arXiv:1111.6817v1 [hep-th] 29 Nov 2011

Statistical interparticle potential on noncommutative space

Sunandan Gangopadhyay^{a,b,c∗}, Ram Narayan Deb^{d†} Frederik. G. Scholtz^{e,‡} a Department of Physics, West Bengal State University, Barasat, India bVisiting Associate in S.N. Bose National Centre for Basic Sciences, JD Block, Sector III, Salt Lake, Kolkata-700098, India cVisiting Associate in Inter University Centre for Astronomy and Astrophysics, Pune 411007, India dDepartment of Physics, Krishnagar Government College, Krishnanagar, Nadia, West Bengal, Pin-741101, India e National Institute of Theoretical Physics, Stellenbosch, Stellenbosch 7600, South Africa

Abstract

We compute the statistical potential between two particles in the coherent state formalism on the deformed configuration space. The result obtained by using the coherent states having a further degree of freedom (proposed in [20]) is compatible with Pauli’s exclusion principle reassuring the fact that noncommutative quantum mechanics may in some way encode the notion of physical extent and structure.

Keywords: Noncommutative quantum mechanics

PACS: 11.10.Nx

There seems to be growing consensus that our notion of spacetime has to be drastically revised in a consistent formulation of quantum mechanics and gravity [1, 2]. One possible generalization, suggested by string theory [3], which has attracted much interest recently is that of noncommutative spacetime [4]. This led to intense activities on the possible physical consequences of noncommutativity in quantum mechanics [5]-[11], quantum electrodynamics [12], the standard model [13]-[16] and cosmology [17, 18].

An interesting feature of noncommutative quantum mechanics and quantum field theories that has been observed in the literature is that such theories admit a description in terms of extended objects. Indeed, it has been shown [19] that a free particle moving in the noncommutative plane can be thought of as two oppositely charged particles interacting through a harmonic potential and moving in a strong magnetic field. This demonstration therefore suggests that noncommutative quantum mechanics may in some way encode the notion of physical extent and structure thereby admitting a description in terms of extended objects.

The notion of spatial extent and structure within the formulation of quantum mechanics on noncommutative plane has been explored recently [20] by introduction of coherent states over noncommutative configuration space and the notion of a weak measurement as implemented through an appropriate positive operator-valued measure. The essence of the approach is the

∗sunandan.gangopadhyay@gmail.com, sunandan@bose.res.in †debram@rediffmail.com ‡fgs@sun.ac.za

introduction of position for the particle, which can be done rigorously in the formalism of [21]. It has been argued in [20] that this additional structure may be interpreted as the physical extent. This was done by first considering the path integral representation found in [22].

In this paper, we shall study the interaction potential between two particles using coherent state formalism developed in [21]. We shall carry out our computations using the coherent states introduced in [21] (satisfying a deformed completeness relation as we shall see below) and then repeat the same exercise with the ones having a further degree of freedom introduced in [20].

To begin with, we present a brief review of the formulation developed in [21]. The first step is to define classical configuration space. In two dimensions, the coordinates of noncommutative configuration space satisfy the commutation relation

[x̂, ŷ] = iθ (1)

where without loss of generality it is assumed that θ is a real positive parameter. Using this, it is convenient to define the creation and annihilation operators

b̂ = 1√ 2θ (x̂ + iŷ) , b̂^† = 1 √ 2θ (x̂ − iŷ) (2)

that satisfy the Fock algebra [b̂, b̂^†] = 1. The noncommutative configuration space is then isomorphic to the boson Fock space H_c = span{|n⟩ ≡ 1 √ n! (b̂^†)^n|0⟩}^{n=∞}_{n=0} (3)

where the span is taken over the field of complex numbers.

The next step is to introduce the Hilbert space of the noncommutative quantum system. We consider the set of Hilbert-Schmidt operators acting on noncommutative configuration space

H_q = { ψ(x̂, ŷ) : ψ(x̂, ŷ) ∈ B (H_c) , tr_c(ψ^†(x̂, ŷ)ψ(x̂, ŷ)) < ∞ } . (4)

Here tr_c denotes the trace over noncommutative configuration space and B (H_c) the set of bounded operators on H_c. This space has a natural inner product and norm

(ϕ(x̂, ŷ), ψ(x̂, ŷ)) = tr_c(ϕ(x̂, ŷ)^†ψ(x̂, ŷ)) (5)

and forms a Hilbert space [23]. To distinguish it from the noncommutative configuration space H_c, which is also a Hilbert space, we shall refer to it as quantum Hilbert space and use the subscripts c and q to make this distinction. Furthermore, we denote states in the noncommutative configuration space by |·⟩ and states in the quantum Hilbert space by ψ(x̂, ŷ) ≡ |ψ) and the elements of its dual (linear functionals) by (ψ|, which maps elements of H_q onto complex numbers by (ϕ|ψ) = (ϕ, ψ) = tr_c ( ϕ(x̂, ŷ)^†ψ(x̂, ŷ) ) . Assuming commutative momenta, a unitary representation of the noncommutative Heisenberg algebra in terms of operators X̂, Ŷ , P̂_x and P̂_y acting on the states of the quantum Hilbert space (4) is easily found to be X̂ψ(x̂, ŷ) = x̂ψ(x̂, ŷ) ; Ŷ ψ(x̂, ŷ) = ŷψ(x̂, ŷ) P̂_xψ(x̂, ŷ) = 1 θ [ŷ, ψ(x̂, ŷ)] = −i ∂ψ(x̂, ŷ) ∂x̂ P̂_yψ(x̂, ŷ) = −1 θ [x̂, ψ(x̂, ŷ)] = −i ∂ψ(x̂, ŷ) ∂ŷ . (6)

We use capital letters to distinguish operators acting on quantum Hilbert space from those acting on noncommutative configuration space.

It should be mentioned that the more standard approach to noncommutative quantum field theory and noncommutative quantum mechanics is to deform the algebra of functions into a noncommutative algebra through the introduction of a, in general non-unique, star product. The current approach turns out to be equivalent to this as was shown in [24] and [25]. The present approach, however, offers a number of advantages. In the context of noncommutative quantum field theories it provides a much more systematic and unambiguous derivation of the energy-momentum tensor [24]. In the case of noncommutative quantum mechanics it gives greater clarity on the issue of choice of star product, e.g. Voros versus Moyal, as well as the physical interpretations associated with this choice [25]. Furthermore, this is the only approach that has been used successfully to solve the noncommutative Schrödinger equation for non-trivial potentials, i.e., apart from the free particle and harmonic oscillator. Indeed, explicit solutions for the noncommutative well in two dimensions were constructed in [26] using this approach.

The minimal uncertainty states in noncommutative configuration space, which is isomorphic to boson Fock space, are well known to be the normalized coherent states [27]^1 |z⟩ = e^{−zz̄/2}e^{zb†} |0⟩ (7) where, z =^{1√}_{2θ} (x + iy) is a dimensionless complex number. These states provide an overcomplete basis in the noncommutative configuration space. Corresponding to these states we can construct a state (operator) in quantum Hilbert space as follows |z, z̄) = |z⟩⟨z|. (8) These states also have the property B̂|z, z̄) = z|z, z̄) ; B̂ = 1√ 2θ ( X̂ + iŶ ) . (9)

Writing the trace in terms of coherent states and using |⟨z|w⟩|^2 = e^{−|z−w|2} it is easy to see that (z, z̄|w, w̄) = tr_c(|z⟩⟨z|w⟩⟨w|) = |⟨z|w⟩|^2 = e^{−|z−w|2} (10) which shows that |z, z̄) is indeed a Hilbert-Schmidt operator. We can now construct the ‘position’ representation of a state |ψ) = ψ(x̂, ŷ) as (z, z̄|ψ) = tr_c(|z⟩⟨z|ψ(x̂, ŷ)) = ⟨z|ψ(x̂, ŷ)|z⟩. (11) In particular, introducing momentum eigenstates normalised such that (p^′|p) = δ(p − p^′) |p) = √ θ 2πh̄^2 e^{īh} √_θ 2 (p̄b+pb^†) ; P̂ i|p) = p_i|p) (12) p = p_x + ip_y , p̄ = p_x − ip_y satisfying the completeness relation ∫ d^2p |p)(p| = 1_q (13)

we observe that the wave-function of a free particle on the noncommutative plane is given by [28, 21, 22, 29] (z, z̄|p) = √ θ 2πh̄^2 e^{− θ}4h̄^{2 p̄p}e^{īh} √_θ 2 (pz̄+p̄z) . (14)

1Note that we restrict ourselves only to the coherent states as they provide a particularly convenient basis. However, they are not the only minimal uncertainty states.

The position eigenstates |z, z̄), on the other hand satisfy the following completeness relation ∫ dzdz̄ π |z, z̄) ⋆_z (z, z̄| = 1_q (15)

where the star product between two functions f(z, z̄) and g(z, z̄) is defined as f(z, z̄) ⋆_z g(z, z̄) = f(z, z̄)e ← ∂_{z̄}^→∂_z g(z, z̄) (16)

with ∂_z =^∂_{∂z} and ∂_{z̄} =^∂_{∂z̄} . This implies that the operators

Π̂_z = 1 πθ |z, z̄)e ← ∂_{z̄}^→∂_z (z, z̄| , ∫ dx dy Π̂_z = 1_q (17)

provide an operator-valued measure in the sense [30]. We can then give a consistent probability interpretation by assigning the probability of finding the particle at position (x, y), given that the system is described by the pure state density matrix ρ̂ = |ψ)(ψ|, to be

P (z) = tr_q(Π̂_zρ̂) = (ψ|Π̂_z |ψ) = 1 πθ (ψ|z, z̄)e ← ∂_{z̄}^→∂_z (z, z̄|ψ) (18) ∫ dxdy P (z) = 1 where tr_q denotes the trace over the quantum Hilbert space.

With the above formalism in place, we now proceed to investigate the statistical potential between two particles. Let us consider two particles in the canonical ensemble described by a density matrix

ρ̂ = 1 Z e^{−βĤ(P̂ )} ; β = 1/(k_B T ) (19)

where Ĥ(P̂ ) is the free Hamiltonian and Z = tr_q(e^{−βĤ(P̂ )}) is the partition function of the system.

The probability of finding the particles at positions z_1 and z_2 is now given by

P (z_1, z_2) = tr_q(Π̂^±_{z1,z2}ρ̂) = 1 π^2θ^2 tr_q(|z_1, z_2)_± ⋆_{z1,z2 ±} (z_1, z_2|ρ̂) (20)

where the physical states |z_1, z_2)_± is given by

|z_1, z_2)_± = 1 √ 2 {|z_1, z̄_1)|z_2, z̄_2) ± |z_2, z̄_2)|z_1, z̄_1)} (21)

and the +(−) signs stand for bosons(fermions).

To proceed further, we exploit the fact that the star product can be decomposed as e ← ∂_{z̄}^→∂_z = ∫ dudū π e^{−|u|2+u} → ∂_z +ū^←∂_{z̄} . (22)

We shall now use this form of the star product to compute P (z_1, z_2) in eq.(20). However, we must be careful to ensure that the derivatives with respect to z_1 and z_2 only act on the ket |z_1, z_2)_±, whereas the derivatives with respect to z̄_1 and z̄_2 only see the bra_±(z_1, z_2|. To ensure this we will temporarily let |z_1, z_2)_± → |w_1, w_2)_± and then let w_1 → z_1 and w_2 → z_2 at the end of the computation. Thus, we have

P (z_1, z_2) = 1 π^2θ^2Z lim w_1→z_1,w_2→z_2 ∫ dudū π dvdv̄ π e^{−|u|2+u} → ∂_z +ū^←∂_{z̄} e−|v|^2+v^→∂_z +v̄^←∂_{z̄}

×_±(z_1, z_2|e^{−βĤ} |w_1, w_2)_± = 1 π^2θ^2Z lim w_1→z_1,w_2→z_2 ∫ dudū π dvdv̄ π e^{−|u|2+u} → ∂_z +ū^←∂_{z̄} e−|v|^2+v^→∂_z +v̄^←∂_{z̄} × [ (w_1, w̄_1|e^{−βĤ} |z_1, z̄_1)(w_2, w̄_2|e^{−βĤ} |z_2, z̄_2) ± (w_1, w̄_1|e^{−βĤ} |z_2, z̄_2)(w_2, w̄_2|e^{−βĤ} |z_1, z̄_1) ] (23)

where in the second line of the above equation, we have used the fact that for non-interacting particles, the Hamiltonian has the form of a sum of two single-particle Hamiltonians, i.e. H = H_1 ⊗ I_2 + I_1 ⊗ H_2.

Introducing a complete set of momentum eigenstates (13) and using eq.(14), the above expression simplifies

P (z_1, z_2) = 1 π^2Z ( 1 2πh̄^2 )_2 [(∫ d^2p e^{−βH(p)} )_2

± ∫ d^2pd^2k e^{−β(H(p)+H(k))}e^{− θ}2h̄^{2 |p−k|2} e^{īh} √_θ 2 {(p−k)(z̄_1−z̄_2)+(p̄−k̄)(z_1−z_2)} ] (24)

where H(p) is the eigenvalue of the operator Ĥ(P̂ ) in the eigenstate |p). Putting H(p) = p^2/(2m) (the non-relativistic form of the Hamiltonian), we obtain

P (z_1, z_2) = 1 π^2Z ( m βh̄^2 )_2 [ 1 ± βh̄^2 βh̄^2 + 2θm exp ( − 2θm βh̄^2 + 2θm

|z_1 − z_2|^2 )] . (25)

The partition function Z of the system can be obtained from the normalization condition ∫ dx_1dy_1dx_2dy_2 P (z_1, z_2) = 1 (26)

and reads in the limit of the area of the system A → ∞ Z = 1 π^2 ( m βh̄^2 )_2 A^2 . (27)

Substituting the value of Z in eq.(25), we have

P (z_1, z_2) = 1 A^2 [ 1 ± βh̄^2 βh̄^2 + 2θm exp ( − 2θm βh̄^2 + 2θm

|z_1 − z_2|^2 )] . (28)

Remarkably, the above result shows that there is a finite probability of two fermions sitting at the same place. Similar results had been obtained earlier in the context of twist approach to noncommutative quantum field theory [31, 32]. However, in this paper we have not made use of this (twist) approach to obtain the above result. The result is indeed a consequence of the coherent state formalism on the deformed configuration space (3) developed in [21]. We now move on to carry out the same exercise using the coherent states (introduced in [20]) favouring the description of noncommutative quantum mechanics in terms of extended objects. To proceed, let us consider the resolution of the identity (15) on the quantum Hilbert space H_q.

It is easy to see (by using the decomposition of the star product ⋆_z = e ← ∂_{z̄}^→∂_z (22)) that one can

write down the identity operator 1_q in the quantum Hilbert space H_q as

1_q = ∫ dzdz̄ π ∫ dvdv̄ π e^{−|v|2} |z, z̄)e^v → ∂_z +v̄^←∂_{z̄} (z, z̄| ≡ ∫ dzdz̄ π ∫ dvdv̄ π |z, v)(z, v| (29) where the states |z, v) are defined as |z, v) = e^{−v̄v/2}e^{v̄∂z} |z, z̄) (30) and are coherent states in z with a further degree of freedom since they satisfy B̂|z, v) = z|z, v) , ∀ v. (31) From eq.(29) it is evident that the states |z, v) form an overcomplete set in the quantum Hilbert space H_q. Consequently, one may associate a positive operator valued measure with them, namely Π̂_{z,v} = 1 π |z, v)(z, v| (32) as Π̂_{z,v} is positive and Hermitian on the quantum Hilbert space H_q and integrates to the identity. As a result of this, one can once again define the corresponding probability distribution in z and v, assuming a pure-state density matrix ρ̂ = |ψ)(ψ|: P (z, v) = tr_q(ρ̂Π̂_{z,v}) = (ψ|Π̂_{z,v}|ψ). (33) This probability gives us information not only about the position z but also about a further degree of freedom v, given that the system is prepared in state ψ. It is easy to see that the probability of finding the particle localized at point z (without detecting any information regarding z) can be obtained from P (z, v) by integrating over all v:

P (z) = ∫ dvdv̄ πθ P (z, v) (34) with Π̂_z = ∫ dvdv̄ πθ Π̂_{z,v} . (35)

The physical interpretation of the additional degrees of freedom (v) has been discussed in [20]. With the above formalism in hand, we now move on to evaluate the probability of finding two particles at (z_1, v_1) and (z_2, v_2): P (z_1, v_1; z_2, v_2) = tr_q(Π̂^±_{z1,v1;z2,v2}ρ̂) = N π^{2 ±} (z_1, v_1; z_2; v_2|e^{−βĤ(P̂ )}|z_1, v_1; z_2, v_2)_± = N π^2 [ (z_1, v_1|e^{−βĤ(P̂ )}|z_1, v_1)(z_2, v_2|e^{−βĤ(P̂ )}|z_2, v_2) ± |(z_1, v_1|e^{−βĤ(P̂ )}|z_2, v_2)|^2 ] (36) where N is some constant which has to be fixed from eq.(s)(34, 28).

Introducing once again a complete set of momentum eigenstates (13) and using the overlap [20] (z, v|p) = √ θ 2πh̄^2 e^{− θ}4h̄^{2 p̄p}e^{īh} √_θ 2 [pz̄+p̄(z+v)]e−^1_2 |v|^2 (37)

we obtain

P (z_1, v_1; z_2, v_2) = N ( θ 2Gπh̄^2 )_2 e^{−(1− θ}2Gh̄^{2 )(|v1|2+|v2|2)} × { 1 ± e^{− θ}Gh̄^{2 |z1−z2|2} e^{− θ}2Gh̄^{2 {|v1−v2|2+(v1−v2)(z̄1−z̄2)+(v̄1−v̄2)(z1 −z2)}} } (38)

where G =^β_{2m} +^θ_{2h̄2} . The above result clearly shows that there is a finite probability of two fermions (having different degrees of freedom v_1 ≠ v_2) sitting at the same place (z_1 = z_2) consistent with our earlier observation made from eq.(28). However, the probability vanishes when both z_1 = z_2 and v_1 = v_2. This is indeed remarkable since the introduction of the new degrees of freedom is compatible with Pauli’s exclusion principle. This is reassuring as this computation suggests that noncommutative quantum mechanics may in some way admit a description in terms of extended objects [20].

Acknowledgements

The authors would like to thank the referee for useful comments.

References

[1] S. Doplicher, K. Fredenhagen, J.E. Roberts, Commun. Math. Phys. 172 (1995) 187.

[2] N. Seiberg, Emergent Spacetime, [hep-th/0601234].

[3] N. Seiberg, E. Witten, J. High Energy Physics, JHEP 09 (1999) 032.

[4] M.R. Douglas, N.A. Nekrasov, Rev. Mod. Phys. 73 (2001) 97.

[5] L. Mezincescu, “Star operation in Quantum Mechanics”, [hep-th/0007046].

[6] C. Duval, P.A. Horvathy, Phys. Lett. B 479, 284 (2000); J. Phys. A 34, 10097 (2001).

[7] V.P. Nair, A.P. Polychronakos, Phys. Lett. B 505, 267 (2001).

[8] B. Chakraborty, S. Gangopadhyay, A. Saha, Phys. Rev. D 70 (2004) 107707;

[hep-th/0312292].

[9] F.G. Scholtz, B. Chakraborty, S. Gangopadhyay, A.G. Hazra, Phys. Rev. D 71 (2005) 085005; [hep-th/0502143].

[10] F.G. Scholtz, B. Chakraborty, S. Gangopadhyay, J. Govaerts, J.Phys.A38:9849-9858,2005;

[cond-mat/0509331].

[11] K. Li, S. Dulat, Eur. Phys. J. C 46 (2006) 825.

[12] M. Chaichian, M.M. Sheikh-Jabbari, A. Tureanu, Phys. Rev. Lett. 86 (2001) 2716.

[13] X. Calmet, B. Jurco, P. Schupp, J. Wess, M. Wohlgenannt, Eur. Phys. J. C 23 (2002) 363;

[hep-ph/0111115].

[14] M. Chaichian, P. Presnajder, M.M. Sheikh-Jabbari, A. Tureanu, Eur. Phys. J. C 29 (2003) 413; [hep-th/0107055].

[15] P. Aschieri, B. Jurco, P. Schupp, J. Wess, Nucl. Phys. B 651 (2003) 45; [hep-th/0205214]. [16] T. Ohl, J. Reuter, Phys. Rev. D 70 (2004) 076007.

[17] H. Garca-Compen, O. Obregn, C. Ramrez, Phys. Rev. Lett. 88 (2002) 161301. [18] S. Alexander, R. Brandenberger, J. Magueijo, Phys. Rev. D 67 (2003) 081301. [19] D. Bigatti, L. Susskind, Phys. Rev. D 62 (2000) 066004.

[20] C.M. Rohwer, K.G. Zloshchastiev, L.Gouba, F.G. Scholtz, J. Phys. A 43 (2010) 345302. [21] F.G. Scholtz, L. Gouba, A. Hafver, C.M. Rohwer, J. Phys. A 42 (2009) 175303. [22] S. Gangopadhyay, F.G. Scholtz, Phys. Rev. Lett. 102 (2009) 241602. [23] A.S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory (Amsterdam: North Holland) 1982.

[24] A. Gerhold, J. Grimstrup, H. Grosse, L. Popp, M. Schweda, R. Wulkenhaar, “The energy-momentum tensor on noncommutative spaces - some pedagogical comments”, [hep-th/0012112].

[25] P. Basu, B. Chakraborty, F.G. Scholtz, J. Phys. A: Math. Theor. 44, 285204 (2011). [26] F.G. Scholtz, B. Chakraborty, J. Govaerts, S. Vaidya, J. Phys. A: Math. Theor. 40 (2007) 14581-14592.

[27] J.R. Klauder, B. Skagerstam, Coherent States: Applications in Physics and Mathematical Physics, World Scientific, Singapore, 1985.

[28] A. Smailagic, E. Spallucci, J. Phys. A 36, L467 (2003).

[29] R. Banerjee, S. Gangopadhyay, S.K. Modak, Phys. Lett. B 686 (2010) 181. [30] J.A. Bergou, J. Phys. Conf. Ser. 84 (2007) 012001.

[31] B. Chakraborty, S. Gangopadhyay, A.G. Hazra, F.G. Scholtz, J. Phys. A: 39 (2006) 9557;

[hep-th/0601121].

[32] S. Gangopadhyay, A. Saha, F.G. Scholtz, J. Phys. A: 44 (2011) 175401; arXiv:1011.3301 [hep-th].