arXiv:1112.0995v1 [hep-th] 5 Dec 2011

D-module Representations of N = 2, 4, 8 Superconformal Algebras and Their Superconformal Mechanics

Zhanna Kuznetsova^∗ and Francesco Toppan^†

December 6, 2011

∗UFABC, Rua Catequese 242, Bairro Jardim, cep 09090-400, Santo André (SP), Brazil. †CBPF, Rua Dr. Xavier Sigaud 150, Urca, cep 22290-180, Rio de Janeiro (RJ), Brazil.

Abstract

The linear (homogeneous and inhomogeneous) (k, N , N − k) supermultiplets of the N - extended one-dimensional Supersymmetry Algebra induce D-module representations for the N = 2, 4, 8 superconformal algebras.

For N = 2, the D-module representations of the A(1, 0) superalgebra are obtained. For N = 4 and scaling dimension λ = 0, the D-module representations of the A(1, 1) superalgebra are obtained. For λ ≠ 0, the D-module representations of the D(2, 1; α) superalgebras are obtained, with α determined in terms of the scaling dimension λ according to: α = −2λ for k = 4, i.e. the (4, 4) supermultiplet, α = −λ for k = 3, i.e. (3, 4, 1), and α = λ for k = 1, i.e. (1, 4, 3). For λ ≠ 0 the (2, 4, 2) supermultiplet induces a D-module representation for the centrally extended sl(2|2) superalgebra.

For N = 8, the (8, 8) root supermultiplet induces a D-module representation of the D(4, 1) superalgebra at the fixed value λ =^1_4 .

A Lagrangian framework to construct one-dimensional, off-shell, superconformal invariant actions from single-particle and multi-particles D-module representations is discussed. It is applied to explicitly construct invariant actions for the homogeneous and inhomogeneous N = 4 (1, 4, 3) D-module representations (in the last case for several interacting supermultiplets of different chirality).

CBPF-NF-015/11

∗e-mail: zhanna.kuznetsova@ufabc.edu.br †e-mail: toppan@cbpf.br

1 Introduction

In this paper the minimal linear (homogeneous and inhomogeneous) supermultiplets of the global N -extended one-dimensional Supersymmetry Algebra (the dynamical Lie superalgebra of the Supersymmetric Quantum Mechanics [1]) {Q_i, Q_j } = 2δ_{ij} H, [H, Q_i] = 0, i, j = 1, . . . , N , (1) are used to induce (whenever it is possible) D-module representations for Superconformal Algebras. The constructed D-module representations are given in terms of supermatrices whose entries are differential operators in one variable, t, which plays the role of the time in physical applications.

The paper uses the available classification of the linear global supermultiplets [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. For N = 2, 4, 8 the supermultiplets are determined by their (k, N , N − k) “field content” [2, 3], with k = 1, 2, . . . , N (in representation theory the k = 0 supermultiplet is identified with the k = N supermultiplet). At a given N , the supermultiplets encode inequivalent mathematical and physical characterizations of the global supersymmetry representations. For instance, in application to supersymmetric one-dimensional sigma-models [4], k denotes the number of propagating bosons and the dimensionality of their associated target manifold, N the number of fermionic degrees of freedom, N − k the number of auxiliary bosonic degrees of freedom that are required to close off-shell the superalgebra.

The passage from the representations of the global supersymmetry (1) to the D-module representations of a superconformal algebra requires an Ansatz, namely that two extra diagonal even generators D, K have to be added. Together with H, the Hamiltonian, they have to close the sl(2) conformal subalgebra [14]. The scaling (or engineering, see [3, 8, 12, 13]) dimension λ of the global supermultiplet is now promoted to be the conformal weight of the D-module representation of the superconformal algebra. The consistency of the procedure requires that further generators have to be added whenever they arise from the (anti)commutation relations of the previous generators. After a certain number of steps the procedure can come to a halt. If this is the case we can identify, for the given λ, the resulting superalgebra (it satisfies by construction the graded Jacobi identity). If it turns out to be a superconformal algebra it means that we have ended up with one of its D-module representations.

The results we obtained can be summarized as follows.

For N = 2, the three inequivalent [2, 15] minimal linear supermultiplets of the global supersymmetry (the homogeneous (2, 2) root supermultiplet, the homogeneous (1, 2, 1) supermultiplet and the inhomogeneous (0, 2, 2) supermultiplet [15]) produce three inequivalent D-module representations of the N = 2 A(1, 0) superconformal algebra.

Much more interesting is the N = 4 case. The N = 4 superconformal algebras [16, 17, 18, 19] are A(1, 1), sl(2|2) and the exceptional D(2, 1; α) superalgebras which depend on the parameter α (for α = 0, −1 the A(1, 1) superalgebra is recovered). For λ = 0, the homogeneous (k, 4, 4 − k) global supermultiplets produce D-module representations for the A(1, 1) N = 4 superconformal algebra. For λ ≠ 0 and k = 1, 3, 4, D-module are produced for the D(2, 1; α) superconformal algebras with the following identifications between the parameter α and the conformal weight λ: (1, 4, 3) : α = λ; (3, 4, 1) : α = −λ; (4, 4) : α = −2λ. (2)

Since α = −1 reproduces the A(1, 1) superalgebra, for λ ≠ 0 a D-module representation of A(1, 1) is recovered for (1, 4, 3) with conformal weight λ = −1, for (3, 4, 1) with conformal weight λ = 1 and for (4, 4) with conformal weight λ =^1_2 . For k = 2 (the (2, 4, 2) supermultiplet) we get a different picture for λ ≠ 0. A D-module representation for the sl(2|2) N = 4 superconformal algebra is found, with a centrally extended operator which vanishes in the λ → 0 limit.

In application to the inhomogeneous global N = 4 supermultiplets [15] the results are the following. No D-module representation for a superconformal algebra is encountered for the inhomogeneous (0, 4, 4) supermultiplet, while a D-module representation of the A(1, 1) superalgebra is recovered from the inhomogeneous (1, 4, 3) supermultiplet (in the inhomogeneous case a consistency condition requires the conformal weight of this supermultiplet to be λ = −1).

For N = 8 we limited our analysis to the “root” [2, 3, 20] supermultiplet (8, 8). The result is quite illuminating. A D-module representation of a superconformal algebra is only encountered for a single, fixed value of the conformal weight, which turns out to be λ =^1_4 . There are four superconformal algebras [16, 17, 18, 19] with N = 8 supersymmetry (i.e. A(3, 1), D(4, 1), D(2, 2) and F (4)). D(4, 1) is the one obtained from our construction.

We postpone to the Conclusions the discussion concerning the physical implications of the results here encountered about the construction of D-module representations. Here we limit ourselves to point out that the connection between α and λ can have far reaching consequences in model building. To construct superconformal-invariant models for the D(2, 1; α) superalgebra with several interacting supermultiplets, their independent conformal weights λ have to be adjusted to produce a representation for the given superalgebra. The relation is less trivial than what formula (2) seems to suggest. Indeed, due to an S_3 symmetry [18], up to 6 different values of α produce the same D(2, 1; α) superalgebra, see (3). For instance, by specializing α = −2, −^1_2 or 1, we obtain the superalgebra D(2, 1) belonging to the D(m, n) series. D-module representations for D(2, 1) are obtained for λ = 1,^1_4 or −^1_2 for the (4, 4) supermultiplet, λ = −2, −^1_2 or 1 for the (1, 4, 3) supermultiplet and λ = 2,^1_2 or −1 for the (3, 4, 1) supermultiplet. One can see the consistency of this analysis with the construction of the D(4, 1) D-module representation for the (8, 8) supermultiplet at λ =^1_4 . From the N = 4 viewpoint two (4, 4) supermultiplets carrying a representation of the D(2, 1) subalgebra are linked together by extra generators. Without carrying an N = 8 computation we could have concluded, solely from the N = 4 analysis, that this is indeed possible (necessary but not sufficient condition) only for λ = 1,^1_4 or −^1_2 .

The next topic we investigated is the construction of off-shell invariant actions for superconformally invariant mechanics [21, 22, 23, 24, 25, 26, 27, 28, 29]. The crucial ingredient is the information contained in the D-module representations which naturally leads to Lagrangian systems. The construction makes use of the techniques (see [3, 20, 8]) developed to build offshell invariant actions for global supersymmetries by applying supercharges (acting as graded Leibniz derivative) on given prepotentials. The implementation of the full superconformal invariance requires extra conditions to be satisfied. The extra-conditions enter as constraints for the prepotentials. The scale-invariance of the resulting action is a particular example of an extra condition required from the dilatation invariance. We formulate the general problem and, to be specific, we applied it to the concrete cases of the N = 4 homogeneous (1, 4, 3) supermultiplet (for arbitrary values of λ) and the inhomogeneous (1, 4, 3) supermultiplet (the general case, with n_+ supermultiplets of positive chirality and n_− supermultiplets of negative chiralities, see [30, 31]). The inhomogeneous supermultiplets are quite important. Indeed, the inhomogeneity is essential to produce in the superconformal action terms associated with the Calogero potentials [32, 33, 34, 35]. The supertransformations that we can interpret [15] as inhomogeneous global supermultiplets were originally derived from special constraints on given superfields [36, 37].

This is the right point to discuss the relation between our paper and other works on superconformal mechanics. Superconformal mechanic is a vast and active field of research with applications to the dynamics of test particles in proximity of the horizon of certain black holes

[28, 38]. By using the superfield approach superconformal mechanical systems have been constructed for N = 2 [39], for N = 4 based on A(1, 1) [40, 41] and D(2, 1; α) [42, 43, 44, 45, 46, 47], for N = 8 [48, 49]. The superconformal invariance has been realized in Hamiltonian framework [50] or in terms of a Poisson brackets structure, non-linearly [51] and so on. Multiparticle superconformal systems have been investigated [52]. From the perspective of the supersymmetry representation no new ingredient enters with respect to the single-particle superconformal mechanics; their construction, however, requires the challenging and still open mathematical problem of finding solutions to the WDVV equations [34].

The drawbacks of the superspace approach are known. For large N to get irreducible representations the superfields have to be constrained. For global supersymmetry the analysis of the minimal supermultiplets [2, 3, 6, 7] gives the general linear solution. It can also be phrased as finding the admissible constraints that have to be put on a general, unconstrained, superfield [12, 13].

The classification of the minimal supermultiplets is mandatory to get a systematic construction of supersymmetric models. It requires, as we have mentioned, an approach to the construction of supersymmetric-invariant off-shell actions which is distinct from the one given by superspace. In application to global supersymmetry this approach proved useful in determining one-dimensional supersymmetric sigma-models which had not been previously identified by using the superfield techniques [3]. The present work extends the systematic approach from minimal global supermultiplets to the arena of superconformal algebra. The discovered relation between the conformal weight λ of the D-module and its associated superconformal algebra is very neat. It is the basis to start a systematic investigation of the superconformal mechanics in a Lagrangian framework.

The scheme of the paper is as follows. In Section 2 we briefly review, for completeness, the classification of the finite N = 2, 4, 8 superconformal Lie algebras. In Section 3 we summarize the main results concerning the classification of minimal linear supermultiplets (both homogeneous and inhomogeneous) for global supersymmetry and outline their extension to D-module representations for superconformal algebras. In Section 4 we present the D-module representations for the N = 2 superconformal algebra A(1, 1). In Section 5 we present the results of our investigation of D-module representations for N = 4 superconformal algebras for the full list of minimal linear N = 4 supermultiplets. In Section 6 we present the D-module representation for the D(4, 1) superalgebra obtained from the N = 8 (8, 8) root supermultiplet at the fixed value λ =^1_4 of the conformal weight. The construction of superconformal-invariant mechanics, based on D-module representations of superconformal algebras, is outlined in Section 7. As an example, the construction of N = 4 superconformally invariant actions, both for the homogeneous and inhomogeneous (1, 4, 3) supermultiplets, is explicitly carried out. In the Conclusions we comment about our results, pointing out their relevance for the construction of superconformally invariant mechanical systems. We will compare our framework with several different approaches and constructions found in the literature. We will also sketch which research topics could profit from the present investigation.

2 The N = 2, 4, 8 Superconformal Algebras

We present for completeness the list of N = 2, 4, 8 Superconformal Algebras in one dimension. They are recovered from the basic Lie superalgebras [16, 17, 18, 19] and satisfy the following conditions: the total number of odd generators is 2N , while the even sector subalgebra is given by a direct sum sl(2)⊕R. The sl(2) subalgebra is known as the conformal bosonic algebra, while R is known as R-symmetry. We follow the conventions of [18] and present them as complex Lie superalgebras (they possess different real forms).

The N = 2 S.C.A. is A(1, 0), with 4 even and 4 odd generators. The R-symmetry is u(1). A(1, 0) is often indicated as sl(2|1).

The N = 4 S.C.A.’s are:

i) the A(1, 1) superalgebra (A(1, 1) = sl(2|2)/Z), with 6 even generators and bosonic sector given by sl(2) ⊕ sl(2);

ii) the sl(2|2) superalgebra, possessing 7 even generators and bosonic sector given by sl(2) ⊕ sl(2) ⊕ u(1);

iii) the exceptional Lie superalgebras D(2, 1; α), depending on the complex parameter α ≠ 0, −1 (for these values and in the limit α → ∞ the A(1, 1) superalgebra is recovered), possessing 9 even generators and bosonic sector given by sl(2) ⊕ sl(2) ⊕ sl(2).

The superalgebras obtained by values of α related by the S_3 symmetry generated by α → −(1 + α), α →^1_α , namely α, 1/α, − (1 + α), − 1/(1 + α), − (1 + α)/α, − α/(1 + α), (3) are isomorphic.

For α real the following fundamental domains for D(2, 1; α) can be chosen: 1 ≤ α < ∞, 0 < α ≤ 1, −^1_2 ≤ α < 0, −1 < α ≤ −^1_2 , −2 ≤ α < −1 or −∞ < α ≤ −2.

The special (“boundary”) values α = −2, −^1_2 , 1 correspond to the D(2, 1) superalgebra which belongs to the D(m, n) = osp(2m|2n) series.

The N = 8 S.C.A.’s with 16 odd generators are:

i) the A(3, 1) = sl(4|2) superalgebra, possessing 19 even generators and bosonic sector given by sl(2) ⊕ sl(4) ⊕ u(1), ii) the D(4, 1) = osp(8, 2) superalgebra, possessing 31 even generators and bosonic sector given by sl(2) ⊕ so(8), iii) the D(2, 2) = osp(4|4) superalgebra, possessing 16 even generators and bosonic sector given by sl(2) ⊕ so(3) ⊕ sp(4), iv) the F (4) exceptional superalgebra, possessing 24 even generators and bosonic sector given by sl(2) ⊕ so(7).

In the following we will identify which global supermultiplet induces a D-module representation for which superconformal algebra. The N = 4 case is particularly intricate due to the presence of the α parameter entering D(2, 1; α). The parameter α (and, as a consequence, the associated superconformal algebra) is determined in terms of the scaling (or engineering) dimension of the given initial supermultiplet.

3 D-module representations of superconformal algebras

We summarize here for convenience the main results, ingredients and conventions [2, 3, 6, 7, 8] concerning the classification of minimal linear supermultiplets for the global superalgebra (1) with N = 2, 4, 8.

The minimal supermultiplets contain N bosonic and N fermionic fields. Inequivalent supermultiplets (x_i(t); ψ_a(t); g_m(t)) are characterized by their “field content” (k, N , N − k) (i = 1, . . . , k, a = 1, . . . N , m = 1, . . . N − k). The component fields are real functions of t. For our purposes here we can assume the x_i and g_m fields to be bosonic and the ψ_a fields to be fermionic. Due to their relation with one-dimensional supersymmetric sigma-models the x_i fields will be called propagating bosons or target coordinates, the g_m fields will be called auxiliary fields. A scale-dimension (also known as “engineering dimension” or “mass-dimension”) is assigned to the component fields. The assignment is given by [x_i] = λ, [ψ_a] = λ +^1_2 , [g_m] = λ + 1. In representation theory the parameter λ is arbitrary and can be left indeterminate. The different scaledimensions for component fields is in order to make them compatible with the scale-dimension assignment [t] = −1 for the time coordinate, [Q_i] =^1_2 and [H] = 1 for the operators entering (1). H ≡ 1 ·^d_{dt} will be called the Hamiltonian operator, while the Q_i’s are called global supercharges.

The (N , N ) supermultiplets (for N = 2, 4, 8) are known as root supermultiplets. They are uniquely determined [2] by their associated Clifford algebra representation. Their supertransformations can be encoded in 2N × 2N supermatrices whose entries are differential operators (the non-vanishing entries are either ±1 or ±^d_{dt} ). The remaining supermultiplets (for k < N ) are obtained from the given root supermultiplet via a dressing transformation determined by the dressing operator S_k. S_k is a diagonal operator with k entries ∂_t =^d_{dt} in the upper-left block (its remaining 2N − k diagonal entries are 1).

Let Q^R_i be the supermatrices expressing the supercharges in the root representation. The supermatrices Q^k_i of a dressed representation are given by

Q^k_i = S_kQ^R_i S^{−1}_k . (4)

Even if S^{−1}_k is a pseudo-differential operator, the supermatrices Q^k_i are differential operators (see the analysis in [2, 3]).

We conclude this quick review on global supersymmetry by pointing out that, for N = 4, the supermultiplets are associated with a chirality ±1. The chirality is due to the relation between the N = 4 root supermultiplet and the quaternions. It results in the choice of the overall sign for the totally antisymmetric tensor ϵ_{ijk} (ϵ_{123} = ±1). For N = 8 a similar chiral relation exists between the root supermultiplet and the octonionic structure constants C_{ijk} [3, 30]. A mirror symmetry flips the chirality of a single supermultiplet. On the other hand, it simultaneously flips the chirality of n different N = 4 supermultiplets. As a consequence, inequivalent N = 4 off-shell actions involving n_± supermultiplets of given chirality (the total number being n = n_+ + n_−) are determined by the modulus |n_+ − n_−|. In Section 7 we derive such a consequence for (1, 4, 3) N = 4 supermultiplets.

In [15] it has been pointed out that inhomogeneous supermultiplets can be consistently defined for the global (1) superalgebra. This situation arises when the auxiliary fields have 0 scale-dimension. In this case the supersymmetry transformations of the fermions can produce not only auxiliary fields and time-derivatives of the propagating bosons, but also real constants. A real inhomogeneity appears when at least one constant cannot be reabsorbed via field redefinitions. The presence of the inhomogeneity drastically reduces the admissible supermultiplets. The closure of the (1) supersymmetry algebra implies that for N = 2 a inhomogeneous term can be added to the (0, 2, 2) supermultiplet (but not to the (1, 2, 1) supermultiplet). For N = 4, inhomogeneous supermultiplets are encountered for (0, 4, 4) and (1, 4, 3); for N = 8 they are encountered for (0, 8, 8), (1, 8, 7), (2, 8, 6) and (3, 8, 5). Stated otherwise, for those values of field content the homogeneous supermultiplets can be extended to accommodate inhomogeneous terms that cannot be reabsorbed through field redefinitions.

The inhomogeneous supermultiplets can also be represented in terms of supermatrices (whose entries are differential operators in t). The constant can be added as an extra entry in the supermultiplet. In the N = 2 (0, 2, 2) case, for instance, the supermatrices act on the supermultiplet |m >, whose dual is |m >^T =< m| = (ψ_1, ψ_2; g_1, g_2, 1). The supercharges are 5 × 5 supermatrices (whose Z_2-grading decomposition is 5 = (2|3)). Similarly, in the N = 4 case, the inhomogeneous supermultiplet (1, 4, 3) is expressed by 9 × 9 supermatrices (9 = (5|4) in Z_2-grading) acting on the supermultiplet |m >, where now |m >^T =< m| = (x, g_1, g_2, g_3, 1; ψ_1, ψ_2, ψ_3, ψ_4). In the following we will give the explicit presentation of the supermatrices associated to the inhomogeneous supermultiplets. An important observation is the following. Since the constant 1 enters the l^{th} row of the supermultiplet |m > (e.g., l = 5 in the above inhomogeneous (1, 4, 3) example), then the supermatrix entries M_{il} proportional to ∂_t (or a higher derivative) have no effect in the action on |m > (due to the left action ∂_t(1) = 0). This property has to be taken into account when computing (anti)commutators to check the closure of the supermatrix algebra. On the other hand, supermatrices are just a convenient tool to deal with the supertranformations of the component fields; the closure of the superalgebra can be independently checked from the supertransformations alone (without presenting them in supermatrix forms). The two pictures obviously agree producing the same results.

We discuss now the extension from supermultiplets of global supersymmetry to D-module representations of superconformal algebras. As anticipated in the Introduction, the strategy consists in introducing two extra diagonal generators D, K which, together with H, close an sl(2) conformal algebra. D, K act on a component field φ of weight λ^′ according to Dφ = −t∂_tφ − λ^′φ, Kφ = −t^2∂_tϕ − 2λ^′tφ. (5) The consistency of the procedure requires the identification of the weight λ^′ with the scaledimension of the corresponding component field entering the supermultiplet (otherwise the commutators [D, Q_i] =^1_2 Q_i, producing the conformal weight of the supercharges, cannot be recovered). Therefore, the only free parameter in the construction is the scale-dimension λ of the propagating bosons. λ will be identified with the overall conformal weight of the supermultiplet. The superconformal partners ~Q_i are produced from the commutators [K, Q_i] = ~Q_i. Extra generators have to be added as already explained.

With respect to the global supersymmetry a key difference is the fact that now the dressing transformation

D → D^k = S_kDS^{−1}_k (6)

produces a differential operator D^k only for λ = 0. For λ = 0 superconformal algebras are produced from the N = 2 and N = 4 root supermultiplets. All dressed generators are differential operators so that, at λ = 0, the (k, N , N − k) dressed supermultiplets automatically give a Dmodule representation for the same superconformal algebra. For λ ≠ 0 the situation is different. The absence of the dressing explains why the N = 4 (k, 4, 4 − k) superconformal multiplets produce D-module representations for different superconformal algebras at a given λ ≠ 0.

This approach to construct D-module representations of superconformal algebras is based on two ingredients:

i) a minimal linear supermultiplet (either homogeneous or inhomogeneous) of the global supersymmetry taken as a starting point and ii) the assignment of an overall scale-dimension λ to the supermultiplet.

An automatic procedure is then started which may eventually end up with a D-module representation of a superconformal algebra (to be identified).

This construction was first used in [53] in a very specific case (the determination of the A(1, 0) superconformal algebra from the N = 2 (1, 2, 1) supermultiplet).

In Sections 4 and 5 we present the results of our investigation for the full list of linear supermultiplets of the N = 2 and N = 4 superconformal algebras, respectively.

4 D-module reps of the A(1, 0) N = 2 SCA

For our purposes the A(1, 0) superconformal algebra can be presented in terms of the even generators H, D, K, W and the odd generators Q_i, ~Q_i (i = 1, 2). The sl(2) conformal subalgebra is generated by H, D, K, with D the dilatation operator, while H plays the role of the Hamiltonian. Q_1, Q_2 are the global supercharges and ~Q_1, ~Q_2 their superconformal partners. The u(1) generator is W . Explicitly, the non-vanishing (anti)commutation relations are [D, H] = H, [D, K] = −K, [H, K] = 2D, [D, Q_i] =^1_2 Q_i, [D, ~Q_i] = −^1_2 ~Q_i, [H, ~Q_i] = Q_i, [K, Q_i] = ~Q_i, [W, Q_i] = −ϵ_{ij}Q_j , [W, ~Q_i] = −ϵ_{ij} ~Q_{ij}, {Q_i, Q_j } = 2δ_{ij} H, { ~Q_i, ~Q_j } = −2δ_{ij} K, {Q_i, ~Q_j } = −2δ_{ij} D + ϵ_{ij} W,

(7)

with ϵ_{12} = −ϵ_{21} = 1.

In the subsections below we present its D-module representations based on, respectively, the following global N = 2 supermultiplets: i) the homogeneous (2, 2) supermultiplet, ii) the homogeneous (1, 2, 1) supermultiplet and iii) the inhomogeneous (0, 2, 2) supermultiplet.

The closure of the superalgebra (7) and, in particular, of the commutator [D, X] = xX, where x is the scaling dimension of the operator X, requires that the conformal weights of the component fields entering the (k, N , N − k) supermultiplet have to be given by (λ, λ + 1 2 , λ + 1), respectively. In the inhomogeneous case the consistency condition further restricts the auxiliary component fields to possess the same scaling dimension (= 0) of a real constant. These requirements hold for the N = 4, 8 superconformal algebras as well.

4.1 The (2, 2) “root” representation The D-module representation based on the homogeneous (2, 2) “root” supermultiplet |m > (such that < m|^T = (x_1, x_2; ψ_1, ψ_2) ), expressed in terms of 4 × 4 supermatrices whose entries are t-dependent differential operators, is given by (here and in the rest of the paper E_{ij} denotes the supermatrix with entry 1 at the crossing of the i^{th} row and j^{th} column and 0 otherwise)

H = (E_{11} + E_{22} + E_{33} + E_{44})∂_t,

D = −(E_{11} + E_{22} + E_{33} + E_{44})(t∂_t + λ) − 1 2 (E_{33} + E_{44}),

K = −(E_{11} + E_{22} + E_{33} + E_{44})(t^2∂_t + 2λt) − (E_{33} + E_{44})t, W = E_{34} − E_{43} − 2λ(E_{12} − E_{21} + E_{34} − E_{43}), Q_1 = E_{13} + E_{24} + (E_{31} + E_{42})∂_t, Q_2 = E_{14} − E_{23} − (E_{32} − E_{41})∂_t, ~Q_1 = (E_{13} + E_{24})t + (E_{31} + E_{42})(t∂_t + 2λ), ~Q_2 = (E_{14} − E_{23})t − (E_{32} − E_{41})(t∂_t + 2λ). (8)

4.2 The (1, 2, 1) representation The D-module representation based on the homogeneous (1, 2, 1) supermultiplet |m > (such that < m|^T = (x, g; ψ_1, ψ_2) ) is given [2, 3] by

H = (E_{11} + E_{22} + E_{33} + E_{44})∂_t, D = −(E_{11} + E_{22} + E_{33} + E_{44})(t∂_t + λ) − 1 2 (2E_{22} + E_{33} + E_{44}), K = −(E_{11} + E_{22} + E_{33} + E_{44})(t^2∂_t + 2λt) − (2E_{22} + E_{33} + E_{44})t, W = E_{34} − E_{43} − 2λ(E_{12} − E_{21} + E_{34} − E_{43}), Q_1 = E_{13} + E_{42} + (E_{31} + E_{24})∂_t, Q_2 = E_{14} − E_{32} − (E_{23} − E_{41})∂_t, ~Q_1 = (E_{13} + E_{42})t + (E_{31} + E_{24})(t∂_t + 2λ) + E_{24}, ~Q_2 = (E_{14} − E_{32})t − (E_{23} − E_{41})(t∂_t + 2λ) − E_{23}. (9)

4.3 The inhomogeneous (0, 2, 2) representation The D-module representation based on the inhomogeneous (0, 2, 2) supermultiplet |m > (such that < m|^T = (ψ_1, ψ_2; g_1, g_2, 1) ) is expressed in terms of the left action on |m > resulting from the 5 × 5 supermatrices (with 5 = (2|3) in the Z_2-grading decomposition). A rotation of the Q_1, Q_2 global supersymmetry plan can leave us, without loss of generality, with a single inhomogeneous parameter c. In the presentation below c only enters the Q_2, ~Q_2 and W transformations. The D-module representation of the homogeneous root supermultiplet at λ = −^1_2 is recovered in the limit c → 0. We have

H = (E_{11} + E_{22} + E_{33} + E_{44})∂_t, D = −(E_{11} + E_{22} + E_{33} + E_{44})(t∂_t) + 1 2 (E_{11} + E_{22}), K = −(E_{11} + E_{22} + E_{33} + E_{44})(t^2∂_t) + (E_{11} + E_{22})t, W = E_{12} − E_{21} + 2E_{34} − 2E_{43} + cE_{45}, Q_1 = E_{13} + E_{24} + (E_{31} + E_{42})∂_t, Q_2 = E_{14} − E_{23} − (E_{32} − E_{41})∂_t + cE_{25}, ~Q_1 = (E_{13} + E_{24})t + (E_{31} + E_{42})(t∂_t − 1), ~Q_2 = (E_{14} − E_{23})t − (E_{32} − E_{41})(t∂_t − 1) + tcE_{25}. (10)

5 D-module reps of the A(1, 1) and D(2, 1; α) N = 4 SCA’s

We present the superalgebra D(2, 1; α) in terms of the 4 supercharges Q_I , their superconformal partners ~Q_I (I = 1, 2, 3, 4), the even generators H, D, K (closing the sl(2) conformal subalgebra), S_i and W_i (i = 1, 2, 3). The superalgebra A(1, 1) is recovered for α = 0 by disregarding the W_i generators (alternatively, it can be recovered from α = −1 and the consistent constraint

S_i + W_i = 0). The non-vanishing (anti)commutation relations are given by [H, K] = 2D, [D, H] = H, [D, K] = −K, [D, Q_I ] =^1_2 Q_I , [D, ~Q_I ] = −^1_2 ~Q_i, [H, ~Q_I ] = Q_I , [K, Q_I ] = ~Q_I , {Q_I , Q_J } = 2δ_{IJ} H, { ~Q_I , ~Q_J } = −2δ_{IJ} K, {Q_4, ~Q_4} = −2D , {Q_i, ~Q_j } = −2δ_{ij} D − ϵ_{ijk}(S_k − 2αW_k), {Q_4, ~Q_i} = S_i, { ~Q_4, Q_i} = −S_i, [S_i, Q_4] = −Q_i, [S_i, Q_j] = δ_{ij} Q_4 + ϵ_{ijk}(1 + 2α)Q_k, [S_i, ~Q_4] = − ~Q_i, [S_i, ~Q_j] = δ_{ij} ~Q_4 + ϵ_{ijk}(1 + 2α) ~Q_k, [W_i, Q_4] = Q_i, [W_i, Q_j ] = −δ_{ij} Q_4 + ϵ_{ijk}Q_k, [W_i, ~Q_4] = ~Q_i, [W_i, ~Q_j ] = −δ_{ij} ~Q_4 + ϵ_{ijk} ~Q_k, [S_i, S_j ] = ϵ_{ijk}(2(1 + α)S_k − 2αW_k), [S_i, W_j] = ϵ_{ijk}2αW_k, [W_i, W_j ] = 2ϵ_{ijk}W_k,

(11)

where ϵ_{ijk} is the totally antisymmetric tensor (ϵ_{123} = 1).

5.1 The (4, 4) root rep with λ scaling dimension

For scaling dimension λ = 0 the homogeneous root supermultiplet of the global N = 4-extended one-dimensional supersymmetry induces the (4, 4) D-module representation of the A(1, 1) superalgebra.

A presentation is given by the supermatrices

Q_i = ( 0 R_i −R_i∂_t 0 ) , Q_4 = ( 0 1_4 1_4∂_t 0 ) , ~Q_i = tQ_i, ~Q_4 = tQ_4,

H = 1_8 · ∂_t, S_i = ( 0 0 0 R_i ) , D = −1_8 · t∂_t −^1_2 Y, K = −1_8 · t^2∂_t − tY,

(12)

where, without loss of generality, the R_i’s can be chosen

R_1 =

0 1 0 0 −1 0 0 0 0 0 0 −1 0 0 1 0

, R^2 =

0 0 1 0 0 0 0 1 −1 0 0 0 0 −1 0 0

, R^3 =

0 0 0 1 0 0 −1 0 0 1 0 0 −1 0 0 0 , (13)

so that R_iR_j = −δ_{ij} + ϵ_{ijk}R_k. The supermatrix Y is Y = ( 0 0 0 1_4 ) . (14)

For λ ≠ 0, the (4, 4) D-module representation of the D(2, 1; α) superalgebra is obtained. The relation between the parameter α and the scaling dimension λ is expressed by

α = −2λ. (15)

The D-module generators for λ ≠ 0 are

H^λ = H, D^λ = D − λ1_8, K^λ = K − 2λt1_8, Q^λ_i = Q_i, Q^λ_4 = Q_4, ~Qλ_i = ~Q_i − 2λ ( 0 0 R_i 0 ) , ~Q^λ_4 = ~Q_4 + 2λ ( 0 0 1_4 0 ) , S^λ_i = S_i − 2λ ( R_i 0 0 R_i ) , W^λ_i = ( R_i 0 0 0 ) . (16)

5.2 The (1, 4, 3) rep with λ scaling dimension For λ = 0, the (1, 4, 3) D-module representation of the A(1, 1) superalgebra is obtained by dressing the λ = 0 D-module representation of the root supermultiplet (4, 4). The dressing operator is the diagonal 8 × 8 matrix S, with diagonal elements diag(S) = (1, ∂_t, ∂_t, ∂_t, 1, 1, 1, 1). Let X be a generator of the λ = 0 root D-module representation of A(1, 1). The corresponding generator X of the (1, 4, 3) D-module representation is given by X = SXS^{−1} (in order to avoid burdening unnecessarily the notation, in the remaining subsections the overline will be used for a different set of dressed operators).

For λ ≠ 0 the homogeneous (1, 4, 3) D-module representation of the D(2, 1; α) superalgebra is obtained. It is expressed by the supermatrices X^λ. The relation between α and λ is given by

α = λ. (17)

We have H^λ = H, D^λ = D − λ1_8, K^λ = K − 2λt1_8, Q^λ_I = Q_I , (I = 1, 2, 3, 4), ~Q^λ_1 = ~Q_1 + 2λ(−E_{25} − E_{38} + E_{47} + E_{61}), ~Q^λ_2 = ~Q_2 + 2λ(E_{28} − E_{35} − E_{46} + E_{71}), ~Q^λ_3 = ~Q_3 + 2λ(−E_{27} + E_{36} − E_{45} + E_{81}), ~Q^λ_4 = ~Q_4 + 2λ(E_{26} + E_{37} + E_{48} + E_{51}), S^λ_1 = S_1 + 2λ(−E_{34} + E_{43} − E_{78} + E_{87}), S^λ_2 = S_2 + 2λ(E_{24} − E_{42} + E_{68} − E_{86}), S^λ_3 = S_3 + 2λ(−E_{32} + E_{23} − E_{67} + E_{76}), W^λ_1 = W_1 + 2λ(−2E_{34} + 2E_{43} − E_{56} + E_{65} − E_{78} + E_{87}), W^λ_2 = W_2 + 2λ(2E_{24} − 2E_{42} − E_{57} + E_{68} + E_{75} − E_{86}), W^λ_3 = W_3 + 2λ(−2E_{23} + 2E_{32} − E_{58} − E_{67} + E_{76} + E_{85}). (18)

5.3 The (2, 4, 2) rep with λ scaling dimension For λ = 0, the (2, 4, 2) D-module representation of the A(1, 1) superalgebra is obtained by dressing the λ = 0 D-module representation of the root supermultiplet (4, 4). The dressing operator is the diagonal 8 × 8 matrix S, with diagonal elements diag(S) = (1, 1, ∂_t, ∂_t, 1, 1, 1, 1).

Let X be a generator of the λ = 0 root D-module representation of A(1, 1). The corresponding generator X of the (2, 4, 2) D-module representation is given by X = SXS^{−1}.

For λ ≠ 0 one obtains in this case (unlike the other (k, 4, 4 − k) supermultiplets with k ≠ 2) a D-module representation of the sl(2|2) superalgebra (whose generators are denoted as “X^λ”) containing, with respect to A(1, 1), an extra generator (the central extension F^λ).

The sl(2|2) D-module representation is given by H^λ = H, D^λ = D − λ1_8, K^λ = K − 2λt1_8, Q^λ_I = Q_I , (I = 1, 2, 3, 4), ~Q^λ_1 = ~Q_1 + 2λ(−E_{38} + E_{47} − E_{52} + E_{61}), ~Q^λ_2 = ~Q_2 + 2λ(−E_{35} − E_{46} + E_{71} + E_{81}), ~Q^λ_3 = ~Q_3 + 2λ(E_{36} − E_{45} − E_{72} + E_{81}), ~Q^λ_4 = ~Q_4 + 2λ(E_{37} + E_{48} + E_{51} + E_{62}), S^λ_1 = S_1 − 2λ(E_{12} − E_{21} + E_{34} − E_{43} + E_{56} − E_{65} + E_{78} − E_{87}), S^λ_2 = S_2, S^λ_3 = S_3, F^λ = 4λ(E_{12} − E_{21} + E_{34} − E_{43} + E_{56} − E_{65} + E_{78} − E_{87}). (19)

F^λ enters the right hand side of the anticommutation relations

{Q^λ_3 , ~Q^λ_2 } = −{Q^λ_2 , ~Q^λ_3 } = S^λ_1 + F^λ. (20)

The remaining (anti)commutation relations are the same as the corresponding ones of A(1, 1) (in particular S^λ_1 appears in the right hand side of {Q^λ_4 , ~Q^λ_1 } = −{Q^λ_1 , ~Q^λ_4 } = S^λ_1 ).

5.4 The (3, 4, 1) rep with λ scaling dimension For λ = 0, the (3, 4, 1) D-module representation of the A(1, 1) superalgebra is obtained by dressing the λ = 0 D-module representation of the root supermultiplet (4, 4). The dressing operator is the diagonal 8 × 8 matrix S, with diagonal elements diag(S) = (1, 1, 1, ∂_t, 1, 1, 1, 1). Let X be a generator of the λ = 0 root D-module representation of A(1, 1). The corresponding generator X of the (3, 4, 1) D-module representation is given by X = SXS^{−1}. For λ ≠ 0 the (3, 4, 1) D-module representation of the D(2, 1; α) superalgebra is obtained. It is expressed by the supermatrices X^λ. In this case the relation between α and λ is given by α = −λ. (21)

We have H^λ = H, D^λ = D − λ1_8, K^λ = K − 2λt1_8, Q^λ_I = Q_I , (I = 1, 2, 3, 4), ~Q^λ_1 = ~Q_1 + 2λ(E_{47} − E_{52} + E_{61} − E_{83}), ~Q^λ_2 = ~Q_2 + 2λ(−E_{46} − E_{53} + E_{71} + E_{82}), ~Q^λ_3 = ~Q_3 + 2λ(−E_{36} + E_{63} − E_{72} + E_{81}), ~Q^λ_4 = ~Q_4 + 2λ(E_{48} + E_{51} + E_{62} + E_{73}), S^λ_1 = S_1 + 2λ(−E_{12} + E_{21} − E_{56} + E_{65}), S^λ_2 = S_2 + 2λ(−E_{13} + E_{31} − E_{57} + E_{75}), S^λ_3 = S_3 + 2λ(E_{23} − E_{32} + E_{67} − E_{76}), W^λ_1 = W_1 + 2λ(2E_{12} − 2E_{21} + E_{56} − E_{65} + E_{78} − E_{87}), W^λ_2 = W_2 + 2λ(2E_{13} − 2E_{31} + E_{57} − E_{68} − E_{75} + E_{86}), W^λ_3 = W_3 + 2λ(−2E_{13} + 2E_{31} − E_{58} − E_{67} + E_{76} + E_{85}). (22)

5.5 The inhomogeneous (0, 4, 4) case For global supersymmetry the (0, 4, 4) supermultiplet admits a inhomogeneous extension which is compatible with the (1) superalgebra. The addition of the D and K generators for the correct value λ = −^1_2 fails to produce a superconformal algebra. A larger superalgebra is obtained due to the fact that the commutators [Q_i, S_j], for i ≠ j, produce extra odd generators besides the supercharges Q_I and their superconformal partners ~Q_I .

5.6 The inhomogeneous (1, 4, 3) case The D-module representation based on the inhomogeneous (1, 4, 3) supermultiplet |m > (such that < m|^T = (x, g_1, g_2, g_3, 1; ψ_1, ψ_2, ψ_3, ψ_4) ) is expressed in terms of the left action on |m > resulting from the 9 × 9 supermatrices (with 9 = (5|4) in the Z_2-grading decomposition). A rotation of the global supersymmetries leaves us, without loss of generality, with a single inhomogeneous parameter c. We obtain a D-module representation of the A(1, 1) superconformal algebra. The homogeneous (1, 4, 3) supermultiplet at λ = −1 is recovered in the limit c → 0.

We have H = (E_{11} + E_{22} + E_{33} + E_{44} + E_{66} + E_{77} + E_{88} + E_{99})∂_t,

D = −(E_{11} + E_{22} + E_{33} + E_{44} + E_{66} + E_{77} + E_{88} + E_{99})t∂_t + 1 2 (2E_{11} + E_{66} + E_{77} + E_{88} + E_{99}),

K = −(E_{11} + E_{22} + E_{33} + E_{44} + E_{66} + E_{77} + E_{88} + E_{99})t^2∂_t + t(2E_{11} + E_{66} + E_{77} + E_{88} + E_{99}), Q_1 = (−E_{26} − E_{39} + E_{48} + E_{71})∂_t + E_{17} − E_{62} + E_{84} − E_{93} + cE_{85}, Q_2 = (E_{29} − E_{36} − E_{47} + E_{81})∂_t + E_{18} − E_{63} − E_{74} + E_{92} − cE_{75}, Q_3 = (−E_{28} + E_{37} − E_{46} + E_{91})∂_t + E_{19} − E_{64} + E_{73} − E_{82}, Q_4 = (E_{27} + E_{38} + E_{49} + E_{61})∂_t + E_{16} + E_{72} + E_{83} + E_{94}, ~Q_1 = E_{71}(t∂_t − 2) + (−E_{26} − E_{39} + E_{48})(t∂_t − 1) + t(E_{17} − E_{62} + E_{84} − E_{93}) − ctE_{85}, ~Q_2 = E_{81}(t∂_t − 2) + (E_{29} − E_{36} − E_{47})(t∂_t − 1) + t(E_{18} − E_{63} − E_{74} + E_{92}) − ctE_{75}, ~Q_3 = E_{91}(t∂_t − 2) + (−E_{28} + E_{37} − E_{46})(t∂_t − 1) + t(−E_{19} + −E_{64} + E_{73} − E_{82}), ~Q_4 = E_{61}(t∂_t − 2) + (E_{27} + E_{38} + E_{49})(t∂_t − 1) + t(E_{16} − E_{72} + E_{83} + E_{94}), S_1 = 2E_{34} − 2E_{43} + E_{67} − E_{76} + E_{89} − E_{98} + cE_{35}, S_2 = −2E_{24} + 2E_{42} + E_{68} − E_{79} − E_{86} + E_{97} − cE_{25}, S_3 = 2E_{23} − 2E_{32} + E_{69} + E_{78} − E_{87} − E_{96}. (23)

6 D-module reps for N = 8 SCA: the λ =^1_4 root rep and D(4, 1)

The minimal linear supermultiplets of the global N = 8-extended 1D supersymmetry contain 8 bosonic and 8 fermionic component fields. Without loss of generality [2, 3] the (8, 8) root supermultiplet can be expressed in terms of the supercharges and the Hamiltonian given by

Q_i = ( 0 γ_i −γ_i∂_t 0 ) , Q_8 = ( 0 1_8 1_8∂_t 0 ) , H = ( 1_8∂_t 0 0 1_8∂_t ) , (24)

where γ_i (i = 1, 2, . . . , 7) are seven 8 × 8 matrices, the generators of the Euclidean Cl(0, 7) Clifford algebra (γ_iγ_j + γ_jγ_i = −2δ_{ij} 1_8).

As in the previous cases, the construction of a D-module representation for an N = 8 superconformal algebra requires the introduction of the bosonic generators D, K which, together with H, close the sl(2) conformal subalgebra. For the moment we can assume, as an Ansatz, such generators being expressed by the diagonal operators D = ( −1_8(t∂_t + λ) 0

0 −1_8(t∂_t + λ +^1_2 ) ) , K = ( −1_8(t^2∂_t + 2λt) 0

0 −1_8(t^2∂_t + (2λ + 1)t) ) , (25)

with conformal weights λ for the bosonic fields and λ +^1_2 for the fermionic fields.

The superconformal partners ~Q_i, ~Q_8 are introduced via the commutators [K, Q_i] = ~Q_i, [K, Q_8] = ~Q_8. (26) Explicitly, ~Q_i = ( 0 tγ_i −γ_i(t∂_t + 2λ) 0 ) , ~Q_8 = ( 0 t1_8 1_8(t∂_t + 2λ) 0 ) . (27)

The closure of the superalgebra requires the introduction of the new bosonic generators S_i: {Q_8, ~Q_i} = −{ ~Q_8, Q_i} = S_i, (28) where

S_i = ( −2λγ_i 0 0 (1 − 2λ)γ_i ) . (29)

The requirement of being a superconformal algebra implies that no further odd generator has to be added to its odd sector. This is not the case for λ ≠^1_4 , due to the commutation relations (for i ≠ j)

[S_i, Q_j ] = ( 0 γ_iγ_j (1 − 4λ) (4λ − 1)γ_iγ_j ∂_t 0 ) . (30)

One should note that in the quaternionic case (three 4 × 4 matrices γ_i generating the Cl(0, 3) Clifford algebra), since γ_iγ_j ∝ ϵ_{ijk}γ_k, no extra odd generator is produced from the right hand side of the commutators corresponding to (30). This is why an N = 4 superconformal algebra is produced for any value of λ, while to get an N = 8 superconformal algebra λ has to be fixed to a special value. For λ ≠^1_4 a consistent N = 8 superalgebra, with a much larger set of even and odd generators, can be defined. This superalgebra is not, however, a superconformal algebra.

For λ =^1_4 the extra even generators W_{[ij]} are obtained from the commutators

[S_i, S_j ] = W_{[ij]}, (31)

with

W_{[ij]} = 1 2 ( Σ_{[ij]} 0 0 Σ_{[ij]} ) , (32)

where Σ_{[ij]} =^1_2 [γ_i, γ_j ].

No extra generator (even or odd) is further required to consistently close the superalgebra. The W_{[ij]} generators close the so(7) algebra. Taken together with the S_i generators, they close the so(8) algebra.

The even sector is given by the generators G_0 = {H, D, K, S_i, W_{[ij]}} which close the sl(2) ⊕ so(8) algebra. The odd sector G_1 = {Q_i, Q_8, ~Q_i, ~Q_8} contains 16 odd generators. A closer inspection of the (anti)commutation relations proves that, for λ =^1_4 , the construction originated by the global N = 8 (8, 8) root supermultiplet produces a D-module representation for the D(4, 1) superalgebra.

The extension of this analysis, namely which N = 8 superconformal algebra can be originated from the inhomogeneous N = 8 global supermultiplets or from the homogeneous (k, 8, 8 − k) supermultiplets with k = 1, 2, . . . , 7, is left for future investigations.

7 On superconformal invariant actions from D-module reps

The generators of the D-module representations act as graded Leibniz derivatives on functions of the component fields. Let φ_A, φ_B be two component fields with scaling dimension λ_A, λ_B , respectively. Then, the dilatation operator D satisfies

D(φ_Aφ_B ) = (Dφ_A)φ_B + φ_A(Dφ_B ) = − d dt (φ_Aφ_B ) − λ_{A·B}(φ_Aφ_B ), (33) where the scaling dimension of the composite field φ_A · φ_B is λ_{A·B} = λ_A + λ_B .

Similarly, the conformal generator K defined in (5) satisfies

K(φ_Aφ_B ) = (Kφ_A)φ_B + φ_A(Kφ_B ) = −t^2 d dt (φ_Aφ_B ) − 2λ_{A·B} t(φ_Aφ_B ). (34)

The action of the global supercharges Q_I as graded Leibniz derivatives was the starting point in [3, 4, 20, 8] to derive one-dimensional supersymmetric sigma-models from global supermultiplets.

For N = 4 a supersymmetric action, invariant by construction under the (1) global superalgebra, is obtained for the (k, N , N − k) supermultiplet in terms of the Lagrangian

L = Q_4Q_3Q_2Q_1[F (⃗x)], (35)

where F (⃗x) is an arbitrary function (named the prepotential) of the propagating bosons ⃗x (this construction requires the dimensionality k of the target manifold to be k > 0).

The Lagrangians recovered from (35) have the correct dimensionality of a standard kinetic term, including the quadratic time-derivatives of the propagating bosons.

For N = 8, in order to produce a supersymmetric sigma-model with the correct dimensionality of the standard kinetic term, the above construction has to be enlarged. One possibility, which works in most of the cases (for k ≥ 2, see [8], where an alternative, more general picture is also described) consists in picking four out of the eight supercharges (Q_i, for i = 1, 2, 3, 4) and use them as in (35). Their supersymmetry is manifestly realized. The invariance under the remaining four supercharges (Q_j , for j = 5, 6, 7, 8) is recovered by constraining their action on the Lagrangian to be a time-derivative:

Q_j L = d dt P_j (36)

for some functions P_j of the component fields and their time-derivatives. As a result the prepotential F (⃗x) is no longer unconstrained. Explicit computations prove that the invariance under the global N = 8 supersymmetry is achieved if F satisfies the harmonic condition[20, 8], see also [54, 55]

□F = 0, (37)

where “□” stands for the k-dimensional Laplacian operator.

A superconformal mechanics is derived by constructing first a global supersymmetry via, for instance, the (35) Lagrangian. Next, the Lagrangian is constrained by requiring the action of K to produce a time-derivative: KL = d dt M, (38)

for some function M of the component fields and their time-derivatives.

The invariance under the global supercharges Q_I (I = 1, . . . , N ) and the conformal operator K implies the invariance under the full superconformal algebra. This is because the remaining generators in the N = 4 and N = 8 superconformal algebras are obtained by repeatedly applying the (anti)commutators among K and the Q_I ’s.

For N = 8 the extra (38) constraint has to be added to the set of (36) constraints. This general framework can be applied to derive a superconformal mechanics for individual N -extended supermultiplets or for a system of N -extended supermultiplets in interaction (the prepotential F in this case is a function of all propagating bosons, belonging to the different supermultiplets). We show explicitly how it works in some selected examples.

Let us take for simplicity an N = 4 (1, 4, 3) global supermultiplet (its unique propagating boson is x) and apply (35) to the prepotentials F = x^β (with β an arbitrary constant) and F = x ln x, respectively. The scaling dimension λ of the propagating boson x (the overall conformal weight of the supermultiplet) is determined by requiring that the constraint (38) should be satisfied. A straightforward computation proves that (38) is satisfied provided that λ = −^1_β for the first Lagrangian and λ = −1 for the second Lagrangian (in this second case the superconformal invariance is recovered even in the presence of the inhomogeneous transformations depending on c, see subsection 5.6).

Up to a total derivative the Lagrangian obtained from (35) with F = x^β is given by L = −β(β − 1)x^{β−2} ( ẋẋ − ψψ̇ − ψ_iψ̇_i + g_ig_i ) − β(β − 1)(β − 2)x^{β−3} ( ψψ_ig_i + 1 2 ϵ_{ijk}g_kψ_j ψ_i ) + 1 6 β(β − 1)(β − 2)(β − 3)x^{β−4}ϵ_{ijk}ψψ_kψ_j ψ_i. (39) Up to a total derivative the Lagrangian obtained from (35) with F = x ln x and inhomogeneous (1, 4, 3) supersymmetry transformations (without loss of generality the inhomogeneous parameter c ≡ c_3 is taken along the third axis) is L = − 1 x ( ẋẋ − ψψ̇ − ψ_iψ̇_i + g_ig_i + g_3c ) − 1 x^2 ( −ψψ_ig_i − ψψ_3c + 1 2 ϵ_{ijk}g_kψ_jψ_i ) + 1 3x^3 ϵ_{ijk}ψψ_kψ_j ψ_i. (40) Due to the relation λ = −^1_β and formula (17) the Lagrangian (39) defines a superconformal mechanics invariant under the D(2, 1; α) superconformal algebra for α = −^1_β .

For any value of the constant parameter c, the Lagrangian (40) defines a superconformal mechanics invariant under the A(1, 1) superalgebra.

The resulting actions are scale-invariant and contain no dimensional parameter. In the first case we have, e.g., S = ∫ dtQ_4Q_3Q_2Q_1(x^β ), with [S] = −1 + 4 ×^1_2 −^1_β × β = 0.

The inhomogeneous parameter c is essential [36, 37, 15] in order to introduce Calogero-type terms in the superconformal action. The purely bosonic limit of (40), after solving the algebraic equations of motion of the auxiliary fields, gives L ∼^1_x (−ẋ^2 +^{c2}_4 ). In terms of the new variable y = √ x we can write L = 4ẏ^2 +^{c2}_{4y2} . This property extends to multiparticle superconformal mechanics (see [50, 52]).

7.1 An N = 4 case: n_± inhomogeneous (1, 4, 3) chiral supermultiplets

We illustrate here as an example the computation of the superconformal invariance for several interacting supermultiplets. Let us take n inhomogeneous N = 4 (1, 4, 3) supermultiplets defined by the component fields (at a given I = 1, . . . , n) (x^I ; ψ^I , ψ^I_i ; g^I_i ), with i = 1, 2, 3. Let us further assume (see the discussion in Section 3) that n_+ supermultiplets are of positive chirality (I = 1, . . . , n_+) and n_− = n − n_+ supermultiplets are of negative chirality (I = n_+ + 1, . . . , n).

In terms of the global N = 4 supersymmetry the transformations of the component fields are therefore given by

Q_4x^I = ψ^I , Q_ix^I = ψ^I_i , Q_4ψ^I = ẋ^I , Q_iψ^I = −g^I_i , Q_4ψ^I_j = g^I_j , Q_iψ^I_j = δ_{ij}ẋ^I_j + s_I ϵ_{ijk}(g^I_k + c^I_k), Q_4g^I_j = ψ̇^I_j , Q_ig^I_j = −δ_{ij}ψ̇^I − s_I ϵ_{ijk}ψ̇^I_k.

(41)

The signs s_I = ±1 define the chirality of the corresponding supermultiplet. The inhomogeneous parameters c^I_k are arbitrary.

Up to a total derivative, the Lagrangian L = Q_4Q_3Q_2Q_1(F ) derived from (35) can be expressed as L = ∑ IJ s_I F_{IJ} ( −ẋ^Iẋ^J + ψ^J ψ̇^I + ψ^J_i ψ̇^I_i − g^J_i (g^I_i + c^I_i ) ) + ∑ IJK F_{IJK} ( −s_I ψ^K ψ^J_i (g^I_i + c^I_i ) + 1 2 ϵ_{ijk}g^K_k ψ^J_j ψ^I_i ) ) + ∑ IJKL F_{IJKL} ( 1 6 ϵ_{ijk}ψ^Lψ^K_k ψ^J_j ψ^I_i ) (42)

(here F_I ≡^∂_{∂xI} F and similarly for the higher order derivatives). The summation over i, j, k is understood.

By inserting in (42) the prepotential F = ∑ MN A_{MN} x_M ln x_N , (43)

where A_{MN} is an arbitrary constant matrix, we obtain that the system of n_± interacting supermultiplets is superconformally invariant under the A(1, 1) superalgebra (each supermultiplet has conformal weight λ = −1). The constraint (38) induced by K gets translated into the set of constraints, for r = 2, 3, 4, x^M F_{MI1...Ir} = γ^{(r)}F_{I1...Ir} , γ^{(r)} = 1 − r, (44) which are obviously satisfied if F is given by (43).

8 Conclusions and perspectives

In this work we extended the minimal (homogeneous and inhomogeneous) linear supermultiplets of the one-dimensional N -extended global supersymmetry algebra (1) to D-module representations of superconformal algebras. In the superconformal case the D-module representations are determined by the scaling dimension (conformal weight) λ of the associated supermultiplet.

For the N = 2 and N = 4 extensions the analysis here presented is exhaustive. We proved in particular that the N = 4 supermultiplets (k, 4, 4 − k) with k = 1, 3, 4 induce, for λ ≠ 0, D-module representations of the D(2, 1; α) superconformal algebra. Different relations between α and λ are found for each value of k, see formulas (17), (21) and (15). This result, combined with the mathematical property that different values of α related by an S_3 transformation define the same superalgebra D(2, 1; α) (formula (3)), puts non-trivial restriction on superconformal model building. Several supermultiplets can be accommodated into a D(2, 1; α) superconformal invariant model only if each supermultiplet separately carries a representation of that superalgebra.

We also determined under which condition the global inhomogeneous supermultiplets induce a D-module representation for an associated superconformal algebra. We mentioned that a inhomogeneous parameter gives rise, in superconformally invariant actions, to the presence of Calogero-type terms.

For N = 8 we proved that the (8, 8) “root” supermultiplet of the global supersymmetry induces a D-module representation for the D(4, 1) superalgebra at the specific value λ =^1_4 of the scaling dimension. For λ ≠^1_4 a consistent superalgebra is recovered. It is, however, not an N = 8 superconformal algebra and possesses a large set of extra generators.

The construction here discussed uses only two inputs, the list of global supermultiplets and the assumption that two extra diagonal generators D, K have to be added. Together with H, the Hamiltonian, they close an sl(2) conformal subalgebra. D, K are uniquely defined in terms of the scaling dimension λ.

The construction can be straighforwardly extended to more complicated cases. The next relevant question to be answered is the determination of the N = 8 superconformal algebras that can be recovered from the homogeneous N = 8 global supermultiplets (k, 8, 8 − k) at a given scaling dimension λ, for k = 1, 2, . . . , 7 (or from the inhomogeneous supermultiplets, with k = 1, 2, 3). This question will be answered with the help of a computer algebra package and presented in a forthcoming work.

The information contained in a D-module representation allows to construct superconformal mechanics in a Lagrangian setting. A general framework has been discussed in Section 7. The global supercharges acting (as graded Leibniz derivatives) on an arbitrary prepotential function F (⃗x) of the propagating bosons allow to define a globally N = 4 supersymmetric action. A constraint (38) on the prepotential F produced by the conformal generator K is sufficient to determine the full N = 4 superconformal invariance. As a specific example we presented the A(1, 1) superconformal invariant action of a system of interacting N = 4 (1, 4, 3) inhomogeneous supermultiplets of different chirality (the (42) Lagrangian with the (43) prepotential).

The generalization of this procedure to the construction of N = 4 superconformal mechanics for other sets of interacting supermultiplets (with the restriction mentioned before on the allowed types of supermultiplets) is immediate.

The extension to the N = 8 superconformal mechanics requires a prepotential F satisfying the harmonic constraint, equation (37), besides the (38) constraint produced by the conformal generator K.

The determination of all D-module representations induced by global supermultiplets for N = 4 superconformal and (in the forthcoming paper) N = 8 superconformal algebras is the starting point for a systematic investigation of superconformal mechanics in a Lagrangian setting.

This approach differs substantially from other investigations on superconformal mechanics based on superfields and/or a Poisson brackets structure.

The present method can be applied to solve open problems. Let us just mention one example among several possible choices. There exists a unique scale-invariant and globally N = 8 supersymmetric action defined for the (2, 8, 6) inhomogeneous supermultiplet [15]. The scheme here discussed can be applied to determine whether this unique action is also superconformally invariant (under one of the N = 8 superconformal algebras).

There is no obstacle in extending this construction to the case of global N = 9 supercharges and searching for possible D-module representations of N = 9 superconformal algebras. For N = 9 two candidate superconformal algebras are B(1, 3) and B(4, 1) [18]. This case is particularly important because it corresponds to the dimensional reduction of the N = 4 SuperYang-Mills theory, resulting in a (9, 16, 7) supermultiplet with 9 global supersymmetries realized off-shell [4].

We should finally mention that the present results are propaedeutic to the construction of twisted superconformal symmetries. In [53] a twisted N = 2 superconformal algebra with BRST-type odd generators was derived from the ordinary (untwist) N = 2 superconformal algebra based on its (1, 2, 1) D-module representation. The important program of twisting superconformal symmetries requires the preliminary construction of D-module representations for N = 4 superconformal algebras (whose complete list is here given), N = 8 superconformal algebras and so on.

Acknowledgments We acknowledge useful discussions with O. Lechtenfeld. This work was supported by CNPq.

References

[1] E. Witten, Nucl. Phys. B 188 (1981) 513.

[2] A. Pashnev and F. Toppan, J. Math. Phys. 42 (2001) 5257; arXiv:hep-th/0010135. [3] Z. Kuznetsova, M. Rojas, F. Toppan, JHEP 0603 (2006) 098; arXiv:hep-th/0511274. [4] F. Toppan, PoSIC2006:033 (2006); [arXiv:hep-th/0610180].

[5] F. Toppan, in “Quantum, Super and Twistors”, 22nd Max Born Symposium (2008), Wrocław, 143; arXiv:hep-th/0612276.

[6] Z. Kuznetsova and F. Toppan, Mod. Phys. Lett. A 23 (2008) 37; arXiv:hep-th/0701225. [7] Z. Kuznetsova and F. Toppan, Int. J. Mod. Phys. A 23 (2008) 3947; arXiv:0712.3176[hepth].

[8] M. Gonzales, S. Khodaee and F. Toppan, J. Math. Phys. 52:013514 (2011);

arXiv:1006.4678[hep-th].

[9] M. Faux and S. J. Gates Jr., Phys. Rev. D 71 (2005) 065002; arXiv:hep-th/0408004. [10] C.F. Doran, M. G. Faux, S. J. Gates Jr., T. Hubsch, K. M. Iga and G. D. Landweber, arXiv:math-ph/0603012.

[11] C.F. Doran, M. G. Faux, S. J. Gates Jr., T. Hubsch, K. M. Iga and G. D. Landweber, arXiv:hep-th/0611060.

[12] C.F. Doran, M. G. Faux, S. J. Gates Jr., T. Hubsch, K. M. Iga, G. D. Landweber and R.

L. Miller, arXiv:08060050.

[13] C.F. Doran, M. G. Faux, S. J. Gates Jr., T. Hubsch, K. M. Iga and G. D. Landweber, arXiv:08060051.

[14] V. de Alfaro, S. Fubini, G. Furlan, Nuovo Cim. A 34 (1976) 569. [15] O. Lechtenfeld and F. Toppan, arXiv:1105.4067[hep-th].

[16] V. G. Kac, Comm. Math. Phys. 53 (1977) 31.

[17] W. Nahm, V. Rittenberg and M. Scheunert, J. Math. Phys. 17 (1976) 1626 and J. Math.

Phys. 17 (1976) 1640.

[18] L. Frappat, A. Sciarrino and P. Sorba, Dictionary on Lie algebras and superalgebras, Academic Press, London (2000). Also available in arXiv:hep-th/9607161.

[19] A. Van Proeyen, Tools for supersymmetry. Lectures in the spring school in Calimanesti, Romania, April 1998; arXiv:hep-th/9910030.

[20] M. Gonzales, M. Rojas and F. Toppan, Int. J. Mod. Phys. A 24 (2009), 4317;

arXiv:0812.3042[hep-th].

[21] S. Fubini and E. Rabinovici, Nucl. Phys. B 245 (1984) 17.

[22] V. P. Akulov and A. I. Pashnev, Theor. Math. Phys. 56 (1983) 862 (Teor. Mat. Fiz. 56 (1983) 344).

[23] E. Ivanov, S. Krivonos, V. Leviant, J. Phys. A: Math. Gen. 22 (1989) 4201. [24] D. Z. Freedman and P. Mende, Nucl. Phys. B 344 (1990) 317.

[25] P. Claus, M. Derix, R. Kallosh, J. Kumar, P. Townsend, A. van Proeyen, Phys. Rev. Lett.

81 (1998) 4553; arXiv:hep-th/9804177.

[26] J. A. de Azcarraga, J. M. Izquierdo, J. C. Perez Bueno, P. K. Townsend, Phys. Rev. D 59 (1999) 084015; arXiv:hep-th/9810230.

[27] N. Wyllard, J. Math. Phys. 41 (2000) 2826; arXiv:hep-th/9910160. [28] R. Britto-Pacumio, J. Michelson, A. Strominger, A. Volovich, Lectures on superconformal quantum mechanics and multi-black hole moduli spaces, in Progress in String Theory and M-Theory, NATO Science Series Vol. 564 (2001) 235; arXiv:hep-th/9911066.

[29] G. Papadopoulos, Class. Quant. Grav. 17 (2000) 3715; arXiv:hep-th/0002007. [30] F. Toppan, On Chiral and Nonchiral 1D Supermultiplets. Talk given at Regconf. 13, Antalya, Oct. 2010; arXiv:1105.2016[hep-th].

[31] S. J. Gates Jr. and T. Hubsch, arXiv:1104.0722[hep-th]. [32] A. Galajinsky, Mod. Phys. Lett. A 18 (2003) 1493; arXiv:hep-th/0302156. [33] S. Bellucci, A. V. Galajinsky and E. Latini, Phys. Rev. D 71 (2005) 044023;

arXiv:hep-th/0411232.

[34] A. Galajinsky, O. Lechtenfeld and K. Polovnikov, JHEP 0711:008 (2007);

arXiv.org:0708.1075[hep-th].

[35] S. Bellucci, S. Krivonos and A. Sutulin, Nucl. Phys. B 805 (2008) 24; arXiv:0805.3480[hepth].

[36] E. Ivanov, S. Krivonos and A. Pashnev, Class. Quant. Grav. 8 (1991) 19.

[37] E. E. Donets, A. Pashnev, J. Juan Rosales and M. M. Tsulaia, Phys. Rev. D 61 (2000) 043512; arXiv:hep-th/9907224.

[38] S. Bellucci, S. Krivonos, A. Shcherbakov and A. Sutulin, Phys. Rev. D 78:125001 (2008);

arXiv:0807.1785[hep-th].

[39] A. Galajinsky, Phys. Lett. B 680 (2009) 510; arXiv:0906:5509[hep-th]. [40] E.E. Donets, A. Pashnev, V. O. Rivelles, D. Sorokin and M. Tsulaia, Phys. Lett. 484 (2000) 337; arXiv: hep-th/0004019.

[41] S. Bellucci, S. Krivonos and E. Orazi, Phys. Lett. B 597 (2004) 208; arXiv:hep-th/0407015. [42] E. Ivanov, S. Krivonos and O. Lechtenfeld, JHEP 0303:014 (2003);arXiv:hep-th/0212303. [43] E. Ivanov, S. Krivonos and O. Lechtenfeld, Class. Quant. Grav. 21 (2004) 1031;

arXiv:hep-th/0310299.

[44] E. Ivanov and J. Niederle, Phys. Rev. D 80:065027 (2009); arXiv:0905.3770[hep-th]. [45] S. Fedoruk, E. Ivanov and O. Lechtenfeld, JHEP 0908:081 (2009); arXiv:0905.4951[hep-th]. [46] S. Fedoruk, E. Ivanov and O. Lechtenfeld, JHEP 1004:129 (2010); arXiv:0912.3508[hep-th]. [47] S. Krivonos and O. Lechtenfeld, JHEP 1102:042 (2011); arXiv:1012.4639. [48] S. Bellucci, E. Ivanov, S. Krivonos and O. Lechtenfeld, Nucl. Phys. B 684 (2004) 321;

arXiv.org:hep-th/0312322.

[49] F. Delduc and E. Ivanov, Phys. Lett. B 654 (2007) 200; arXiv:0706.2472[hep-th]. [50] S. Bellucci, A. Galajinsky and S. Krivonos, Phys. Rev. D 68 (2003) 064010;

arXiv:hep-th/0304087.

[51] V. P. Akulov, O. Cebecioglu and A. Pashnev, Phys. Lett. B 562 (2003) 132;

arXiv:hep-th/0301251.

[52] A. Galajinsky and O. Lechtenfeld, Phys. Rev. D 80:065012 (2009); arXiv:0907.2242[hep-th]. [53] L. Baulieu and F. Toppan, Nucl. Phys. B 855 (2012) 742 (online since 21 October 2011);

arXiv:1108.4370[hep-th].

[54] S. Bellucci, E. Ivanov, S. Krivonos and O. Lechtenfeld, Nucl. Phys. B 699 (2004) 226;

arXiv:hep-th/0406015.

[55] E. Ivanov, O. Lechtenfeld and A. Sutulin, Nucl. Phys. B 790 [PM] (2008) 493;

arXiv:0705.3064[hep-th].