arXiv:1112.2272v1 [hep-th] 10 Dec 2011

UUITP-26/11, IPM/P-2011/052 December 13, 2011

1/N Resolution to Inflationary η-Problem

A. Ashoorioon^{1,a}, U. Danielsson^{2,a}, M.M. Sheikh-Jabbari^{3,b}

a Institutionen för fysik och astronomi Uppsala Universitet, Box 803, SE-751 08 Uppsala, Sweden b School of Physics, Institute for Research in Fundamental Sciences (IPM), P.O.Box 19395-5531, Tehran, Iran

Abstract

We observe that the dominant one loop contribution to the graviton propagator in the theory of N (N ≫ 1) light scalar fields ϕ_a (with masses smaller than M_{pl}/ √ N) minimally coupled to Einstein gravity is proportional to N while that of graviton-scalar-scalar interaction vertex is N independent. We use this to argue that the coefficient of the Rϕ^2_a term appearing at one loop level is 1/N suppressed. This observation provides a resolution to the η-problem, that the slow-roll parameter η receives order one quantum loop corrections for inflationary models built within the framework of scalar fields minimally coupled to Einstein gravity, for models involving large number of fields. As particular examples, we employ this to argue in favor of the absence of η-problem in M-flation and N-flation scenarios.

1Email: amjad.ashoorioon@fysast.uu.se 2Email: ulf.danielsson@physics.uu.se 3Email: jabbari@theory.ipm.ac.ir

1 Introduction

Recent CMB observations [1] indicate that the early Universe has passed through an inflationary period with Hubble parameter H ≲ 10^{−5}M_{pl}. The standard theoretical setup for inflationary models generically involve some scalar inflaton fields slowly rolling down their potential. The slow-roll that is needed to ensure a resolution to the problems of standard big bang cosmology, and consistency with the CMB results, demands ϵ = −^Ḣ_{H2} and η =^Ḧ_{HḢ} to be smaller or of order 10^{−2} [1]. In the context of simple single scalar models with potential V (ϕ), ϵ and η are a measure of flatness of the potential and, specifically, η ∼ m^2/H^2, where m is the effective mass of the inflaton field. Therefore, the theoretical framework invoked for inflationary model building should also provide mechanisms to protect the potential and its flatness against quantum and/or quantum gravity corrections. In physics models we generically associate smallness and protection of a quantity like η with an approximate symmetry, such that when the symmetry is exact this parameter (here the effective mass of inflaton) is zero. Supersymmetry, for example, can be such a symmetry. It turns out that in the presence of gravity, as in our case where we are dealing with inflation models, symmetries protecting η are all broken, inducing an inflaton mass term of order the Hubble scale H of the background. We hence end up with an order one η, i.e., the η-problem.

From the above discussion it is seen that the η-problem may appear in two ways: In a top-down approach where we invoke a theory of quantum gravity like string theory for inflationary model building. Or in a bottom-up approach where we take the usual field theory setup of Einstein gravity plus scalar inflaton fields, assuming that this framework is valid up to Planck scale M_{pl}. In the top-down approach the η-problem appears as a classical (not loop) effect, usually due to the interaction of the inflationary sector with the “moduli stabilization sector”, see, e.g., [2]. In these models it turns out to be easy to have small ϵ with controlled back-reactions on it, but η receives order one corrections. Intuitively, in these topdown setups, the η-problem can be understood as follows. With a vacuum energy of order V all scalars, including the inflaton, will be endowed with soft masses of order V/M^2_{pl} = 3H^2 since the supersymmetry breaking scale is not below H. In this work, however, we will focus on the η-problem in the bottom-up approach.

In the bottom-up approach the η-problem arises from quantum loop corrections to the tree-level graviton-scalar-scalar vertex. Despite being non-renormalizable, one can still apply the (Wilsonian) effective field theory techniques to the Einstein gravity theory and consider loop corrections, e.g. see [3, 4, 5] . In the presence of a scalar field ϕ minimally coupled to Einstein gravity, as in generic inflationary models, these corrections at one loop level generically involve a Rϕ^2 term, a term whose presence was noted long ago [7]. As we will review below, such a term is quadratically divergent and in the one loop effective action appears as ζ Λ^2 M^2_{pl}

Rϕ^2, (1.1)

where Λ is the UV cutoff of the theory and ζ is an order one coefficient. Assuming a Planckian cutoff scale, Λ ∼ M_{pl}, in an inflationary background where R ∼ H^2, this term yields a correction of order H^2 to the inflaton mass, causing the η-problem.

The η-problem, or the Hubble scale mass term for the effective inflaton field, seems quite generic and one may put forward the idea of kinematically reducing the coefficient ζΛ^2/M^2_{pl}. In this Letter we explore this possibility. One obvious possibility is to choose the cutoff Λ, the scale where quantum gravity effects become important, to be one or two orders of magnitude smaller than M_{pl} [8]. In this case the coupling constant of gravitons will be reduced like the momentum UV cutoff and the η problem persists. Alternatively, one may explore the idea that ζ is a kinematical factor that for some reason is not of order one, while the bare cutoff Λ is M_{pl}. In fact, similar suppressions are already very well known in the context of large N gauge theories [9]: the nonplanar part of a given Feynman diagram comes with powers of 1/N suppression compared to the planar part of the same diagram. As we will show similar analysis can be repeated for the theories involving large number of scalar fields minimally coupled to gravity. In particular, if we have N number of “light fields”, lighter than M_{pl}/ √ N, ζ turns out to have a 1/N suppression factor. In a sense, as if, the diagram leading to (1.1) is a nonplanar diagram. This observation is closely related to the “species dressed gravity cutoff scale” ideas discussed in [10, 11], in light of which the ζ ∼ 1/N result may be interpreted as dealing with a “dressed cutoff” Λ/ √ N while Λ ∼ M_{pl}.

Inflationary models with many scalar fields have recently got attention in view of their success in providing a natural explanation for the smallness of the inflaton self-couplings (the issue of steepness of the potential) and for the super-Planckian excursion of the effective inflaton in the field space [12]. This idea is not exotic to string theory motivated inflationary settings where it is quite common to have an abundant number of fields/degrees of freedom with masses below the dressed cutoff M_{pl}/ √ N, see, e.g, [13, 14, 15]. Even though in some of these setups, like N-flation, the individual field excursion is greater than the dressed UV cutoff, some, like Gauged M-flation [16] or multiple M5-branes Inflation [14], remain immune to this“beyond-the-cutoff” problem.

In this work we examine the above proposed 1/N resolution to the η-problem. We assume that there is a hierarchy of scales between H, the dressed gravity cutoff Λ_{dressed} ∼ M_{pl}/ √ N and M_{pl}: H ≪ Λ_{dressed} ≪ M_{pl} which is easily achieved by e.g. N ≳ 10^2. This provides a window where one can safely use the standard techniques of quantum field theory and effectively deal with a system that could be described by Einstein-Hilbert gravity, the inflaton sector, and other heavy remnants of the theory of quantum gravity whose masses M_a falls below the new gravity cutoff, i.e. M_a ≲ Λ_{dressed}.

The outline of this work is as follows. We consider a system of N light scalars minimally coupled to Einstein gravity and work out basic Feynman rules of the theory and compute the quadratically-divergent part of the one loop contributions to the graviton propagator and graviton-scalar-scalar vertices. We show that one loop graviton two-point function has a linear N parametric dependence while the graviton-scalar-scalar vertex has no N dependence. Therefore, if we (re)normalize the graviton two-point function, the vertex will have a factor of 1/ √ N. This latter leads to ζ ∼ 1/N (cf. (1.1)). We discuss how this can resolve the η-problem in the context of many-field models like N-flation [13] or M-flation [15, 16].

2 Loop analysis in multi-field inflationary model

Consider the action of N scalars minimally coupled to gravity

L = − 1 2 M^2_{pl}R − 1 2 ∂_μϕ_a∂^μϕ_a − 1 2 M^2_a ϕ^2_a − V (ϕ_a), (2.1)

where a = 1, 2, · · · , N is the number of scalar fields, and summation over repeated a, b indices is assumed. One or some of these scalars play the role of inflaton(s), and V (ϕ_a) could be any potential that realizes slow-roll inflation at the classical level, while the rest exhibit possible remnants of the underlying quantum gravity theory. We assume the mass of these remnants to be below our dressed cutoff Λ_{dressed}. The action (2.1) once quantized will receive all possible corrections compatible with the symmetries of the system, in particular an Rϕ^2_a correction which appears at one loop level. As discussed if this term comes with an order one coupling can cause the η-problem. In what follows we show by carrying out explicit one loop calculations involving gravitons, that this term is suppressed by factors of 1/N, providing a setting to resolve the η-problem in the context of multi-field models of inflation. In our analysis in this section and section 3 we ignore the loops involving scalar self-interactions. As we will discuss in the discussion section these diagrams do not change our main result.

2.1 Tree level Feynman diagrams

To perform the one loop analysis, as in any quantum field theory, we need to work out basic tree level Feynman diagrams of propagators and interaction vertices. To do so for the gravity sector, following [4], we introduce the tensor densities,

ḡ^{μν} = g^{1/2}g^{μν} and ḡ_{μν} = g^{−1/2}g_{μν} , (2.2)

to bring the gravitational part of the action to the Goldberg’s form [17]

M^2_{pl} 16 (2ḡ^{ρσ}ḡ_{λμ}ḡ_{κν} − ḡ^{ρσ}ḡ_{μκ}ḡ_{λν} − 4δ^σ_κ δ^ρ_λḡ_{μν} ) ḡ^{μκ}_{,ρ} ḡ^{λν}_{,σ} . (2.3) We will decompose the density metric to the flat part and the deviation from the flat space part, ḡ_{μν} = η_{μν} + ĥ_{μν} , (2.4) where ĥ_{μν} is defined as ĥ_{μν} ≡ M^{−1}_{pl} h_{μν} . (2.5)

The inverse of ḡ_{μν} is given by

ḡ^{μν} = η^{μν} − ĥ^{μν} + O(ĥ^2), (2.6)

where on the R.H.S. the indices are raised and lowered by the flat Minkowski space metric η_{μν} . Perturbing the action (2.1) up to third order in h_{μν} , one obtains

L = − 1 2 ∂_αh_{μν} ∂^αh^{μν} + 1 2 ϕ_a(□ − M^2_a )ϕ_a + 1 2M_{pl} h_{μν} T^{μν} + 1 M_{pl}

O(h(∂h)^2) (2.7)

�^{⃗p}μν ρσ = Dμνρσ =^{i(ημρηνσ +ημσ ηνρ−ημν ηρσ )}p2+iϵ�_{⃗pa b = ip2+m2a δab} �^{⃗q} pμ^{p′νμν} a^{b = V ab3μν (p, p′) ∝ 1Mpl δab} �p^′μν^{αβ} a^{b = V ab4αβμν (p, p′) ∝ 1M 2pl δab} �^{← p1}p2 ↘^{p3 ↗αβ} γκ^{μν = W3αβμνγκ(p2, p3) ∝ 1Mpl} Figure 1: Some of tree level basic Feynman graphs of the theory relevant to our computations

where T^{μν} = ∂^μϕ_a∂^ν ϕ_a − 1 2 η^{μν} ∂^αϕ_a∂_αϕ_a + η^{μν} ( 1 2 M^2_a ϕ^2_a + V (ϕ_a)) . (2.8)

Note that T_{μν} is written to lowest order in h_{μν} and so it is independent of h_{μν} . From this interaction term, and dropping the last term in (2.8) which is inessential for our purposes, one can read the vertex ϕ_aϕ_ah_{μν} to be^1_{Mpl} ( p^μp^{′ν} −^1_2 η^{μν} (p · p^′) ) δ_{ab}, where p^μ and p^{′μ} are two external four-momenta on the ϕ_a particles. To work out the basic Feynman graphs of the theory we need to gauge-fix the diffeomorphism invariance. This may be done through gauge fixing term

L_{g.f.} =

M^2_{pl} 4 ḡ^{μα}_{,μ} ḡ^{νβ}_{,ν} η_{αβ}. (2.9) In Figure 1 we have plotted the basic Feynman graphs in this gauge.

2.2 One loop analysis

Having the tree level theory we now proceed to the one loop analysis and revisit the one loop propagator calculations as well as graviton-scalar vertex. Since we are interested in the quadratically divergent term (1.1), it is appropriate to use cutoff regularization; dimensional regularization, which is very well suited in capturing the logarithmic divergences and already used in [5, 6], can not be employed here.

2.2.1 One loop propagators �^{⃗p ⃗k⃗p − ⃗k ⃗pμν ρσ} �^{⃗p ⃗k ⃗pμν ρσ} �^{⃗p kk − p ⃗pμν ρσ} �^{⃗p k ⃗pμν ρσ} �⃗p ⃗p^kμν ρσ_{Figure 2: One loop contributions to the graviton propagator.}

As depicted in Figure 2, there are five Feynman diagrams contributing to the one loop graviton propagators. The first two are coming from the pure Einstein gravity sector and the other three involve scalar fields running in the loop. Since we are only interested in the N dependence of the diagrams we focus on the ones with scalar fields in the loop. In electrodynamics, the gauge invariance enforces the photon self-energy to be transverse. This reduces the degree of divergence from two to zero. However, in gravity the gauge invariance does not do so. It only relates the three diagrams that involve the scalar field in the loops. Thus the quartic divergence, Λ^4δ_{μν} δ_{ρσ}, which corresponds to the cosmological constant term,

Λ^4 √ −g, remains. This difference is due to the fact that Λ^4 √ −g is still gauge-invariant whereas m^2A_μA^μ is not. This is the famous cosmological constant problem which we are not intended to deal with here. Next-to-leading divergent part diverges like Λ^2 and this is the part that renormalizes the graviton propagator. In particular, the diagram that involves two graviton-scalar three-vertices is

I_1 =

∫_Λ

d^4k (2π)^4 i k^2 − M^2_a V^{ab}_{3μν} (−k, k − p; p) i (k − p)^2 − M^2_a V^{ab}_{3ρσ}(k, p − k; −p) ∝ N ( Λ M_{pl}

)_2 D_{μνρσ} , (2.10) as long as M_a ≪ Λ. The diagram involving the graviton-scalar four vertex is of the form

I_2 = N∑ a=1 ∫ d^4k (2π)^4 i k^2 − M^2_a V_4(k, −k; p, −p). (2.11) The leading part of this integral is quartic in the UV cutoff and just renormalizes the cosmological constant. The next-to-leading order is quadratic in the UV cutoff and is proportional to N

(_Λ

M_{pl}

)_2

D_{μνρσ}, assuming that the masses M_a are all much smaller than the “undressed (bare) UV cutoff” Λ, which is taken to be M_{pl}. The last diagram in Figure 2 has only a quartic divergence and does not contribute to the renormalization of the graviton propagator at all. Thus we see that the one loop graviton propagator is proportional to number of fields N, as well as

(_Λ

M_{pl}

)_2 . This term may be viewed as the correction to the Newton constant or M_{pl}. That is, the quantum gravity effects become important when this term becomes of the same order as the classical tree level value. This happens if the cutoff momentum Λ is of order^1

Λ^2_{dressed} =

M^2_{pl} N (2.12)

which is the species dressed UV cutoff. Besides this “perturbative” argument, the fact that one should use this reduced cutoff instead of M_{pl} in presence of large number of species has also been backed up by black hole physics and Hawking radiation from black holes in theories with large number of light species [10, 11].

One may also compute one loop correction to the scalar propagator. Again there are diagrams involving only scalars and two diagrams involving gravitons. It is immediate to see that the latter two diagrams have no parametric dependence on the number of scalars N.

2.2.2 One loop graviton-scalar vertex

As depicted in Figure 3, there are three diagrams contributing to scalar-graviton vertex at one loop level. Our interest in these diagrams are twofold: i) we read the correction to the

1Analysis of two point function alone is not enough to deduce this result and one should also consider graviton-scalar interaction vertex, which we will have done in the next subsection.

�^{⃗q} p^{q + k ↑ p − kp′μν} a^b �^{⃗q} p^{q + k ↗k ↖ p − kp′μν} a^b �^{⃗q p⃗k p′⃗q − ⃗kμν} a^b Figure 3: One loop contributions to h−ϕ−ϕ vertex. These diagrams contribute to the corrections of graviton-scalar tree level interactions (by renormalizing them) as well as generating the Rϕ^2_a term at the level of one loop effective action.

tree level graviton-scalar three-vertex depicted in Figure 1 and, ii) compute the coefficient of the Rϕ^2_a term which appears at one loop level from these diagrams.

The details of the loop calculations, which are straightforward, are given in the appendix, here we just quote the result. Since we are mainly interested in the N dependence of the loop expressions we only focus on that issue here. There are no N dependence appearing in any of the diagrams in Figure 3, and these diagrams, compared to the tree level results, are proportional to (Λ/M_{pl})^2. This in particular implies that the coefficient in front of the effective Rϕ^2_a term (up to numeric factors of 1/4π) is proportional to (Λ/M_{pl})^2, and if Λ is the species dressed cutoff Λ_{dressed} (2.12) this term is suppressed by the number of light species N.

To summarize, the one loop correction to graviton propagator is dressed with a power of N, while the graviton-scalar-scalar vertex is N independent. This result is very similar to the well-established ’t Hooft 1/N expansion [9], that if we normalize the two point function to one, the interaction term has 1/N suppression.

3 Rϕ^2_a term in inflationary background and resolution to η-problem

So far we have shown that in a theory with N number of species with masses lighter than dressed cutoff Λ_{dressed} (2.12), the coefficient of the Rϕ^2_a term generated at one loop level is ξ/N, where ξ is an order one c-number. The above analysis was carried out in a flat space background and should be revisited for inflationary (almost de Sitter) backgrounds. It is readily seen, however, that the basic argument behind the factors of N does not depend on the background geometry. Also, the presence of the new scale H ≪ Λ_{dressed} should not affect our argument in any qualitatively important way. We still expect that species lighter than the high energy cutoff Λ_{dressed} in general will contribute to N. The only change concerns the very lightest species, with masses roughly below the Hubble scale H, where momenta at super-Hubble scales will not contribute, as we will now show.

We recall that the equation of motion of a free massive scalar on an inflationary background is ϕ̈_a(k; t) + 3Hϕ̇_a(k; t) + ( k^2 a(t)^2

+ M^2_a )ϕ_a(k; t) = 0, (3.1)

where dot denotes derivative with respect to the cosmic comoving time and a(t) is the scale factor. The relevant observation is that the modes contributing to N are the quantum modes, e.g. those with oscillatory (as opposed to exponentially damping or growing) behavior. To be able to solve the above equation, let us drop the time-dependent piece k^2/a(t)^2 for the moment and consider the equation

ϕ̈_a(k; t) + 3Hϕ̇_a(k; t) + M^2_a ϕ_a(k; t) = 0,

whose solution is of the form ϕ_a(k; t) = ϕ^{(0)}a e^{Hωt} with ω = −3/2± √ 9/4 − M^2_a /H^2. To have a quantum mode ω should have an imaginary part. This latter implies that M_a ≥ 3H/2. Note that this result is k independent and that addition of the k^2/a(t)^2 term will only slightly modify this result, as it is positive definite: All the modes with M_a > 3H/2, regardless of their k, are always quantum modes, while modes with M_a < 3H/2 are classical for large wavelengths (i.e. “super-Hubble” physical momenta k/a(t) < 3H/2), and quantum mechanical for sub-Hubble momenta. Note also that the “damping coefficient” e^{−3Ht/2} is removed in the process of canonical quantization as canonical momentum conjugate to ϕ_a is ωHa(t)^3ϕ^{(0)}a . This is of course the standard established result in inflationary cosmic perturbation theory and quantum field theory on curved (de Sitter) space time [18].

Since we are only interested in the UV behavior of the loop integrals, we can instead of integrating over k all the way from zero to Λ_{dressed}, restrict the integral to go from H to Λ_{dressed}. In this way we avoid the unnecessary complication with super-Hubble modes. In summary, all the modes lighter than Λ_{dressed}, with both super-Hubble or sub-Hubble masses, contribute to the N in the loop integral. In other words, as long as H ≲ Λ_{dressed}, N is the same for inflationary and flat space and

Λ^2_{dressed} =

M^2_{pl} N , where N is the number of species lighter than the cutoff, Λ_{dressed}. In particular, the coefficient of the Rϕ^2_a term generated at one loop will become ξ/N, with ξ of order one.

We are now ready to address the η-problem. To this end, we recall that the one loop corrected action is L = L_{cl} + ξ N Rϕ^2_a . (3.2)

Hence, the slow-roll parameter η_{ab} ≡ M^2_{pl}^{Vab}_V , where V_{ab} =^{∂2V}_{∂ϕa∂ϕb} , is η_{ab} = η^{cl}_{ab} + ξ N R 3H^2 δ_{ab} ≃ η^{cl}_{ab} + 4ξ N δ_{ab} . (3.3)

To have a successful slow-roll inflationary period we usually demand η ∼ 0.01, and if we assume η^{cl} ∼ 0.01, quantum corrections to η will be suppressed enough for N ≳ 100.^2

2To complete this discussion we note that in multi-filed inflationary models, like N-flation [13] or M-flation

4 Discussion

The bottom-up η-problem seems quite generic to all models of inflation that involve a scalar field minimally coupled to gravity. Even if the parameters of the inflaton potential are chosen meticulously at tree-level, the loop corrections that arise from interactions of the graviton with the scalar field create the quadratically divergent conformal mass term which leads to the η-problem, if the UV cutoff of the theory is of order M_{pl}. This kind of η-problem is of course different from the “top-down” η-problem arising within the string theory setups in which the volume modulus stabilization often resurrects the η-problem. The precision that should be enforced upon the tree-level parameters are often not needed to sustain inflation, but to match the observed density of perturbation [1]. In this letter we examined the possibility of circumventing the η-problem, in the former sense discussed above, in manyfield models of inflation that are minimally coupled to gravity. These many-fields whose masses are assumed to be smaller than M_{pl}/ √ N, have a natural appearance in effective low energy field theory description of quantum gravity models. As we argued N ≳ 100 will resolve the η-problem. Even though it is not necessary for our argument, the scalar fields should be non-interacting to realize inflation.

One example of such many-field models is N-flation [13] which has the O(N) symmetric potential V = ∑_N i=1 1 2 m^2ϕ^2_i . As stated above, a few hundred scalar fields will be enough to circumvent the η-problem. Like its chaotic counterpart, the mass parameter m has to be ∼ 10^{−6}M_{pl} which is smaller than Λ_{dressed} unless one resorts to an unnaturally large number of scalar fields, i.e. N ∼ 10^{12}. This of course comes at the price of exposing the model to quantum instability of the type discussed in [16]. Namely, the quantum fluctuations of these light fields may dominate over the classical evolution of the inflaton. Assisted model with quartic potential V = ∑_N i=1 1 2 λϕ^4_i is another possibility. To have an observationally viable model, the effective coupling must be around 10^{−14} and thus with λ ≃ 1, one needs around 10^{14} scalar fields. This scenario also suffers from the above quantum instability with such a large number of massless scalar fields. Another disadvantage of both these two models is that the physical excursion of the fields is larger than Λ_{dressed} during the required 60 e-folds of inflation.

Another explicit example is M-flation [15] or its gauged version [16] where the inflaton potential is constructed by three N ×N non-commutative hermitian matrices whose action is invariant under U(N). The classical dynamics is simplified considerably in the SU(2) sector where these three scalar fields are proportional to the generators of the SU(2) algebra. Gauged M-flation, in addition to the above ingredients, has an extra U(1) field, associated with “center of mass ” U(1) ∈ U(N). M-flation in the SU(2) sector besides the inflaton field contains some number of “spectator fields” which do not contribute to classical inflationary trajectory while can be excited quantum mechanically and appear in the loops. For the gauged M-flation there are 2N^2 + 1 such scalar modes and 3N^2 − 1 massive vector modes.

[15], there is a certain combination of the fields which plays the role of effective inflaton and the original “physical” field should be rescaled with appropriate powers of number of fields N so that this effective inflaton field is canonically normalized. The Rϕ^2_a term, being quadratic in the ϕ_a’s, will not receive any normalization factors due to the N scaling relating canonically normalized inflaton and the original fields.

These modes have a hierarchical spectrum, i.e. they can be lighter or heavier than the Hubble scale H, for the explicit masses see [16]. Not all these modes are light enough to be counted in the dressed cutoff. As discussed in [16], the number of “contributing species” N_s varies between 3 × 10^5 and 10^6, depending on the region of the potential inflation happens. Hence, the species dressed UV cutoff is 10^{−3}M_{pl} ≲ Λ_{dressed} ≲ 5 × 10^{−3}M_{pl}. Consequently the Rϕ^2 term is suppressed by a factor of ≲ 10^{−5} and could be safely ignored. Gauged Mflation could be motivated from the branes dynamics in an appropriate flux where the above matrices correspond to three of the perpendicular directions of a stack of N D3-branes which are scalars in the adjoint representation of the U(N). As such, although the “quantum” ηproblem is resolved for M-flation, embedded within string theory, one should still deal with the “stringy η-problem” (cf. introduction for further references and discussions).

Finally, the term leading to the η-problem, Rϕ^2_a, is a one-loop but marginal operator. One may naturally worry about other loop corrections, that enhancement factors of N will dominate over Λ_{dressed}/M_{pl} suppressions. It is straightforward to show that the largest such N enhancement factor appears in the graviton two point function (at higher loops) for which this factor is ( NΛ^2_{dressed}/M^2_{pl} )_l , where l is number of loops. All the other diagrams will be of the form N^k(^{Λ2dressed}_{M 2pl} )^l with k < l. Hence our one loop result seems to be also valid to all orders.

Acknowledgements

A.A. was supported by the Göran Gustafsson Foundation. U.D. is supported by the Swedish Research Council (VR) and the Göran Gustafsson Foundation. We would like to thank Liam McAllister for helpful discussions.

A Details of the loop calculations

Now let us focus on all the diagrams which may generate the Rϕ^2 term, or equivalently 1 M_{pl} (∂

2ĥ)ϕ2, at the one-loop order. The first one, is given by the left diagram in Figure 1, where a graviton exchange between two external scalars modifies the scalar form factor. The diagram is proportional to ϕ(p)δh^{μν} (q)ϕ(p^′) = ∫ d^4k (2π)^4 ( 1 M_{pl} [p_αk_β − (p · k)η_{αβ} ] i(η^{αγ} η^{βκ} + η^{ακ}η^{βγ} − η^{αβ}η^{γκ}) (p − k)^2 + iϵ i k^2 + iϵ 1 M_{pl} [ p^′_γ (k + q)_κ − η_{γκ}p^′ · (k + q) ] 1 (k + q)^2 + iϵ 1 M_{pl}

[k_μ(k + q)_ν − η_{μν} k · (k + q)] ) . (A.1)

What we are interested in is the divergent part of the above integral which multiplies the generated Rϕ^2 term. There are six momenta in the numerator, only four of which are internal. Thus the integral will be divergent as 1 M_{pl} ( Λ M_{pl}

)_2 . (A.2)

The other diagram that contributes to the h − ϕ − ϕ vertex is the middle one in Figure 3. To estimate the leading divergent part of this diagram, one should note that the vertex that involves three ĥ is proportional to 1/M_{pl}. More specifically, W_{3αβμνγκ} = 1 8M_{pl} ∑ sym [−4η_{μγ} η_{κα}(p_2.p_3) + 2η_{γκ}η_{μα}η_{νβ}(p_2.p_3) − η_{γκ}η_{μν} p_{2α}p_{3β} + 2η_{μγ} η_{ην} p_{2α}p_{3β}

(A.3) + 4η_{γα}η_{νβ} p_{2μ}p_{3η}] .

Sum is over symmetrization on the index pairs (α, β), (γ, κ) and (μ, ν) and also the six permutation done over momentum index triplets αβp_1, γκp_2 and μνp_3. Again, this diagram has six momenta in the numerator, two of which are external. Thus the divergent part of diagram behaves as (A.2) times the terms among which Rϕ^2 exists.

Finally, let us look at the right one-loop diagram in Fig. (3). The vertex ĥĥϕϕ is proportional to 1/M^2_{pl}. In more details: V^{ab}_{4αβμν} = 1 M^2_{pl}

[η_{μν} p_{1α}p_{2β} − 2η_{βν} p_{1α}p_{2μ} + η_{μν} p_{1β}p_{2α} − 2η_{αν} p_{1β} p_{2μ} + η_{μν} p_{1β}p_{2α} (A.4)

− 2η_{αν} p_{1β}p_{2μ} − 2η_{βμ}p_{1α}p_{2ν} + η_{νμ}p_{1β} p_{2α} − 2η_{αμ}p_{1β} p_{2ν} ] .

The diagram contains two propagators in the denominator and four momenta in the numerator, two of which are external. Thus the leading correction will be, again, of order (A.2) times the terms among which Rϕ^2 exists. Note that besides the conformal mass term, there are also other higher dimensional operators, whose explicit coefficients could be obtained by exactly calculating the amplitudes. For example, from usual tensorial analysis, terms like R^{μν} ∂_μϕ∂_ν ϕ are expected to be generated from such one loop diagrams. However, all these terms are suppressed by extra powers of the cutoff and also by slow-roll parameters in an inflationary background.

The other point which is worth mentioning is that the existence of higher order selfinteractions for the scalar fields will not disturb our argument. For example inclusion of mass term in the potential for the inflaton, will modify the scalar field propagator and also add corrections proportional to M^2_a /M_{pl} in the ĥ − ϕ − ϕ vertex. Such terms would at most

introduce correction of order^{Ma}_{Λdressed} (_{Ma} M_{pl}

)_{2 1}

M_{pl} to the leading contribution (A.2). Thus, as

long as M_a ≲ Λ_{dressed} ≪ M_{pl}, the effect of such terms are very small. Other forms of potential for the scalar field induce vertices that lead to more loops whose effect is more suppressed in comparison with the one-loop diagrams.

References

[1] E. Komatsu et al. [WMAP Collaboration], Astrophys. J. Suppl. 192, 18 (2011) [arXiv:1001.4538 [astro-ph.CO]].

[2] S. Kachru, R. Kallosh, A. D. Linde, J. M. Maldacena, L. P. McAllister and S. P. Trivedi, JCAP 0310, 013 (2003) [arXiv:hep-th/0308055].

J. P. Hsu, R. Kallosh, JHEP 0404, 042 (2004). [hep-th/0402047]. L. McAllister, JCAP 0602, 010 (2006). [hep-th/0502001].

[3] B. S. DeWitt, “Quantum Theory of Gravity. 1. The Canonical Theory,” Phys. Rev. 160, 1113-1148 (1967); “Quantum Theory of Gravity. 2. The Manifestly Covariant Theory,” Phys. Rev. 162, 1195-1239 (1967).

M. H. Goroff, A. Sagnotti, “Quantum Gravity At Two Loops,” Phys. Lett. B160, 81 (1985); “The Ultraviolet Behavior of Einstein Gravity,” Nucl. Phys. B266, 709 (1986).

[4] M. J. Duff, “Covariant Quantization,” In *Chilton 1974, Proceedings, Oxford Symposium On Quantum Gravity*, Oxford 1975, 78-135.

[5] G. ’t Hooft, M. J. G. Veltman, Annales Poincare Phys. Theor. A20, 69-94 (1974). [6] C. F. Steinwachs, A. Y. .Kamenshchik, Phys. Rev. D84, 024026 (2011).

[arXiv:1101.5047 [gr-qc]].

[7] A. D. Sakharov, Sov. Phys. Dokl. 12, 1040-1041 (1968).

S. L. Adler, Rev. Mod. Phys. 54, 729 (1982).

[8] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 429, 263 (1998) [hep-ph/9803315].

[9] G. ’t Hooft, Nucl. Phys. B72, 461 (1974).

[10] G. Dvali, “Black Holes and Large N Species Solution to the Hierarchy Problem,” Fortsch.

Phys. 58, 528-536 (2010). [arXiv:0706.2050 [hep-th]].

[11] G. Dvali, S. N. Solodukhin, “Black Hole Entropy and Gravity Cutoff,” [arXiv:0806.3976 [hep-th]].

[12] A. R. Liddle, A. Mazumdar, F. E. Schunck, Phys. Rev. D58, 061301 (1998).

[astro-ph/9804177].

[13] S. Dimopoulos, S. Kachru, J. McGreevy et al., “N-flation,” JCAP 0808, 003 (2008).

[hep-th/0507205].

[14] K. Becker, M. Becker, A. Krause, Nucl. Phys. B715, 349-371 (2005), [hep-th/0501130].

A. Ashoorioon and A. Krause, arXiv:hep-th/0607001.

[15] A. Ashoorioon, H. Firouzjahi, M. M. Sheikh-Jabbari, “M-flation: Inflation From Matrix Valued Scalar Fields,” JCAP 0906, 018 (2009). [arXiv:0903.1481 [hep-th]]; “Matrix Inflation and the Landscape of its Potential,” JCAP 1005, 002 (2010), [arXiv:0911.4284 [hep-th]].

[16] A. Ashoorioon, M. M. Sheikh-Jabbari, “Gauged M-flation, its UV sensitivity and Spectator Species,” JCAP 1106, 014 (2011). [arXiv:1101.0048 [hep-th]].

[17] J. N. Goldberg, “Conservation Laws in General Relativity,” Phys. Rev. 111, 315-320 (1958).

[18] V. Mukhanov, “Physical Foundations of Cosmology,” Cambrdige Uni. Press (2005);

S. Weinberg, “Cosmology,” Oxford, UK: Oxford Univ. Pr. (2008).