)

ψ^2 “´ 1 8 θ^{IJ} X^ρ_I ” pω^1_ρ ´ iγ_5ω̃^1_ρqp2L_{XJ} ψ´ 1 4 X^σ_J ω^{cd}_σ γ_{cd}ψq ´ i 4 X^ρ_I ω^{ab}_ρ γ_{ab}p2L_{XJ} ψ^1´ 1 4 X^σ_J ω^{cd}_σ γ_{cd}ψ^1q ´ X^σ_J piω^1_σ ` γ_5ω̃^1_σqψ ı

` 1 64 θ^{IJ} θ^{KL}γ_{ab}r 1 4 X^ρ_I ω^{ab}_ρ γ_{cd}L_{XK} pX^σ_J ω^{cd}_σ qL_{XL} ψ ` L_{XK} pX^ρ_I ω^{ab}_ρ qL_{XL} p2L_{XJ} ψ´ 1 4 X^σ_J ω^{cd}_σ γ_{cd}ψqs (5.39)

6 Compatibility of SW map and NC gravity action with the hermiticity and charge conjugation conditions

Since the hermiticity properties (2.28) are essential to ensure reality of the NC action, it is necessary to check whether the SW solutions indeed satisfy these properties. This can be seen directly on the SW solutions (5.1) - (5.3), and is due to their gamma matrix structure (odd gamma matrices for V , even gamma matrices for Ω and R) and to the reality of the component fields.

Similarly one can argue for the charge conjugation conditions (2.30): the matrix structure of (5.1) - (5.3) indeed is such that these conditions hold, because even terms in θ multiply symmetric gamma matrices (in the sense that Cγ is symmetric), while odd terms multiply antisymmetric gamma matrices.

The compatibility between the SW map and the hermiticity and charge conjugation conditions on all the fields is proven to all orders in θ and for a general field representation in Appendix B.

When the noncommutative fields are expressed in terms of the commutative ones via the SW map, these latter are considered to be the elementary dynamical fields. The charge conjugation operation is then the usual operation on commutative fields, and is extended to the noncommutativity parameter θ via the rule

θ Ñ θ^C “ ´θ (6.1)

corresponding to ‹_θ Ñ ‹^C_θ “ ‹_{´θ}, cf. (2.41). The compatibility of SW map with the charge conjugation condition reads (see also (B.36) and (B.38)):

pψ Ñ pψ^C “ ´γ_0C pψ^˚ , pV Ñ pV^C “ C pV^TC , pΩ Ñ pΩ^C “ C pΩ^TC, (6.2)

where pψ “ pψpψ, Ω, θq , pV “ pV pV, Ω, θq , pΩ “ pΩpΩ, θq . and pψ^C “ pψpψ^C , Ω^C , θ^C q , pV^C “ pV pV^C , Ω^C , θ^C q , pΩ^C “ pΩpΩ^C , θ^C q (6.3)

Since the transformations (6.2) are the same as (2.41), they immediately imply that the noncommutative gravity action coupled to spinor fields and expanded via SW map to any order in the noncommutativity parameter θ in terms of the commutative field, is charge conjugation invariant. As in Section 2.6 this implies that the bosonic action is even in θ and that the fermionic part is also even in θ if it describes a Majorana fermion coupled to gravity.

In particular, the bosonic action must vanish at first order in θ, as we verify explicitly in the next Section.

7 The noncommutative action expanded to second order in θ

7.1 The bosonic action at first order vanishes

This can be explicitly verified: let us consider the first order pure gravity action:

S^1 ” ż T r piR ^_‹ V ^_‹ V γ_5q^1 “ ż T r ` iR^1 ^ V^0 ^ V^0γ_5 ` iR^0 ^ pV ^_‹ V γ_5q^1 ˘ (7.1) where

pV ^_‹ V γ_5q^1 “ V^1 ^ V^0γ_5 ` V^0 ^ V^1γ_5` i 2 θ^{ρσ}B_ρV^0_μ B_σV^0_ν γ_5dx^μ ^ dx^ν “

“ Ṽ^{1 a} ^ V^bγ_aγ_5γ_b ` V^b ^ Ṽ^{1 a}γ_bγ_aγ_5` i 2 θ^{ρσ}B_ρV^a_μ B_σV^b_ν γ_aγ_bγ_5dx^μ ^ dx^ν “ ´2Ṽ^{1 a} ^ V^aγ_5 ` iθ^{ρσ}B_ρV^a_μ B_σV^a_ν γ_5dx^μ ^ dx^ν (7.2)

and we have used that up to boundary terms: ż T r piR ^_‹ V ^_‹ V γ_5q “ ż T r piR ^ pV ^_‹ V γ_5qq (7.3)

Recalling that R^1 has only 1 and γ_5 parts, and R^0 has only the γ_{ab} part, the trace in (7.1) is only over γ_{ab} or γ_{ab}γ_5 yielding always 0. We have thus verified that the first order part of the pure gravity NC action vanishes.

7.2 The action at second order

The second order part of the NC action reads:

S^2 ” ż T r ` iR ^_‹ V ^_‹ V γ_5 ´ pDψ ‹ ψ̄ ´ ψ ‹ Dψ̄q ^_‹ V ^_‹ V ^_‹ V γ_5

˘_2 “ “ ż T rriR^2 ^ V^0 ^ V^0γ_5 ` R^0 ^ pV ^_‹ V γ_5q^2 ` R^1 ^ pV ^_‹ V γ_5q^1

´ pDψ ‹ ψ̄ ´ ψ ‹ Dψ̄q^2 ^ V ^ V ^ V γ_5 ´ pDψ ‹ ψ̄ ´ ψ ‹ Dψ̄q^0 ^ pV ^_‹ V ^_‹ V γ_5q^2 ´ pDψ ‹ ψ̄ ´ ψ ‹ Dψ̄q^1 ^ pV ^_‹ V ^_‹ V γ_5q^1s (7.4)

Expanding the fields as in preceding Section, and carrying out the traces yields:

S^2 “ ż pR^{2 ab} ^ V^c ^ V^d ` 2R^{ab} ^ V^{2 c} ^ V^d ´ 2R^{ab} ^ V^{1 c} ^ V^{1 d}qϵ_{abcd}

´ 2θ^{IJ} R^{ab} ^ L_{XI} V^{1 a} ^ L_{XJ} V^b ` 8R^1 ^ V^{1 a} ^ V^a ´ 4θ^{IJ}R̃^1 ^ L_{XI} V^a ^ L_{XJ} V^a (7.5)

for the pure gravity part, and

S^2_ψ “ ż rψ̄^2γ_{abc}γ_5Dψ ` ψ̄γ_{abc}γ_5pDψq^2 ` ψ̄^1γ_{abc}γ_5pDψq^1 ` i 2 θ^{IJ} pL_{XI} ψ̄^1γ_{abc}γ_5L_{XJ} Dψ ` L_{XI} ψ̄γ_{abc}γ_5L_{XJ} pDψq^1q ` 1 8 θ^{IJ} θ^{KL}ppL_{XI} L_{XK} ψ̄^1qγ_{abc}γ_5L_{XJ} L_{XL} Dψ ` pL_{XI} L_{XK} ψ̄qγ_{abc}γ_5L_{XJ} L_{XL} pDψq^1qs ^ V^a ^ V^b ^ V^c ` rψ̄^1γ_aγ_bγ_cDψ ` ψ̄γ_aγ_bγ_cpDψq^1` i 2 θ^{IJ} L_{XI} ψ̄γ_aγ_bγ_cL_{XJ} Dψs^

^ pV^{1 a} ^ V^b ^ V^c ´ V^a ^ V^{1 b} ^ V^c ` V^a ^ V^b ^ V^{1 c}q ` i 2 θ^{IJ} rψ̄^1γ_aγ_bγ_cγ_5Dψ ` ψ̄γ_aγ_bγ_cγ_5pDψq^1` i 2 θ^{KL}L_{XK} ψ̄γ_aγ_bγ_cγ_5L_{XL} Dψs^ ^ pL_{XI} V^a ^ L_{XJ} V^b ^ V^c ` V^a ^ L_{XI} V^b ^ L_{XJ} V^c ` L_{XI} V^a ^ V^b ^ L_{XJ} V^cq ` ψ̄γ_aγ_bγ_cDψ ^ K^{2 abc} ` ψ̄γ_aγ_bγ_cγ_5Dψ ^ L^{2 abc} ´ pψ Ø Dψq (7.6)

for the fermi field part, where K^{2 abc} and L^{2 abc} are vielbein combinations originating from pV ^_‹ V ^_‹ V γ_5q^2: K^{2 abc} ” i 2 θ^{IJ} pL_{XI} V^{1 a} ^ L_{XJ} V^b ^ V^c ` L_{XI} V^{1 a} ^ V^b ^ L_{XJ} V^c ` V^{1 a} ^ L_{XI} V^b ^ L_{XJ} V^c

` L_{XI} V^a ^ L_{XJ} V^{1 b} ^ V^c ` L_{XI} V^a ^ V^{1 b} ^ L_{XJ} V^c ` V^a ^ L_{XI} V^{1 b} ^ L_{XJ} V^c ` L_{XI} V^a ^ L_{XJ} V^b ^ V^{1 c} ` L_{XI} V^a ^ V^b ^ L_{XJ} V^{1 c} ` V^a ^ L_{XI} V^b ^ L_{XJ} V^{1 c}q (7.7)

L^{2 abc} ” V^{2 a} ^ V^b ^ V^c ´ V^{1 a} ^ V^{1 b} ^ V^c ` V^a ^ V^{2 b} ^ V^c `V^a ^ V^b ^ V^{2 c} ` V^{1 a} ^ V^b ^ V^{1 c} ´ V^a ^ V^{1 b} ^ V^{1 c} ´ 1 4 θ^{IJ} θ^{KL}pL_{XI} L_{XK} V^a ^ L_{XL} V^b ^ L_{XJ} V^c ` L_{XK} V^v ^ L_{XI} L_{XL} V^b ^ L_{XJ} V^cq ´ 1 8 θ^{IJ} θ^{KL}L_{XI} pL_{XK} V^a ^ V^b ` V^a ^ L_{XK} V^bq ^ L_{XJ} L_{XL} V^c (7.8)

Note: Lie derivatives in the action act on forms in a diffeomorphic invariant way. Hence the action is diffeomorphisms invariant. However, the action of L_{XI} on a Lorentz tensor is not Lorentz covariant, since for example, using the spin connection ω^{ab} with vanishing torsion,

L_{XI} V^a “ DX^a_I ` pi_{XI} ω^{ab}qV^b (7.9)

with X^a_I “ X^μ_I V^a_μ , DX^a_I “ dX^a_I ´ ω^{ab}X^b_I . This expression explicitly contains a non-Lorentz covariant term due to the “naked” connection ω^{ab}. Only with successive integrations by parts one recovers the manifest local Lorentz invariance of the action (that we recall is guaranteed by invariance of the noncommutative action under noncommutative local Lorentz transformations and by the SW map construction). Thus, if written in terms of the form components, only bona fide Lorentz tensors appear in the action, with all indices contracted to yield a scalar.

8 Conclusions

The fields and the action of the NC vielbein gravity (+ fermions) constructed in [10] have been expanded via the SW map to second order in the noncommutativity parameter θ. The expanded action involves only the classical (commuting) fields of usual gravity coupled to fermions, and the background commuting vector fields X_I that define the abelian twist. The action is real, thanks to the compatibility of the SW map with the hermiticity conditions on the field; it is also charge conjugation invariant due to the compatibility of the SW map with the charge conjugation conditions on the fields. This implies that the bosonic action is even in θ. In Appendix B these compatibilities are shown in general, without reference to the specific model considered in this paper.

The expanded action is invariant under usual diffeomorphisms and local Lorentz transformations.

In its use in a geometric theory, we found convenient to reformulate the SW map in the geometric language of exterior forms: this allowed to generalize the SW map to arbitrary abelian twists.

Acknowledgements

We thank Marija Dimitrijevic, Giampiero Esposito and Elisabetta Di Grezia for useful conversations on the subject.

A Twist differential geometry

The noncommutative deformation of gravity considered here and in ref. [10] relies on the existence (in the deformation quantization context, see for ex [25] ) of an associative ‹-product between functions and more generally an associative ^_‹ exterior product between forms that satisfies the following properties:

‚ Compatibility with the undeformed exterior differential:

dpτ ^_‹ τ^1q “ dpτq ^_‹ τ^1 “ τ ^_‹ dτ^1 (A.1)

‚ Compatibility with the undeformed integral (graded cyclicity property): ż τ ^_‹ τ^1 “ p´1q^{degpτ qdegpτ 1q} ż τ^1 ^_‹ τ (A.2)

with degpτq ` degpτ^1q “D=dimension of the spacetime manifold, and where here τ and τ^1 have compact support (otherwise stated we require (A.2) to hold up to boundary terms).

‚ Compatibility with the undeformed complex conjugation:

pτ ^_‹ τ^1q^˚ “ p´1q^{degpτ qdegpτ 1q}τ^{1˚} ^_‹ τ^˚ (A.3)

Following [10] we describe here a (quite wide) class of twists whose ‹-products have all these properties. As a particular case we have the Groenewold-Moyal ‹-product

f ‹ g “ μte^{i2 θρσ BρbBσ} f b gu, (A.4)

where the map μ is the usual pointwise multiplication: μpf b gq “ fg, and θ^{ρσ} is a constant antisymmetric matrix.

Abelian Twist

Let Ξ be the linear space of smooth vector fields on a smooth manifold M, and UΞ its universal enveloping algebra. A twist F P UΞ b UΞ defines the associative ‹-product f ‹ g “ μtF^{´1}f b gu (A.5) where the map μ is the usual pointwise multiplication: μpf bgq “ fg. The product associativity relies on the defining properties of the twist [8, 25].

Explicit examples of twist are provided by the so-called abelian twists: F^{´1} “ e^{i2 θIJ XI bXJ} (A.6) where tX_I u is a set of mutually commuting vector fields globally defined on the manifold, and θ^{IJ} is a constant antisymmetric matrix. The corresponding ‹-product is in general position dependent because the vector fields X_a are in general x-dependent. In the special case that there exists a global coordinate system on the manifold we can consider the vector fields X_a “^B_{Bxa} . In this instance we have the Moyal twist, cf. (A.4):

F^{´1} “ e^{i2 θρσBρbBσ} (A.7) Deformed exterior product

For abelian twists (A.6), the deformed exterior product between forms is defined as

τ ^_‹ τ^1 ” 8ÿ n“0 ^ i 2 ˙_n θ^{I1J1} ¨ ¨ ¨ θ^{InJn} pL_{XI1} ¨ ¨ ¨ L_{XIn} τq ^ pL_{XJ1} ¨ ¨ ¨ L_{XJn} τ^1q

“ τ ^ τ^1` i 2 θ^{IJ} pL_{XI} τq ^ pL_{XJ} τ^1q` 1 2! ^ i 2 ˙_2 θ^{I1J1} θ^{I2J2} pL_{XI1} L_{XI2} τq ^ pL_{XJ1} L_{XJ2} τ^1q ` ¨ ¨¨

where the commuting tangent vectors X_I act on forms via the Lie derivatives L_{XI} . This product is associative, and the above formula holds also for τ or τ^1 being a 0-form (i.e. a function).

Exterior derivative

The exterior derivative satisfies the usual (graded) Leibniz rule, since it commutes with the Lie derivative:

dpf ‹ gq “ df ‹ g ` f ‹ dg (A.8) dpτ ^_‹ τ^1q “ dτ ^_‹ τ^1 ` p´1q^{degpτ q} τ ^_‹ dτ^1 (A.9)

Integration: graded cyclicity

If we consider an abelian twist (A.6) given by globally defined commuting vector fields X_a, then the usual integral is cyclic under the ‹-exterior products of forms, i.e., up to boundary terms, ż τ ^_‹ τ^1 “ p´1q^{degpτ qdegpτ 1q} ż τ^1 ^_‹ τ (A.10) with degpτq ` degpτ^1q “ D = dimension of the spacetime manifold. In fact we have, up to boundary terms, ż τ ^_‹ τ^1 “ ż τ ^ τ^1 “ p´1q^{degpτ qdegpτ 1q} ż τ^1 ^ τ “ p´1q^{degpτ qdegpτ 1q} ż τ^1 ^_‹ τ (A.11)

For example at first order in θ, ż τ ^_‹ τ^1 “ ż τ ^ τ^1´ i 2 θ^{ab} ż L_{Xa} pτ ^ L_{Xb} τ^1q “ ż τ ^ τ^1´ i 2 θ^{ab} ż di_{Xa} pτ ^ L_{Xb} τ^1q (A.12)

where we used the Cartan formula L_{Xa} “ di_{Xa} ` i_{Xa} d.

Complex conjugation

If we choose real fields X_a in the definition of the twist (A.6), it is immediate to verify that:

pf ‹ gq^˚ “ g^˚ ‹ f^˚ (A.13)

pτ ^_‹ τ^1q^˚ “ p´1q^{degpτ qdegpτ 1q}τ^{1˚} ^_‹ τ^˚ (A.14) since sending i into ´i in the twist (A.7) amounts to send θ^{ab} into ´θ^{ab} “ θ^{ba}, i.e. to exchange the order of the factors in the ‹-product.

B Seiberg Witten map: hermiticity and charge conjugation properties

We here sharpen the results of [18] concerning the general properties of hermiticity and reality of SW map (in particular in [18] the gauge group was an internal group, here it can also be the Lorentz group, for example in its spin representation). Applying these general properties we derive the hermiticity and charge conjugation properties of the fields of NC gravity coupled to spinors used in Section 2.5.

Given a representation ρ : G Ñ GLpn, Cq of a group G we can consider three other representations of G: i) the inverse Hermitian representation, defined for all g P G by ρ^1pgq “ ρpgq^{´1:} (without inversion we would not have ρ^1pgg̃q “ ρ^1pgqρ^1pg̃q); ii) the complex conjugate representation, ρ^˚pgq “ ρpgq^˚ where^˚ denotes complex conjugation, iii) the inverse transpose representation ρ^T pgq “ ρpgq^{´1T} (i.e. the complex conjugate representation of ρ^1). The representation ρ is unitary if ρ^1 “ ρ.

These representations induce representations of the Lie algebra g “ LiepGq. If g “ e^{iλaT a} with λ_a P R, we find

ρ^1pT^aq “ rρpT^aqs^: , ρ^˚pT^aq “ ´rρpT^aqs^˚ , ρ^T pT^aq “ ´rρpT^aqs^T . (B.15)

In turn these Lie algebra representations can be extended to representations of the universal enveloping algebra Ug of g by linearity and multiplicativity (we recall that Ug is the associative algebra of polynomials of elements of g, where the commutator T T^1 ´ T^1T is identified with the Lie bracket rT, T^1s).

From (B.15) we have ρ^1pAq “ ρpAq^: , ρ^˚pAq “ ´ρpAq^˚ , ρ^T pAq “ ´ρpAq^T .

We show that these relations hold also for the NC fields. In other words the SW map is compatible with hermitian conjugation, with complex conjugation and with transposition: z ρ^1pAq “ zρpAq^: , zρ^1pεq “ zρpεq^: (B.16)

i.e., { pρpAqq^: “ zρpAq^: , {pρpεqq^: “ zρpεq^: , that for short we rewrite xA^: “ pA^: , pε^: “ pε^: , - ρ^˚pAq “ ´ zρpAq^˚ , ρ̃^˚pεq “ ´zρpεq^˚ , (B.17) and - ρ^T pAq “ ´ zρpAq^T , ρ̃^T pεq “ ´zρpεq^T , (B.18) where | denotes the SW map with ´θ noncommutativity. More explicitly formula (B.18) reads SW rρ^T pAq, ´θs “ ´SW rρpAq, θs^T , SW rρ^T pεqρ^T pAq, ´θs “ ´SW rρpεq, ρpAq, θs^T ; and similarly for formulae (B.17) and (B.16).

Proof of (B.16), (B.17) and (B.18). We recall that for generic space-time dependent matrices M and N, under complex conjugation, transposition and hermitian conjugation we have pM ‹ Nq^˚ “ M^˚ ‹_{´θ} N^˚ , pM ‹ Nq^T “ N^T ‹_{´θ} M^T , pM ‹ Nq^: “ N^: ‹ M^: . (B.19) The Hermitian conjugates of the relations (3.56), (3.57) in the representation ρ, are { ρpA_μq^{n`1 :} “´ 1 4pn ` 1q θ^{ρσ}t{ ρpA_ρq^:, B_σ {ρpA_μq^: ` {ρpF_{σμ}q^:u^n_‹ (B.20)

yρpεq^{n`1 :} “ ´ 1 4pn ` 1q θ^{ρσ}t{ ρpA_ρq^:, B_σ yρpεq^:u^n_‹ ; (B.21)

where by definition {ρpF_{νρ}q ” B_ν {pρpA_ρq ´ B_ρ {ρpA_ν q ´ i{ρpA_ν q ‹ {ρpA_ρq ` i{ρpA_ρq ‹ {ρpA_ν q. Relations (3.56), (3.57) in the representation ρ^1, are { ρ^1pA_μq^{n`1} “´ 1 4pn ` 1q θ^{ρσ} t { ρ^1pA_ρq, B_σ {ρ^1pA_μq ` {ρ^1pF_{σμ}qu^n_‹ (B.22) z ρ^1pεq^{n`1} “´ 1 4pn ` 1q θ^{ρσ}t { ρ^1pA_ρq, B_σ zρ^1pεqu^n_‹ . (B.23)

Since these two sets of relations have the same structure in terms of their respective variables z ρpAq^:, yρpεq^: and zρ^1pAq, zρ^1pεq, and since at zeroth order in θ, ρpAq^: “ ρ^1pAq, ρpεq^: “ ρ^1pεq the compatibility (B.16) is iteratively proven at all orders in θ.

We proceed similarly in order to prove (B.17); the complex conjugate of the relations (3.56), (3.57) in the representation ρ can be written as ´{ ρpA_μq^{n`1 ˚} “ 1 4pn ` 1q θ^{ρσ}t´{ ρpA_ρq^˚, ´B_σ {ρpA_μq^˚ ´ {ρpF_{σμ}q^˚u^n_{‹´θ} (B.24)

´ yρpεq^{n`1 ˚} “ 1 4pn ` 1q θ^{ρσ}t´{ ρpA_ρq^˚, ´B_σ yρpεq^˚u^n_{‹´θ} . (B.25)

Relations (3.56), (3.57) in the representation ρ^˚ and with noncommutativity parameter ´θ (and corresponding star product ‹_{´θ}) read - ρ^˚pA_μq^{n`1} “ 1 4pn ` 1q θ^{ρσ} t - ρ^˚pA_ρq, B_σ -ρ^˚pA_μq ` -ρ^˚pF_{σμ}qu^n_{‹´θ} (B.26) ~ ρ^˚pεq^{n`1} “ 1 4pn ` 1q θ^{ρσ} t - ρ^˚pA_ρq, B_σρ̃^˚pεqu^n_{‹´θ} . (B.27)

Since these two sets of relations have the same structure in terms of their respective variables ´zρpAq^˚, ´ yρpεq^˚ and -ρ^˚pAq, ρ̃^˚pεq, and since at zeroth order in θ, ´ρpAq^˚ “ ρ^˚pAq, ´ρpεq^˚ “ ρ^˚pεq, the compatibility (B.16) is iteratively proven at all orders in θ.

From (B.16) and (B.17) easily follows the compatibility of the SW map with transposition, eq. (B.18).

A similar iterative procedure shows that for matter fields transforming in the adjoint (see (3.63) and (4.70)), given ρ^1pϕq “ ρpϕq^:, ρ^˚pϕq “ ´ρpϕq^˚ and ρ^T pϕq “ ´ρpϕq^T , we have SW rρ^1pϕq, ρ^1pAq, θs “ SW rρpϕq, ρpAq, θs^: and SW rρ^˚pϕq, ρ^˚pAq, ´θs “ ´SW rρpϕq, ρpAq, θs^˚ , SW rρ^T pϕq, ρ^T pAq, ´θs “ ´SW rρpϕq, ρpAq, θs^T , that we rewrite as z ρpϕq^1 “ yρpϕq^: , ρ̃^˚pϕq “ ´ yρpϕq^˚ , -ρ^T pϕq “ ´ yρpϕq^T ; (B.28)

with abuse of notations we simply write the first of these relations xϕ^: “ pϕ^:.

Finally the same iterative procedure shows that for matter field in the fundamental (see (3.62) and (4.69)), given ρ^˚pϕq “ ρpϕq^˚, we have SW rρ^˚pϕq, ρ^˚pAq, ´θs “ SW rρpϕq, ρpAq, θs^˚, i.e., |ϕ˚ “ pϕ^˚ . (B.29)

Charge conjugation is the transformation that maps a particle representation of a symmetry group to its complex conjugate representation (ρ Ñ ρ^˚), hence the compatibility of SW map with complex conjugation is the compatibility with charge conjugation. On spinor fields complex conjugation and charge conjugation differ by a unitary transformation (see (B.35), (B.37)). As we show below also in this case the SW map is compatibe with charge conjugtion.

Spin representation of Lorentz group We now consider the gauge group G “ SLp2, Cq and fix the representation ρ (that from now on we omit writing) to be the one determined by the 4^4 matrices in the spinor representation used throughout the paper (the p^1_2 ,^1_2 q-sinor representation). We prove that pΩ “ i pA satisfies the hermiticity and symmetry conditions, pΩ^: “ ´γ_0 pΩγ_0 , pΩ^T “ C qΩC ; (B.30) these are precisely the conditions (2.28) and (2.30), that we have here rewritten using hatted variables in order to stress that these conditions are now derived from the hermiticity and symmetry properties of the classical fields and of the SW map.

We know that the classical fields satisfy Ω^: “ ´γ_0Ωγ_0 , Ω^T “ CΩC, i.e., since A “ ´iΩ, γ_0 “ γ^{´1}_o , C “ ´C^{´1}, we know that A^: “ γ_0Aγ^{´1}_0 , ´ A^T “ CAC^{´1}. We then have pA^: “ xA: “ {

γ_0Aγ^{´1}_0 “ γ_0 pAγ^{´1}_0 , (B.31) pA^T “ ´-ρT pAq “ ´ -p´AT q “ ´ -CAC´1 “ ´C|A C^{´1} , (B.32) where we used (B.17) and (B.18), and in the last equality of each expression we used compatibility of SW map with the similarity transformations A Ñ γ_0Aγ^{´1}_0 and A Ñ CAC^{´1} respectively (for example SW rCAC^{´1}, θs “ C SW rA, θsC^{´1}). These expressions immedialtely imply (B.30).

A similar proof shows that the gauge parameter pϵ, as well as the vielbein pV satisfy the hermiticity and symmetry conditions, pϵ^: “ ´γ_0pϵγ_0 , pϵ^T “ C qϵ C ; (B.33) pV^: “ γ_0 pV γ_0 , pV^T “ C |V C ; (B.34) hint: use that pϵ “ ipε, where pϵ corresponds to the gauge potential pΩ, and pε corresponds to the gauge potential pA (see (2.24) and (3.49)). For (B.34) use (B.28). Relations (B.34) coincide with the reality and charge conjugation conditions considered in (2.28) and (2.30). Charge Conjugation Under charge conjugation we have ψ Ñ ψ^C “ Cpψ̄q^T “ ´γ_0Cψ^˚ , V Ñ V^C “ V , A Ñ A^C “ A (B.35) Applying the SW map we obtain the noncommutative fields relations xV^C “ pV , xA^C “ pA, that with the help of (B.34) and (B.31) equivalently read |V C “ C pV^T C , |AC “ C pA^T C . (B.36)

The charge conjugation operation on the gauge potential can also be written A Ñ A^C “ p´γ_0Cq ρ^˚pAqp´γ_0Cq^{´1} “ ´p´γ_0Cq A^˚p´γ_0Cq^{´1} . (B.37) Then |ψC “ SW rψC , AC , ´θs “ SW r´γ_0Cψ˚, Ad_{´γ0C} ρ˚pAq, ´θs “ ´γ_0C SW rψ˚, ρ˚pAq, ´θs “ ´γ_0C |ψ^˚ “ ´γ_0C pψ^˚ (B.38) where in the last passage we used (B.29).

In the previous sections we used the notation pψ “ pψpψ, Ω, θq to denote the SW map pψ “ SW rψ, A, θs, and similarly for pV and pΩ “ i pA. Then relations (B.36) and (B.38) coincide with equations (6.2).

C Gamma matrices in D “ 4

We summarize in this Appendix our gamma matrix conventions in D “ 4.

η_{ab} “ p1, ´1, ´1, ´1q, tγ_a, γ_bu “ 2η_{ab}, rγ_a, γ_bs “ 2γ_{ab}, (C.1) γ_5 ” iγ_0γ_1γ_2γ_3, γ_5γ_5 “ 1, ε_{0123} “ ´ε^{0123} “ 1, (C.2) γ^:_a “ γ_0γ_aγ_0, γ^:_5 “ γ_5 (C.3) γ^T_a “ ´Cγ_aC^{´1}, γ^T_5 “ Cγ_5C^{´1}, C^2 “ ´1, C^: “ C^T “ ´C (C.4)

C.1 Useful identities

γ_aγ_b “ γ_{ab} ` η_{ab} (C.5) γ_{ab}γ_5 “ i 2 ϵ_{abcd}γ^{cd} (C.6) γ_{ab}γ_c “ η_{bc}γ_a ´ η_{ac}γ_b ´ iε_{abcd}γ_5γ^d (C.7) γ_cγ_{ab} “ η_{ac}γ_b ´ η_{bc}γ_a ´ iε_{abcd}γ_5γ^d (C.8) γ_aγ_bγ_c “ η_{ab}γ_c ` η_{bc}γ_a ´ η_{ac}γ_b ´ iε_{abcd}γ_5γ^d (C.9) γ^{ab}γ_{cd} “ ´iε^{ab}_{cd}γ_5 ´ 4δ^{ra}_{rc} γ^{bs}_{ds} ´ 2δ^{ab}_{cd} (C.10)

where δ^{ab}_{cd} “^1_2 pδ^a_c δ^b_d ´ δ^b_cδ^a_d q and indices antisymmetrization in square brackets has total weight 1. C.2 Charge conjugation and Majorana condition

Dirac conjugate ψ̄ ” ψ^:γ_0 (C.11) Charge conjugate spinor ψ^C “ Cpψ̄q^T (C.12) Majorana spinor ψ^C “ ψ ñ ψ̄ “ ψ^T C (C.13)

References

[1] J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Camb. Phil. Soc. 45 (1949) 99 ; H. Groenewold, Physica 12 (1946) 405.

[2] H. Weyl, “Quantum mechanics and group theory,” Z. Phys. 46, 1 (1927).

[3] M. Banados, O. Chandia, N. E. Grandi, F. A. Schaposnik and G. A. Silva, “Threedimensional noncommutative gravity,” Phys. Rev. D 64, 084012 (2001) [arXiv:hepth/0104264].

[4] S. Cacciatori, A. H. Chamseddine, D. Klemm, L. Martucci, W. A. Sabra and D. Zanon, “Noncommutative gravity in two dimensions,” Class. Quant. Grav. 19, 4029 (2002) [arXiv:hep-th/0203038].

[5] S. Cacciatori, D. Klemm, L. Martucci and D. Zanon, “Noncommutative Einstein-AdS gravity in three dimensions,” Phys. Lett. B 536, 101 (2002) [arXiv:hep-th/0201103].

[6] M. A. Cardella, D. Zanon, “Noncommutative deformation of four-dimensional Einstein gravity,” Class. Quant. Grav. 20 (2003) L95-L104. [hep-th/0212071].

[7] A. H. Chamseddine, “Sl(2,C) gravity with complex vierbein and its noncommutative extension,” Phys. Rev. D 69, 024015 (2004) [arXiv:hep-th/0309166].

[8] P. Aschieri, C. Blohmann, M. Dimitrijević, F. Meyer, P. Schupp and J. Wess, A Gravity Theory on Noncommutative Spaces, Class. Quant. Grav. 22, 3511-3522 (2005), [hepth/0504183];

P. Aschieri, M. Dimitrijević, F. Meyer and J. Wess, Noncommutative Geometry and Gravity, Class. Quant. Grav. 23, 1883-1912 (2006), [hep-th/0510059].

[9] S. Estrada-Jimenez, H. Garcia-Compean, O. Obregon and C. Ramirez, “Twisted Covariant Noncommutative Self-dual Gravity,” Phys. Rev. D 78, 124008 (2008) [arXiv:0808.0211 [hep-th]].

[10] P. Aschieri and L. Castellani, “Noncommutative D=4 gravity coupled to fermions,” JHEP 0906 (2009) 086 [arXiv:0902.3817 [hep-th]].

[11] S. Cacciatori and L. Martucci, “Noncommutative AdS supergravity in three dimensions,” Phys. Lett. B 542, 268 (2002) [arXiv:hep-th/0204152].

[12] P. Aschieri and L. Castellani, “Noncommutative supergravity in D=3 and D=4,” JHEP 0906 (2009) 087 [arXiv:0902.3823 [hep-th]].

[13] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 9909, 032 (1999) [hep-th/9908142].

[14] J. Madore, S. Schraml, P. Schupp, J. Wess, “Gauge theory on noncommutative spaces,” Eur. Phys. J. C16 (2000) 161-167. [hep-th/0001203].

[15] B. Jurco, S. Schraml, P. Schupp and J. Wess, “Enveloping algebra valued gauge transformations for non-Abelian gauge groups on non-commutative spaces,” Eur. Phys. J. C 17, 521 (2000) [arXiv:hep-th/0006246].

[16] B. Jurco, L. Moller, S. Schraml, P. Schupp, J. Wess, “Construction of nonAbelian gauge theories on noncommutative spaces,” Eur. Phys. J. C21 (2001) 383-388. [hep-th/0104153].

[17] X. Calmet, B. Jurco, P. Schupp, J. Wess and M. Wohlgenannt, “The standard model on non-commutative space-time,” Eur. Phys. J. C 23 (2002) 363 [arXiv:hep-ph/0111115].

[18] P. Aschieri, B. Jurco, P. Schupp, J. Wess, Nucl. Phys. B651 (2003) 45-70. [hepth/0205214].

[19] P. Aschieri, L. Castellani and M. Dimitrijevic, “Dynamical noncommutativity and Noether theorem in twisted ϕ^{‹4} theory,” Lett. Math. Phys. 85 (2008) 39 [arXiv:0803.4325 [hep-th]].

[20] K. Ulker, B. Yapiskan, “Seiberg-Witten maps to all orders,” Phys. Rev. D77 (2008) 065006. [arXiv:0712.0506 [hep-th]].

[21] A. Alboteanu, T. Ohl, R. Ruckl, Phys. Rev. D76 (2007) 105018. [arXiv:0707.3595 [hepph]].

[22] P. Aschieri and L. Castellani, in preparation.

[23] Y. -G. Miao and S. -J. Zhang, Phys. Rev. D 82 (2010) 084017 [arXiv:1004.2118 [hep-th]]. [24] P. Aschieri, E. Di Grezia and G. Esposito, “Non-commutative Einstein equations and Seiberg-Witten map,” Int. J. Mod. Phys. Conf. Ser. C 3 (2011) 143 [arXiv:1103.3348 [hep-th]].

[25] P. Aschieri, M. Dimitrijevic, P. Kulish, F. Lizzi, J. Wess, w “Noncommutative Spacetimes”, Lecture Notes in Physics, vol. 774, Springer 2009.

[26] B. Jurco, P. Schupp, “Noncommutative Yang-Mills from equivalence of star products,” Eur. Phys. J. C14 (2000) 367-370. [hep-th/0001032].

B. Jurco, P. Schupp, J. Wess, “Noncommutative gauge theory for Poisson manifolds,” Nucl. Phys. B584 (2000) 784-794. [hep-th/0005005].

[27] B. Jurco, P. Schupp, J. Wess, “NonAbelian noncommutative gauge theory via noncommutative extra dimensions,” Nucl. Phys. B604 (2001) 148-180. [hep-th/0102129].