arXiv:1111.6385v1 [hep-th] 28 Nov 2011

WITS-CTP-085

Non-planar Anomalous Dimensions

in the sl(2) Sector

Robert de Mello Koch^1, Pablo Diaz^2 and Hesam Soltanpanahi^3

National Institute for Theoretical Physics , Department of Physics and Centre for Theoretical Physics University of Witwatersrand, Wits, 2050, South Africa

ABSTRACT

In this note we compute the non-planar one loop anomalous dimension of restricted Schur polynomials that belong to the sl(2) sector of N = 4 super Yang-Mills theory and have a bare dimension of order N. Although the details are rather different, ultimately the problem of diagonalizing the dilatation operator in the sl(2) sector can be reduced to the su(2) sector problem. In this way we establish the expected dynamical emergence of the Gauss Law for giant gravitons and further show that the dilatation operator reduces to a set of decoupled harmonic oscillators.

1robert@neo.phys.wits.ac.za
2Pablo.DiazBenito@wits.ac.za
3Hesam.SoltanpanahiSarabi@wits.ac.za

1 Introduction

The most detailed and tested realization of the AdS/CFT correspondence postulates a complete equivalence between N = 4 super Yang-Mills theory with gauge group U(N) and type IIB string theory on the AdS_5×S^5 background with N units of five form flux[1]. The correspondence has motivated outstanding progress in the computation of two point functions in N = 4 super Yang-Mills theory. In particular, integrable structures governing the anomalous dimensions of the theory in the planar limit have been discovered[2, 3]. In much of the literature on the subject, the planar limit and large N limit are usually taken to mean the same thing. This is not true[4]. An interesting question is whether or not integrability is present in other large N (but not planar!) limits of the theory. In this work we will have some relevant comments on this issue.

Operators constructed using a single complex scalar field Z transforming in the adjoint of U(N) are^1_2 -BPS. Homogeneous polynomial operators in Z (we have the Schur polynomials in mind) have R-charge given by the degree of the polynomial. It is possible to establish a dictionary between these operators and^1_2 -BPS objects in the dual string theory[5, 6, 7]. The entries in the dictionary are organized by R-charge. Operators with an R-charge of order N are dual to giant gravitons[8]. Among these, Schur polynomials labeled by Young diagrams with O(1) long^1 columns are dual to sphere giant gravitons[9] while Schur polynomials labeled by Young diagrams with O(1) long rows are dual to AdS giant gravitons[5].

Excited giant graviton states, which are not^1_2 -BPS can be described in terms of open strings which end on the giant. Operators dual to excited giant gravitons were proposed in [10]. Since giant gravitons have a compact world volume, Gauss’ Law forces the total charge on the worldvolume to vanish[11]. A highly non-trivial test of the proposal of [10] is that the number of operators that can be defined matches the number of states obeying this Gauss Law constraint. The two point functions of these operators, the restricted Schur polynomials, were computed exactly, in the free field theory limit, in [12], by exploiting the technology developed in [13, 14, 15]. It was also shown that the restricted Schur polynomials provide a basis for the gauge invariant local operators built using only scalar (adjoint Higgs) fields[16]. Numerical studies of the dilatation operator, when acting on decoupled sectors within the su(2) sector of the theory, that have a sphere giant graviton number equal to two showed that the spectrum of the dilatation operator is that of a set of decoupled harmonic oscillators [17, 18]. Analytic studies of the dilatation operator in these sectors within the su(2) sector of the theory, with either two sphere giants or two AdS giants[19] and then in general[20] have demonstrated that the spectrum of the dilatation operator is that of a set of decoupled harmonic oscillators and further, that the Gauss’ Law emerges at one loop. This dynamical emergence of the Gauss Law significantly extends the counting arguments of [10]. A recent study has shown that the frequency of

1Long means order N boxes.

the decoupled oscillators emerging from the dilatation operator can be obtained from a coupled system of springs which lends further support to the idea that these operators are dual to an open string system[21].

In this note we will study operators dual to excited AdS giants. The strings carry an angular momentum along an S^1 ⊂AdS_5 direction. The gauge theory description of strings spinning along the AdS directions requires us to consider the action of covariant derivatives on the set of scalar operators. In this way we will be able to investigate whether or not the dilatation operator reduces to a set of decoupled oscillators as well as if the Gauss Law emerges dynamically in the sl(2) sector of the theory. It will be enough to consider operators built using a single complex scalar field Z and covariant derivatives taken in a unique spacetime direction, acting on it. The basic building blocks D^p_+Z transform in the infinite dimensional spin j = −^1_2 representation of a non-compact sl(2) subsector of the conformal subalgebra. In the next section we will describe how to build a restricted Schur polynomial basis for a sl(2) sector. We will then use the one-loop dilatation operator of N = 4 super Yang-Mills theory constructed by Beisert[22] and restrict it to the relevant sl(2) sector. The result, given in section 3, is the main result of this note. Section 4 is reserved for a discussion of our results. In order to control the length of this article, we have not attempted to make it completely self contained. We refer the reader to [13, 20] for background.

2 Restricted Schur Polynomials for the sl(2) Sector

This section will describe a restricted Schur polynomial basis for operators built using n_z Z’s and m vector “impurities”, that is, m covariant derivatives D_+ act on the n_Z Z fields. These operators do not mix with other operators under the action of the dilatation operator - they form the closed sl(2) subsector[22]. We will build our operators out of Z_{(i)}, i = 0, 1, 2, ..., m where^2

Z^{(n)} = 1 n! D^n_+Z, Z^{(n) †} = 1 n! D^n_−Z^† and Z^{(0)} ≡ Z. The action of the covariant derivative is completely specified by

D^n_+Z = D_+Z^{(n−1)} = ∂_+Z^{(n−1)} − ig_{Y M} [ A_+, Z^{(n−1)} ] . Denote the number of Z^{(i)} in the operator by n_i. We have m∑ i=0 in_i = m , m∑ i=0 n_i = n_Z .

2This inner product is defined with respect to the Zamolodchikov metric (defined in equation (2.2)) on the space of local operators of the conformal field theory.

We will employ perturbation theory with small parameter g_{Y M} and compute two point functions to zeroth plus first order. Schematically, there are two types of contributions (corresponding to α and β)

⟨O_1(x_1)O_2(x_2)⟩ = α + βg^2_{Y M} |x_1 − x_2|^{Δ0+g2}Y M^{Δ1} = α + βg^2_{Y M} |x_1 − x_2|^{Δ0} ( 1 − g^2_{Y M} Δ_1 log |x_1 − x_2| ) . To obtain Δ_1 we should pick up the O(g^2_{Y M} ) contribution that also comes multiplied by log |x_1 − x_2|.

At leading order in the g_{Y M} expansion the sl(2) sector can be understood as a reduction of N = 4 super Yang-Mills theory to a sector built using lightcone derivatives of a single complex scalar Z. The basic two point function we use is

⟨Z^i_j(x)(Z^†)^k_l (y)⟩ = δ^i_l δ^k_j |x − y|^2 . (2.1)

Choose x^± = x^1 ± x^0. We will consider N = 4 super Yang-Mills theory on the one point compactification of R^4 and will take our two operators to lie at opposite poles of the (conformally equivalent) S^4. The coordinate patch around the south pole has coordinate x while the coordinate patch around the north pole has coordinate x^′. We approach the south pole by setting x^2 = x^3 = 0 and taking x^− = x^+ → 0 and approach the north pole by setting x^{′2} = x^{′3} = 0 and taking x^{′+} = x^{′−} → 0. The correlators we consider have the form ⟨O_1(P )O_2(Q)⟩ ≡ lim_{x,x′→0}⟨O_1(x)O_2(x^′)⟩ . (2.2)

We are using a standard trick in conformal field theory: the spacetime dependent two point functions define a (spacetime independent) metric on the space of local operators, the Zamalodchikov metric. Knowing the metric for arbitrary derivatives of the operators allows us to reconstruct the full spacetime dependence. Working with the Zamolodchikov metric will be particularly useful for the problem we consider here. See [23, 24, 25, 26] for useful related material.

Under

y^+ = 1 x^{′−} , y^− = 1 x^{′+} (2.3)

we have

Z(x^′) → x^+x^−Z(x) , (2.4) ∂ ∂x^{′−} Z(x^′) → ∂x^+ ∂x^{′−} ∂ ∂x^+ ( x^+x^−Z(x) ) (2.5) and other obvious generalizations of these formulas for higher derivatives. These follow because Z is a conformal primary with dimension 1. Thus, for example ⟨Z(P )Z^†(Q)⟩ = lim_{x±,x′±→0}⟨Z^a_b (x)(Z^†)^c_d(x^′)⟩ = lim_{x±→0} lim_{y±→∞} y^+y^−⟨Z(x)Z^†(y)⟩

= lim_{x±→0} lim_{y±→∞} y^+y^− 1 (x^+ − y^+)(x^− − y^−) = 1 .

Proceeding in this way it is straight forward to argue that ⟨ 1 n_1!

∂^{n1}_+ Z^i_j(P ) 1 n_2!

∂^{n2}_− (Z^†)^k_l (Q)⟩ = δ^{n1 n2} δ^i_l δ^k_j , (2.6) and ⟨ 1 p_1!

∂^{p1}_+ Z^{i1}_{j1} · · · 1 p_n! ∂^{pn}_+ Z^{in}_{jn} (P ) 1 q_1!

∂^{q1}_− (Z^†)^{k1}_{l1} · · · 1 q_n! ∂^{qn}_− (Z^†)^{kn}_{ln} (Q)⟩ = ∑ σ∈S_n σ^I_L(σ^{−1})^K_J n∏ i=1 δ^{piqσ(i)} .

This is a nice formula because it tells us that we can treat ∂^p_+Z as a new type of matrix for each p. Thus, we will have the usual restricted Schur polynomials with one Young diagram for each value of p. We will not review restricted Schur polynomials here. The reader wanting more details may find it useful to consult [13, 12].

We study the limit that n_z, m ∼ N and n_Z ≫ m. It is within this subsector of the sl(2) sector that the action of the dilatation operator simplifies considerably. Our restricted Schur polynomials will be labeled by a Young diagram R with n_Z boxes and less than m Young diagrams {r_i}, i = 0, 1, 2, ..., m which each have n_i boxes. The restricted Schur polynomial is χ_{R,{ri}αβ}(Z^{(0)}, Z^{(1)}, ..., Z^{(m)}) = m∏ k=0 1 n_k! ∑ σ∈S_{nZ} χ_{R,{ri}αβ}(σ)Tr(σ m∏ j=0 (Z^{(j)})^{⊗nj} ) .

The label {r_i}αβ specifies an irreducible representation of S_{n0} × S_{n1} × · · · × S_{nm} . It consists of less than m Young diagrams ({r_i}) together with a pair of multiplicity labels (αβ). A given S_{n0} × S_{n1} × · · · × S_{nm} irreducible representation may be subduced more than once; the multiplicity labels tell us which of the degenerate copies are being used by the restricted character χ_{R,{ri}}(σ). The free two point function is ⟨χ_{R,{ri}αβ} (P )χ^†_{S,{sj }δγ} (Q)⟩ = δ_{RS} δ_{{ri}{sj }}δ_{αγ} δ_{βδ} (hooks)_R (hooks)_{{ri}} f_R . (2.7)

The delta function δ_{{ri}{sj }} is 1 if the two S_{n0} × S_{n1} × · · · × S_{nm} irreducible representations specified by {r_i} and {s_j} are identical; multiplicity labels must also match - see [12] for more details. The number (hooks)_R is the product of the hook lengths for Young diagram R. The number (hooks)_{{ri}} is the product of the (hooks)_{ri} , one factor for each of the r_i appearing in {r_i}.

3 Dilatation Operator in sl(2) Subsector

The one loop contribution to the dilatation operator, in the sl(2) sector, is [22]

D_1 = g^2_{Y M} C^{cd}_{ab} : Tr ([ Z^{(a)}, Z^†_{(c)} ][ Z^{(b)}, Z^†_{(d)} ]) : = g^2_{Y M} (C^{cd}_{ab} + C^{dc}_{ab} ) : Tr(Z^{(a)}Z^†_{(c)}Z^{(b)}Z^†_{(d)}) :

−g^2_{Y M} (C^{cd}_{ab} + C^{dc}_{ba} ) : Tr(Z^{(a)}Z^†_{(c)}Z^†_{(d)}Z^{(b)}) : (3.1)

where repeated indices are summed. By cyclicity of the trace we can cycle the two commutators around so that our coefficients obey C^{cd}_{ab} = C^{dc}_{ba} . When acting on a restricted Schur polynomial, the daggered fields in D_1 are to be Wick contracted with fields in the restricted Schur polynomial so that they act as derivatives ( Z^†_{(c)} )_i j ↔ d (dZ^{(c)})^j_i . Consequently, the one loop dilatation operator acts by removing two fields from the restricted Schur polynomial and then it puts two others back into the polynomial. Introduce the notation

c^+ = c−1∑ i=1 n_i + 1

This is the number of the slot in which the first Z^{(c)} appears. A rather straight forward computation gives (see [18, 20] for related computations with more details) D_1 χ_{R,{ri}}(Z, Z^{(1)}, ..., Z^{(m)}) = g^2_{Y M} (C^{cd}_{ab} + C^{dc}_{ab} ) ∏ k ñ_k! ∏ l n_l! ∑ S,{s_i} n_cn_d ∏ q d_{sq} × Tr(σ(c^+, d^+)P_{R→{ri }}σ^{−1}P_{S→{si}})χ_{S,{si}}(Z, Z^{(1)}, ..., Z^{(m)}) −g^2_{Y M} (C^{cd}_{ab} + C^{dc}_{ba} ) ∏ k ñ_k ∏ l n_l! ∑ R^′ ∑ S,{s_i} c_{RR}′ d_S n_cn_d d_S′ ∏ q d_{sq} n_Z × (3.2) ×Tr(σ(n^+, l^+)P_{R→{ri}}σ^{−1}I_R′_S′ ρP_{S→{si}}ρ^{−1}(n^+, l^+)I_S′_R′ )χ_{S,{si}}(Z, Z^{(1)}, ..., Z^{(m)}) .

The ñ_k are the number of impurities Z^{(k)} appearing in χ_{S,{si}}(Z, Z^{(1)}, ..., Z^{(m)}). σ in the first term ensures that the fields Z^{(a)} and Z^{(b)} that are inserted are inserted into the correct slots. Notice that the first term above does not involve a sum over Young diagrams R^′ that can be obtained by removing a single box from R. The structure of this term is new and rather different to the terms obtained when acting with the dilatation operator in the su(2) sector. In contrast to this, the second term is very similar to terms that arise in the su(2) sector. In the second term σ ensures that the box that is removed corresponds to a Z slot, while ρ ensures that the fields Z^{(a)} and Z^{(b)} that are inserted are inserted into the correct slots. c_{RR}′ is the factor of the box that must be removed from R to obtain R^′. P_{R→{ri}} is a projection operator projecting from R to {r_i}, while I_S′_R′ are intertwiners discussed in detail in [18, 20]. Equation (3.2) is a new result.

Recall that we study the limit in which n_z, m ∼ N and n_Z ≫ m. The dilatation operator simplifies considerably in this limit: since there are a lot more Zs than Z^{(q)}s with q > 0 the only term that we need to consider is obtained when one of c, d in (3.1) is 0 and one of a, b is 0. In this case (there is a sum on q), at leading order in large N,

D_1 = 2g^2_{Y M} (C^{0q}_{0q} + C^{0q}_{q0} ) ( : ZZ^†Z^{(q)}Z^†_{(q)} : + : Z^{(q)}Z^†ZZ^†_{(q)} : )

−g^2_{Y M} (C^{0q}_{0q} + C^{q0}_{q0} ) ( : ZZ^†Z^†_{(q)}Z^{(q)} : + : Z^{(q)}Z^†_{(q)}Z^†Z : )

−g^2_{Y M} (C^{0q}_{q0} + C^{q0}_{0q} ) ( : Z^{(q)}Z^†Z^†_{(q)}Z : + : ZZ^†_{(q)}Z^†Z^{(q)} : ) . Given this structure it is clear that processes that change the impurity type are subleading. It is then simplest to assume that there is only one type of impurity, Z^{(q)}. In this case the label {r_i} contains two Young diagrams. Using the results of [22] we have

C^{0q}_{0q} = − 1 2 h(q) = − 1 2 q∑ i=1 1 i and C^{q0}_{0q} + C^{0q}_{q0} = 1 q . A little work now shows that D_1χ_{R,(r,s)αβ} (Z, Z^{(q)}) = ∑ S,(t,u)γδ M_{R,(r,s),αβ S,(t,u)δγ} χ_{S,(t,u)δγ} (Z, Z^{(q)})

where M_{R,(r,s),αβ S,(t,u)δγ} = 2g^2_{Y M} ( 1 q − q∑ i=1 1 i ) nm d_rd_s χ_{R,(r,s)βγ} ((1, m + 1)) δ_{RS} δ_{(r,s) (t,u)}δ_{αδ}

− 1 q ∑ R^′ g^2_{Y M} c_{RR}′ d_Snm d_td_u(n + m)d_R′ [ Tr(I_S′_R′ (1, m + 1)P_{R→(r,s)αβ}I_R′_S′ (1, m + 1)P_{S→(t,u)γδ}) +Tr(I_S′_R′ P_{R→(r,s)αβ} (1, m + 1)I_R′_S′ P_{S→(t,u)γδ}(1, m + 1)) ]

+ q∑ i=1 1 i ∑ R^′ g^2_{Y M} c_{RR}′ d_S nm d_td_u(n + m)d_R′ [ Tr(I_S′_R′ P_{R→(r,s)αβ}(1, m + 1)I_R′_S′ (1, m + 1)P_{S→(t,u)γδ}) +Tr(I_S′_R′ (1, m + 1)P_{R→(r,s)αβ}I_R′_S′ P_{S→(t,u)γδ}(1, m + 1)) ] . Note the change in notation: we have used n for the number of Zs and m for the number of Z^{(q)}. Thus, there are mq covariant derivatives acting. This new notation is far more natural - it fixes the number of impurity slots to be m.

3.1 The Special Case q = 1

In this case we find M_{R,(r,s)αβ S,(t,u)δγ} = − ∑ R^′ g^2_{Y M} c_{RR}′ d_Snm d_td_u(n + m)d_R′ [ Tr(I_S′_R′ (1, m + 1)P_{R→(r,s)αβ}I_R′_S′ (1, m + 1)P_{S→(t,u)γδ}) +Tr(I_S′_R′ P_{R→(r,s)αβ} (1, m + 1)I_R′_S′ P_{S→(t,u)γδ}(1, m + 1)) ]

+ ∑ R^′ g^2_{Y M} c_{RR}′ d_Snm d_td_u(n + m)d_R′ [ Tr(I_S′_R′ P_{R→(r,s)αβ}(1, m + 1)I_R′_S′ (1, m + 1)P_{S→(t,u)γδ}) +Tr(I_S′_R′ (1, m + 1)P_{R→(r,s)αβ}I_R′_S′ P_{S→(t,u)γδ}(1, m + 1)) ] = − ∑ R^′ g^2_{Y M} c_{RR}′ d_Snm d_td_u(n + m)d_R′ Tr(I_S′_R′ [ (1, m + 1), P_{R→(r,s)αβ} ] I_R′_S′ [ (1, m + 1), P_{S→(t,u)γδ} ] ) . This is identical to the action of the dilatation operator in the su(2) sector (see formula (2.3) of [18])! Denote this as M^{su(2)}_{R,(r,s)αβ S,(t,u)δγ} .

3.2 The General Case of q > 1

In this case we can write M_{R,(r,s)αβ S,(t,u)δγ} = 1 q M^{su(2)}_{R,(r,s)αβ S,(t,u)δγ} + δM_{R,(r,s)αβ S,(t,u)δγ} where δM_{R,(r,s)αβ S,(t,u)δγ} = 2g^2_{Y M} ( 1 q − q∑ i=1 1 i ) δ_{RS} δ_{(r,s)(t,u)}δ_{αδ} nm d_rd_s χ_{R,(r,s)βγ} ((1, m + 1))

−g^2_{Y M} ( 1 q − q∑ i=1 1 i ) ∑ R^′ c_{RR}′ d_Snm d_td_u(n + m)d_R′ [ Tr(I_S′_R′ P_{R→(r,s)αβ} (1, m + 1)I_R′_S′ (1, m + 1)P_{S→(t,u)γδ}) + Tr(I_S′_R′ (1, m + 1)P_{R→(r,s)αβ}I_R′_S′ P_{S→(t,u)γδ}(1, m + 1)) ] . We will sketch how to evaluate δM_{R,(r,s)αβ S,(t,u)δγ} . First, recall the action of E_{ij} in the fundamental representation of u(N) on a vector v_k, which is a vector of zeros except for a 1 in the k^{th} position, is E_{ij}v_k = δ_{jk}v_i . The symmetric group element (1, m + 1) swaps the vectors in the first and m + 1th slots. Given the above action of E_{ij} we can write (1, m + 1) = Tr(E^{(1)}E^{(m+1)}). Further, the projector P_{R→(r,s)βγ} can be factored into an operator acting on the impurity slots (p_{R→(r,s)βγ} ) and an operator acting on the Z slots (1_r) P_{R→(r,s)βγ} = p_{R→(r,s)βγ} ⊗ 1_r . The first term in δM can now be rewritten using nm d_rd_s χ_{R,(r,s)βγ} ((1, m + 1)) = ∑ i j nm d_rd_s Tr(p_{R→(r,s)βγ} E^{(1)}_{ij} )Tr(1_rE^{(m+1)}_{ji} )

= ∑ i nm d_rd_s Tr(p_{R→(r,s)βγ} E^{(1)}_{ii} )Tr(1_rE^{(m+1)}_{ii} ) .

Next, consider the second term in δM (to get R^′ from R remove box in row j and to get S^′ from S remove box in row i) ∑ R^′ c_{RR}′ d_S nm d_td_u(n + m)d_R′ Tr(I_S′_R′ P_{R→(r,s)αβ} (1, m + 1)I_R′_S′ (1, m + 1)P_{S→(t,u)γδ})

= ∑ i c_{RR}′ d_Snm d_td_u(n + m)d_R′ Tr(E^{(1)}_{ij} P_{R→(r,s)αβ} E^{(m+1)}_{ji} P_{S→(t,u)γδ}) = ∑ i c_{RR}′ d_Snm d_td_u(n + m)d_R′ Tr(E^{(1)}_{ij} p_{R→(r,s)αβ} p_{S→(t,u)γδ})Tr(1_rE^{(m+1)}_{ji} 1_t) = δ_{RS} δ_{(r,s) (t,u)}δ_{βγ} ∑ i c_{RR}′ d_Rnm d_td_u(n + m)d_R′ Tr(E^{(1)}_{ii} p_{R→(r,s)αδ})Tr(1_rE^{(m+1)}_{ii} ) .

To proceed note that c_{RR}′ = N + hooks_R hooks_R′ and treat these two terms separately. The term that comes from the N gives us δ_{RS} δ_{(r,s) (t,u)}δ_{βγ} ∑ i Nd_Rnm d_rd_s(n + m)d_R′ Tr(E^{(1)}_{ii} p_{R→(r,s)αδ} )Tr(1_rE^{(m+1)}_{ii} )

= δ_{RS} δ_{(r,s) (t,u)}δ_{βγ} ∑ i Nm d_s Tr(E^{(1)}_{ii} p_{R→(r,s)αδ}) = δ_{RS} δ_{(r,s) (t,u)}δ_{βγ} δ_{αδ}Nm . The remaining piece is δ_{RS} δ_{(r,s) (t,u)}δ_{βγ} ∑ i d_Rnm d_rd_s(n + m)d_R′ hooks_R hooks_R′

Tr(E^{(1)}_{ii} p_{R→(r,s)αδ})Tr(1_rE^{(m+1)}_{ii} )

= δ_{RS} δ_{(r,s) (t,u)}δ_{βγ} ∑ i nm d_rd_s Tr(E^{(1)}_{ii} p_{R→(r,s)αδ})Tr(1_rE^{(m+1)}_{ii} ) .

The third term can be dealt with in a very similar way. Together these results are enough to evaluate δM_{R,(r,s)αβ S,(t,u)δγ} = 2δ_{RS} δ_{(r,s) (t,u)}δ_{βγ} δ_{αδ} (_q ∑ i=1 1 i − 1 q ) g^2_{Y M} Nm . This just adds a constant times the identity to the su(2) dilatation operator so that we find exactly the same eigenvalue problem as for the su(2) sector except that, for q > 1, there is a shift due to the presence of δM_{R,(r,s)αβ S,(t,u)δγ} . This shift is positive as it must be: a negative shift would have produced operators with a dimension less than their R-charge which is not possible in a unitary conformal field theory.

4 Discussion

We have computed the action of the dilatation operator on restricted Schur polynomials that are dual to systems of excited AdS giant gravitons. The open string excitations have an angular momentum along an S^1 ⊂AdS_5. For a similar project which considers a single AdS giant see [27]. Our study has shown that diagonalizing the action of the dilatation operator in the sl(2) sector can be reduced to the problem of diagonalizing the action of the dilatation operator in the su(2) sector. For the su(2) sector problem it is known that the Gauss Law emerges at one loop and the spectrum reduces to that of a set of decoupled oscillators. Our results show that in the sl(2) sector we again find that the Gauss Law emerges and the spectrum is again given by a set of decoupled oscillators. Our results extend and complement those of [17, 18, 19, 20]. Taken together, these results are very suggestive that there are indeed large N but non-planar limits in which the anomalous dimensions continue to be governed by an integrable system. It would be fascinating to study this possibility further.

There is a constant shift for the anomalous dimensions of the operators (as compared to the su(2) result) if q > 1. This is quite natural: the condition to be a BPS state is that we have the “biggest possible R-charge” for a given dimension Δ. To get the largest R-charge, one needs to symmetrize on all indices. For q > 1 we have a clump of q covariant derivatives i.e. q indices are stuck together. Thus for q > 1 it is not possible to completely symmetrize on all indices, so that there are no BPS operators.

We have focused on a single species of impurity. However, using the results of [28] we know it is not difficult to add more impurity flavors. This uses the fact that at leading order in large N there are no impurity number changing processes.

Although we have focused on restricted Schur polynomials in this article, they are not the only basis for local gauge invariant operators of a matrix model. Another interesting basis to consider is the Brauer basis[29, 30]. There is an elegant construction of a class of BPS operators [31] in which the natural N dependence appearing in the definition of the operator[32] is reproduced by the Brauer algebra projectors[31]. Another natural approach is to adopt a basis that has sharp quantum numbers for the global symmetries of the theory[33, 26]. The action of the anomalous dimension operator in this sharp quantum number basis is very similar to the action in the restricted Schur basis[34]. Finally, for a rather general approach which correctly counts and constructs the weak coupling BPS operators see[35]. Are there signals of non-planar integrability in these more general bases?

Acknowledgements: This work is based upon research supported by the South African Research Chairs Initiative of the Department of Science and Technology and National Research Foundation. Any opinion, findings and conclusions or recommendations expressed in this material are those of the authors and therefore the NRF and DST do not accept any liability with regard thereto.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [arXiv:hep-th/9711200].

[2] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills,” JHEP 0303, 013 (2003) [arXiv:hep-th/0212208].

[3] N. Beisert et al., “Review of AdS/CFT Integrability: An Overview,” arXiv:1012.3982 [hepth]. For material which is very relevant, see in particular:

C. Kristjansen, “Review of AdS/CFT Integrability, Chapter IV.1: Aspects of Non-Planarity,” arXiv:1012.3997 [hep-th], K. Zoubos, “Review of AdS/CFT Integrability, Chapter IV.2: Deformations, Orbifolds and Open Boundaries,” arXiv:1012.3998 [hep-th].

[4] V. Balasubramanian, M. Berkooz, A. Naqvi and M. J. Strassler, “Giant gravitons in conformal field theory,” JHEP 0204, 034 (2002) [arXiv:hep-th/0107119].

[5] S. Corley, A. Jevicki and S. Ramgoolam, “Exact correlators of giant gravitons from dual N = 4 SYM theory,” Adv. Theor. Math. Phys. 5, 809 (2002) [arXiv:hep-th/0111222].

[6] D. Berenstein, “A toy model for the AdS/CFT correspondence,” JHEP 0407, 018 (2004) [arXiv:hep-th/0403110].

[7] H. Lin, O. Lunin and J. M. Maldacena, “Bubbling AdS space and 1/2 BPS geometries,” JHEP 0410, 025 (2004) [arXiv:hep-th/0409174].

[8] J. McGreevy, L. Susskind and N. Toumbas, “Invasion of the giant gravitons from anti-de Sitter space,” JHEP 0006, 008 (2000) [arXiv:hep-th/0003075];

M. T. Grisaru, R. C. Myers and O. Tafjord, “SUSY and Goliath,” JHEP 0008, 040 (2000) [arXiv:hep-th/0008015];

A. Hashimoto, S. Hirano and N. Itzhaki, “Large branes in AdS and their field theory dual,” JHEP 0008, 051 (2000) [arXiv:hep-th/0008016].

[9] V. Balasubramanian, M. x. Huang, T. S. Levi and A. Naqvi, “Open strings from N = 4 super Yang-Mills,” JHEP 0208, 037 (2002) [arXiv:hep-th/0204196], O. Aharony, Y.E. Antebi, M. Berkooz and R. Fishman, “Holey sheets: Pfaffians and subdeterminants as D-brane operators in large N gauge theories,” JHEP 0212, 096 (2002) [arXiv:hep-th/0211152].

[10] V. Balasubramanian, D. Berenstein, B. Feng and M. x. Huang, “D-branes in Yang-Mills theory and emergent gauge symmetry,” JHEP 0503, 006 (2005) [arXiv:hep-th/0411205].

[11] D. Sadri and M. M. Sheikh-Jabbari, “Giant hedge-hogs: Spikes on giant gravitons,” Nucl.

Phys. B 687, 161 (2004) [arXiv:hep-th/0312155].

[12] R. Bhattacharyya, S. Collins and R. d. M. Koch, “Exact Multi-Matrix Correlators,” JHEP 0803, 044 (2008) [arXiv:0801.2061 [hep-th]].

[13] R. de Mello Koch, J. Smolic and M. Smolic, “Giant Gravitons - with Strings Attached (I),” JHEP 0706, 074 (2007), arXiv:hep-th/0701066.

[14] R. de Mello Koch, J. Smolic and M. Smolic, “Giant Gravitons - with Strings Attached (II),” JHEP 0709 049 (2007), arXiv:hep-th/0701067.

[15] D. Bekker, R. de Mello Koch and M. Stephanou, “Giant Gravitons - with Strings Attached (III),” arXiv:0710.5372 [hep-th].

[16] R. Bhattacharyya, R. de Mello Koch and M. Stephanou, “Exact Multi-Restricted Schur Polynomial Correlators,” arXiv:0805.3025 [hep-th].

[17] R. d. M. Koch, G. Mashile and N. Park, “Emergent Threebrane Lattices,” Phys. Rev. D 81, 106009 (2010) [arXiv:1004.1108 [hep-th]].

[18] V. De Comarmond, R. de Mello Koch and K. Jefferies, “Surprisingly Simple Spectra,” [arXiv:1012.3884v1 [hep-th]].

[19] W. Carlson, R. d. M. Koch and H. Lin, “Nonplanar Integrability,” arXiv:1101.5404 [hep-th]. [20] R. d. M. Koch, M. Dessein, D. Giataganas, C. Mathwin, “Giant Graviton Oscillators,” [arXiv:1108.2761 [hep-th]].

[21] R. de Mello Koch, G. Kemp, S. Smith, “From Large N Nonplanar Anomalous Dimensions to Open Spring Theory,” [arXiv:1111.1058 [hep-th]].

[22] N. Beisert, “The complete one loop dilatation operator of N=4 superYang-Mills theory,” Nucl. Phys. B676, 3-42 (2004). [hep-th/0307015].

[23] P. H. Ginsparg, Applied Conformal Field Theory, [arXiv:hep-th/9108028]. [24] J. Polchinski, String theory. Vol. 1: An introduction to the bosonic string, CUP (1998). [25] T. Brown, R. de Mello Koch, S. Ramgoolam and N. Toumbas, Correlators, probabilities and topologies in N = 4 SYM, JHEP 0703 (2007) 072 [arXiv:hep-th/0611290].

[26] T. W. Brown, P. J. Heslop, S. Ramgoolam, “Diagonal free field matrix correlators, global symmetries and giant gravitons,” JHEP 0904, 089 (2009). [arXiv:0806.1911 [hep-th]].

[27] D. H. Correa, G. A. Silva, “Dilatation operator and the super Yang-Mills duals of open strings on AdS giant gravitons,” JHEP 0611, 059 (2006). [hep-th/0608128].

[28] R. de Mello Koch, B.A.E. Mohammed and S. Smith, “Nonplanar Integrability: Beyond the SU(2) Sector,” [arXiv:1106.2483 [hep-th]].

[29] Y. Kimura and S. Ramgoolam, “Branes, Anti-Branes and Brauer Algebras in Gauge- Gravity duality,” arXiv:0709.2158 [hep-th].

[30] Y. Kimura, “Non-holomorphic multi-matrix gauge invariant operators based on Brauer algebra,” arXiv:0910.2170 [hep-th].

[31] Y. Kimura, “Quarter BPS classified by Brauer algebra,” JHEP 1005, 103 (2010) [arXiv:1002.2424 [hep-th]].

[32] E. D’Hoker and A. V. Ryzhov, “Three-point functions of quarter BPS operators in N = 4 SYM,” JHEP 0202, 047 (2002) [arXiv:hep-th/0109065], E. D’Hoker, P. Heslop, P. Howe and A. V. Ryzhov, “Systematics of quarter BPS operators in N = 4 SYM,” JHEP 0304, 038 (2003) [arXiv:hep-th/0301104], P. J. Heslop and P. S. Howe, “OPEs and 3-point correlators of protected operators in N = 4 SYM,” Nucl. Phys. B 626, 265 (2002) [arXiv:hep-th/0107212].

[33] T. W. Brown, P. J. Heslop and S. Ramgoolam, “Diagonal multi-matrix correlators and BPS operators in N=4 SYM,” arXiv:0711.0176 [hep-th].

[34] T. W. Brown, “Permutations and the Loop,” arXiv:0801.2094 [hep-th].

[35] J. Pasukonis and S. Ramgoolam, “From counting to construction of BPS states in N=4 SYM,” arXiv:1010.1683 [hep-th].