arXiv:1112.0976v1 [hep-th] 5 Dec 2011

FIAN-TD-2011-13 arXiv: yymm.nnnn [hep-th]

Extended hamiltonian action for arbitrary spin fields

in flat and AdS spaces

R.R. Metsaev^∗

Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospect 53, Moscow 119991, Russia

Abstract

Totally symmetric arbitrary spin massless and massive free fields in flat and AdS spaces are studied. Extended gauge invariant hamiltonian action for such fields is obtained. The action is constructed out of phase space fields and Lagrange multipliers which are free of algebraic constraints. Gauge transformations of the phase space fields and Lagrange multipliers are derived. Lie derivative realization of flat and AdS space-time symmetries on the phase space fields and Lagrange multipliers is obtained. Canonical realization of space-time symmetries is also found. Use of the Poincaré parametrization of AdS space allows us to treat fields in flat space and AdS space on equal footing.

∗ E-mail: metsaev@lpi.ru

1 Introduction

In view of the aesthetic features of extended hamiltonian approach to the relativistic field dynamics a interest in this approach was periodically renewed (see e.g. Refs.[1, 2]). The extended hamiltonian approach provides systematic and self-contained way to study many aspects of relativistic field dynamics. Progress in understanding higher-spin field dynamics [3] has lead to intensive and in-depth study of various aspects of AdS field dynamics. Lagrangian formulation of higher-spin fields was developed many years ago in Refs.[4, 5]. By now many interesting approaches to AdS fields are known in the literature. However we note that the extended hamiltonian formulation of massless and massive higher-spin fields in flat and AdS spaces of arbitrary dimensions has not yet been worked out.^1

The purpose of this paper is to develop gauge invariant hamiltonian approach to totally symmetric arbitrary spin massless and massive fields in flat and AdS spaces. In this paper we deal with free bosonic fields. Our approach to the extended hamiltonian field dynamics can be summarized as follows.

i) We start with Lagrangian formulation of massless and massive fields in flat and AdS spaces and use representation for Lagrangian in terms of de Donder like divergence obtained in Refs.[9, 10, 11]. We consider fields in d dimensional flat space and d + 1 dimensional AdS space. We use the Poincaré parametrization of AdS_{d+1} space in which the Lorentz algebra so(d − 1, 1) symmetries are realized manifestly. We use the double-traceless higher-spin fields of the Lorentz algebra so(d − 1, 1). It is the use of such double-traceless fields and the Poincaré parametrization of AdS space that allows us to treat massless and massive fields in flat and AdS spaces on equal footing. ii) Our extended hamiltonian action is formulated in terms of so(d − 1) algebra fields. All fields appearing in our extended hamiltonian formulation are free of algebraic constraints. Field content entering our extended hamiltonian action involves phase space fields and Lagrange multipliers. Number of the Lagrangian multipliers and half of the phase space fields is equal to the number of gauge fields appearing in the Lagrangian formulation.

Our paper is organized as follows.

In section 2, we review the Lagrangian formulation of massless and massive fields in flat and AdS spaces. We discuss representation for Lagrangian in terms of the de Donder like divergence found in Refs.[9, 10, 11]. We review gauge symmetries of the Lagrangian and realization of spacetime symmetries on the space of gauge fields.

Sec. 3 is devoted to extended hamiltonian formulation of massless and massive fields in flat and AdS spaces. We start with description of field content appearing in our approach. After this we present our result for extended hamiltonian action and the corresponding gauge transformations.

In section 4, we discuss realization of space-time symmetries in the framework of extended hamiltonian approach. This is to say that we discuss realization of the Poincaré symmetries on space of gauge fields in flat space and realization of the so(d, 2) algebra symmetries on space of gauge fields in AdS_{d+1} space. We present the Lie derivative realization and the canonical realization of flat and AdS space-time symmetries on the phase space fields and Lagrange multipliers entering the extended hamiltonian approach.

In Appendix, we summarize our conventions and the notation.

1 Discussion of hamiltonian formulation of massless fermionic fields in 4d flat and AdS_4 spaces may be found in Refs.[6, 7] (for some discussion of massless bosonic fields in AdS_4 see Ref.[7]). Discussion of hamiltonian formulation of massive spin 3/2 fermionic field in 4d flat space may be found in Ref.[8].

2 Gauge invariant Lagrangian via de Donder like divergence

In metric like approach, gauge invariant Lagrangian for free massless fields in flat and AdS_4 spaces was obtained in Refs.[4, 5], while gauge invariant Lagrangian for free massive fields in flat and AdS_{d+1} spaces was found in Ref.[12].^2 In Refs.[9, 10, 11], we noticed that use of de Donder like divergence simplifies considerably the structure of gauge invariant Lagrangian. Representation of the gauge invariant Lagrangian for massive field in flat space in terms of modified de Donder divergence was obtained in Ref.[9], while representation of the gauge invariant Lagrangian for massless and massive fields in AdS space in terms of the modified de Donder divergence was found in Refs.[10, 11]. Because representation of the gauge invariant Lagrangian via the modified de Donder divergence turns out to be helpful for the derivation of extended hamiltonian action we start with review of our results in Refs.[9, 10, 11]. Before proceeding to the review we note that we use the Cartesian parametrization of Minkowski space and the Poincaré parametrization of AdS_{d+1} space (for the notation, see Appendix A),

ds^2 = dx^adx^a , for flat space, (2.1)

ds^2 = 1 z^2

(dx^adx^a + dzdz) , for AdS space. (2.2)

The use of such parametrizations allows us, among other thing, to treat fields in flat and AdS spaces on equal footing. We now begin our review with the discussion of field contents. Field content for massless field in R^{d−1,1}. As is well known [4], spin-s massless field in ddimensional flat space can be described by the rank-s totally symmetric tensor field of the Lorentz algebra so(d − 1, 1), ϕ^{a1...as} , (2.3) subject to the double-tracelessness constraint, ϕ^{aabba5 ...as} = 0. To simplify the presentation of gauge invariant action we use oscillators α^a and introduce the following ket-vector: |ϕ⟩ ≡ 1 s! α^{a1} . . . α^{as} ϕ^{a1...as} |0⟩ . (2.4) Field content for massive field in R^{d−1,1}. As is well known [12], spin-s massive field in flat space can be described by the following set of fields ϕ^{a1...as′} , s^′ = 0, 1, . . . , s. (2.5) Fields in (2.5) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ totally symmetric fields of the Lorentz algebra so(d−1, 1). Fields in (2.5) with s^′ ≥ 4 are double-traceless, ϕ^{aabba5 ...as′} = 0. To streamline the presentation of gauge invariant action we use oscillators α^a, ζ and introduce the following ket-vector: |ϕ⟩ ≡ s∑ s^′=0 ζ^{s−s′} α^{a1} . . . α^{as′} s^′! √ (s − s^′)! ϕ^{a1 ...as′} |0⟩ . (2.6) 2 For arbitrary d, various gauge invariant formulations of massless fields in AdS_{d+1} were discussed in Refs.[13, 14, 15]. In earlier literature, study of arbitrary spin massive field in flat space via dimensional reduction may be found in Refs.[16, 17, 18]. Discussion of various dimensional reduction techniques in AdS may be found in Refs.[19, 20, 21]. In recent years, higher-spin gauge fields have also been extensively studied in the framework of BRST approach (see e.g. Refs.[22]-[25]). Frame-like approach to massive fields was developed in Refs.[26, 27]. In the framework of light-cone gauge, the higher-spin AdS fields were studied in Refs.[14, 28, 29].

Field content for massless field in AdS_{d+1}. To discuss gauge invariant formulation of spin-s massless field in AdS_{d+1} we use the following set of fields in Ref.[10]:: ϕ^{a1...as′} , s^′ = 0, 1, . . . , s . (2.7) Fields in (2.7) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ totally symmetric fields of the Lorentz algebra so(d − 1, 1). Fields in (2.7) with s^′ ≥ 4 are doubletraceless, ϕ^{aabba5 ...as′} = 0.^3 To discuss gauge invariant Lagrangian in easy-to-use form we use oscillators α^a, α^z to collect fields (2.7) into the ket-vector |ϕ⟩ ≡ s∑ s^′=0 α^{s−s′}_z α^{a1} . . . α^{as′} s^′! √ (s − s^′)! ϕ^{a1...as′} |0⟩ . (2.8) Field content for massive field in AdS_{d+1}. To discuss gauge invariant formulation of spin-s massive field in AdS_{d+1} we use the following set of fields in Ref.[11]: ϕ^{a1...as′} n , n ∈ [s − s^′]_2 , s^′ = 0, 1, . . . , s − 1, s , (2.9)

(for notation, see (A.2) in Appendix). Fields in (2.9) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ totally symmetric fields of the Lorentz algebra so(d − 1, 1). Fields in (2.9) with s^′ ≥ 4 are double-traceless, ϕ^{aabba5 ...as′}_n = 0.^4 To streamline the presentation we use oscillators α^a, α^z, ζ and collect fields (2.9) into the ket-vector defined by

|ϕ⟩ = s∑ s^′=0 ∑ n∈[s−s^′]_2 ζ^{s−s} ′+n 2 α^{s−s} ′−n 2 z α^{a1} . . . α^{as′} s^′! √ (^{s−s′+n}_2 )!(^{s−s′−n}_2 )! ϕ^{a1...as′} n |0⟩ . (2.10)

Lagrangian. Gauge invariant action for fields in flat and AdS spaces is given by S = ∫ d^dx L , for flat space, (2.11) S = ∫ d^dx dz L , for AdS space, (2.12)

where Lagrangian we found is given by L = − 1 2 ⟨∂^aϕ|μ|∂^aϕ⟩ − 1 2 ⟨ϕ|μM^2|ϕ⟩ + 1 2 ⟨C̄ϕ||C̄ϕ⟩ , (2.13) C̄ ≡ ᾱ∂ − 1 2 α∂ᾱ^2 − ē_1Π^{[1,2]} + 1 2 e_1ᾱ^2 , (2.14) C ≡ α∂ − 1 2 α^2ᾱ∂ − e_1Π^{[1,2]} + 1 2 ē_1α^2 , (2.15)

3 In Ref.[5], the spin-s massless field in AdS_{d+1} is described by rank-s totally symmetric doubletraceless tensor field of the Lorentz algebra so(d, 1). Note that so(d − 1, 1) tensorial components of the tensor field in Ref.[5] are not double-traceless. The tensor field in Ref.[5] is related to our fields (2.7) by invertible transformation. This invertible transformation is described in Ref.[10].

4 In Ref.[12], the spin-s massive field in AdS_{d+1} is described by the set of fields involving totally symmetric doubletraceless tensor fields of the Lorentz algebra so(d, 1). Note that so(d − 1, 1) tensorial components of the tensor fields in Ref.[12] are not double-traceless. The fields in Ref.[12] are related to our fields (2.9) by invertible transformation. This invertible transformation is described in Ref.[11].

μ ≡ 1 − 1 4 α^2ᾱ^2 , Π^{[1,2]} ≡ 1 − α^2 1 2(2N_α + d) ᾱ^2 , (2.16)

and expressions like α∂, α^2 are defined in Appendix (see (A.6), (A.7)). We note that the Lagrangian for massless and massive fields in flat and AdS spaces is distinguished only by the operators M^2, e_1 and ē_1. To see this, we now present the explicit form of these operators in turn. Operators M^2, e_1, ē_1 for massless field in flat space:

M^2 = 0 , e_1 = 0 , ē_1 = 0 . (2.17)

Operators M^2, e_1, ē_1 for massive field in flat space:

M^2 = m^2 , (2.18) e_1 = mζ~e_1 , ē_1 = −m~e_1ζ̄ , (2.19) ~e_1 ≡ ( 2s + d − 4 − N_ζ 2s + d − 4 − 2N_ζ )_{1/2} . (2.20)

In (2.18),(2.19), m stands for the commonly used mass parameter of the massive field. Operators M^2, e_1, ē_1 for massless field in AdS_{d+1}:

M^2 = −∂^2_z + 1 z^2

(ν^2 − 1 4 ) , (2.21)

−e_1 = α^zr_zT_{ν−} 1_2 , −ē_1 = T_{−ν+} 1_2 r_zᾱ^z , (2.22)

T_ν ≡ ∂_z + ν z , ν ≡ s + d − 4 2 − N_z , (2.23) r_z ≡ ( 2s + d − 4 − N_z 2s + d − 4 − 2N_z )_{1/2} . (2.24)

Operators M^2, e_1, ē_1 for massive field in AdS_{d+1}:

M^2 ≡ −∂^2_z + 1 z^2

(ν^2 − 1 4 ) , (2.25)

−e_1 = ζr_ζ T_{−ν−} 1_2 + α^zr_zT_{ν−} 1_2 , −ē_1 = T_{ν+} 1_2 r_ζζ̄ + T_{−ν+} 1_2 r_zᾱ^z , (2.26)

T_ν ≡ ∂_z + ν z , ν ≡ κ + N_ζ − N_z , (2.27)

r_ζ = ( (s +^{d−4}_2 − N_ζ )(κ − s −^{d−4}_2 + N_ζ )(κ + 1 + N_ζ ) 2(s +^{d−4}_2 − N_ζ − N_z)(κ + N_ζ − N_z)(κ + N_ζ − N_z + 1) )_{1/2} , (2.28)

r_z = ( (s +^{d−4}_2 − N_z)(κ + s +^{d−4}_2 − N_z)(κ − 1 − N_z) 2(s +^{d−4}_2 − N_ζ − N_z)(κ + N_ζ − N_z)(κ + N_ζ − N_z − 1) )_{1/2} , (2.29)

κ ≡ √ m^2 + ( s + d − 4 2 )_2

. (2.30)

In (2.30), m stands for the commonly used mass parameter of the spin-s massive field in AdS_{d+1}.

The following remarks are in order.

i) We note that it is the quantity C̄|ϕ⟩ that we refer to as de Donder like divergence (or modified de Donder divergence). Only for the case of massless field in flat space this de Donder like divergence coincides with the standard well-known de Donder divergence. From (2.13),(2.14), we see that many complicated terms contributing to the Lagrangian are collected into the de Donder like divergence. Thus, as we have promised, use of the de Donder like divergence allows us to simplify considerably a structure of the Lagrangian.^5

ii) If we represent the ⟨C̄ϕ|C̄ϕ⟩ contribution to the Lagrangian in terms of the derivatives and oscillators, then, for the case of massless and massive fields in flat space, Lagrangian given in (2.13) takes the same form as in Refs.[4, 12]. For the case of massless and massive fields in AdS_{d+1}, in order to cast the Lagrangians in Refs.[4, 12] into the form given in (2.13) we use our set of the so(d − 1, 1) algebra double -traceless gauge fields. We recall that, in Refs.[4, 12], the Lagrangians of massless and massive fields in AdS_{d+1} are formulated in terms of so(d, 1) algebra double-traceless gauge fields. Our gauge fields are related to gauge fields used in Refs.[4, 12] by invertible transformations. The invertible transformations are described in Refs.[10, 11].

iii) We note that, representation for Lagrangian in (2.13) -(2.16) is universal and is valid for arbitrary Poincaré invariant theory. Various Poincaré invariant theories are distinguished by the operators M^2, e_1, ē_1. This to say, that the dependence of the operators C, C̄ on the oscillators α^a, ᾱ^a and the flat derivative ∂^a takes the same form for massless and massive fields in flat and AdS spaces. In other words, the operators C, C̄ for massless and massive fields in flat and AdS spaces are distinguished only by the operators e_1 and ē_1. A a side remark we note that, using auxiliary fields and Stueckelberg fields, Lagrangian for totally symmetric arbitrary spin conformal fields can also be cast into the form given in (2.13) (see Refs.[35, 36]).

iv) Representation for Lagrangian given in (2.13) turns out to be especially helpful for the study of AdS/CFT duality for arbitrary spin massless and massive bulk AdS fields and the corresponding boundary current and shadow fields (see Refs.[37]-[39].)

Gauge symmetries. We now discuss gauge symmetries of Lagrangian given in (2.13). We begin with the description of gauge transformation parameters involved in gauge transformations of gauge fields. We discuss the gauge transformation parameters in turn.

Gauge transformations parameter for massless field in R^{d−1,1}. To discuss gauge symmetries of spin-s massless field in flat space we use the well-known gauge transformation parameter ξ^{a1...as−1} , (2.31) which is rank-(s − 1) totally symmetric tensor field of the Lorentz algebra so(d − 1, 1). For s ≥ 3 this parameter is traceless, ξ^{aaa3 ...as−1} = 0 (see Ref.[4]). To simplify the presentation we use the oscillator α^a and introduce the ket-vector |ξ⟩ ≡ 1 (s − 1)! α^{a1} . . . α^{as−1} ξ^{a1...as−1} |0⟩ . (2.32) Gauge transformations parameters for massive field in R^{d−1,1}. Gauge symmetries of spin-s massive field in flat space are described by the following set of gauge transformations parameters in Ref.[12]: ξ^{a1...as′} , s^′ = 0, 1, . . . , s − 1. (2.33) 5 Because our modified de Donder gauge leads to considerably simplified analysis of AdS field dynamics we believe that this gauge might also be useful for better understanding of various aspects of AdS/QCD correspondence which are discussed e.g. in Ref.[31]. Interesting applications of the standard de Donder-Feynman gauge to the various problems of higher-spin fields may be found in Refs.[32, 33, 34].

Gauge transformation parameters in (2.33) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ totally symmetric fields of the Lorentz algebra so(d − 1, 1). Gauge transformation parameters in (2.33) with s^′ ≥ 2 are traceless, ξ^{aaa3 ...as′} = 0. To streamline the presentation we use the oscillators α^a, ζ and introduce the following ket-vector: |ξ⟩ ≡ s−1∑ s^′=0 ζ^{s−1−s′} α^{a1} . . . α^{as′} s^′! √ (s − 1 − s^′)! ξ^{a1...as′} |0⟩ . (2.34) Gauge transformations parameters for massless field in AdS_{d+1}. To discuss gauge symmetries of spin-s massless field in AdS_{d+1} we use the following set of gauge transformation parameters in Ref.[10]: ξ^{a1...as′} , s^′ = 0, 1, . . . , s − 1 . (2.35) Gauge transformation parameters in (2.35) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ totally symmetric fields of the Lorentz algebra so(d − 1, 1). The gauge transformation parameters in (2.35) with s^′ ≥ 2 are traceless, ξ^{aaa3 ...as′} = 0.^6 To simplify the presentation we use the oscillators α^a, α^z and collect gauge transformation parameters (2.35) into the ket-vector given by |ξ⟩ ≡ s−1∑ s^′=0 α^{s−1−s′} z α^{a1} . . . α^{as′} s^′! √ (s − 1 − s^′)! ξ^{a1 ...as′} |0⟩ . (2.36) Gauge transformations parameters for massive field in AdS_{d+1}. To describe gauge symmetries of spin-s massive field in AdS_{d+1} we use the following set of gauge transformation parameters in Ref.[11]: ξ^{a1...as′} n , n ∈ [s − 1 − s^′]_2 , s^′ = 0, 1, . . . , s − 1 . (2.37)

Gauge transformation parameters in (2.37) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ totally symmetric fields of the Lorentz algebra so(d − 1, 1). The gauge transformation parameters in (2.37) with s^′ ≥ 2 are traceless, ξ^{aaa3 ...as′}_n = 0.^7 To streamline the presentation of gauge invariant Lagrangian we use oscillators α^a, α_z, ζ and collect gauge transformation parameters (2.37) into the ket-vector defined by

|ξ⟩ = s−1∑ s^′=0 ∑ n∈[s−1−s^′]_2 ζ^{s−1−s} ′+n 2 α^{s−1−s} ′−n 2 z α^{a1} . . . α^{as′} s^′! √ (^{s−1−s′+n}_2 )!(^{s−1−s′−n}_2 )! ξ^{a1...as′} n |0⟩ . (2.38)

Having represented the field contents and gauge transformation parameters in terms of the ketvectors |ϕ⟩ and |ξ⟩ we note that the gauge transformations can entirely be presented in terms of these ket-vectors. The representation for gauge transformations found in Refs.[9, 10, 11] is given by δ|ϕ⟩ = G|ξ⟩ , G ≡ α∂ − e_1 − α^2 1 2N_α + d − 2 ē_1 . (2.39)

6 In Ref.[5], gauge symmetries of spin-s massless field in AdS_{d+1} are described by gauge transformation parameter which is rank-(s − 1) totally symmetric traceless tensor field of the Lorentz algebra so(d, 1). Note that so(d − 1, 1) tensorial components of this gauge transformation parameter are not traceless. Gauge transformation parameter in Ref.[5] is related to our gauge transformation parameters (2.35) by invertible transformation described in Ref.[10].

7 In Ref.[12], gauge symmetries of spin-s massive field in AdS_{d+1} are described by gauge transformation parameters which are totally symmetric traceless tensor fields of the Lorentz algebra so(d, 1). The so(d − 1, 1) tensorial components of these gauge transformation parameters are not traceless. Gauge transformation parameters in Ref.[12] are related to our gauge transformation parameters (2.37) by invertible transformation described in Ref.[11].

For the cases of massless and massive fields in flat space, gauge transformations (2.39) coincide with the respective gauge transformations found in Ref.[4] and Ref.[12]. For the case of massless and massive fields in AdS_{d+1}, in order to cast the gauge transformations in Refs.[4, 12] into the form given in (2.39) we use our set of the so(d − 1, 1) algebra double -traceless gauge fields and so(d − 1, 1) algebra traceless gauge transformation parameters. We recall that, in Refs.[4, 12], gauge transformations of massless and massive fields in AdS_{d+1} are formulated in terms of so(d, 1) algebra double-traceless gauge fields and the so(d, 1) algebra traceless gauge transformation parameters. Our fields and gauge transforation parameters are related to fields and gauge transformation parameters used in Refs.[4, 12] by invertible transformations. The invertible transformations are described in Refs.[10, 11].

Space-time symmetries. We now discuss realization of space-time symmetries. For the case of fields in d-dimensional flat space, the space-time symmetries are described by the Poincaré algebra which consist translation generators P^a and the so(d − 1, 1) generators of the Lorentz algebra J^{ab}. For the case of fields in AdS_{d+1}, the space-time symmetries are described by the so(d, 2) algebra. Using the Poincaré parametrization of AdS_{d+1} space, we note that so(d, 2) algebra in the basis of so(d − 1, 1) algebra consists of translation generators P^a, dilatation generator D, conformal boost generators K^a, and generators of the so(d − 1, 1) Lorentz algebra J^{ab}. To summarize, space-time symmetries of fields are described by the following generators:^8

P^a , J^{ab} , for fields in R^{d−1,1} (2.40)

P^a , J^{ab} , D , K^a , for fields in AdS_{d+1} . (2.41)

We assume the following normalization for generators in (2.40),(2.41):

[D, P^a] = −P^a , [P^a, J^{bc}] = η^{ab}P^c − η^{ac}P^b, (2.42)

[D, K^a] = K^a , [K^a, J^{bc}] = η^{ab}K^c − η^{ac}K^b, (2.43)

[P^a, K^b] = η^{ab}D − J^{ab} , (2.44)

[J^{ab}, J^{ce}] = η^{bc}J^{ae} + 3 terms . (2.45)

The well-known realization of the generators P^a and J^{ab} takes the same form for both fields in flat space and fields in AdS space,

P^a = ∂^a , (2.46)

J^{ab} = x^a∂^b − x^b∂^a + M^{ab} , M^{ab} = α^aᾱ^b − α^bᾱ^a . (2.47)

For the case of fields in AdS space, to complete description of space-time symmetries we should find realization of generators D and K^a on space of AdS fields. The realization was found in Refs.[10, 11] and is given by

D = x^a∂^a + Δ , Δ ≡ z∂_z + d − 1 2 , (2.48)

K^a = − 1 2 x^bx^b∂^a + x^aD + M^{ab}x^b + R^a , (2.49)

8 In our approach, only so(d − 1, 1) symmetries are realized manifestly. The so(d, 2) symmetries of fields in AdS_{d+1} could be realized manifestly by using ambient space approach (see e.g. Refs.[40]-[43].)

R^a = zrᾱ^a + z ~I^ar̄ − 1 2 z^2∂^a , (2.50)

~I^a ≡ α^a − α^2 1 2N_α + d − 2 ᾱ^a . (2.51)

Operators r, r̄ appearing in (2.50) are given by

r ≡ −α^zr_z , r̄ ≡ r_zᾱ^z , for massless AdS field; (2.52)

r ≡ −ζr_ζ − α^zr_z , r̄ ≡ r_ζζ̄ + r_zᾱ^z , for massive AdS field , (2.53)

where operator r_z for massless field is given in (2.24), while the operators r_ζ , r_z for massive field are given in (2.28), (2.29).

3 Extended gauge invariant hamiltonian action

We now discuss the extended gauge invariant hamiltonian action for massless and massive fields in flat and AdS spaces. We begin our discussion with the description of field contents. We discuss the field contents in turn.

Field content for massless field in R^{d−1,1}. To discuss hamiltonian action for spin-s massless field in flat space we introduce the following set of fields: ϕ^{i1...is} , P^{i1...is} , (3.1) ϕ^{i1...is−3} , P^{i1...is−3} , (3.2) λ^{i1...is−1} , λ^{i1...is−2} . (3.3) Fields in (3.1)-(3.3) are totally symmetric traceful tensor fields of the so(d − 1) algebra. Thus, we see that all our fields in (3.1)-(3.3) are free from any constraints, i.e. we deal with unconstrained fields. We note that fields in (3.1), (3.2) are phase space variables, while fields in (3.3) are Lagrange multipliers. The fields ϕ^{i1...is} , ϕ^{i1...is−3} and Lagrange multipliers (3.3) are related to field in (2.3) by invertible transformation. To simplify the presentation we use oscillators α^i and collect fields (3.1)-(3.3) into the following ket-vectors: |ϕ_s⟩ ≡ 1 s! α^{i1} . . . α^{is} ϕ^{i1...is} |0⟩ , (3.4) |ϕ_{s−3}⟩ ≡ 1 (s − 3)! α^{i1} . . . α^{is−3} ϕ^{i1...is−3} |0⟩ , (3.5) |P_s⟩ ≡ 1 s! α^{i1} . . . α^{is} P^{i1...is} |0⟩ , (3.6) |P_{s−3}⟩ ≡ 1 (s − 3)! α^{i1} . . . α^{is−3} P^{i1...is−3} |0⟩ , (3.7) |λ_{s−1}⟩ ≡ 1 (s − 1)! α^{i1} . . . α^{is−1} λ^{i1...is−1} |0⟩ , (3.8) |λ_{s−2}⟩ ≡ 1 (s − 2)! α^{i1} . . . α^{is−2} λ^{i1...is−2} |0⟩ . (3.9)

Field content for massive field in R^{d−1,1}. To develop hamiltonian approach to spin-s massive field in flat space we introduce the following set of fields: ϕ^{i1...is′}_s , P^{i1...is′}_s , s^′ = 0, 1, . . . , s , (3.10) ϕ^{i1...is′}_{s−3} , P^{i1...is′}_{s−3} , s^′ = 0, 1, . . . , s − 3 , (3.11) λ^{i1...is′}_{s−1} , s^′ = 0, 1, . . . , s − 1 , (3.12) λ^{i1...is′}_{s−2} , s^′ = 0, 1, . . . , s − 2 . (3.13) Fields in (3.10)-(3.13) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector and totally symmetric rank-s^′ traceful tensor fields of the so(d − 1) algebra. To simplify the presentation we use oscillators α^i, ζ and collect fields (3.10)-(3.13) into the following ket-vectors: |ϕ_s⟩ ≡ s∑ s^′=0 ζ^{s−s′} α^{i1} . . . α^{is′} s^′! √ (s − s^′)! ϕ^{i1...is′}_s |0⟩ , (3.14)

|ϕ_{s−3}⟩ ≡ s−3∑ s^′=0 ζ^{s−3−s′} α^{i1} . . . α^{is′} s^′! √ (s − 3 − s^′)! ϕ^{i1...is′}_{s−3} |0⟩ , (3.15)

|P_s⟩ ≡ s∑ s^′=0 ζ^{s−s′} α^{i1} . . . α^{is′} s^′! √ (s − s^′)! P^{i1...is′}_s |0⟩ , (3.16)

|P_{s−3}⟩ ≡ s−3∑ s^′=0 ζ^{s−3−s′} α^{i1} . . . α^{is′} s^′! √ (s − 3 − s^′)! P^{i1...is′}_{s−3} |0⟩ , (3.17)

|λ_{s−1}⟩ ≡ s−1∑ s^′=0 ζ^{s−1−s′} α^{i1} . . . α^{is′} s^′! √ (s − 1 − s^′)! λ^{i1...is′}_{s−1} |0⟩ , (3.18)

|λ_{s−2}⟩ ≡ s−2∑ s^′=0 ζ^{s−2−s′} α^{i1} . . . α^{is′} s^′! √ (s − 2 − s^′)! λ^{i1...is′}_{s−2} |0⟩ . (3.19) Field content for massless field in AdS_{d+1}. To discuss hamiltonian action for spin-s massless field in AdS space we introduce the following set of fields: ϕ^{i1...is′}_s , P^{i1...is′}_s , s^′ = 0, 1, . . . , s , (3.20) ϕ^{i1...is′}_{s−3} , P^{i1...is′}_{s−3} , s^′ = 0, 1, . . . , s − 3 , (3.21) λ^{i1...is′}_{s−1} , s^′ = 0, 1, . . . , s − 1 , (3.22) λ^{i1...is′}_{s−2} , s^′ = 0, 1, . . . , s − 2 . (3.23) We note that fields in (3.20)-(3.23) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector and totally symmetric rank-s^′ traceful tensor fields of the so(d − 1) algebra. To simplify the presentation we use oscillators α^i, α^z and collect fields (3.20)-(3.23) into the following ket-vectors: |ϕ_s⟩ ≡ s∑ s^′=0 α^{s−s′}_z α^{i1} . . . α^{is′} s^′! √ (s − s^′)! ϕ^{i1...is′}_s |0⟩ , (3.24)

|ϕ_{s−3}⟩ ≡ s−3∑ s^′=0 α^{s−3−s′} z α^{i1} . . . α^{is′} s^′! √ (s − 3 − s^′)! ϕ^{i1...is′}_{s−3} |0⟩ , (3.25)

|P_s⟩ ≡ s∑ s^′=0 α^{s−s′}_z α^{i1} . . . α^{is′} s^′! √ (s − s^′)! P^{i1...is′}_s |0⟩ , (3.26)

|P_{s−3}⟩ ≡ s−3∑ s^′=0 α^{s−3−s′} z α^{i1} . . . α^{is′} s^′! √ (s − 3 − s^′)! P^{i1...is′}_{s−3} |0⟩ , (3.27)

|λ_{s−1}⟩ ≡ s−1∑ s^′=0 α^{s−1−s′} z α^{i1} . . . α^{is′} s^′! √ (s − 1 − s^′)! λ^{i1...is′}_{s−1} |0⟩ , (3.28)

|λ_{s−2}⟩ ≡ s−2∑ s^′=0 α^{s−2−s′} z α^{i1} . . . α^{is′} s^′! √ (s − 2 − s^′)! λ^{i1...is′}_{s−2} |0⟩ . (3.29) Field content for massive field in AdS_{d+1}. To develop hamiltonian approach to spin-s massive field in AdS space we introduce the following set of fields: ϕ^{i1...is′}_{s,n} , P^{i1...is′}_{s,n} , n ∈ [s − s^′]_2 , s^′ = 0, 1, . . . , s , (3.30) ϕ^{i1...is′}_{s−3,n} , P^{i1...is′}_{s−3,n} , n ∈ [s − 3 − s^′]_2 , s^′ = 0, 1, . . . , s − 3 , (3.31) λ^{i1...is′}_{s−1,n} , n ∈ [s − 1 − s^′]_2 , s^′ = 0, 1, . . . , s − 1 , (3.32) λ^{i1...is′}_{s−2,n} , n ∈ [s − 2 − s^′]_2 , s^′ = 0, 1, . . . , s − 2 . (3.33) Fields in (3.30)-(3.33) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector and totally symmetric rank-s^′ traceful tensor fields of the so(d − 1) algebra. To simplify the presentation we use oscillators α^i, α_z, ζ and collect fields (3.30)-(3.33) into the following ket-vectors: |ϕ_s⟩ = s∑ s^′=0 ∑ n∈[s−s^′]_2 ζ^{s−s} ′+n 2 α^{s−s} ′−n 2 z α^{i1} . . . α^{is′} s^′! √ (^{s−s′+n}_2 )!(^{s−s′−n}_2 )! ϕ^{i1...is′}_{s,n} |0⟩ , (3.34)

|ϕ_{s−3}⟩ = s−3∑ s^′=0 ∑ n∈[s−3−s^′]_2 ζ^{s−3−s} ′+n 2 α^{s−3−s} ′−n 2 z α^{i1} . . . α^{is′} s^′! √ (^{s−3−s′+n}_2 )!(^{s−3−s′−n}_2 )! ϕ^{i1...is′}_{s−3,n} |0⟩ , (3.35)

|P_s⟩ = s∑ s^′=0 ∑ n∈[s−s^′]_2 ζ^{s−s} ′+n 2 α^{s−s} ′−n 2 z α^{i1} . . . α^{is′} s^′! √ (^{s−s′+n}_2 )!(^{s−s′−n}_2 )! P^{i1...is′}_{s,n} |0⟩ , (3.36)

|P_{s−3}⟩ = s−3∑ s^′=0 ∑ n∈[s−3−s^′]_2 ζ^{s−3−s} ′+n 2 α^{s−3−s} ′−n 2 z α^{i1} . . . α^{is′} s^′! √ (^{s−3−s′+n}_2 )!(^{s−3−s′−n}_2 )! P^{i1...is′}_{s−3,n} |0⟩ , (3.37)

|λ_{s−1}⟩ = s−1∑ s^′=0 ∑ n∈[s−1−s^′]_2 ζ^{s−1−s} ′+n 2 α^{s−1−s} ′−n 2 z α^{i1} . . . α^{is′} s^′! √ (^{s−1−s′+n}_2 )!(^{s−1−s′−n}_2 )! λ^{i1...is′}_{s−1,n} |0⟩ , (3.38)

|λ_{s−2}⟩ = s−2∑ s^′=0 ∑ n∈[s−2−s^′]_2 ζ^{s−2−s} ′+n 2 α^{s−2−s} ′−n 2 z α^{i1} . . . α^{is′} s^′! √ (^{s−2−s′+n}_2 )!(^{s−2−s′−n}_2 )! λ^{i1...is′}_{s−2,n} |0⟩ . (3.39)

To summarize, fields, which we use for discussing the extended hamiltonian approach to massless and massive fields in flat and AdS spaces, can be collected into the following ket-vectors: |ϕ_s⟩ , |ϕ_{s−3}⟩ , |P_s⟩ , |P_{s−3}⟩ , |λ_{s−1}⟩ , |λ_{s−2}⟩ . (3.40) We note that fields |ϕ_s⟩, |ϕ_{s−3}⟩, |P_s⟩, |P_{s−3}⟩ are phase space variables, while the fields |λ_{s−1}⟩, |λ_{s−2}⟩ are Lagrange multipliers. In order to obtain the gauge invariant hamiltonian description in easy-to-use form we collect fields (3.40) into 2 vectors given by |ϕ⟩ = ( |ϕ_s⟩ |ϕ_{s−3}⟩ ) , |P⟩ = ( |P_s⟩ |P_{s−3}⟩ ) , (3.41)

|λ⟩ = ( |λ_{s−1}⟩ |λ_{s−2}⟩ ) . (3.42)

Extended hamiltonian action. Extended gauge invariant hamiltonian action for massless and massive fields in flat and AdS spaces takes the form S = ∫ d^dx L , for flat space , (3.43) S = ∫ d^dxdz L , for AdS space , (3.44)

where L is Lagrangian. The Lagrangian we found is given by L = ⟨P|ϕ̇⟩ − 1 2 ⟨P|K^{−1}|P⟩ + ⟨P|L|ϕ⟩ + L^∗ + ⟨λ|T ⟩ , (3.45) L^∗ = 1 2 ⟨ϕ|E^∗|ϕ⟩ , (3.46) |T ⟩ = Ḡ_ϕ|P⟩ − Ḡ_P |ϕ⟩ , (3.47) where operators constructed out of the spatial derivative ∂^i and the oscillators are given by Δ_m ≡ ∂^i∂^i − M^2 , (3.48) K ≡ K_0π_+ + K_3π_− , (3.49)

L ≡ K^{−1}_0 α^2n_{44}C_{23}σ_+ , (3.50) E^∗ ≡ ( n_{00}Δ_m − C_{10}n_{00}C̄_{10} ) π_+ + ( K_3Δ_m − C̄_{23}n_{44}C_{23} + C̄_{23}n_{44}ᾱ^2K^{−1}_0 α^2n_{44}C_{23} ) π_− , (3.51) Ḡ_ϕ ≡ Ḡ_{01}π_+ + G_{32}π_− , (3.52)

Ḡ_P ≡ G_{31}σ_+ + Ḡ_{02}σ_− , (3.53)

C_{10} = α∂ − e_1 , (3.54) C̄_{10} = ᾱ∂ − ē_1 , (3.55)

C̄_{12} = ᾱ∂ − ē_1 − e_1 1 2N_α + d ᾱ^2 , (3.56)

C_{23} = α∂ − e_1 − α^2 1 2N_α + d + 2 ē_1 , (3.57)

C̄_{23} = ᾱ∂ − ē_1 − e_1 1 2N_α + d + 2 ᾱ^2 , (3.58)

Ḡ_{01} = ᾱ∂ − ē_1 − e_1 1 2N_α + d − 2 ᾱ^2 , (3.59)

G_{12} = α∂ − e_1 − α^2 1 2N_α + d ē_1 , (3.60)

G_{32} = 3α∂ + α^2ᾱ∂ − e_1(3 + α^2 1 2N_α + d + 4 ᾱ^2) − α^2ē_1 , (3.61)

Ḡ_{02} ≡ n_{44}ᾱ^2Δ_m + C̄_{12}n_{00}C̄_{10} , (3.62)

G_{31} ≡ −G_{21}n_{44}C_{23} . (3.63)

The 2 × 2 matrices π_±, σ_± and operators n_{00}, n_{44}, K_0, K_3 are given in Appendix (see (A.1), (A.12), (A.16), (A.19), (A.20)). We note that the operators n_{00}, n_{44}, K_0, K_3 depend only on the spatial oscillators and are independent of the spatial derivative. From (3.45), we see that the fields |ϕ⟩ and |P⟩ are realized as phase space variables, while the field |λ⟩ is realized as Lagrange multiplier.

Gauge transformations. We now discuss realization of gauge symmetries in the framework of hamiltonian gauge invariant approach to massless and massive fields in flat and AdS spaces. We begin our discussion with the description of gauge transformation parameters to be used for description of gauge transformations. We discuss the gauge transformation parameters in turn. Gauge transformations parameters for massless field in R^{d−1,1}. In the framework of our hamiltonian gauge invariant approach, gauge symmetries of spin-s massless field in flat space are described by the following two gauge transformation parameters: ξ^{i1...is−1} , ξ^{i1...is−2} . (3.64) For the corresponding values of s, the gauge transformation parameters in (3.64) are scalar, vector and traceful tensor fields of the so(d−1) algebra. We use the oscillators α^i to collect the parameters into two ket-vectors given by |ξ_{s−1}⟩ ≡ 1 (s − 1)! α^{i1} . . . α^{is−1} ξ^{i1...is−1} |0⟩ , (3.65) |ξ_{s−2}⟩ ≡ 1 (s − 2)! α^{i1} . . . α^{is−2} ξ^{i1...is−2} |0⟩ . (3.66) Gauge transformations parameters for massive field in R^{d−1,1}. In the framework of our hamiltonian gauge invariant approach, gauge symmetries of spin-s massive field in flat space are described by the following set of gauge transformation parameters: ξ^{i1...is′}_{s−1} , s^′ = 0, 1, . . . , s − 1 , (3.67) ξ^{i1...is′}_{s−2} , s^′ = 0, 1, . . . , s − 2 . (3.68) We note that gauge transformation parameters in (3.67),(3.68) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ traceful tensor fields of the so(d − 1) algebra. We use the oscillators α^i, ζ to collect the parameters into two ket-vectors given by |ξ_{s−1}⟩ ≡ s−1∑ s^′=0 ζ^{s−1−s′} α^{i1} . . . α^{is′} s^′! √ (s − 1 − s^′)! ξ^{i1...is′}_{s−1} |0⟩ , (3.69)

|ξ_{s−2}⟩ ≡ s−2∑ s^′=0 ζ^{s−2−s′} α^{i1} . . . α^{is′} s^′! √ (s − 2 − s^′)! ξ^{i1...is′}_{s−2} |0⟩ . (3.70) Gauge transformations parameters massless field in AdS_{d+1}. To discuss gauge symmetries of spin-s massless AdS field in the framework of hamiltonian gauge invariant approach, we use the following set of gauge transformation parameters: ξ^{i1...is′}_{s−1} , s^′ = 0, 1, . . . , s − 1 , (3.71) ξ^{i1...is′}_{s−2} , s^′ = 0, 1, . . . , s − 2 . (3.72) Gauge transformation parameters in (3.71),(3.72) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ traceful tensor fields of the so(d − 1) algebra. We use the oscillators α^i, α^z to collect the parameters into two ket-vectors given by |ξ_{s−1}⟩ ≡ s−1∑ s^′=0 α^{s−1−s′} z α^{i1} . . . α^{is′} s^′! √ (s − 1 − s^′)! ξ^{i1...is′}_{s−1} |0⟩ , (3.73)

|ξ_{s−2}⟩ ≡ s−2∑ s^′=0 α^{s−2−s′} z α^{i1} . . . α^{is′} s^′! √ (s − 2 − s^′)! ξ^{i1...is′}_{s−2} |0⟩ . (3.74) Gauge transformations parameters for massive field in AdS_{d+1}. To discuss gauge symmetries of spin-s massive AdS field in the framework of hamiltonian gauge invariant approach, we use the following set of gauge transformation parameters: ξ^{i1...is′}_{s−1,n} , n ∈ [s − 1 − s^′]_2 , s^′ = 0, 1, . . . , s − 1 , (3.75) ξ^{i1...is′}_{s−2,n} , n ∈ [s − 2 − s^′]_2 , s^′ = 0, 1, . . . , s − 2 . (3.76) Gauge transformation parameters in (3.75),(3.76) with s^′ = 0, s^′ = 1, and s^′ ≥ 2 are the respective scalar, vector, and rank-s^′ traceful tensor fields of the so(d − 1) algebra. We use the oscillators α^i, α^z, ζ to collect the parameters into two ket-vectors given by

|ξ_{s−1}⟩ = s−1∑ s^′=0 ∑ n∈[s−1−s^′]_2 ζ^{s−1−s} ′+n 2 α^{s−1−s} ′−n 2 z α^{i1} . . . α^{is′} s^′! √ (^{s−1−s′+n}_2 )!(^{s−1−s′−n}_2 )! ξ^{i1...is′}_{s−1,n} |0⟩ , (3.77)

|ξ_{s−2}⟩ = s−2∑ s^′=0 ∑ n∈[s−2−s^′]_2 ζ^{s−2−s} ′+n 2 α^{s−2−s} ′−n 2 z α^{i1} . . . α^{is′} s^′! √ (^{s−2−s′+n}_2 )!(^{s−2−s′−n}_2 )! ξ^{i1...is′}_{s−2,n} |0⟩ . (3.78)

To summarize, we note that, in all cases above-considered, the gauge transformation parameters we are going to use for the description of gauge symmetries of massless and massive fields in flat and AdS spaces can be collected into two ket-vectors |ξ_{s−1}⟩ , |ξ_{s−2}⟩ . (3.79) As before, in order to obtain the gauge transformations in easy-to-use form we collect gauge transformation parameters (3.79) into 2 vector given by |ξ⟩ = ( |ξ_{s−1}⟩ |ξ_{s−2}⟩ ) . (3.80)

We now ready to discuss gauge transformations. The gauge transformations can entirely be presented in terms of ket-vectors above discussed. The gauge transformations we found take the form δ|ϕ⟩ = G_ϕ|ξ⟩ , (3.81) δ|P⟩ = G_P |ξ⟩ , (3.82) δ|λ⟩ = |ξ̇⟩ + G_λ|ξ⟩ , (3.83) G_ϕ ≡ G_{01}π_+ + Ḡ_{32}π_− , (3.84) G_P ≡ G_{02}σ_+ + Ḡ_{31}σ_− , (3.85) G_λ ≡ G_{12}σ_+ + Ḡ_{21}σ_− , (3.86)

G_{01} ≡ α∂ − e_1 − α^2 1 2N_α + d − 2 ē_1 , (3.87)

Ḡ_{32} ≡ 3ᾱ∂ + α∂ᾱ^2 − (3 + α^2 1 2N_α + d + 4 ᾱ^2)ē_1 − e_1ᾱ^2 , (3.88)

G_{02} ≡ −α^2n_{44}Δ_m − C_{10}n_{00}C_{12} , (3.89) Ḡ_{31} ≡ C̄_{23}n_{44}Ḡ_{21} , (3.90)

G_{12} ≡ α∂ − e_1 − α^2 1 2N_α + d ē_1 , (3.91)

Ḡ_{21} ≡ −ᾱ∂ + 2N^α + d 2N_α + d − 2 ē_1 . (3.92)

The following remarks are in order.

i) From (3.83) we see that gauge transformations of the Lagrange multiplier |λ⟩ involve time derivative of the gauge transformation parameter, as it should be in extended hamiltonian approach (see e.g. Ref.[2]).

ii) Introducing Hamiltonian H and gauge transformation generating function T_ξ, H ≡ ∫ d^{d−1}x H , for fields in R^{d−1,1} , (3.93) H ≡ ∫ d^{d−1}x dz H , for fields in AdS_{d+1} , (3.94)

− H ≡ − 1 2 ⟨P|K^{−1}|P⟩ + ⟨P|L|ϕ⟩ + L^∗ , (3.95)

T_ξ ≡ ∫ d^{d−1}x ⟨ξ||T ⟩ , for fields in R^{d−1,1} , (3.96) T_ξ ≡ ∫ d^{d−1}x dz ⟨ξ||T ⟩ , for fields in AdS_{d+1} , (3.97)

where |T ⟩ is given in (3.47), we find that under gauge transformations (3.81)-(3.83) the constraint |T ⟩ and Hamiltonian H transform as

δ|T ⟩ = 0 , (3.98)

δH = T_{Gλξ} . (3.99)

Relation (3.98) tells that the constraint |T ⟩ is invariant under the gauge transformations, while from relation (3.99) we learn that gauge variation of the Hamiltonian H is proportional to the constraint |T ⟩. In other words, the |T ⟩ is the first-class constraint. iii) Lagrangian (3.45) implies the standard equal-time Poisson bracket,

[|P⟩, ⟨ϕ|] = |⟩⟨|δ^{d−1}(x − x^′) , for fields in R^{d−1,1} , (3.100) [|P⟩, ⟨ϕ|] = |⟩⟨|δ^{d−1}(x − x^′)δ(z − z^′) , for fields in AdS_{d+1} , (3.101) where |⟩⟨| stands for the unit operator on space of ket-vectors given in (3.41). Using the Poisson bracket, we check that gauge transformations of phase space variables |ϕ⟩ and |P⟩ given in (3.81),(3.82) can be represented as δ|ϕ⟩ = [|ϕ⟩, T_ξ] , (3.102) δ|P⟩ = [|P⟩, T_ξ] , (3.103) as it should be in the framework of the extended hamiltonian approach. Also, in terms of the Poisson bracket, gauge transformations given in (3.98),(3.99) can be represented as

[T_{ξ1} , T_{ξ2} ] = 0 , (3.104)

[T_ξ, H] = −T_{Gλξ} . (3.105)

iv) As illustration, let us count physical D.o.F for spin-s massless field in d-dimensional flat space by using the extended hamiltonian approach. Using notation N_{s,n} for the dimension of the totally symmetric rank-s traceful tensor field of so(n) algebra, N_{s,n} = (s + n − 1)! (n − 1)!s!

, (3.106)

we note that the dimensions of the fields ϕ^{i1...is} and ϕ^{i1...is−3} are given by N_{s,d−1} and N_{s−3,d−1} respectively, while the dimensions of the Lagrange multipliers λ^{i1...is−1} and λ^{i1...is−2} are given by N_{s−1,d−1} and N_{s−2,d−1} respectively. Applying standard formula for counting physical D.o.F (see e.g. Ref.[2]), we find the relation N_{s,d−1} + N_{s−3,d−1} − N_{s−1,d−1} − N_{s−2,d−1} = (2s + d − 4) (s + d − 5)! (d − 4)!s!

. (3.107)

Number in r.h.s. in (3.107) is a dimension of totally symmetric rank-s traceless tensor field of so(d − 2) algebra. This dimension is the number of physical D.o.F . for spin-s massless field in d-dimensional space-time.

To summarize, staring with the Lagrangian formulation of double-traceless higher-spin fields we obtained the extended hamiltonian action in terms of fields which are free of algebraic constraints. We believe that the appearance of unconstrained fields in the extended hamiltonian approach should streamline application of our approach to the study of various aspects of higher-spin fields.^9 Also, we think that the power of hamiltonian methods will provide new possibilities for analyzing equations of motion of AdS fields and studying AdS/CFT correspondence.^{10}

4 Space-time symmetries of extended gauge invariant hamiltonian action

Algebras of space-times symmetries of fields in d-dimensional flat space and fields in AdS_{d+1} space contain the Lorentz subalgebra so(d − 1, 1). In the framework of the hamiltonian approach, the Lorentz symmetries so(d − 1, 1) are not realized manifestly. Therefore, in the framework of the hamiltonian approach, complete description of field dynamics implies that we have to work out explicit realization of space-time symmetries. We now discuss the realization of space-time symmetries in the framework of our approach.

In the hamiltonian approach, the Poincaré algebra generators can be separated into two groups:

P^i, J^{ij}, kinematical generators ; (4.1)

P^0, J^{0i} , dynamical generators . (4.2)

To discuss AdS space-time symmetries the Poincaré symmetries should be supplemented by the dilatation symmetry and conformal boost symmetries which also can be separated into two groups,

K^i, D, kinematical generators ; (4.3)

9 As a side remark we note that at Lagrangian level many interesting formulations in terms of unconstrained fields were developed in last years. This is to say various Lagrangian formulations of higher-spin field dynamics in terms of unconstrained fields are discussed in Refs.[44]-[48].

10 Discussion of interesting methods for analyzing equations of motion of fields in AdS space may be found in Refs.[49]-[51].

K^0 , dynamical generators . (4.4) For t = 0, the kinematical generators in the field realization are quadratic in the physical fields Lie derivative realization of kinematical Poincaré symmetries. To simplify our formulas let us use the following shortcuts for the ket-vectors: ϕ ≡ |ϕ⟩ , P ≡ |P⟩ , λ ≡ |λ⟩ . (4.5) Using the notation χ = ϕ , P , λ , (4.6) we note that the realization of spatial translations and the so(d − 1) algebra transformations take the standard well-known form, [χ, P^i] = ∂^iχ , (4.7) [χ, J^{ij} ] = (x^i∂^j − x^j ∂^i + M^{ij} )χ , (4.8) M^{ij} ≡ α^iᾱ^j − α^jᾱ^i . (4.9) Lie derivative realization of dynamical Poincaré symmetries. Using the notation as in (4.6) we note that P^0 transformation takes the standard form [χ, P^0] = −χ̇ . (4.10) Lorentz boost J^{0i} transformations of fields ϕ, P, and λ are found to be [ϕ, J^{0i}] = l^{0i}ϕ + M^{0i}_{ϕϕ}ϕ + M^{0i}_{ϕλ}λ , (4.11) [λ, J^{0i}] = l^{0i}λ + M^{0i}_{λϕ}ϕ + M^{0i}_{λλ}λ , (4.12) [P, J^{0i}] = l^{0i}P + M^{0i}_{PP} P + M^{0i}_{Pϕ}ϕ + M^{0i}_{Pλ}λ , (4.13)

l^{0i} ≡ t∂^i + x^i∂_t . (4.14) We note that spin operators M^{0i}_{ϕϕ}, M^{0i}_{ϕλ}, M^{0i}_{λϕ}, M^{0i}_{λλ}, and M^{0i}_{PP} depend only on the oscillators, while spin operators M^{0i}_{Pϕ}, M^{0i}_{Pλ} depend on the oscillators and the spatial derivative. Explicit form of the spin operators is given in Appendix (see (A.43)-(A.62)).

Poincaré algebra transformations above-described are valid for fields in flat and AdS spaces. For fields in AdS space, to complete description of space-time symmetries we discuss field transformations under dilatation and conformal boost symmetries.

Lie derivative realization of dilatation and conformal boost transformations. Transformations of fields ϕ, P, and λ under dilatation symmetry take the form

[ϕ, D] = (t∂_t + x∂ + Δ)ϕ , (4.15) [P, D] = (t∂_t + x∂ + Δ + 1)P , (4.16) [λ, D] = (t∂_t + x∂ + Δ)λ , (4.17) x∂ ≡ x^i∂^i , Δ ≡ z∂_z + d − 1 2 . (4.18)

Conformal boost transformations of ϕ and λ take the form

[ϕ, K^i] = ( 1 2 t^2∂^i + tx^i∂_t)ϕ + tM^{0i}_{ϕϕ}ϕ + tM^{0i}_{ϕλ}λ + k^i_{Δ,M} ϕ + R^i_{ϕϕ}ϕ , (4.19)

[λ, K^i] = ( 1 2 t^2∂^i + tx^i∂_t)λ + tM^{0i}_{λϕ}ϕ + tM^{0i}_{λλ}λ + k^i_{Δ,M} λ + R^i_{λϕ}ϕ + R^i_{λλ}λ , (4.20) k^i_{Δ,M} ≡ − 1 2 x^j x^j ∂^i + x^i(x∂ + Δ) + M^{ij} x^j . (4.21) We note that operators R^i_{ϕϕ}, R^i_{λϕ}, R^i_{λλ} depend on the oscillators, on the radial AdS coordinate z, and the spatial derivative. Explicit form of these operators is given in Appendix (see (A.63)-(A.70)).

Canonical realization of dynamical Poincaré symmetries. Using Lie derivative realization given in (4.10) and the standard procedure, we obtain the canonical realization of P^0 transformations, [ϕ, P^0] = [ϕ, H] , (4.22) [P, P^0] = [P, H] , (4.23) [λ, P^0] = G_λλ . (4.24) Using Hamiltonian H given in (3.93)-(3.95) and Poisson brackets in (3.100),(3.101), transformation rules of phase space variables in (4.22),(4.23) can be represented as [ϕ, P^0] = −K^{−1}P + Lϕ , (4.25) [P, P^0] = L̄P − E^∗ϕ , L̄ ≡ −L^† . (4.26) Canonical realization of J^{0i} transformations is given by [ϕ, J^{0i}] = t∂^iϕ − x^i[ϕ, H] + M^{0i}_{ϕϕ}ϕ , (4.27) [P, J^{0i}] = t∂^iP − x^i[P, H] + M^{0i}_{PP} P + M^{0i}_{Pϕ}ϕ , (4.28) [λ, J^{0i}] = t∂^iλ − G_λx^iλ + M^{0i}_{λϕ}ϕ + M^{0i}_{λλ}λ . (4.29) Using Hamiltonian H given in (3.93)-(3.95) and Poisson brackets in (3.100),(3.101), transformation rules of phase space variables in (4.27),(4.28) can explicitly be represented as [ϕ, J^{0i}] = t∂^iϕ + x^iK^{−1}P − x^iLϕ + M^{0i}_{ϕϕ}ϕ , (4.30) [P, J^{0i}] = t∂^iP − x^iL̄P + x^iE^∗ϕ + M^{0i}_{PP} P + M^{0i}_{Pϕ}ϕ . (4.31) Canonical realization of Poincaré algebra transformations above-described is valid for fields in flat and AdS spaces. For fields in AdS space, to complete description of space-symmetries we now present the field transformations under the dilatation and conformal boost symmetries. Canonical realization of dilatation transformations. [ϕ, D] = −t[ϕ, H] + (x∂ + Δ)ϕ , (4.32) [P, D] = −t[P, H] + (x∂ + Δ + 1)P , (4.33)

[λ, D] = −tG_λλ + (x∂ + Δ − 1)λ . (4.34)

Canonical realization of conformal boost transformations.

[ϕ, K^i] = 1 2 t^2∂^iϕ − t[ϕ, H] + tM^{0i}_{ϕϕ}ϕ + tM^{0i}_{ϕλ}λ + k^i_{Δ,M} ϕ + R^i_{ϕϕ}ϕ , (4.35) [λ, K^i] = 1 2 t^2∂^iλ − tG_λ(x^iλ) + tM^{0i}_{λϕ}ϕ + tM^{0i}_{λλ}λ + k^i_{Δ−1,M} λ + R^i_{λϕ}ϕ + R^i_{λλ}λ . (4.36)

In conclusion, we note a number of the potentially interesting generalizations and applications of our approach. This is to say that although many methods for building interaction vertices for higher-spin fields are known in the literature (see e.g. Refs.[52]-[66]), constructing interaction vertices for concrete field theoretical models of higher-spin fields is still a challenging problem. We believe that use of the extended hamiltonian approach will provide new interesting possibilities for studying this important problem. Also we think that the extended hamiltonian approach we discussed in this paper might be useful for the study of string theory in AdS background [67]-[69] and various aspects of AdS/CFT correspondence along the lines in Refs.[70]-[73]. In this paper we considered the extended hamiltonian action for the bosonic totally symmetric fields. Needless to say that generalization of our approach to the case of fermionic fields [74] and mixed symmetry fields [75]-[80] could also be of interest.

Acknowledgments. This work was supported by the RFBR Grant No.11-02-00814 and by the Alexander von Humboldt Foundation Grant PHYS0167.

Appendix A Notation

Basis of 2 × 2 we use is defined as

σ_+ = ( 0 1 0 0 ) , σ_− = ( 0 0 1 0 ) , π_+ = ( 1 0 0 0 ) , π_− = ( 0 0 0 1 ) . (A.1)

Throughout the paper the notation n ∈ [k]_2 implies that n = −k, −k+2, −k+4, . . . , k−4, k−2, k: n ∈ [k]_2 =⇒ n = −k, −k + 2, −k + 4, . . . , k − 4, k − 2, k . (A.2) Notation in basis of Lorentz algebra so(d − 1, 1). Our conventions are as follows. x^a denotes coordinates in d-dimensional flat space-time, while ∂_a denotes derivatives with respect to x^a, ∂_a ≡ ∂/∂x^a. Vector indices of the Lorentz algebra so(d−1, 1) take the values a, b, c, e = 0, 1, . . . , d−1. We use the mostly positive flat metric tensor η^{ab}. To simplify our expressions we drop η_{ab} in scalar products, i.e., we use X^aY^a ≡ η_{ab}X^aY^b.

We use a set of the creation operators α^a, α^z, ζ, and the respective set of annihilation operators ᾱ^a, ᾱ^z, ζ̄. These operators, to be referred to as oscillators, satisfy the commutation relations^{11}

[ᾱ^a, α^b] = η^{ab} , [ζ̄, ζ] = 1 , [ᾱ^z, α^z] = 1 , (A.3)

ᾱ^a|0⟩ = 0 , ᾱ^z|0⟩ = 0 , ζ̄|0⟩ = 0 . (A.4)

We adapt the following hermitian conjugation rules for the derivatives and oscillators:

∂^{a†} = −∂^a , α^{a†} = ᾱ^a , α^{z†} = ᾱ^z , ζ^† = ζ̄ . (A.5)

11 Extensive study and applications of the oscillator formalism may be fond in Refs.[81, 82].

We use operators constructed out of the derivatives and oscillators, □ = ∂^a∂^a , α∂ ≡ α^a∂^a , ᾱ∂ ≡ ᾱ^a∂^a , (A.6) α^2 ≡ α^aα^a , ᾱ^2 ≡ ᾱ^aᾱ^a , N_α ≡ α^aᾱ^a , (A.7)

N_z ≡ α^zᾱ^z , N_ζ ≡ ζζ̄ . (A.8)

Notation in basis of so(d−1) algebra. In the basis of so(d−1) algebra, we split the space-time coordinates, derivatives, and oscillators as follows x^a = t, x^i , ∂_a = ∂_t, ∂_i , ∂_t ≡ ∂/∂t , ∂_i ≡ ∂/∂x^i , (A.9) α^a = α^0 , α^i , ᾱ^a = ᾱ^0 , ᾱ^i , [ᾱ^0, α^0] = −1 , [ᾱ^i, α^j] = δ^{ij} . (A.10)

Vector indices of the algebra so(d − 1) take the values i, j = 1, . . . , d − 1. We use operators constructed out of the spatial derivative and oscillators,

α∂ ≡ α^i∂^i , ᾱ∂ ≡ ᾱ^i∂^i , α^2 ≡ α^iα^i , ᾱ^2 ≡ ᾱ^iᾱ^i , N_α ≡ α^iᾱ^i , (A.11)

n_{00} = ∞∑ n=0 1 (2n)!

α^{2n}ᾱ^{2n} , (A.12)

n_{11} = − ∞∑ n=0 2n + 1 (2n)!

α^{2n}ᾱ^{2n} , (A.13)

n_{22} = ∞∑ n=0 2n + 2 (2n + 1)!

α^{2n}ᾱ^{2n} , (A.14)

n_{33} = − ∞∑ n=0 4(n + 1)^2 (2n + 3)!

α^{2n}ᾱ^{2n} . (A.15)

n_{44} = − ∞∑ n=0 1 (2n + 1)!

α^{2n}ᾱ^{2n} , (A.16)

n_{02} = α^2 ∞∑ n=0 1 (2n + 1)!

α^{2n}ᾱ^{2n} , (A.17)

n_{13} = α^2 ∞∑ n=0 1 (2n + 1)!

α^{2n}ᾱ^{2n} , (A.18)

K_0 = ∞∑ n=0 1 − 2n (2n)!

α^{2n}ᾱ^{2n} , (A.19)

K_3 = ∞∑ n=0 2n + 2 (2n + 3)!

α^{2n}ᾱ^{2n} , (A.20)

K_0 ≡ n_{00} + α^2n_{44}ᾱ^2 , (A.21)

K_3 ≡ n_{33} − n_{44} , (A.22)

G_{01} = α∂ − e_1 − α^2 1 2N_α + d − 2 ē_1 , (A.23)

Ḡ_{01} = ᾱ∂ − ē_1 − e_1 1 2N_α + d − 2 ᾱ^2 , (A.24)

G_{12} = α∂ − e_1 − α^2 1 2N_α + d ē_1 , (A.25)

Ḡ_{12} = ᾱ∂ − ē_1 − e_1 1 2N_α + d ᾱ^2 , (A.26)

G_{21} = −α∂ + e_1

2N_α + d 2N_α + d − 2

, (A.27)

Ḡ_{21} = −ᾱ∂ + 2N^α + d 2N_α + d − 2 ē_1 , (A.28)

G_{32} = 3α∂ + α^2ᾱ∂ − e_1(3 + α^2 1 2N_α + d + 4 ᾱ^2) − α^2ē_1 , (A.29)

Ḡ_{32} = 3ᾱ∂ + α∂ᾱ^2 − (3 + α^2 1 2N_α + d + 4 ᾱ^2)ē_1 − e_1ᾱ^2 , (A.30)

G_{02} ≡ −α^2n_{44}Δ_m − C_{10}n_{00}C_{12} , (A.31) Ḡ_{02} ≡ n_{44}ᾱ^2Δ_m + C̄_{12}n_{00}C̄_{10} , (A.32) G_{31} ≡ −G_{21}n_{44}C_{23} , (A.33) Ḡ_{31} ≡ C̄_{23}n_{44}Ḡ_{21} , (A.34)

C_{10} = α∂ − e_1 , (A.35) C̄_{10} = ᾱ∂ − ē_1 , (A.36)

C_{12} = α∂ − e_1 − α^2 1 2N_α + d ē_1 , (A.37)

C̄_{12} = ᾱ∂ − ē_1 − e_1 1 2N_α + d ᾱ^2 , (A.38)

C_{21} = α∂ + α^2ᾱ∂ − (1 + α^2 1 2N_α + d + 2 ᾱ^2)e_1 − α^2ē_1 , (A.39)

C̄_{21} = ᾱ∂ + α∂ᾱ^2 − (1 + α^2 1 2N_α + d + 2 ᾱ^2)ē_1 − e_1ᾱ^2 , (A.40)

C_{23} = α∂ − e_1 − α^2 1 2N_α + d + 2 ē_1 , (A.41)

C̄_{23} = ᾱ∂ − ē_1 − e_1 1 2N_α + d + 2 ᾱ^2 , (A.42)

M^{0i}_{ϕϕ} = σ_−M^{0i}_{ϕs−3ϕs} , (A.43) M^{0i}_{ϕλ} = π_+M^{0i}_{ϕsλs−1} + π_−M^{0i}_{ϕs−3λs−2} , (A.44) M^{0i}_{λϕ} = π_+M^{0i}_{λs−1ϕs} + π_−M^{0i}_{λs−2ϕs−3} , (A.45) M^{0i}_{λλ} = σ_+M^{0i}_{λs−1 λs−2} + σ_−M^{0i}_{λs−2 λs−1} . (A.46)

M^{0i}_{PP} = σ_+M^{0i}_{PsPs−3} + σ_−M^{0i}_{Ps−3Ps} , (A.47) M^{0i}_{Pϕ} = π_+M^{0i}_{Psϕs} + π_−M^{0i}_{Ps−3ϕs−3} , (A.48) M^{0i}_{Pλ} = σ_+M^{0i}_{Psλs−2} + σ_−M^{0i}_{Ps−3λs−1} , (A.49)

M^{0i}_{ϕs−3ϕs} = (3ᾱ^i + α^iᾱ^2)ᾱ^2 , (A.50) M^{0i}_{ϕsλs−1} = α^i , (A.51) M^{0i}_{ϕs−3λs−2} = 3ᾱ^i + α^iᾱ^2 , (A.52) M^{0i}_{λs−1ϕs} = ᾱ^i + α^iᾱ^2 , (A.53) M^{0i}_{λs−2ϕs−3} = −α^i , (A.54) M^{0i}_{λs−1λs−2} = 2α^i , (A.55) M^{0i}_{λs−2λs−1} = α^iᾱ^2 , (A.56)

M^{0i}_{PsPs−3} ≡ −α^2(3α^i + α^2ᾱ^i) , (A.57) M^{0i}_{Psϕs} ≡ n_{00}∂^i − C_{10}n_{00}(ᾱ^i + α^iᾱ^2) + α^2ᾱ^in_{00}C̄_{10} , (A.58) M^{0i}_{Psλs−2} ≡ −2α^2n_{44}∂^i − α^in_{00}C_{12} − C_{10}n_{00}α^i , (A.59)

M^{0i}_{Ps−3 Ps} ≡ −ᾱ^in_{44}ᾱ^2K^{−1}_0 , (A.60) M^{0i}_{Ps−3 λs−1} ≡ ᾱ^in_{44}Ḡ_{21} − C̄_{23}n_{44}ᾱ^i , (A.61) M^{0i}_{Ps−3 ϕs−3} ≡ K_3∂^i − C̄_{23}n_{44}α^i + ᾱ^in_{44}ᾱ^2K^{−1}_0 α^2n_{44}C_{23} , (A.62)

R^i_{ϕϕ} = R^i_{ϕsϕs} π_+ + R_ϕi_{s−3ϕs−3} π_− , (A.63) R^i_{λϕ} = R^i_{λs−2ϕs} σ_− , (A.64)

R^i_{λλ} = R_λi_{s−1λs−1} π_+ + R^i_{λs−2λs−2} π_− , (A.65)

R^i_{ϕsϕs} = rᾱ^i + (α^i − α^2 1 2N_α + d − 2 ᾱ^i)r̄ − 1 2 z^2∂^i , (A.66) R^i_{λs−1 λs−1} = rᾱ^i + (α^i − α^2 1 2N_α + d ᾱ^i)r̄ − 1 2 z^2∂^i , (A.67) R^i_{λs−2 λs−2} = rᾱ^i + (α^i − α^2 1 2N_α + d + 2 ᾱ^i)r̄ − 1 2 z^2∂^i , (A.68) R^i_{λs−2 ϕs} = 2 2N_α + d − 2 ᾱ^ir̄ , (A.69) R^i_{ϕs−3ϕs−3} = rᾱ^i + (α^i − α^2 1 2N_α + d + 4 ᾱ^i)r̄ − 1 2 z^2∂^i . (A.70)

References

[1] P. A. M. Dirac, Can. J. Math. 3, 1 (1951).

[2] E. S. Fradkin and G. A. Vilkovisky, “Quantization of relativistic systems with constraints: Equivalence of canonical and covariant formalisms in quantum theory of gravitational field,”, Preprint CERN-TH- 2332, June 1977; Published in E. S. Fradkin, “Selected Papers On Theoretical Physics,” Moscow, Russia: Nauka (2007) 669 p [3] M. A. Vasiliev, Phys. Lett. B 243, 378 (1990); Phys. Lett. B 567, 139 (2003) [arXiv:hep-th/0304049]. [4] C. Fronsdal, Phys. Rev. D 18, 3624 (1978). [5] C. Fronsdal, Phys. Rev. D 20, 848 (1979).

[6] C. Aragone and S. Deser, Phys. Rev. D 21, 352 (1980); Nucl. Phys. B 170, 329 (1980). [7] M. A. Vasiliev, Nucl. Phys. B 307, 319 (1988).

[8] S. D. Rindani and M. Sivakumar, Phys. Rev. D 37, 3543 (1988). [9] R. R. Metsaev, Phys. Rev. D 78, 106010 (2008) [arXiv:0805.3472 [hep-th]]. [10] R.R. Metsaev, Phys. Lett. B 671, 128 (2009) [arXiv:0808.3945]. [11] R.R. Metsaev, Phys. Lett. B 682, 455 (2010) [arXiv:0907.2207]. [12] Yu. M. Zinoviev, “On massive high spin particles in (A)dS,” arXiv:hep-th/0108192. [13] V. E. Lopatin and M. A. Vasiliev, Mod. Phys. Lett. A 3, 257 (1988). [14] R. R. Metsaev, Nucl. Phys. B 563, 295 (1999) hep-th/9906217.

[15] I. L. Buchbinder, A. Pashnev and M. Tsulaia, Phys. Lett. B 523, 338 (2001) [arXiv:hep-th/0109067]. [16] S. D. Rindani and M. Sivakumar, Phys. Rev. D 32, 3238 (1985). [17] C. Aragone, S. Deser and Z. Yang, Annals Phys. 179, 76 (1987). [18] S. D. Rindani, D. Sahdev and M. Sivakumar, Mod. Phys. Lett. A 4, 265 (1989). [19] R. R. Metsaev, Nucl. Phys. Proc. Suppl. 102, 100 (2001) [arXiv:hep-th/0103088]. [20] T. Biswas and W. Siegel, JHEP 0207, 005 (2002) [arXiv:hep-th/0203115]. [21] A. Y. Artsukevich and M. A. Vasiliev, Phys. Rev. D 79, 045007 (2009) [arXiv:0810.2065 [hep-th]]. [22] I. L. Buchbinder and V. A. Krykhtin, Nucl. Phys. B 727, 537 (2005) [arXiv:hep-th/0505092]. [23] I. L. Buchbinder, V. A. Krykhtin and P. M. Lavrov, Nucl. Phys. B 762, 344 (2007) hep-th/0608005 [24] K. B. Alkalaev and M. Grigoriev, Nucl. Phys. B 835, 197 (2010) [arXiv:0910.2690 [hep-th]]. Nucl.

Phys. B 853, 663 (2011) [arXiv:1105.6111 [hep-th]].

[25] M. Grigoriev and A. Waldron, Nucl. Phys. B 853, 291 (2011) [arXiv:1104.4994 [hep-th]].

[26] Yu. M. Zinoviev, Nucl. Phys. B 808, 185 (2009) [arXiv:0808.1778 [hep-th]]. [27] D. S. Ponomarev and M. A. Vasiliev, Nucl. Phys. B 839, 466 (2010) [arXiv:1001.0062 [hep-th]]. [28] R. R. Metsaev, Phys. Lett. B531, 152-160 (2002). [hep-th/0201226]. [29] R. R. Metsaev, Phys. Lett. B 590, 95 (2004) hep-th/0312297 [30] R. R. Metsaev, Class. Quant. Grav. 22, 2777 (2005) [arXiv:hep-th/0412311]. [31] T. Gutsche, V. E. Lyubovitskij, I. Schmidt and A. Vega, arXiv:1108.0527; arXiv:1108.0346. [32] S. Guttenberg and G. Savvidy, SIGMAP bulletin 4, 061 (2008) arXiv:0804.0522 [hep-th]. [33] R. Manvelyan, K. Mkrtchyan and W. Ruhl, Nucl. Phys. B 803, 405 (2008) [arXiv:0804.1211 [hep-th]]. [34] A. Fotopoulos and M. Tsulaia, JHEP 0910, 050 (2009) [arXiv:0907.4061 [hep-th]]. [35] R. R. Metsaev, J. Phys. A 44, 175402 (2011) [arXiv:1012.2079 [hep-th]].

[36] R. R. Metsaev, “Ordinary-derivative formulation of conformal low spin fields,” arXiv:0707.4437 [hepth]. “Ordinary-derivative formulation of conformal totally symmetric arbitrary spin bosonic fields,” arXiv:0709.4392 [hep-th].

[37] R. R. Metsaev, Phys. Rev. D 81, 106002 (2010) [arXiv:0907.4678 [hep-th]]. [38] R. R. Metsaev, Phys. Rev. D 83, 106004 (2011) [arXiv:1011.4261 [hep-th]]. [39] R. R. Metsaev, arXiv:1110.3749 [hep-th].

[40] X. Bekaert and M. Grigoriev, SIGMA 6, 038 (2010) [arXiv:0907.3195 [hep-th]]. [41] R. Bonezzi, E. Latini and A. Waldron, Phys. Rev. D 82, 064037 (2010) [arXiv:1007.1724 [hep-th]]. [42] X. Bekaert, arXiv:1111.4554 [math-ph].

[43] A. Fotopoulos, K. L. Panigrahi and M. Tsulaia, Phys. Rev. D 74, 085029 (2006) [hep-th/0607248]. [44] D. Francia and A. Sagnotti, Phys. Lett. B 543, 303 (2002) [arXiv:hep-th/0207002]. [45] A. Sagnotti and M. Tsulaia, Nucl. Phys. B 682, 83 (2004) [arXiv:hep-th/0311257]. [46] I.L. Buchbinder, A.V. Galajinsky and V. A. Krykhtin, Nucl.Phys. B779, 155 (2007) [hep-th/0702161]. [47] I. L. Buchbinder and A. V. Galajinsky, JHEP 0811, 081 (2008) [arXiv:0810.2852 [hep-th]]. [48] A.Campoleoni, D.Francia, J.Mourad and A.Sagnotti, Nucl.Phys.B 815, 289 (2009) [arXiv:0810.4350]. [49] K. I. Bolotin and M. A. Vasiliev, Phys. Lett. B 479, 421 (2000) [arXiv:hep-th/0001031]. [50] V. E. Didenko and M. A. Vasiliev, Phys. Lett. B 682, 305 (2009) [arXiv:0906.3898 [hep-th]]. [51] V. E. Didenko, arXiv:1108.4321 [hep-th].

[52] E. S. Fradkin and M. A. Vasiliev, Phys. Lett. B 189, 89 (1987). [53] R. R. Metsaev, Nucl. Phys. B 759, 147 (2006) [arXiv:hep-th/0512342]; [54] R. R. Metsaev, Mod. Phys. Lett. A 8, 2413 (1993).

[55] R. R. Metsaev, Phys. Rev. D 71, 085017 (2005) [arXiv:hep-th/0410239]. [56] R. R. Metsaev, Phys. Rev. D 77, 025032 (2008) [arXiv:hep-th/0612279].

[57] D. Polyakov, Int. J. Mod. Phys. A 25, 4623 (2010); [arXiv:1005.5512 [hep-th]]. Phys. Rev. D 83, 046005 (2011) [arXiv:1011.0353 [hep-th]].

[58] X. Bekaert, N. Boulanger and S. Leclercq, J. Phys. A 43, 185401 (2010) [arXiv:1002.0289 [hep-th]]. [59] A. Sagnotti and M. Taronna, Nucl. Phys. B 842, 299 (2011) [arXiv:1006.5242 [hep-th]]. [60] R. Manvelyan, K. Mkrtchyan and W. Ruehl, Phys. Lett. B 696, 410 (2011) [arXiv:1009.1054 [hep-th]]. [61] K. Alkalaev, JHEP 1103, 031 (2011) [arXiv:1011.6109 [hep-th]]. [62] N. Boulanger, E. D. Skvortsov, JHEP 1109, 063 (2011). [arXiv:1107.5028 [hep-th]]. [63] N. Boulanger, E.D. Skvortsov, Y.M. Zinoviev, J.Phys. A A44, 415403 (2011). [1107.1872 [hep-th]]. [64] M. Vasilev, arXiv:1108.5921 [hep-th]. [65] W. Ruehl, arXiv:1108.0225 [hep-th].

[66] E. Joung and M. Taronna, arXiv:1110.5918 [hep-th].

[67] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B 533, 109 (1998) [arXiv:hep-th/9805028]. [68] R. R. Metsaev and A. A. Tseytlin, Phys. Rev. D 63, 046002 (2001) [arXiv:hep-th/0007036].

[69] R. R. Metsaev and A. A. Tseytlin, J. Math. Phys. 42, 2987 (2001) [arXiv:hep-th/0011191]. [70] R. R. Metsaev, Phys. Lett. B 636, 227 (2006) [arXiv:hep-th/0512330]. [71] C. -M. Chang, X. Yin, [arXiv:1106.2580 [hep-th]].

[72] R.d.M.Koch, A.Jevicki, K.Jin and J.P.Rodrigues, Phys.Rev. D 83, 025006 (2011) [arXiv:1008.0633]. [73] M. S. Costa, J. Penedones, D. Poland and S. Rychkov, arXiv:1107.3554 [hep-th]; arXiv:1109.6321. [74] R. R. Metsaev, Phys. Lett. B 643, 205 (2006) [arXiv:hep-th/0609029]. [75] R. R. Metsaev, Phys. Lett. B 354, 78 (1995). [76] R. R. Metsaev, Mod. Phys. Lett. A 10, 1719 (1995).

[77] K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, Nucl. Phys. B 692, 363 (2004) [arXiv:hep-th/0311164]; arXiv:hep-th/0601225.

[78] Yu. M. Zinoviev, Nucl. Phys. B 812, 46 (2009) [arXiv:0809.3287 [hep-th]]. [79] E. D. Skvortsov, JHEP 0807, 004 (2008) [arXiv:0801.2268 [hep-th]]. Nucl. Phys. B 808, 569 (2009) [arXiv:0807.0903 [hep-th]]. JHEP 1001, 106 (2010) [arXiv:0910.3334 [hep-th]].

[80] I. L. Buchbinder and A. Reshetnyak, arXiv:1110.5044 [hep-th].

[81] X. Bekaert and N. Boulanger, Commun. Math. Phys. 271, 723 (2007) [arXiv:hep-th/0606198]. [82] N. Boulanger, C. Iazeolla and P. Sundell, JHEP 0907, 013 (2009) [arXiv:0812.3615 [hep-th]]. JHEP 0907, 014 (2009) [arXiv:0812.4438 [hep-th]].