arXiv:1112.0814v1 [hep-th] 5 Dec 2011

Non-local symmetries for Yang-Mills theories and their massive counterparts in two and three dimensions

Abhishek Agarwal^∗and Ansar Fayyazuddin^†

December 6, 2011

American Physical Society 1 Research Rd Ridge, NY

Abstract

We identify a non-local symmetry for Yang-Mills theories in 1 + 1 and 2 + 1 spacetime dimensions. The symmetry mixes a vector current with the gauge field. The current involved in the symmetry is required to satisfy certain constraints. The explicit solution for the current obeying these constraints, is obtained in two spacetime dimensions and in the abelian case in three dimensions. We conjecture that the current is generated from a non-local gauge and Lorentz invariant mass term in three dimensions and provide some evidence for it. We also posit a conserved current associated with the symmetry generators and derive some of its properties. In the Abelian case, we compute the symmetry algebra and show that additional symmetry generators have to be included for the algebra to close. The algebra contains an SO(2,1) subalgebra. We also comment on the implications of this symmetry for N = 1 supersymmetry.

hep-th/yymmnnn

∗email: abhishek@aps.org †email: ansarf@aps.org

1 Introduction and outline

We uncover a novel symmetry of Yang-Mills theories in 1+1 and 2+1 dimensions. The symmetry presented in the paper involves the exchange of gauge fields with a current, J_μ, obeying the equations:

D^μJ_μ = 0, D_{[μ}J_{ν]} = F_{μν} . (1)

Along with the requirement that the current transforms in the adjoint representation, these equations define J_μ.

In the case of two spacetime dimensions, we show that currents following from gauged Wess-Zumino-Witten (WZW) models, which in turn can be regarded as mass-terms for the gluons, satisfy the above constraints. In the case of three spacetime dimensions, the constraints can be solved in the abelian case by a current derived from a non-local mass term. Although we are able to show that a current satisfying the constraint given above will generate a symmetry even in the non-abelian case, we cannot yet present an explicit solution to these constraints in three dimensions. However, as we argue in this paper, gauge and Lorentz invariant mass terms may serve as good candidates for generating solutions to these constraints.

The mass-terms that we consider in this paper can be thought of as non- Abelian completions of the non-local term S_{Abelian} = m^2 2 ∫ k A^a_μ(−k) ( η^{μν} − k^μk^ν k^2 ) A^a_ν (k), (2)

which is Lorentz and gauge invariant by itself in the Abelian limit in any number of spacetime dimensions. Since not many Lorentz and gauge invariant mass terms are known for gluonic degrees of freedom, it is worth commenting on the nature of the mass terms considered in this paper. In the case of two spacetime dimensions, gluons can be made massive by coupling them to gauged WZW actions. Such massive gluons have been studied extensively in the past in the literature on 1+1 dimensional QCD in the bosonized framework[5, 6, 7]. As mentioned at the outset, we show that such mass terms can also be seen to generate currents which can be used to define a novel non-local symmetry of two dimensional Yang-Mills theories.

Gluonic mass-terms are much harder to formulate in three spacetime dimensions, however a few examples of candidate mass terms are indeed known in three dimensions. For instance, a Lorentz and gauge invariant generalization of the gauged WZW action to three dimensions was provided by Alexanian and Nair (AN), who also showed that the AN mass-term is generated non-perturbatively in the effective action of pure Yang-Mills in three dimensions upon a gauge invariant evaluation of the re-summed gluon propagator[1]. This fact can be regarded as a manifestly Lorentz covariant way of understanding the appearance of a mass-gap in the spectrum of Yang-Mills in D = 2 + 1. A deeper and exact understanding of the mass-gap can be obtained in the gauge invariant Hamiltonian framework of Kim, Karabali and Nair[3] where the mass-gap is understood as a consequence of the finiteness of the volume of the gauge invariant configuration space of the purely gluonic theory. The volume measure on the configuration space induces a mass-term in the Hamiltonian whose covariantization has been shown to generate two independent choices of gauge and Lorentz invariant mass terms in three dimensions[2] - one of the choices being the AN mass term alluded to earlier. Without being wedded to any particular choice of a mass term, we show that if the current following from a mass-term satisfies (1), then that current will also separately generate non-local symmetries for the Yang-Mills action as well as for the mass term from which the current follows.

This paper is organized as follows. Section 2 is devoted to the study of the non-local ‘current-field’ symmetry in D = 1+1. In the following section, we show how such a non-local symmetry can be readily generalized to three dimensions. However, unlike in the case of two spacetime dimensions we will not be able to present a concrete formula for a mass-term - except in the Abelian case - whose current satisfies the constraints necessary for it to generate the non-local symmetry. We do, however, discuss and introduce the AN mass-term in 2 + 1 dimensions in a self-contained manner and present some plausibility arguments in favor of it generating a current that satisfies the necessary constraints. In the same section, we also comment on some implications of this potential symmetry for supersymmetry. In section 4, we propose a conserved current associated with the symmetry and identify some of its properties. In section 5, we compute the algebra of symmetry generating charges in the Abelian case. In particular, we show that the iterated application of the symmetry transformations generate new non-local symmetries, and the algebra of symmetry generators has a closed SO(2, 1) sub-algebra (which is distinct from the SO(2, 1) Lorentz symmetry).

2 Y M_{1+1}, Massive gluons and a Current-Field Symmetry

A familiar context for studying mass terms for gluons in D = 1 + 1 is provided by two dimensional QCD with massless fermions [5, 6, 7] where the mass-term can be thought of as the effect of integrating out the fermions. One can equivalently regard the mass-term as the two dimensional Dirac determinant. This mass-term has the interesting effect of rendering the 1 + 1 dimensional strong force short ranged, leading to screening - as opposed to confinement - in 2D QCD with (strictly) massless fermions[7]. The mass-term for gluons generated upon integrating out massless fermions is nothing but the Dirac determinant, a regularized and gauge invariant expression for which can be provided in terms of a gauged Wess-Zumino-Witten (WZW) functional^1. To be explicit, we introduce the complex coordinates z = x^i − ix^2, z̄ = x^i + ix^2. Working with Euclidean signature, one introduces the complex matrix M to parametrize the gauge potentials as A = −∂MM^{−1} (3)

Under local gauge transformations generated by the unitary matrix U, M → UM. Thus the associated hermitian matrix H = M^†M is gauge invariant. The Dirac determinant can be related to a WZW functional with H as the dynamical variable by the following relation [8]:

det(DD̄)_R = det(∂ ¯∂)e^{ARSW ZW [H]} (4)

R stands for the representation of the massless fermions under the gauge group (generated by t^a).

A_R = tr(t^at^b)_R/tr(t^at^b)_f , (5)

where f denotes the fundamental representation^2. S_{W ZW} [H] = 1 2π ∫ R^2 tr(∂H ¯∂H^{−1}) + i 12π ∫ ϵ^{ijk}tr(H^{−1}∂_iHH^{−1}∂_j HH^{−1}∂_kH). (6) The first integral is over the complex plane, whereas the second one involves an extension of the plane to a three dimensional space, of which the plane is a

1A very lucid summary of the connection of the Dirac determinat to the WZW model can be found in [8]-chapter-17.

2In our conventions A = −it^aA^a, tr(t^at^b) =^1_2 δ^{ab}.

boundary[8]. Using the Polyakov-Wiegmann identity S_{W ZW} can be written also as: S_{W ZW} [H] = S_{W ZW} [M] + S_{W ZW} [H] − 1 2π ∫ A^aĀ^a (7)

The variation of the WZW functional can be computed using the relations [8] δS_{W ZW} [M] = 1 2π ∫ ā^aδA^a, δS_{W ZW} [M^†] = 1 2π ∫ a^aδĀ^a (8)

where:

a = (M^†)^{−1}∂M^†, ā = − ¯∂MM^{−1} (9) Thus: δS_{W ZW} [H] = − 1 2π ∫ ( J^aδĀ^a + J̄^aδA^a ) (10)

with J^a = (A − a)^a, J̄^a = (Ā − ā)^a. It can be seen from their definitions that the auxiliary fields a, ā satisfy the ‘eikonal’ equations: Dā^a = ¯∂A, D̄a^a = ∂Ā^a. (11) The currents, J, J̄ are associated with a holomorphic (and anti-holomorphic) symmetry of the WZW functional. For instance, S_{W ZW} [H] is invariant under the infinitesimal left (right) translation of H by a holomorphioc (anti-holomorphic) function: δH = θ(z)H. The current associated with this symmetry is −∂HH^{−1} which can be related to J as −∂HH^{−1} = M^†JM^{†−1}. There is a second symmetry generated by the same currents. It is readily seen using (8) that: δA = iJϵ, δĀ = −iJ̄ϵ (12) where ϵ is real, is a symmetry of S_{W ZW} . What is surprising, but nevertheless true, is that (12) is also a symmetry of the pure Yang-Mills action in D = 1 + 1. To verify this claim, we note that^3: δ 1 4 ∫ F^a_{μν} F^a_{μν} = −2 ∫ F^aδF^a = −2 ∫ F^a(DδĀ−D̄δA)^a = 2iϵ ∫ F^a(DJ̄+D̄J)^a (13) The expression in the parentheses in the last term vanishes due to the ‘eikonal’ equations (11). Thus (12) is a symmetry of both pure Yang-Mills theory as well

3In the complex notation F = DĀ − ¯∂A.

as of the S_{W ZW} ‘mass-term’ that one can add to it in two spacetime dimensions. More generally it is a symmetry of each of the two terms of

S^{1+1}_m = −2 ∫ F^aF^a − m^2S_{W ZW} [H], (14)

which can also be regarded as an effective action for 2D QCD with massless fermions. In the above equation m is an arbitrary number with the dimensions of mass, but in the context of massless fermions coupled to Yang-Mills theory in two dimensions it will be a specific function of the Yang-Mills coupling, flavor symmetry group of the fermions and the representation of the color group that the fermions transform under.

3 Current-Field Symmetry for Y M_{2+1} and Mass- Terms for Gluons

We now study the question of whether the non-local symmetry of two dimensional Yang-Mills theory might have a ‘lift’ to three spacetime dimensions. Phrased differently, we will explore the possibility that there is a symmetry involving a Lorentz covariant current J_μ in analogy to the way that (12) was a symmetry of Y M_{1+1}

In what follows, we will assume that we have a current, J_μ, which transforms in the adjoint representation of the gauge group and satisfies the identities:

D_μJ_ν − D_ν J_μ = F_{μν} (15) D_μJ^μ = 0. (16)

While we do not need to derive this current from an action, we will explore the consequences of a mass term associated with the current in the following sense. Suppose that we start with an action: S = ∫ d^3x( 1 4g^2

F^a_{μν} F^{aμν} ) + m^2 g^2

Γ(A) (17)

where Γ is an as-yet-unknown mass term. We relate the current, J^a_μ , to the variation of the mass term through:

Γ(A_μ + δA_μ) = Γ(A_μ) + ∫ d^3xJ^{aμ}(x)δA^a_μ(x) + · · · . (18)

We first note that in the abelian theory, taking Γ to be of the form mentioned in the introduction, S = ∫ d^3x( 1 4g^2

F_{μν} F^{μν} ) + m^2 2g^2 ∫ d^3xA_μ ( δ^{μν} − ∂^μ 1 ∂_α∂^α ∂^ν ) A_ν (19)

yields the current J_μ = A_μ − ∂_μ^1_{∂α∂α} ∂^ν A_ν , which indeed satisfies the defining relations (15) and (16). In the non-abelian case, we are not able to find an explicit formula for the current or an associated mass-term. Nevertheless, we will explore the consequences of this current being derived from a putative mass term through its variation in the above sense.

Our central result is that the transformation: δA_μ = ϵ_{μνρ}δθ^ν J^ρ, (20) where δθ^μ is a vector of infinitesimal parameters, is a symmetry of both the mass term and the usual Yang-Mills action.

It is straightforward to show that the putative mass term is invariant under the above infinitesimal transformation: δΓ = ∫ d^3xJ^{aμ}(x)δA^a_μ(x) (21) = ∫ d^3xJ^{aμ}(x)ϵ_{μνρ}δθ^ν J^{aρ}(x) (22) = 0 (23) The Yang-Mills action is also invariant, but one has to work a little harder to show this. Since under an arbitrary variation, the field strength transforms as: δF_{μν} = D_μδA_ν − D_ν δA_μ (24) the variation of F^2 under (20) is: F^{aμν} δF^a_{μν} = 2F^{aμν} (D_μδA_ν )^a = F^{aμν} ϵ_{νρσ} δθ^ρ(D_μJ^σ)^a (25) = 2δθ^0(−F^{a01}(D_0J^2)^a + F^{a02}(D_0J^1)^a − F^{a21}(D_2J^2)^a + F^{a12}(D_1J^1)^a) + 2δθ^1(F^{a10}(D_1J^2)^a − F^{a12}(D_1J^0)^a + F^{a20}(D_2J^2)^a − F^{a02}(D_0J^0)^a) + 2δθ^2(F^{a01}(D_0J^0)^a − F^{a10}(D_1J^1)^a + F^{a21}(D_2J^0)^a − F^{a20}(D_2J^1)^a) Using (16), the above reduces to: F^{aμν} δF^a_{μν} = −δθ^σ ϵ_{μνρ}F^{aμν} (D_σJ^ρ)^a = −δθ^σ ϵ^{μνρ}F^a_{μν} ((D_σJ_ρ)^a − (D_ρJ_σ)^a + (D_ρJ_σ)^a) (26)

Aside from raising and lowering indices we have added and subtracted (D_ρJ_σ)^a to help simplify the expression. Using (15) the above becomes: F^{aμν} δF^a_{μν} = −δθ^σϵ^{μνρ}F^a_{μν} (F^a_{σρ} + (D_ρJ_σ)^a) = −δθ^σϵ^{μνρ}F^a_{μν} (D_ρJ_σ)^a = −∂_ρ(δθ^σϵ^{μνρ}F^a_{μν} J^a_σ ) + δθ^σJ^a_σ ϵ^{μνρ}(D_ρF^a_{μν} ) = −∂_ρ(δθ^σϵ^{μνρ}F^a_{μν} J^a_σ ) (27) The last equality follows from the Bianchi identity ϵ^{μνρ}(D_ρF^a_{μν} ) = 0. While the second equality above follows from the identity: δθ^σϵ^{μνρ}F^a_{μν} F^a_{σρ} = δθ^0(F^a_{01}F^a_{02} + F^a_{20}F^a_{01}) + δθ^1(F^a_{12}F^a_{10} + F^a_{01}F^a_{12}) + δθ^2(F^a_{12}F^a_{20} + F^a_{20}F^a_{21}) = 0 (28) Thus the variation of the Lagrangian is a total derivative: δL = 1 2 ∂_ρ(δθ^σϵ^{μνρ}F^a_{μν} J^a_σ ) (29)

and the action is invariant.

3.1 A potential solution to the constraints

The natural question that arises is whether or not there is an actual solution to the constraints (15, 16) in three spacetime dimensions. While we will not be able to answer this question definitively in this paper, we point out a very suggestive mass term due to Alexanian and Nair which might provide a potential solution.

The three dimensional mass-term in question is a particularly elegant ‘lift’ of the two dimensional functional, S_{W ZW} , to three Euclidean spacetime dimensions constructed in [1], which we briefly review below. Key to many physical attributes of S_{W ZW} discussed above is the underlying complex structure presented by the two dimensional spacetime. Even though there is no preferred complex structure in three spacetime dimensions, one can construct an infinity of them using the angular variables of an auxiliary sphere (Ω) as parameters. Concretely, the three vectors X_0 = (sin θ cos ϕ, sin θ sin ϕ, cos θ) X_1 = (− cos θ cos ϕ, cos θ sin ϕ, sin θ) X_2 = (− sin θ, cos ϕ, 0) (30) define an orthogonal coordinate system for all values of θ and ϕ. The complex null vectors n = X_1 + iX_2, n̄ = X_1 − iX_2 (31) can be regarded as defining a complex structure for every point on Ω,^4 which can be used to construct quasi-two dimensional complex quantities out of three dimensional SO(3) covariant vectors. For instance, starting with the gauge potentials A_μ, one can form:

A_+ = 1 2 A_μn^μ, A_− = 1 2 A_μn̄^μ (32)

Three dimensionalSO(3) invariant expressions can be recovered by integrating out the Ω dependence of the corresponding quantities which are scalars in the quasi two-dimensional sense. For example:

A_μA^μ = 3 2π ∫ Ω A_+A_− (33)

Integration over Ω can be thought of as averaging over the set of all complex structures in three dimensions and SO(3) invariant expressions in three dimensions can - as illustrated above - be generated in a twistorial form by averaging over this infinite family of complex structures.

The covariant analog of S_{W ZW} was proposed in [1] to be

Γ[A]_{AN} = ∫ dX_0dΩK(A_+, A_−), where the kernel K is given by

K(A_+, A_−) = − 1 π ∫ 1 (tr(A_+(1)A_−(1)) + iπI(A_+(1)) + iπI(A_−(1))) .

While

I(A(1)) = i ∑ n (−1)^n n ∫ 2···n tr(A(1) · · · A(n)) z̄_{12}z̄_{23} · · · z̄_{n1} d^2x_1 π · · · d^2x_n π . The arguments of A refer to the different ‘spatial’ points X_±. The transverse coordinate X_0 is the same for all the A’s in the above expression for I.

4We emphasize that Ω has nothing to do with the spacetime, which is R^3 or R^{1,2}.

The expression for K is an exact parallel of the two dimensional expressionS_{W ZW} . Continuing with the parallels, the variations of K are given by δK δA^a_+ = 1 2π J^a_− = 1 2π (A_− − A_−)^a, δK δA^a_− = 1 2π J^a_+ = 1 2π (A_+ − A_+)^a (34)

where the auxiliary fields A_± satisfy the equivalents of (11):

D_±A^a_∓ = ∂_∓A^a_± (35)

The equations above are obviously very suggestive. The current J_μ ∼ ∫ Ω(J_+n̄_μ + J_−n_μ) does satisfy D_μJ^μ = 0. However, it is not clear that after the integration over the angular variables is carried out D_{[μ}J_{ν]} = F_{μν} is satisfied. It may be noted though, that a plausibility argument for (35) to imply (15) was provided in[4]. To really understand whether or not the current derived from the AN mas term satisfies (15) one would need to better inderstand the infinite set of nonlocal interaction vertices contained in the mass-term, which we hope to address elsewhere.

3.2 Implications for N = 1 supersymmetry

Although our focus in this work is on purely bosonic theories, the current-field symmetry discussed above has important consequences for minimal supersymmetry in three spacetime dimensions. As shown in[4], the Yang-Mills action deformed by the AN mass term admits an N = 1 supersymmetrization. Focusing on the Abelian limit, we point out that the symmetry described above is crucial for the consistency of the supersymmetry transformations given in [4]. In the Abelian case, it is easy to see that:

S_{N =1} = 1 g^2 (∫ 1 4 F_{μν} F^{μν} + m^2Γ(A) + 1 2 ∫ Ψ̄(σ_μ∂^μ + m)Ψ ) (36)

is invariant under the supersymmetry transformations^5:

δ_αA_μ = ᾱσ_μΨ

δ_αΨ = − i 2 ϵ_{μνρ}F^{μν} σ^ρα + mJ^μσ_μα (37) The second term in the fermionic variation represents a mass-deformation of the supersymmetry algebra which the presence of the massive degrees of freedom

5The Majorana condition in Ψ̄ = −iΨ^tσ^2 is implied

necessitate. Evaluation of the commutator of the supersymmetry transformations on the gauge field yields:

δ_{[ρ}δ_{ω]}A_μ = −2F_{μλ}(ω̄σ^λρ) + 2imϵ_{μνλ}J^μ(ω̄σ^λρ) (38)

The first term on the r.h.s has the usual interpretation of a combination of translation and gauge transformation of the gauge field. The second term is nothing but the result of the new bosonic symmetry studied in this paper acting on the gauge field. Although we presented the details of the Abelian theory above for the sake of transparency, the supersymmetry transformations readily generalize to the non-Abelian case[4]. Thus, the bosonic symmetry studied here can also be regarded as a consequence of supersymmetry, in the sense that the massive supersymmetry algebra contains this bosonic symmetry.

We take this opportunity to correct an interpretational issue related to the closure of the algebra(38). From the explicit expression of the current J_μ = A_μ − ∂_μ^1_{∂α∂α} ∂^ν A_ν in the Abelian case, it is tempting to think of the second term in (38) as a combination of a spacetime rotation and the composition of a rotation and gauge transformation of A_μ. Although the supersymmetry transformations given in [4] are valid, this interpretation of the underlying massive algebra suggested in that paper is inconsistent. The issue is that one cannot have the commutator of the supercharges (Q) close on spacetime rotation generators. For instance, the Jacobi identity [ϵ̄Q, [β̄Q, P ]] + [β̄Q, [P, ϵ̄Q]] + [P, [ϵ̄Q, β̄Q]] = 0 cannot be consistently satisfied if the commutators of the supercharges involve a term proportional to the spacetime rotation generators since the first two terms above will vanish while the last third term on the r.h.s will be generically nonzero. However, regarding the deformation of the transformation transformation δA_μ = 2imϵ_{μνλ}J^μ(ω̄σ^λρ) as a symmetry that involves as a non-local field redefinition of the gauge potential (and hence commutes with the momentum generator P ) avoids this interpretational problem completely. Thus not only is the new current-field symmetry implied by considerations of supersymmetry it is also necessary for the consistency of the mass-deformed supersymmetry algebra.

4 Noether current

Continuous symmetries of Lagrangians imply, according to Noether’s theorem, the existence of corresponding conserved currents. The charges associated with the currents generate the symmetries. Textbooks tend to focus on the case when the highest number of derivatives in the Lagrangian is 2, a situation in which the construction of the Noether current is particularly straightforward. The textbook method can easily be extended to theories with any number of derivatives capped by some fixed number. In the case at hand, however, we are dealing with the an infinite number of derivatives due to the presence of a non-local term in the Lagrangian. In general, it is difficult to find a method for deriving the Noether current. Nevertheless, in the present situation, it is relatively simple to make a plausible guess for the Noether current.

Without any pretense of rigor in the ”derivation”, we will construct a conserved current. If we do not worry about operator ordering and the commutation properties of J and A, (20) is generated by:

v^λQ_λ = v^λ ∫ d^2xϵ_{λμν} Π^{aμ}(x)J^{aν} (x) (39)

where Π^{aμ}(x) is the conjugate momentum of A^a_μ(x):

[A^a_μ(x), Π^{bν} (y)] = iδ^{ab}δ^ν_μδ^{(2)}(x − y) (40)

Instead of attempting to quantize the full non-local theory and computing the conjugate momentum of the gauge field, we will simply consider the simplest case where m = 0 and try to accommodate the m ≠ 0 case as needed. Since in the pure Yang-Mills case, the canonical momentum of A_0 vanishes, we will proceed by setting it to zero:

v^λQ_λ = v^λ ∫ d^2xϵ_{λiν} E^{ai}(x)J^{aν} (x) (41)

Since Q_λ should be the space integral of the time component of the Noether current, Q_λ = ∫ d^2M_{0λ} where M_{0λ} is the 0 component of a current, then one might make the following naive guess for the Noether current: M_{σμ} = g_{σδ}ϵ_{μνρ}F^{aδν} J^{aρ} (42) However, this current is not conserved

∂^σ M_{σμ} = ϵ_{μντ} (m^2J^{aν} J^{aρ} + F^{aδν} D_δJ^{aτ} ) = ϵ_{μντ} F^{aδν} D_δJ^{aτ} (43)

We made use of the equation of motion:D_μF^{μν} = m^2J^ν above. By using (16), the above expression can be put into the following convenient form:

∂^σ M_{σμ} = 1 2 ϵ_{ρντ} F^{aρν} D_μJ^{aτ} (44)

Given the variation of the action (27), it is natural to consider a modified current: L_{σμ} = g_{σδ}ϵ_{μντ} F^{aδν} J^{aτ} − 1 2 ϵ_{ρνσ}F^{aρν} J^a_μ (45) In the previous section we proved (27) that:

∂^ρ(ϵ_{μνρ}F^{μνa}J^a_σ ) = ϵ_{μνρ}F^{aμν} (D_σJ^ρ)^a (46)

Using the above equation, it is straightforward to prove the following identities:

∂^σL_{σρ} = 0 ∂^ρL_{σρ} = 0 L^σ = 1 2 ϵ_{ρντ} F^{aρν} J^{aτ} (47) The current L_{μν} is conserved both in the m = 0 and m ≠ 0 cases. The charges computed from the above currents:

Q_μ = ∫ d^2xL_{0μ} = ∫ d^2x(−ϵ_{μiτ} F^{a0i}J^{aτ} − F^{a12}J^a_μ ) (48)

differ from the ones we started with in the m = 0 case but still generate the transformation (20) if [A_μ, J_ν ] = 0. In the Abelian case, where J has a particularly simple expression, one can check that the current and gauge field do indeed commute.

5 The symmetry algebra in the Abelian case

The Abelian case is considerably simpler than the general one. In this case, we are able to provide closed form expressions for J and compute the algebra of charges, [Q_μ, Q_ν ], by evaluating the commutator under (20): (δ^′δ − δδ^′)A_μ = δθ^ν δθ^{′κ}(ϵ^λ_{κν} ϵ_{λμρ}J^ρ + ϵ^λ_{κν} ϵ_{μηρ}∂_λ 1 ∂_α∂^α F^{ηρ}) (49)

The first term on the right hand side is a variation of the same form as (20). If the second term on the right hand side were absent, the algebra of charges would be SO(2,1). However, this is not the case, and since the second term is not of the form (20), the symmetry algebra does not close on the generators of (20) alone. It remains to see whether the algebra can be made to close by adding a finite number of new generators.

The second term on the right hand side of (49) suggests a new symmetry of the action: δ_2A_μ = δψ^σ∂_σϵ_{μνκ} 1 ∂_α∂^α F^{νκ} (50)

One can check that this is indeed a symmetry of the mass deformed action for all values of m ( including m = 0). The commutator of (50) with itself vanishes: (δ_2δ^′_2 − δ^′_2δ_2)A_μ = 0 (51) We consider next the commutator of the symmetries (20) and (50):

(δ_1δ_2 − δ_2δ_1)A_μ = 2δθ^σδψ^ρ∂_μ∂_ρ 1 ∂_α∂^α J_σ (52)

For clarity, we have introduced the notation δ_1 as the variation that we called δ in (20). The right hand side corresponds to transformations:

δ_3A_μ = γ^{ρσ}∂_μ∂_ρ 1 ∂_α∂^α J_σ (53)

where, γ^{ρσ} is a traceless (γ^{ρσ}g_{ρσ} = 0) matrix of constant parameters. Because of the ∂_μ appearing in (53), the transformation (53) is a gauge transformation and, therefore, both F_{μν} and J_μ are invariant under (53) leaving the action invariant, trivially. It is useful to split δ_3 into two variations according to the symmetry properties of γ^{ρσ}:

δ_3 = δ_{3A} + δ_{3S} (54) δ_{3A}A_μ = α^{ρσ}∂_μ 1 ∂_α∂^α F_{σρ} (55)

δ_{3S} A_μ = β^{ρσ}∂_μ(∂_ρ 1 ∂_α∂^α J_σ + ∂_σ 1 ∂_α∂^α J_ρ) (56)

where α^{ρσ} = −α^{σρ} , β^{ρσ} = β^{σρ} , β^{ρσ}g_{ρσ} = 0. (57) Defining generators for the transformations (20), (50), and (53) as: δ_1A_μ = [iδθ^ν Q^{(1)}_ν , A_μ] (58) δ_2A_μ = [iδψ^ν Q^{(2)}_ν , A_μ] (59) δ_{3A}A_μ = [iδα^{ρν} Q^{(3A)}_{ρν} , A_μ] (60) δ_{3S} A_μ = [iδβ^{ρν} Q^{(3S)}_{ρν} , A_μ] (61)

The relations (49), (52) and (51) can be expressed as:

[Q^{(1)}_μ , Q^{(1)}_ν ] = iϵ^λ_{μν} (Q^{(1)}_λ + Q^{(2)}_λ ) (62) [Q^{(2)}_μ , Q^{(2)}_ν ] = 0 (63) [Q^{(1)}_μ , Q^{(2)}_ν ] = i(Q^{(3A)}_{μν} + Q^{(3S)}_{μν} ) (64) (65)

In addition to the above commutation relations, we should compute commutators of Q^{(3A)}_{ρν} , Q^{(3S)}_{ρν} with all other generators, for completeness. However, since Q^{(3A)}_{ρν} , Q^{(3S)}_{ρν} generate gauge transformations on A_μ, their commutators with all other generators are also gauge transformations. This can be seen as follows

δ_3δ_iA_μ = 0 (66)

since δ_iA_μ is gauge invariant for any i, but

δ_iδ_3A_μ = γ^{ρσ}∂_μ∂_ρ 1 ∂_α∂^α δ_iJ_σ (67)

Therefore, (δ_iδ_3 − δ_3δ_i)A_μ = ∂_μ(γ^{ρσ}∂_ρ 1 ∂_α∂^α δ_iJ_σ) (68)

is a gauge transformation and the algebra generated by Q^{(1)}_ν and Q^{(2)}_ν closes up to gauge transformations. In particular,

[Q^{(1)}_μ + Q^{(2)}_μ , Q^{(1)}_ν + Q^{(2)}_ν ] = iϵ^λ_{μν} (Q^{(1)}_λ + Q^{(2)}_λ ) + 2iQ^{(3A)}_{μν} (69)

is an SO(2,1) sub-aglebra up to gauge transformations (since Q^{(3A)}_{μν} generates gauge transformations). This SO(2, 1) symmetry (SO(3) in the Euclidean case) is distinct from Lorentz transformations. In general, for the non-Abelian, as well as the Abelian case, iterated commutators of the current-field symmetry transformations generate new non-local transformations. It would obviously be extremely interesting to try and understand the algebraic structure behind the symmetries obtained by these iterated commutators.

6 Concluding remarks

Several questions that require further attention are naturally prompted by this study. The most obvious question to ask is whether or not there are solutions to (1) in three spacetime dimensions. Making a concrete statement about the existence of solutions to these equations would be interesting in its own right. If these constraints can be solved, establishing the putative non-local symmetry in three dimensions, a pressing issue would be to understand the precise structure of this symmetry. As shown in the last section, even the Abelian case has a lot of structure. We found that the algebra of symmetries (20) does not close on itself and it is necessary to extend (20) to include a new set of symmetry generators (50). The algebraic structure has some intriguing features and it would be interesting to understand the corresponding story in the general non- Abelian case.

Also, as pointed out earlier in the paper, a better understanding of the interplay between the current-field symmetry and supersymmetry in three dimensions is needed for understanding various issues related to the interplay between supersymmetry and mass-gaps in the spectra of supersymmetric gauge theories in D = 2 + 1. We hope to address these issues in the near future.

Another interesting set of questions has to do with whether or not there is a Hamiltonian counterpart to this new symmetry. Since the symmetry discussed in this paper involves transformations that are non-local both in space and time, generalizing this discussion to a Hamiltonian framework of a non-Abelian theory is not straightforward. Whether or not this symmetry plays a role in the gauge invariant Hamiltonian framework of the three dimensional gauge theory [3] is obviously an open and interesting question.

It is also natural to ask, if the existence of solutions of (1) violates the Coleman-Mandula theorem[15]. The Coleman-Mandula theorem requires the symmetry generators of interacting Lorentz invariant theories to be Lorentz scalars, which the symmetry generators are obviously not. The two cases where we have been able to construct J_μ explicitly in this paper - an interacting theory in 1 + 1 dimensions, and a free (abelian) theory in 2 + 1 dimensions - are both exempt from the domain of applicability of the theorem. A non-abelian solution to (1) in three spacetime dimensions might, at least naively, appear to be at odds with the Coleman-Mandula theorem. However, given that we expect such a current to be both non-local in space and time it might also be exempt from the Coleman-Mandula theorem, since an implicit locality of the symmetry generators is assumed in the derivation of the theorem.

Finally, on a speculative note, we comment on the iterated commutators of the non-local current-field symmetry transformation which were shown in the last section to generate new non-local symmetries. It is tempting to note that the existence of higher conservation laws generated by iterated commutators of a non-local symmetry operation, is reminiscent of Yangian symmetries that integrable systems, such as the Heisenberg spin chain, often possess. In the context of a higher dimensional quantum field theory Yangian symmetries have recently been shown to play a crucial role in rendering the Hamiltonian of N = 4 super Yang-Mills on R × S^3 integrable (for recent reviews and older pedagogical introductions to the subject see [11, 12, 13, 14]). It would be natural to explore if the spacetime SO(2, 1) Lorentz symmetry fuses with the non-local symmetry transformation laws given here to form a Hopf algebraic structure, such as a Yangian. Perhaps a fruitful starting point for understanding this issue is the D = 1 + 1 version of the current field symmetry discussed earlier in the paper. Since the pure glue theory in two dimensions is an integrable system[10], as is the Wess-Zumino-Witten model, understanding how the current-field symmetry is embedded in the infinite tower of conserved charges of these theories might help us understand its algebraic properties in the three dimensional case as well.

Acknowledgements: We are grateful to V.P.Nair for many illuminating discussions and his constant encouragement.

References

[1] G. Alexanian and V. P. Nair, “A Selfconsistent Inclusion Of Magnetic Screening For The Quark - Gluon Plasma,” Phys. Lett. B 352, 435 (1995) [arXiv:hep-ph/9504256], V. P. Nair, “Hard thermal loops in a moving plasma and a magnetic mass term,” Phys. Lett. B 352, 117 (1995) [arXiv:hep-th/9406073].

[2] D. Karabali, C. j. Kim and V. P. Nair, “Manifest covariance and the Hamiltonian approach to mass gap in (2+1)-dimensional Yang-Mills theory,” Phys. Rev. D 64, 025011 (2001) [arXiv:hep-th/0007188].

[3] D. Karabali and V. P. Nair, “A gauge-invariant Hamiltonian analysis for non-Abelian gauge theories in (2+1) dimensions,” Nucl. Phys. B 464, 135 (1996) [arXiv:hep-th/9510157], D. Karabali, C. j. Kim and V. P. Nair, “Planar Yang-Mills theory: Hamiltonian, regulators and mass gap,” Nucl. Phys. B 524, 661 (1998) [arXiv:hep-th/9705087], D. Karabali, C. j. Kim and V. P. Nair, “On the vacuum wave function and string tension of Yang-Mills theories in (2+1) dimensions,” Phys. Lett. B 434, 103 (1998) [arXiv:hep-th/9804132].

[4] A. Agarwal, “Mass Deformation of Super Yang-Mills in D=2+1,” Phys.

Rev. D 80, 105020 (2009) [arXiv:0909.0959 [hep-th]].

[5] A. Armoni, Y. Frishman, J. Sonnenschein, “Massless QCD(2) from current constituents,” Nucl. Phys. B596, 459-470 (2001). [hep-th/0011043]

[6] A. Armoni, Y. Frishman, J. Sonnenschein, “Screening in supersymmetric gauge theories in two-dimensions,” Phys. Lett. B449, 76-80 (1999). [hep-th/9807022].

[7] D. J. Gross, I. R. Klebanov, A. V. Matytsin, A. V. Smilga, “Screening versus confinement in (1+1)-dimensions,” Nucl. Phys. B461, 109-130 (1996). [hep-th/9511104].

[8] V. P. Nair, “Quantum field theory: A modern perspective,” New York, USA:

Springer (2005) 557 p.

[9] A. Agarwal, “Mass Deformations of Super Yang-Mills Theories in D = 2+1, and Super-Membranes: A Note,” Mod. Phys. Lett. A24, 193-211 (2009). [arXiv:0806.4292 [hep-th]].

[10] J. A. Minahan, A. P. Polychronakos, “Equivalence of two-dimensional QCD and the C = 1 matrix model,” Phys. Lett. B312, 155-165 (1993). [hep-th/9303153].

[11] A. Torrielli, “Yangians, S-matrices and AdS/CFT,” [arXiv:1104.2474 [hepth]].

[12] A. Torrielli, “Review of AdS/CFT Integrability, Chapter VI.2: Yangian Algebra,” [arXiv:1012.4005 [hep-th]].

[13] A. Agarwal, S. G. Rajeev, “Yangian symmetries of matrix models and spin chains: The Dilatation operator of N=4 SYM,” Int. J. Mod. Phys. A20, 5453-5490 (2005). [hep-th/0409180].

[14] L. Dolan, C. R. Nappi and E. Witten, “Yangian symmetry in D = 4 superconformal Yang-Mills theory,” arXiv:hep-th/0401243.

[15] S. R. Coleman and J. Mandula, “All Possible Symmetries Of The S Matrix,” Phys. Rev. 159, 1251 (1967).