arXiv:1112.1323v1 [hep-th] 3 Dec 2011

The phase and critical point of quantum Einstein-Cartan gravity

She-Sheng Xue^∗ ICRANeT Piazzale della Repubblica, 10-65122, Pescara, Italy Department of Physics, University of Rome “Sapienza”, Piazzale A. Moro 5, 00185, Rome, Italy

By introducing diffeomorphism and local Lorentz gauge invariant holonomy fields, we study in the recent article [Phys. Rev. D82 (2010) 064039] the quantum Einstein-Cartan gravity in the framework of Regge calculus. On the basis of strong coupling expansion, mean-field approximation and dynamical equations satisfied by holonomy fields, we present in this article calculations and discussions to show the phase structure of the quantum Einstein-Cartan gravity, (i) the order phase: long-range condensations of holonomy fields in strong gauge couplings; (ii) the disorder phase: short-range fluctuations of holonomy fields in weak gauge couplings. According to the competition of the activation energy of holonomy fields and their entropy, we give a simple estimate of the possible ultra-violet critical point and correlation length for the second-order phase transition from the order phase to disorder one. At this critical point, we discuss whether the continuum field theory of quantum Einstein-Cartan gravity can be possibly approached when the macroscopic correlation length of holonomy field condensations is much larger than the Planck length.

PACS numbers: 04.60.Nc,11.10.-z,11.15.Ha,05.30.-d

I. INTRODUCTION.

Since the Regge calculus [1, 2] was proposed for the discretization of gravity theory in 1961, many progresses have been made in the approach of Quantum Regge calculus [3–5] and its variant dynamical triangulations [6]. In particular, the renormalization-group treatment is applied to discuss any possible scale dependence of gravity [3, 7]. Inspired by the success of lattice regularization of non-Abelian gauge theories, the gauge-theoretic formulation [8] of quantum gravity using connection variables on a flat hypercubic lattice of the space-time was studied in the Lagrangian formalism. The canonical quantization approaches to the Regge calculus in Hamiltonian formulation are studied in Ref. [9]. All these studies are very important steps to understand the Einstein general relativity for gravitational fields in the framework of quantum field theory. In our

∗Electronic address: xue@icra.it

recent articles [10, 11], by introducing diffeomorphism and local Lorentz invariant (i.e., local gaugeinvariant) holonomy fields, we present a diffeomorphism and local Lorentz invariant regularization and quantization of Euclidean Einstein-Cartan (EC) gravity in the framework of quantum Regge calculus.

Based on this theoretical formulation of quantum Einstein-Cartan gravity, in this article we present a preliminary study of the possible phase structure and ultra-violet critical point for the second-order phase transition of the theory. On the basis of strong coupling expansion, mean-field approximation and dynamical equations satisfied by holonomy fields [10, 11], some calculations and discussions are presented to show the phase structure of the quantum Einstein-Cartan gravity, (i) the order phase: long-range condensations of holonomy fields in strong gauge couplings; (ii) the disorder phase: short-range fluctuations of holonomy fields in weak gauge couplings. Moreover, according to the competition of the activation energy of holonomy fields and their entropy, we give a simple estimate of the possible ultra-violet critical point and correlation length for the secondorder phase transition. At this critical point, the minimal area (volume) element is shown to be the Planck one, in addition we discuss whether the sensible continuum field theory of quantum Einstein-Cartan gravity can be possibly approached when the macroscopic correlation length of holonomy field condensations is much larger than the Planck length. The possible relation of this macroscopic correlation length to the cosmological constant scale is also discussed.

This article is organized as follows: in Secs. II, III, and IV, we give a brief review of the quantum Einstein-Cartan gravity, dynamical equation for holonomy fields and the mean-field approach presented in Refs. [10, 11]. In Sec. V, by using strong coupling expansion, we study the dynamical equation for the smallest holonomy field. In Sec. VI, we discuss the order parameter and the two-phase structure of quantum Einstein-Cartan gravity by calculating the free energy in strong couplings region. In Sec. VII, a simple estimate of the possible ultra-violet critical point and correlation length for the second-order phase transition is given. In the last section VIII, we make remarks on these preliminary studies, and some detailed calculations are arranged in Appendices A, B, and C.

II. SIMPLICIAL MANIFOLD

The four-dimensional Euclidean manifold R^4 is discretized as an ensemble of N_0 space-time points (vertexes) “x ∈ R^4” and N_1 links (edges) “l_μ(x)” connecting two neighboring vertexes. This ensemble forms a simplicial manifold M embedded into the R^4. The way to construct a simplicial manifold depends also on the assumed topology of the manifold, which gives geometric constrains on the numbers of subsimplices (N_0, N_1, · · ·, see Ref. [6]). Different configurations of the simplicial complex correspond to variations of relative vertex-positions {x}, edges “{l_μ(x)}” and “deficit angles” associating to 2-simplexes h(x). These configurations will be described by the configurations of dynamical tetrad fields e_μ(x) and spin-connection fields ω_μ(x) assigned to 1-simplexes (edges) of the simplicial manifold.

The edge (1-simplex) denoted by (x, μ), connecting two neighboring vertexes labeled by x and x + a_μ, can be represented as a four-vector field l_μ(x), defined at the vertex “x” by its forward direction μ pointing from x to x + a_μ and its length a_μ(x) ≡ |l_μ(x)| ≠ 0, (1) which is the distance between two vertexes x and x + a_μ. The fundamental tetrad field e_μ(x) is assigned to each edge (1-simplex) of the simplicial complex to describe the edge location “x,” direction “μ” and length a_μ(x). We use the tetrad field e_μ(x), defined at the vertex x, to characterize the edge (1-simplex) l_μ(x) l_μ(x) ≡ ãe_μ(x), (2) and its length |l_μ(x)| ≡ ã 2 { |tr[e_μ(x) · e_μ(x)]| }_{1/2} , (3)

where ã is a characteristic length of the simplicial manifold M(ã). On the edge (x, μ) connecting two vertexes x and x + a_μ in the forward direction μ, we place an SO(4) group-valued spin-connection fields, U_μ(x) = e^{igãωμ(x)}, (4) analogously to the definition of link fields in lattice gauge theories.

The fundamental area operator of the anti-clocklike 2-simplex (triangle) h(x) is defined as

S^h_{μν} (x) ≡ ã^2 e_μ(x) ∧ e^†_ν (x) (5)

and its area

S_h(x) ≡ |S^h_{μν} (x)|, S^2_h(x) ≡ 1 8 tr [ S^h_{μν} (x) · S^{h†}_{μν} (x) ] . (6)

The fundamental volume element around the vertex “x” is defined as dV (x) = ∑ h(x) dV_h(x), dV_h(x) ≡ S^2_h(x) (7)

where ∑ h(x) indicates the sum over all 2-simplexes h(x) that share the same vertex x. Both

fundamental area element (6) and volume element (7) are invariant under diffeomorphism and local gauge transformations.

The characteristic length ã is a running length scale, ã_1 → ã_2 · · · a_{N−1} → ã_N and ã_1 > ã_2 · · · a_{N−1} > ã_N , correspondingly simplicial manifold M(ã_1) → M(ã_2) · · · M(ã_{N−1}) → M(ã_N ). In the sense of Wilson renormalization group invariance, we will try to find a physical scaling region where the macroscopic correlation length ξ of the simplicial manifold is much larger than characteristic length ã that is approaching the Planck length a_{pl} ≡ (8πG)^{1/2}.

III. INVARIANT HOLONOMY FIELDS

The basic gravitational variables in the Einstein-Cartan theory constitute a pair of tetrad and spin-connection fields [e^a_μ (x), ω^{ab}_μ (x)], whose Dirac-matrix values

e_μ(x) = e^a_μ (x)γ_a and ω_μ(x) = ω^{ab}_μ (x)σ_{ab}. (8)

In Ref. [10, 11], we introduce the following vertex fields v_{μν} (x):

v_{μν} (x) ≡ γ_5e_{μν} (x), (9) e_{μν} (x) ≡ 1 2 σ_{ab} [ e^a_μ(x)e^b_ν (x) − e^a_ν (x)e^b_μ(x) ]

= i 2 [e_μ(x)e_ν (x) − e_ν (x)e_μ(x)] , (10)

and consider the following diffeomorphism and local gauge-invariant holonomy fields along a loop C on the Euclidean manifold R^4

X_C (v, ω) = P_C tr exp { ig ∮ C v_{μν} (x)ω^μ(x)dx^ν } , (11)

where P_C is the path-ordering and “tr” denotes the trace over spinor space. Suppose that an orientating loop C passes space-time points (vertexes) x_1, x_2, x_3, · · ·, x_N = x_1 and edges connecting between neighboring points in the simplicial complex M(ã). Using the group-valued gauge fields U_μ(x) = exp igãω^μ(x) and the running gauge coupling g = g(ã), we regularize the holonomy fields (11) on the simplicial mannifold M(ã),

X_C (v, U) = P_C tr [ v_{μμ}′ (x_1)U_μ′ (x_1)v_μ′_ν (x_2)U_ν (x_2)

· · · v_{ρρ}′ (x_i)U_ρ′ (x_i)v_ρ′_σ(x_{i+1}) · · · v_{λμ}(x_{N−1})U^†_μ(x_{N−1}) ] , (12)

which preserve diffeomorphism and local gauge invariances. Henceforth, either Eqs. (11) or Eq. (12) will be called X-loop for short.

From Eq. (12), we have the smallest holonomy field along the closed triangle path of the anticlocklike 2-simplex h(x),

X_h(v, U) = tr [v_{νμ}(x)U_μ(x)v_{μρ}(x + a_μ)U_ρ(x + a_μ)v_{ρν} (x + a_ν )U_ν (x + a_ν )] , (13)

and X^†_h(v, U) is for the clocklike orientation (see Fig. 1). The diffeomorphism and local gaugeinvariant regularized Einstein-Cartan action is given by [10, 11]: ,

A_{EC} = A_P + A_H , (14)

where A_P (e, U) = 1 8g^2 ∑ h∈M [ X_h(v, U)|_{vμν (x)=eμν (x)γ5} + h.c. ] , (15)

A_H (e, U_μ) = 1 8g^2γ ∑ h∈M [ X_h(v, U)|_{vμν (x)=eμν (x)} + h.c. ] , (16)

and the Immirzi parameter γ ≠ 0 [12], which is crucial for loop quantum gravity [13], can in principle depend on the characteristic length ã. In the naive continuum limit ã → a_{pl} and ãgω_μ ≪ 1: Eqs. (15) and (16) approach Palatini action S_P (e, ω) and Host modification S_H (e, ω) (see Section III(F) and Appendix B in Ref. [11]), when the running gauge coupling g(ã) satisfies

G_{eff} = 3 4 g(ã) ã^2 8π ⇒ G = a^2_{pl} 8π . (17)

The partition function and the vacuum expectation value are defined as, Z_{EC} = ∫ DeDU exp −A_{EC} , ⟨· · ·⟩ = ∫ DeDU(· · ·) exp −A_{EC} . (18) It should be mentioned that if O is not a diffeomorphism and local Lorentz gauge invariant operator, its vacuum expectation values must vanish ⟨O⟩ ≡ 0, because diffeomorphism and local gauge symmetries are exactly preserved without any either explicit or spontaneous breaking. In Ref. [11], based on the local gauge invariance of the holonomy field ⟨X_h⟩, we obtain the dynamical equations, ⟨X_h⟩ = ⟨X_h ( U_μ δA_{EC} δU_μ ) ⟩ − ⟨X_h ( U^†_μ δA_{EC} δU^†_μ ) ⟩. (19)

This equation has the same form as the Dyson-Schwinger equation for the Wilson loops in lattice gauge theories. In Fig. 2, we show the graphic representations of the dynamical Eq. (19).

FIG. 1: The smallest holonomy field along a closed triangle path of the 2-simplex h(x): the anti-clocklike orientation X_h(v, U) [left]; the clocklike orientation X^†_h(v, U) [right]. We indicate h an anti-clocklike 2- simplex and h^† a clocklike 2-simplex, so that X^†_h(v, U) ≡ X_h† (v, U). This figure is reproduced from Fig. 2 in Ref. [11].

FIG. 2: We sketch a graphic representation of the dynamical equation (19) for the smallest holonomy field X_h(v, U) (13). The diagram in the left-hand side of the graphic equation indicates the first term in Eq. (19). Note that A and A^′ are the same vertex, so are B and B^′. We indicate the edge l_μ, where the local gauge transformation is made. In the right-hand side of the graphic equation, the summation over all 2-simplexes h(l) associated to this edge l_μ is made. This figure is reproduced from Fig. 3 in Ref. [11].

IV. MEAN-FIELD APPROXIMATION

In order to show the phase structure and transition of regularized Einstein-Cartan theory, one needs to calculate ⟨X_h⟩ as a function of the gauge coupling g and Immirzi parameter γ. The diffeomorphism and local Lorentz gauge invariant ⟨X_h⟩ acts as an order parameter. However, an analytical calculation of ⟨X_h⟩ is rather difficult for its non-perturbative nature. We adopt the mean-field approximation, though it is not diffeomorphism and local Lorentz gauge invariant, and try to gain some insights into the phase structure and transition of regularized Einstein-Cartan theory.

In the scenario of mean-field approximation, (see Sec. VI of Ref. [11]), we replace the vertex fields v_{μρ}(x + a_μ) and v_{ρν} (x + a_ν ) in Eq. (13) by assuming a nonvanishing mean-field value M_h > 0,

(M^2_h )δ^{αβ} ≡ [ ⟨v_{μρ}v_{ρν} ⟩ ]_{αβ} , (20)

where α, β are Dirac spinor indexes. The mean-field value M_h is independent of any specific vertex, edge and 2-simplex of the simplicial manifold. However, the mean-field value M_h depends on the running gauge coupling g(ã). The mean-field values for the 2-simplex area and the volume element are given by

⟨S_h(x)⟩ = ã^2M_h, ⟨dV (x)⟩ = ã^4N_hM^2_h , (21)

where N_h is the mean value of the number of 2-simplexes h(x) that share the same vertex.

The smallest holonomy field X_h(v, U) is approximated by its mean-field counterpart

X̄_h(v, U) = tr [v_{νμ}(x)U_μ(x)U_ρ(x + a_μ)U_ν (x + a_ν )] M^2_h (22) X̄^†_h(v, U) = tr [v_{μν} (x)U_ν (x)U_ρ(x + a_ν )U_μ(x + a_μ)] M^2_h , (23)

and we define the local mean-field action Ā_h for the 2-simplex h(x)

Ā_h = 1 8g^2 [ X̄_h(v, U) + X̄^†_h(v, U) ] v_{μν} =γ_5e_{μν} + 1 8g^2γ [ X̄_h(v, U) + X̄^†_h(v, U) ] v_{μν} =e_{μν} = tr [ e_ν (x)Γ^h_{νμ}(x)e_μ(x) − e_μ(x)Γ^h_{νμ}(x)e_ν (x) ] , (24)

where

Γ^h_{νμ}(x) = 1 8g^2 ( γ_5 − 1 γ ) H_{νμ}(x) = ( i 2 ) ( M^2_h 8g^2 ) ( γ_5 − 1 γ ) [ U_ν (x)U_ρ(x + a_ν )U^†_μ(x) ] + h.c. (25)

The detailed derivation is given in Appendix D in Ref. [11]. In this mean-field approximation, all 2-simplexes {h(x)} in the simplicial complex M have the same local action (24), namely, the single 2-simplex mean-field action Ā_h (24) and operator Γ^h_{νμ} (25) are independent of the vertex “x”. With this local mean-field action (24), we define the local mean-field partition function

Z̄_h = ∫ h DUDe exp −Ā_h, (26)

where the local mean-field measure is defined by ∫ h DUDe ≡ ∫ h dU_μdU_ν dU_ρde_μde_ν , (27) for each 2-simplex h. Thus, the regularized EC action A_{EC} (14) is approximated by its mean-field counterpart, Ā_{EC} = ∑ h∈M Ā_h, (28)

which is the sum of the mean-field actions Ā_h over all 2-simplexes h. With the mean-field approximated action (28), we define the mean-field approximated partition function Z̄_{EC} = ∏ h∈M ∫ h DUDe exp −Ā_{EC} = ∏ h∈M Z̄_h, (29)

where ∏ h∈M is the product of all 2-simplexes h of the simplicial manifold M. Note that the path integrals (29) are convergent for positive values M_h(g)/g > 0.

Using the convexity inequality [14], we define an approximate free energy (or approximate effective action)

F^{app}_{EC} (M_h, g, γ, ã) ≡ − ln Z̄_{EC} + ⟨A_{EC} − Ā_{EC} ⟩_∘. (30) We determine the mean-field value M^∗_h (g, γ, ã) of the local mean-field action (24), which minimizes the approximate free energy (30) by satisfying the condition [ δ δM_h F^{app}_{EC} (M_h, g, γ, ã) ] M_h=M^∗_h

= 0. (31)

In this scenario of mean-field approximation, using the mean-field value M^∗_h (g, γ, ã) as an order parameter, in terms of the gauge coupling g and Immirzi parameter γ, we try to characterize two-phase structure: (i) the order phase (M^∗_h ≠ 0); (ii) the disorder phase (M^∗_h = 0) that will be described in Sec. VI.

In Section (VI.B) of Ref. [11], we obtain Z̄_h = 1 + y_h, y_h ≡ γ^2 + 1 64g^4γ^2d^3_j

M^4_h , (32)

the mean-field free energy

ln Z̄_{EC} = N ln(1 + y_h), (33) and the mean-field value ⟨Ā_{EC} ⟩_∘ , ⟨Ā_{EC} ⟩_∘ = ∑ h∈M ⟨Ā_h⟩^h_∘ = N

2y_h 1 + y_h

, (34)

where N = ∑ h∈M is the total number of 2-simplexes. Putting Eqs. (33) and (34) into the approximate free energy (30), we obtain F^{app}_{EC} (M_h, g, γ, ã) = −N ln(1 + y_h) − N

2y_h 1 + y_h

+ ⟨A_{EC} ⟩_∘. (35) μ ν ρ 1 2 ν^′ μ^′

FIG. 3: This is the second graphic representation in Fig. 2. Two 2-simplexes h_1 and h_2 have a common 1-simplex (link) “l” in the direction ρ. There are (D_l − 1) possibilities.

μ ν ρ 1 2 ν^′ μ^′

FIG. 4: This is the third graphic representation in Fig. 2. Two 2-simplexes h_1 and h_2 have a common 1-simplex (link) “l” in the direction ρ. There are (D_l − 1) possibilities.

In next section, we try to approximately calculate ⟨A_{EC} ⟩_∘ by using the dynamical equation (19) for X-loops, analogously to the mean-field approach developed [15] for non-perturbative calculations of the Wilson loop in the lattice QCD.

V. STRONG COUPLING EXPANSION AND DYNAMICAL EQUATION FOR THE SMALLEST HOLONOMY FIELD

In this section, we try to solve dynamical equation for the smallest holonomy fields in the framework of strong coupling expansion and mean-field approximation. The vacuum expectation value (18) can be written as ⟨· · ·⟩ = ⟨(· · ·)e^{−(AEC −ĀEC )}⟩_∘ ⟨e^{−(AEC −ĀEC )}⟩_∘ = ⟨· · ·⟩_∘ + hight order terms, (36)

where hight-order terms stands for the series of strong coupling expansion (1/g^2) of exponential factor e^{−(AEC −ĀEC )} in both nominator and denominator. Up to the leading order, replacing ⟨· · ·⟩ by ⟨· · ·⟩_∘ in Eq. (19) and ⟨X_h⟩_∘ ≈ ⟨A_{EC} ⟩_∘/N , we approximately have, ⟨A_{EC} ⟩_∘ ≈ ⟨A_{EC} ( U_μ δA_{EC} δU_μ ) ⟩_∘ − ⟨A_{EC} ( U^†_μ δA_{EC} δU^†_μ ) ⟩_∘. (37)

As shown in Fig. 2, in the right-handed side of Eq. (37), we need to calculate the following four types of diagrams, shown in Figs. 3, 4, 5 and 6 .

μ ν ρ 1 2

FIG. 5: This is the second graphic representation in Fig. 2. Two simplexes h_1 and h_2 are completely overlap.

μ ν ρ 1 2

FIG. 6: This is the third graphic representation in Fig. 2. Two simplexes h_1 and h_2 are completely overlap.

For the diagram represented in Fig. 3, using the mean-filed approximation (22-29), we obtain

(see Appendix A)

⟨(Fig.3)⟩_∘ ≈ { ⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν′ Γ^{h†2}_ν′_μ′ e_μ′ − e_μ′ Γ^{h†2}_ν′_μ′ e_ν′ ] ⟩_∘ }

= ∑ h∈M (D_l − 1)C_r ( y_h Z̄_h

)_2 , (38)

where μ ≠ μ^′, ν ≠ ν^′, C_r ≡ [( γ2 + 1 γ^2

)_2 + 4 γ^2 ]( γ2 + 1 γ^2 )_{−2} , (39)

and D_l is the total number of 2-simplexes h associating the a fixed link l [20]. For the diagram

represented in Fig. 4, we obtain (see Appendix A)

⟨(Fig.4)⟩_∘ ≈ { ⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν′ Γ^{h2}_ν′_μ′ e_μ′ − e_μ′ Γ^{h2}_ν′_μ′ e_ν′ ] ⟩_∘ }

= − ∑ h∈M (D_l − 1)C_r ( y_h Z̄_h

)_2

. (40)

For the diagrams represented in Figs. 5 and 6, we obtain (see Appendix B)

⟨(Fig.5)⟩_∘ ≈ { ⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] ⟩_∘ }

= ∑ h∈M 3C_r ( y^2_h Z̄_h ) , (41) and ⟨(Fig.6)⟩_∘ ≈ { tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν Γ^{h†1}_{νμ}e_μ − e_μΓ^{h†1}_{νμ}e_ν ] ⟩_∘ }

= − ∑ h∈M 2 ( y_h Z̄_h ) . (42)

As a result, the ⟨A_{EC} ⟩_∘ in Eq. (35) is determined by the dynamical equation (37), ⟨A_{EC} ⟩_∘ ≈ N { 2(D_l − 1)C_r ( y_h Z̄_h

)_2

+ 3C_r ( y^2_h Z̄_h ) + 2 ( y_h Z̄_h )} . (43)

VI. FREE ENERGY AND TWO-PHASE STRUCTURE

From Eqs. (35) and (43) , we obtain the free energy 1 N F^{app}_{EC} (M_h, g, γ, ã) = − ln(1 + y_h) + 2(D_l − 1)C_r ( y_h Z̄_h

)_2 + 3C_r ( y^2_h Z̄_h ) . (44)

In Fig. 7, we plot this free energy as a function of y_h and find the minimal and negative free energy locating at y^{min}_h ≈ 0.04, which gives a relation between the mean-field value M^∗_h and strong gauge coupling g

M^∗_h ≈ y^{min}_h ( 2γ^2d^3_j γ^2 + 1 )_{1/2} (2g) ≈ 0.91g, (45)

for the Immirzi parameter γ ≫ 1 and fundamental representation d_j = 4. The result (45) shows a nonvanishing mean-field value M^∗_h for a finite value of the gauge coupling g, and M^∗_h decreasing as the gauge coupling g decreasing. Using Eq. (43), we find the vacuum expectation value ⟨A_{EC} ⟩/N ≈ ⟨A_{EC} ⟩_∘/N ≈ 0.1, (46) and ⟨X_h⟩ ≃ 0.4g^2. The mean-field values for the 2-simplex area and the volume element (21) are

⟨S_h(x)⟩ = ã^2M^∗_h ≈ 0.91 g ã^2, ⟨dV (x)⟩ = ã^4N_h(M^∗_h )^2 ≈ 0.83 g^2ã^4N_h. (47)

These nonvanishing values (45) and (46) characterize an order phase in strong gauge couplings, as will be discussed below.

The regularized Einstein-Cartan action A_{EC} is actually the ratio of the activation energy per area (the smallest X-loop X_h) and squared gauge coupling g^2 (“temperature”). In the order phase (⟨X_h⟩ ≠ 0 or M^∗_h ≠ 0) for large coupling g ≫ 1, the X-loops (11) or (12) are not suppressed because smallest X-loops X_h undergo condensation by jointing together side by side to form surfaces whose boundaries appears as large X-loops. Namely, these X-loops proliferate and become macroscopic in the length ξ that is the coherence correlation length of the system, leading to the area law

⟨X_C ⟩ ∼ (⟨X_h⟩)^n ∼ exp[−A_{min}(C)/⟨S_h(x)⟩], (48) y_h

F^{app}_{EC} /N

FIG. 7: In the strong coupling region (g ≫ 1), the approximate free energy (44) as a function of y_h defined in Eq. (20) is plotted (ã = 1). We approximately adopt D_l ≈ 6 in Eq. (43) for a four-dimensional simplicial manifold, and select the Immirzi parameter γ ≫ 1 so that C_r ≈ 1. The minimal value of the approximate free energy F^{app}_{EC} locates at y^{min}_h ≈ 0.04. These results are not sensitive to D_l values that slightly vary.

M_h weak coupling (g ≪ 1) g_3 = 1.6

g_2 = 1.5

g_1 = 1.4

F^{app}_{EC} /N

FIG. 8: In the strong coupling region (g > 1), the approximate free energy (44) as a function of M_h (20) is plotted (ã = 1). It shows that the location of minimal free-energy M^∗_h (g) becomes small, as the gauge coupling decreases, i.e., M^∗_h (g_1) < M^∗_h (g_2) < M^∗_h (g_3) for g_1 < g_2 < g_3. In the weak gauge coupling region (g ≪ 1), a speculated free energy with its minimum at M^∗_h = 0 is sketched.

where n = A_{min}(C)/⟨S_h(x)⟩ is the minimal number of 2-simplexes filling the minimal area A_{min}(C) that can be spanned by the loop C and ⟨S_h(x)⟩ ≈ ã^2M^∗_h is the averaged area of 2-simplexes.

The result (45) is obtained by solving the dynamical equation (37) in the framework of meanfield approximation and strong couping expansion for g ≫ 1. Therefore, this result (45) does not apply to the weak gauge coupling region g ≪ 1, so that we cannot conclude M^∗_h → 0 as g → 0. We have not so far been able to do any analytical calculation in the weak gauge coupling region of the regularized Einstein-Cartan action (15,16). Nevertheless, we can gain some insight into the possible phase in the weak coupling region by looking at the limit of gauge weak coupling g → 0 of the regularized Einstein-Cartan action. In the limit of weak gauge coupling g → 0, as we can see from A_P (15) and A_H (16), the configurations of tetrad fields {e_μ(x)} and gauge fields {U_μ(x)} have to be frozen to the configurations of small fluctuating fields for small X_h, otherwise the partition function (18) would vanish. Namely, tetrad fields {e_μ(x)} and gauge fields {U_μ(x)} undergo fluctuations at small scale ã with large entropy. The smallest X-loops X_h are suppressed by their activation energy, and become then irrelevant for the large scale behavior of the system. Therefore, in the weak coupling region g ≪ 1, we conjecture the existence of the disorder phase with ⟨X_h⟩ = 0. In the framework of mean-field approximation, this means that the minimum of the free energy locates at M^∗_h = 0, as sketched in Fig. 7.

These two distinct phases in the strong and weak coupling regions are characterized by the order parameter ⟨X_h⟩ or the mean-field value M^∗_h in the framework of mean-field approximation. Taking into account the Immirzi parameter γ ≥ 1 in the action A_H (16), we find from Eq. (25) that the increasing value of Immirzi parameter γ effectively leads the decreasing of gauge coupling g. Therefore we conjecture that the phase diagram should be the one sketched in Fig. 9.

VII. PHASE TRANSITION AND CRITICAL COUPLING

Since we have not so far been able to calculate the order parameter ⟨X_h⟩ in the weak coupling region, we cannot exactly determine the critical point or line of the second-order phase transition from the order phase to disorder phase. Nevertheless, in this section, we try to discuss the critical point or line of the second-order phase transition.

As indicated in Fig. 8, for the disorder phase in the weak coupling region, the minimal freeenergy is zero locating at ⟨X_h⟩ = 0; for the order phase in the strong coupling region, the minimal free-energy is negative locating at ⟨X_h⟩ ≠ 0. The second-order phase transition from the order phase to disorder phase occurs when the minimum of free-energy for weak couplings flips into the

1/g 1/g_c

1/γ

M^∗_h ≠ 0 ⟨X_h⟩ ≠ 0 M^∗_h = 0 ⟨X_h⟩ = 0

FIG. 9: We sketch the conjectured phase diagram in terms of inverse gauge coupling 1/g and Immirzi parameter 1/γ. As discussed in the text, the critical point indicated g_c = 4/3 for 1/γ = 0. While the critical line and point 1/g = 0 and 1/γ ≃ 0.068 are arbitrarily sketched for indicating two-phases structure.

one for strong couplings, as a result of the competition between the activation energy of X-loops and their entropy. We expect the second-order phase transition taking place at a critical coupling g = g_c ≠ 0 for γ ≫ 1, and we try to estimate it in a simple way that was adopted to estimate the critical point of second-order phase transition for two-dimensional systems [16], the superfluid helium [17] and the U(1) lattice gauge theory [18].

For this purpose, we consider the partition function of a single X-loop of arbitrary length C given by the integral

Z_C = ∫ DeDU(X_C ) exp −A_{EC} ∼ ∫ DA(C)(2d)^{A(C)/⟨Sh ⟩} exp − 1 (2g)^2 ∑ h∈A(C) ⟨X_h⟩, (49)

where (i) ∫ DA(C) is the functional measure of all possible surface-area A(C) bound by the closed loop C; (ii) (2d)^{A(C)/⟨Sh ⟩} approximately accounts for the number of possible configurations (surface deformations at the area scale ⟨S_h⟩) of the surface with a given surface-area A(C), this is related to the entropy of the surface-area A(C); (iii) ⟨X_h⟩ is the activation energy of a 2-simplex surface-area ⟨S_h⟩, ∑ h∈A(C)⟨Xh⟩ stands for the activation energy of the surface-area A(C) and (2g)

2 plays a role of “temperature”. The number of local deformations of a 2-simplex area in a 3-dimensional simplicial manifold (a 1-simplex length in a 2-dimensional simplicial manifold) is 6 (4), and we assume this number to be 2d in a d-dimensional simplicial manifold. This assumption is not crucial, as you will see below, for a simple estimate of the critical coupling. The free energy of a grand-canonical ensemble of arbitrary surface-area A(C) of the loop C is then given by F_C ∼ − ln Z_C , and Z_C ∼ ∫ DA(C) exp + A(C) ⟨S_h⟩ ln(2d) − 1 (2g)^2 ∑ h∈A(C) ⟨X_h⟩

≃ ∫ DA(C) exp + A(C) ⟨S_h⟩ [ ln(2d) − 1 (2g)^2 ⟨X_h⟩ ] . (50) This integral converges only below a critical gauge coupling g_c g_c = 1 2 [ ⟨X_h⟩ ln(2d) ]_{1/2} . (51) At the critical coupling g_c, a single 2-simplex configuration (X_h) is activated and its activation energy should be the order of the Planck scale 1/a_{pl}, i.e., ⟨X_h⟩ ∼ O(1), as the characteristic length of simplicial manifold is approaching the Planck length (ã → a_{pl}). Eq. (51) gives the critical coupling g_c ∼ O(1).

Above the critical coupling g_c, the integral diverges and the ensemble undergoes a second-order phase transition in which the surface-area proliferates and becomes macroscopically large with the coherent correlation length ξ ≫ ã. This means that the surface-area A(C) of a X-loop (X_C ) can only be easily deformed beyond the scale ξ^2, indicating the “condensation of X-loops ”, and the ensemble stays in the order phase. The divergent integral (50) can be written as Z_C ∼ ∫ DA(C) exp + A(C)/ξ^2, ξ^2 ≡ ⟨S_h⟩ ln(2d) · ( g^2 g^2 − g^2_c ) (52) for g > g_c. Below the critical coupling g_c, none of 2-simplex configurations (X_h) is activated and ⟨X_h⟩ = 0, there are short distance (∼ ã) fluctuations of tetrad fields e_μ(x) (2) and group-valued fields U_μ(x) (4) with large entropy, and the ensemble stays in the disorder phase. This implies that a second-order phase transition from the order phase to disorder phase takes place at the critical gauge coupling g_c.

In the order phase, as the characteristic length of simplicial manifold is getting smaller and approaching the Planck length (ã → a_{pl}), the gauge coupling g(ã) is approaching to the critical gauge coupling g_c, which is an ultra-violet fix point. The coherent correlation length ξ (52) becomes macroscopically large ξ = [ ⟨S_h⟩ 2 ln(2d) ]_{1/2} · g^{1/2}c (g − g_c)^{1/2} ≈ 0.48 · g_cã (g − g_c)^{1/2} ≫ ã, (53) in the neighborhood of the critical coupling g ∼ g_c + 0^+, where a quantum field theory of the Einstein-Cartan gravity can possibly be realized. In the second line of Eq. (53), d = 4 and the mean-field value of 2-simplex area (47) are used. In Eq. (53), the critical coupling g_c ∼ O(1), critical exponent ν = 1/2 and proportional coefficient c_0 ∼ 0.48 are preliminary results obtained in this simple estimation.

In the mean-field approximation we have ⟨X_h⟩ ∼ (M^∗_h )^2. ⟨X_h⟩ ∼ O(1) implies M^∗_h ∼ O(1) in the nontrivial continuum limit (53) for ã → a_{pl} and g → g_c. Therefore, the minimal averaged area of 2-simplexes in the mean-field approximation is given by Eqs. (45) and (47)

⟨S_h(ã)⟩ = ã^2M^∗_h = 0.91g(ã)ã^2 | | ã→a_{pl}, g→g_c ∼ O(a^2_{pl}) (54)

which shows the minimal area (volume) element of the space-time is the order of the Planck scale in the nontrivial continuum limit (53), the basic arena of physical reality we live on [19].

In addition to the case in the nontrivial continuum limit (53), we try to discuss this critical coupling g_c by looking at the naive continuum limit of the regularized Einstein-Cartan action (14), where the gauge coupling g = g(ã) depends on the characteristic spacing of simplicial manifold ã. In the naive continuum limit ã → a_{pl} and gãω_μ ≪ 1, we obtain the effective Newton constant [see (17)],

G_{eff} (ã) = 3 4 g(ã) ã^2 8π , (55)

which has to approach to the Newton constant G = a^2_{pl}/(8π) in the continuum Einstein-Cartan theory. This leads to g(ã)|_{ã→apl} → 4/3 + 0^+ and the critical coupling g_c = 4/3.

We turn now to a general discussion. As the running gauge coupling g(ã) is approaching to its ultra-violet critical point g_c (g → g_c) for ã → a_{pl}, physical, dimensionful quantities m(g, ã) should satisfy the renormalization group invariant equation, ã dm dã = ã ∂m ∂ã − β(g) ∂m ∂g = 0, β(g) ≡ −ã ∂g(ã) ∂ã , (56)

because the coherent correlation length ξ, the physical scale, becomes much larger than ã (ξ ≫ ã). The running gauge coupling g(ã/ξ) > g_c can be expanded as a series , g(ã/ξ) = g_c [ 1 + a_0(ã/ξ)^{1/ν} + O[(ã/ξ)^{2/ν} ] ] , (57)

leading to the β-function β(g) ≡ −ã ∂g(ã/ξ) ∂ã = β_0 + β_1(g − g_c) + O[(g − g_c)^2], (58) where β_0 = 0 and β_1 = −1/ν. Assuming m = ξ^{−1}, as the solution to the renormalization group invariant equation (56), one obtains that the coherent correlation length ξ follows the scaling law

ξ = c_0ã exp ∫_g dg_′ β(g^′) = c_0ã (g − g_c)^ν , (59)

where the proportional coefficient c_0 = (a_0g_c)^ν and critical exponent ν. Eq. (59) has the same form as Eq. (53). Non-perturbative calculations by numerical simulations are required to determine the proportional coefficient c_0 and the critical exponent ν in Eq. (53) or (59).

Suppose that in the nontrivial continuum limit for ã → a_{pl} and g → g_c, the scaling law (53) or (59) gives ξ → ξ_{cos} ∼ 10^{28}cm, and 1/ξ^2_{cos} then corresponds to the cosmological constant scale. This would imply that the cosmological constant is essentially attributed to the coherent correlation length ξ, that is an intrinsic scale of the quantum gravity, analogous to the intrinsic scale Λ_{QCD} of the quantum chromodynamics SU(3) theory (QCD) for the strong interaction.

VIII. SOME REMARKS

In this article, we present an analytical study of phase structure and critical point of the quantum Einstein-Cartan gravity. For the order phase, calculations and discussions are based on the approaches of strong coupling expansions, the mean-field approximation, and the dynamical equations for holonomy fields. For the disorder phase, we have not been able so far to do analytical calculations in weak gauge couplings region, the discussions on this phase are based on the limit case of gauge coupling g → 0. The possible ultra-violet critical point and correlation length for the second-order phase transition are estimated in a simple model, according to the competition of the activation energy of holonomy fields and their entropy. Therefore, these results and discussions on the order- and disorder-phase structure, the ultra-violet critical point and correlation length for the second-order phase transition are preliminary. Numerical simulations are essentially required to check these preliminary results on the phase structure, ultra-violet critical point and correlation length for the second-order phase transition before one can conclude that a sensible continuum field theory of the quantum Einstein-Cartan gravity can be defined.

IX. ACKNOWLEDGMENT

The author thanks H. W. Hamber for discussions on the Regge calculus and the renormalizationgroup invariance. The author thanks H. Kleinert for the discussions on the second-order phase transition. The author also thanks G. Preparata and R. Ruffini for discussions on general relativity

and Wheeler’s foam [2], which brought the author’s attention to this topic.

Appendix A

We present here the calculations of Fig. (3) and (4). Using the definition of local mean-field

partition function (26-29), and indicating [· · ·]^† to be anti-clock like and [· · ·]^† clock like, we have

⟨(Fig.3)⟩_∘ ≈ { ⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν′ Γ^{h2}_ν′_μ′ e_μ′ − e_μ′ Γ^{h2}_ν′_μ′ e_ν′ ]_† ⟩_∘ }

= 1 Z_{h1} Z_{h2} ∫ [dedU]_{h1} ∫ [dedU]_{h2} exp − [¯ A_{h1} + Ā_{h2} ]

× tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν′ Γ^{h2}_ν′_μ′ e_μ′ − e_μ′ Γ^{h2}_ν′_μ′ e_ν′ ]_† ≈ ⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] ⟩^{h1}_∘ ⟨tr [ e_ν′ Γ^{h2}_ν′_μ′ e_μ′ − e_μ′ Γ^{h2}_ν′_μ′ e_ν′ ]_† ⟩^{h2}_∘ = C_r ( y_h Z̄_h

)_2

, (A1)

where in the last line we use Eqs. (E1)-(E7) in the Appendix E of Ref. [11]. Due to the relations

between anti-clock like orientation and clock like orientation Γ^h_{νμ} = Γ^{h†}_{νμ} and e_ν Γ^h_{νμ}e_μ = −e_μΓ^h_{νμ}e_ν

(see Figs. 3 and 4),

⟨(Fig.4)⟩_∘ ≈ { ⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν′ Γ^{h2}_ν′_μ′ e_μ′ − e_μ′ Γ^{h2}_ν′_μ′ e_ν′ ] ⟩_∘ } ≈ −⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] ⟩^{h1}_∘ ⟨tr [ e_ν′ Γ^{h2}_ν′_μ′ e_μ′ − e_μ′ Γ^{h2}_ν′_μ′ e_ν′ ]_† ⟩^{h2}_∘ = −C_r ( y_h Z̄_h

)_2 , (A2)

where in the last line we use Eq. (A1).

Appendix B

We present here the calculations of Fig. (5) and (6). Using the definition of local mean-field

partition function (26-29), we have

⟨(Fig.5)⟩_∘ ≈ { ⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] ⟩_∘ }

= 1 Z_{h1} ∫ [dedU]_{h1} exp − [¯ A_{h1} ] × tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ]

= 4 Z_{h1} ∫ [dedU]_{h1} [ tr(e_ν Γ^{h1}_{νμ}e_μ)

]_2

exp − [¯ A_{h1} ]

≈ 4 Z_{h1} ∫ [dU_μdU_ν dU_ρ] ( 3 4 ) Γ_{h1νμ}Γ_{h1νμ} (1 − Γ^{h1}_{νμ})^2 −1 det [1 − Γ^{h1}_{νμ}] (B1) ≈ 3C_r ( y^2_h Z̄_h ) , (B2) and ⟨(Fig.5)⟩_∘ ≈ { ⟨tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ]_† ⟩_∘ }

= 1 Z_{h1} ∫ [dedU]_{h1} exp − [¯ A_{h1} ]

× tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ] tr [ e_ν Γ^{h1}_{νμ}e_μ − e_μΓ^{h1}_{νμ}e_ν ]_†

= 4 Z_{h1} ∫ [dedU]_{h1} [ tr(e_ν Γ^{h1}_{νμ}e_μ) ][ tr(e_ν Γ^{h1}_{νμ}e_μ) ]_† exp − [¯ A_{h1} ]

≈ − 4 Z_{h1} ∫ [dU_μdU_ν dU_ρ] Γ^{h1}_{νμ}[Γ^{h1}_{νμ}]^† (1 − Γ^{h1}_{νμ})^2 −1 det [1 − Γ^{h1}_{νμ}] (B3) ≈ −2 ( y_h Z̄_h ) . (B4)

In lines (B2) and (B4), we use Eqs. (183)-(185) and Eqs. (E5)-(E6) in the Appendix E of Ref. [11],

and in the lines (B1) and (B3), we use Eq. (C4) Appendix C.

Appendix C

Using the local mean-field action Ā_h of each single 2-simplex h, see Eq. (E1) in Ref. [11],

Ā_h = tr { ( e_ν e_μ ) [ 0 (I − Γ^h_{νμ})

−(I − Γ^h_{νμ}) 0 ] ( e_ν e_μ )} , (C1)

we calculate the following e_μ-integrals: ∫ h de_μde_ν exp −Ā_h = det^{−1}[I − Γ^h], (C2) ∫ h de_μde_ν (e_μe_ν ) exp −Ā_h = 1 2 [I − Γ^h]^{−1}_{μν} det^{−1}[I − Γ^h], (C3) ∫ h de_μde_ν e^2_μe^2_ν exp −Ā_h = 3 4 { [I − Γ^h]^{−2}_{μν} } det^{−1}[I − Γ^h]. (C4)

[1] T. Regge, Nuovo Cimento 19 (1961) 558.

[2] J. A. Wheeler, “Geometrodynamics and the Issue of the Final State”, in Relativity, groups and Topology,

B. DeWitt and C. DeWitt (eds.) (Gordon and Breach, New York, 1964) 463.

[3] H. W. Hamber, in Les Houches Summer School in Theoretical Physics, Session 43: Critical Phenomena, Random Systems, Gauge Theories, Les Houches, France, Aug 1 - Sep 7, 1984, edited by K. Osterwalder and R. Stora, Les Houches Summer School Proceedings (North-Holland, Amsterdam, 1986); and “Quantum Gravitation - The Feynman Path Integral Approach”, ISBN 978-3-540-85292-6 (Springer Publishing, Berlin and Heidelberg, 2008).

[4] H. W. Hamber and and R. M. Williams, Phys. Rev. D 76 (2007) 084008; ibid 81 (2010) 084048. [5] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation, W. H. Freeman and Company, New York (1973), Chap. 42;

J. B. Hartle, J. Math. Phys. 26 (1985) 804;

N.H. Christ, R. Friedberg, and T.D. Lee, Nucl. Phys. B202 (1982) 89; I. T. Drummond, Nucl. Phys. B273 (1986) 125;

M. Caselle, A. D’Adda and L. Magnea, Phys. Lett. B232 (1989) 457.

[6] F. David, “Simplicial quantum gravity and random lattices”, in Les Houches Summer School on Gravitation and Quantizations, Session 57, Les Houches, France, 5 Jul - 1 Aug 1992, edited by J. Zinn-Justin and B. Julia(Elsevier, Amsterdam, New York, 1995), p. 679, [hep-th/9303127]; Renate Loll, “Discrete Approaches to Quantum Gravity in Four Dimensions”, Living Rev. Relativity 1, 13 (1998), http://www.livingreviews.org/lrr-1998-13 Max-Planck-Gesellschaft. ISSN 1433-835.

[7] H. W. Hamber and R. M. Williams, Phys. Rev. D 75, 084014 (2007). [8] L. Smolin, Nucl. Phys. B, 148, 333-372, (1979);

A. Das, M. Kaku, and R.K. Townsend, Phys. Lett. B, 81, (1979) 11-14; C. L. T. Mannion and J. G. Taylor, Phys. Lett. B100, (1981) 261; K. I. Kondo, Prog. of Theor. Physics, Vol 72, (1984) 841; Y. Ne’eman and T. Regge, Phys. Lett. B74, (1978) 54; P. Menotti and A. Pelissetto, Phys. Rev. D35 (1987) 1194; S. Caracciolo and A. Pelissetto, Nucl. Phys. B299 (1988) 693.

M. A. Zubkov, Phys. Lett. B582 (2004) 243; ibid B638 (2006) 503-508; Erratum ibid B655 (2007) 309. [9] R.M. Williams, Class. Quantum Grav. 3 (1986) 853;

T. Piran and R.M. Williams, Phys. Rev. D. 33 (1986) 1622; M. Bander, Phys. Rev. D. 36 (1987) 2297, ibid 38 (1988) 1056; R.M. Williams and P.A. Tuckey Class. Quantum Grav. 7 (1990) 2055; J. W. Barret, M. Rocek, and R.M. Williams, Class. Quantum Grav. 16 (1999) 1373; T. Regge and R.M. Williams, J. Math. Phys. 41 (2000) 3964;

V. Khatsymovsky, Phys. Lett. B651 (2007) 388, ibid B633 (2006) 653, Mod. Phys. Lett. A, Vol. 25 (2010) 351, ibid 25 (2010)1407, (references therein).

[10] S.-S. Xue, “Quantum Regge calculus of Einstein-Cartan theory”, Phys. Lett. B682 (2009) 300 (arxiv.org/abs/0902.3407).

[11] S.-S. Xue, “Detailed discussions and calculations of quantum Regge calculus of Einstein-Cartan theory”,

Phys. Rev. D 82, 064039 (2010), arXiv:0912.2435. [12] G. Immirzi, Class. Quant. Grav. 14,(1997) L177. [13] C. Rovelli and T. Thiemann, Phys. Rev. D 57, (1998) 1009;

C. Rovelli, “Quantum Gravity” (Cambridge University Press, Cambridge, England, 2004); A. Ashtekar and J. Lewandowski, Class. Quant. Grav. 21 (2004) R53.

[14] R. P. Feynman, “Statistical Mechanics”, ISBN-10: 0805325085, (Benjamin, New York 1972);

H. Kleinert, “Path Integrals in Quantum Mechanics, Statistics, Poymer Physics, and Financial Markets”, (World Scientific, Singapore 2004) ISBN 0-07-032071-3.

[15] S.-S. Xue, Phys. Lett. B22 (1987) 69, Phys. Rev. D37 (1988) 493 and references therein. [16] J.M. Kosterlitz and D. D. Thouless, J. Phys. C 6, 1181 (1973); J. Phys. C: Solid St. Phys. 5, 124 (1972). [17] H. Kleinert, “Multivalued Fields”, (World Scientific, Singapore, 2008), ISBN 978-981-279-171-92. [18] J. B. Kogut, Rev. Mod. Phys. 55, 775 (1983).

[19] We recall the “Planck lattice”, G. Preparata and S.-S. Xue, Phys. Lett. B264, (1991) 35; S. Cacciatori, G. Preparata, S. Rovelli, I. Spagnolatti, and S.-S. Xue; Phys. Lett. B 427 (1998) 254; G. Preparata, R. Rovelli and S.-S. Xue, Gen. Rel. Grav. 32 (2000) 1859.

Ref. [17], a discretized space-time with minimal spacing of the Planck length due to quantum gravity. [20] In the case of a d-dimensional hypercubic lattice, the total number of plaquettes associating the a fixed link l is D_l = 2(d − 1)