arXiv:1111.6286v1 [gr-qc] 27 Nov 2011

Self-force on a scalar point charge in the long throat

Arkady A. Popov

Department of Mathematics, Tatar State University of Humanities and Education, Tatarstan 2, Kazan 420021, Russia Department of Physics, Kazan State University, Kremlevskaya 18, Kazan, 420008, Russia

1 Introduction

The study of a self-force has a long history. The original investigations focused on the self-acceleration of an electrically-charged point particle in flat spacetime [1]. Later DeWitt, Brehme, and Hobbs [2] studied the influence of the self-force on a charge in a curved spacetime. In contrast to the case of a flat spacetime this force can be nonzero even for a static charge in a curved background. A number of static configurations has been analyzed, including the self-action in the spacetimes of a Schwarzschild black hole [3,4], of a Kerr black hole [5], of a Kerr-Newman black hole [4] and in a spherically symmetric Brans-Dicke field [6]. The analytic approximation of selfforce has been obtained for a scalar charge at rest in an axisymmetric spacetime [7]. The self-force can be nonzero for a static particle in flat spacetimes of the topological defects [8]. In curved spacetimes with nontrivial topological structure the investigations of this type have the additional interesting features [9,10].

The effect of self-action is associated with nonlocal structure of the massless field, the source of which is the charged particle. For example, the self-force on a scalar charge is [11]

f_μ = q^2 [ 1 3 ( ȧ_μ − a^2u_μ^) + 1 6 ( R^ν_μu_ν + R_{νγ}u^νu^γu_μ^) + 1 12 (6ξ − 1) R u_μ + lim_{ϵ→0} ∫ τ−ϵ −∞ ∇_μG_{ret} (x, x^′) dτ^′ ] (1) where u_μ is the 4-velocity of the particle, a_μ is the 4-acceleration, ȧ_μ = ∂a_μ/∂τ is the derivative of the 4-acceleration with respect to proper time τ of a charged particle, G_{ret}(x, x^′) is the retarded scalar Green’s function and ξ is the coupling to the background scalar curvature.

Are there the situations in which the effect of self-action is determined by the local geometry of the curved spacetime? As it is demonstrated below such a situation for the static scalar charge takes place, for example, in the throat of the wormhole if the length of this throat is much more than the radius of throat. As the examples of such wormholes one can consider the spacetimes with metric

ds^2 = −dt^2 + dρ^2 + ( r_0 + ρ tanh ρ ρ_0 )2 ( dθ^2 + sin^2 θ dφ^{2)} (2) or ds^2 = −dt^2 + dρ^2 + ( r_0 + ρ coth ρ ρ_0 − ρ_0 )2 ( dθ^2 + sin^2 θ dφ^{2)} , (3)

where r_0, ρ_0 are the constants (r_0 is a radius of the throat, ρ_0 is the parameter which describes the length of the throat) and r_0 ρ_0

≪ 1. (4)

The effect of self-action in the region ρ <∼ ρ_0 does not depend on the geometry of a spacetime outside of this region and we shall call this region the long throat (the accurate determination of the long throat is given below).

The organization of this Letter is as follows. In the following section we develop the general approach to a procedure of the self-force calculation. In section III, we develop an approximation for the self-force acting on a scalar charge at fixed position using the WKB approximation for the radial modes of the scalar field. In section IV, we evaluate the explicit expressions for the self-force on the two specific gravitational backgrounds. Finally, in section V we present the concluding remarks.

Throughout this Leter we use units c = G = 1.

2 General approach

Let us consider a massless scalar field ϕ with scalar source j. The corresponding action is given by S = − 1 8π ∫ ( ϕ_{,μ}ϕ^{,μ} + ξRϕ^{2)} √ −g d^4x + ∫ jϕ √ −g d^4x, (5) where ξ is a coupling of the scalar field to the scalar curvature R and g is the determinant of the metric g_{μν} . The corresponding field equation has a form ( □_x − ξR(x) ) ϕ(x; x̃) = −4πj(x; x̃), (6) where j(x; x̃) = q ∫ δ^{(4)}(x^μ, x̃^μ(τ)) dτ √ −g , (7) is the scalar current, q is the scalar charge and τ is its proper time. The world line of the charge is given by x̃^μ(τ). We shall consider only the case in which the charge is at rest in an ultrastatic spacetime. This means that one can rewrite the field equation in the following way ( △_x − ξR(x^α) ) ϕ(x^α; x̃^α) = − 4πq u^t √ −g δ^{(3)}(x^α, x̃^α), (8)

where t is the time coordinate, u^t = dt/dτ and α = 1, 2, 3.

The procedure of the self-force evaluation requires the renormalization of a scalar potential ϕ(x; x̃) which is diverged in the limit x → x̃ (see, for example, [9,10]). This renormalization is achieved by subtracting from ϕ(x; x̃) the DeWitt-Schwinger counterterm ϕ_{DS}(x; x̃) and then letting x → x̃:

ϕ_{ren}(x) = lim_{x̃→x} [ϕ(x; x̃) − ϕ_{DS}(x; x̃)] . (9)

The expression for ϕ_{DS}(x; x̃) is evaluated in [12] and in 3D case has a form (see, also, [10])

ϕ_{DS}(x; x̃) = q △^{1/2} √ 2σ (10) where σ is one-half the square of the distance between the points x and x̃ along the shortest geodesic connecting them and △ is DeWitt-Morrett determinant.

Finally the self-force acting on a static charge is

f_α(x) = − q 2 ∇_αϕ_{ren}(x). (11)

3 WKB approximation for the self-force

The metric of an ultrastatic spherically symmetric spacetime under consideration is

ds^2 = −dt^2 + dρ^2 + r^2(ρ)^(dθ^2 + sin^2 θ dφ^{2)} . (12)

In this spacetime for the static charge u^t = 1 the solution of (8) can be expanded in terms of Legendre polynomials P_l with the result that

ϕ(x^α; x̃^α) = q^{∞∑}_{l=0} (2l + 1) P_l(cos γ)g_l(ρ, ρ̃), (13)

where cos γ ≡ cos θ cos θ̃ + sin θ sin θ̃ cos(φ − φ̃) and g_l(ρ, ρ̃) satisfies the equation g^{′′}_l + (r^2)^′ r^2 g^′_l − l(l + 1) r^2 + ξR g_l = − δ(ρ, ρ̃) r^2

. (14)

In this expression and below a prime denotes a derivative with respect to ρ. The homogeneous solutions to this equation will be denoted by p_l(ρ) and q_l(ρ). p_l(ρ) is chosen to be the solution which is well behaved at ρ = −∞ and divergent at ρ → +∞. q_l(ρ) is chosen to be the solution which is divergent at ρ → −∞ and well behaved at ρ = ∞. Thus d dρ^2 + (r^2)^′ r^2 d dρ − l(l + 1) r^2 + ξR p_l(ρ) q_l(ρ) = 0, (15)

g_l(ρ, ρ̃) = C_lp_l(ρ_<)q_l(ρ_>) = C_l [ Θ(ρ̃ − ρ)p_l(ρ)q_l(ρ̃) −Θ(ρ − ρ̃)p_l(ρ̃)q_l(ρ)] , (16)

where Θ(x) is the Heaviside step function, i.e., Θ(x) = 1 for x > 0 and Θ(x) = 0 for x < 0, C_l is a normalization constant which could be absorbed into the definition of p_l and q_l. Normalization of g_l is achieved by integrating (14) once with respect to ρ from ρ̃ − δ to ρ̃ + δ and letting δ → 0. This results in the Wronskian condition C_l ( p_l dq_l dρ − q_l dp_l dρ ) = − 1 r^2

. (17)

The WKB approximation for the radial modes p_l and q_l is obtained by the change of variables [13]

p_l = 1 √ 2r^2W exp (∫ ρ W dρ ) , q_l = 1 √ 2r^2W exp ( − ∫ ρ W dρ ) . (18)

Substitution of these expressions into (17) shows that the Wronskian condition is obeyed if C_l = 1. (19) Substitution into the mode equation (15) gives the following equation for W :

W^2 = l(l + 1) + 2ξ r^2 + ( W^{2)′′} 4W^2 − 5^(W^{2)′2} 16W^4 + (r^2)^{′′} 2r^2 − (r^2)^{′2} 4r^4 + ξ −2 (r^2)^{′′} r^2 + (r^2)^{′2} 2r^4 . (20) This equation can be solved iteratively when the metric function r^2(ρ) is slowly varying, that is, ε_{WKB} = L_⋆/L ≪ 1, (21) where L_⋆(ρ) = r(ρ) √ 2ξ , (22)

and L is a characteristic scale of variation of r(ρ): 1 L(ρ) = max | | | | | r^′ r | | | | | , | | | | | r^′ r √ |ξ| | | | | | , | | | | | r^{′′} r | | | | | 1/2 , | | | | | r^{′′} r |ξ| | | | | | 1/2 , | | | | | r^{′′′} r | | | | | 1/3 , | | | | | r^{′′′} r |ξ|^{3/2} | | | | | 1/3 , . . . . (23) We shall call the region of spacetime where the metric function r(ρ) is slowly varying the long throat.

The zeroth-order WKB solution of Eq. (20) corresponds to neglecting terms with derivatives in this equation

W^2 = Ω · ( 1 + O(ε^2_{WKB}) ) , (24)

where

Ω (ρ, l + 1/2) = l(l + 1) + 2ξ r^2 = 1 r(ρ)^2 ( l + 1 2 )2 + μ^2 , (25) and μ^2 = 2ξ − 1 4 . (26)

Let us stress that Ω is the exact solution of equation (20) in a spacetime with metric ds^2 = −dt^2 + dρ^2 + r^2_0(dθ^2 + sin^2 θ dφ^2), where r_0 is constant. Below it is assumed that μ^2 > 0. (27)

Substituting the solution (24) into (18) and (13), and neglecting terms of the second order and higher with respect to ε_{WKB} we can obtain the following expression for the zeroth-order WKB approximation for ϕ(x^α; x̃^α) under the assumptions θ = θ̃, φ = φ̃ and ρ̃ = ρ + δρ > ρ

ϕ(ρ, θ, φ; ρ̃, θ, φ) = q r(ρ)r(ρ̃) ∞∑ l=0 ( l + 1 2 ) exp −^{ρ+δρ∫}_ρ Ω ( ρ^′, l + 1 2 ) dρ^′ 4 Ω ( ρ, l + 1 2 ) Ω ( ρ̃, l + 1 2 ) . (28)

The sum over l can be evaluated by using the Plana sum method (see, for example, [14])

ϕ(ρ, θ, φ; ρ̃, θ, φ) = q r(ρ)r(ρ̃) lim_{ϵ→0} ∞∫ ϵ exp^(−^{∫ ρ+δρ}_ρ^√Ω(ρ^′, x)dρ^{′)} 4 √ Ω(ρ, x)Ω(ρ̃, x) xdx + ϵ∫

ϵ−i∞ exp^(−^{∫ ρ+δρ}_ρ^√Ω(ρ^′, z)dρ^{′)} 4 √ Ω(ρ, z)Ω(ρ̃, z) (1 + e^{i2πz}) zdz

− ϵ+i∞ ∫ ϵ exp^(−^{∫ ρ+δρ}_ρ^√Ω(ρ^′, z)dρ^{′)} 4 √ Ω(ρ, z)Ω(ρ̃, z) (1 + e^{−i2πz}) zdz . (29)

The first integral in this expression can be rewritten as follows

∞∫

0 exp^(−^{∫ ρ+δρ}_ρ^√Ω(ρ^′, x)dρ^{′)} 4 √ Ω(ρ, x)Ω(ρ̃, x) xdx =^√r(ρ)r(ρ̃) ∞∫

0 x exp^(− √ x^2 + μ^{2 ∫ ρ+δρ}_ρ dρ^′/r(ρ^′)^) √ x^2 + μ^2 dx =^√r(ρ)r(ρ̃) exp^(−μ^{∫ ρ+δρ}_ρ dρ^′/r(ρ^′)^) ∫ ρ+δρ ρ dρ^′/r(ρ^′) (30)

and expanded in powers of δρ

∞∫

0 exp^(−^{∫ ρ+δρ}_ρ^√Ω(ρ^′, x)dρ^{′)} 4 √ Ω(ρ, x)Ω(ρ̃, x) xdx = r(ρ)^2 δρ 1 + dr(ρ) dρ − μ δρ r(ρ) + O^(δρ^{2)} . (31) The next two integrals in (29) do not diverge at δρ → 0

lim_{ϵ→0} ϵ∫

ϵ−i∞ exp^(−^{∫ ρ+δρ}_ρ^√Ω(ρ^′, z)dρ^{′)} 4 √ Ω(ρ, z)Ω(ρ̃, z) (1 + e^{i2πz}) zdz

− ϵ+i∞ ∫ ϵ exp^(−^{∫ ρ+δρ}_ρ^√Ω(ρ^′, z)dρ^{′)} 4 √ Ω(ρ, z)Ω(ρ̃, z) (1 + e^{−i2πz}) zdz = r(ρ) lim_{ϵ→0} iϵ+∞ ∫ iϵ xdx √ μ^2 − x^2 (1 + e^{2πx}) + −iϵ+∞ ∫ −iϵ xdx √ μ^2 − x^2 (1 + e^{2πx}) + O (δρ) = 2r(ρ) ∫ μ 0 xdx √ μ^2 − x^2 (1 + e^{2πx})

+ O (δρ) . (32)

Thus the zeroth-order WKB approximation of ϕ is

ϕ(ρ, θ, φ; ρ̃, θ, φ) = q δρ + q r(ρ) −μ + 2 ∫ μ 0 xdx √ μ^2 − x^2 (1 + e^{2πx}) +O ( δρ ) . (33)

The DeWitt-Schwinger counterterm ϕ_{DS}(x; x̃) in the limit θ = θ̃, φ = φ̃ can be easily calculated using the metric (12):

2σ = δρ^2, △ = 1 + O^(δρ^{2)} , ϕ_{DS}(ρ, θ, φ; ρ̃, θ, φ) = q △^{1/2} √ 2σ = q ( 1 δρ + O (δρ) ) . (34)

Thus ϕ_{ren}(x) is ϕ_{ren}(x) = lim_{δρ→0} [ϕ(ρ, θ, φ; ρ̃, θ, φ) − ϕ_{DS}(ρ, θ, φ; ρ̃, θ, φ)]

= q r(ρ) − 2ξ − 1 4 + 2 √_{2ξ−1/4} ∫ 0 xdx (1 + e^{2πx})^√2ξ − 1/4 − x^2 · ( 1 + O(ε^2_{WKB}) ) , (35)

and the single nonzero component of the self-force is

f_ρ(x) = − q 2 ∂ϕ_{ren} ∂ρ = − q^2 2r^2 dr dρ 2ξ − 1 4 −2 √_{2ξ−1/4} ∫ 0 xdx (1 + e^{2πx})^√2ξ − 1/4 − x^2 ( 1 + O(ε^2_{WKB}) ) . (36)

In the case ξ = 1/6 we can numerically evaluate

F (ξ) = 2ξ − 1 4 − 2 √_{2ξ−1/4} ∫ 0 xdx ( 1 + e^{2πx) √}2ξ − 1/4 − x^2 (37)

as follows F (1/6) ≃ 0.1723 . . . .

Fig. 1. The curve represents the function F (ξ).

Let us note that if one uses r as the new radial coordinate

ds^2 = −dt^2 + ( dρ dr )2 dr^2 + r^{2 (}dθ^2 + sin^2 θ dφ^{2)} , (38)

the expression (36) may be rewritten as follows

f_r = f_ρ dρ dr = −F (ξ) q^2 2r^2 ( 1 + O(ε^2_{WKB}) ) . (39)

4 Specific examples

First of all note that ε_{WKB} = 0 in spacetime with metric

ds^2 = −dt^2 + dρ^2 + r_0^{2 (}dθ^2 + sin^2 θ dφ^{2)} , (40)

where r_0 is constant and the expression (35) is exact. The self-force is zero in this case.

As a second example let us consider the spacetime with metric

ds^2 = −dt^2 + dr^2 ( 1 − r_g r )n + r^{2 (}dθ^2 + sin^2 θ dφ^{2)} . (41)

The case n = 2 corresponds to the spacetime of a horn (semi-infinite throat) [15]. The part of this spacetime with r > r_g is globally static and geodesically complete. In the vicinity of r = r_g | | | | d^mr rdρ^m | | | | 1/m ≃ 1 r_g r − r_g r_g (n/2−1)+1/m , (42)

where ρ is the radial proper distance ( dr/dρ = (1 − r_g/r)^{n/2} ) . Thus in the region r − r_g ≪ r_g ε_{WKB} ≃ r − r_g r_g n/2−1 . (43)

ε_{WKB} ≪ 1 in the case n > 2 and one can call this region the long throat.

The expression (36) in the case r − r_g ≪ r_g and n > 2 takes the form

f_ρ = −F (ξ) q^2 2r(ρ)^2 1 − r_g r(ρ) n/2 ( 1 + O(ε^2_{WKB}) ) (44)

or in the coordinates (41)

f_r = f_ρ dρ dr = −F (ξ) q^2 2r^2 ( 1 + O(ε^2_{WKB}) ) . (45)

5 Conclusions

The considered approach gives the possibility to compute the exact expression for the self-potential and the self-force in spacetime (40). In the long throat (12,21-23) such approach permits to obtain the approximate expression for the self-force (36, 39). Let us note that the validity of WKB approximation for all the modes (including l = 0 mode) of a massless scalar field is the consequence of the nonminimal coupling (ξ > 1/8) of a scalar field with the curvature of spacetime. This implies also that the approximate solution (24) of the equation (20) does not depend on the conditions at infinity and in considered situation the effect of self-action is the local one.

Acknowledgements:

The author would like to thank N. Khusnutdinov for interesting and helpful discussions. This work was supported in part by grant 08-02-00325 from the Russian Foundation for Basic Research.

References

[1] P. Dirac, Proc. R. Soc. London, Ser. A167 (1938), p. 148

[2] B. DeWitt and R. Brehme, Ann. Phys.9 (1960), p. 220 J. Hobbs, Ann. Phys.47 (1968), p. 141 J. Hobbs, Ann. Phys.47 (1968), p. 166

[3] A. Smith and C. Will, Phys. Rev. D22 (1980), p. 1276 A. Zelnikov and V. Frolov, Sov. Phys. JETP55 (1982), p. 191 B. Leaute and B. Linet, Class. Quantum Grav.1 (1984), p. 55 A. Wiseman, Phys. Rev. D bf 61 (2000), p. 084014 L. Burko, Class. Quantum Grav.17 (2000), p. 227 E. Rosenthal, Phys. Rev. D69 (2004), p. 064035 E. Rosenthal, Phys. Rev. D70 (2004), p. 124016 W. Anderson and A. Wiseman, Class. Quantum Grav.22 (2005), p. S783 P. Anderson, A. Eftekharzadeh and B. Hu, Phys. Rev. D73 (2006), p. 064023 D. Cho, A. Tsokaros and A. Wiseman, Class. Quantum Grav.24 (2007), p. 1035 A. Ottewill and B. Wardell, Phys. Rev. D77 (2008), p. 104002

[4] D. Lohiya, J. Phys. A15 (1982), p. 1815

[5] B. Leaute and B Linet, J. Phys. A15 (1982), p. 1821 F. Piazzese and G. Rizzi, Gen. Rel. and Grav.23 (1991), p. 403

[6] B. Linet and P. Teyssandier, Gen. Relativ. Grav.10 (1979), p. 313

[7] L. Burko and Y. Liu, Phys. Rev. D64 (2001), p. 024006

[8] B. Linet, Phys. Rev. D33 (1986), p. 1833

B. Linet, Ann. Inst. Henri Poincaré45 (1986), p. 249 A. Smith, in The Formation and Evolution of Cosmic Strings, edited by G. W. Gibbons, S. W. Hawking and T. Vachaspati (Cambridge: Cambridge University Press)(1990) N. Khusnutdinov, Class. Quantum Grav.11 (1994), p. 1807 N. Khusnutdinov, in Quantum Field Theory under the Influence of External Conditions (Teubner-Texte zur Physik, Bd. 30, Ed. M.Bordag) (Stuttgart: B.G. Teubner Verlagsgesellschaft) (1996), p. 97 N. Khusnutdinov, Teor. Mat. Fiz.103 (1995), p. 339 [Theor. Math. Phys.103 (1995), p. 603] V. De Lorenci and Jr. E. Moreira, Phys.Rev. D65 (2002), p. 085013

[9] N. Khusnutdinov and I. Bakhmatov, Phys. Rev. D76 (2007), p. 124015 B. Linet, Electrostatics in a wormhole geometry, arXiv:0712.0539 [gr-qc] S. Krasnikov, Class. Quantum Grav. 25 (2008), p. 245018 M. Casals, S. Dolan, A. Ottewill and B. Wardell, Self-Force Calculations with Matched Expansions and Quasinormal Mode Sums, arXiv:0903.0395 [gr-qc]

[10] V. Bezerra and N. Khusnutdinov, Phys. Rev. D79 (2009), p. 064012

[11] T. Quinn, Phys. Rev. D62 (2000), p. 064029

[12] S. Christensen, Phys. Rev. D17 (1978), p. 946

[13] P. Anderson, W. Hiscock and D. Samuel, Phys. Rev. D51 (1995), p. 4337

[14] A. Popov, Phys. Rev. D64 (2001), p. 104005

[15] D. Garfinkle, G. Horowitz and A. Strominger, Phys. Rev. D43 (1991), p. 3140