arXiv:1112.3306v2 [math-ph] 11 Jul 2012

The Existence of Multi-vortices for a Generalized Self-dual Chern–Simons Model^∗

Xiaosen Han^†

Institute of Contemporary Mathematics, Henan University, Kaifeng 475004, China

School of Mathematics and Information Science, Henan University, Kaifeng 475004, China

Abstract. In this paper we establish the existence of multi-vortices for a generalized self-dual Chern–Simons model. Doubly periodic vortices, topological and nontopological vortex solutions are constructed for this model. For the existence of doubly periodic vortex solutions, we establish an explicitly necessary and sufficient condition. It is difficult to get topological multi-vortex solutions due to the non-canonical structure of the equations. We overcome this difficulty by constructing a suitable sub-solution for the reduced equation. This technique maybe applied to the problems with similar structures. For the existence of non-topological solutions we use a shooting argument. Mathematics Subject Classification (2000). 70S15, 35J25, 35A05. Keywords: Gauge theory; magnetic vortices; topological invariants; Chern–Simons term; elliptic equations.

1 Introduction

In mathematical physics static solutions to gauge field equations with broken symmetry in twospace dimensions are often called vortices. Magnetic vortices play important roles in many areas of theoretical physics including superconductivity [1, 31, 39], electroweak theory [2–5], and cosmology [33, 43, 70]. The first and also the best-known rigorous mathematical construction of magnetic vortices was due to Taubes [39, 68, 69] regarding the existence and uniqueness of static solutions of the Abelian Higgs model or the Ginzburg–Landau model [31]. Since then there have been much mathematical work about the existence and properties of such vortices. See, for example, the references [8,10–12,29,46–48,50,53,54,58–60,65,71,74]. It is also natural to consider the dyon-like vortices, often referred to electrically charged magnetic vortices, carrying both magnetic and electric charges. Such dually charged vortices are very useful in several issues in theoretical physics such as high-temperature superconductivity [42, 49], the Bose-Einstein condensates [36, 41], optics [13], and the quantum Hall effect [57].

It is now well-known that there is no finite–energy dually charged vortices in two–space dimensions for the classical Yang–Mills–Higgs equations, Abelian or non-Abelian. This is known as the

∗This work was supported by the National Natural Science Foundation of China under grant 11026077 and Henan Basic Science and Frontier Technology Program Funds under grant 112300410054.

†Email: xiaosenhan@gmail.com

Julia–Zee theorem [40], whose rigorous mathematical proof was carried out in [62]. To accommodate dually charged vortices, some effort has been done in [23, 24, 26, 27, 38, 44, 55, 56], where the Chern–Simons terms are introduced into the action Lagrangian. However, the full Chern–Simons– Higgs equations are very difficult to tackle. Only radial case has been solved in [19]. Since the work of Hong, Kim, and Pac [34] and Jackiw and Weinberg [37] was published, there has been some rigorous mathematical results on the existence of electrically charged vortices. In [34, 37], the Yang–Mills(or Maxwell) term is removed from the action Lagrangian density while the Chern– Simons term alone governs electromagnetism, which is physically sensible at large distance and low energies. When the Higgs potential takes a sextic form, the static equations of motion can be reduced to a Bogolmol’ny type system of first order equations [14], which enables one to make rigorous mathematical studies of such solutions. In such a setting, topological multi-vortices with quantized charges [61, 72], non-topological multi-vortices with fractional values of charges [17, 18, 20, 63] and periodic vortices [16, 22, 28, 45, 52, 66, 67] are all present.

Recently, a generalized Chern–Simons model was proposed in [9]. With a non-canonical kinetic term for the complex scalar field and a special choice of the Higgs potential, a generalized self-dual Chern–Simons equation can be obtained. Despite some numerical work done in [9], up to now, there is no rigorous mathematical analysis for this model.

Our purpose of this paper is to carry out a rigorous mathematical analysis of this generalized self-dual Chern–Simons model. Specifically, we will establish the existence of doubly periodic multi-vortices, topological and non-topological vortex solutions to the generalized self-dual Chern– Simons model. We reduce the problem to a semi-linear elliptic equations with Dirac source terms characterizing the locations of the vortices. To get the existence of vortices over a doubly periodic domain, we apply the method developed by Caffarelli and Yang [16] to construct suitable subsolutions for the reduced equation. However, it is difficult to get the existence of topological solutions, due to the non-canonical structure of the reduced equations. To solve this difficulty, we find a technical sub-solution, which is useful for the problems of similar structures. For the existence of non-topological solution, we apply a shooting argument, which was used in [20, 74].

The rest of our paper is organized as follows. In section 2, we formulate our problem and state our main results. In section 3 we prove the existence of periodic vortices. In section 4 and section 5 we give the proofs of topological solutions and non-topological solutions, respectively.

2 Generalized Chern–Simons vortices

In this section we derive the generalized self-dual Chern–Simons equations, while in [9] only radial case is considered. We adapt the notation in [37]. The (2 + 1)-dimensional Minkowski space metric tensor g_{μν} is diag(1, −1, −1), which is used to raise and lower indices. The Lagrangian action density of the Chern–Simons-Higgs theory is given by the expression

L_s = κ 4 ε^{αβγ} A_αF_{βγ} + D_μϕD^μϕ − V (|ϕ|), (2.1) where D_μ = ∂_μ − iA_μ is the gauge-covariant derivative, A_μ (μ = 0, 1, 2) is 3-vector field called the Abelian gauge field, ϕ is a complex scalar field called the Higgs field, F_{αβ} = ∂_αA_β − ∂_βA_α, is the induced electromagnetic field, α, β, μ, ν = 0, 1, 2, κ > 0 is a constant referred to as the Chern– Simons coupling parameter, ε^{αβγ} the Levi-Civita totally skew-symmetric tensor with ε^{012} = 1, V is the Higgs potential function, and the summation convention over repeated indices is observed.

In [9], by changing the kinetic term of the Higgs field in the model, (2.1) is modified into a non-canonical form, the new Lagrangian density reads

L_G = κ 4 ε^{αβγ} A_αF_{βγ} + w(|ϕ|)D_μϕD^μϕ − V (|ϕ|), (2.2) where w(|ϕ|) is a function of the Higgs field.

The Euler–Lagrangian equations associated with the action density L_G (2.2) are κ 2 ε^{αβγ} A_αF_{βγ} = −j^α = iw(|ϕ|)(ϕD^αϕ − ϕD^αϕ), (2.3) wD_μD^μϕ + ∂_μwD^μϕ + ∂V ∂ϕ − |D_μϕ|^2 ∂w ∂ϕ = 0, (2.4)

where j^α = (ρ, j) is the current density and F_{12} is the magnetic field.

We are interested in the static solutions of the equations (2.3) and (2.4) over a doubly periodic domain Ω such that the field configurations are subject to the ’t Hooft boundary condition [35,73,74] under which periodicity is achieved modulo gauge transformations, and over the full plane R^2 . The α = 0 component of the equation (2.3) reads

κF_{12} = j^0 = ρ = −2A_0|ϕ|^2w(ϕ), (2.5)

the magnetic flux Φ and the electric charge Q are related by the formula Φ = ∫ F_{12}dx = 1 κ ∫ ρdx = Q κ . (2.6)

Here and in the following, our integration is always conducted over the doubly periodic domain Ω or the full plane R^2 . The energy density is then given by E = κ^2 2 F^2_{12} |ϕ|^2w + w|D_j ϕ|^2 + V (|ϕ|). (2.7)

As in [9] we choose special forms for w(|ϕ|) and the Higgs potential function V (ϕ) as follows

w(|ϕ|) = 3(1 − |ϕ|^2)^2, V (|ϕ|) = 3 κ^2

|ϕ|^2(1 − |ϕ|^2)^8.

Then the energy density (2.7) implies that a finite-energy solution of the solution to (2.3)-(2.4) over R^2 satisfies the condition |ϕ(x)| → 1 as |x| → +∞ (2.8) or |ϕ(x)| → 0 as |x| → +∞, (2.9) where the former is called topological and the latter is called non-topological, see [30, 65, 74].

The energy density (2.7) can be rewritten as E = [ κ 2 √ 3 F_{12} |ϕ|(1 − |ϕ|^2) ∓ √ 3 κ |ϕ|(1 − |ϕ|^2)^4 ]_2

+ 3(1 − |ϕ|^2)^2 |D_1ϕ ± iD_2ϕ|^2

±(1 − |ϕ|^2)^3F_{12} ± i3(1 − |ϕ|^2)^2 ( D_1ϕD_2ϕ − D_1ϕD_2ϕ ) . If (ϕ, A) is a finite-energy solution with winding number N of (2.3)-(2.4), following [39, 74], we can show that ∫ F_{12}dx = 2πN.

Integrating over the doubly periodic domain Ω or the full plane R^2 , we have E(ϕ, A) = ∫ Edx

= ∫ [ κ 2 √ 3 F_{12} |ϕ|(1 − |ϕ|^2) ∓ √ 3 κ |ϕ|(1 − |ϕ|^2)^4 ]_2 + 3(1 − |ϕ|^2)^2 |D_1ϕ ± iD_2ϕ|^2 dx

±2πN ± ∫ Im { ∂_j ε_{jk} ([ |ϕ|^2 − (1 − |ϕ|^2)^2 − 2 ]¯ ϕ(D_kϕ) ) } dx. (2.10)

Therefore, we can get the following lower bound of the energy E(ϕ, A) ≥ ±2πN. Then we see from (2.10) that such a lower bound is attained if and only if (ϕ, A) satisfies the following self-dual or anti-self-dual system

D_1ϕ − iD_2ϕ = 0, (2.11)

F_{12} + 6 κ^2

|ϕ|^2(1 − |ϕ|^2)^5 = 0 (2.12) or D_1ϕ + iD_2ϕ = 0, (2.13)

F_{12} − 6 κ^2

|ϕ|^2(1 − |ϕ|^2)^5 = 0. (2.14)

It is easy to check that if (ϕ, A) is a solution of the system (2.11)-(2.12), then (ϕ̄, −A) is the solution of (2.13)-(2.14). In addition, in view of (2.5), any solution of (2.11)-(2.12) or (2.13)-(2.14) is also the solution of (2.3)-(2.4). Consequently, in the sequel we only consider (2.11)-(2.12).

To formulate our problem more properly, as in [16, 39, 74] we can see that the zeros of ϕ are isolated with integer multiplicities. These zeros are often referred to vortices. Let the zeroes of ϕ be p_1, p_2, . . . , p_m with multiplicities n_1, n_2, . . . , n_m, respectively. Then, ∑_m i=1 n_i = N gives the winding number of the solution and the total vortex number. We aim to look for N-vortex solutions of (2.11)- (2.12) such that, ϕ has m zeros, say p_1, p_2, . . . , p_m with multiplicities n_1, n_2, . . . , n_m, respectively, and ∑_m i=1 n_i = N.

For the generalized Chern–Simons equations (2.11)-(2.12), we are interested in three situations. In the first situation the equations (2.11)-(2.12) will be studied over a doubly periodic domain Ω such that the field configurations are subject to the ’t Hooft boundary condition [35, 73, 74] under which periodicity is achieved modulo gauge transformations. In the second and the third situations the equations are studied over the full plane R^2 under the topological condition (2.8) and non-topological condition (2.9), respectively.

The main results of this paper read as follows.

Theorem 2.1 (Existence of Doubly Periodic Vortices) Let p_1, p_2, . . . , p_m ∈ Ω, n_1, n_2, . . . , n_m be some positive integers and N = ∑_m i=1 n_i. There exists a critical value κ_c ∈ ( 0, √ 5^5 6^5 |Ω| 2πN ] of the coupling parameter such that the self-dual equations (2.11)-(2.12) admit a solution (ϕ, A) for which p_1, p_2, . . . , p_m are zeros of ϕ with multiplicities n_1, n_2, . . . , n_m, if and only if 0 < κ ≤ κ_c. When 0 < κ ≤ κ_c, the solution (ϕ, A) also satisfies the following properties.

The energy, magnetic flux, and electric charge are given by E = 2πN, Φ = 2πN, Q = 2κπN. (2.15) The solution (ϕ, A) can be chosen such that the magnitude of ϕ, |ϕ| has the largest possible values.

Let the prescribed data be denoted by S = {p_1, p_2, . . . p_m; n_1, n_2, . . . , n_m}, where n_i may be zero for i = 1, . . . , m, and denote the dependence of κ_c on S by κ_c(S). For S^′ = {p_1, p_2, . . . p_m; n^′_1, n^′_2, . . . , n^′_m}, we denote S ≤ S^′ if n_1 ≤ n^′_1, . . . , n_m ≤ n^′_m. Then κ_c is a decreasing function of S in the sense that

κ_c(S) ≥ κ_c(S^′), if S ≤ S^′. (2.16)

Theorem 2.2 (Multiple Existence of Doubly Periodic Vortices) Let p_1, p_2, . . . , p_m ∈ Ω, n_1, n_2, . . . , n_m be some positive integers and N = ∑_m i=1 n_i and κ_c be given in Theorem 2.1. If 0 < κ < κ_c, then, in addition to the maximal solution (ϕ, A) given in Theorem 2.1, the self-dual equations (2.11)-(2.12) have a second solution (ϕ̃, Ã) satisfying (2.15) and for which p_1, p_2, . . . , p_m are the zeros of ϕ̃ with multiplicities n_1, n_2, . . . , n_m.

Theorem 2.3 (Topological Solution) Let p_1, p_2, . . . , p_m ∈ R^2 , n_1, n_2, . . . , n_m be some positive integers and N = ∑_m i=1 n_i. The self-dual equations (2.11)-(2.12) admit a topological solution (ϕ, A) such that the zeros of ϕ are exactly p_1, p_2, . . . , p_m with corresponding multiplicities n_1, n_2, . . . , n_m. Moreover, the energy, magnetic flux, and the charges are all quantized E = 2πN, Φ = 2πN, Q = 2κπN. (2.17) The solution is maximal in the sense that the Higgs field ϕ has the largest possible magnitude among all the solutions with the same zero distribution and local vortex charges in the full plane.

Theorem 2.4 (Radially Symmetric Topological Solution) For any point x̃ ∈ R^2 and a given integer N ≥ 0, the self-dual equations (2.11)-(2.12) admit a unique topological solution (ϕ, A), which is radially symmetric about the point x̃, such that x̃ is the zero of ϕ with multiplicities N. Moreover, the the energy, magnetic flux, and the charges are all quantized, given by (2.17).

Theorem 2.5 (Radially Symmetric Non-topological Solution) For any point x̃ ∈ R^2 and a given integer N ≥ 0, then for all β > 2N + 4, the self-dual equations (2.11)-(2.12) allows a non-topological solution (ϕ, A), which is radially symmetric about the point x̃, such that x̃ is the zero of ϕ with multiplicities N and realizing the prescribed decay properties,

|ϕ|^2 = O(r^{−β}), |D_j ϕ|^2 = O(r^{−(2+β)}), j = 1, 2, F_{12} = O(r^{−β}) (2.18)

for large r = |x − x̃| > 0 and the corresponding values of energy, magnetic flux, electric charge are given by the formula E = 2πN + πβ, Φ = 2πN + πβ, Q = κ(2πN + πβ). (2.19) Remark 2.1 For the non-topological solution with arbitrary distributed vortices to the generalized Chern–Simons equations (2.11)-(2.12), since it is more involved, we will deal with it in a forthcoming paper.

3 Existence of doubly periodic vortices

In this section we aim to establish the existence of vortex solution to the generalized Chern–Simons equations (2.11)-(2.12) over a doubly periodic domain Ω. In other words, we present the proofs of Theorem 2.1-2.2 in this section.

For convenience, we reduce the self-dual equation (2.11)-(2.12) to scalar nonlinear elliptic equation with Dirac source terms. To this end, we complexify the variables

z = x^1 + ix^2, A = A_1 + iA_2. Let ∂ = 1 2 (∂_1 − i∂_2) ¯∂ = 1 2 (∂_1 + i∂_2)

Then from (2.11), we can get

F_{12} = −2∂ ¯∂ ln |ϕ|^2 = − 1 2 Δ ln |ϕ|^2. (3.1)

Inserting (3.1) into (2.12) gives rise to the reduced equation

Δ ln |ϕ|^2 = λ|ϕ|^2(|ϕ|^2 − 1)^5 (3.2)

away from the zeros of ϕ, where we write λ ≡ 12 κ^2 throughout this paper.

Counting all the multiplicities of the zeros of ϕ, we write the prescribed zero set as Z(ϕ) = {p_1, . . . , p_N }. Let |ϕ|^2 = e^u. Then the generalized self-dual Chern–Simons equations (2.11)-(2.12) are transformed into the following scalar equation

Δu = λe^u(e^u − 1)^5 + 4π N∑ s=1 δ_{ps} , in Ω, (3.3)

where δ_p is the Dirac distribution centered at p ∈ Ω.

Conversely, if u is a solution of (3.3), we can obtain a solution of (2.11)-(2.12) according to the transformation

ϕ(z) = exp ( 1 2 u(z) + i N∑ s=1 arg(z − p_s) ) , A_1(z) = −2Re{i ¯∂ ln ϕ}, A_2(z) = −2Im{i ¯∂ ln ϕ}.

Then it is sufficient to solve (3.3).

Let u_0 be a solution of the equation (see [7])

Δu_0 = − 4πN |Ω| + 4π N∑ j=1 δ_{pj} . (3.4)

Setting u = u_0 + v, the equation (3.3) can be reduced to the following equation

Δv = λe^{u0+v}(e^{u0 +v} − 1)^5 + 4πN |Ω| . (3.5)

It is easy to check that the function f(t) = e^t(e^t − 1)^5(t ∈ R) has a unique minimal value −^{55}_{66} . Then, if v is a solution of (3.5), we have Δv ≥ − 5^5 6^6 λ + 4πN |Ω| . (3.6)

Integrating (3.6) over Ω, we have 0 ≥ − 5^5 6^6 λ|Ω| + 4πN, i.e., λ ≥ 6^6 5^5 4πN |Ω| , (3.7)

which is a necessary condition for the existence of solutions to (3.3).

As in [16] or chapter 5 in [74] we can use a super- and sub-solution method to establish the existence results for (3.3).

To solve (3.5), we introduce the following iterative scheme

(Δ − K)v_n = λe^{u0+vn−1} (e^{u0+vn−1} − 1)^5 − Kv_{n−1} +^{4πN}_{|Ω|} , n = 1, 2, . . . , v_0 = −u_0,

(3.8)

where K > 0 is a constant to be determined.

Lemma 3.1 Let {v_n} be the sequence defined by (3.8) with K ≥ 6λ. Then

v_0 > v_1 > v_2 > · · · > v_n > · · · > v (3.9)

for any sub-solution v of (3.5). Therefore, if (3.5) has a sub-solution, the sequence {v_n} converge to a solution of (3.5) in the space C^k(Ω) for any k ≥ 0 and such a solution is the maximal solution of the equation.

Proof. We prove by (3.9) by induction. We prove the case n = 1 first. From (3.8) we have,

(Δ − K)v_1 = Ku_0 + 4πN |Ω| , which implies v_1 ∈ C^∞(Ω) ∩ C^α(Ω) for some 0 < α < 1. Noting that (Δ − K)(v_1 − v_0) = 0 in Ω − {p_1, p_2, . . . , p_N } and v_1 − v_0 < 0 on ∂Ω_ε, where Ω_ε is the complement of ⋃_N j=1{x| |x − p_j | < ε} in Ω for ε sufficiently small, using the maximum principle we have v_1 − v_0 < 0 in Ω_ε. Therefore, we have v_1 − v_0 < 0 in Ω.

Assume that v_0 > v_1 > · · · > v_k. From (3.8) and K > 6λ we obtain

(Δ − K)(v_{k+1} − v_k) = λ[e^{u0+vk} (e^{u0+vk} − 1)^5 − e^{u0+vk−1} (e^{u0+vk−1} − 1)^5] − K(v_k − v_{k−1}) = [λe^{u0+ξ}(e^{u0 +ξ} − 1)^4(6e^{u0+ξ} − 1) − K](v_k − v_{k−1}) ≥ (5λ − K)(v_k − v_{k−1}) ≥ 0, where v_k ≤ ξ ≤ v_{k−1}. Using maximum principle again, we have v_{k+1} < v_k in Ω.

Now we prove the lower bound in (3.9) in terms of the sub-solution v of (3.5), that is, v ∈ C^2(Ω) and Δv ≥ λe^{u0+v} (e^{u0+v} − 1)^5 + 4πN |Ω| . (3.10)

Noting that v_0 = −u_0 and (3.10), we have

Δ(v − v_0) ≥ λe^{u0+v} (e^{u0+v} − 1)^5 = λe^{v −v0} (e^{v −v0} − 1)^5 in Ω \ {p_1, . . . , p_N }.

If ε > 0 is small, we see that v −v_0 < 0 on ∂Ω_ε. Then, by maximum principle, we obtain v −v_0 < 0 in Ω_ε. Therefore, v − v_0 < 0 throughout Ω.

Now assume v < v_k for some k ≥ 0. It follows from (3.9), (3.10) and the fact K > 6λ that

(Δ − K)(v − v_{k+1}) ≥ λ[e^{u0 +v} (e^{u0+v} − 1)^5 − e^{u0+vk} (e^{u0+vk} − 1)^5] − K(v − v_k) ≥ [λe^{u0 +ξ}(e^{u0+ξ} − 1)^4(6e^{u0 +ξ}ˇ− 1) − K](v − v_k) ≥ (5λ − K)(v − v_k) ≥ 0, where v ≤ ξ ≤ v_k. Applying maximum principle again, we get v < v_{k+1}.

The convergence of the sequence {v_n} can be obtained by a standard bootstrap argument. Then Lemma 3.1 follows.

In what follows we just need to construct a sub-solution of (3.5). Indeed, we have the following lemma.

Lemma 3.2 If λ > 0 is sufficiently large, the equation (3.5) admits a sub-solution satisfying (3.10).

Proof. Choose ε > 0 sufficiently small such that the balls B(p_j, 2ε) = {x ∈ Ω| |x − p_j | < 2ε}, j = 1, 2, · · · , N verify B(p_i, 2ε) ⋂ B(p_j, 2ε) = ∅ if i ≠ j. Let f_ε be a smooth function defined on Ω such that 0 ≤ f_ε ≤ 1 and

f_ε = 1, x ∈ B(p_j, ε), j = 1, 2, · · · , N, 0, x /∈^N ⋃ j=1 B(p_j, 2ε), smooth connection, elsewhere.

Then, f̄_ε = 1 |Ω| ∫ Ω f_εdx ≤ 4πNε^2 |Ω| . (3.11)

Define g_ε = 8πN |Ω| (f_ε − f̄_ε). It is easy to see that ∫ Ω g_εdx = 0.

Then we see that the equation Δw = g_ε (3.12) admits a unique solution up to an additive constant.

First, it follows from (3.11) that, for x ∈ B(p_j , ε), g_ε ≥ 4πN |Ω| ( 2 − 8πNε^2 |Ω| ) > 4πN |Ω| (3.13)

if ε is small enough. In the sequel we fix ε such that (3.13) is valid.

Next, we choose a solution of (3.12), say, w_0, to satisfy

e^{u0+w0} ≤ 1, x ∈ Ω.

Hence, for any λ > 0, we have

Δw_0 = g_ε > 4πN |Ω| ≥ λe^{u0+w0} (e^{u0+w0} − 1)^5 + 4πN |Ω| (3.14) for x ∈ B(p_j, ε), j = 1, 2, · · · , N. Finally, set

μ_0 = inf e^{u0+w0} | | | | x ∈ Ω \ N⋃ j=1 B(p_j , ε),

μ_1 = sup e^{u0+w0} | | | |x ∈ Ω \ N⋃ j=1 B(p_j, ε) .

Then 0 < μ_0 < μ_1 and e^{u0+w0} (e^{u0+w0} − 1)^5 ≤ μ_0(μ_1 − 1)^5 = −C_0 < 0 for x ∈ Ω \^N ⋃ j=1 B(p_j, ε). As

a consequence, we can choose λ > 0 sufficiently large to fulfill (3.14) in entire Ω. Thus, w_0 is a sub-solution of (3.5). The proof of Lemma 3.2 is complete.

Now we seek the critical value of the coupling parameter. We establish the following lemma.

Lemma 3.3 There is a critical value of λ, say, λ_c, satisfying λ_c ≥ 6^6 5^5 4πN |Ω| , (3.15)

such that, for λ > λ_c, the equation (3.5) has a solution, while for λ < λ_c, the equation (3.5) has no solution.

Proof. Assume that v is a solution of (3.5). Then u = u_0 + v satisfies (3.3) and is negative near the points x = p_j, j = 1, · · · , N. Applying the maximum principle away from the points x = p_j, j = 1, · · · , N, we see that u < 0 throughout Ω.

Define Λ = { λ > 0 | |λ is such that (3.5) has a solution}.

Then we can prove that Λ is an interval. To do so, we prove that, if λ^′ ∈ Λ, then [λ^′, +∞) ⊂ Λ. Denote by v^′ the solution of (3.5) at λ = λ^′. Noting that u_0 +v^′ < 0, we see that v^′ is a sub-solution of (3.5) for any λ > λ^′. By Lemma 3.1, we obtain λ ∈ Λ.

Let λ_c = inf Λ. Then, by the necessary condition (3.7), we have λ >^{66}_{55}^{4πN}_{|Ω|} for any λ > λ_c. Taking the limit λ → λ_c, we obtain (3.15). Then Lemma 3.3 follows.

Now we need to consider the critical case λ = λ_c. We use the method of [66] to deal with this case.

We first make a simple observation. We can show that the maximum solutions of (3.5) {v_λ|λ > λ_c} are monotone family in the sense that v_{λ1} > v_{λ2} whenever λ_1 > λ_2 > λ_c. Indeed, since u_0 + v_λ < 0, from (3.5) we have

Δv_{λ2} = λ_2e^{u0+vλ}2 (e^{u0+vλ}2 − 1)^5 + 4πN |Ω| = λ_1e^{u0+vλ}2 (e^{u0+vλ}2 − 1)^5 + 4πN |Ω| + (λ_2 − λ_1)e^{u0+vλ}2 (e^{u0+vλ}2 − 1)^5

≥ λ_1e^{u0+vλ2} (e^{u0+vλ2} − 1)^5 + 4πN |Ω| for λ_1 > λ_2 > λ_c. Therefore v_{λ2} is a sub-solution of (3.5) with λ = λ_1. Hence v_{λ1} > v_{λ2} if λ_1 > λ_2 > λ_c. Set X = { v ∈ W^{1,2}(Ω) | | | ∫ Ω vdx = 0 } . Then X is a closed subspace of W^{1,2}(Ω) and

W^{1,2}(Ω) = R ⊕ X.

In other words, for any v ∈ W^{1,2}(Ω), there exits a unique number c ∈ R and v^′ ∈ X such that v = c + v^′. In what follows, we will use the Trudinger–Moser inequality(see [7]) ∫ Ω e^{v′} dx ≤ C exp ( 1 16π ∫ Ω |∇v^′|^2dx ) , ∀ v^′ ∈ X, (3.16)

where C is a positive constant depending only on Ω.

Lemma 3.4 Let v_λ be a solution of (3.5). Then v_λ = c_λ + v^′_λ, where c_λ ∈ R and v^′_λ ∈ X. We have ‖∇v^′_λ‖_2 ≤ Cλ, (3.17) where C is a positive constant depending only on the size of the torus Ω. Furthermore, {c_λ} satisfies the estimate |c_λ| ≤ C(1 + λ + λ^2). (3.18)

Especially, v_λ satisfies ‖v_λ‖_W 1,2_{(Ω)} ≤ C(1 + λ + λ^2). (3.19)

Proof. Multiplying (3.5) by v^′_λ, integrating over Ω, using Schwarz inequality and Poincaré inequality, we have

‖∇v^′_λ‖^2 = − ∫ Ω λe^{u0+vλ} (e^{u0+vλ} − 1)^5v^′_λdx ≤ 2λ ∫ Ω |v^′_λ|dx ≤ 2λ|Ω|^{1/2}‖v^′_λ‖_2 ≤ Cλ‖∇v^′_λ‖_2, which implies (3.17).

Noting the property u_0 + v_λ = u_0 + c_λ + v^′_λ < 0, we have the upper bound, c_λ < − 1 |Ω| ∫ Ω u_0(x)dx. (3.20)

From the equation (3.5), we have

Δv_λ = λe^{u0+vλ} (e^{u0 +vλ} − 1)^5 + 4πN |Ω| ≥ λe^{u0+vλ} (e^{u0+vλ} − 1) + 4πN |Ω| . Integrating the above inequality over Ω gives λ ∫ Ω e^{u0+vλ} dx ≥ λ ∫ Ω e^{2(u0+vλ)}dx + 4πN > 4πN, which is λe^{cλ} ∫ Ω e^{u0} e^{v′λ} dx ≥ 4πN. Then we have

e^{cλ} ≥ Cλ^{−1} (∫ Ω e^{u0} e^{v′λ} dx )_{−1} ≥ Cλ^{−1} (∫ Ω e^{v′λ} dx )_{−1} ≥ Cλ^{−1} exp ( − 1 16π ‖∇v^′_λ‖^2 ) , where in the last inequality we have used Trudinger–Moser (3.16).

Now using (3.5) in the above inequality we can obtain a lower bound of c_λ,

c_λ ≥ −C(1 + λ + λ^2). (3.21)

Then (3.18) follows from (3.20) and (3.21). Combining (3.17) and (3.18), we obtain (3.19). Hence Lemma 3.4 follows.

For the critical case we have the following result.

Lemma 3.5 The set of λ for which the equation (3.5) has a solution is a closed interval. That is to say, at λ = λ_c (3.5) has a solution as well.

Proof. For λ_c < λ < λ_c + 1 (say), by Lemma 3.4 the set {v_λ} is bounded in W^{1,2}(Ω). Noting that {v_λ} is monotone with respect to λ, we conclude that there exist v_∗ ∈ W^{1,2}(Ω) such that

v_λ → v_∗ weakly in W^{1,2}(Ω) as λ → λ_c.

Therefore v_λ → v_∗ strongly in L^p(Ω) for any p ≥ 1 as λ → λ_c. Using Trudinger–Moser inequality (3.16) again we obtain e^{vλ} → e^{v∗} strongly in L^p(Ω) for any p ≥ 1 as λ → λ_c. Using this result in (3.5) and the L^2 estimates for the elliptic equations, we have v_∗ ∈ W^{2,2}(Ω) and v_λ → v_∗ strongly in W^{2,2}(Ω) as λ → λ_c. Particularly, taking the limit λ → λ_c in (3.5), we obtain that v_∗ is a solution of (3.5) for λ = λ_c. Then the lemma follows.

Denote P = {p_1, · · · , p_m; n_1, n_2, · · · , n_m}, P^′ = {p_1, · · · , p_m; n^′_1, n^′_2, · · · , n^′_m}. We denote the dependence of λ_c on P by λ_c(P ). Consider the equation

Δu = λe^u(e^u − 1)^5 + 4π m∑ j=1 n_jδ_{pj} (3.22)

Lemma 3.6 If P ≤ P^′, we have λ(P ) ≤ λ(P^′).

Proof. It is sufficient to show that, if λ > λ_c(P^′), then λ ≥ λ_c(P ). Let u^′ be a solution of (3.22) with n_j = n^′_j, j = 1, · · · , m and u_0 satisfy

Δu_0 = − 4πN |Ω| + 4π m∑ j=1 n_j δ_{pj} ,

where N = n_1 + · · · + n_m. Setting u^′ = u_0 + v , we have

Δv = λe^{u0+v} (e^{u0 +v} − 1)^5 + 4πN |Ω| + 4π m∑ j=1 (n^′_j − n_j)δ_{pj} , which implies in particular that v is a sub-solution of (3.5) in the sense of distribution and (3.9) holds pointwise. It is easy to check that the singularity of v is at most of the type ln |x−p_j|. Hence, the inequality (3.9) still results in the convergence of the sequence of {v_n} to a solution of (3.5) in any C^k norm. Indeed, by (3.9) we see that {v_n} converges almost everywhere and is bounded in L^2 norm. Therefore, the sequence converges in L^2. Analogously, the right-hand side of (3.8) also converges in L^2. Applying the standard L^2 estimate, we see that the sequence converges in W^{2,2}(Ω) to a strong solution of (3.5). Thus, a classical solution can be obtained. Using a bootstrap argument again, we can obtain the convergence in C^k norm. This proves λ ≥ λ_c(P ). Therefore , λ(P ) ≤ λ(P^′).

From the above discussion we complete the proof of Theorem 2.1.

Now we carry out the proof of Theorem 2.2. It is easy to see that (3.5) is the Euler–Lagrangian equation of the following functional

I_λ(v) = ∫ Ω { 1 2 |∇v|^2 + λ 6 (e^{u0 +v} − 1)^6 + 4πN |Ω| v } dx. (3.23)

Lemma 3.7 For every λ > λ_c, the problem (3.5) admits a solution v_λ ∈ W^{1,2}(Ω) and it is a local minimum of the functional I_λ(v) defined by (3.23).

Proof. We apply the method in [66]. Since u_0 + v_∗ < 0, we see that v_∗ is a sub-solution of (3.5) for any λ > λ_c. Define V = { v ∈ W^{1,2}|v ≥ v_∗ a. e. in Ω } . (3.24)

Then the functional I_λ is bounded form below on V . We can study the following minimization problem η_0 ≡ inf { I_λ(v)|v ∈ V } . (3.25)

We will show that the problem (3.25) admits a solution.

Let {v_n} be a minimizing sequence of (3.25). Then, by the decomposition formula, v_n = v^′_n + c_n, v^′_n ∈ X, c_n ∈ R, n = 1, 2, . . . , we see that {‖∇v_n‖_2} is bounded since the definition of V gives a lower bound of {c_n}. By the definition of I_λ(v) we have I_λ(v_n) ≥ 4πc_n, which gives an upper bound of {c_n}. Then {v_n} is a bounded sequence in W^{1,2}(Ω). Without loss of generality, we may assume that {v_n} converges weakly to an element v ∈ W^{1,2}(Ω) as n → ∞. Hence, v is a solution to the problem (3.25). Using Lemma 5.6.3 in [74] or the appendix of [66], we conclude that v is a solution of the equation (3.5) and v ≥ v_∗ in Ω. By the maximum principle we obtain the strict inequality v > v_∗ in Ω.

Next we prove that v is a local minimum of the functional (3.23) in W^{1,2}(Ω). We use the approach of Brezis and Nirenberg [15] as in Tarantello [66] and Yang [74]. We argue by contradiction. Suppose otherwise v is not a local minimum of I_λ(v) in W^{1,2}(Ω). Then, for any integer n ≥ 1, we have inf { I_λ(w)|w ∈ W^{1,2}(Ω), ‖w − v‖_W 1,2_{(Ω)} ≤ 1 n } = ε_n < I_λ(v). (3.26)

Similarly to the above, for any n ≥ 1, we can conclude that the infimum of (3.26) is achieved at a point v_n ∈ W^{1,2}(Ω). Then, by the principle of Larangian multipliers, we obtain that there exists number μ_n ≤ 0 such that

−Δv_n + λe^{u0+vn} (e^{u0+vn} − 1)^5 + 4πN |Ω| = μ_n(−Δ[v_n − v] + v_n − v).

We rewrite the above equation the following form

Δ(v_n − v) = λ 1 + |μ_n| [ e^{u0+vn} (e^{u0+vn} − 1)^5 − e^{u0+v}(e^{u0+v} − 1)^5 ] + |μ_n| 1 + |μ_n| (v_n − v). (3.27)

Noting the fact ‖v_n − v‖_W 1,2_{(Ω)} → 0 as n → ∞ and the Trudinger–Moser inequality (3.16), we see that the right hand side of (3.27) converges to 0 as n → ∞. Then using the elliptic L^2 estimate, we have v_n → v in W^{2,2}(Ω) as n → ∞. By embedding theorem we see that v_n → v in C^α(Ω) for any 0 < α < 1. Since Ω is compact and v > v_∗ in Ω, we have v_n > v_∗ for n sufficiently large. This implies v ∈ V for n sufficiently large, which leads to I_λ(v_n) ≥ I_λ(v). Then we obtain a contradiction and the conclusion follows.

In the sequel we show that the functional I_λ(v) satisfies P.S. condition in W^{1,2}(Ω).

Lemma 3.8 Any sequence {v_n} ⊂ W^{1,2}(Ω) verifying I_λ(v_n) → α, ‖dI_λ(v_n)‖_d → 0 as n → ∞ (3.28) admits a convergent subsequence, where we use ‖ · ‖_d to denote the norm of the dual space of W^{1,2}(Ω).

Proof. By (3.28) we have 1 2 ‖∇v_n‖^2 + λ 6 ∫ Ω (e^{u0+vn} − 1)^6dx + 4πN |Ω| ∫ Ω v_ndx → α, (3.29) | | ∫ Ω ∇v_n∇φdx + λ ∫ Ω e^{u0+vn} (e^{u0+vn} − 1)^5φdx + 4πN |Ω| ∫ Ω φdx | | ≤ ε_n‖φ‖_{W 1,2 (Ω)} (3.30)

as n → ∞, where ε_n → 0 as n → ∞. Setting φ = 1 in (3.30), we obtain λ ∫ Ω e^{u0+vn} (e^{u0+vn} − 1)^5dx + 4πN ≤ ε_n|Ω|, which implies ε_n|Ω| λ ≥ 4πN λ + ∫ Ω e^{u0+vn} (e^{u0+vn} − 1)^5dx = 4πN λ + ∫ Ω (e^{u0+vn} − 1)^6dx + ∫ Ω (e^{u0+vn} − 1)^5dx ≥ 4πN λ − 5 6 |Ω| + 5 6 ∫ Ω (e^{u0+vn} − 1)^6dx.

Then, it follows ∫ Ω (e^{u0+vn} − 1)^6dx ≤ ( 1 + 6 5 ε_n λ ) |Ω| − 24πN 5 ≤ C. (3.31)

Here and in the sequel we use C to denote a universal positive constant maybe different in different places. Hence, by (3.31) we have ∫ Ω e^{6(u0 +vn)}dx = ∫ Ω [(e^{u0 +vn} − 1) + 1]^6dx ≤ 2^5 [∫ Ω (e^{u0+vn} − 1)^6dx + |Ω| ] ≤ C. (3.32)

Using Hölder inequality and (3.32), we have ∫ Ω e^{2(u0 +vn)}dx ≤ (∫ Ω e^{6(u0 +vn)}dx

) 1_3 |Ω|^{23} ≤ C. (3.33)

Likewise, ∫ Ω e^{4(u0 +vn)}dx ≤ C. (3.34)

Applying the decomposition formula v_n = v^′_n + c_n in (3.29), we have 1 2 ‖∇v^′_n‖^2 + λ 6 ∫ Ω (e^{u0+v′n+cn} − 1)^6dx + 4πNc_n → α, (3.35)

as n → ∞. Then from (3.35) it follows that c_n is bounded from above. Since I_λ(v_n) → α as n → ∞, we may assume that for all n, α − 1 < I_λ(v_n) < α + 1, which leads to α − 1 < 1 2 ‖∇v^′_n‖^2 + λ 6 ∫ Ω (e^{u0+v′n+cn} − 1)^6dx + 4πNc_n < α + 1. (3.36)

Therefore it follows from (3.32) and (3.36) that

α − 1 + 4λπN 5 − ( λ 6 + ε_n 5 ) |Ω| < 1 2 ‖∇v^′_n‖^2 + 4πNc_n < α + 1. (3.37)

Now we aim to get a lower bound for c_n. Let φ = v^′_n in(3.30), we obtain

‖∇v^′_n‖^2 + λ ∫ Ω e^{u0+vn} (e^{u0 +vn} − 1)^5v^′_ndx ≤ ε_n‖v^′_n‖_W 1,2_{(Ω)} ≤ Cε_n‖∇v^′_n‖_2

from which follows

‖∇v^′_n‖^2 + λ ∫ Ω e^{6(u0+vn)}v^′_ndx ≤ C ∫ Ω e^{u0+vn} (e^{4(u0 +vn)} + e^{3(u0+vn)} + e^{2(u0+vn)} + e^{u0+vn} + 1)|v^′_n|dx + Cε_n‖∇v^′_n‖_2. (3.38)

It is easy to see that (3.38) is equivalent to

‖∇v^′_n‖^2 + λ ∫ Ω e^{6(u0+cn)}(e^{6v′n} − 1)v^′_ndx ≤ λ ∫ Ω e^{6(u0 +cn)}v^′_ndx + Cε_n‖∇v^′_n‖_2 +C ∫ Ω e^{u0+vn} (e^{4(u0 +vn)} + e^{3(u0 +vn)} + e^{2(u0 +vn)} + e^{u0+vn} + 1)|v^′_n|dx. (3.39)

Now we deal the right hand side terms in (3.39). Using the Höler inequality and the Poincaré inequality, we have ∫ Ω e^{6(u0 +cn)}v^′_ndx ≤ C‖v^′_n‖_2 ≤ C‖∇v^′_n‖_2. Applying Höler inequality, (3.32) and Sobolev embedding theorem, we get ∫ Ω (e^{5(u0 +vn)}|v^′_n|dx ≤ (∫ Ω e^{6(u0 +vn)}dx

) 5_6 (∫ Ω |v^′_n|^6dx ) 1_6 ≤ C‖v^′_n‖_6 ≤ C‖∇v^′_n‖_2 All the other terms on the right hand side of (3.39) can estimated in the same way and they all be bounded by C‖∇v^′_n‖_2. Then we have

‖∇v^′_n‖^2 + λ ∫ Ω e^{6(u0+cn)}(e^{6v′n−1})v^′_ndx ≤ C‖∇v^′_n‖_2. (3.40) Noting that ∫ Ω e^{6(u0+cn)}(e^{6v′n −1})v^′_ndx ≥ 0, we obtain from (3.40) that ‖∇v^′_n‖_2 ≤ C. (3.41) Inserting (3.41) into (3.37), we see that c_n is bounded from below.

Then we can derive that {v_n} is uniformly bounded in W^{1,2}(Ω). Without loss of generality, we may assume that there exists an element v ∈ W^{1,2}(Ω) such that v_n → v weakly in W^{1,2}(Ω) and strongly in L^p(Ω) for any p ≥ 1.

Setting n → ∞ in (3.30), we have ∫ Ω { ∇v · ∇φ + λe^{u0+v}(e^{u0+v} − 1)^5φ + 4πN |Ω| φ } dx = 0, ∀ φ ∈ W^{1,2}(Ω). (3.42)

Then v is a critical point of the functional I_λ.

Next we show that v_n → v strongly in W^{1,2}(Ω) as n → ∞.

Letting φ = v_n − v in (3.30) and (3.42) and subtract the resulting expressions, we obtain

‖∇(v_n − v)‖^2 + λ ∫ Ω [ e^{u0+vn} (e^{u0+vn} − 1)^5 − e^{u0+v}(e^{u0+v} − 1)^5 ] (v_n − v)dx ≤ ε_n‖v_n − v‖_W 1,2_{(Ω)},

which implies ‖∇(v_n − v)‖^2 ≤ λ ∫ Ω | |e^u0^{+v}n (e^u0^{+v}n − 1)^5 − e^u0^{+v}(e^u0^{+v} − 1)^5 | | |v_n − v|dx + ε_n‖v_n − v‖_{W 1,2(Ω)} ≤ C‖v_n − v‖_2 + ε_n(‖v_n‖_W 1,2_{(Ω)} + ‖v‖_W 1,2_{(Ω)}). (3.43)

Since the right hand side of (3.43) tends to 0 as n → ∞, we have ∇v_n → ∇v strongly in L^2(Ω). Then we can obtain that v_n → v strongly in W^{1,2}(Ω) as n → ∞. Then the proof of Lemma 3.8 is complete.

Next we establish the existence of secondary solutions of the equation (3.5). Let v_λ be the local minimum of I_λ obtained in Lemma 3.7. Then There exists a positive constant δ > 0 such that I_λ(v_λ) < I_λ(w), ∀ w ∈ W^{1,2}(Ω), ‖w − v_λ‖_W 1,2_{(Ω)} ≤ δ.

Here we assume that v_λ is a strict local minimum because otherwise we would already have additional solutions. Therefore we can assume that there admits a positive constant δ_0 > 0 such that inf { I_λ(w)|w ∈ W^{1,2}(Ω), ‖w − v_λ‖_W 1,2_{(Ω)} = δ_0 } > I_λ(v_λ). We will show that the functional I_λ possesses a “mountain pass” structure. Indeed, since u_0 + v_λ < 0, we have

I_λ(v_λ − c) − I_λ(v_λ) = λ 6 ∫ Ω [ (e^{u0 +vλ−c} − 1)^6 − (e^{u0+vλ} − 1)^6 ] dx − 4πNc < λ 6 |Ω| − 4πNc → −∞ as c → +∞. Then we can choose c_0 > δ_0 sufficiently large such that

I_λ(v_λ − c_0) < I_λ(v_λ) − 1 and |Ω|^{12} c_0 > δ_0.

Denote by P the set of all continuous paths in W^{1,2}(Ω) γ(t) : [0, 1] → W^{1,2}(Ω) connecting the points v_λ and v_λ − c_0 with γ(0) = v_λ, γ(1) = v_λ − c_0. Define

α_0 = inf_{γ∈P} sup_{t∈[0,1]} { I_λ(γ(t)) } . Then we have α_0 > I_λ(v_λ). (3.44)

Therefore the functional I_λ satisfies all the hypothesis of the mountain pass theorem of Ambrosetti- Rabinowitz [6]. Then we can conclude that α_0 is a critical value of the functional I_λ in W^{1,2}(Ω). Noting (3.44), we have an additional solution of the equation (3.5). Then we complete the proof of Theorem 2.2.

4 Existence of topological solutions

In this section we establish the existence of topological solution of the generalized self-dual Chern– Simons equations (2.11)-(2.12), i.e. we prove Theorem 2.3. We will use a super- and sub-solution method to construct solutions. The key step is to find a suitable sub-solution to the reduced equation. This technique maybe applied to the problems with similar structures.

As in Section 3, let |ϕ|^2 = e^u, the prescribed zeros of ϕ be p_1, . . . , p_m with multiplicities n_1, . . . , n_m, respectively, and N = ∑_m s=1 n_s. Then we arrive at the following governing equation

Δu = λe^u(e^u − 1)^5 + 4π m∑ s=1 n_sδ_{ps} , x ∈ R^2 . (4.1)

Correspondingly, the topological condition (2.8) is changed into u(x) → 0 as |x| → +∞. (4.2) We define the background function u_0(x) = − m∑ s=1 n_s ln(1 + |x − p_s|^{−2}). (4.3) Then Δu_0 = 4π m∑ s=1 n_sδ_{ps} − g, (4.4)

where g = 4^m ∑ s=1 n_s(1 + |x − p_s|^2)^{−2}. Let v = u − u_0, we have Δv = λe^{u0+v}(e^{u0+v} − 1)^5 + g. (4.5) The boundary condition (4.2) becomes v(x) → 0 as |x| → +∞. (4.6) It is easy to check that v^∗ = −u_0 is an super-solution to the problem (4.5)-(4.6). Next we construct a sub-solution to the problem(4.5)-(4.6). The construction of sub-solution is a crucial part of the proof. This technique maybe applied to the other problems with similar structures.

Lemma 4.1 For any λ > 0, the problem (4.5)-(4.6) admit a sub-solution.

Proof. It is shown in [61, 72] that for any μ > 0 the equation Δu = μe^u(e^u − 1) + 4π m∑ s=1 n_sδ_{ps} (4.7)

has a topological solution u^{(μ)}, namely, u^{(μ)} satisfies the equation (4.7) and the boundary condition u^{(μ)} → 0 as |x| → +∞. Then for μ = λe^{−a}(e^{−a} − 1)^4, a > 0, the problem (4.7) admits a solution u_∗ satisfies Δu_∗ = λ(e^{−a} − 1)^4e^{u∗−a}(e^{u∗} − 1) + 4π m∑ s=1 n_sδ_{ps} (4.8) and u_∗ → 0 as |x| → +∞ and u_∗ < 0 for all x ∈ R^2 . Since u_∗ < 0, for any a > 0, we have e^{u∗−a} − 1 < e^{−a} − 1 < 0 and e^{u∗} − 1 > e^{u∗−a} − 1 Then we obtain from (4.8) that Δ(u_∗ − a) ≥ λe^{u∗−a}(e^{u∗−a} − 1)^5 + 4π m∑ s=1 n_sδ_{ps} (4.9)

Let v_∗ = u_∗ − a − u_0, from (4.9) we have

Δv_∗ ≥ λe^{u0+v∗} (e^{u0+v∗} − 1)^5 + g (4.10)

and v_∗ satisfies v_∗ → −a as |x| → ∞. Then we conclude that v_∗ is a sub-solution to the problem (4.5)-(4.6). Then the lemma follows.

At this point we can establish a solution of to the problem (4.5)-(4.6) by the super-solution v^∗ and sub-solution v_∗.

Let B_r be a ball centered at the origin with radius r in R^2 , where r > |p_s|, s = 1, . . . , m. Consider the following boundary value problem

Δv = λe^{u0+v}(e^{u0 +v} − 1)^5 + g, x ∈ B_r, (4.11) v = −u_0, x ∈ ∂B_r. (4.12)

We first prove that the problem (4.11)-(4.12) has a unique solution v satisfying v_∗ < v < v^∗.

It is easy to see that v^∗ = −u_0 and v_∗ = u_∗ −a−u_0 are a pair of ordered super-and sub-solutions to the problem (4.11)-(4.12).

We use the monotone iterative method. Let K > 0 be constant satisfying K ≥ 6λ. We first introduce an iteration sequence on B_r.

(Δ − K)v_n = λe^{u0+vn−1} (e^{u0 +vn−1} − 1)^5 − Kv_{n−1} + g in B_r, (4.13) v_n = v^∗ on ∂B_r, n = 1, 2, · · · , (4.14) v_0 = v^∗. (4.15)

Lemma 4.2 Let {v_n} be the sequence defined by the iteration scheme (4.13). Then

v^∗ > v_1 > v_2 > · · · > v_n > · · · > v_∗. (4.16)

Proof. We prove this lemma by induction. For n = 1, v_1 satisfies (Δ − K)v_1 = −Kv^∗ + g in B_r. (4.17) It is easy to see that the right hand side of (4.14) belongs to L^p(B_r) for p > 2. Then by the standard theory, we have v_1 ∈ C^{1,α}(B_r)(0 < α < 1). Near the set Q = {p_1, . . . , p_m} we have v_1 < v^∗. In B_r\Q, we can get Δ(v_1 − v^∗) − K(v_1 − v^∗) = 0.

Then, by maximum principle we have v_1 < v^∗ in B_r. Noting that v_∗ < v^∗, we have

(Δ − K)(v_∗ − v_1) ≥ λe^{u0+v∗} (e^{u0+v∗} − 1)^5 − K(v_∗ − v_1) = [λe^{u0+ξ}(e^{u0 +ξ} − 1)^4(6e^{u0+ξ} − 1) − K](v_∗ − v_1) ≥ (5λ − K)(v_∗ − v_1) ≥ 0. Here and what after we use ξ to denote an intermediate quantity from the mean value theorem. Hence by maximum principle again we have v_∗ < v_1 in B_r.

Suppose that we have already obtained the inequality v_∗ < v_k, v_k < v_{k−1} for some k ≥ 1. Then by (4.13) we have

(Δ − K)(v_{k+1} − v_k) = λ[e^{u0+vk} (e^{u0+vk} − 1)^5 − e^{u0+vk−1} (e^{u0+vk−1} − 1)^5] − K(v_k − v_{k−1}) = [λe^{u0+ξ}(e^{u0 +ξ} − 1)^4(6e^{u0+ξ} − 1) − K](v_k − v_{k−1}) ≥ (5λ − K)(v_k − v_{k−1}) ≥ 0. Therefore we have v_{k+1} < v_k in B_r by maximum principle. Similarly, we have

(Δ − K)(v_∗ − v_{k+1}) ≥ λ[e^{u0+v∗} (e^{u0+v∗} − 1)^5 − e^{u0+vk} (e^{u0+vk} − 1)^5] − K(v_∗ − v_k) = [λe^{u0+ξ}(e^{u0+ξ} − 1)^4(6e^{u0 +ξ} − 1) − K](v_∗ − v_k) ≥ (5λ − K)(v_∗ − v_k) ≥ 0. Hence we obtain v_∗ < v_{k+1} in B_r. Then, we get (4.16). Hence Lemma 4.2 follows.

Since v_∗ is a bounded function, we can get the existence of the pointwise limit

v = lim_{n→∞} v_n. (4.18)

Let n → ∞ in (4.13) and by the elliptic estimate and embedding theorem we see that the limit (4.18) can be achieved in any strong sense and v is a smooth solution of (4.11)-(4.12). It is easy to see that the solution v is unique and v satisfies v_∗ < v < v^∗.

Now we denote by v^{(n)} the solution of (4.11)-(4.12) with r = n(n is large such that n > |p_s|, s = 1, . . . , m). By the construction of v^{(n)}, we have v^{(n+1)} ≤ v^∗ in ∂B_{n+1}. Then, v^{(n+1)} is a sub-solution of (4.11)-(4.12) with r = n. Therefore, from Lemma 4.2 we have v^{(n+1)} ≤ v^{(n)} in B_n for any n. Then for each fixed n_0 ≥ 1, we have the monotone sequence v_{n0} > v_{n0+1} > · · · > v_n > v_{n+1} > · · · > v_∗ in B_{n0} . Then we can see that the sequence {v^{(n)}} converges to a solution, say v, of the equation (4.5) over the full plane R^2 . By elliptic L^p estimate, we have v ∈ W^{2,2}(R^2 ). Then we get v(x) → 0 as |x| → ∞, which is the topological boundary condition (4.6). Then we can get a topological solution u of (4.1) satisfying u < 0 in R^2 .

Now we show that v is maximal. Let ṽ be another solution to (4.11)-(4.12). Then ṽ satisfies

Δ(u_0 + ṽ) = λe^{u0+ṽ}(e^{u0+ṽ} − 1)^5 in R^2 \ {p_1, . . . , p_m},

u_0 + ṽ = 0 at infinity, and u_0 + v < 0 in a small neighborhood of {p_1, . . . , p_m}. Using maximum principle, we see that u_0 + ṽ ≤ 0. Then by Lemma 4.2, we obtain ṽ ≤ v, which is to say that v is maximal.

Let u be the solution of (4.1) obtained above. Define θ(z) = m∑ s=1 n_s arg(z − z_s), ϕ(z) = exp ( 1 2 u(z) + iθ(z) ) , A_1(z) = −2Re{i ¯∂ ln ϕ}, A_1(z) = −2Im{i ¯∂ ln ϕ}.

Then (ϕ, A) is a topological solution of the system (2.11)-(2.12).

Hence the proof of Theorem 2.3 is complete.

5 Existence of radially symmetric topological solutions and nontopological solutions

In this section we establish the existence of radially symmetric topological solutions and nontopological solutions for the generalized self-dual Chern–Simons equations (2.11)-(2.12), that is, we prove Theorem 2.4-2.5. We use the method developed in [20, 74].

For convenience, we assume that the zero of ϕ concentrate at the origin with multiplicities N. Let |ϕ|^2 = e^u, similar to Section 3, we obtain the following governing equation

Δu = λe^u(e^u − 1)^5 + 4πNδ(x), x ∈ R^2 . (5.1)

Correspondingly, the topological condition (2.8) and non-topological condition (2.9) are changed as u(x) → 0 as |x| → +∞ (5.2) and u(x) → −∞ as |x| → +∞. (5.3) To get the proof of Theorem 2.4 and Theorem 2.5, firstly we state the following theorem for (5.1).

Theorem 5.1 For N ≥ 0, a radially symmetric solution of (5.1) is either trivial u ≡ 0, or negative u < 0. For every given N there exists a unique solution u = u(r)(r = |x|) satisfies lim r→+∞ u(r) = 0. All other solutions satisfies the the behavior lim r→+∞ ru_r(r) = −β, β > 2N + 4. (5.4)

Furthermore, for any β ∈ (2N + 4, +∞), there exists at least one solution u of (5.1) realizing the behavior (5.4).

From the first part of Theorem 5.1, we can get the existence and uniqueness of radially symmetric topological solution, then we can get the proof of Theorem 2.4.

Let u be a solution obtained in the second part of Theorem 5.1. Set

ϕ(z) = exp ( 1 2 u(z) + iN arg z ) , (5.5)

A_1(z) = −2Re{i ¯∂ ln ϕ}, A_2(z) = −2Im{i ¯∂ ln ϕ}. (5.6)

Then we can construct the N-vortex radially non-topological solutions the generalized Chern– Simons equations (2.11)-(2.12). When β ∈ (2N + 4, +∞), let u be a solution obtained in Theorem 5.1 such that (5.4) is satisfied. Hence by (2.11)-(2.12), and (5.5)-(5.6), we can obtain the magnetic flux is Φ = ∫ R^2

F_{12}dx = λ 2 ∫ R^2

e^u(1 − e^u)^5dx = π ∫_{+∞} 0 (u_{rr} + 1 r u_r)rdr = π ∫_{+∞} 0 (ru_r)_rdr = π(2N + β). (5.7)

Then the electric charge is Q = κΦ = κπ(2N + β). Noting (5.4)-(5.5) we can get |D_j ϕ|^2 = 1 2 u^2_re^u = O(r^{−(2+β)}).

Then it follows from (2.10) that the energy is E = ∫ R^2 Edx = ∫ R^2

F_{12}dx = π(2N + β).

Then we complete the proof of Theorem 2.5.

Now we just need to prove Theorem 5.1.

Since we are interested in radially symmetric solutions of (5.1), setting r = |x|, we obtain u_{rr}(r) + 1 r u_r(r) + λe^{u(r)} ( 1 − e^{u(r)}

)_5 = 0, r > 0, (5.8) u(r) = 2N ln r + O(1), for small r > 0. (5.9)

Using new variables t = ln r, u(t) ≡ u(e^t), we transform (5.8)-(5.9) into

u^{′′}(t) + λe^{2t}e^{u(t)} ( 1 − e^{u(t)}

)_5 = 0, −∞ < t < +∞, (5.10) u(t) = 2Nt + O(1), as t → −∞. (5.11)

To prove Theorem 5.1, we first state the following theorem.

Theorem 5.2 There exists a unique solution to (5.10)-(5.11) such that u ≤ 0, u^′ ≥ 0, u^{′′} < 0 in R and lim t→+∞ u(t) = 0. (5.12) For any β ∈ (2N + 4, +∞), the problem (5.10)-(5.11) admits at least one solution such that u < 0, u^{′′} < 0 in R and lim t→+∞ u^′(t) = −β, (5.13) Moreover, for any non-positive solution of (5.10)-(5.11) satisfying

lim inf t→+∞ u(t) < 0, (5.14)

there exists some β ∈ (2N + 4, +∞) such that u satisfies (5.13).

Suppose that u is a solution of (5.10)-(5.11) which becomes positive at some t = t_0. Then it follows from maximum principle that u^′(t_0) > 0. Therefore, u^{′′}(t) > 0 and u^′(t) > 0 for all t > t_0. Then we have e^{u(t)} − 1 > e^{u(t0 )} − 1 > 0 for all t > t_0.

Using the equation (5.10), there exist a positive constant δ_0 depending on t_0 such that

u^{′′}(t) > δ^4_0 e^{u(t)}, t > t_0.

Then it is easy to see that u(t) blows up at finite time t > t_0.

Hence by Theorem 5.2, we can conclude the assertion of Theorem 5.1. In the sequel we just need to Theorem 5.2. Let g(u) = { e^u(1 − e^u)^5, u ≤ 0, 0, u > 0. To prove Theorem 5.2, it is sufficient to prove the same result for the following problem

u^{′′}(t) + λe^{2t}g(u(t)) = 0, −∞ < t < +∞, (5.15) u(t) = 2Nt + O(1), as t → ∞. (5.16)

First we establish the existence for the initial value problem (5.15).

Lemma 5.1 For any a ∈ R, there exits a unique solution u to the problem (5.15) such that

u(t) = 2Nt + a + o(1) as t → −∞. (5.17)

Moreover, if u(t) is a solution of (5.15) in some interval, it can be extended to a global solution of (5.15) in R which satisfies (5.17) for some a ∈ R.

Proof. It is easy to check that u(t) is a solutio of (5.15) if and only if u(t) verifies u(t) = 2Nt + a − λ ∫_t −∞ (t − s)e^{2s}g(u(s))ds. (5.18)

Let T < − ln 2, we can get ∫_T −∞ (T − s)e^{2s}ds < 1 16 . Noting that |g(u)| + |g^′(u)| < 7, then by Picard iteration with u^0 = 2Nt + a, we can establish the solution of (5.15) in the interval (−∞, T ]. Since g(u) is bounded, we can extend u to a solution of (5.15) in R.

Now we prove the uniqueness of the solution. Suppose that u^1, u^2 are two solutions of (5.15) in the interval (−∞, T ]. Let ũ = u^1 − u^2, we have |ũ(t)| = | | |−λ ∫_t −∞ (t − s)e^{2s} [ g(u^1(s)) − g(u^2(s)) ] ds | | | ≤ sup |g^′(u)| ∫_T −∞ (T − s)e^{2s}ds sup_{(−∞, T ]} |ũ| ≤ 1 2 sup (−∞, T ] |ũ|. Then we can get sup_{(−∞, T ]} |ũ| = 0, which implies u^1 = u^2 in (−∞, T ]. By the unique continuation we

have u^1 = u^2 in R.

Now we prove the second part of the lemma. Assume that u is a solution of (5.15) in some interval. By (5.15)-(5.16) we have lim t→−∞ u^′(t) = 2N and u^′(t) = u^′(0) + λ

∫_0 t e^{2s}g(u(s))ds. Then we have u^′(t) = 2N − λ ∫_t −∞ e^{2s}g(u(s))ds. Noting that ∫_t 0 ∫_s −∞ e^{2s1} g(u(s_1))ds_1ds = λ ∫_t −∞ (t − s)e^{2s}g(u(s))ds < +∞ we obtain u(t) = 2Nt + u(0) − λ ∫_t 0 ∫_s −∞ e^{2s1} g(u(s_1))ds_1ds

= 2Nt + ( u(0) + λ

∫_0 −∞ ∫_s −∞ e^{2s1} g(u(s_1))ds_1ds ) − λ ∫_t −∞ ∫_s −∞ e^{2s1} g(u(s_1))ds_1ds

That is, u satisfies (5.17) with

a = u(0) + λ

∫_0 −∞ ∫_s −∞ e^{2s1} g(u(s_1))ds_1ds.

Then Lemma 5.1 follows.

Now we investigate the behavior of the solutions as t → +∞. In the sequel we denote by u(t, a) by the solution given by Lemma 5.1. We use^′ to denote the derivative with respect to t and subscript_a to denote the derivative with respect to a. We define the parameter sets: A^+ = {a ∈ R| ∃ t_0 ∈ R such that u(t_0) > 0}, A^0 = {a ∈ R| u(t, a) ≤ 0, u^′(t, a) ≥ 0, ∀t ∈ R}, A^− = {a ∈ R| u(t, a) ≤ 0, ∀t ∈ R, ∃ t_1 ∈ R such that u^′(t_1) < 0}. It is easy to see that A^+ ∪ A^0 ∪ A^− = R, A^+ ∩ A^0 = A^0 ∩ A^− = A^+ ∩ A^− = ∅ Furthermore, we can obtain the following lemma.

Lemma 5.2 (1) If a ∈ A^+, then u^′ > 0 in the set {t|u(τ, a) < 0, ∀τ ∈ (−∞, t)}. (2) If a ∈ A^0, then u^{′′} ≤ 0 and u^′ ≥ 0 in R and lim_{t→+∞} u(t, a) = 0. (3) If a ∈ A^−, then u^{′′} < 0, u < 0 in R and lim_{t→+∞} u(t, a) = −∞. (4) A^+ is open and (^{55}_{66}^λ_4 , +∞) ⊂ A^+. (5) A^− is open. (6) Let T > 1 2 ln 2(2N + 1) λe^{−1}(1 − e^{−1})^5(e^1N − 1) , then (−∞, −^{55}_{66}^λ_4 − 2 − 2N) ⊂ A^−. (7) A^0 is nonempty, bounded and closed.

Proof. (1) Let a ∈ A^+ and t_0 be first time such that u(t, a) hits the t axis from below. Then, u(t, a) < 0 for all t ∈ (−∞, t_0). By the equation (5.15) we have u^{′′} = −λe^{2t}g(u(t)) < 0 in (−∞, t_0). Hence u^′(t, a) > 0 in (−∞, t_0).

(2) By the definition of A^0, we see that the limit b ≡ lim_{t→+∞} u(t, a) exists and non-positive. If b < 0, we have lim_{t→+∞} u^{′′}(t, a) = −λ lim_{t→+∞} e^{2t}e^b(1 − e^b)^5 = −∞, which leads to a contradiction.

(3) If u(t_0) = u^′(t_0) = 0, then u(t, a) ≡ 0. Hence, if a ∈ A^−, then u(t, a) < 0 in R, and u^{′′}(t, a) < 0 by the equation (5.15). Therefore, lim sup_{t→+∞} u^′(t, a) < 0, which implies lim_{t→+∞} u(t, a) = −∞.

(4) Noting that u(t, a) is continuous in a, if u(t_0, a_0) > 0, then we have u(t_0, a) > 0 when a is in a small neighborhood of a_0. Hence A^+ is open. By (5.18) we have u(0, a) = a − λ ∫_0 −∞ e^{2s}g(u(s))ds ≥ a − 5^5 6^6 λ 4 . If a >^{55}_{66}^λ_4 , then u(0, a) > 0, which says a ∈ A^+.

(5) If a_0 ∈ A^−, then there exists t_0 ∈ R such that u^′(t_0, a_0) < 0. Hence u^′(t_0, a) < 0 when a is close to a_0. By (3) we have u(t, a_0) < 0 for all t ≤ t_0 and a close to a_0. By (5.18), we see that u cannot take a local negative minimum. Then u(t_0, a) < 0 and u^′(t_0, a) < 0 implies u^′(t, a) ≤ 0 for all t > t_0. Hence, u(t, a) < 0 for all t > t_0 when a is close to a_0. Then we see that A^− is open.

(6) Let a < −^{55}_{66}^λ_4 − 2 − 2NT . By (5.18) we have u(t, a) ≤ 2Nt + a + 5^5 6^6 λ 4 < −2 for all t ∈ (−∞, 0].

If a /∈ A^−, since that u(t, a) cannot assume a local minimum, there exists constants T_1 and T_2 such that T_2 < T_1, u(t, a) ≤ −2 in (−∞, T_2], u(T_2, a) = −2, u^′(T_2, a) ≥ 0, u(t, a) ∈ [−2, −1] for all t ∈ [T_2, T_1], u(T_1, a) = −1, u^′(T_1, a) ≥ 0. Then we get u^{′′}(t, a) = −λe^{2t}g(u(t)) ≤ 0 for all t ≤ T_1, from which follows u^′(t, a) ≤ 2N for all t ∈ (−∞, T_1]. Then we have u(T_2, a) − u(0, a) ≤ 2NT_2, which emplies

T_2 ≥ u(T_2, a) − u(0, a) 2N ≥ −2 − a −^{55}_{66}^λ_4 2N > T. Similarly, we have T_1 − T_2 ≥^1_{2N} . Hence, by the choice of T , we have

u^′(T_1, a) = u^′(T_2, a) − λ ∫_{T1} T_2

e^{2s}e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 ds ≤ 2N − λe^{−1}(1 − e^{−1})^5 ∫_{T1} T_2

e^{2s}ds ≤ 2N − λ 2 e^{−1}(1 − e^{−1})^5e^{2T} (e^{1N} − 1) < −1,

which leads to a contradiction. Therefore a ∈ A^−.

(7) By the assertion of (4)-(6), we can get (7). Then the proof of of Lemma 5.2 is complete.

Next we investigate the monotonicity of the solution with respect to a.

Lemma 5.3 Let

T_0(a) = sup { T ∈ [−∞, +∞]| u(t, a) < 0, u^′(t, a) > 0, ∀t ∈ (−∞, T ] } .

Then, u_a(t, a) ≥ 1 2N u^′(t, a) > 0, ∀t ∈ (−∞, T_0(a)). Proof. It is easy to see that v(t, a) ≡ u_a(t, a) exists, is smooth and verifies v^{′′}(t, a) = −λe^{2t}g^′(u(t, a))v(t, a), −∞ < t < +∞, (5.19) lim t→−∞ v(t, a) = 1, lim_{t→−∞} v^′(t, a) = 0. (5.20) Let T_1(a) = sup{τ ∈ R| v(t, a) > 0, t ∈ (−∞, τ)}. Then by (5.20), we see that T_1(a) > −∞. Let w(t, a) = u^′(t, a), from (5.15) we have lim_{t→−∞} w(t, a) = 2N, lim_{t→−∞} w^′(t, a) = 0. Hence the function C(t, a) ≡^{w(t,a)}_{v(t,a)} , t ∈ (−∞, T_1(a)) satisfies lim_{t→−∞} C(t, a) = 2N, lim_{t→−∞} C^′(t, a) = 0. Noting that w(t, a) satisfies w^{′′}(t, a) = −λe^{2t}g^′(u(t, a))w(t, a) − 2λe^{2t}g(u(t, a)), then we obtain C^′(t, a) = − 2λ v^2(t, a) ∫_t −∞ e^{2s}g(u(s, a))v(s, a)ds ≤ 0, ∀t ∈ (−∞, T_1(a)). Hence C(t, a) ≤ 2N, ∀t ∈ (−∞, T_1(a)), which is u_a(t, a) ≥^1_{2N} u^′(t, a), ∀t ∈ (−∞, T_1(a)). It is obvious that T_1(a) ≥ T_0(a), then Lemma 5.3 follows.

Now we give a characterization of the sets A^+, A^−, and A^0. Lemma 5.4 There exists a constant a_0 such that

A^+ = (a_0, +∞), A^− = (−∞, a_0), and A^0 = {a_0}.

Proof. Step 1. We show that there exists two constants a_1, a_2 satisfying a_1 ≤ a_2 such that

A^+ = (a_2, +∞), A^− = (−∞, a_1), and A^0 = [a_1, a_2].

To prove A^+ = (a_2, +∞), since A^+ is open, we just need to prove that if (b_1, b_2) ⊂ A^+, then b_2 ∈ A^+. For a ∈ (b_1, b_2), let z_0(a) be the first zero point of u on the t axis. Then we have u(z_0(a), a) = 0, u^′(z_0(a), a) > 0 and by Lemma 5.2 (1) u^′ > 0 in (−∞, z_0(a)]. Then by Lemma 5.3 we obtain u_a ≥^1_{2N} u^′ > 0 in (−∞, z_0(a)]. Using the implicit function theorem we see that z_0(a) is differentiable with respect a in the set (b_1, b_2) and d da z_0(a) = − u_a(t, a) u^′(t, a) < 0. In view of (5.18) we obtain u(t, a) ≤ 2Nt + a in (−∞, z_0(a)], which leads to z_0(a) ≥ −^a_{2N} for b ∈ (b_1, b_2). Then we infer that z_0(b_2) ≡ lim_{a→b2} z_0(a) exists and is finite. From continuity, we have u(z_0(b_2), b_2) = 0. If u^′(z_0(b_2), b_2) = 0, then u(t, b_2) ≡ 0, which is impossible. Hence u^′(z_0(b_2), b_2) ≠ 0, which concludes that u(t, b_2) > 0 for t near z_0(b_2). Then b_2 ∈ A^+.

To prove A^− = (−∞, a_1), it is sufficient to prove that if (b_1, b_2) ⊂ A^−, then b_1 ∈ A^−. For a ∈ A^−, let z_1(a) be the first point such that u^′(z_1(a), a) = 0 and let m(a) = u(z_1(a), a) be the maximum of u(·, a) in R. Noting that for a ∈ A^−, u^{′′}(z_1(a), a) < 0, then again by the implicit function theorem we see that z_1(a) is a differentiable function on A^−. Hence we have dm(a) da = u^′(z_1(a), a) z_1(a) da + u_a(z_1(a), a) = u_a(z_1(a), a) ≥ 0, ∀a ∈ (b_1, b_2).

Then we obtain m(a) = sup_{t∈R} u(t, a) ≤ m (1 2 (b_1 + b_2) ) < 0, a ∈ ( b_1, 1 2 (b_1 + b_2) ) . Via continuity m(b_1) = sup_{t∈R} u(t, b_1) ≤ m (1 2 (b_1 + b_2) ) < 0, which implies b_1 ∈ A^− ∪ A^0. From Lemma 5.2 (2), we see that b_1 /∈ A^0. Then b_1 ∈ A^−.

Noting that A^0 = R \ (A^− ∪ A^+), then we have A^0 = [a_1, a_2].

Step 2. We show that a_1 = a_2. For a ∈ A^0, we have u^′(t, a) > 0 in R and by Lemma 5.3 u_a(t, a) > 0 in R. Noting that lim_{t→+∞} u(t, a) = 0, for ∀δ > 0, there exists a continuous function T_δ(a) such that u(T_δ (a)) = −δ and u(t, a) > −δ in (T_δ (a), +∞). Since g^′(u) = e^u(1 − e^u)^4(1 − 6e^u) ≤ 0 when u ∈ [− ln 6, 0], we have

u^{′′}_a = −λe^{2t}e^u(1 − e^u)^4(1 − 6e^u)u_a ≥ 0, t ∈ [T_{ln 6}(a), +∞), a ∈ [a_1, a_2].

Therefore, u_a is a non-negative convex function on [T_{ln 6}(a), +∞), u_a(+∞, a) ≡ lim_{t→+∞} u_a(t, a) exists and u_a(+∞, a) ∈ [0, +∞].

Now we show u_a(+∞, a) > 0 ∀a ∈ [a_1, a_2]. Suppose, on the contrary, u_a(+∞, a) = 0 for some a ∈ [a_1, a_2]. Then we see that C(t, a) =^{u′(t, a)}_{ua(t, a)} satisfies C^′(t, a) = − 2λ u^2_a(t, a) ∫_t −∞ e^{2s}e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 u_a(s, a)ds = − 2λ u^2_a(t, a) ∫_0 −∞ e^{2s}e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 u_a(s, a)ds → −∞ as t → +∞, which concludes that C(t, a) < 0 as t is sufficiently large. This contradicts the fact that C(t, a) > 0 for all t ∈ R. Then we have u_a(+∞, a) > 0 ∀a ∈ [a_1, a_2].

Then it follows from Fato’s lemma that

0 = lim_{t→+∞}(u(t, a_2) − u(t, a_1)) = lim_{t→+∞} ∫_{a2} a_1 u_a(t, a)da ≥ ∫_{a2} a_1 u_a(+∞, a)da, which implies a_1 = a_2.

The proof of Lemma 5.4 is complete.

Lemma 5.5 For a ∈ A^−, the limit β(a) ≡ − lim_{t→+∞} u^′(t, a) exists and is positive and finite.

Proof. For a ∈ A^−, u^{′′}(t, a) < 0 in R, then β(a) exists and β(a) ∈ (0, +∞]. We need to

show that β(a) is finite. Suppose that β(a) > 3, then there exits a constant T > 1 such that

u(t, a) ≤ −3t ∀t ∈ (T, +∞). When u < −2, g^′(u) = e^u(1 − e^u)^4(1 − 6e^u) > 0. Then as t > T , we have g(u(t, a)) = e^{u(t,a)} ( 1 − e^{u(t,a)} )_5 ≤ e^{−3t} ( 1 − e^{−3t}

)_5

. Therefore, for all t > T u^′(t, a) = u^′(T, a) − λ ∫_t T e^{2s}e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 ds ≥ u^′(T, a) − λ ∫_t T e^{−s} ( 1 − e^{−3s}

)_5 ds ≥ u^′(T, a) − λ ∫_{+∞} 0 e^{−s} ( 1 − e^{−3s}

)_5 ds. Then, we have β(a) ≤ u^′(T, a) − λ ∫_{+∞} 0 e^{−s} ( 1 − e^{−3s}

)_5

ds < +∞, which concludes the lemma.

Lemma 5.6 For a ∈ A^−, the functions e^{2t}e^{u(t,a)} ( 1 − e^{u(t,a)} )_5

and e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6]

are both

integrable on R. Moreover,

β(a) + 2N = λ ∫ R e^{2t}e^{u(t,a)} ( 1 − e^{u(t,a)} )_5

dt, (5.21)

β^2 2 − 2N^2 = λ 3 ∫ R e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6]

dt. (5.22)

Proof. For a ∈ A^−, u(t, a) < 0, then we have u^′(t, a) = 2N − λ ∫_t −∞ e^{2s}e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 ds. In view of Lemma 5.5, we can take the limit t → +∞ in the above expression to get −β(a) = 2N − λ ∫_{+∞} −∞ e^{2s}e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 ds, which is (5.21).

Multiply (5.15) by u^′, and integrating the resulting equation over [−T, T ], we have 1 2 u^{′2}(t, a)|^{t=T}_{t=−T} + λ 6 { e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6]} |_{t=T} t=−T = λ 3 ∫_T −T e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6] dt. (5.23)

Since u(t, a) < 0 for a ∈ A^−, t ∈ R, it is easy to see that lim t→−∞ λ 6 { e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6]} = 0. (5.24)

Noting that u^{′′}(t, a) < 0 for a ∈ A^−, t ∈ R, we have u^′(t, a) > −β(a), which implies u^′(t, a) > −β(a)

for t ∈ R. For T sufficiently large such that u^′(t, a) < 0 when t > T , we can obtain 1 6 [ 1 − ( 1 − e^{u(t,a)} )_6] = ∫_{u(t,a)} −∞ e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 du(s, a) = ∫_t +∞ e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 u^′(s, a)ds ≤ β(a) ∫_{+∞} t e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 ds

Then λ 6 e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6] ≤ λβ(a) ∫_{+∞} t e^{2s}e^{u(s,a)} ( 1 − e^{u(s,a)} )_5

ds → 0 as t → +∞. (5.25)

By (5.24) and (5.25), letting T → +∞ in (5.23), we get (5.22). Then Lemma 5.6 follows.

Lemma 5.7 β(a) is continuous in A^−.

Proof. For any ã ∈ A^−, we claim β(ã) > 2. Suppose otherwise, noting that u^{′′} < 0, we have u^′(t, ã) ≥ −β(ã) > −2 for t ∈ R. Then we infer that there exists a positive constant C such that u(t, ã) ≥ −C − 2t for all t > 0. Let T be a time so that u(t, ã) < −3 for all t > T . Then we have λ ∫_{+∞} T e^{2t}e^{u(t,ã)} ( 1 − e^{u(t,ã)} )_5 dt ≥ λ ∫_{+∞} T e^{2t}e^{−C−2t} ( 1 − e^{−C−2t} )_5 dt = λe^{−C} ∫_{+∞} T ( 1 − e^{−C−2t} )_5 dt = +∞, which contradicts the finiteness of β(ã). Therefore β(ã) > 2.

Let δ =^{β(ã)−2}_4 . Then there exists a positive constant T_1 such that T_1 ≥^3_{2+δ} , u^′(T_1, ã) < −2(1 + δ) and u(T_1, ã) < −2(1 + δ)T_1. Noting u(t, a) and u^′(t, a) are both continuous with respect to a, we have u^′(T_1, a) < −(2 + δ) and u(T_1, a) < −(2 + δ)T_1 when a is close to ã. Since u^{′′} < 0, we have u(t, a) ≤ −(2 + δ)t for t ∈ [T_1, +∞) when a is close to ã. Let

w(t) = 5^5λ 6^6 e^{2t}, t ≤ T_1, λe^{−δt} ( 1 − e^{−(2+δ)t}

)_5 , t > T_1. It is easy to see that w(t) ∈ L^1(R). Noting that λe^{2t}e^{u(t,a)}(1 − e^{u(t,a)})^5 ≤ w(t) for all t ∈ R, then using Lebesgue dominated control theorem and (5.21), we can get the continuity of β(a). The proof of Lemma 5.7 is complete.

Now we want to obtain the range of β(a). We first investigate the behavior of β(a) as a → a_0 and as a → −∞.

Lemma 5.8 There holds the limit lim_{a→a0} β(a) = +∞.

Proof. In view of (5.22), the continuity of u(t, a), and the fact u(t, a_0) ≤ 0, we can obtain

lim inf a→a_0 1 2 β^2(a) − 2N^2 = lim inf_{a→a0} λ 3 ∫ R e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6] dt ≥ lim inf T →+∞ lim inf a→a_0 λ 3 ∫_T 0 e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6] dt = lim_{T →+∞} λ 3 ∫_T 0 e^{2t} [ 1 − ( 1 − e^{u(t,a0 )} )_6] dt ≥ λ 3 [ 1 − ( 1 − e^{u(0,a0)}

)_6] lim T →+∞ ∫_T 0 e^{2t}dt = +∞.

Noting that β(a) > 0, we conclude the lemma.

Lemma 5.9 For a ∈ A^−, let m(a) = sup_{t∈R} u(t, a). Then lim a→−∞ m(a) = −∞. Proof. Let a ∈ A^−, and z_1(a) be the point such that u^′(z_1(a), a) = 0. Then from (5.18) we have u(t, a) ≤ 2Nt + a, which implies m(a) = u(z_1(a), a) ≤ 2Nz_1(a) + a, that is z_1(a) ≥^{m(a)−a}_{2N} . Noting 0 ≤ u^′ ≤ 2N in (−∞, z_1(a)), we have m(a) − 1 < u(t, a) < m(a), for all t ∈ (z_1(a) −^1_{2N} , z_1(a)) such that

0 = u^′(z_1(a), a) = 2N − λ ∫_{z1(a)} −∞ e^{2s}e^{u(s,a)} ( 1 − e^{u(s,a)} )_5 ds ≤ 2N − inf u∈[m(a)−1,m(a)] e^u(1 − e^u)^5λ ∫_{z1(a)} z_1(a)−^1_{2N}

e^{2s}ds.

Then we have

2N ≥ inf u∈[m(a)−1,m(a)] e^u(1 − e^u)^5λ ∫_{z1(a)} z_1(a)−^1_{2N}

e^{2s}ds

≥ inf u∈[m(a)−1,m(a)] e^u(1 − e^u)^5λ ∫ m(a)−a_{2N} m(a)−a−1 2N e^{2s}ds.

In view of e^{2s} → +∞ as s → +∞, we we can obtain m(a) → −∞ as a → −∞. Then Lemma 5.9 follows.

Lemma 5.10 There holds the limit lim a→−∞ β(a) = 2N + 4. (5.26)

Moreover, {β(a)| a ∈ A^−} = (2N + 4, +∞). (5.27)

Proof. Let a ≪ −1 and T ≫ 1 be two fixed constants. Then by (5.22), we have

β^2 2 − 2N^2 = λ 3 ∫ R e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6] dt = λ 3 ∫_T −∞ e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6]

dt + λ 3 ∫_∞ T [ 1 − ( 1 − e^{u(t,a)} )_6] e^{u(t,a)} ( 1 − e^{u(t,a)} )_5 e^{2t}e^{u(t,a)} ( 1 − e^{u(t,a)} )_5 dt

= λ 3 ∫_T −∞ e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6] dt + G(T^∗, a) λ 3 ∫_∞ T e^{u(t,a)} ( 1 − e^{u(t,a)} )_5 dt where T^∗ ∈ (T, +∞) and G(T^∗, a) = [ 1 − ( 1 − e^{u(T ∗,a)} )_6] e^{u(T ∗,a)} ( 1 − e^{u(T ∗,a)} )_5

Then in view of (5.21), we obtain

β^2 2 − 2N^2 = 2G(T^∗, a)(β(a) + 2N) + H(T, a), (5.28) where H(T, a) = λ 3 ∫_T −∞ e^{2t} {[ 1 − ( 1 − e^{u(t,a)} )_6] − G(T^∗, a)e^{u(t,a)} ( 1 − e^{u(t,a)} )_5} dt. Using Lemma 5.9, we infer that lim_{a→−∞} H(T, a) = 0 and lim_{a→−∞} G(T^∗, a) = 1. It follows from (5.28) that β(a) = 2G(T^∗, a) + √( 2N + 2G(T^∗, a)

)_2 + 2H(t, a). (5.29)

Then, letting a → −∞ in (5.29), we get (5.26).

Since β(a) is continuous in A^−, we obtain {β(a)| a ∈ A^−} ⊂ (2N + 4, +∞). (5.30) Noting that as a ∈ A^−, u(t, a) < 0, it is easy to check that 1 6 [1 − (1 − e^{u(t,a)})^6] e^{u(t,a)} ( 1 − e^{u(t,a)} )_5 > 1.

Then in view of (5.22), we have

β^2(a) − 4N^2 = 2λ 3 ∫ R e^{2t} [ 1 − ( 1 − e^{u(t,a)} )_6] dt = 4λ ∫ R 1 6 [ 1 − ( 1 − e^{u(t,a)} )_6] e^{u(t,a)} ( 1 − e^{u(t,a)} )_5 e^{2t}e^{u(t,a)} ( 1 − e^{u(t,a)} )_5 dt > 4λ ∫ R e^{2t}e^{u(t,a)} ( 1 − e^{u(t,a)} )_5 dt = 4(β(a) + 2N),

which implies β(a) > 2N + 4, that is {β(a)| a ∈ A^−} ⊃ (2N + 4, +∞). (5.31) Therefore (5.27) follows from (5.30) and (5.31). Then the proof of Lemma 5.10 is complete.

Now combining Lemmas 5.1-5.10, we can get Theorem 5.2.

References

[1] A. A. Abrikosov, On the magnetic properties of superconductors of the second group, Sov.

Phys. JETP 5 (1957) 1174–1182.

[2] J. Ambjorn and P. Olesen, Anti-screening of large magnetic fields by vector bosons, Phys. Lett.

B 214 (1988) 565–569.

[3] J. Ambjorn and P. Olesen, On electroweak magnetism, Nucl. Phys. B 315 ( 1989) 606–614.

[4] J. Ambjorn and P. Olesen, A magnetic condensate solution of the classical electroweak theory, Phys. Lett. B 218 (1989) 67–71.

[5] J. Ambjorn and P. Olesen, A condensate solution of the classical electroweak theory which interpolates between the broken and the symmetric phase, Nucl. Phys. B 330 (1990) 193–204.

[6] A. Ambrosetti and P. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14 (1973) 349–381.

[7] T. Aubin, Nonlinear Analysis on Manifolds: Monge–Ampére Equations, Springer, Berlin and New York, 1982.

[8] P. Bauman, D. Phillips, and Q. Tang, Stable nucleation for the Ginzburg–Landau system with an applied magnetic field, Arch. Ration. Mech. Anal. 142 (1998) 1–43.

[9] D. Bazeia, E. da Hora, C. dos Santos, and R. Menezes, Generalized self-dual Chern–Simons vortices, Phys. Rev.D 81, 125014 (2010).

[10] M. S. Berger and Y. Chen, Symmetric vortices for the Ginzburg–Landau equations of superconductivity and the nonlinear desingularization phenomenon, J. Funct. Anal. 82 (1989) 259–295.

[11] F. Bethuel and T. Rivire, Vortices for a variational problem related to superconductivity, Ann.

I. H. Poincare AN 12 ( 1995) 243–303.

[12] F. Bethuel, H. Brezis, and F. Helein, Ginzburg–Landau vortices, progress in nonlinear differential equations their applications, vol. 13. Basel, (1994) Switzerland: Birkhäuser.

[13] A. Bezryadina, E. Eugenieva, Z. Chen, Self-trapping and flipping of double-charged vortices in optically induced photonic lattices, Optics Lett. 31 (2006) 2456–2458.

[14] E. B. Bogomol’ny, The stability of classical solutions, Sov. J. Nucl. Phys. 24 (1976) 449–454.

[15] H. Brezis and L. Nirenberg, Minima locaux relatifs a C^1 et H^1, C. R. Acad. Sci. Paris 317 (1993) 465–472.

[16] L. Caffarelli and Y. Yang, Vortex condensation in the Chern–Simons Higgs model: an existence theorem, Comm. Math. Phys. 168 (1995) 321–336.

[17] D. Chae and O.Y. Imanuvilov, The existence of non-topological multivortex solutions in the relativistic self-dual Chern–Simons theory, Comm. Math. Phys. 215 (2000) 119–142.

[18] H. Chan, C. C. Fu, and C. S. Lin, Non-topological multi-vortex solutions to the self-dual Chern–Simons–Higgs equation, Comm. Math. Phys. 231 (2002) 189–221.

[19] R. Chen, Y. Guo, D. Spirn, and Y. Yang, Electrically and magnetically charged vortices in the Chern–Simons-Higgs theory, Proc. R. Soc. Lond. Ser. A 465 (2009) 3489–3516.

[20] X. Chen, S. Hastings, J. B. McLeod, and Y. Yang, A nonlinear elliptic equation arising from gauge field theory and cosmology, Proc. R. Soc. Lond. Ser. A 446 (1994) 453–478.

[21] K. Choe, N. Kim, and C. S. Lin, Existence of self-dual non-topological solutions in the Chern– Simons Higgs model, Ann. I. H. Poincare AN 28 (2011) 837–852

[22] K. Choe, Asymptotic behavior of condensate solutions in the Chern–Simons-Higgs theory, J.

Math. Phy. 48 (2007) 103501.

[23] S. Deser, R. Jackiw, and S. Templeton, Three-dimensional massive gauge theories, Phys. Rev.

Lett. 48 (1982) 975–978.

[24] S. Deser, R. Jackiw, and S. Templeton, Topologically massive gauge theories, Ann. Phys. 140 (1982) 372–411.

[25] H. J. de Vega and F. A. Schaposnik, Classical vortex solution of the Abelian Higgs model, Phys. Rev. D 14 (1976) 1100–1106.

[26] H. J. de Vega and F. Schaposnik, Electrically charged vortices in non-Abelian gauge theories with Chern–Simons term, Phys. Rev. Lett. 56 (1986) 2564–2566.

[27] H. J. de Vega and F. Schaposnik, Vortices and electrically charged vortices in non-Abelian gauge theories, Phys. Rev. D 34 (1986) 3206–3213.

[28] W. Ding, J. Jost, J. Li, and G. Wang, An analysis of the two-vortex case in the Chern- Simons-Higgs model, Calc. Var. P.D.E. 7 (1998) 87–97.

[29] Q. Du, M. D. Gunzburger, and J. S. Peterson, Analysis and approximation of the Ginzburg– Landau model of superconductivity, SIAM Rev. 34 (1992) 54–81.

[30] G. Dunne, Self-Dual Chern–Simons Theories, Lecture Notes in Physics, New Series M36.

Springer, Berlin Heidelberg New York (1995).

[31] V. L. Ginzburg and L. D. Landau, On the theory of superconductivity, In: Collected Papers of L. D. Landau (edited by D. Ter Haar), New York: Pergamon, 1965, 546–568.

[32] J. Han and J. Jang, Self-dual Chern–Simons vortices on bounded domains, Lett. Math. Phys.

64 (2003) 45–56.

[33] M. B. Hindmarsh and T. W. B. Kibble, Cosmic strings, Rep. Prog. Phys. 58 (1995) 477–562. [34] J. Hong, Y. Kim and P.Y. Pac, Multivortex solutions of the abelian Chern–Simons theory, Phys. Rev. Lett. 64 (1990) 2230–2233.

[35] G. ’t Hooft, A property of electric and magnetic flux in nonabelian gauge theories, Nucl. Phys.

B 153 (1979) 141–160.

[36] S. Inouye, S. Gupta, T. Rosenband, A. P. Chikkatur, A. Grlitz, T.L. Gustavson, A.E. Leanhardt, D. E. Pritchard, and W. Ketterle, Observation of vortex phase singularities in Bose- Einstein condensates, Phys. Rev. Lett. 87 080402 (2001).

[37] R.W. Jackiw and E. J. Weinberg, Self-dual Chen-Simons vortices, Phys. Rev. Lett. 64 (1990), 2234–2237.

[38] R. Jackiw and S. Templeton, How super-renormalizable interactions cure their infrared divergences, Phys. Rev. D 23 (1981) 2291–2304.

[39] A. Jaffe and C. H. Taubes, Vortices and Monopoles, Birkhäuser, Boston, 1980. [40] B. Julia and A. Zee Poles with both magnetic and electric charges in non-Abelian gauge theory, Phys. Rev. D 11 (1975) 2227–2232.

[41] Y. Kawaguchi and T. Ohmi, Splitting instability of amultiply charged vortex in a Bose-Einstein condensate, Phys. Rev. A 70 (2004) 043610.

[42] D. I. Khomskii and A. Freimuth, Charged vortices in high temperature superconductors, Phys.

Rev. Lett. 75 (1995) 1384–1386.

[43] T. W. B. Kibble, Some implications of a cosmological phase transition, Phys. Rep. 67 (1980) 183–199.

[44] C. N. Kumar and A. Khare, Charged vortex of finite energy in non-Abelian gauge theories with Chern–Simons term, Phys. Lett. B 178 (1986) 395–399.

[45] C. S. Lin and S. Yan, Bubbling solutions for relativistic abelian Chern–Simonsmodel on a torus, Comm. Math. Phys. 297 (2010) 733–758.

[46] F. Lin, Mixed vortex-antivortex solutions of Ginzburg–Landau equations, Arch. Rat. Mech.

Anal. 133 (1995) 103–127.

[47] F. Lin, Complex Ginzburg–Landau equations and dynamics of vortices, flaments, and codimension-2 submanifolds, Comm. Pure Appl. Math. 51 (1998) 385–441.

[48] J. A. Montero, P. Sternberg, and W. P. Ziemer, Local minimizers with vortices in the Ginzburg– Landau system in three dimensions. Comm. Pure Appl. Math. 57 (2004) 99–125.

[49] Y. Matsuda, K. Nozakib, and K. Kumagaib, Charged vortices in high temperature superconductors probed by nuclear magnetic resonance, J. Phys. Chem. Solids 63 (2002) 1061–1063.

[50] J. C. Neu, Vortices in complex scalar fields, Phys. D 43 (1990) 385–406.

[51] H. B. Nielsen and P. Olesen, Vortex-line models for dual-strings, Nucal. Phys. B 61 (1973) 45–61.

[52] M. Nolasco and G. Tarantello, Double vortex condensates in the Chern–Simons–Higgs theory, Calc. Var. P.D.E. 9 (1999) 31–94.

[53] Y. N. Ovchinnikov and I. N. Sigal, Ginzburg–Landau equation. I. Static vortices. In Partial differential equations and their applications (Toronto, ON, 1995), 199–220. CRM Proc. Lecture Notes, no. 12. Providence, RI: American Mathematical Society.

[54] F. Pacard and T. Riviére, Linear and nonlinear aspects of vortices. The Ginzburg–Landau model, Progress in Nonlinear Differential Equations and Their Applications, vol. 39. (2000) Boston, MA: Birkhäuser

[55] S. Paul and A. Khare, Charged vortices in an Abelian Higgs model with Chern–Simons term, Phys. Lett. B 17 (1986) 420–422.

[56] J. S. Schonfeld, A massive term for three-dimensional gauge fields, Nucl. Phys. B 185 (1981) 157–171.

[57] J. B. Sokoloff, Charged vortex excitations in quantum Hall systems, Phys. Rev. B 31 (1985) 1924–1928.

[58] S. Serfaty, Local minimizers for the Ginzburg–Landau energy near critical magnetic field. I.

Commun. Contemp. Math. 1 (1999) 213–254 [59] J. Spruck and Y. Yang, On multivortices in the electroweak theory II Existence of Bogomol’ny solutions in R^2 , Comm. Math. Phys. 144 (1992) 215–234.

[60] J. Spruck and Y. Yang, On multivortices in the electroweak theory. I. Existence of periodic solutions, Comm. Math. Phys. 144 (1992) 1–16.

[61] J. Spruck and Y. Yang, Topological solutions in the self-dual Chern–Simons theory: existence and approximation, Ann. I. H. Poincare AN 12 (1995) 75–97.

[62] J. Spruck and Y. Yang, Proof of the Julia–Zee theorem, Comm. Math. Phys. 291 (2009) 347–356.

[63] J. Spruck and Y. Yang, The existence of non-topological solitons in the self-dual Chern–Simons theory, Comm. Math. Phys. 149 (1992) 361–376.

[64] G. Tarantello, Multiple condensate solutions for the Chern–Simons–Higgs theory, J. Math.

Phys. 37 (1996) 3769–3796.

[65] G. Tarantello, Self-dual gauge field vortices: an analytical approach, Progress in Nonlinear Differential Equations and their Applications, vol. 72 Birkhäuser, Boston (2008).

[66] G. Tarantello, Multiple condensate solutions for the Chern–Simons–Higgs theory, J. Math.

Phys. 37 (1996) 3769–3796.

[67] G. Tarantello, Uniqueness of self-dual periodic Chern–Simons vortices of topological-type, Calc. Var. P.D.E., 28 (2007), 191–217.

[68] C. H. Taubes, Arbitrary N-vortex solutions to the first order Ginzburg–Landau equations, Comm. Math. Phys. 72 (1980) 277–292.

[69] C. H. Taubes, On the equivalence of the first and second order equations for gauge theories, Comm. Math. Phys. 75 (1980) 207–227.

[70] A. Vilenkin and E.P.S. Shellard, Cosmic Strings and Other Topological Defects, Cambridge:

Cambridge U. Press, 1994.

[71] E. Weinan, Dynamics of vortices in Ginzburg–Landau theorie with applications to superconductivity, Phys. D 4 (1994) 383–404.

[72] R. Wang, The existence of Chern–Simons vortices, Comm. Math. Phys. 137 (1991) 587–597. [73] S. Wang and Y. Yang, Abrikosov’s vortices in the critical coupling, SIAM J. Math. Anal. 23 (1992) 1125–1140.

[74] Y. Yang, Solitons in Field Theory and Nonlinear Analysis, Springer, New York, 2001