arXiv:1111.5498v1 [gr-qc] 23 Nov 2011

ADM-like Hamiltonian formulation of gravity in the teleparallel geometry

Andrzej Okołów

November 23, 2011

Institute of Theoretical Physics, Warsaw University ul. Hoża 69, 00-681 Warsaw, Poland oko@fuw.edu.pl

Abstract

Teleparallel Equivalent of General Relativity is considered as a theory of cotetrad fields on a spacetime. The 3+1 decomposition of the cotetrad is described by means of the lapse and the shift appearing in the ADM Hamiltonian formulation of General Relativity. We carry out the Legendre transformation and derive a Hamiltonian and a constraint algebra.

1 Introduction

General Relativity (GR) was formulated originally [1] as a theory describing the gravitational field by means of the pseudo-Riemannian geometry. In this formulation the main object is a spacetime metric which generates the Levi-Civita connection which is torsion-free and of non-zero curvature. Alternatively, GR can be described in terms of the teleparallel geometry of Weitzenböck [2]—here the main object is a cotetrad field on the spacetime which generates a curvature-free connection of non-zero torsion. The relation between the two formulations is established by assuming that the cotetrad in the Weitzenböck geometry is orthonormal with respect to the metric of the original formulation of GR.

This alternative description called commonly Teleparallel Equivalent of GR (TEGR) is formulated as a Lagrangian field theory (see e.g. [3, 4, 5, 6, 7] and references therein). On the other hand it is always interesting to see how a theory looks like in a Hamiltonian formulation hence there is nowadays a variety of different Hamiltonian formulations of TEGR [5, 8, 9, 10, 11, 12].

In this paper we present another Hamiltonian description of TEGR. Basic features of this description can be summarized as follows:

1. we treat TEGR as a theory of cotetrad fields i.e. of collections (θ^A) (A = 0, 1, 2, 3) of one-forms on a spacetime and describe its dynamics by the following action [6, 7, 13, 14]:

S[θ^A] = ∫ − 1 2 (dθ^A ∧ θ_B ) ∧ ⋆(dθ^B ∧ θ_A) + 1 4 (dθ^A ∧ θ_A) ∧ ⋆(dθ^B ∧ θ_B ), (1.1)

where d is the exterior derivative of differential forms on a manifold modeling the spacetime and ⋆ is the Hodge operator defined by a Lorentzian metric given by the cotetrad (θ^A).

2. carrying out the 3 + 1 decomposition we follow the ADM Hamiltonian formulation of GR [15] and parameterize non-dynamical degrees of freedom (that is, the time components of (θ^A)) by means of the lapse function and the shift vector field.

3. a special kind of canonical formalism [16, 5] adapted to differential forms is used.

The main results of this paper is a Hamiltonian, a complete set of constraints on the phase space and a constraint algebra.

The paper is organized as follows: after preliminaries (Section 2) we present in Section 3 the main results of the paper and a short discussion—we decided to place the results before their derivation because the derivation involves very long, complicated and rather boring calculations. Next, in Section 4 we carry out the Legendre transformation and arrive at the Hamiltonian and the constraints. Finally in Section 5 we derive the constraints algebra.

2 Preliminaries

Let M be a four-dimensional oriented vector space equipped with a scalar product η of signature (−, +, +, +). We fix an orthonormal basis (v_A) (A = 0, 1, 2, 3) such that the components (η_{AB} ) of η given by the basis form a matrix diag(−1, 1, 1, 1). The matrix (η_{AB} ) and its inverse (η^{AB} ) will be used to, respectively, lower and raise capital Latin letter indeces.

Let M be a four-dimensional oriented manifold. We assume that there exists a smooth map θ : T M → M such that for every y ∈ M the restriction of θ to the tangent space T_yM is a linear isomorphism between the tangent space and M which preserves the orientations. The map θ can be expressed by means of the orthogonal basis (v_A) as θ = θ^A ⊗ v_A, where (θ^A) are one-forms on M. It is clear that the one-forms (θ^A) form a coreper or a cotetrad field on the manifold. If (x^μ), (μ = 0, 1, 2, 3), is a local coordinate frame on M compatible with its orientation then the determinant of the matrix (θ^A_μ ) built form the components of the forms θ^A in the coordinate frame is positive:

det(θ^A_μ ) > 0. (2.1)

The map θ can be used to pull back the scalar product η on M to the manifold M turning thereby the manifold into a spacetime. We will denote the resulting Lorentzian metric by g, g := η_{AB} θ^A ⊗ θ^B. (2.2)

The metric g defines a volume form ϵ on M and the Hodge dual operator ⋆ mapping differential k-forms to (4 − k)-forms on the manifold (k = 0, 1, 2, 3, 4).

2.1 TEGR

In this paper we will treat TEGR as a theory of cotetrad fields on M which means that the configuration space of the theory will be a set of all the maps θ which satisfy the assumptions listed above. We choose the action (1.1) as one describing the dynamics of TEGR (for different but equivalent actions see e.g. [3, 4, 5]). Let us emphasize that the Hodge operator ⋆ appearing in (1.1) is given by the metric (2.2) and therefore it is a function of (θ^A).

The passage from the action (1.1) to a Hamiltonian formulation requires as its first step a 3 + 1 decomposition of: the manifold M, differential forms on it and a coreper (θ^A).

2.2 3 + 1 decomposition of M

To carry out a 3+1 decomposition of the action (1.1) we have to impose some additional assumptions on the manifold M and the map θ. We require that

1. M = R × Σ, where Σ is a three-dimensional manifold.

This assumption allows us to introduce a family of curves in M parameterized by points of Σ—given x ∈ Σ we define R ∋ t → (t, x) ∈ R × Σ = M. (2.3) These curves generates a global vector field on M which will be denoted by ∂_t. We require moreover that

2. the map θ is such that ∂_t is timelike with respect to the metric g defined by θ.

3. the map θ is such that for every t ∈ R the submanifold Σ_t := {t} × Σ is spatial with respect to g.

In order to not be troubled by boundary terms in the Hamiltonian formulation we assume that

4. Σ is a compact manifold without boundary.

Assumption 1 allows us to define a function on M which maps a point y to a number t such that y ∈ Σ_t. Abusing the notation we will use the letter t to denote the function. Let (x^i), (i = 1, 2, 3), be local coordinates on Σ. The coordinates together with the function t define local coordinates on M which associate with an appropriate y ∈ Σ_t four numbers (x^0 ≡ t, x^i) ≡ (x^μ). Obviously, on the domain of such a coordinate frame the vector field ∂_0 given by the frame coincides with ∂_t generated by the curves (2.3). Since now we will restrict ourselves to coordinate frames (x^μ) on M of this sort assuming additionally that each frame we are going to use is compatible with the orientation of the manifold.

Note that these coordinate frames induce an orientation of Σ which since now will be treated as an oriented manifold.

Let us finally emphasize that in this paper the spacetime indeces will be denoted by lower case Greek letters and will range from 0 to 3 and the spatial indeces will be denoted by lower case Latin letters and will range from 1 to 3.

2.3 Decomposition of differential forms

Denote by d the exterior derivative of forms on M and by d the exterior derivative of forms on Σ. A k-form α on M can be decomposed with respect to the decomposition M = R × Σ as follows [16, 5] α =^⊥α + α

where_⊥ α := dt ∧ α_⊥ with α_⊥ := ∂_t⌟α

is its “timelike” part and α := ∂_t⌟(dt ∧ α) its “spatial” part.

α is a form on M which can be expressed in a coordinate frame (t, x^i) as α = 1 k! α_{i1...ik} (t, x^i)dx^{i1} ∧ . . . ∧ dx^{ik} .

The form naturally defines a form on Σ (or more precisely, a one parameter family of forms on Σ the parameter being the coordinate t)

α^′ := 1 k! α_{i1...ik} (t, x^i)dx^{i1} ∧ . . . ∧ dx^{ik} . Moreover, it is possible to restore the original form α from α^′: given the latter one we define ∂_t⌟α := 0, α( ⃗X_1, . . . , ⃗X_k) := α^′( ⃗X_1, . . . , ⃗X_k) for all vector fields ( ⃗X_1, . . . , ⃗X_k) tangent to the foliation {Σ_t} of M. Therefore in the sequel we will not distinguish between α and α^′. There is however one subtlety concerning Lie derivatives of α and α^′. Let ⃗X be a vector field on M tangent to the foliation {Σ_t}. Denote by L_{⃗X} the Lie derivative on M with respect to ⃗X and by L^′_{⃗X} the Lie derivative on Σ_t with respect to ⃗X restricted to the submanifold. Then in general L_{⃗X} α cannot be identified with L^′_{⃗X} α^′. Indeed, if α is a one-form on M then

L_{⃗N} α = (N^μ∂_μα_ν + α_μ∂_ν N^μ)dx^μ = α_i∂_0N^idt + (N^i∂_iα_j + α_i∂_j N^i)dx^j.

and only the last term in this equation can be identified with L^′_{⃗X} α^′. However, in the sequel we will never encounter Lie derivatives L_{⃗X} α as defined above but we will do encounter derivatives L^′_{⃗X} α^′. Since we would like our notation to be as simple as possible since now we will use the symbol L_{⃗X} α to denote the derivative L^′_{⃗X} α^′.

Similarly, α_⊥ is a form on M, but it can be treated as a (one parameter family of) form(s) on Σ.

Basic properties of the maps α → α^⊥ and α → α (here α is a k-form) [16, 5]:

⊥(^⊥α) =^⊥α, (^⊥α) =^⊥(α) = 0, (α) = α, (α ∧ β) = α ∧ β,^⊥(α ∧ β) = (^⊥α) ∧ β + α ∧ (^⊥β), α_⊥ = α_⊥, ∂_t⌟α = 0, (α ∧ β)_⊥ = α_⊥ ∧ β + (−1)^kα ∧ β_⊥, (dα) = dα, (dα)_⊥ = L_{∂t} α − dα_⊥, dα = dt ∧ L_{∂t} α − dt ∧ dα_⊥ + dα, (2.4)

where L_{∂t} denotes the Lie derivative with respect to the vector field ∂_t.

2.4 Decomposition of the coreper Since each θ^A is a one-form it decomposes as

θ^A = θ^A_⊥dt + θ^A. (2.5)

It turns out that θ^A_⊥ is a function of θ^A and some additional parameters [9, 17]: θ^A_⊥ = Nξ^A + ⃗N⌟θ^A, (2.6) ξ^A := − 1 3! ε^A_{BCD} ∗ (θ^B ∧ θ^C ∧ θ^D), (2.7) N > 0, (2.8) where

1. N is a function on M called lapse;

2. ⃗N is a vector field on M called shift. It is tangent at each point to a submanifold Σ_t passing through the point—in an admissible coordinate system (t, x^i) ⃗N = N^i∂_i;

3. ε_{ABCD} is a volume form on M given by the scalar product η; 4. ∗ is the Hodge operator on Σ_t given by an Euclidean metric q on Σ_t defined as the restriction of g to the submanifold: q = q_{ij} dx^i ⊗ dx^j := g_{ij} dx^i ⊗ dx^j = η_{AB}θ^A ⊗ θ^B, q_{ij} = η_{AB} θ^A_i θ^B_j . (2.9)

The functions ξ^A satisfy the following important conditions [9]: ξ^Aξ_A = −1, ξ^Aθ_A = 0. (2.10) These two equations imply ξ^Adξ_A = 0, dξ^A ∧ θ_A + ξ^Adθ_A = 0. (2.11) Fixing the value of the index μ we can treat the four components θ^A_μ as a function on M valued in M . The conditions (2.10) mean that for every y ∈ M the vectors (ξ^A(y), θ^A_i (y)) form a basis of M .

The decomposition of the coreper allows us to change the way we parameterize the subspace of the configuration space consisting of the corepers (θ^A) satisfying the assumptions listed in Subsection 2.2—instead of (θ^A_⊥, θ^A) we will use (N, ⃗N, θ^A) as parameters on the subspace. This change is obviously motivated by our wish to obtain an ADM-like Hamiltonian formulation of TEGR and can be seen as a source of difference between this approach and that of [11] and [12].

2.5 Decomposition of the spacetime metric

Setting to (2.2) the coreper (θ^A) decomposed according to (2.5) and (2.6) we obtain the standard 3 + 1 decomposition of the spacetime metric g [15]:

g = (−N^2 + N^iN^j q_{ij}) dt^2 + 2N^iq_{ij} dtdx^j + q, (2.12)

where q given by (2.9) is the Euclidean metric induced on Σ. This decomposition justifies calling the function N the lapse and the vector field ⃗N the shift (for a more precise justification see [17]).

The metric q and its inverse q^{−1},

q^{−1} := q^{ij}∂_i ⊗ ∂_j, q^{ij} q_{jk} = δ^i_k, (2.13)

will be used to, respectively, lower and raise, indeces (here: lower case Latin letters) of components of tensor fields defined on Σ. In particular we will often map one-forms to vector fields on Σ—a vector field corresponding to a one form α will be denoted by ⃗α i.e. if α = α_idx^i then ⃗α := q^{ij}α_i∂_j. The metric q defines a volume form ϵ on Σ and the Hodge operator ∗ acting on differential forms on the manifold.

Let us emphasize finally that (as it follows from (2.9)) the metric q can be defined explicitely in terms of the restricted forms (θ^A). Therefore all object defined by q (as q^{−1}, ϵ and ∗) are in fact functions of (θ^A).

3 Main results

In this section we are going to present the main results of the paper: the Hamiltonian and the constraint algebra for TEGR defined by the action (1.1). Let us emphasize that to describe the canonical framework of TEGR we will use a Hamiltonian formalism adapted to differential forms [16, 5] (see also [17]).

Before we will show the results let us simplify the notation—since now we will denote the “spatial” part of the one-form θ^A by θ^A, i.e.

θ^A ≡ θ^A (3.1)

and its Lie derivative with respect to ∂_t by θ̇^A i.e.

L_{∂t} θ^A ≡ θ̇^A. (3.2)

3.1 Hamiltonian and constraints In the action (1.1) there is no Lie derivative with respect to ∂_t of the lapse N and the shift ⃗N but there is one of θ^A. Therefore the two former variables are treated as Lagrange multipliers, while the latter one becomes one of the canonical variables. A point in the phase space of the theory consists of

1. a quadruplet of one-forms (θ^A) on Σ such that at each point x ∈ Σ the rank of the matrix (θ^A_i (x)) is maximal;

2. the momentum (p_A) conjugate to θ^A: since Σ is three dimensional and θ^A is a one-form (p_A) is a quadruplet of two-forms.

Equivalently, a point in the phase space of the theory consists of

1. a map θ : T Σ → M such that for every x ∈ Σ the restriction of θ to T_xΣ is a linear injection;

2. the momentum p as a two-form on Σ valued in M^∗ being the dual space to M . The Legendre transformation is given by^1

p_A = ∂L_⊥ ∂θ̇^A , (3.3)

where L is the integrand in (1.1). The momentum turns out to be quite complicated function of the variables N, ⃗N, θ^A and θ̇^A:

p_A = N^{−1} ( θ_B ∧ ∗[θ̇^B ∧ θ_A − ξ^B dN ∧ θ_A − N(dξ^B ∧ θ_A − dθ^B ∧ ξ_A) − L_{⃗N} θ^B ∧ θ_A]− − 1 2 θ_A ∧ ∗[θ̇^B ∧ θ_B − N(dξ^B ∧ θ_B − dθ^B ∧ ξ_B) − L_{⃗N} θ^B ∧ θ_B ] ) , (3.4)

where L_{⃗N} denotes the Lie derivative on Σ_t with respect to ⃗N.

The Legendre transformation is not invertible and one encounters the following primary constraints

θ^A ∧ ∗dθ_A + ξ^Ap_A = 0, (3.5) θ^A ∧ ∗p_A − ξ^Adθ_A = 0 (3.6)

1For a definition of the partial derivative ∂L_⊥/∂θ̇^A see [17].

called here boost and rotation constraints respectively (for a justification of the names see Subsection 3.3.1). Their smeared versions read

B(a) := ∫ Σ a ∧ (θ^A ∧ ∗dθ_A + ξ^Ap_A), (3.7)

R(b) := ∫ Σ b ∧ (θ^A ∧ ∗p_A − ξ^Adθ_A), , (3.8) where a and b are one-forms on Σ.

The Hamiltonian H_0 := ∫ Σ θ̇^A ∧ p_A − L_⊥ is unambiguously defined on the subset of the phase space distinguished by vanishing of the primary constraints and is of the following form H_0[θ^A, p_B, N, ⃗N ] = ∫ Σ N (1 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) − 1 4 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B)− − ξ^A ∧ dp_A + 1 2 (dθ_A ∧ θ^B) ∧ ∗(dθ_B ∧ θ^A) − 1 4 (dθ_A ∧ θ^A) ∧ ∗(dθ_B ∧ θ^B) ) − − dθ^A ∧ ( ⃗N⌟p_A) − ( ⃗N⌟θ^A) ∧ dp_A. (3.9) It can be extended to the whole phase space by adding the primary constraints: H[θ^A, p_B , N, ⃗N, a, b] = H_0[θ^A, p_B , N, ⃗N ] + B(a) + R(b), (3.10) where the one-forms a and b play the role of Lagrange multipliers.

The Lagrange multipliers N and ⃗N appearing in the Hamiltonian (3.10) generate the following secondary constraints 1 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) − 1 4 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B) − ξ^A ∧ dp_A+ + 1 2 (dθ_A ∧ θ^B) ∧ ∗(dθ_B ∧ θ^A) − 1 4 (dθ_A ∧ θ^A) ∧ ∗(dθ_B ∧ θ^B) = 0, − dθ^A ∧ (∂_i⌟p_A) − (∂_i⌟θ^A) ∧ dp_A = 0. (3.11)

called scalar and vector constraints respectively. Smeared versions of the constrains read

S(M) := ∫ Σ M ( 1 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) − 1 4 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B) − ξ^A ∧ dp_A+ + 1 2 (dθ_A ∧ θ^B) ∧ ∗(dθ_B ∧ θ^A) − 1 4 (dθ_A ∧ θ^A) ∧ ∗(dθ_B ∧ θ^B) ) , (3.12)

V ( ⃗M ) := ∫ Σ −dθ^A ∧ ( ⃗M ⌟p_A) − ( ⃗M⌟θ^A) ∧ dp_A, (3.13) where M is a function on Σ and ⃗M a vector field on the manifold.

The Hamiltonian H_0 is a sum of the smeared scalar and vector constraints,

H_0[θ^A, p_B, N, ⃗N ] = S(N) + V ( ⃗N ), (3.14)

and the extended Hamiltonian is a sum of all the constraints: H[θ^A, p_B, N, ⃗N , a, b] = S(N) + V ( ⃗N ) + B(a) + R(b). (3.15) 3.2 Constraint algebra Let us now present the algebra of constraints. The Poisson brackets of the smeared boosts and rotation constrains read: {B(a), B(a^′)} = −R(∗(a ∧ a^′)), {R(b), R(b^′)} = R(∗(b ∧ b^′)), {B(a), R(b)} = B(∗(a ∧ b)). (3.16)

The bracket of the scalar constraints is most complex: {S(M), S(M^′)} = V (⃗m) + B ( θ^B ∗ (m ∧ p_B) − 1 2 ∗ (m ∧ ξ^B ∗ dθ_B)− − ∗[m ∧ ∗(θ^B ∧ ∗p_B )] − 1 2 ∗ (∗m ∧ θ^B) ∗ p_B + 1 2 ∗ [∗(m ∧ θ^B) ∧ ∗p_B] ) + + R ( − θ^B ∗ (m ∧ dθ_B ) − 1 2 ∗ (m ∧ ξ^B ∗ p_B)+ + ∗[m ∧ ∗(θ^B ∧ ∗dθ_B )] + 1 2 ∗ (∗m ∧ θ^B) ∗ dθ_B − 1 2 ∗ [∗(m ∧ θ^B) ∧ ∗dθ_B ] )

where m := MdM^′ − M^′dM. (3.17) The brackets of the boost and rotation constraints and the scalar one: {B(a), S(M)} = − B ( M[θ^B ∗ (p_B ∧ a) − 1 2 a ∗ (p_B ∧ θ^B) + dξ_B ∗ (a ∧ ∗θ^B)] ) + + R ( ∗ (dM ∧ a) ) , (3.18) {R(b), S(M)} = − R ( M[θ^B ∗ (p_B ∧ b) − 1 2 b ∗ (p_B ∧ θ^B) + dξ_A ∗ (b ∧ ∗θ^A)] ) − − B ( ∗ (dM ∧ b) ) . (3.19)

The brackets of the vector constrains: {V ( ⃗M), V ( ⃗M^′)} =V (L_{⃗M} ⃗M^′) ≡ V ([ ⃗M , ⃗M^′]), {V ( ⃗M ), S(M)} =S(L_{⃗M} M), {V ( ⃗M), B(a)} =B(L_{⃗M} a), {V ( ⃗M), R(b)} =R(L_{⃗M} b), (3.20)

where L_{⃗M} denotes the Lie derivative on Σ with respect to the vector field ⃗M.

Thus the Poisson bracket of any pair of the constraints S(M), V ( ⃗M ), B(a) and R(b) is a combination of the constraints. Since the Hamiltonian (3.15) is a sum of the constraints each of the constraints listed above is preserved by the time evolution hence the list of the constraints is complete. All these mean that the constraints are of the first class. Note, however, that the constraint algebra is not a Lie algebra—most of the Poisson brackets are combinations of the constraints smeared with fields being functions of the canonical variables.

3.3 Discussion

The main conclusion is that the Legendre transformation applied to the action (1.1) as a functional of cotetrad fields leads to a well defined ADM-like Hamiltonian formulation of TEGR. It is a constrained Hamiltonian system with first class constraints only. As a consequence of parameterizing the “timelike” part θ^A_⊥ of the cotetrad by means of the lapse N and the shift ⃗N (see Equation (2.6)) there appear in this formulation the scalar and the vector constraints.

3.3.1 Gauge transformations

Transformations of the canonical variables generated by a first class constraint are usually interpreted as gauge transformations. In the case of this Hamiltonian system it is easy to find a clear interpretation of transformations generated by the vector constraint V ( ⃗M ), the boost constraint B(a) and the rotation constraint R(b). As usual, gauge transformations given by the vector constraint V ( ⃗M ) coincides with pull-back of the canonical variables generated by diffeomorphisms moving points along integral curves of the vector field ⃗M (see (5.121)).

Regarding the constraints B(a) and R(b) we note first that the Poisson brackets (3.16) are related closely to the Lie brackets of the Lie algebra of the Lorentz group. Indeed, there exists a basis (β^i, ρ^j ) (i, j = 1, 2, 3) of the Lie algebra consisting of generators of boosts (β^i) and of generators of rotations (ρ^j ) such that [β^i, β^j ] = −ϵ̃^{ijk}ρ^lδ_{kl}, [ρ^i, ρ^j] = ϵ̃^{ijk}ρ^lδ_{kl}, [β^i, ρ^j ] = ϵ̃^{ijk}β^lδ_{kl}, where ϵ̃^{ijk} is an antisymmetric symbol such that ϵ̃^{123} = 1. Defining β(A) := β^iA_i, ρ(B) := ρ^iB_i, [~∗(A ∧ B)]_l := ϵ̃^{ijk}A_iB_jδ_{kl} we can rewrite the Lie brackets above in the following form [β(A), β(A^′)] = −ρ(~∗(A ∧ A^′)), [ρ(B), ρ(B^′)] = ρ(~∗(B ∧ B^′)), [β(A), ρ(B)] = β(~∗(A ∧ B)) (3.21)

Taking into account that for any one-forms a, b on Σ the l-the component [∗(a ∧ b)]_l = ϵ^{ijk}a_ib_j q_{kl} the close relations between (3.16) and (3.21) becomes evident and we are allowed to conclude that the constraints B(a) and R(b) generate local Lorentz transformations of the canonical variables—B(a) generates local boosts and R(b) local rotations.

This conclusion can be also justified directly by proving that the transformations generated by B(a) and R(b) preserve the spacetime metric g given by (2.2). By virtue of (2.12) it is enough to show that the transformations preserve the metric q given by (2.9). Any such a transformation maps θ^A to θ^A(λ) being a value of a solution λ → θ^A(λ) of one of the following differential equations dθ^A_i dλ = {θ^A_i , B(a(λ))} = (δB(a(λ)) δp_A ) i = a_i(λ)ξ^A, dθ^A_i dλ = {θ^A_i , R(b(λ))} = ( δR(b(λ)) δp_A ) i = ϵ^{jk}_ib_j (λ)θ^A_k (3.22)

(see (5.19) and (5.21)) with the initial condition θ^A_i (λ = 0) = θ^A_i . Using (3.22) and (2.10) one can easily show that for the resulting transformations q → q(λ) dq_{ij} dλ = 0.

Note finally that it follows directly from the r.h.s. of the last equation in (3.22) that the constraint R(b) generates rotations of θ^A.

3.3.2 Hamiltonian formulation of TEGR versus a simple model described in [17] The action (1.1) can be alternatively expressed as [14]

S[θ^A] = − 1 2 ∫ dθ^A ∧ ⋆dθ_A − (⋆d ⋆ θ^A) ∧ d ⋆ θ_A − 1 2 (dθ^A ∧ θ_A) ∧ ⋆(dθ^B ∧ θ_B). (3.23)

Omitting the last two terms at the r.h.s. of this expression we obtain the action

s[θ^A] = − 1 2 ∫ dθ^A ∧ ⋆dθ_A (3.24)

defining the dynamics of a theory considered in [17]. The phase space of that theory coincides with the phase space of TEGR described in this paper. The Legendre transformation defined by (3.24) turns out to be invertible (there are no primary constraints) and one obtains the following Hamiltonian: h[θ^A, p_A, N, ⃗N ] = s(N) + v( ⃗N), (3.25) where s(N) = ∫ Σ N (1 2 p^A ∧ ∗p_A − ξ^Adp_A + 1 2 dθ^A ∧ ∗dθ_A )

is a smeared scalar constraint and v( ⃗N ) ≡ V ( ⃗M) is a smeared vector constraint. These secondary constraints are the only constraints and they are of the first class: {s(M), s(M^′)} = v(⃗m), {v( ⃗M ), s(M)} = s(L_{⃗M} M), {v( ⃗M ), v( ⃗M^′)} = v([ ⃗M , ⃗M^′]), where m is given by (3.17). This means, in particular, that in this model there are no gauge transformations which could be interpreted as local Lorentz transformations.

Taking this simple theory as a reference point we see that the last two terms at the r.h.s. of (3.23) are responsible for the following features of this formulation of TEGR:

1. the non-invertibility of the Legendre transformation (3.3) hence 2. the presence of the primary constraints B(a) and R(b) hence 3. the existence of gauge transformations interpreted as local Lorentz transformations (this fact can be also seen at the level of the Lagrangian formulation of TEGR [14]);

4. the more complicated form of the scalar constraint S(N) hence 5. the more complicated form of the Poisson bracket of the scalar constraints.

3.3.3 Structure of the scalar constraints Let us comment on the structure of the scalar constraints S(M) of TEGR and s(M) of the simple theory^2. Let α = α^A ⊗ v_A and β = β^B ⊗ v_B be two-forms on M valued in M .

2Description of the properties of s(M) presented below comes form [17].

Given coreper (θ^A) on the manifold, which via the metric g defines the Hodge operator ⋆, one can introduce bilinear maps (α, β) → K(α, β) := 1 2 (α^A ∧ θ_B ) ∧ ⋆(β^B ∧ θ_A) − 1 4 (α^A ∧ θ_A) ∧ ⋆(β^B ∧ θ_B ), (α, β) → k(α, β) := 1 2 α^A ∧ ⋆β_A. Similarly, let α = α^A ⊗ v_A and β = β^B ⊗ v_B be two-forms on Σ valued in M . Given restricted coreper (θ^A ≡ θ^A) on the manifold, which via the metric q defines the Hodge operator ∗, one can introduce bilinear maps (α, β) → K(α, β) := 1 2 (α^A ∧ θ_B) ∧ ∗(β^B ∧ θ_A) − 1 4 (α^A ∧ θ_A) ∧ ∗(β^B ∧ θ_B ), (α, β) → k(α, β) := 1 2 α^A ∧ ∗β_A. Note now that the actions (1.1) of TEGR and (3.24) of the simple theory can be written respectively as

S[θ^A] = − ∫ K(dθ, dθ), s[θ^A] = − ∫ k(dθ, dθ), where dθ = dθ^A ⊗ v_A. On the other hand the scalar constraints S(M) of TEGR and s(M) of the simple theory can be expressed as S(M) = ∫ K(p, p) − ξ^Adp_A + K(dθ, dθ), s(M) = ∫ k(p, p) − ξ^Adp_A + k(dθ, dθ) where dθ = dθ^B ⊗ v_B .

We see thus that the form of each scalar constraint is closely related to the form of the corresponding action. Moreover, the relations in both cases of TEGR and the simple theory follow the same pattern.

3.3.4 Comparison with the Hamiltonian framework presented in [12]

A complete analysis of a Hamiltonian framework of TEGR considered as a theory of a cotetrad field was presented in [12]^3. The main difference between the approach of [12] and that presented in this paper consists in the different way of parameterizing the non-dynamical part of the configurational degrees of freedom: in [12] it is parameterized naturally by θ^A_⊥, here we use the lapse N and the shift ⃗N (see Equation (2.6)). Moreover,

3More precisely, the authors of [12] consider TEGR with the unimodular condition imposed but it is easy to read off from their results the Hamiltonian formulation of the standard TEGR.

in [12] an other action than (1.1) is used as a start point of the analysis. Consequently, the resulting Hamiltonian, the set of constraints and the constraint algebra differ significantly from those derived in this paper. In particular, the constraint algebra presented in [12] is much simpler and is in fact a Lie algebra.

4 Derivation of the Hamiltonian

Let us recall that to describe the canonical framework of TEGR we use a Hamiltonian formalism adapted to differential forms [16, 5] (see also [17]).

4.1 3 + 1 decomposition of the action

It was shown in [17] that if α, β are k-forms on M and ⋆ is the Hodge operator given by the spacetime metric g (defined by Equation (2.2)) then α ∧ ⋆β = −N^{−1}dt ∧ (α_⊥ − ⃗N⌟α) ∧ ∗(β_⊥ − ⃗N⌟β) + N dt ∧ α ∧ ∗ β, (4.1) where ∗ is the Hodge operator given by the Euclidean metric q (defined by Equation (2.9)) on Σ_t, and N and ⃗N are, respectively, the lapse and the shift appearing in (2.6)^4.

To obtain a 3 + 1 decomposition of the action (1.1) we apply the decomposition (4.1) separately to the first and the second terms under the integral at the r.h.s. of (1.1). By virtue of (2.4)

(dθ^A ∧ θ_B)_⊥ = (dθ^A)_⊥ ∧ θ_B + dθ^A ∧ (θ_B )_⊥ = L_{∂t} θ^A ∧ θ_B − d(θ^A_⊥) ∧ θ_B + dθ^A ∧ (θ_B )_⊥. and dθ^A ∧ θ_B = dθ^A ∧ θ_B . In order to make further calculations more transparent we introduce the following abbreviations: F^A_B ≡ dθ^A ∧ θ_B , E^A_B ≡ −d(θ^A_⊥) ∧ θ_B + dθ^A ∧ θ_{B⊥} − ⃗N⌟F^A_B. (4.2) Since now we will moreover apply the simplified notation (3.1) and (3.2). Now we can write (dθ^A ∧ θ_B)_⊥ − ⃗N⌟dθ^A ∧ θ_B = θ̇^A ∧ θ_B + E^A_B. 4In fact, to prove (4.1) it is not necessary to assume that the spacetime metric g is defined by a cotetrad—it is sufficient to assume (2.12).

At this point we can easily decompose the action (1.1) obtaining thereby S[θ^A, N, ⃗N] = ∫ 1 2N dt ∧ (θ̇^A ∧ θ_B + E^A_B ) ∧ ∗(θ̇^B ∧ θ_A + E^B_A) − N 2 dt ∧ F^A_B ∧ ∗F^B_A− − 1 4N dt ∧ (θ̇^A ∧ θ_A + E^A_A) ∧ ∗(θ̇^B ∧ θ_B + E^B_B ) + N 4 dt ∧ F^A_A ∧ ∗F^B_B. (4.3)

4.2 Legendre transformation Note that in the decomposed action (4.3) there is no Lie derivative of N and ⃗N with respect to ∂_t. Therefore since now we will treat the lapse and the shift as Lagrange multipliers. Consequently, the only dynamical variables are the one-forms θ^A. Thus a point in the phase space of the theory is a collection (θ^A, p_B ) (A, B = 0, 1, 2, 3), where (θ^A) are one-forms on Σ such that in each point x ∈ Σ the components (θ^A_i (x)) form a matrix of the maximal rank, and the momentum p_A conjugate to θ^A is a two-form on Σ.

Let us recall that we denoted by L the four-form on M being the integrand in (1.1). The Legendre transformation reads

p_A = ∂L_⊥ ∂θ̇^A = N^{−1} ( θ_B ∧ ∗(θ̇^B ∧ θ_A + E^B_A) − 1 2 θ_A ∧ ∗(θ̇^B ∧ θ_B + E^B_B) ) . (4.4)

and allow us to introduce a Hamiltonian H_0[θ^A, θ̇^A, N, ⃗N ] := ∫ Σ θ̇^A ∧ p_A − L_⊥ = ∫ Σ 1 2N (θ̇^A ∧ θ_B − E^A_B ) ∧ ∗(θ̇^B ∧ θ_A + E^B_A)− − 1 4N (θ̇^A ∧ θ_A − E^A_A) ∧ ∗(θ̇^B ∧ θ_B + E^B_B ) + N 2 F^A_B ∧ ∗F^B_A − N 4 F^A_A ∧ ∗F^B_B . expressed as a functional depending on θ^A, Lie derivatives θ̇^A, the lapse and the shift. Our goal now is to express the Hamiltonian as a functional of θ^A, the momentum p_A, the lapse and the shift.

Let us first gather the terms containing θ̇^A:

H_0 = ∫ Σ 1 2N ( (θ̇^A ∧ θ_B ) ∧ ∗(θ̇^B ∧ θ_A) − 1 2 (θ̇^A ∧ θ_A) ∧ ∗(θ̇^B ∧ θ_B) ) − − 1 2N E^A_B ∧ ∗E^B_A + 1 4N E^A_A ∧ ∗E^B_B + N 2 F^A_B ∧ ∗F^B_A − N 4 F^A_A ∧ ∗F^B_B. (4.5)

For any one-forms α^A, β^B on Σ the following map

(α^A, β^B ) → G(α^A, β^B ) := ( (α^A ∧ θ_B) ∧ ∗(β^B ∧ θ_A) − 1 2 (α^A ∧ θ_A) ∧ ∗(β^B ∧ θ_B) ) = = (q^{ik}q^{jl} − q^{ij}q^{kl})θ_{A(i}α^A_{j)}θ_{B(k}β^B_{l)} ϵ (4.6) is bilinear and symmetric. Thus ( (θ̇^A ∧ θ_B) ∧ ∗(θ̇^B ∧ θ_A) − 1 2 (θ̇^A ∧ θ_A) ∧ ∗(θ̇^B ∧ θ_B ) ) = G(θ̇^A, θ̇^B ) = = (q^{ik}q^{jl} − q^{ij} q^{kl})θ_{A(i}θ̇^A_{j)}θ_{B(k}θ̇^B_{l)} ϵ. (4.7) and H_0 = ∫ Σ 1 2N ( G(θ̇^A, θ̇^B) − E^A_B ∧ ∗E^B_A + 1 2 E^A_A ∧ ∗E^B_B ) + + N 2 F^A_B ∧ ∗F^B_A − N 4 F^A_A ∧ ∗F^B_B. (4.8)

To replace the “velocity” θ̇^A by the momentum p_A in the Hamiltonian H_0 let us try to invert the Legendre transformation (4.4). We start by acting on both sides of (4.4) by the Hodge operator ∗. For any one-form α and any k-form β [17] ∗(∗β ∧ α) = ⃗α⌟β, (4.9) hence N∗p_A + ⃗θ_B⌟E^B_A − 1 2 ⃗θ_A⌟E^B_B = −⃗θ_B⌟(θ̇^B ∧ θ_A) + 1 2 ⃗θ_A⌟(θ̇^B ∧ θ_B ) Denoting π_A ≡ N∗p_A + ⃗θ_B⌟E^B_A − 1 2 ⃗θ_A⌟E^B_B (4.10)

we obtain π_{Aj} = θ_{B(i}θ̇^B_{j)}θ^i_A − θ^i_Bθ̇^B_i θ_{Aj} = θ_{B(i}θ̇^B_{j)}θ^i_A − θ_{B(i}θ̇^B_{k)}q^{ik}θ_{Aj}. (4.11) Note that by virtue of (2.9) θ^A_i θ^j_A = θ^A_i θ_{Ak}q^{kj} = g_{ik}q^{kj} = δ^j_i. (4.12) Using this identity we obtain from (4.11) the following equation π_{Aj}θ^A_k = θ_{B(j}θ̇^B_{k)} − θ^i_Bθ̇^B_i q_{jk}. Contracting both sides of the last formula with q^{jk} we get π_{Aj}θ^{Aj} = −2θ^i_Bθ̇^B_i . Thus π_{Aj}θ^A_k − 1 2 π_{Ai}θ^{Ai}q_{jk} = θ_{A(j}θ̇^A_{k)}. (4.13) It is evident now that the Legendre transformation is not invertible. The source of the non-invertibility is twofold:

1. treating θ̇^A_i of a fixed i as a four-component vector we see that in the expression (4.13) there appear only contractions of θ̇^A_i with the three linearly independent vectors {θ^A_j } (j = 1, 2, 3) while the contraction ξ_Aθ̇^A_i is missing (recall that at each point of Σ the values of functions (ξ^A, θ^A_i ) form a basis of M ).

2. only the symmetric part of the tensor θ_{Ai}θ̇^A_j appears in the expression.

This means that information encoded in θ̇^A is reduced by the transformation. To analyze the reduction let us fix a point x ∈ Σ and values of θ^A, dθ^A, N and ⃗N at this point and treat (4.4) as a map transforming θ̇^A(x) to p_A(x). This map can be seen as a composition I ∘ P of a injection I and a projection P . Indeed, P is a map which maps 12 independent quantities θ̇^A_i (x) to θ_{A(j} (x)θ̇^A_{k)}(x) loosing information encoded in 6 quantities ξ_A(x)θ̇^A_i (x) and θ_{A[j}(x)θ̇^A_{k]}(x). It follows from Equations (4.11) and (4.10) that the value θ_{A(j}(x)θ̇^A_{k)}(x) unambiguously gives the value p^A_{ij}(x) and this mapping is what we called I above. On the other hand we see from Equation (4.13) that once we have p^A_{ij}(x) we have also θ_{A(j} (x)θ̇^A_{k)}(x) which means that I is a injection. Hence the image of the map I ∘ P : θ̇^A(x) → p_A(x) is 6-dimensional. Therefore there should be 6 independent constraints imposed on 12 quantities p_{Aij}(x):

1. contracting ξ^A with π_{Aj} given by (4.11) we see that by virtue of (2.10) 0 = π_{Al}ξ^A These three constraints can be equivalently expressed as

π_Aξ^A = − 1 3! π_Aϵ^A_{BCD}∗(θ^B ∧ θ^C ∧ θ^D) = 0. (4.14)

2. extracting the antisymmetric part of both sides of (4.13) we obtain the three remaining constraints π_{A[j}θ^A_{k]} = 0

or equivalently π_A ∧ θ^A = 0. (4.15)

Note that the conditions (4.14) and (4.15) contain the one-form π_A which depends on the laps N and the shift ⃗N. Therefore it is not obvious that the conditions define constraints on the phase space. We will show in the next subsection that the laps and the shift can be removed from the conditions which leave expressions depending on θ^A, dθ^A and p_A only. In other words we will show there that (4.14) and (4.15) are in fact primary constraints. Moreover, we will prove there that they are 6 independent restrictions on the values of p_A at every point of Σ.

The non-invertibility of the Legendre transformation is not an obstacle for expressing the Hamiltonian H_0 as a functional of the momentum p_A—note that the Hamiltonian depends on the “velocity” θ̇^A_i via the combination θ_{A(i}θ̇^A_{j)} (see the formula (4.7)) and according to Equation (4.13) this combination is a function of the momentum. The latter equation can be rewritten as

θ_{A(j}θ̇^A_{k)} = θ_{A(j} [π^A_{k)} − 1 2 (⃗θ^C ⌟π_C )θ^A_{k)}]. and consequently the term (4.7) can be expressed in the following form

G(θ̇^A, θ̇^B) = (q^{ik}q^{jl} − q^{ij} q^{kl})θ_{A(i}θ̇^A_{j)}θ_{B(k}θ̇^B_{l)} ϵ = = (q^{ik}q^{jl} − q^{ij} q^{kl}) ( θ_{A(i}[π^A_{j)} − 1 2 (⃗θ^C ⌟π_C )θ^A_{j)}] ) ( θ_{B(j} [π^B_{k)} − 1 2 (⃗θ^D⌟π_D)θ^B_{k)}] ) ϵ = = G(π^A − 1 2 (⃗θ^C ⌟π_C )θ^A, π^B − 1 2 (⃗θ^D⌟π_D)θ^B) which allows us to rewrite (4.8) as H_0[θ^A, p_A, N, ⃗N] = ∫ Σ 1 2N [ G ( π^A − 1 2 (⃗θ^C ⌟π_C )θ^A, π^B − 1 2 (⃗θ^D⌟π_D)θ^B ) − − E^A_B ∧ ∗E^B_A + 1 2 E^A_A ∧ ∗E^B_B ] + N 2 F^A_B ∧ ∗F^B_A − N 4 F^A_A ∧ ∗F^B_B , (4.16)

where π_A is a function of θ^A, p_B , N, ⃗N given by (4.10).

Let us emphasize that this Hamiltonian is defined not on the whole phase space but only on the image of the Legendre transformation (θ^A, θ̇^A) → (θ^A, p_A) given by (4.4), that is, on a subset of the phase space distinguished by vanishing of the primary constraints (4.14) and (4.15).

The Hamiltonian (4.16) can be expressed as an explicite function of the configuration variable θ^A, the momentum p_A and the Lagrangian multipliers N and ⃗N. Before we will do this let us first rewrite the primary constraints (4.14) and (4.15) in a form free of N and ⃗N.

4.3 Primary constraints The goal of this section is to remove the lapse N and the shift ⃗N from the conditions (4.14) and (4.15). Let us start by stating and proving an auxiliary identity.

Let α be a k-form on Σ. Then

θ^A ∧ (⃗θ_A⌟α) = kα (4.17)

Proof. Using (4.12) we calculate θ^A ∧ (⃗θ_A⌟α) = θ^A_i dx^i ∧ (θ^j_A∂_j⌟ 1 k! α_{a1...ak} dx^{a1} ∧ . . . ∧ dx^{ak} ) = = θ^A_i θ^j_A k k! α_{ja2...ak} dx^i ∧ dx^{a2} ∧ . . . ∧ dx^{ak} = k 1 k! α_{ia2 ...ak} dx^i ∧ dx^{a2} ∧ . . . ∧ dx^{ak} = kα.

It will be convenient to denote

ρ_A ≡ N∗p_A + ⃗θ_B ⌟E^B_A. (4.18)

Then π_A = ρ_A − 1 2 ⃗θ_A⌟E^B_B . (4.19)

Now let us express all the forms above as explicite functions of θ^A, p_B, N, ⃗N . To this end we set into (4.2) the function θ^A_⊥ written as in (2.6). Then with application of (2.10) and (2.11) we obtain in turn E^A_B = −ξ^AdN ∧ θ_B − N(dξ^A ∧ θ_B − dθ^A ∧ ξ_B) − L_{⃗N} θ^A ∧ θ_B, ⃗θ_A⌟E^A_B = N ( − (⃗θ_A⌟dξ^A)θ_B + dξ_B + ⃗θ_A⌟dθ^Aξ_B ) − (⃗θ_A⌟L_{⃗N} θ^A)θ_B + L_{⃗N} θ^A⃗θ_A⌟θ_B , E^A_A = −N(dξ^A ∧ θ_A − dθ^A ∧ ξ_A) − L_{⃗N} θ^A ∧ θ_A, ρ_A = N ( ∗p_A − (⃗θ_C ⌟dξ^C )θ_A + dξ_A + ⃗θ_C ⌟dθ^C ξ_A ) − (⃗θ_C ⌟L_{⃗N} θ^C )θ_A + L_{⃗N} θ^C ⃗θ_C ⌟θ_A, (4.20) where L_{⃗N} denotes the Lie derivative on Σ with respect to the shift ⃗N (recall that L_{⃗N} = d ∘ ⃗N⌟ + ⃗N⌟ ∘ d). The condition (4.14) can be simplified as follows

0 = π_Aξ^A = ρ_Aξ^A = N(ξ^A ∗ p_A − ⃗θ_A⌟dθ^A) = N ∗ (ξ^Ap_A + θ^A ∧ ∗dθ_A),

where we have used (4.9), (2.10) and (2.11). Consequently, taking into account (2.8) we get θ^A ∧ ∗dθ_A + ξ^Ap_A = 0, (4.21) which coincides with (3.5). On the other hand using (4.17), (2.10) and (2.11) we can transform (4.15) as follows

0 = θ^A ∧ π_A = θ^A ∧ ρ_A − E^A_A = N(θ^A ∧ ∗p_A + θ^A ∧ dξ_A) + θ_A ∧ L_{⃗N} θ^A − E^A_A = = N(θ^A ∧ ∗p_A − ξ_Adθ^A), hence by virtue of (2.8) θ^A ∧ ∗p_A − ξ_Adθ^A = 0 (4.22)

which coincides with (3.6).

Let us fix a point x ∈ Σ and values of θ^A and dθ^A at x. Then 12 quantities p_{Aij}(x) can be fully encoded in 12 independent quantities

ξ^A(x)(∗p_A)_i(x), θ^A_{[j} (x)(∗p_A)_{i]}(x), θ^A_{(j} (x)(∗p_A)_{i)}(x).

Note now that the conditions (4.21) and (4.22) fix values of the former two quantities (to see this act by ∗ on both sides of (4.21)). This means that these conditions are independent. Since there are 6 of them and since they do not contain the lapse and the shift they are 6 independent primary constraints on the phase space.

Recall that in the previous subsection we concluded that, given values of θ^A, dθ^A, the lapse and the shift at x, there are 6 independent constraints imposed on p_{Aij}(x) being values of the Legendre transformation (4.4). This means that there are no other primary constraints than (4.21) and (4.22).

Let us finally note that setting to (4.4) the two-forms E^A_B and E^B_B expressed as in (4.20) we obtain the formula (3.4).

4.4 An explicite form of the Hamiltonian

Now we begin a long series of transformations of the Hamiltonian (4.16) aimed at expressing it as an explicite functional of the canonical variables θ^A and p_A, the lapse N and the shift ⃗N. Let us start by introducing and proving some auxiliary formulae which will be repeatedly used in the sequel.

4.4.1 Auxiliary formulae

We will often apply an identity linking the contraction ⃗θ^B⌟θ^A with η^{AB} :

⃗θ^B⌟θ^A = η^{AB} + ξ^Aξ^B . (4.23)

Proof. Using the components of the metric g^{−1} inverse to g to raise the space-time indeces (here: lower case Greek letters) we obtain from (2.2) θ_{Aα}θ^{Aβ} = δ^β_α, which means that θ_{Aα}θ^{Bα} = δ^B_A. Raising the index A we obtain θ^A_α θ^B_β g^{αβ} = η^{AB} .

Setting to this equation the components of g^{−1} expressed as [15] g^{00} = −N^{−2}, g^{0i} = N^{−2}N^i, g^{ij} = q^{ij} − N^{−2}N^iN^j we obtain η^{AB} = − 1 N^2 (θ^A_⊥ − ⃗N⌟θ^A)(θ^B_⊥ − ⃗N⌟θ^B ) + ⃗θ^B⌟θ^A = −ξ^Aξ^B + ⃗θ^B⌟θ^A, where in the last step we applied (2.6).

For any one-forms α and β the following formulae hold: α ∧ ∗β = (⃗α⌟β)ϵ, (4.24) (α ∧ θ^B) ∧ ∗(β ∧ θ^A) = −(⃗θ^A⌟α)(⃗θ^B ⌟β)ϵ + (η^{AB} + ξ^Aξ^B)α ∧ ∗β. (4.25) Proof of (4.24). This formula follows immediately from a definition of the Hodge operator ∗ (see e.g. [17]). Proof of (4.25). (α ∧ θ^B) ∧ ∗(β ∧ θ^A) = α ∧ ∗∗ ( θ^B ∧ ∗(β ∧ θ^A) ) = −α ∧ ∗[⃗θ^B⌟(β ∧ θ^A)] = = −α ∧ ∗[(⃗θ^B⌟β)θ^A] + α ∧ ∗(β ⃗θ^B⌟θ^A) = −(⃗θ^A⌟α)(⃗θ^B ⌟β)ϵ + (η^{AB} + ξ^Aξ^B )α ∧ ∗β, where in the second step we used (4.9), and in the last one (4.24) and (4.23).

It follows from (4.24) and (4.12) that θ^A ∧ ∗θ_A = (⃗θ^A⌟θ_A)ϵ = 3ϵ. (4.26) Setting in (4.25) α = α_A and β = β_B and assuming summations over A and B we get (α_A ∧ θ^B) ∧ ∗(β_B ∧ θ^A) = −(⃗θ^A⌟α_A)(⃗θ^B ⌟β_B )ϵ + α_A ∧ ∗β^A + (ξ^Aα_A) ∧ ∗(ξ^B β_B ). (4.27) Similarly, setting in (4.25) α = β_B and β = α_A and assuming summations over A and B we obtain (β_B ∧ θ^B) ∧ ∗(α_A ∧ θ^A) = −(⃗θ^A⌟β_B )(⃗θ^B⌟α_A)ϵ + β_A ∧ ∗α^A + (ξ^B β_B ) ∧ ∗(ξ^Aα_A). (4.28) Setting α_A = θ_A in (4.27) gives (θ_A ∧ θ^B) ∧ ∗(β_B ∧ θ^A) = −2(⃗θ_B ⌟β^B )ϵ = −2β_A ∧ ∗θ^A (4.29) (the last equality is due to (4.24)). Assume that in the formula just obtained β_B = θ_B. Applying 4.26 we obtain (θ_A ∧ θ^B) ∧ ∗(θ_B ∧ θ^A) = −6ϵ. (4.30)

4.4.2 Calculations

Since now till the end of the paper we will so often apply the formulae (2.10) and (2.11) that it would be troublesome to refer to them each time. Therefore we ask the reader to keep the formulae in mind since they will be used without any reference.

We begin the calculations with the first term of the Hamiltonian (4.16): G ( π^A − 1 2 (⃗θ^C ⌟π_C )θ^A, π^B − 1 2 (⃗θ^D⌟π_D)θ^B ) = = ( [π^A − 1 2 (⃗θ^C ⌟π_C )θ^A] ∧ θ_B ) ∧ ∗ ( [π^B − 1 2 (⃗θ^D⌟π_D)θ^B] ∧ θ_A ) − − 1 2 ( [π^A − 1 2 (⃗θ^C ⌟π_C )θ^A] ∧ θ_A ) ∧ ∗ ( [π^B − 1 2 (⃗θ^D⌟π_D)θ^B ] ∧ θ_B ) = = (π^A ∧ θ_B ) ∧ ∗(π^B ∧ θ_A) − 1 2 (π^A ∧ θ_A) ∧ ∗(π^B ∧ θ_B )−

− (⃗θ^C ⌟π_C )θ^A ∧ θ_B ∧ ∗(π^B ∧ θ_A) + 1 4 (⃗θ^C ⌟π_C )^2θ^A ∧ θ_B ∧ ∗(θ^B ∧ θ_A).

By virtue of (4.29) and (4.9)

−(⃗θ^C ⌟π_C )θ^A ∧ θ_B ∧ ∗(π^B ∧ θ_A) = 2(⃗θ^C ⌟π_C )π_A ∧ ∗θ^A = 2(π_A ∧ ∗θ^A) ∧ ∗(π_B ∧ ∗θ^B)

Applying (4.30) in the first step, (4.9) and (4.24) in the second one we obtain 1 4 (⃗θ^C ⌟π_C )^2θ^A ∧ θ_B ∧ ∗(θ^B ∧ θ_A) = − 6 4 (⃗θ^C ⌟π_C )^2ϵ = − 3 2 (π_A ∧ ∗θ^A) ∧ ∗(π_B ∧ ∗θ^B). Thus G ( π^A − 1 2 (⃗θ^C ⌟π_C )θ^A, π^B − 1 2 (⃗θ^D⌟π_D)θ^B ) = (π^A ∧ θ_B) ∧ ∗(π^B ∧ θ_A)− − 1 2 (π^A ∧ θ_A) ∧ ∗(π^B ∧ θ_B) + 1 2 (π_A ∧ ∗θ^A) ∧ ∗(π_B ∧ ∗θ^B). Consider now the following map

(α^A, β^B ) → G̃(α^A, β^B ) := G(α^A, β^B ) + 1 2 (α_A ∧ ∗θ^A) ∧ ∗(β_B ∧ ∗θ^B) = (q^{ik}q^{jl} − 1 2 q^{ij}q^{kl})θ_{A(i}α^A_{j)}θ_{B(k}β^B_{l)} ϵ (4.31)

Note that G̃ is built from (i) the same non-invertible linear mapping α^A_i → θ_{A(i}α^A_{j)} as G and (ii) the metric (q^{ik}q^{jl} −^1_2 q^{ij} q^{kl}) related to the metric (q^{ik}q^{jl} − q^{ij}q^{kl}) appearing in (4.6) as follows: (q^{ik}q^{jl} − 1 2 q^{ij}q^{kl})(q_{kn}q_{lm} − q_{kl}q_{nm}) = δ^i_nδ^j_m.

Thus G ( π^A − 1 2 (⃗θ^C ⌟π_C )θ^A, π^B − 1 2 (⃗θ^D⌟π_D)θ^B ) = G̃(π^A, π^B ). Note now that π^A in G̃(π^A, π^B ) undergoes the linear transformation π^A_i → θ_{A(i}π^A_{j)}.

According to (4.10) π^A contains the term −^1_2 ⃗θ^A⌟E^B_B which vanishes under the transformation: (⃗θ^A⌟E^B_B )_i = θ^{Ak}E^B_{Bki} → θ_{A(i}θ^{Ak}E^B_{B|k|j)} = E^B_{B(ij)} = 0. Taking into account Equation (4.19) we see that G ( π^A − 1 2 (⃗θ^C ⌟π_C )θ^A, π^B − 1 2 (⃗θ^D⌟π_D)θ^B ) = G̃(ρ^A, ρ^B )

and consequently (4.16) can be written as follows: H_0[θ^A, p_B, N, ⃗N ] = ∫ Σ 1 2N ( G̃(ρ^A, ρ^B ) − E^A_B ∧ ∗E^B_A + 1 2 E^A_A ∧ ∗E^B_B ) + + N 2 F^A_B ∧ ∗F^B_A − N 4 F^A_A ∧ ∗F^B_B , (4.32)

Our goal now is to express the terms

G̃(ρ^A, ρ^B ) − E^A_B ∧ ∗E^B_A + 1 2 E^A_A ∧ ∗E^B_B = (ρ^A ∧ θ_B) ∧ ∗(ρ^B ∧ θ_A)− − 1 2 (ρ^A ∧ θ_A) ∧ ∗(ρ^B ∧ θ_B) + 1 2 (ρ_A ∧ ∗θ^A) ∧ ∗(ρ_B ∧ ∗θ^B) − E^A_B ∧ ∗E^B_A + 1 2 E^A_A ∧ ∗E^B_B (4.33)

as explicite functions of the canonical variables, the lapse and the shift. To transform the five terms appearing at the r.h.s. of (4.33) we apply Equations (4.20) and obtain in turn: the first term

(ρ_A ∧ θ^B) ∧ ∗(ρ_B ∧ θ^A) = = ( N[∗p_A − (⃗θ_C ⌟dξ^C )θ_A + dξ_A] − (⃗θ_C ⌟L_{⃗N} θ^C )θ_A + L_{⃗N} θ^C ⃗θ_C ⌟θ_A ) ∧ θ^B∧ ∧ ∗ [( N[∗p_B − (⃗θ_D⌟dξ^D)θ_B + dξ_B] − (⃗θ_D⌟L_{⃗N} θ^D)θ_B + L_{⃗N} θ^D⃗θ_D⌟θ_B ) ∧ θ^A ] = = N^2 ( ∗p_A ∧ θ^B ∧ ∗(∗p_B ∧ θ^A) + 2(⃗θ^A⌟∗p_A)(⃗θ^B ⌟dξ_B )ϵ + 2p_A ∧ dξ^A − 2(⃗θ^B ⌟dξ_B )^2ϵ+ + dξ_A ∧ θ^B ∧ ∗(dξ_B ∧ θ^A) ) + N ( 4(⃗θ_A⌟L_{⃗N} θ^A)(⃗θ^B ⌟∗p_B)ϵ + 2∗p_A ∧ θ^B ∧ ∗(L_{⃗N} θ_B ∧ θ^A)− −6(⃗θ_A⌟dξ^A)(⃗θ_B ⌟L_{⃗N} θ^B)ϵ+2dξ_A ∧∗L_{⃗N} θ^A ) −2(⃗θ_A⌟L_{⃗N} θ^A)^2ϵ+L_{⃗N} θ_A∧θ^B ∧∗(L_{⃗N} θ_B ∧θ^A), the second one − 1 2 (ρ^A ∧ θ_A) ∧ ∗(ρ^B ∧ θ_B) = − 1 2 ( N[∗p_A ∧ θ^A + dξ_A ∧ θ^A] + L_{⃗N} θ^A ∧ θ_A ) ∧ ∧ ∗ ( N[∗p_B ∧ θ^B + dξ_B ∧ θ^B] + L_{⃗N} θ^B ∧ θ_B ) = = N^2 ( − 1 2 ∗p_A ∧θ^A ∧∗(∗p_B ∧θ^B)−∗p_A ∧θ^A ∧∗(dξ_B ∧θ^B)− 1 2 (dξ_A ∧θ^A)∧∗(dξ_B ∧θ^B) ) + +N ( −∗p_A∧θ^A∧∗(L_{⃗N} θ_B∧θ^B)−(dξ_A∧θ^A)∧∗(L_{⃗N} θ_B∧θ^B) ) − 1 2 L_{⃗N} θ_A∧θ^A∧∗(L_{⃗N} θ_B∧θ^B), the third one 1 2 (ρ_A ∧ ∗θ^A) ∧ ∗(ρ_B ∧ ∗θ^B) = 1 2 ( N[∗p_A ∧ ∗θ^A − 2(⃗θ_C ⌟dξ^C )ϵ] − 2(⃗θ_C ⌟L_{⃗N} θ^C )ϵ ) ∧ ∧ ∗ ( N[∗p_B ∧ ∗θ^B − 2(⃗θ_D⌟dξ^D)ϵ] − 2(⃗θ_D⌟L_{⃗N} θ^D)ϵ ) = = N^2 (1 2 p_A ∧ θ^A ∧ ∗(p_B ∧ θ^B) − 2(⃗θ^A⌟∗p_A)(⃗θ_C ⌟dξ^C )ϵ + 2(⃗θ_C ⌟dξ^C )^2ϵ ) + + N ( − 2(⃗θ^A⌟∗p_A)(⃗θ_C ⌟L_{⃗N} θ^C )ϵ + 4(⃗θ_C ⌟dξ^C )(⃗θ_D⌟L_{⃗N} θ^D)ϵ ) + 2(⃗θ_C ⌟L_{⃗N} θ^C )^2ϵ,

the fourth one − E^A_B ∧ ∗E^B_A = − ( − ξ^AdN ∧ θ_B − N(dξ^A ∧ θ_B − dθ^A ∧ ξ_B ) − L_{⃗N} θ^A ∧ θ_B ) ∧ ∧ ∗ ( − ξ^B dN ∧ θ_A − N(dξ^B ∧ θ_A − dθ^B ∧ ξ_A) − L_{⃗N} θ^B ∧ θ_A ) = −2NdN ∧ θ_B ∧ ∗(dθ^B)− N^2 ( − dξ^A ∧ θ_B ∧ ∗(dξ^B ∧ θ_A) − (dθ^A ∧ ξ_B) ∧ ∗(dθ^B ∧ ξ_A) ) + +N ( −2dξ^A∧θ_B ∧∗(L_{⃗N} θ^B ∧θ_A)+2dθ^A∧ξ_B ∧∗(L_{⃗N} θ^B ∧θ_A) ) −L_{⃗N} θ^A∧θ_B ∧∗(L_{⃗N} θ^B ∧θ_A) (4.34)

and, finally, the fifth one 1 2 E^A_A ∧ ∗E^B_B = 1 2 ( − N(dξ^A ∧ θ_A − dθ^A ∧ ξ_A) − L_{⃗N} θ^A ∧ θ_A ) ∧ ∧ ∗ ( − N(dξ^B ∧ θ_B − dθ^B ∧ ξ_B) − L_{⃗N} θ^B ∧ θ_B ) = = N^2 (1 2 dξ^A ∧ θ_A ∧ ∗(dξ^B ∧ θ_B) − dξ^A ∧ θ_A ∧ ∗(dθ^B ∧ ξ_B) + 1 2 dθ^A ∧ ξ_A ∧ ∗(dθ^B ∧ ξ_B) ) + +N ( dξ^A ∧θ_A ∧∗(L_{⃗N} θ^B ∧θ_B)−dθ^A ∧ξ_A ∧∗(L_{⃗N} θ^B ∧θ_B) ) + 1 2 L_{⃗N} θ^A ∧θ_A ∧∗(L_{⃗N} θ^B ∧θ_B). Note now that each of the five terms consists of terms proportional to N^2, N and ones which do not depend on N. Moreover, in (4.34) there is one term proportional to

NdN. Let us now gather the corresponding terms obtaining thereby a decomposition of (4.33) into terms proportional to N^2, N, NdN and that independent of N.

Gathering the terms we will try to simplify the formulae as much as possible. To this end we will also use the primary constraints (4.21) and (4.22)—recall that at this moment we are still working with terms constituting the Hamiltonian H_0 which is defined only for (θ^A, p_B ) satisfying the constraints.

The term proportional to N^2 While gathering all the expressions proportional to N^2 we see that some terms cancel at once and we get

N^2 ( (∗p_A ∧ θ^B) ∧ ∗(∗p_B ∧ θ^A) − 1 2 (∗p_A ∧ θ^A) ∧ ∗(∗p_B ∧ θ^B) + 1 2 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B)+ + 2p_A ∧ dξ^A − (∗p_A ∧ θ^A) ∧ ∗(dξ_B ∧ θ^B) − (dθ^A ∧ ξ_B) ∧ ∗(dθ^B ∧ ξ_A)− − (dξ^A ∧ θ_A) ∧ ∗(dθ^B ∧ ξ_B) + 1 2 (dθ^A ∧ ξ_A) ∧ ∗(dθ^B ∧ ξ_B ) ) (4.35)

To simplify this expression note first that because ξ^A is a zero-form the sixth term in (4.35) −(dθ^A ∧ ξ_B) ∧ ∗(dθ^B ∧ ξ_A) = −(dθ^A ∧ ξ_A) ∧ ∗(dθ^B ∧ ξ_B ). On the other hand by virtue of the constraint (4.22) the sixth and the last terms can be gather together with the second one giving −(∗p_A ∧ θ^A) ∧ ∗(∗p_B ∧ θ^B). Moreover, due to the constraint (4.22) the fifth and the seventh terms cancel. Hence (4.35) can be written as

N^2 ( (∗p_A ∧ θ^B) ∧ ∗(∗p_B ∧ θ^A) − (∗p_A ∧ θ^A) ∧ ∗(∗p_B ∧ θ^B) + 1 2 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B)+ + 2p_A ∧ dξ^A ) . (4.36)

This expression can be further simplified—applying (4.27) to the first term of (4.36) and (4.28) to the second one we obtain (∗p_A ∧ θ^B) ∧ ∗(∗p_B ∧ θ^A) − (∗p_A ∧ θ^A) ∧ ∗(∗p_B ∧ θ^B) = −(⃗θ^A⌟ ∗ p_A)(⃗θ^B⌟ ∗ p_B)ϵ+ + (⃗θ^A⌟ ∗ p_B)(⃗θ^B ⌟ ∗ p_A)ϵ = −(θ^A ∧ p_A) ∧ ∗(θ^B ∧ p_B) + (θ^B ∧ p_A) ∧ ∗(θ^A ∧ p_B ),

where in the last step we used (4.9) and (4.24). Thus we arrived at a simple form of the term in (4.33) proportional to N^2:

N^2 ( (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) − 1 2 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B) + 2p_A ∧ dξ^A ) . (4.37)

The term proportional to N Again while gathering all the expressions proportional to N some terms cancel at once and we get N ( 2(⃗θ_A⌟L_{⃗N} θ^A)(⃗θ^B ⌟∗p_B)ϵ + 2(∗p_A ∧ θ^B) ∧ ∗(L_{⃗N} θ_B ∧ θ^A) − 2(⃗θ_A⌟dξ^A)(⃗θ_B ⌟L_{⃗N} θ^B)ϵ+ + 2dξ_A ∧ ∗L_{⃗N} θ^A − (∗p_A ∧ θ^A) ∧ ∗(L_{⃗N} θ_B ∧ θ^B) − 2(dξ^A ∧ θ_B) ∧ ∗(L_{⃗N} θ^B ∧ θ_A)+ + 2(dθ^A ∧ ξ_B ) ∧ ∗(L_{⃗N} θ^B ∧ θ_A) − (dθ^A ∧ ξ_A) ∧ ∗(L_{⃗N} θ^B ∧ θ_B ) ) (4.38) Applying (4.27) to the second term of the expression above we see that the sum of the first and second terms can be expressed as 2(∗p_A) ∧ ∗(L_{⃗N} θ^A) + 2(ξ^A ∗ p_A) ∧ ∗(ξ_B L_{⃗N} θ^B) = 2L_{⃗N} θ^A ∧ p_A + 2(ξ^A ∗ p_A) ∧ ∗(ξ_B L_{⃗N} θ^B) On the other hand the seventh term in (4.38) can be transformed as follows 2(dθ^A ∧ ξ_B ) ∧ ∗(L_{⃗N} θ^B ∧ θ_A) = 2(ξ_B L_{⃗N} θ^B) ∧ θ_A ∧ ∗dθ^A = −2(ξ_B L_{⃗N} θ^B)we(ξ^Ap_A) = = −2(ξ_B L_{⃗N} θ^B) ∧ ∗(ξ^A ∗ p_A) = −2(ξ^A ∗ p_A) ∧ (ξ_B L_{⃗N} θ^B) (here in the third step we used the constraint (4.21)). Thus the sum of the first, the second and the seventh term is simply 2L_{⃗N} θ^A ∧ p_A. Moreover, the sum of the fifth and the last terms in (4.38) vanishes by virtue of the constraint (4.22):

− (∗p_A ∧ θ^A) ∧ ∗(L_{⃗N} θ_B ∧ θ^B) − (dθ^A ∧ ξ_A) ∧ ∗(L_{⃗N} θ^B ∧ θ_B ) = − − (θ^A ∧ ∗p_A − ξ_Adθ^A) ∧ ∗(L_{⃗N} θ^B ∧ θ_B) = 0. Thus we managed to simplify (4.38) to N ( 2L_{⃗N} θ^A ∧ p_A − 2(⃗θ_A⌟dξ^A)(⃗θ_B ⌟L_{⃗N} θ^B)ϵ + 2dξ_A ∧ ∗L_{⃗N} θ^A− − 2(dξ^A ∧ θ_B) ∧ ∗(L_{⃗N} θ^B ∧ θ_A) )

Now it is enough to apply (4.27) to the last term of the expression above to realize that (4.38) reduces to 2NL_{⃗N} θ^A ∧ p_A which is the final expression of the terms in (4.33) proportional to N.

The term independent of N Gathering appropriate terms we obtain

− 2(⃗θ_A⌟L_{⃗N} θ^A)^2ϵ + L_{⃗N} θ_A ∧ θ^B ∧ ∗(L_{⃗N} θ_B ∧ θ^A) − 1 2 L_{⃗N} θ_A ∧ θ^A ∧ ∗(L_{⃗N} θ_B ∧ θ^B)+ + 2(⃗θ_C ⌟L_{⃗N} θ^C )^2ϵ − L_{⃗N} θ^A ∧ θ_B ∧ ∗(L_{⃗N} θ^B ∧ θ_A) + 1 2 L_{⃗N} θ^A ∧ θ_A ∧ ∗(L_{⃗N} θ^B ∧ θ_B) = 0 In this way we arrived at the desired formula G̃_{AB} (ρ^A, ρ^B ) − E^A_B ∧ ∗E^B_A + 1 2 E^A_A ∧ ∗E^B_B = −2NdN ∧ θ_B ∧ ∗dθ^B + + N^2 ( (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) − 1 2 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B) + 2p_A ∧ dξ^A ) + + 2NL_{⃗N} θ^A ∧ p_A. (4.39) Setting this to the Hamiltonian (4.32) we obtain H[θ^A, p_B, N, ⃗N ] = ∫ Σ −dN ∧ θ_B ∧ ∗dθ^B + N ( 1 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A)− − 1 4 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B) + p_A ∧ dξ^A + 1 2 F^A_B ∧ ∗F^B_A − 1 4 F^A_A ∧ ∗F^B_B ) + + L_{⃗N} θ^A ∧ p_A. (4.40) What remains to be done is to remove the derivatives of the laps N and the shift ⃗N appearing, respectively, in the first and in the last terms of the Hamiltonian above. Let us begin with the first term: − dN ∧ θ_B ∧ ∗dθ^B = −d(Nθ_B ∧ ∗dθ^B ) + Nd(θ_B ∧ ∗dθ^B ) = = −d(Nθ_B ∧ ∗dθ^B ) − Nd(ξ^Ap_A) = −d(Nθ_B ∧ ∗dθ^B) − Ndξ^A ∧ p_A − Nξ^A ∧ dp_A, where in the second step we applied the constraint (4.21). On the other hand it was shown in [17] that

(L_{⃗N} θ^A) ∧ p_A = −dθ^A ∧ ( ⃗N ⌟p_A) − ( ⃗N ⌟θ^A) ∧ dp_A + d(( ⃗N_⌟θ^A) ∧ p_A). (4.41) Thus we arrive finally at the Hamiltonian H_0 expressed explicitely as a function of the canonical variables, the laps and the shift H_0[θ^A, p_B, N, ⃗N ] = ∫ Σ N (1 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) − 1 4 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B)− − ξ^A ∧ dp_A + 1 2 (dθ_A ∧ θ^B) ∧ ∗(dθ_B ∧ θ^A) − 1 4 (dθ_A ∧ θ^A) ∧ ∗(dθ_B ∧ θ^B) ) − − dθ^A ∧ ( ⃗N⌟p_A) − ( ⃗N⌟θ^A) ∧ dp_A, (4.42) which is exactly the Hamiltonian (3.9). In order to extend H_0 to the whole phase space we add to it the smeared primary constraints (3.7) and (3.8) and arrive thereby at (3.10).

The Hamiltonian (3.10) depends on the Lagrange multipliers N and ⃗N. Variations of the Hamiltonian with respect to the multipliers give us the secondary constraints (3.11). Expressing the r.h.s. of this equation by means of the smeared versions (3.12) and (3.13) of, respectively, the scalar and the vector constraints we obtain (3.14) and (3.15).

5 Derivation of the constraint algebra

In this subsection we will calculate Poisson brackets of all the constraints proving thereby the results presented in Subsection 3.2.

If F and G are functionals on the phase space then their Poisson bracket [5] {F, G} = ∫ Σ ( δF δθ^A ∧ δG δp_A − δG δθ^A ∧ δF δp_A )

(for a definition of a functional derivative with respect to a differential form see [17]).

Calculating functional derivatives with respect to θ^A and p_A of the smeared constraints would be straightforward if the Hodge operator ∗ did not depend on θ^A. This dependence gives raise to a rather complicated expression—if k-forms α and β do not depend on the canonical variables then [17] δ δθ^A ∫ Σ α ∧ ∗β = ⃗θ^B⌟[η_{AB} α ∧ ∗β − (⃗θ_A⌟α) ∧ ∗(⃗θ_B⌟β) − (⃗θ_B⌟α) ∧ ∗(⃗θ_A⌟β)]. (5.1) It will be convenient to introduce a short notation for the r.h.s. of this equation: ⃗θ^B⌟[η_{AB} α ∧ ∗β − (⃗θ_A⌟α) ∧ ∗(⃗θ_B ⌟β) − (⃗θ_B⌟α) ∧ ∗(⃗θ_A⌟β)] ≡ α ∧ ∗^′_A β. (5.2) Let us emphasize that the symbol α∧∗^′_A β will also be used as an abbreviation of the l.h.s. of (5.2) in those cases when the forms α and β do depend on the canonical variables. An important property of the two-form α ∧ ∗^′_A β is that it vanishes once contracted with the function ξ^A [17]:

ξ^A(α ∧ ∗^′_A β) = 0 (5.3)

(this is true for any α and β including cases when the forms depend on the canonical variables).

5.1 Tensor calculus

Although our original wish was to carry out all necessary calculations using differential form calculus only we were forced in some cases to use tensor calculus. Below we gathered some expressions which will be applied repeatedly in the sequel.

Let ∇_a denote a covariant derivative on Σ defined by the Levi-Civita connection given by the metric q. Consequently, by virtue of (2.9) 0 = ∇_iq_{jk} = ∇_i(θ_{Aj}θ^A_k ) = (∇_iθ_{Aj})θ^A_k + θ_{Aj}(∇_iθ^A_k ) (5.4) and (∇_aθ^{Bb})θ_{Bb} = 0. (5.5) Note also that ∇_aϵ_{ijk} = 0 (5.6) because ϵ is defined by q.

For any one-forms α and β dα = ∇_aα_b dx^a ∧ dx^b, ∗dα = (∇_aα_b)ϵ^{ab}_c dx^c, dα ∧ β = (∇_aα_b)β_c dx^a ∧ dx^b ∧ dx^c, ∗(dα ∧ β) = (∇_aα_b)β_cϵ^{abc}, (5.7)

If α is a one-form, β a two-form and γ a three-form then ∗d∗ α = q^{ab}∇_aα_b = ∇^aα_a, ∗d∗ β = q^{ab}∇_aβ_{cb}dx^c = ∇^bβ_{cb}dx^c, ∗d∗ γ = q^{ab}∇_aγ_{dcb}dx^d ⊗ dx^c = ∇^bγ_{dcb}dx^d ⊗ dx^c = 1 2 ∇^bγ_{dcb}dx^d ∧ dx^c, (5.8)

We will also apply the following identities (for a proof see e.g. [17]): ϵ^{abc}ϵ_{ibc} = 2δ^a_i, ϵ^{abc}ϵ_{ijc} = 2δ^{[a}_iδ^{b]}_j , ϵ_{ijk}ϵ^{abc} = 3!δ^{[a}_iδ^b_jδ^{c]}_k. (5.9) and a formula defining the Hodge operator: α ∧ ∗β = 1 k! α_{a1...ak} β^{a1 ...ak} ϵ, (5.10) where α and β are k-forms.

5.2 Poisson brackets of B(a) and R(b) In this subsection we will calculate Poisson brackets {B(a), B(a^′)}, {R(b), R(b^′)} and {B(a), R(b)}.

5.2.1 Auxiliary formulae The following formulas will be used while calculating the brackets: b ∧ α ∧ ∗(b^′ ∧ β) − (b ↔ b^′) = ∗(b ∧ b^′) ∧ α ∧ β, (5.11) (α ∧ ∗^′_A β) ∧ ∗(b ∧ θ^A) = 0, (5.12) θ_A ∧ ∗(α ∧ θ^A) = (3 − k) ∗ α, (5.13) ϵ_{DBCA}θ^B ∧ θ^C ∧ ∗(b ∧ θ^A) = 0, (5.14) − 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ξ^A = ∗θ^D. (5.15) In the first formula α, β, b, b^′ are one-forms, in the second one α and β are k-forms, and b is a one-form, in the third one α is a k-form, and in the fourth one b is a one-form. Proof of (5.11). b ∧ α ∧ ∗(b^′ ∧ β) − (b ↔ b^′) = b ∧ ∗ ∗ [α ∧ ∗(b^′ ∧ β)] − (b ↔ b^′) = = −b ∧ ∗[(⃗α⌟b^′)β − b^′⃗α⌟β] − (b ↔ b^′) = ⃗α⌟(b ∧ b^′) ∧ ∗β = −(b ∧ b^′)⃗α⌟ ∗ β = = (b ∧ b^′) ∧ ∗(α ∧ β) = ∗(b ∧ b^′) ∧ (α ∧ β), (5.16) where in the second step we used (4.9), in the third the fact that b ∧ ∗b^′ is symmetric in b and b^′ and finally in the fifth step we used (4.9) again.

Proof of (5.12). To prove (5.12) note that the two-form α ∧ ∗^′_A β given by (5.2) is of the form ⃗θ^B⌟γ_{AB} , where the three-form γ_{AB} is symmetric: γ_{AB} = γ_{BA}. Thus (α∧∗^′_A β)∧∗(b∧θ^A) = (⃗θ^B⌟γ_{AB} )∧∗(b∧θ^A) = γ_{AB} ∧⃗θ^B⌟∗(b∧θ^A) = γ_{AB} ∧∗(b∧θ^A ∧θ^B), where in the last step we used (4.9). But (θ^B ∧ b ∧ θ^A) is antisymmetric in AB, hence (5.12) follows. Proof of (5.13). θ_A ∧ ∗(α ∧ θ^A) = θ_A ∧ ⃗θ^A⌟ ∗ α = (3 − k) ∗ α, where in the first step we used (4.9) and in the second one we applied (4.17). Proof of (5.14). Let us transform the following term by means of (4.27): θ^B ∧ θ^C ∧ ∗(b ∧ θ^A) = −(⃗θ^A⌟θ^B)(⃗θ^C ⌟b)ϵ + (⃗θ^A⌟θ^C )θ^B ∧ b. (5.17) Note that the first term at the r.h.s. of the equation above is symmetric in AB, while the second one—in AC. This means that both terms vanish once contracted with ϵ_{DBCA}.

The last formula (5.15) is proven in [17].

5.2.2 Poisson bracket {B(a), B(a^′)} Let B_1(a) := ∫ Σ a ∧ θ^A ∧ ∗dθ_A, B_2(a) := ∫ Σ a ∧ ξ^Ap_A = ∫ Σ (∗ξ^A) ∧ ∗(a ∧ p_A). Taking into account (3.7) we see that B(a) = B_1(a) + B_2(a) and consequently {B(a), B(a^′)} = {B_1(a), B_1(a^′)}+ ( {B_1(a), B_2(a^′)}−{B_1(a^′), B_2(a)} ) +{B_2(a), B_2(a^′)}. (5.18) The corresponding variational derivatives read δB_1(a) δθ^A = −a ∧ ∗dθ_A + (a ∧ θ^B) ∧ ∗^′_A dθ_B + d ∗ (a ∧ θ_A), δB_1(a) δp_A = 0, δB_2(a) δθ^A = − 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ∧ ∗(a ∧ p_D) + (∗ξ^B ) ∧ ∗^′_A (a ∧ p_B ), δB_2(a) δp_A = aξ^A.

(5.19)

Obviously, {B_1(a), B_1(a^′)} = 0. The next term in (5.18)

{B_1(a), B_2(a^′)}−{B_1(a^′), B_2(a)} = ∫ Σ −a∧∗dθ_A ∧a^′ξ^A +d∗(a∧θ_A)∧a^′ξ^A −(a ↔ a^′) = = ∫ Σ 2 ∗ (a ∧ a^′)ξ^Adθ_A − ( a ∧ θ_A ∧ ∗(a^′ ∧ dξ^A) − (a ↔ a^′) ) = ∫ Σ 2 ∗ (a ∧ a^′)ξ^Adθ_A− − ∗(a ∧ a^′)θ_A ∧ dξ^A = ∫ Σ ∗(a ∧ a^′)ξ^Adθ_A, where in the first step we used (5.3) and in the second one (5.11). The last term in (5.18) {B_2(a), B_2(a^′)} = ∫ Σ − 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ∧ ∗(a ∧ p_D) ∧ a^′ξ^A − (a ↔ a^′). By virtue of (5.15) and (4.9) − 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ∧ ∗(a ∧ p_D) ∧ a^′ξ^A = ∗θ_D ∧ a^′ ∗ (a ∧ p^D) = a ∧ p_D⃗θ^D⌟a^′. Thus

{B_2(a), B_2(a^′)} = − ∫ Σ ⃗θ^D⌟(a∧a^′)p_D = ∫ Σ a∧a^′ ∧⃗θ^D⌟p_D = ∫ Σ −a∧a^′ ∧∗(θ^D ∧∗p_D) = = ∫ Σ − ∗ (a ∧ a^′)θ^A ∧ ∗p_A, where in the third step we used (4.9).

We conclude that {B(a), B(a^′)} = − ∫ Σ ∗(a ∧ a^′) ∧ (θ^A ∧ ∗p_A − ξ^Adθ_A) = −R(∗(a ∧ a^′)). 5.2.3 Poisson bracket {R(b), R(b^′)} Taking into account (3.8) we define

R_1(b) := ∫ Σ b ∧ θ^A ∧ ∗p_A, R_2(b) := ∫ Σ b ∧ ξ^Adθ_A. Then {R(b), R(b^′)} = {R_1(b), R_1(b^′)} − ( {R_1(b), R_2(b^′)} − {R_1(b^′), R_2(b)} ) + + {R_2(b), R_2(b^′)}. (5.20) The corresponding variational derivatives read

δR_1(b) δθ^A = −b ∧ ∗p_A + (b ∧ θ^B) ∧ ∗^′_A p_B δR_1(b) δp_A = ∗(b ∧ θ^A), δR_2(b) δθ^A = d(bξ_A) + (b ∧ dθ^B) ∧ ∗^′_A (∗ξ_B ) − 1 2 ϵ_{DBCA}θ^B ∧ θ^C ∗ (b ∧ dθ^D) δR_2(b) δp_A = 0.

(5.21)

Due to (5.12) the first bracket at the r.h.s. of (5.20) reduces to

{R_1(b), R_1(b^′)} = ∫ Σ −b ∧ ∗p_A ∧ ∗(b^′ ∧ θ^A) − (b ↔ b^′) = ∫ Σ ∗(b ∧ b^′) ∧ θ^A ∧ ∗p_A (here in the last step we used (5.11)). Similarly, by virtue of (5.12) the next two brackets in (5.20) reduce to

{R_1(b), R_2(b^′)} − {R_1(b^′), R_2(b)} = = ∫ Σ [−d(b^′ξ_A) + 1 2 ϵ_{DBCA}θ^B ∧ θ^C ∗ (b^′ ∧ dθ^D)] ∧ ∗(b ∧ θ^A) − (b ↔ b^′) = = ∫ Σ b^′ ∧ dξ^A ∧ ∗(b ∧ θ^A) + 1 2 ϵ_{DBCA}θ^B ∧ θ^C ∧ ∗(b ∧ θ^A) ∗ (b^′ ∧ dθ^D)] − (b ↔ b^′).

Note now that due to (5.14) the term containing ϵ_{DBCA} vanishes. Therefore {R_1(b), R_2(b^′)} − {R_1(b^′), R_2(b)} = ∫ Σ ∗(b ∧ b^′) ∧ ξ^Adθ_A, where we applied (5.11). Because {R_2(b), R_2(b^′)} = 0 we finally obtain {R(b), R(b^′)} = ∫ Σ ∗(b ∧ b^′) ∧ (θ^A ∧ ∗p_A − ξ^Adθ_A) = R(∗(b ∧ b^′)). 5.2.4 Poisson bracket {B(a), R(b)} Clearly, {B(a), R(b)} = {B_1(a), R_1(b)} + {B_2(a), R_1(b)} − {B_1(a), R_2(b)}− − {B_2(a), R_2(b)}. (5.22) Using (5.12) we immediately obtain

{B_1(a), R_1(b)} = ∫ Σ −a ∧ ∗dθ_A ∧ ∗(b ∧ θ^A) + d ∗ (a ∧ θ_A) ∧ ∗(b ∧ θ^A) = = ∫ Σ ∗(a ∧ b) ∧ θ^A ∧ ∗dθ_A − b ∧ ∗dθ_A ∧ ∗(a ∧ θ^A) + d ∗ (a ∧ θ_A) ∧ ∗(b ∧ θ^A), where we used (5.11) to transform the first term. The next bracket in (5.22) {B_2(a), R_1(b)} = ∫ Σ − 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ∗ (a ∧ p_D) ∧ ∗(b ∧ θ^A) + b ∧ ∗p_A ∧ aξ^A = = ∫ Σ ∗(a ∧ b) ∧ ξ^Ap_A, where the term containing ϵ^D_{BCA} vanishes due to (5.17). The bracket {B_1(a), R_2(b)} is obviously zero and

− {B_2(a), R_2(b)} = ∫ Σ [(d(bξ_A)) − 1 2 ϵ_{DBCA}θ^B ∧ θ^C ∗ (b ∧ dθ^D)] ∧ aξ^A = = ∫ Σ −db∧a+∗θ_D ∧a∧∗(b∧dθ^D) = ∫ Σ −db∧a+∗a∧θ_D ∧∗(db∧θ^D)−θ_D ∧∗a∧∗d(b∧θ^D) = = ∫ Σ ∗d ∗ (θ_D ∧ ∗a) ∧ ∗(b ∧ θ^D), where in the first step we used (5.3), in the second one we applied (5.15) and in the last step (5.13). Gathering the partial results we obtain {B(a), R(b)} = ∫ Σ ∗(a ∧ b)(θ^A ∧ ∗dθ_A + ξ^Ap_A) − b ∧ ∗dθ_A ∧ ∗(a ∧ θ^A)+ + [d ∗ (a ∧ θ_A) + ∗d ∗ (θ_A ∧ ∗a)] ∧ ∗(b ∧ θ^A) = B(∗(a ∧ b))+ + ∫ Σ −b ∧ ∗dθ_A ∧ ∗(a ∧ θ^A) + [d ∗ (a ∧ θ_A) + ∗d ∗ (θ_A ∧ ∗a)] ∧ ∗(b ∧ θ^A). (5.23) Let us show now that the last two terms in (5.23) give zero. The first of them can be expressed as follows: − b ∧ ∗dθ_A ∧ ∗(a ∧ θ^A) = −[b ∧ ∗d ∗ (∗θ_A)] ∧ ∗[a ∧ θ^A] = − 1 2 [b ∧ ∗d ∗ (∗θ_A)]_{lj} [a ∧ θ^A]^{lj}ϵ = b_l(∇^kθ^i_A)ϵ_{ijk}(a^j θ^{Al} − a^lθ^{Aj})ϵ = δ^l_nb^n(∇^kθ^i_A)ϵ_{ijk}(a^j θ^A_l − a_lθ^{Aj})ϵ (the second equality holds by virtue of (5.10) and the third one due to (5.8) and (5.6)). Using (5.9) we rewrite δ^l_n by means of “epsilons” and continue transformations − b ∧ ∗dθ_A ∧ ∗(a ∧ θ^A) = 1 2 ϵ^{lab}ϵ_{nab}b^n(∇^kθ^i_A)ϵ_{ijk}(a^j θ^A_l − a_lθ^{Aj})ϵ = = ϵ_{nab}(δ^l_iδ^a_jδ^b_k + δ^a_iδ^b_j δ^l_k + δ^b_iδ^l_j δ^a_k)b^n(∇^kθ^i_A)(a^j θ^A_l − a_lθ^{Aj})ϵ = = −a_ib^nϵ_{njk}(∇^kθ^i_A)θ^{Aj}ϵ + a^j b^nϵ_{nij}(∇^kθ^i_A)θ^A_k ϵ − a_kb^nϵ_{nij}(∇^kθ^i_A)θ^{Aj}ϵ = = a^j b^nϵ_{jni}(∇^kθ^i_A)θ^A_k ϵ + a_kb^nϵ_{nij}θ^{Aj}(∇^iθ^k_A − ∇^kθ^i_A)ϵ —here in the second step we applied (5.9) to express ϵ^{lab}ϵ_{ijk} by means of “deltas”.

On the other hand the last term in (5.23) [∗ ∗ d ∗ (a ∧ θ_A) + ∗d ∗ (θ_A ∧ ∗a)] ∧ ∗(b ∧ θ^A) = = [∇_j(a^iθ^{Aj} − a^jθ^{Ai}) + ∇^i(θ^{Aj}a_j)]ϵ_{ikl}b^kθ^l_Aϵ = = a^ib^kϵ_{ikl}θ^l_A(∇^j θ^A_j )ϵ + a_j b^kϵ_{ikl}θ^{Al}(∇^iθ^j_A − ∇^jθ^i_A)ϵ —the second equality holds by virtue of (5.10) and (5.6).

Thus the sum of the last two terms in (5.23) is equal to a^ib^kϵ_{ikl}[θ^A_j (∇^jθ^l_A) + θ^l_A(∇^j θ^A_j )]ϵ = 0, where we used (5.4). Finally {B(a), R(b)} = B(∗(a ∧ b)).

5.3 Poisson bracket of S(M) and S(M^′) Following [17] we split S(M) (defined by (3.12)) into three functionals

S_1(M) := ∫ Σ M[ 1 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) − 1 4 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B)]

S_2(M) := − ∫ Σ Mξ^Adp_A, S_3(M) := ∫ Σ M[ 1 2 (dθ_A ∧ θ^B) ∧ ∗(dθ_B ∧ θ^A) − 1 4 (dθ_A ∧ θ^A) ∧ ∗(dθ_B ∧ θ^B)]. (5.24)

Then

{S(M), S(M^′)} = {S_1(M), S_1(M^′)} + {S_2(M), S_2(M^′)} + {S_3(M), S_3(M^′)}+ ( {S_1(M), S_2(M^′)} + {S_2(M), S_3(M^′)} + {S_3(M), S_1(M^′)} − (M ↔ M^′) ) . (5.25)

5.3.1 Poisson brackets {S_i(M), S_j (M^′)}

Functional derivatives of the functionals read:

δS_1(M) δθ^A =M ( p_B ∗ (p_A ∧ θ^B) − 1 2 p_A ∗ (p_B ∧ θ^B)+ + 1 2 (p_C ∧ θ^B) ∧ ∗^′_A (p_B ∧ θ^C ) − 1 4 (p_B ∧ θ^B ∧ ∗^′_A (p_C ∧ θ^C ) ) , δS_1(M) δp_A =M ( θ^B ∗ (p_B ∧ θ^A) − 1 2 θ^A ∗ (p_B ∧ θ^B) ) , δS_2(M) δθ^A =M (1 2 (∗dp_D)ϵ^D_{BCA}θ^B ∧ θ^C − (∗ξ^B ) ∧ ∗^′_A dp_B ) , δS_2(M) δp_A =d(Mξ^A), δS_3(M) δθ^A =d ( Mθ^B ∗ (dθ_B ∧ θ_A) − M 2 θ_A ∗ (dθ_B ∧ θ^B) ) + M ( dθ_B ∗ (dθ_A ∧ θ^B)− − 1 2 dθ_A ∗ (dθ_B ∧ θ^B) + 1 2 (dθ_C ∧ θ^B) ∧ ∗^′_A (dθ_B ∧ θ^C )− − 1 4 (dθ_B ∧ θ^B) ∧ ∗^′_A (dθ_C ∧ θ^C ) ) , δS_3(M) δp_A =0. Let us begin the calculations with the bracket {S_1(M), S_1(M^′)}:

{S_1(M), S_1(M^′)} = ∫ Σ δS_1(M) δθ^A ∧ δS_1(M^′) δp_A − (M ↔ M^′) = 0 because the first term under the integral is symmetric in M and M^′. It was shown in [17] that {S_2(M), S_2(M^′)} = − ∫ Σ (⃗m⌟θ^A) ∧ dp_A, (5.26) where m := MdM^′ − M^′dM. Because S_3(M) does not depend on the momentum {S_3(M), S_3(M^′)} = 0.

Next,

{S_1(M), S_2(M^′)} − (M ↔ M^′) = ∫ Σ M[p_B ∗ (p_A ∧ θ^B) − 1 2 p_A ∗ (p_B ∧ θ^B)] ∧ ξ^AdM^′− − (M ↔ M^′) = ∫ Σ m ∧ p_B ∗ (ξ^Ap_A ∧ θ^B) − 1 2 m ∧ ξ^Ap_A ∗ (p_B ∧ θ^B), (5.27)

where in the second step we removed terms symmetric in M and M^′.

{S_2(M), S_3(M^′)}−(M ↔ M^′) = ∫ Σ −M^′[dθ_B ∗(dθ_A ∧θ^B)− 1 2 dθ_A∗(dθ_B ∧θ^B)]∧ξ^AdM− − (M ↔ M^′) = ∫ Σ m ∧ dθ_B ∗ (ξ^Adθ_A ∧ θ^B) − 1 2 m ∧ ξ^Adθ_A ∗ (dθ_B ∧ θ^B), (5.28)

where in the second step there vanished terms symmetric in M and M^′ and a total derivative.

{S_3(M), S_1(M^′)} − (M ↔ M^′) = ∫ Σ dM[θ^B ∗ (dθ_B ∧ θ_A) − 1 2 θ_A ∗ (dθ_B ∧ θ^B)]∧ ∧ M^′[θ^B ∗ (p_B ∧ θ^A) − 1 2 θ^A ∗ (p_B ∧ θ^B)] − (M ↔ M^′) = = ∫ Σ −m ∧ [θ^B ∧ θ^C ∗ (dθ_B ∧ θ_A ∗ (p_C ∧ θ^A)) − 1 2 θ_A ∗ (p_C ∧ θ^A) ∧ θ^C ∗ (dθ_B ∧ θ^B)− − 1 2 θ^B ∧ θ^A ∗ (dθ_B ∧ θ_A) ∗ (p_C ∧ θ^C )] = ∫ Σ −m ∧ θ^B ∧ θ^A ∗ (dθ_B ∧ ∗p_A)− − 1 2 m ∧ θ^A ∧ ∗p_A ∗ (dθ_B ∧ θ^B) + 1 2 m ∧ θ^B ∧ ∗dθ_B ∗ (p_A ∧ θ^A), (5.29) where in the second step some terms vanish by virtue of their symmetricity in M and M^′ and the last step we used (5.13).

Thus we obtain explicite expressions for all the terms at the r.h.s. of (5.25): {S(M), S(M^′)} = ∫ Σ −(⃗m⌟θ^A) ∧ dp_A + m ∧ p_B ∗ (ξ^Ap_A ∧ θ^B) − 1 2 m ∧ ξ^Ap_A ∗ (p_B ∧ θ^B)+ + m ∧ dθ_B ∗ (ξ^Adθ_A ∧ θ^B) − 1 2 m ∧ ξ^Adθ_A ∗ (dθ_B ∧ θ^B) − m ∧ θ^B ∧ θ^A ∗ (dθ_B ∧ ∗p_A)− − 1 2 m ∧ θ^A ∧ ∗p_A ∗ (dθ_B ∧ θ^B) + 1 2 m ∧ θ^B ∧ ∗dθ_B ∗ (p_A ∧ θ^A). (5.30)

5.3.2 Isolating constraints

Now our goal is to show that the r.h.s. of (5.30) is a sum of the smeared primary and secondary constraints with appropriately chosen smearing fields.

It is easy to see that

{S_2(M), S_2(M^′)} = V (⃗m) + ∫ Σ dθ^A ∧ ⃗m⌟p_A. Similarly,

{S_1(M), S_2(M^′)} − (M ↔ M^′) = ∫ Σ [θ^B ∗ (m ∧ p_B ) − 1 2 m ∗ (p_B ∧ θ^B)] ∧ ξ^Ap_A = = B ( θ^B ∗ (m ∧ p_B ) − 1 2 m ∗ (p_B ∧ θ^B) ) + ∫ Σ − ∗ (m ∧ p_B)θ^B ∧ θ^A ∧ ∗dθ_A+ + 1 2 ∗ (p_B ∧ θ^B)m ∧ θ^A ∧ ∗dθ_A and {S_2(M), S_3(M^′)} − (M ↔ M^′) = ∫ Σ [∗(m ∧ dθ_B )θ^B − 1 2 m ∗ (dθ_B ∧ θ^B)] ∧ ξ^Adθ_A = = −R ( θ^B ∗ (m ∧ dθ_B ) − 1 2 m ∗ (dθ_B ∧ θ^B) ) + ∫ Σ ∗(m ∧ dθ_B )θ^B ∧ θ^A ∧ ∗p_A− − 1 2 ∗ (dθ_B ∧ θ^B)m ∧ θ^A ∧ ∗p_A. Thus (5.30) can be rewritten as follows: {S(M), S(M^′)} = V (⃗m) + B ( θ^B ∗ (m ∧ p_B) − 1 2 m ∗ (p_B ∧ θ^B) ) − − R ( θ^B ∗ (m ∧ dθ_B ) − 1 2 m ∗ (dθ_B ∧ θ^B) ) + remaining terms, (5.31) where the remaining terms read ∫ Σ − ∗ (m ∧ p_B)θ^B ∧ θ^A ∧ ∗dθ_A + ∗(m ∧ dθ_B)θ^B ∧ θ^A ∧ ∗p_A+ + m ∧ θ^A ∧ ∗dθ_A ∗ (p_B ∧ θ^B) − m ∧ θ^A ∧ ∗p_A ∗ (dθ_B ∧ θ^B)− − m ∧ θ^B ∧ θ^A ∗ (dθ_B ∧ ∗p_A) + dθ^A ∧ ⃗m⌟p_A. (5.32) Now let us get rid of the last term in (5.32) which by virtue of (4.9) can be expressed as follows [17]: dθ^A ∧ ⃗m⌟p_A = dθ^A ∧ ∗(∗p_A ∧ m) = ∗p_A ∧ m ∧ ∗dθ^A = m ∧ ∗dθ^A ∧ ∗p_A. To this end we transform a half of the fourth term in (5.32): − 1 2 m∧θ^A∧∗p_A∗(dθ_B ∧θ^B) = − 1 2 m∧θ^A∧∗p_A⃗θ^B⌟∗dθ_B = − 1 2 ⃗θ^B⌟(m∧θ^A∧∗p_A)∧∗dθ_B = = − 1 2 (⃗θ^B⌟m) ∧ θ^A ∧ ∗p_A ∧ ∗dθ_B + 1 2 m ∧ (η^{BA} + ξ^B ξ^A) ∗ p_A ∧ ∗dθ_B − − 1 2 m ∧ θ^A(⃗θ^B⌟ ∗ p_A) ∧ ∗dθ_B = − 1 2 (⃗θ^B⌟m) ∧ θ^A ∧ ∗p_A ∧ ∗dθ_B + + 1 2 m ∧ ∗p_A ∧ ∗dθ^A + 1 2 m ∧ ∗(ξ^Ap_A) ∧ ∗(ξ^B dθ_B ) − 1 2 m ∧ θ^A ∧ ∗dθ_B ∗ (p_A ∧ θ^B), where in the first step we used (4.9), in the third one (4.23) and in the last one (4.9) again. Similarly, a half of the third therm in (5.32) 1 2 m ∧ θ^A ∧ ∗dθ_A ∗ (p_B ∧ θ^B) = 1 2 (⃗θ^B ⌟m) ∧ θ^A ∧ ∗dθ_A ∧ ∗p_B + − 1 2 m ∧ ∗dθ_A ∧ ∗p^A − 1 2 m ∧ ∗(ξ^Adθ_A) ∧ ∗(ξ^B p_B ) + 1 2 m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B). Thus 1 2 m ∧ θ^A ∧ ∗dθ_A ∗ (p_B ∧ θ^B) − 1 2 m ∧ θ^A ∧ ∗p_A ∗ (dθ_B ∧ θ^B) + dθ^A ∧ ⃗m⌟p_A = = − 1 2 (⃗θ^B ⌟m) ∧ θ^A ∧ ∗p_A ∧ ∗dθ_B + 1 2 (⃗θ^B⌟m) ∧ θ^A ∧ ∗dθ_A ∧ ∗p_B − − 1 2 m ∧ θ^A ∧ ∗dθ_B ∗ (p_A ∧ θ^B) + 1 2 m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B) + m ∧ ∗(ξ^Ap_A) ∧ ∗(ξ^B dθ_B ).

and the terms (5.32) can be now expressed as ∫ Σ − ∗ (m ∧ p_B)θ^B ∧ θ^A ∧ ∗dθ_A + ∗(m ∧ dθ_B)θ^B ∧ θ^A ∧ ∗p_A+ + 1 2 m ∧ θ^A ∧ ∗dθ_A ∗ (p_B ∧ θ^B) − 1 2 m ∧ θ^A ∧ ∗p_A ∗ (dθ_B ∧ θ^B)− − 1 2 (⃗θ^B⌟m) ∧ θ^A ∧ ∗p_A ∧ ∗dθ_B + 1 2 (⃗θ^B⌟m) ∧ θ^A ∧ ∗dθ_A ∧ ∗p_B − − 1 2 m ∧ θ^A ∧ ∗dθ_B ∗ (p_A ∧ θ^B) + 1 2 m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B)+ + m ∧ ∗(ξ^Ap_A) ∧ ∗(ξ^B dθ_B) − m ∧ θ^B ∧ θ^A ∗ (dθ_B ∧ ∗p_A). (5.33) In order to simplify the expression above we transform its first term: − ∗(m ∧ p_B)θ^B ∧ θ^A ∧ ∗dθ_A = −m ∧ p_B ∗ (θ^B ∧ θ^A ∧ ∗dθ_A) = = −m ∧ p_B ⃗θ^B⌟ ∗ (θ^A ∧ ∗dθ_A) = −⃗θ^B⌟(m ∧ p_B ) ∧ ∗(θ^A ∧ ∗dθ_A) = = −(⃗θ^B⌟m)p_B ∧ ∗(θ^A ∧ ∗dθ_A) + m ∧ ∗(∗p_B ∧ θ^B) ∧ ∗(θ^A ∧ ∗dθ_A) = = −(⃗θ^B⌟m)θ^A ∧ ∗dθ_A ∧ ∗p_B + m ∧ ∗(θ^A ∧ ∗dθ_A) ∧ ∗(θ^B ∧ ∗p_B ). Similarly, the second term in (5.33) ∗ (m ∧ dθ_B )θ^B ∧ θ^A ∧ ∗p_A = = (⃗θ^B⌟m) ∧ θ^A ∧ ∗p_A ∧ ∗dθ_B − m ∧ ∗(θ^A ∧ ∗p_A) ∧ ∗(θ^B ∧ ∗dθ_B ). Setting these two expressions to (5.33) we obtain: ∫ Σ 1 2 m ∧ θ^A ∧ ∗dθ_A ∗ (p_B ∧ θ^B) − 1 2 m ∧ θ^A ∧ ∗p_A ∗ (dθ_B ∧ θ^B)− + 1 2 (⃗θ^B⌟m) ∧ θ^A ∧ ∗p_A ∧ ∗dθ_B − 1 2 (⃗θ^B⌟m) ∧ θ^A ∧ ∗dθ_A ∧ ∗p_B − − 1 2 m ∧ θ^A ∧ ∗dθ_B ∗ (p_A ∧ θ^B) + 1 2 m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B)+ +m∧∗(ξ^Ap_A)∧∗(ξ^B dθ_B )−m∧θ^B ∧θ^A ∗(dθ_B ∧∗p_A)+2m∧∗(θ^A ∧∗dθ_A)∧∗(θ^B ∧∗p_B ). (5.34) On the other hand by shifting the contraction ⃗θ^B⌟ in the third and the fourth terms above we simplify (5.34) to ∫ Σ (⃗θ^B⌟θ^A)m ∧ ∗p_A ∧ ∗dθ_B − m ∧ θ^A ∧ ∗dθ_B ∗ (p_A ∧ θ^B) + m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B)+ +m∧∗(ξ^Ap_A)∧∗(ξ^B dθ_B )−m∧θ^B ∧θ^A ∗(dθ_B ∧∗p_A)+2m∧∗(θ^A ∧∗dθ_A)∧∗(θ^B ∧∗p_B ). (5.35)

Note that in the expression above there is only one term containing ξ^A which can be transformed as follows: ∫ Σ m∧∗(ξ^Ap_A)∧∗(ξ^Bdθ_B ) = ∫ Σ −∗[m∧∗(ξ^B dθ_B)]∧(ξ^Ap_A) = −B ( ∗(m∧ξ^B ∗dθ_B ) ) + + ∫ Σ ∗[m ∧ ∗(ξ^B dθ_B)] ∧ θ^A ∧ ∗dθ_A = −B ( ∗ (m ∧ ξ^B ∗ dθ_B) ) − − ∫ Σ ∗[m ∧ ∗(θ^A ∧ ∗dθ_A)] ∧ ξ^B dθ_B = −B ( ∗ (m ∧ ξ^B ∗ dθ_B ) ) + R ( ∗ [m ∧ ∗(θ^A ∧ ∗dθ_A)] ) − − ∫ Σ m ∧ ∗(θ^A ∧ ∗dθ_A) ∧ ∗(θ^B ∧ ∗p_B ). (5.36) Gathering the result above, (5.35) and (5.31) we obtain {S(M), S(M^′)} = V (⃗m) + B ( θ^B ∗ (m ∧ p_B) − 1 2 m ∗ (p_B ∧ θ^B) ) − − R ( θ^B ∗ (m ∧ dθ_B) − 1 2 m ∗ (dθ_B ∧ θ^B) ) − − B ( ∗ (m ∧ ξ^B ∗ dθ_B) ) + R ( ∗ [m ∧ ∗(θ^A ∧ ∗dθ_A)] ) + remaining terms, (5.37)

where the remaining terms read now ∫ Σ (⃗θ^B⌟θ^A)m ∧ ∗p_A ∧ ∗dθ_B − m ∧ θ^A ∧ ∗dθ_B ∗ (p_A ∧ θ^B) + m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B)− − m ∧ θ^B ∧ θ^A ∗ (dθ_B ∧ ∗p_A) + m ∧ ∗(θ^A ∧ ∗dθ_A) ∧ ∗(θ^B ∧ ∗p_B ). (5.38) Now let us show that the remaining terms (5.38) can be expressed as R(b) with the one-form b being a complicated function of the canonical variables and m. By shifting the contraction ⃗θ^B⌟ in the first term above and using (4.9) one can easily show that the sum of the first and the second terms in (5.38) reads ∫ Σ (⃗θ^B⌟θ^A)m ∧ ∗p_A ∧ ∗dθ_B − m ∧ θ^A ∧ ∗dθ_B ∗ (p_A ∧ θ^B) = = ∫ Σ ⃗θ^B⌟(m ∧ ∗dθ_B ) ∧ θ^A ∧ ∗p_A = R ( ⃗θ^B⌟(m ∧ ∗dθ_B ) ) + ∫ Σ ⃗θ^B⌟(m ∧ ∗dθ_B ) ∧ ξ^Adθ_A. (5.39)

Let us now express the third term in (5.38) by means of the components of the canonical variables and the covariant derivative ∇_a: m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B) = m ∧ 1 2 θ^A_i p_{Bjk}ϵ^{jk}_ldx^i ∧ dx^l(∇_aθ_{Ab})θ^B_c ϵ^{abc} = = m ∧ θ^A_i p_B^{ab}dx^i ∧ dx^c(∇_aθ_{Ab})θ^B_c + m ∧ θ^A_i p_B^{bc}dx^i ∧ dx^a(∇_aθ_{Ab})θ^B_c + + m ∧ θ^A_i p_B^{ca}dx^i ∧ dx^b(∇_aθ_{Ab})θ^B_c , where in the last step we used (5.9). Similarly, the fourth term in (5.38) −m ∧ θ^B ∧ θ^A ∗ (dθ_B ∧ ∗p_A) = −m ∧ θ^B_i θ^A_c dx^i ∧ dx^c(∇_aθ_{Bb})p_A^{ab} and consequently the sum of the third and the fourth terms in (5.38) is of the following form: m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B) − m ∧ θ^B ∧ θ^A ∗ (dθ_B ∧ ∗p_A) = = m ∧ θ^A_i p_B^{bc}dx^i ∧ dx^a(∇_aθ_{Ab})θ^B_c + m ∧ θ^A_i p_B^{ca}dx^i ∧ dx^b(∇_aθ_{Ab})θ^B_c = = m ∧ (dθ_A)_{ab}p_B^b_cθ^{Bc}θ^A_i dx^i ∧ dx^a = −m ∧ (θ^{Bc}p_{Bc}^b)(dθ_A)_{ba}dx^a ∧ θ^A = = −m ∧ [ −−−−−→ (⃗θ^B ⌟p_B )⌟dθ^A] ∧ θ^A = −m ∧ ∗[∗dθ_A ∧ ∗(∗p_B ∧ θ^B)] ∧ θ^A = = − ∗ [∗(m ∧ θ^A) ∧ ∗dθ_A] ∧ θ^B ∧ ∗p_B Integrating both sides of the equation above over Σ we obtain: ∫ Σ m ∧ θ^A ∧ ∗p_B ∗ (dθ_A ∧ θ^B) − m ∧ θ^B ∧ θ^A ∗ (dθ_B ∧ ∗p_A) = = R ( − ∗[∗(m ∧ θ^B) ∧ ∗dθ_B ] ) + ∫ Σ − ∗ [∗(m ∧ θ^B) ∧ ∗dθ_B ] ∧ ξ^Adθ_A. (5.40) Finally, the last term in (5.38) ∫ Σ m ∧ ∗(θ^B ∧ ∗dθ_B ) ∧ ∗(θ^A ∧ ∗p_A) = ∫ Σ ∗[m ∧ ∗(θ^B ∧ ∗dθ_B )] ∧ θ^A ∧ ∗p_A = = R ( ∗ [m ∧ ∗(θ^B ∧ ∗dθ_B )] ) + ∫ Σ ∗[m ∧ ∗(θ^B ∧ ∗dθ_B )] ∧ ξ^Adθ_A. (5.41) Gathering the three results (5.39), (5.40) and (5.41) we conclude that the terms (5.38) can be expressed as R ( ⃗θ^B⌟(m ∧ ∗dθ_B ) − ∗[∗(m ∧ θ^B) ∧ ∗dθ_B ] + ∗[m ∧ ∗(θ^B ∧ ∗dθ_B )] ) + + terms independent of p_A, (5.42) where the terms independent of p_A read ∫ Σ ⃗θ^B⌟(m∧∗dθ_B )∧ξ^Adθ_A −∗[∗(m∧θ^B)∧∗dθ_B ]∧ξ^Adθ_A +∗[m∧∗(θ^B ∧∗dθ_B )]∧ξ^Adθ_A. (5.43)

Now it is enough to show that the terms (5.43) sums up to zero for all m and θ^A. To this end let us isolate the factor mξ^A in each term of (5.43) obtaining thereby ∫ Σ −mξ^A ∧ ∗dθ_B ∧ ⃗θ^B⌟dθ_A − (⃗θ^B ⌟ ∗ m) ∧ ∗dθ_B ∧ ξ^A ∗ dθ_A − m ∧ ⃗θ^B⌟dθ_B ∧ ξ^A ∗ dθ_A = = ∫ Σ mξ^A ∧ [− ∗ dθ_B ∧ ⃗θ^B⌟dθ_A + ∗(⃗θ^B⌟(∗dθ_B ∧ ∗dθ_A)) − ⃗θ^B⌟dθ_B ∧ ∗dθ_A]. Consider now the terms in the square bracket above: − ∗dθ_B ∧ ⃗θ^B⌟dθ_A + ∗(⃗θ^B⌟(∗dθ_B ∧ ∗dθ_A)) − ⃗θ^B⌟dθ_B ∧ ∗dθ_A = = − ∗ dθ_B ∧ ⃗θ^B⌟dθ_A + (⃗θ^B⌟ ∗ dθ_B)dθ_A − dθ_B ⃗θ^B⌟ ∗ dθ_A − ⃗θ^B⌟dθ_B ∧ ∗dθ_A = = ⃗θ^B⌟(∗dθ_B ∧ dθ_A) − ⃗θ^B⌟(dθ_B ∧ ∗dθ_A) = ⃗θ^B⌟(∗dθ_B ∧ dθ_A) − ⃗θ^B⌟(∗dθ_B ∧ dθ_A) = 0. This means that indeed (5.43) is zero for all m and θ^A. Consequently,

the terms (5.38) = R ( ⃗θ^B⌟(m∧∗dθ_B )−∗[∗(m∧θ^B )∧∗dθ_B ]+∗[m∧∗(θ^B ∧∗dθ_B )] ) . (5.44)

Setting this result to (5.37) we obtain {S(M), S(M^′)} = V (⃗m)+ + B ( θ^B ∗ (m ∧ p_B) − 1 2 m ∗ (p_B ∧ θ^B) ) − R ( θ^B ∗ (m ∧ dθ_B ) − 1 2 m ∗ (dθ_B ∧ θ^B) ) − − B ( ∗ (m ∧ ξ^B ∗ dθ_B) ) + R ( ∗ [m ∧ ∗(θ^A ∧ ∗dθ_A)] ) + + R ( ⃗θ^B⌟(m ∧ ∗dθ_B ) − ∗[∗(m ∧ θ^B) ∧ ∗dθ_B ] + ∗[m ∧ ∗(θ^B ∧ ∗dθ_B )] ) (5.45)

5.3.3 Another form of {S(M), S(M^′)} Let us now transform the result to a form in which both constraints B and R appear on an equal footing. Consider the following transformations: p_A → −dθ_A, dθ_A → p_A. (5.46)

It is easy to see that under this transformations B(a(p_A, dθ_B )) → R(a(−dθ_A, p_B )), R(b(p_A, dθ_B )) → −B(b(−dθ_A, p_B )) Let us now express the formula (5.36) in the following form: ∫ Σ m ∧ ∗(ξ^Ap_A) ∧ ∗(ξ^B dθ_B ) + m ∧ ∗(θ^A ∧ ∗dθ_A) ∧ ∗(θ^B ∧ ∗p_B) = = −B ( ∗ (m ∧ ξ^B ∗ dθ_B ) ) + R ( ∗ [m ∧ ∗(θ^A ∧ ∗dθ_A)] ) . Note now that the l.h.s. of the identity above is invariant with respect to the transformations (5.46). Consequently, the r.h.s. has to be invariant too. Thus the fourth and the fifth terms in (5.45) − B ( ∗ (m ∧ ξ^B ∗ dθ_B) ) + R ( ∗ [m ∧ ∗(θ^A ∧ ∗dθ_A)] ) = −R ( ∗ (m ∧ ξ^B ∗ p_B) ) − − B ( ∗ [m ∧ ∗(θ^A ∧ ∗p_A)] ) = − 1 2 B ( ∗ (m ∧ ξ^B ∗ dθ_B ) + ∗[m ∧ ∗(θ^A ∧ ∗p_A)] ) + + 1 2 R ( − ∗(m ∧ ξ^B ∗ p_B ) + ∗[m ∧ ∗(θ^A ∧ ∗dθ_A)] ) , (5.47)

where the last equation holds by virtue of the following trivial fact: if x = y then x =^1_2 (x + y).

Similarly, the expression (5.38) is also invariant under the transformations (5.46). Thus by virtue of the identity (5.44) the last term in (5.45) R ( ⃗θ^B⌟(m ∧ ∗dθ_B ) − ∗[∗(m ∧ θ^B) ∧ ∗dθ_B ] + ∗[m ∧ ∗(θ^B ∧ ∗dθ_B )] ) = = −B ( ⃗θ^B⌟(m ∧ ∗p_B ) − ∗[∗(m ∧ θ^B) ∧ ∗p_B ] + ∗[m ∧ ∗(θ^B ∧ ∗p_B )] ) = = 1 2 R ( ⃗θ^B⌟(m ∧ ∗dθ_B ) − ∗[∗(m ∧ θ^B) ∧ ∗dθ_B ] + ∗[m ∧ ∗(θ^B ∧ ∗dθ_B )] ) − − 1 2 B ( ⃗θ^B⌟(m ∧ ∗p_B ) − ∗[∗(m ∧ θ^B) ∧ ∗p_B ] + ∗[m ∧ ∗(θ^B ∧ ∗p_B )] ) . (5.48)

Setting the results (5.47) and (5.48) to (5.45) after some simple calculations we obtain the final form of the Poisson bracket of the scalar constraints {S(M), S(M^′)} = V (⃗m) + B ( θ^B ∗ (m ∧ p_B) − 1 2 ∗ (m ∧ ξ^B ∗ dθ_B)− − ∗[m ∧ ∗(θ^B ∧ ∗p_B )] − 1 2 ∗ (∗m ∧ θ^B) ∗ p_B + 1 2 ∗ [∗(m ∧ θ^B) ∧ ∗p_B] ) + + R ( − θ^B ∗ (m ∧ dθ_B ) − 1 2 ∗ (m ∧ ξ^B ∗ p_B)+ + ∗[m ∧ ∗(θ^B ∧ ∗dθ_B )] + 1 2 ∗ (∗m ∧ θ^B) ∗ dθ_B − 1 2 ∗ [∗(m ∧ θ^B) ∧ ∗dθ_B ] ) (5.49)

which coincides with the result shown in Subsection 3.2. Note that now the sum of the constraints B and R at the r.h.s. of (5.49) is explicitely invariant under (5.46).

5.4 Poisson bracket of R(b) and S(M) To show that the bracket {R(b), S(M)} is a combination of the constraints known so far we will proceed according to the following prescription. The bracket under consideration can be expressed as {R(b), S(M)} = 2∑ i=1 3∑ j=1 (−1)^{i+1}{R_i(b), S_j (M)}.

It is not difficult to see that each bracket in the sum is either quadratic in p_A, linear in p_A or independent of p_A. So we will first calculate the brackets and then we will gather the similar terms according to the classification. Next it will turn out that the terms quadratic in p_A can be reexpressed as a constraint plus a term linear in p_A. Next, it will turn out that all the linear terms can be reexpressed as some constraints plus a term independent of p_A. Finally we will show that all the term independent of p_A sum up to zero.

Except the prescription we will need some formulae and identities which will make easier the calculations.

5.4.1 Useful formulae

The following formulae will be used in the sequel while calculating both {R(b), S(M))} and {B(a), S(M)}: ⃗θ_A⌟ ∗ ξ^B = −1 2 ϵ^B_{CDA}θ^C ∧ θ^D + ξ_A ∗ θ^B, (5.50) − 1 2 ϵ^A_{BCD}θ^B ∧ θ^C ∧ α = −ξ_Dα ∧ ∗θ^A + (∗ξ^A)⃗θ_D⌟α, (5.51)

(α ∧ ∗^′_A β) ∧ γ = α ∧ ∗β ⃗θ_A⌟γ − [(⃗θ_A⌟α) ∧ ∗β + (α ↔ β)] ∧ γ = = [(−1)^kα ∧ (⃗θ_A⌟ ∗ β) − (⃗θ_A⌟β) ∧ ∗α] ∧ γ, (5.52) (α ∧ ∗^′_A β) ∧ δS_1(M) δp_A = M(k − 5 2 )α ∧ ∗β ∗ (p_A ∧ θ^A)+ + (−1)^{4−k}M[∗(α ∧ θ^A) ∧ ∗p_A ∧ β + (α ↔ β)], (5.53) α^A ∧ β_A = θ_A ∧ ⃗θ^B⌟α^A ∧ β_B + (−1)^kθ_A ∧ α^A ∧ ⃗θ^B⌟β_B − − ξ_Aα^A ∧ ξ^B β_B , (5.54) d(∗(∗θ^A ∧ θ^B)) = ξ^Bdξ^A + ξ^Adξ^B , (5.55)

where in the second formula α is a one-form, and in the third one α and β are k-forms and γ a one-form, and in the fourth one α and β are k-forms and finally in the fifth one α^A is a k-form, while β_A is a (3 − k)-form. Moreover, we will apply the following two identities: α ∧ ∗(∗γ ∧ β) − ∗α ∗ (β ∧ γ) − β ∧ ∗(∗γ ∧ α) + ∗β ∗ (α ∧ γ) = 0, (5.56) ∗[α ∧ ∗(κ ∧ β)] − α ∗ (β ∧ ∗κ) − ∗[β ∧ ∗(κ ∧ α)] + β ∗ (α ∧ ∗κ) = 0, (5.57) where α, β and κ are one-forms, and γ is a two-form.

Note that if in (5.52) α and β are three-forms then the formula can be simplified further. Indeed, in this case ∗β is a zero-form thus (⃗θ_A⌟α) ∧ ∗β ∧ γ = α ∧ ∗β⃗θ_A⌟γ and (α ∧ ∗^′_A β) ∧ γ = −α ∧ ∗β ⃗θ_A⌟γ (5.58) Using this result we can also simplify (5.53)—if α and β are three-forms then setting to (5.58) γ = (δS_1(M))/(δp_A) we obtain (α ∧ ∗^′_A β) ∧ δS_1(M) δp_A = M 2 α ∧ ∗β ∗ (p_A ∧ θ^A). (5.59)

Proof of (5.50). ⃗θ_A⌟ ∗ ξ^B = −1 2 ϵ^B_{CDE}(⃗θ_A⌟θ^C )θ^D ∧ θ^E = − 1 2 ϵ^B_{ADE}θ^D ∧ θ^E − 1 2 ϵ^B_{CDE}ξ_Aξ^C θ^D ∧ θ^E = = − 1 2 ϵ^B_{CDA}θ^C ∧ θ^D + ξ_A ∗ θ^B, where in the second step we used (4.23), and in the last one (5.15).

Proof of (5.51). By virtue of (4.23) and (5.15) the l.h.s. of (5.51) can be transformed as follows: − 1 2 ϵ^A_{BCD}θ^B ∧ θ^C ∧ α = − 1 2 ϵ^A_{BCE} θ^B ∧ θ^C ∧ (⃗θ_D⌟θ^E − ξ_Dξ^E )α = = − 1 2 ϵ^A_{BCE} θ^B ∧ θ^C ∧ (⃗θ_D⌟θ^E)α − (∗θ^A) ∧ ξ_Dα. Shifting the contraction ⃗θ_D⌟ in the first of the two resulting terms and applying once again (4.23) and (5.15) we obtain − 1 2 ϵ^A_{BCD}θ^B ∧ θ^C ∧ α = ϵ^A_{DCE}θ^C ∧ θ^E ∧ α − 1 2 ϵ^A_{BCE} θ^B ∧ θ^C ∧ θ^E(⃗θ_D⌟α)− − 3(∗θ^A) ∧ ξ_Dα. Now to justify (5.51) it is enough to note that (i) the first term on the r.h.s of the equation above is proportional to the term on the l.h.s. and (ii) the second term on the r.h.s. is proportional to (∗ξ^A)⃗θ_D⌟α.

Proof of (5.52). Let us now consider the l.h.s. of (5.52): (α ∗^′_A β) ∧ γ = ⃗θ^B⌟ ( η_{AB} α ∧ ∗β − [(⃗θ_A⌟α) ∧ ∗(⃗θ_B ⌟β) + (α ↔ β)] ) ∧ γ = = α ∧ ∗β(⃗θ_A⌟γ) − [(⃗θ_A⌟α) ∧ ∗(⃗θ_B ⌟β) + (α ↔ β)]⃗θ^B⌟γ. By virtue of (4.9) and (4.17) ∗(⃗θ_B ⌟β)⃗θ^B ⌟γ = ∗β ∧ θ_B ∧ ⃗θ^B⌟γ = ∗β ∧ γ. Setting this result to the r.h.s. of the previous equation we obtain the r.h.s. of the first line of (5.52). To obtain the result at the second line it is enough to shift the contraction ⃗θ_A⌟ in the term −(⃗θ_A⌟α) ∧ ∗β ∧ γ. Proof of (5.53). By virtue of the first line of Equation (5.52) just proven (α ∧ ∗^′_A β) ∧ δS_1(M) δp_A = α ∧ ∗β ⃗θ_A⌟ δS_1(M) δp_A − [(⃗θ_A⌟α) ∧ ∗β + (α ↔ β)] ∧ δS_1(M) δp_A = = − M 2 α∧∗β∗(p_A ∧θ^A)−M[(⃗θ_A⌟α)∧∗β+(α ↔ β)]∧ ( θ^B ∗(p_B ∧θ^A)− 1 2 θ^A∗(p_B ∧θ^B) ) . (5.60)

Because ∗(p_B ∧ θ^A) is a zero-form (i.e. a function) (⃗θ_A⌟α) ∗ (p_B ∧ θ^A) = ∗(∗α ∧ θ_A) ∗ (p_B ∧ θ^A) = ∗(∗α ∧ θ_A ∧ ∗(p_B ∧ θ^A)) = ∗(∗α ∧ ∗p_B ), where the first equality holds true by virtue of (4.9) and the last one—due to (5.13). On the other hand due to (4.17) (⃗θ_A⌟α) ∧ ∗β ∧ θ^A = θ^A ∧ (⃗θ_A⌟α) ∧ ∗β = kα ∧ ∗β. Setting the two results above to (5.60) we get (α ∧ ∗^′_A β) ∧ δS_1(M) δp_A = M(k − 1 2 )α ∧ ∗β ∗ (p_A ∧ θ^A)− − M[∗(∗α ∧ ∗p_A) ∧ ∗β ∧ θ^A + (α ↔ β)]. (5.61) The last step of the proof aims at simplifying the last term in the equation above: ∗ (∗α ∧ ∗p_A) ∧ ∗β ∧ θ^A = ∗α ∧ ∗p_A ∧ ∗(∗β ∧ θ^A) = ∗α ∧ ∗p_A ∧ ⃗θ^A⌟β = = (−1)^{3−k} ⃗θ^A⌟(∗α ∧ ∗p_A) ∧ β = (−1)^{3−k} ∗ (α ∧ θ^A) ∧ ∗p_A ∧ β + ∗α ∧ β ∗ (p_A ∧ θ^A) (note that here we used (4.9) several times). Taking into account that ∗α ∧ β = α ∧ ∗β we set the result above to (5.61) obtaining thereby (5.53). Proof of (5.54). By virtue of (4.23) α^A ∧ β_A = (⃗θ^B⌟θ_A − ξ^B ξ_A)α^A ∧ β_B = ⃗θ^B⌟θ_Aα^A ∧ β_B − ξ_Aα^A ∧ ξ^Bβ_B . Now to get (5.54) it is enough to shift the contraction ⃗θ^B⌟ in the first term at the r.h.s. of the equation above.

Proof of (5.55). First transform the l.h.s. of (4.23) by means of (4.9) then act on the both sides of the resulting formula by d.

Proof of (5.56). Note that β ∧ γ is a three form. Therefore ∗α ∗ (β ∧ γ) = ∗[∗(β ∧ γ) ∧ α] = ⃗α⌟(β ∧ γ) = ⃗α⌟β ∧ γ − β ∧ ⃗α⌟γ, where in the second step we used (4.9). Transforming similarly the term ∗β ∗ (α ∧ γ) we obtain α ∧ ∗(∗γ ∧ β) − ∗α ∗ (β ∧ γ) − β ∧ ∗(∗γ ∧ α) + ∗β ∗ (α ∧ γ) = = α ∧ ⃗β⌟γ − ⃗α⌟β ∧ γ + β ∧ ⃗α⌟γ − β ∧ ⃗α⌟γ + ⃗β⌟α ∧ γ − α ∧ ⃗β⌟γ = 0.

Proof of (5.57). Act by the star ∗ on both sides of (5.56) and set κ = ∗γ.

Now we are ready to begin the calculations of {R(B), S(M)}.

5.4.2 Terms quadratic in p_A Terms quadratic in the momentum come form the Poisson bracket

{R_1(b), S_1(M)} = ∫ Σ [−b ∧ ∗p_A + (b ∧ θ^B) ∧ ∗^′_A p_B] ∧ δS_1(M) δp_A − − M ( p_B ∗ (p_A ∧ θ^B) − 1 2 p_A ∗ (p_B ∧ θ^B) ) ∧ ∗(b ∧ θ^A), (5.62) where we used (5.12) to simplify the r.h.s. It is not difficult to see that −b ∧ ∗p_A ∧ δS_1(M) δp_A − M ( p_B ∗ (p_A ∧ θ^B) − 1 2 p_A ∗ (p_B ∧ θ^B) ) ∧ ∗(b ∧ θ^A) = 0. Let us now transform the remaining term in (5.62)—by virtue of (5.53)

[(b ∧ θ^B) ∧ ∗^′_A p_B] ∧ δS_1(M) δp_A = − M 2 b ∧ θ^B ∧ ∗p_B ∗ (p_A ∧ θ^A)− − M[∗(b ∧ θ^B ∧ θ^A) ∧ ∗p_A ∧ p_B + ∗(p_B ∧ θ^A) ∧ ∗p_A ∧ b ∧ θ^B] = = − M 2 b ∧ θ^B ∧ ∗p_B ∗ (p_A ∧ θ^A) + M ∗ (p_B ∧ θ^A) ∗ p_A ∧ b ∧ θ^B. To justify the last step let us note that (b ∧ θ^B ∧ θ^A) is antisymmetric in AB while ∗p_A ∧ p_B is symmetric. Consequently,

{R_1(b), S_1(M)} = ∫ Σ − M 2 b ∧ θ^B ∧ ∗p_B ∗ (p_A ∧ θ^A) + M ∗ (p_B ∧ θ^A)b ∧ θ^B ∧ ∗p_A. (5.63)

5.4.3 Terms linear in p_A Here we will calculate the brackets {R_1(b), S_2(M)} and {R_2(b), S_1(M)}, which give terms linear in the momentum.

Considering {R_1(b), S_2(M)} we immediately see that by virtue of (5.12) and (5.14) δS_2(M) δθ^A ∧ δR_1(b) δp_A = 0,

thus

{R_1(b), S_2(M)} = ∫ Σ [−b ∧ ∗p_A + (b ∧ θ^B) ∧ ∗^′_A p_B ] ∧ d(Mξ^A) = ∫ Σ −dM ∧ b ∧ ∗(ξ^Ap_A)− − Mb ∧ ∗p_A ∧ dξ^A + Mb ∧ θ^B ∧ dξ^A⃗θ_A⌟ ∗ p_B − M⃗θ_A⌟p_B ∧ ∗(b ∧ θ^B) ∧ dξ^A, (5.64) where we have used (5.52).

The other bracket,

{R_2(b), S_1(M)} = ∫ Σ [d(bξ_A)+(b∧dθ^B)∧∗^′_A (∗ξ_B )− 1 2 ϵ_{DBCA}θ^B ∧θ^C ∗(b∧dθ^D)]∧ δS_1(M) δp_A . (5.65) The last two terms in the square bracket above give together zero once multiplied by (δS_1(M))/(δp_A). Indeed, due to (5.59)

[(b ∧ dθ^B) ∧ ∗^′_A (∗ξ_B )] ∧ δS_1(M) δp_A = M 2 (b ∧ ξ_B dθ^B) ∗ (p_A ∧ θ^A). On the other hand, by virtue of (5.51) − 1 2 ϵ_{DBCA}θ^B ∧ θ^C ∧ δS_1(M) δp_A ∗ (b ∧ dθ^D) = ∗ξ_D ∗ (b ∧ dθ^D)⃗θ_A⌟ δS_1(M) δp_A = = − M 2 (b ∧ ξ_Bdθ^B) ∗ (p_A ∧ θ^A) —observe that ξ_A(δS_1(M))/(δp_A) = 0 because (δS_1(M))/(δp_A) is of the form θ^A_i γ^i_j dx^j form some tensor field γ^i_j . Using this observation we transform the only remaining term in (5.65) as follows: d(bξ_A) ∧ δS_1(M) δp_A = −Mb ∧ dξ_A ∧ θ^B ∗ (p_B ∧ θ^A) + M 2 b ∧ dξ_A ∧ θ^A ∗ (p_B ∧ θ^B) = = Mb ∧ θ^B ∧ dξ^A⃗θ_A⌟ ∗ p_B − M 2 b ∧ θ^A ∧ dξ_A ∗ (p_B ∧ θ^B). (5.66)

Gathering all the terms linear in p_A, that is, (5.64) and (5.66) we obtain

{R_1(b), S_2(M)} − {R_2(b), S_1(M)} = ∫ Σ −dM ∧ b ∧ ∗(ξ^Ap_A) − Mb ∧ ∗p_A ∧ dξ^A− − M⃗θ_A⌟p_B ∧ ∗(b ∧ θ^B) ∧ dξ^A + M 2 b ∧ θ^A ∧ dξ_A ∗ (p_B ∧ θ^B). (5.67)

5.4.4 Terms independent of p_A

It turns out that the remaining three brackets, {R_2(b), S_3(M)}, {R_2(b), S_2(M)} and {R_1(b), S_3(M)} do not depend on the momentum. The first bracket is zero since both R_2(b) and S_3(M) do not contain p_A. The second bracket by virtue of (5.14) and (5.12) reads

{R_2(b), S_2(M)} = ∫ Σ [(b ∧ dθ^B) ∧ ∗^′_A (∗ξ_B ) − 1 2 ϵ_{DBCA}θ^B ∧ θ^C ∗ (b ∧ dθ^D)] ∧ d(Mξ^A).

Applying (5.58), (5.15) and (5.51) it is not difficult to show that {R_2(b), S_2(M)} = ∫ Σ dM ∧ ∗θ_D ∗ (b ∧ dθ^D). Consider now the last bracket {R_1(b), S_3(M)}. Due to (5.12) {R_1(b), S_3(M)} = − ∫ Σ ( d[Mθ^B ∗(dθ_B ∧θ_A)− M 2 θ_A ∗(dθ_B ∧θ^B)]+Mdθ_B ∗(dθ_A ∧θ^B)− − M 2 dθ_A ∗ (dθ_B ∧ θ^B) ) ∧ ∗(b ∧ θ^A). Our goal now is to express the r.h.s. of the equation above as a sum of a term containing Mb and a one containing dM. To this end we first act by the operator d on the factors constituting terms in the square brackets. Next, in those cases when it is possible, we use (5.13) to simplify θ_A ∧ ∗(b ∧ θ^A) to 2 ∗ b and θ_A ∧ ∗(dθ_B ∧ θ^A) to ∗dθ_B , finally in all the terms containing M and ∗b we shift the ∗ to obtain b. Thus we obtain {R_1(b), S_3(M)} = − ∫ Σ Mb ∧ [− ∗ dθ^A ∧ ∗dθ_A + θ^A ∧ ∗dθ^B ∗ (dθ_A ∧ θ_B)− − θ^A ∧ ∗dθ_A ∗ (dθ_B ∧ θ^B) − θ^A ∧ ∗(θ^B ∧ d ∗ (dθ_B ∧ θ_A)) − ∗d ∗ (dθ_A ∧ θ^A)]+ + dM ∧ [θ^A ∧ ∗(b ∧ ∗dθ_A) − ∗b ∗ (dθ_A ∧ θ^A)]. Note that since ∗dθ^A is a one-form the first term at the r.h.s. above vanishes. Thus the terms independent of p_A read

{R_1(b), S_3(M)} − {R_2(b), S_2(M)} = ∫ Σ the term containing Mb − − ∫ Σ dM ∧ [θ^B ∧ ∗(b ∧ ∗dθ_B ) − ∗b ∗ (dθ_B ∧ θ^B) + ∗θ_D ∗ (b ∧ dθ^D)]. The term containing dM can be expressed as − ∫ Σ dM ∧ [− ∗ b ∗ (θ^B ∧ dθ_B ) − θ^B ∧ ∗(∗dθ_B ∧ b) + ∗θ^B ∗ (b ∧ dθ_B )]. Now by setting in (5.56) α = b, β = θ^B and γ = dθ_B the term under consideration can be simplified to − ∫ Σ dM ∧ [−b ∧ ∗(∗dθ_B ∧ θ^B)] = − ∫ Σ ∗(dM ∧ b) ∧ θ^B ∧ ∗dθ_B .

This means that the terms independent of p_A read

{R_1(b), S_3(M)} − {R_2(b), S_2(M)} = − ∫ Σ Mb ∧ [θ^A ∧ ∗dθ^B ∗ (dθ_A ∧ θ_B)− − θ^A ∧ ∗dθ_A ∗ (dθ_B ∧ θ^B) − θ^A ∧ ∗(θ^B ∧ d ∗ (dθ_B ∧ θ_A)) − ∗d ∗ (dθ_A ∧ θ^A)]− − ∫ Σ ∗(dM ∧ b) ∧ θ^A ∧ ∗dθ_A. (5.68) 5.4.5 Isolating constraints

Our goal now is to express the bracket

{R(b), S(M)} = the terms (5.63) quadratic in p_A+ + the terms (5.67) linear in p_A + the terms (5.68) independent of p_A

as a combination of the constraints.

Terms quadratic in p_A We are going to transform the last term of (5.63) to a form containing the factor θ^A ∧ ∗p_A being a part of the constraint R(b): applying (5.54) to the term with α^A = ∗p^A we obtain ( M ∗ (p_B ∧ θ^A) ∧ b ∧ θ^B ) ∧ ∗p_A = ∗p^A ∧ ( M ∗ (p_C ∧ θ_A) ∧ b ∧ θ^C ) = = θ_A ∧ ⃗θ^B⌟ ∗ p^A ∧ ( M ∗ (p_C ∧ θ_B) ∧ b ∧ θ^C ) − θ_A ∧ ∗p^A ∧ ⃗θ^B⌟ ( M ∗ (p_C ∧ θ_B) ∧ b ∧ θ^C ) . (5.69)

The first term in the last line is zero—indeed, using (4.9) we get θ_A ∧ ⃗θ^B⌟ ∗ p^A ∧ ( M ∗ (p_C ∧ θ_B) ∧ b ∧ θ^C ) = −M ∗ (p_A ∧ θ^B) ∗ (p_C ∧ θ_B )θ^A ∧ θ^C ∧ b. Note now that ∗(p_A ∧ θ^B) ∗ (p_C ∧ θ_B) is symmetric in AC, while θ^A ∧ θ^C antisymmetric. Transforming the remaining term in (5.69) we obtain ( M ∗ (p_B ∧ θ^A) ∧ b ∧ θ^B ) ∧ ∗p_A = = −Mθ_A ∧ ∗p^A ∧ ( ∗ (p_C ∧ θ_B ⃗θ^B⌟b) ∧ θ^C − ∗(p_C ∧ θ^B)b ⃗θ^B ⌟θ^C ) = = −Mθ^A ∧ ∗p_A ( ∗ (p_C ∧ b)θ^C − ∗(p_B ∧ θ^B) ∧ b ) . where in the last step we used (4.17) and (4.23).

Setting this result to (5.63) we arrive at

the terms (5.63) quadratic in p_A = − ∫ Σ M[θ^B ∗ (p_B ∧ b) − 1 2 b ∗ (p_B ∧ θ^B)] ∧ θ^A ∧ ∗p_A = = −R ( M[θ^B ∗(p_B ∧b)− 1 2 b∗(p_B ∧θ^B)] ) − ∫ Σ M[θ^B ∗(p_B ∧b)− 1 2 b∗(p_B ∧θ^B)]∧θ^A ∧dξ_A. (5.70) Consequently, the bracket {R(b), S(M)} is of the following form {R(b), S(M)} = −R ( M[θ^B ∗ (p_B ∧ b) − 1 2 b ∗ (p_B ∧ θ^B)] ) + terms linear in p_A+ + terms independent of p_A, (5.71) where now the expression “terms linear in p_A” means the terms (5.67) and the last term in (5.70). Now we are going to isolate constraints from the linear terms.

Terms linear in p_A The terms under consideration read ∫ Σ −dM ∧ b ∧ ∗(ξ^Ap_A) + Mb ∧ dξ^A ∧ ∗p_A − M⃗θ_A⌟p_B ∧ ∗(b ∧ θ^B) ∧ dξ^A+ + Mb ∧ θ^A ∧ dξ^A ∗ (p_B ∧ θ^B) − Mθ^B ∧ θ^A ∧ dξ_A ∗ (p_B ∧ b). (5.72) The first term can be written as ∫ Σ −dM∧b∧∗(ξ^Ap_A) = ∫ Σ −∗(dM∧b)∧ξ^Ap_A = −B(∗(dM∧b))+ ∫ Σ ∗(dM∧b)∧θ^A∧∗dθ_A. (5.73) Transformation of the remaining terms in (5.72) (i.e. those which do not contain dM) to an appropriate form takes more effort. Applying (5.54) to the first of them by setting β_A = ∗p_A we obtain Mb ∧ dξ^A ∧ ∗p_A = Mθ_A ∧ ⃗θ^B⌟(b ∧ dξ^A) ∧ ∗p_B + Mθ_A ∧ b ∧ dξ^A⃗θ^B⌟ ∗ p_B = = Mθ_A ∧ dξ^A ∧ ∗p_B ⃗θ^B⌟b − Mθ_A ∧ b ∧ ∗p_B ⃗θ^B⌟dξ^A − Mb ∧ θ_A ∧ dξ^A ∗ (p_B ∧ θ^B). The last term of (5.72) can be transformed as follows − Mθ^B ∧ θ^A ∧ dξ_A ∗ (p_B ∧ b) = −Mθ^A ∧ dξ_A ∧ [∗(p_B ∧ b) ∧ θ^B] = = −Mθ^A ∧dξ_A ∧∗[⃗θ^B ⌟(p_B ∧b)] = −Mθ^A ∧dξ_A ∧∗[(⃗θ^B ⌟p_B)∧b]−Mθ^A ∧dξ_A ∧∗p_B ⃗θ^B⌟b, where in the second step we used (4.9). The two last results allow us to express in a more simpler form the sum of the terms in (5.72) which do not contain dM: −Mθ_A ∧b∧∗p_B ⃗θ^B⌟dξ^A −M⃗θ_A⌟p_B ∧∗(b∧θ^B)∧dξ^A −Mθ^A ∧dξ_A ∧∗[(⃗θ^B⌟p_B )∧b]. (5.74) Our goal now is to rewrite the sum above in a form of a single term containing the factor θ^A ∧ ∗p_A. Let us transform the first term in (5.74) by means of (5.54) setting β_A = p_A: − Mθ_A ∧ b ∧ ∗p_B ⃗θ^B⌟dξ^A = M ( ∗ (b ∧ θ_C ) ⃗θ^A⌟dξ^C ) ∧ p_A = = Mθ_A ∧ ⃗θ_B⌟ ( ∗ (b ∧ θ_C ) ⃗θ^A⌟dξ^C ) ∧ p_B − Mθ_A ( ∗ (b ∧ θ_C ) ⃗θ^A⌟dξ^C ) ∧ ⃗θ^B⌟p_B = = Mθ_A(⃗θ^A⌟dξ^C ) ∧ ∗(b ∧ θ_C ∧ θ^B) ∧ p_B − Mθ_A(⃗θ^A⌟dξ^C ) ∧ ∗(b ∧ θ_C ) ∧ ∗(∗p_B ∧ θ^B) = = Mdξ^C ∧ ∗(b ∧ θ_C ∧ θ^B) ∧ p_B + M ∗ [dξ^C ∧ ∗(b ∧ θ_C )] ∧ θ^B ∧ ∗p_B , (5.75) where we applied (4.9) in the third step and (4.17) in the last step. The second term in (5.74) − M⃗θ_A⌟p_B ∧ ∗(b ∧ θ^B) ∧ dξ^A = Mp_B[⃗θ_A⌟ ∗ (b ∧ θ^B)] ∧ dξ^A − Mp_B ∧ ∗(b ∧ θ^B) ⃗θ_A⌟dξ^A = = Mp_B ∗ (b ∧ θ^B ∧ θ_A) ∧ dξ^A − M⃗θ_C ⌟dξ^C ∗ (b ∧ θ^A) ∧ p_A. Now we apply (5.54) to the last term in the equation above by setting β_A = p_A and obtain thereby − M⃗θ_A⌟p_B ∧ ∗(b ∧ θ^B) ∧ dξ^A = Mdξ^C ∗ (b ∧ θ^B ∧ θ_C ) ∧ p_B − − M⃗θ_C ⌟dξ^C θ_A[⃗θ^B⌟ ∗ (b ∧ θ^A)] ∧ p_B + M⃗θ_C ⌟dξ^C θ_A ∧ ∗(b ∧ θ^A) ∧ ⃗θ^B⌟p_B = = −Mdξ^C ∗(b∧θ_C ∧θ^B)∧p_B +M⃗θ_C ⌟dξ^C θ_A ∗(b∧θ^B ∧θ^A)∧p_B +2M⃗θ_C ⌟dξ^C ∗b∧⃗θ^B⌟p_B = = −Mdξ^C ∗ (b ∧ θ_C ∧ θ^B) ∧ p_B + M⃗θ_C ⌟dξ^C ∗ (b ∧ θ^B) ∧ p_B − 2M⃗θ_C ⌟dξ^C b ∧ θ^B ∧ ∗p_B = = −Mdξ^C ∗ (b ∧ θ_C ∧ θ^B) ∧ p_B − M⃗θ_C ⌟dξ^C b ∧ θ^B ∧ ∗p_B , (5.76) where we used (4.9) and (5.13). Finally, the last term in (5.74) can be written as − Mθ^A ∧ dξ_A ∧ ∗[(⃗θ^B ⌟p_B) ∧ b] = −M ∗ (∗p_B ∧ θ^B) ∧ b ∧ ∗(θ^A ∧ dξ_A) = M ∗ [b ∧ ∗(θ^A ∧ dξ_A)] ∧ θ^B ∧ ∗p_B . Gathering the three partial results, that is, (5.75), (5.76) and the equation above we obtain the desired expression for those terms in (5.72) which do not contain dM: ∫ Σ M ( ∗ [dξ^C ∧ ∗(b ∧ θ_C )] − ⃗θ_C ⌟dξ^C b + ∗[b ∧ ∗(θ^A ∧ dξ_A)] ) ∧ θ^B ∧ ∗p_B = = ∫ Σ M ( ∗ [b ∧ ∗(θ^A ∧ dξ_A)] − b ∗ (dξ_A ∧ ∗θ^A) − ∗[dξ_A ∧ ∗(θ^A ∧ b)] ) ∧ θ^B ∧ ∗p_B .

We can now simplify the term in the big parenthesis — it is enough to use (5.57) setting α = b, β = dξ_A and κ = θ^A to get ∫ Σ M ( − dξ_A ∗ (b ∧ ∗θ^A) ) ∧ θ^B ∧ ∗p_B = −R ( Mdξ_A ∗ (b ∧ ∗θ^A) ) − − ∫ Σ M ∗ (b ∧ ∗θ^A)dξ_A ∧ ξ^Bdθ_B , (5.77) which is the final form of the terms in (5.72) which do not contain dM.

The equations (5.73) and (5.77) allow us to express the terms linear in p_A appearing in (5.71) as a sum of constraints and terms independent of the momentum. Consequently, (5.71) can be written now in the following form: {R(b), S(M)} = −R ( M[θ^B ∗(p_B ∧b)− 1 2 b∗(p_B ∧θ^B)+dξ_A∗(b∧∗θ^A)] ) −B ( ∗(dM ∧b) ) + + terms independent of p_A, (5.78)

where “terms independent of p_A” means here the terms given by (5.68), the last term in (5.73) and the last one in (5.77).

Terms independent of p_A Gathering all the terms independent of p_A appearing in (5.78) we see that the last term of (5.68) and the last term of (5.73) sum up to zero. Note now that the last term in (5.77) contains ξ^A which does not appear in the others term. To get rid of it let us use (5.55): − ∫ Σ M ∗ (b ∧ ∗θ^A)dξ_A ∧ ξ^B dθ_B = − ∫ Σ M ∗ (b ∧ ∗θ^A)d ∗ (∗θ_A ∧ θ^B) ∧ dθ_B = = − ∫ Σ Mb ∧ ∗θ^A ∗ [d ∗ (∗θ_A ∧ θ^B) ∧ dθ_B ]. Consequently, the terms in (5.78) independent of p_A read − ∫ Σ Mb∧ ( θ^A ∧∗dθ^B ∗(dθ_A ∧θ_B)−θ^A ∧∗dθ_A ∗(dθ_B ∧θ^B)−θ^A ∧∗(θ^B ∧d∗(dθ_B ∧θ_A))− − ∗d ∗ (dθ_A ∧ θ^A) + ∗θ^A ∗ (d ∗ (∗θ_A ∧ θ^B) ∧ dθ_B) ) . (5.79)

Now we are going to show that the expression above is zero for every M, b and θ^A. This will be achieved by proving that the terms in the big parenthesis sum up to zero for every θ^A. The proof will be carried out with applications of tensor calculus.

The first term in (5.79) θ^A ∧ ∗dθ^B ∗ (dθ_A ∧ θ_B) = (∇_iθ_{Aj})(∇^aθ^{Bb})θ_{Bk}θ^A_d ϵ_{abc}ϵ^{ijk} dx^d ∧ dx^c.

By virtue of the third equation in (5.9) we can express the r.h.s. above as a sum of six terms. Four of them vanish: two of them contain the vanishing factor (∇_aθ^{Bb})θ_{Bb} (see (5.5)). The other two vanish because they are of the form

γ_{dc} dx^d ∧ dx^c with γ_{dc} = γ_{cd}. (5.80)

Thus θ^A ∧ ∗dθ^B ∗ (dθ_A ∧ θ_B ) = (∇_bθ_{Ac})(∇^aθ^{Bb})θ_{Ba}θ^A_d dx^d ∧ dx^c− − (∇_cθ_{Ab})(∇^aθ^{Bb})θ_{Ba}θ^A_d dx^d ∧ dx^c. (5.81) In the case of the second term in (5.79) we proceed similarly—after applying (5.9) we obtain six terms and again four of them vanish: two of them are of the form (5.80), the other two can be transformed to this form by means of (5.4) and we obtain − θ^A ∧ ∗dθ_A ∗ (dθ_B ∧ θ^B) = −(∇^aθ^b_A)(∇_cθ^B_a )θ_{Bb}θ^A_d dx^d ∧ dx^c+ + (∇^aθ^b_A)(∇_cθ^B_b )θ_{Ba}θ^A_d dx^d ∧ dx^c. (5.82)

Let us consider now the third term in (5.79): − θ^A ∧ ∗(θ^B ∧ d ∗ (dθ_B ∧ θ_A)) = −∇^b[(∇_iθ_{Bj} )θ_{Ak}]θ^{Ba}θ^A_d ϵ_{abc}ϵ^{ijk} dx^d ∧ dx^c = = −(∇^b∇_iθ_{Bj} )θ^{Ba}q_{kd}ϵ_{abc}ϵ^{ijk} dx^d ∧ dx^c − (∇_iθ_{Bj} )(∇^bθ_{Ak})θ^{Ba}θ^A_d ϵ_{abc}ϵ^{ijk} dx^d ∧ dx^c. Applying (5.9) we obtain twelve terms: six of them contain a second derivative of components of θ^B, while the remaining ones are quadratic in first derivatives of the components. Three terms of those containing the second derivatives vanish: two terms turn out to be of the form (5.80), the third one can be transformed to this form as follows − (∇_d∇_cθ_{Ba})θ^{Ba} dx^d ∧ dx^c = −∇_d[(∇_cθ_{Ba})θ^{Ba}] + (∇_cθ_{Ba})(∇_dθ^{Ba}) dx^d ∧ dx^c = = (∇_cθ_{Ba})(∇_dθ^{Ba}) dx^d ∧ dx^c. Four terms of those quadratic in the first derivatives are zero: two of them contain the factor (5.5), the other two can be transformed to the form (5.80) by means of (5.4). Finally − θ^A ∧ ∗(θ^B ∧ d ∗ (dθ_B ∧ θ_A)) = −(∇^b∇_bθ_{Bc})θ^B_d dx^d ∧ dx^c + (∇_d∇_aθ_{Bc})θ^{Ba} dx^d ∧ dx^c+ + (∇^b∇_cθ_{Bb})θ^B_d dx^d ∧ dx^c − (∇_aθ_{Bb})(∇^bθ_{Ac})θ^{Ba}θ^A_d dx^d ∧ dx^c+ + (∇_cθ_{Bb})(∇^bθ_{Aa})θ^{Ba}θ^A_d dx^d ∧ dx^c. (5.83)

Since dθ_A ∧ θ^A = 3!(∇_{[d}θ_{Ac})θ^A_{b]} dx^d ⊗ dx^c ⊗ dx^b we can use (5.8) to express the fourth term in (5.79) as follows − ∗d ∗ (dθ_A ∧ θ^A) = − 3! 2 ∇^b[(∇_{[d}θ_{Ac})θ^A_{b]} ] dx^d ∧ dx^c = −∇^b[(∇_dθ_{Ac})θ^A_b ] dx^d ∧ dx^c− − ∇^b[(∇_cθ_{Ab})θ^A_d ] dx^d ∧ dx^c − ∇^b[(∇_bθ_{Ad})θ^A_c ] dx^d ∧ dx^c. Acting by ∇^b on the factors in the square brackets we obtain − ∗d ∗ (dθ_A ∧ θ^A) = −(∇^b∇_dθ_{Ac})θ^A_b dx^d ∧ dx^c − (∇^b∇_cθ_{Ab})θ^A_d dx^d ∧ dx^c− − (∇^b∇_bθ_{Ad})θ^A_c dx^d ∧ dx^c − (∇_dθ_{Ac})(∇^bθ^A_b ) dx^d ∧ dx^c − (∇_cθ_{Ab})(∇^bθ^A_d ) dx^d ∧ dx^c, (5.84)

where we omitted the term −(∇_bθ_{Ad})(∇^bθ^A_c ) dx^d ∧ dx^c which being of the form (5.80) is zero.

The last term in (5.79) can be expressed as follows ∗ θ^A ∗ (d ∗ (∗θ_A ∧ θ^B) ∧ dθ_B ) = 1 2 θ^{Ab}∇_i(θ_{Aa}θ^{Ba})(∇_j θ_{Bk})ϵ^{ijk}ϵ_{bdc} dx^d ∧ dx^c = = θ^{Ab}∇_b(θ_{Aa}θ^{Ba})(∇_dθ_{Bc}) dx^d ∧ dx^c + θ^{Ab}∇_d(θ_{Aa}θ^{Ba})(∇_cθ_{Bb}) dx^d ∧ dx^c+ + θ^{Ab}∇_c(θ_{Aa}θ^{Ba})(∇_bθ_{Bd}) dx^d ∧ dx^c. The last term in the second line above vanishes—indeed, it can be expressed as the following sum θ^{Ab}(∇_dθ_{Aa})θ^{Ba}(∇_cθ_{Bb}) dx^d ∧ dx^c + (∇_dθ^{Bb})(∇_cθ_{Bb}) dx^d ∧ dx^c and each term in the sum is of the form (5.80). Thus ∗ θ^A ∗ (d ∗ (∗θ_A ∧ θ^B) ∧ dθ_B) = (∇_bθ^{Bb})(∇_dθ_{Bc}) dx^d ∧ dx^c + (∇_cθ^{Bb})(∇_bθ_{Bd}) dx^d ∧ dx^c+ + (∇_bθ_{Aa})(∇_dθ_{Bc})θ^{Ab}θ^{Ba} dx^d ∧ dx^c + (∇_cθ_{Aa})(∇_bθ_{Bd})θ^{Ab}θ^{Ba} dx^d ∧ dx^c. (5.85) Now we are ready to gather all the results (5.81)–(5.85) to show that (5.79) is zero.

To make the task easier let us note that we obtained three kinds of expressions: (i) ones containing the second derivatives of θ^A_a , (ii) ones quadratic in the first derivatives of θ^A_a and (iii) ones quadratic in the first derivatives and quadratic in θ^A_a (of course, here we take into account only the explicite form of the expressions i.e. we neglect the dependence of ∇_a on the components θ^A_a and their derivatives).

Expressions containing the second derivatives of θ^A_a appear in (5.83) and (5.84) and they read − (∇^b∇_bθ_{Bc})θ^B_d dx^d ∧ dx^c + (∇_d∇_aθ_{Bc})θ^{Ba} dx^d ∧ dx^c + (∇^b∇_cθ_{Bb})θ^B_d dx^d ∧ dx^c− − (∇^b∇_dθ_{Ac})θ^A_b dx^d ∧ dx^c − (∇^b∇_cθ_{Ab})θ^A_d dx^d ∧ dx^c − (∇^b∇_bθ_{Ad})θ^A_c dx^d ∧ dx^c We see now that the first and the last term sum up to zero, similarly do the third and the fifth ones. The sum of the remaining second an fourth terms can be expressed as [(∇_d∇_a − ∇_a∇_d)θ^b_B ]θ^{Ba}q_{bc} dx^d ∧ dx^c = R^b_{eda}θ^e_Bθ^{Ba}q_{bc} dx^d ∧ dx^c = = R^b_{eda}q^{ea}q_{bc} dx^d ∧ dx^c = R_{ceda}q^{ea} dx^d ∧ dx^c = R_{cd} dx^d ∧ dx^c = 0, where we used the Riemann tensor R^b_{eda} of the Levi-Civita connection compatible with q to express the commutator (∇_d∇_a − ∇_a∇_d). Note that in the last step we used the symmetricity of the Ricci tensor R_{cd}.

Terms quadratic in the first derivatives of θ^A_a appear in (5.84) and (5.85): − (∇_dθ_{Ac})(∇^bθ^A_b ) dx^d ∧ dx^c − (∇_cθ_{Ab})(∇^bθ^A_d ) dx^d ∧ dx^c + (∇_bθ^{Bb})(∇_dθ_{Bc}) dx^d ∧ dx^c+ + (∇_cθ^{Bb})(∇_bθ_{Bd}) dx^d ∧ dx^c It is easy to see that the first and the third terms sum up to zero, similarly do the second and fourth ones.

Let us finally consider the terms quadratic in the first derivatives of θ^A_a and quadratic in θ^A_a —there are eight of them and they can be grouped into pairs such that each pair sums up to zero. These pairs are:

1. the first term at the r.h.s. of (5.81) and the fourth one at the r.h.s. of (5.83),

2. the second term at the r.h.s. of (5.81) and the third one at the r.h.s. of (5.85) (apply (5.4) to the latter term),

3. the first term at the r.h.s. of (5.82) and the fifth one at the r.h.s. of (5.83),

4. the second term at the r.h.s. of (5.82) and the fourth one at the r.h.s. of (5.85) (apply (5.4) to the latter term).

In this way we demonstrated that (5.79) is zero for every M, b and θ^A. Thus the formula (5.78) turns into the final expression of the Poisson bracket of R(b) and S(M): {R(b), S(M)} = −R ( M[θ^B ∗(p_B ∧b)− 1 2 b∗(p_B ∧θ^B)+dξ_A ∗(b∧∗θ^A)] ) −B ( ∗(dM ∧b) ) (5.86) which coincides with (3.19).

5.5 Poisson bracket of B(a) and S(M) The bracket {B(a), S(M)} = 2∑ i=1 3∑ j=1 {B_i(a), S_j (M)} (5.87)

will be calculated in a similar way to {R(b), S(M)}.

5.5.1 Terms quadratic in p_A

The only term in (5.87) quadratic in p_A is

{B_2(a), S_1(M)} = ∫ Σ δB_2(a) δθ^A ∧ δS_1(M) δp_A − δS_1(M) δθ^A δB_2(a) δp_A . (5.88)

The first term of the r.h.s. of this equation turns out to be zero. To show this let us express the term as follows

δB_2(a) δθ^A ∧ δS_1(M) δp_A = − M 2 ϵ^D_{BCA}θ^B ∧ θ^C ∧ θ^E ∗ (a ∧ p_D) ∗ (p_E ∧ θ^A)+ + M 4 ϵ^D_{BCA}θ^B ∧ θ^C ∧ θ^A ∧ ∗(a ∧ p_D) ∗ (p_E ∧ θ^E) + [(∗ξ^D) ∧ ∗^′_A (a ∧ p_D)] ∧ δS_1(M) δp_A . (5.89) Our strategy now is to restore in each term above the function ξ^A which originally appears in B_2(a). Thus by virtue of (5.51) − M 2 ϵ^D_{BCA}θ^B ∧θ^C ∧θ^E ∗(a∧p_D)∗(p_E ∧θ^A) = M(∗ξ^D)(⃗θ_A⌟θ^E)∗(a∧p_D )∗(p_E ∧θ^A) = = Ma ∧ ξ^Dp_D ∗ (p_A ∧ θ^A). (5.90) The second term at the r.h.s of (5.89) M 4 ϵ^D_{BCA}θ^B ∧ θ^C ∧ θ^A ∧ ∗(a ∧ p_D) ∗ (p_E ∧ θ^E) = − 3M 2 a ∧ ξ^Dp_D ∗ (p_A ∧ θ^A). (5.91)

Due to (5.59)

[(∗ξ^D) ∧ ∗^′_A (a ∧ p_D)] ∧ δS_1(M) δp_A = M 2 a ∧ ξ^Dp_D ∗ (p_A ∧ θ^A). (5.92)

Gathering the three results (5.90), (5.91) and (5.92) we see that, indeed, the first term on the r.h.s. of (5.88) is zero.

The second term at the r.h.s. of (5.88) requires only some simple transformations after which we obtain a simple expression for terms in (5.87) quadratic in the momentum:

{B_2(a), S_1(M)} = − ∫ Σ M[θ^B ∗ (p_B ∧ a) − 1 2 a ∗ (p_B ∧ θ^B)] ∧ ξ^Ap_A. (5.93)

5.5.2 Terms linear in p_A It turns out that {B_1(a), S_1(M)} and {B_2(a), S_2(M)} give terms linear in p_A. The first of the two brackets can be calculated as follows

{B_1(a), S_1(M)} = ∫ Σ [−a ∧ ∗dθ_A + d ∗ (a ∧ θ_A)] ∧ M[θ^B ∗ (p_B ∧ θ^A) − 1 2 θ^A ∗ (p_B ∧ θ^B)]+ + [(a ∧ θ^B) ∧ ∗^′_A dθ_B] ∧ δS_1(M) δp_A Using (5.53) after some simple algebra we obtain

{B_1(a), S_1(M)} = ∫ Σ Ma ∧ θ^B ∧ ∗dθ_A ∗ (p_B ∧ θ^A) + Md[∗(a ∧ θ_A)] ∧ θ^B ∗ (p_B ∧ θ^A)− − Ma ∧ θ^B ∧ ∗dθ_B ∗ (p_A ∧ θ^A) − M 2 d[∗(a ∧ θ_A)] ∧ θ^A ∗ (p_B ∧ θ^B)+ + M ∗ (a ∧ θ^B ∧ θ^A) ∗ p_A ∧ dθ_B − Ma ∧ ∗p_A ∧ θ^B ∗ (dθ_B ∧ θ^A). The next bracket reads {B_2(a), S_2(M)} = ∫ Σ − 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ∧ (ξ^AdM + Mdξ^A) ∗ (a ∧ p_D)+ + M[(∗ξ^B ) ∧ ∗^′_A (a ∧ p_B)] ∧ dξ^A − M 2 (∗dp_D)ϵ^D_{BCA}θ^B ∧ θ^C ∧ aξ^A. (5.94) To simplify the resulting expression let us first consider the two terms above containing dξ^A—the first of the terms can be transformed by means of (5.51): − 1 2 ϵ^D_{BCA}θ^B ∧θ^C ∧(Mdξ^A ∗(a∧p_D)) = M(∗ξ^D)⃗θ_A⌟dξ^A ∗(a∧p_D) = M(⃗θ_A⌟dξ^A)a∧ξ^Dp_D, On the other hand by virtue of (5.58) the other term M[(∗ξ^B ) ∧ ∗^′_A (a ∧ p_B )] ∧ dξ^A = −M(∗ξ^B ) ∧ ∗(a ∧ p_B )(⃗θ_A⌟dξ^A) = −M(⃗θ_A⌟dξ^A)a ∧ ξ^B p_B. Thus the sum of the two terms in (5.94) containing dξ^A is zero. Consequently, {B_2(a), S_2(M)} = ∫ Σ − 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ξ^A ∧ (dM ∗ (a ∧ p_D) + Ma ∗ dp_D) = = ∫ Σ ∗θ^D ∧ (dM ∗ (a ∧ p_D) + Ma ∗ dp_D), (5.95) where we applied (5.15).

Finally, the terms in (5.87) linear in p_A read

{B_1(a), S_1(M)} + {B_2(a), S_2(M)} = ∫ Σ ∗θ^D ∧ (dM ∗ (a ∧ p_D) + Ma ∗ dp_D)+ + Ma ∧ θ^B ∧ ∗dθ_A ∗ (p_B ∧ θ^A) + Md[∗(a ∧ θ_A)] ∧ θ^B ∗ (p_B ∧ θ^A)− − Ma ∧ θ^B ∧ ∗dθ_B ∗ (p_A ∧ θ^A) − M 2 d[∗(a ∧ θ_A)] ∧ θ^A ∗ (p_B ∧ θ^B)+ + M ∗ (a ∧ θ^B ∧ θ^A) ∗ p_A ∧ dθ_B − Ma ∧ ∗p_A ∧ θ^B ∗ (dθ_B ∧ θ^A). (5.96) 5.5.3 Terms independent of p_A The remaining three brackets {B_1(a), S_3(M)}, {B_1(a), S_2(M)} and {B_2(a), S_3(M)} give terms independent of p_A. The first bracket is zero since both B_1(a) and S_3(M) do not depend on p_A. The second bracket

{B_1(a), S_2(M)} = ∫ Σ [−a ∧ ∗dθ_A + (a ∧ θ^B) ∧ ∗^′_A dθ_B ] ∧ (dMξ^A + Mdξ^A) = = ∫ Σ −dM ∧ a ∧ ∗(ξ^Adθ_A) − Ma ∧ ∗dθ_A ∧ dξ^A + M(a ∧ θ^B) ∗ (dθ_B ∧ θ_A) ∧ dξ^A− − M ∗ (∗dθ_B ∧ θ_A) ∧ ∗(a ∧ θ^B) ∧ dξ^A, where in the second step we used the second line of (5.52) and (4.9).

The third bracket {B_2(a), S_3(M)} = − ∫ Σ d ( Mθ^B ∗ (dθ_B ∧ θ_A) − M 2 θ_A ∗ (dθ_B ∧ θ^B) ) ∧ aξ^A+ + M ( dθ_B ∗ (dθ_A ∧ θ^B) − 1 2 dθ_A ∗ (dθ_B ∧ θ^B) ) ∧ aξ^A = − ∫ Σ −Ma ∧ θ^B ∧ ξ^Ad ∗ (dθ_B ∧ θ_A)+ + Ma ∧ dθ_Bξ^A ∗ (dθ_A ∧ θ^B) − Ma ∧ ξ^Adθ_A ∗ (dθ_B ∧ θ^B). Thus the terms in (5.87) independent of p_A read

{B_1(a), S_2(M)} + {B_2(a), S_3(M)} = ∫ Σ −dM ∧ a ∧ ∗(ξ^Adθ_A) − Ma ∧ ∗dθ_A ∧ dξ^A+ + Ma ∧ θ^B ∗ (dθ_B ∧ θ_A) ∧ dξ^A − M ∗ (∗dθ_B ∧ θ_A) ∧ ∗(a ∧ θ^B) ∧ dξ^A+ + Ma ∧ θ^B ∧ ξ^Ad ∗ (dθ_B ∧ θ_A) − Ma ∧ dθ_B ξ^A ∗ (dθ_A ∧ θ^B) + Ma ∧ ξ^Adθ_A ∗ (dθ_B ∧ θ^B). (5.97)

5.5.4 Isolating constraints Again, our goal now is to express the bracket

{B(a), S(M)} = the terms (5.93) quadratic in p_A+ + the terms (5.96) linear in p_A + the terms (5.97) independent of p_A as a combination of the constraints.

Terms quadratic in p_A We immediately see that the formula (5.93) can be expressed as −B ( M[θ^B ∗(p_B ∧a)− 1 2 a∗(p_B ∧θ^B)] ) + ∫ Σ M[θ^B ∗(p_B ∧a)− 1 2 a∗(p_B ∧θ^B)]∧θ^A ∧∗dθ_A, (5.98) hence {B(a), S(M)} = −B ( M[θ^B ∗ (p_B ∧ a) − 1 2 a ∗ (p_B ∧ θ^B)] ) + + terms linear in p_A + the terms (5.97) independent of p_A, (5.99) where now “terms linear in p_A” mean the last term in (5.98) and (5.96).

Terms linear in p_A According to the last statement of the previous paragraph the remaining terms linear in p_A read ∫ Σ M[θ^B ∗ (p_B ∧ a) − 1 2 a ∗ (p_B ∧ θ^B)] ∧ θ^A ∧ ∗dθ_A + ∗θ^D ∧ (dM ∗ (a ∧ p_D) + Ma ∗ dp_D)+ + Ma ∧ θ^B ∧ ∗dθ_A ∗ (p_B ∧ θ^A) + Md[∗(a ∧ θ_A)] ∧ θ^B ∗ (p_B ∧ θ^A)− − Ma ∧ θ^B ∧ ∗dθ_B ∗ (p_A ∧ θ^A) − M 2 d[∗(a ∧ θ_A)] ∧ θ^A ∗ (p_B ∧ θ^B)+ + M ∗ (a ∧ θ^B ∧ θ^A) ∗ p_A ∧ dθ_B − Ma ∧ ∗p_A ∧ θ^B ∗ (dθ_B ∧ θ^A). (5.100) Let us now transform the terms containing dM and dp_D appearing in the first line of (5.100): ∫ Σ ∗θ^D ∧ dM ∗ (a ∧ p_D) = ∫ Σ ∗(∗dM ∧ θ^D)a ∧ p_D ∫ Σ = (⃗θ^D⌟dM)a ∧ p_D = = ∫ Σ dM(⃗θ^D⌟a) ∧ p_D − dM ∧ a⃗θ^D⌟p_D = ∫ Σ dM(⃗θ^D⌟a) ∧ p_D + ∗(dM ∧ a)θ^A ∧ ∗p_A = = R ( ∗ (dM ∧ a) ) + ∫ Σ dM(⃗θ^D⌟a) ∧ p_D + ∗(dM ∧ a) ∧ ξ^Adθ_A, where we used (4.9). On the other hand the term with dp_D ∫ Σ ∗θ^D ∧ Ma ∗ dp_D = ∫ Σ M ∗ (∗a ∧ θ^D)dp_D = − ∫ Σ d[M ∗ (∗a ∧ θ^D)] ∧ p_D = = − ∫ Σ dM(⃗θ^D⌟a) ∧ p_D + Md ∗ (∗a ∧ θ^D) ∧ p_D. Consequently, the sum of the two terms ∫ Σ ∗θ^D ∧ (dM ∗ (a ∧ p_D) + Ma ∗ dp_D) = R ( ∗ (dM ∧ a) ) + ∫ Σ −Md ∗ (∗a ∧ θ^A) ∧ p_A+ + dM ∧ a ∧ ∗(ξ^Adθ_A). (5.101) The result just obtained means that (5.99) can be reexpressed as {B(a), S(M)} = −B ( M[θ^B ∗ (p_B ∧ a) − 1 2 a ∗ (p_B ∧ θ^B)] ) + R ( ∗ (dM ∧ a) ) + terms linear in p_A + terms independent of p_A, (5.102)

where now (i) “terms linear in p_A” mean the second term at the r.h.s. of (5.101) and (5.100) except the terms containing dM and dp_D and (ii) “terms independent of p_A” mean the last term in (5.101) and the terms (5.97).

Note now that the form of constraints at the r.h.s. of (5.102) we managed to isolate so far resemble closely the form of the constraints at the r.h.s. of (5.86). Thus we postulate that {B(a), S(M)} = −B ( M[θ^B ∗(p_B ∧a)− 1 2 a∗(p_B ∧θ^B)+dξ_B ∗(a∧∗θ^B )] ) +R ( ∗(dM ∧a) ) . (5.103) To justify the postulate we will proceed as follows: we will add to the r.h.s. of (5.102) zero expressed as 0 = −B ( Mdξ_B ∗ (a ∧ ∗θ^B ) ) + B ( Mdξ_B ∗ (a ∧ ∗θ^B ) ) = −B ( Mdξ_B ∗ (a ∧ ∗θ^B ) ) + + ∫ Σ Mdξ_B ∗ (a ∧ ∗θ^B)(θ^A ∧ ∗dθ_A + ξ^Ap_A) = −B ( Mdξ_B ∗ (a ∧ ∗θ^B) ) + + ∫ Σ Mdξ_B ∗ (a ∧ ∗θ^B)θ^A ∧ ∗dθ_A + Md ∗ (∗θ_B ∧ θ^A) ∧ p_A ∗ (a ∧ ∗θ^B ) (5.104) (here in the last step we used (5.55)). Next we will show that all the remaining terms linear in p_A sum up to zero, and that similarly do all the remaining terms independent of the momentum (note that now the description of the term linear in and independent of the momentum given just below Equation (5.102) has to be completed by taking into account the two last term in (5.104)).

To demonstrate that all the remaining terms linear in p_A ∫ Σ Mθ^B ∗ (p_B ∧ a) ∧ θ^A ∧ ∗dθ_A − M 2 a ∗ (p_B ∧ θ^B) ∧ θ^A ∧ ∗dθ_A − Md ∗ (∗a ∧ θ^A) ∧ p_A+ + Ma ∧ θ^B ∧ ∗dθ_A ∗ (p_B ∧ θ^A) + Md[∗(a ∧ θ_A)] ∧ θ^B ∗ (p_B ∧ θ^A)− − Ma ∧ θ^B ∧ ∗dθ_B ∗ (p_A ∧ θ^A) − M 2 d[∗(a ∧ θ_A)] ∧ θ^A ∗ (p_B ∧ θ^B)+ +M ∗(a∧θ^B ∧θ^A)∗p_A∧dθ_B −Ma∧∗p_A∧θ^B ∗(dθ_B ∧θ^A)+Md∗(∗θ_B ∧θ^A)∧p_A∗(a∧∗θ^B). (5.105) sum up to zero let us first perform some transformations. First we are going to show that the first, fourth, sixth and eighth terms above give together zero. To this end let us transform the eighth one as follows M ∗ (a ∧ θ^B ∧ θ^A) ∗ p_A ∧ dθ_B = −M[⃗θ^B⌟ ∗ (a ∧ θ^A)] ∗ p_A ∧ dθ_B = = −M ∗ (a ∧ θ^A) ∗ (p_A ∧ θ^B) ∧ dθ_B + M ∗ (a ∧ θ^A) ∗ p_A ∧ ∗(∗dθ_B ∧ θ^B), where in the second step we shifted the contraction ⃗θ^B⌟ and applied (4.9). Let us now transform the last term above in an analogous way: M ∗ (a ∧ θ^A) ∗ p_A ∧ ∗(∗dθ_B ∧ θ^B) = M(⃗θ^A⌟ ∗ a) ∧ ∗p_A ∧ ∗(∗dθ_B ∧ θ^B) = = −M ∗ a ∧ ∗(p_A ∧ θ^A) ∗ (∗dθ_B ∧ θ^B) + M ∗ a ∧ ∗p_A ∗ (∗dθ_B ∧ θ^B ∧ θ^A) = = Ma ∧ θ^B ∧ ∗dθ_B ∗ (p_A ∧ θ^A) − Mθ^A ∗ (p_A ∧ a) ∧ θ^B ∧ ∗dθ_B . Thus the eighth term M ∗ (a ∧ θ^B ∧ θ^A) ∗ p_A ∧ dθ_B = −Ma ∧ θ^A ∧ ∗dθ_B ∗ (p_A ∧ θ^B)− + Ma ∧ θ^B ∧ ∗dθ_B ∗ (p_A ∧ θ^A) − Mθ^A ∗ (p_A ∧ a) ∧ θ^B ∧ ∗dθ_B and indeed the first, fourth, sixth and eighth terms disappear from (5.105).

Let us consider now the second and the seventh terms in (5.105). After a slight transformation of the second one their sum can be expressed as − M 2 [∗(a ∧ θ^A) ∧ dθ_A + d ∗ (a ∧ θ^A) ∧ θ_A] ∗ (p_B ∧ θ^B) = = − M 2 [2 ∗ (a ∧ θ^A) ∧ dθ_A − d(θ_A ∗ (a ∧ θ^A))] ∗ (p_B ∧ θ^B) = − M[∗(a ∧ θ^A) ∧ dθ_A − d ∗ a] ∗ (p_B ∧ θ^B), where in the last step we used (5.13).

Now the terms (5.105) can be reexpressed in a simpler form as ∫ Σ −M ∗ (a ∧ θ^A) ∧ dθ_A ∗ (p_B ∧ θ^B) + Md ∗ a ∗ (p_B ∧ θ^B) − Md ∗ (∗a ∧ θ^A) ∧ p_A+ +Md[∗(a∧θ_A)]∧θ^B ∗(p_B ∧θ^A)−Ma∧∗p_A∧θ^B∗(dθ_B ∧θ^A)+Md∗(∗θ_B ∧θ^A)∧p_A∗(a∧∗θ^B ). Note that in each term above one can isolate the factor Mp_B obtaining thereby ∫ Σ Mp_B ∧ ( − θ^B ∗ [∗(a ∧ θ^A) ∧ dθ_A] + θ^B ∗ d ∗ a − d ∗ (∗a ∧ θ^B)+ + θ^A ∗ [d ∗ (a ∧ θ_A) ∧ θ^B] + ∗(a ∧ θ^A) ∗ (dθ_A ∧ θ^B) + d ∗ (∗θ_A ∧ θ^B) ∗ (a ∧ ∗θ^A) ) . (5.106) Now we will show by a direct calculation that the terms in the big parenthesis above sum up to zero for every θ^A and a. The first term in (5.106) can be expressed as − θ^B ∗ [∗(a ∧ θ^A) ∧ dθ_A] = −θ^B_c a^aθ^{Ab}(∇_dθ_{Ae})ϵ_{abf} ϵ^{fde}dx^c = = −θ^B_c a^aθ^{Ab}(∇_aθ_{Ab} − ∇_bθ_{Aa})dx^c = a^aθ^{Ab}(∇_bθ_{Aa})θ^B_c dx^c, (5.107) where in the second step we used (5.9), and in the last one (5.5).

The second term in (5.106) θ^B ∗ d ∗ a = (∇^aa_a)θ^B_c dx^c (5.108) by virtue of (5.8).

The third one − d ∗ (∗a ∧ θ^B) = −∇_c(θ^{Ba}a_a)dx^c = −(∇_cθ^{Ba})a_adx^c − θ^{Ba}(∇_ca_a)dx^c. (5.109) The fourth term in (5.106) by means of (5.9) can be expressed as θ^A ∗ [d ∗ (a ∧ θ_A) ∧ θ^B] = ∇_d(a^aθ^b_A)θ^B_e θ^A_c ϵ_{abf} ϵ^{dfe}dx^c = −(∇_aa^a)θ^B_c dx^c− − a^a(∇_aθ^b_A)θ^B_b θ^A_c dx^c + (∇_ca^a)θ^B_a dx^c + a^a(∇_bθ^b_A)θ^B_a θ^A_c dx^c. (5.110) The fifth one ∗(a ∧ θ^A) ∗ (dθ_A ∧ θ^B) = a^aθ^{Ab}(∇_dθ_{Ae})θ^B_f ϵ_{abc}ϵ^{def} dx^c. Using (5.9) we obtain six terms and two of them vanish by virtue of (5.5). Thus ∗ (a ∧ θ^A) ∗ (dθ_A ∧ θ^B) = a^aθ^{Ab}(∇_bθ_{Ac})θ^B_a dx^c + a^aθ^{Ab}(∇_cθ_{Aa})θ^B_b dx^c− − a^aθ^{Ab}(∇_bθ_{Aa})θ^B_c dx^c − a^aθ^{Ab}(∇_aθ_{Ac})θ^B_b dx^c. (5.111)

The last term in (5.106)

d ∗ (∗θ_A ∧ θ^B) ∗ (a ∧ ∗θ^A) = ∇_c(θ^b_Aθ^B_b )a_aθ^{Aa}dx^c = (∇_cθ^b_A)θ^B_b a_aθ^{Aa}dx^c+ + (∇_cθ^{Ba})a_adx^c. (5.112)

Collecting all the results (5.107)–(5.112) we note that we obtain two kinds of terms: ones containing a derivative of a^a and ones containing a derivative of θ^A_a . The terms containing ∇_ba^a appear in (5.108), (5.109) and (5.110) and sum up to zero:

(∇^aa_a)θ^B_c dx^c − θ^{Ba}(∇_ca_a)dx^c − (∇_aa^a)θ^B_c dx^c + (∇_ca^a)θ^B_a dx^c = 0.

Regarding the terms containing ∇_aθ^A_b there are ten of them and they can be grouped into pairs such that each pair sums up to zero. These pairs are:

1. the term at the r.h.s. of (5.107) and the third term at the r.h.s. of (5.111), 2. the first term at the r.h.s. of (5.109) and the last term at the r.h.s. of (5.112), 3. the second term at the r.h.s. of (5.110) and the last term at the r.h.s. of (5.111) (shift the derivative by means of (5.4) in the latter term), 4. the last term at the r.h.s. of (5.110) and the first term at the r.h.s. of (5.111) (shift the derivative by means of (5.4) in the latter term), 5. the second term at the r.h.s. of (5.111) and the first term at the r.h.s. of (5.112) (again shift the derivative by means of (5.4) in the latter term).

Terms independent of p_A Our goal now is to show that all the remaining terms independent of the momentum i.e. the terms (5.97), the last term in (5.101) and the second term at the r.h.s. of (5.104) sum up to zero. Note that the first term in (5.97) cancels the last term in (5.101). Now in all remaining terms there is the factor Ma and therefore they can be expressed as ∫ Σ Ma ∧ ( − ∗dθ_A ∧ dξ^A + θ^B ∗ (dθ_B ∧ θ_A) ∧ dξ^A + θ^B ∧ ∗[∗(∗dθ_B ∧ θ_A) ∧ dξ^A]+ + θ^B ∧ ξ^Ad ∗ (dθ_B ∧ θ_A) − dθ_B ∗ (θ_A ∧ dξ^A ∧ θ^B) + θ_A ∧ dξ^A ∗ (dθ_B ∧ θ^B)+ + ∗θ^A ∗ (dξ_A ∧ θ^B ∧ ∗dθ_B ) )

By a direct calculation we will demonstrate that the terms in the big parenthesis sum up to zero for all θ^A. To be more precise we will show that ∗ ( − ∗dθ_A ∧ dξ^A + θ^B ∧ dξ^A ∗ (dθ_B ∧ θ_A) + θ^B ∧ ∗[∗(∗dθ_B ∧ θ_A) ∧ dξ^A]+ + θ^B ∧ ξ^Ad ∗ (dθ_B ∧ θ_A) − dθ_B ∗ (θ_A ∧ dξ^A ∧ θ^B) + θ_A ∧ dξ^A ∗ (dθ_B ∧ θ^B)+ + ∗θ^A ∗ (dξ_A ∧ θ^B ∧ ∗dθ_B ) ) (5.113) is equal to zero.

The first term in the expression above reads − ∗(∗dθ_A ∧ dξ^A) = −(∇_aθ_{Ab})(∇^dξ^A)ϵ^{abc}ϵ_{cde}dx^e = −(∇_aθ_{Ab})(∇^aξ^A)dx^b+ + (∇_aθ_{Ab})(∇^bξ^A)dx^a, (5.114) where in the last step we used (5.9).

The second term in (5.113) ∗(θ^B ∧ dξ^A) ∗ (dθ_B ∧ θ_A) = θ^{Ba}(∇^bξ^A)(∇_cθ_{Bd})θ_{Ae}ϵ^{cde}ϵ_{abf} dx^f . By virtue of (5.9) it can be expressed as a sum of six terms. Two of them vanish due to (5.5) and we obtain ∗ (θ^B ∧ dξ^A) ∗ (dθ_B ∧ θ_A) = θ^{Ba}(∇^bξ^A)(∇_aθ_{Bb})θ_{Af} dx^f + θ^{Ba}(∇^bξ^A)(∇_bθ_{Bf} )θ_{Aa}dx^f − − θ^{Ba}(∇^bξ^A)(∇_aθ_{Bf} )θ_{Ab}dx^f − θ^{Ba}(∇^bξ^A)(∇_f θ_{Bb})θ_{Aa}dx^f . (5.115) The third term reads ∗ ( θ^B ∧ ∗[∗(∗dθ_B ∧ θ_A) ∧ dξ^A] ) = θ^a_A(∇_aθ_{Bb} − ∇_bθ_{Ba})(∇_cξ^A)θ^{Be}ϵ^{bcd}ϵ_{edf} dx^f . After applying (5.9) we see that one term vanishes by virtue of (5.5) and we get ∗ ( θ^B ∧ ∗[∗(∗dθ_B ∧ θ_A) ∧ dξ^A] ) = θ^a_A(∇_bθ_{Ba})(∇_cξ^A)θ^{Bb}dx^c+ + θ^a_A(∇_aθ_{Bb})(∇_cξ^A)θ^{Bc}dx^b − θ^a_A(∇_bθ_{Ba})(∇_cξ^A)θ^{Bc}dx^b. (5.116) The fourth term in (5.113) ∗[θ^B ∧ ξ^Ad ∗ (dθ_B ∧ θ_A)] = θ^{Ba}ξ^A(∇^bθ_{Ad})(∇_eθ_{Bf} )ϵ^{def} ϵ_{abc}dx^c. Again using (5.9) we get six terms, two of them vanish due to (5.5) and we obtain thereby ∗ [θ^B ∧ ξ^Ad ∗ (dθ_B ∧ θ_A)] = θ^{Ba}ξ^A(∇^bθ_{Aa})(∇_bθ_{Bc})dx^c + θ^{Ba}ξ^A(∇^bθ_{Ac})(∇_aθ_{Bb})dx^c− − θ^{Ba}ξ^A(∇^bθ_{Ab})(∇_aθ_{Bc})dx^c − θ^{Ba}ξ^A(∇^bθ_{Aa})(∇_cθ_{Bb})dx^c. (5.117)

The fifth term − ∗ dθ_B ∗ (θ_A ∧ dξ^A ∧ θ^B) = −θ_{Aa}(∇_bξ^A)θ^B_c (∇^dθ^e_B)ϵ^{abc}ϵ_{def} dx^f . Applying (5.9) we again obtain six terms, two of them vanish by virtue of (5.5) and we are left with the following expression − ∗dθ_B ∗ (θ_A ∧ dξ^A ∧ θ^B) = −θ_{Aa}(∇_bξ^A)θ^B_c (∇^aθ^b_B )dx^c − θ_{Aa}(∇_bξ^A)θ^B_c (∇^cθ^a_B)dx^b+ + θ_{Aa}(∇_bξ^A)θ^B_c (∇^bθ^a_B)dx^c + θ_{Aa}(∇_bξ^A)θ^B_c (∇^cθ^b_B )dx^a. (5.118) The sixth term in (5.113) reads ∗(θ_A ∧dξ^A)∗(dθ_B ∧θ^B) = θ^a_A(∇^bξ^A)(∇_dθ_{Be})θ^B_f ϵ^{def} ϵ_{abc}dx^c = θ^a_A(∇^bξ^A)(∇_aθ_{Bb})θ^B_c dx^c+ + θ^a_A(∇^bξ^A)(∇_bθ_{Bc})θ^B_a dx^c + θ^a_A(∇^bξ^A)(∇_cθ_{Ba})θ^B_b dx^c − θ^a_A(∇^bξ^A)(∇_bθ_{Ba})θ^B_c dx^c− − θ^a_A(∇^bξ^A)(∇_aθ_{Bc})θ^B_b dx^c − θ^a_A(∇^bξ^A)(∇_cθ_{Bb})θ^B_a dx^c. (5.119) Finally, the last term in (5.113) θ^A ∗ (dξ_A ∧ θ^B ∧ ∗dθ_B ) = (∇_dξ_A)θ^B_e (∇^aθ^b_B)θ^A_c ϵ_{abf} ϵ^{def} dx^c = −(∇_bξ_A)θ^B_a (∇^aθ^b_B)θ^A_c dx^c, (5.120) where in the last step we used (5.9) and (5.5).

In this way we managed to express (5.113) in terms of the components θ^A_a and ξ^A and their covariant derivatives obtaining altogether twenty four terms (5.114)–(5.120). As before those terms can be grouped into pairs such that terms in each pair sum up to zero. Let us now enumerate the pairs:

1. the first term at the r.h.s. of (5.114) and the second term at the r.h.s. of (5.115).

Here the latter term needs the following transformation:

θ^{Ba}(∇^bξ^A)(∇_bθ_{Bf} )θ_{Aa}dx^f = (∇^bξ^A)(∇_bθ_{Bf} )(δ^B_A + ξ^B ξ_A)dx^f = = (∇^bξ^A)(∇_bθ_{Bf} )dx^f , where in the first step we used (4.23), the second one holds true by virtue of (∇^bξ^A)ξ_A = 0.

2. the second term at the r.h.s. of (5.114) and the fourth term at the r.h.s. of (5.115) (the latter term needs a transformation analogous to that shown above), 3. the first term at the r.h.s. of (5.115) and the second term at the r.h.s. of (5.117)— in the latter term one should shift the derivative to ξ^A according to the identity ξ^A(∇_aθ_{Ab}) = −(∇_aξ^A)θ_{AB},

4. the third term at the r.h.s. of (5.115) and the third term at the r.h.s. of (5.117) (shift the derivative to ξ^A in the latter term), 5. the first term at the r.h.s. of (5.116) and the second term at the r.h.s. of (5.118), 6. the second term at the r.h.s. of (5.116) and the first term at the r.h.s. of (5.119) (apply (5.4) to the latter term), 7. the third term at the r.h.s. of (5.116) and the third term at the r.h.s. of (5.119), 8. the first term at the r.h.s. of (5.117) and the second term at the r.h.s. of (5.119) (shift the derivative to ξ^A in the former term), 9. the fourth term at the r.h.s. of (5.117) and the sixth term at the r.h.s. of (5.119) (shift the derivative to ξ^A in the former term), 10. the first term at the r.h.s. of (5.118) and the fifth term at the r.h.s. of (5.119) (apply (5.4) to the latter term), 11. the third term at the r.h.s. of (5.118) and the fourth term at the r.h.s. of (5.119), 12. the fourth term at the r.h.s. of (5.118) and the term at the r.h.s. of (5.120).

Thus we managed to demonstrate that all the remaining terms (5.113) independent of p_A sum up to zero and thereby proved the postulate (5.103) which coincides with (3.18).

5.6 Poisson brackets of V ( ⃗M) In this subsection we will derive the brackets (3.20).

The functional derivatives of the smeared scalar constraint V ( ⃗M ) (see (3.13)) are of the following form [17]: δV ( ⃗M ) δp_A = L_{⃗M} θ^A, δV ( ⃗M) δθ^A = −L_{⃗M} p_A. (5.121) It was shown in [17] that {V ( ⃗M), V ( ⃗M^′)} = V ([ ⃗M , ⃗M^′]), where [ ⃗M , ⃗M^′] denotes the Lie bracket of the vector fields ⃗M, ⃗M^′ on Σ.

Derivations of brackets of V ( ⃗M ) and the other constraints will be based on the following formula [17]: L_{⃗M} (α ∧ ∗β) = L_{⃗M} α ∧ ∗β + α ∧ ∗L_{⃗M} β + L_{⃗M} θ^A ∧ (α ∧ ∗^′_A β). (5.122)

We will also apply the following well known property of the Lie derivative L_{⃗M} α of any three-form α: ∫ Σ L_{⃗M} α = 0. (5.123)

5.6.1 Poisson bracket of V ( ⃗M ) and S(M)

To calculate the bracket {V ( ⃗M ), S(M)} we will use the split of S(M) into the three functionals (5.24): {V ( ⃗M), S(M)} = 3∑ i=1 {V ( ⃗M), S_i(M)}. To calculate the first term {V ( ⃗M), S_1(M)} at the r.h.s. of this equation let us split S_1(M) into

S_{11}(M) := ∫ Σ M 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) and S_{12}(M) := − ∫ Σ M 4 (p_A ∧ θ^A) ∧ ∗(p_B ∧ θ^B)

and consider the bracket {V ( ⃗M ), S_{11}(M)}. The functional derivatives of S_{11}(M) read δS_{11}(M) δθ^A =M ( p_B ∗ (p_A ∧ θ^B) + 1 2 (p_C ∧ θ^B) ∧ ∗^′_A (p_B ∧ θ^C ) ) , δS_{11}(M) δp_A =Mθ^B ∗ (p_B ∧ θ^A). Consequently, {V ( ⃗M), S_{11}(M)} = ∫ Σ −L_{⃗M} p_A ∧ Mθ^B ∗ (p_B ∧ θ^A)− − L_{⃗M} θ^A ∧ M ( p_B ∗ (p_A ∧ θ^B) + 1 2 (p_C ∧ θ^B) ∧ ∗^′_A (p_B ∧ θ^C ) ) = = − ∫ Σ M ( L_{⃗M} (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) + L_{⃗M} θ^A ∧ 1 2 [(p_C ∧ θ^B) ∧ ∗^′_A (p_B ∧ θ^C )] ) . It is easy to see that the first term in the last line above ML_{⃗M} (p_A ∧θ^B)∧∗(p_B ∧θ^A) = M 2 ( L_{⃗M} (p_A ∧θ^B)∧∗(p_B ∧θ^A)+(p_A ∧θ^B)∧∗L_{⃗M} (p_B ∧θ^A) ) . This fact together with (5.122) allow us to write {V ( ⃗M), S_{11}(M)} = − ∫ Σ ML_{⃗M} ( 1 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) ) = = ∫ Σ (L_{⃗M} M) ( 1 2 (p_A ∧ θ^B) ∧ ∗(p_B ∧ θ^A) ) = S_{11}(L_{⃗M} M), where the second equality holds by virtue of (5.123). Similarly, {V ( ⃗M), S_{12}(M)} = S_{12}(L_{⃗M} M). Thus {V ( ⃗M), S_1(M)} = S_1(L_{⃗M} M). In analogous way one can show that {V ( ⃗M), S_i(M)} = S_i(L_{⃗M} M) for i = 2, 3 and consequently {V ( ⃗M), S(M)} = S(L_{⃗M} M). 5.6.2 Poisson bracket of V ( ⃗M ) and the primary constraints Here we explicitely calculate the bracket {V ( ⃗M), B(a)}. The bracket {V ( ⃗M), R(b)} can be calculated similarly.

Obviously, {V ( ⃗M ), B(a)} = {V ( ⃗M ), B_1(a)} + {V ( ⃗M), B_2(a)}. We have {V ( ⃗M), B_1(a)} = − ∫ Σ −L_{⃗M} θ^A ∧ a ∧ ∗dθ_A + L_{⃗M} θ^A ∧ [(a ∧ θ^B) ∧ ∗^′_A dθ_B ]+ + L_{⃗M} θ^A ∧ d ∗ (a ∧ θ_A). (5.124) The first term at the r.h.s. above ∫ Σ −L_{⃗M} θ^A ∧ a ∧ ∗dθ_A = ∫ Σ L_{⃗M} (a ∧ θ^A) ∧ ∗dθ_A − L_{⃗M} a ∧ θ^A ∧ ∗dθ_A and the last term in (5.124) ∫ Σ L_{⃗M} θ^A ∧ d ∗ (a ∧ θ_A) = ∫ Σ dL_{⃗M} θ^A ∧ ∗(a ∧ θ_A) = ∫ Σ (a ∧ θ_A) ∧ ∗dL_{⃗M} θ^A = = ∫ Σ a ∧ θ_A ∧ ∗L_{⃗M} dθ^A —here in the last step we used the fact that the exterior derivative d commutes with the Lie derivative L_{⃗M} . Setting these two results to (5.124) and applying (5.122) and (5.123) we obtain {V ( ⃗M), B_1(a)} = − ∫ Σ −L_{⃗M} a ∧ θ^A ∧ ∗dθ_A + L_{⃗M} (a ∧ θ^A ∧ ∗dθ_A) = = ∫ Σ L_{⃗M} a ∧ θ^A ∧ ∗dθ_A = B_1(L_{⃗M} a). (5.125)

The other bracket {V ( ⃗M), B_2(a)} = ∫ Σ −L_{⃗M} p_A ∧ aξ^A + L_{⃗M} θ^A ∧ 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ∧ ∗(a ∧ p_D)− − L_{⃗M} θ^A ∧ [(∗ξ^B ) ∧ ∗^′_A (a ∧ p_B)]. (5.126) The first term at the r.h.s. above −L_{⃗M} p_A ∧aξ^A = −ξ^AL_{⃗M} (a∧p_A)+ξ^AL_{⃗M} a∧p_A = L_{⃗M} a∧ξ^Ap_A −(∗ξ^A)∧∗L_{⃗M} (a∧p_A) and the second one at the r.h.s. of (5.126) L_{⃗M} θ^A ∧ 1 2 ϵ^D_{BCA}θ^B ∧ θ^C ∧ ∗(a ∧ p_D) = −L_{⃗M} (∗ξ^D) ∧ ∗(a ∧ p_D). Setting these two results to (5.124) and applying (5.122) and (5.123) we obtain {V ( ⃗M), B_2(a)} = ∫ Σ L_{⃗M} a ∧ ξ^Ap_A − L_{⃗M} (a ∧ ξ^Ap_A) = ∫ Σ L_{⃗M} a ∧ ξ^Ap_A = B_2(L_{⃗M} a).

The equation above and (5.125) give us the final result {V ( ⃗M ), B(a)} = B(L_{⃗M} a). Similarly, {V ( ⃗M ), R(b)} = R(L_{⃗M} b). Acknowledgments I am grateful for Jędrzej Świeżewski for his cooperation in the research on a Hamiltonian model described in [17] which was for me a preparatory exercise for deriving the results described in this paper.

References

[1] Einstein A 1915 Die Feldgleichungen der Gravitation Sitzungsber. Preuss. Akad.

Wiss. 2 844 [2] Weitzenböck R 1923 Invarianten Theorie Nordhoff, Groningen [3] Arcos H I, Pereira J G 2004 Torsion Gravity: a Reappraisal Int. J. Mod. Phys. D 13 2193-2240 E-print arXiv: gr-qc/0501017 [4] Obukhov Yu N, Pereira J G 2003 Metric-affine approach to teleparallel gravity Phys.Rev. D 67 044016 E-print arXiv:gr-qc/0212080

[5] Mielke E W 1992 Ashtekar’s Complex Variables in General Relativity and Its Teleparallelism Equivalent Ann. Phys. 219 78-108

[6] Kopczyński W 1982 Problems with metric-teleparallel theories of gravitation J. Phys.

A: Math. Gen. 15 493-506

[7] Nester J M 1988 Is there really a problem with the teleparallel theory Class. Quant.

Grav. 5 1003-1010

[8] Blagojević M, Nikolić I A 2000 Hamiltonian structure of the teleparallel formulation of GR Phys. Rev. D 62 024021 E-print arXiv:hep-th/0002022

[9] Nester J M 1989 Positive energy via the teleparallel Hamiltonian Int. J. Mod. Phys.

A 4 1755-1772

[10] Maluf J W 1994 Hamiltonian formulation of the teleparallel description of general relativity J. Math. Phys. 35 335-343

[11] da Rocha-Neto J F, Maluf J W 2001 Hamiltonian formulation of general relativity in the teleparallel geometry Phys. Rev. D 64 084014 E-print arXiv:gr-qc/0002059

[12] da Rocha-Neto J F, Maluf J W and Ulhoa S C 2010 Hamiltonian formulation of unimodular gravity in the teleparallel geometry Phys. Rev. D 82 124035 E-print arXiv:1101.2425

[13] Wallner R P 1985 On the Structure of Gravitational U_4-Field Equations Ger. Rel.

Grav. 17 1081-1107

[14] Notte-Cuello E A, Rodrigues Jr W A 2007 A Maxwell Like Formulation of Gravitational Theory in Minkowski Spacetime Int. J .Mod. Phys. D 16 1027-1042 Preprint arXiv:math-ph/0608017

[15] Arnowitt R, Deser S, Misner C W 1962 The Dynamics of General Relativity Gravitation: an introduction to current research, Louis Witten ed. (Wiley 1962), chapter 7, 227–265 E-print arXiv:gr-qc/0405109

[16] Wallner R P 1990 New variables in gravity theories Phys. Rev. D 42 441-448

[17] Okołów A, Świeżewski J 2011 Hamiltonian formulation of a simple theory of the teleparallel geometry