arXiv:1112.3332v3 [hep-th] 9 Mar 2012

FPAUO-11/13

IFT-UAM/CSIC-11-93 March 9^{th}, 2012

H-FGK formalism for black-hole solutions of N = 2, d = 4 and d = 5 supergravity

Patrick Meessen^{† a}, Tomás Ortín^{⋄ b}, Jan Perz^{⋄ c} and C. S. Shahbazi^{⋄ d}

†HEP Theory Group, Departamento de Física, Universidad de Oviedo Avda. Calvo Sotelo s/n, 33007 Oviedo, Spain

⋄Instituto de Física Teórica UAM/CSIC C/ Nicolás Cabrera, 13–15, C.U. Cantoblanco, 28049 Madrid, Spain

Abstract

We rewrite the Ferrara-Gibbons-Kallosh (FGK) black-hole effective action of N = 2, d = 4, 5 supergravities coupled to vector multiplets, replacing the metric warp factor and the physical scalars with real variables that transform in the same way as the charges under duality transformations, which simplifies the equations of motion. For a given model, the form of the solution in these variables is the same for all spherically symmetric black holes, regardless of supersymmetry or extremality.

aE-mail: meessenpatrick@uniovi.es
bE-mail: Tomas.Ortin@csic.es
cE-mail: Jan.Perz@uam.es
dE-mail: Carlos.Shabazi@uam.es

Introduction

During the past 20 years a huge effort has been made to classify, construct and study black-hole solutions of 4- and 5-dimensional supergravity theories. Most of this work has been devoted to the extremal black-hole solutions and, in particular, to the supersymmetric ones. This was partly due to their very special properties, such as their classical and quantum stability, the attractor mechanism [1], which makes their entropies understandable and computable from a microscopic point of view [2], and partly due to their functional simplicity, which allows for the explicit and systematic construction of all of them (see e.g. Ref. [3]).

The territory of non-extremal black holes, which includes as its boundary both supersymmetric and non-supersymmetric extremal solutions, although potentially more interesting, remains largely unexplored.^1 Recently, in Refs. [5, 6], we have attempted to make the construction of non-extremal black-hole solutions of N = 2, d = 4, 5 supergravity coupled to vector supermultiplets as systematic as that of the extremal supersymmetric ones. The proposal is based on a deformation of supersymmetric extremal solutions.

The fields of the supersymmetric black-hole solutions of N = 2, d = 4 and d = 5 supergravity coupled to n vector supermultiplets are given in terms of functions H^M , M = 1, . . . , 2n + 2 and H_I , I = 1, . . . , n + 1, respectively, that transform linearly under the generic duality groups Sp(2n + 2, R) and SO(n + 1). The equations of motion are satisfied when these functions are harmonic on the transverse R^{d−1} space (see Refs. [7, 8] and [9]). The functional dependence of the physical fields on the variables H is essentially unique, since the linear action of the duality groups on the H’s must produce a fixed non-linear transformation of the scalars and leave the spacetime metric invariant. It is therefore natural to expect that all black-hole solutions of the same model have the same functional form in terms of the variables H, although in the nonextremal case or with gaugings these variables will have to satisfy different equations and will no longer be harmonic.^2 A proposal made and checked for several models in Refs. [5, 6] suggests that for non-extremal black holes H could be exponential or hyperbolic functions, but it is mandatory to examine both the universality of solutions expressed in H and of the hyperbolic ansatz.

The formalism introduced by Ferrara, Gibbons and Kallosh (FGK) in Ref. [17], and generalized to arbitrary dimensions in Ref. [6], provides us with a convenient setting to investigate these issues. Thanks to a suitable choice of space-time coordinates for spherically symmetric black holes and to the replacement of the vector fields by the charges, the bosonic sector of the supergravity action is reduced to an effective action in ordinary mechanics, whose only remaining dynamical variables are the scalar fields and the metric function U; the role of the evolution parameter is played by a radial coordinate. Black holes correspond to stationary points of this effective action.

To answer the first question, in this Letter we adapt the FGK formalism by rewriting the

1For some earlier works on non-extremal black-hole solutions see Refs. [4].

2Here we will only deal with the ungauged cases and we will not include hypermultiplets, but experience shows that in the gauged cases [10, 11, 12, 13, 14] and in the cases with hyperscalars [15, 16] the H’s always appear in the same way in the physical fields. In the cases with hyperscalars the H-functions are still harmonic, but on spaces more general than R^{d−1} .

FGK effective action in terms of the variables H, which will be the new degrees of freedom. The field redefinition is modelled on the functional form of the extremal supersymmetric black-hole solutions, but depends neither on supersymmetry nor extremality. The fact that such a change of variables is possible means that, as functions of the H’s, all black-hole solutions of a given model have the same form as the supersymmetric solution. The action, expressed in the new variables, takes a particularly simple σ-model form with the same Hessian metric^3 occurring both in the kinetic term for the scalars and in the effective potential generated by the gauge fields. For the 5-dimensional case, following a different, more general, formalism developed in Ref. [19], the same results have recently been obtained in Ref. [20]. The analogous results for the 4-dimensional case are presented here for the first time.^4

Having derived the equations of motion for the variables H, we can address the second problem: Are all extremal black-hole solutions given by harmonic functions, also in the nonsupersymmetric case? Are the non-extremal black-hole solutions always given by hyperbolic functions? This will be the subject of a forthcoming publication [22].

1 H-FGK for N = 2, d = 5 supergravity

We find it more natural to present our proposal first in five dimensions. In N = 2, d = 5 supergravity coupled to n vector multiplets the physical fields defining a black-hole solution with given electric charges q_I (I = 0, . . . , n) are the metric function U and the n real scalars ϕ^x. Through a field redefinition we will replace them by n + 1 variables denoted by H_I . We will also define a set of n + 1 dual variables H̃^I , which are useful for intermediate steps in our calculation, but can also be used for finding other kinds of solutions [23].

The starting point^5 is the function V(h^·), homogeneous of third degree in n + 1 variables h^I ,

V(h^·) ≡ C_{IJK} h^I (ϕ)h^J (ϕ)h^K (ϕ) , (1.1)

which defines the scalar manifold as the hypersurface V = 1. The dual scalar functions h_I are defined in terms of the h^I by

h_I ≡^1_3 ∂V ∂h^I , (1.2)

and are, therefore, homogenous of second degree in the h^I .

Clearly, as a function of the h_I , the function V is homogeneous of degree 3/2; this relation between the homogeneity degree of the function V when expressed in different variables is a standard implication of a Legendre transform, whence we define a new function W(h_·) by

W(h_·) ≡ 3h_I h^I (h_·) − V(h^·) = 2V(h_·) , (1.3)

3 A metrical manifold is said to be a Hessian manifold if there exists a coordinate system in which the components of the metric can be obtained as the Hessian of some function. Hessian metrics appear quite naturally in supergravity theories [20, 21] and also in global supersymmetry [18].

4When the present work was being readied for publication, Ref. [21] appeared, with similar results for the 4- dimensional case in a more general framework.

5 Our conventions are those of Refs. [24, 16].

which is homogenous of degree 3/2. The Legendre transform then immediately implies that

h^I ≡^1_3 ∂W ∂h_I . (1.4)

Next we introduce two new sets of variables H_I and H̃^I , related to the physical fields (U, ϕ^x) by H_I ≡ e^{−U} h_I (ϕ) , H̃^I ≡ e^{−U/2}h^I (ϕ) , (1.5) and two new functions V and W, which have the same form in the new variables as V and W had in the old, i.e.

V(H̃) ≡ C_{IJK}H̃^IH̃^JH̃^K , W(H) ≡ 3H̃^I H_I − V(H̃) = 2V , (1.6)

but which are not constrained. These functions inherit the following properties from V and W:

H_I ≡^1_3 ∂V ∂H̃^I , (1.7)

H̃^I ≡^1_3 ∂W ∂H_I ≡^1_3 ∂^I W . (1.8)

Using the homogeneity properties we find that

e^{− 32 U} =^1_2 W(H) , (1.9)

h_I = (W/2)^{−2/3}H_I , (1.10)

h^I = (W/2)^{−1/3}H̃^I . (1.11)

We can use these formulae to perform the change of variables in the FGK action for static, spherically symmetric black holes of N = 2, d = 5 supergravity [6], which in our conventions reads I_{FGK}[U, ϕ^x] = ∫ dρ { (U̇)^2 + a^{IJ}ḣ_Iḣ_J + e^{2U} a^{IJ} q_I q_J + B^2 } . (1.12)

It can be shown that a^{IJ} = −^2_3 (W/2)^{4/3} ∂^I ∂^J log W , (1.13) thus the above action, in terms of the H_I variables, takes the form

−^3_2 I[H] = ∫ dρ { ∂^I ∂^J log W ( Ḣ_IḢ_J + q_I q_J ) −^3_2 B^2 } . (1.14)

The combination ∂^I ∂^J log W appearing in the above σ-model acts as a metric, so we are dealing with a mechanical problem defined on a Hessian manifold. As is well known, the ρindependence of the Lagrangian implies the conservation of the Hamiltonian H. In the FGK formalism, however, not all values of the energy are allowed and there is a restriction called the Hamiltonian constraint. In the new variables this constraint reads

H ≡ ∂^I ∂^J log W ( Ḣ_IḢ_J − q_I q_J ) +^3_2 B^2 = 0 . (1.15)

The equations of motion derived from the effective action (1.14) are^6

∂^K ∂^I ∂^J log W ( Ḣ_IḢ_J − q_I q_J ) + 2∂^K ∂^I log W Ḧ_I = 0 . (1.16)

Multiplying by H_K and using the homogeneity properties of W and the Hamiltonian constraint we get ∂^I log W Ḧ_I =^3_2 B^2 , (1.17) which is equivalent to the equation for the metric factor U that one would obtain from the action Eq. (1.12) expressed in the new variables.

Eqs. (1.16) are all the equations that need to be satisfied, but it can be helpful to first solve the Hamiltonian constraint (1.15) or the equation of motion of U, Eq. (1.17).

Observe that in the extremal case B = 0, the equations of motion can be always satisfied by harmonic functions Ḣ_I = q_I .

2 H-FGK for N = 2, d = 4 supergravity

In the 4-dimensional case we also want to find a convenient change of variables, from those defining a black-hole solution for given electric and magnetic charges (Q^M ) = (p^Λ, q_Λ)^T, namely the metric function U and the complex scalars Z^i, to the variables (H^M ) = (H^Λ, H_Λ)^T that have the same transformation properties as the charges. There is an evident mismatch between these two sets of variables, because U is real. For consistency we will introduce a complex variable X of the form^7 X =^{1√}_2 e^{U+iα} , (2.1) although the phase α does not occur in the original FGK formalism. The change of variables will then be well defined, and the absence of α will lead to a constraint on the new set of variables: this constraint is related to the absence of NUT charge, a possibility which in d = 4 is allowed for by spherical symmetry.

The theory is specified by the prepotential^8 F, a homogeneous function of second degree in the complex coordinates X^Λ. Consequently, defining

F_Λ ≡ ∂F ∂X^Λ and F_{ΛΣ} ≡

∂^2F ∂X^Λ∂X^Σ

, we have: F_Λ = F_{ΛΣ}X^Σ . (2.2)

6 The equations of motion can be obtained by taking the partial derivative of the Hamiltonian constraint with respect to H_K . It goes without saying that having solved the Hamiltonian constraint does not imply having solved the equations of motion.

7 In this section we will be following the conventions of Ref. [8], where the function X appears as a scalar bilinear built out of the Killing spinors.

8We only use the prepotential here to determine quickly the homogeneity properties of the objects we are going to deal with. These properties are, however, valid for any N = 2 theory in any symplectic frame, whether or not a prepotential exists.

Since the matrix F_{ΛΣ} is homogenous of degree zero and X has the same Kähler weight as the covariantly holomorphic section ( V^M ) = ( L^Λ M_Λ ) = e^{K/2} ( X^Λ F_Λ ) , (2.3)

where K is the Kähler potential, we also find

M_Λ X = F_{ΛΣ}

L^Σ X . (2.4)

Defining the Kähler-neutral, real, symplectic vectors R^M and I^M by

R^M = ℜe V^M /X , I^M = ℑm V^M /X , (2.5)

and using the symplectic metric

(Ω_{MN} ) ≡ ( 0 I −I 0 ) (2.6)

as well as its inverse Ω^{MN} to lower and raise the symplectic indices according to the convention

R_M = Ω_{MN} R^N , R^M = R_N Ω^{NM} , (2.7)

one can rewrite the complex relation (2.4) in the real form

R_M = −M_{MN} (F)I^N . (2.8)

The symmetric symplectic matrix

M(A) ≡ ℑm A_{ΛΣ} + ℜe A_{ΛΩ} ℑm A^{−1| ΩΓ} ℜe A_{ΓΣ} −ℜe A_{ΛΩ} ℑm A^{−1| ΩΣ}

−ℑm A^{−1| ΛΩ} ℜe A_{ΩΣ} ℑm A^{−1| ΛΣ}

, (2.9)

can be associated with any symmetric complex matrix A_{ΛΣ} with a non-degenerate imaginary part (such as F_{ΛΣ} and the period matrix N_{ΛΣ}). The inverse of M_{MN} , denoted by M^{MN} , is the result of raising the indices with the inverse symplectic metric.

It is also immediate to prove the relation

dR_M = −M_{MN} (F) dI^N . (2.10)

From this equality, its inverse and the symmetry properties of M_{MN} we can derive the following relation between partial derivatives (see e.g. [25]): ∂I^M ∂R_N = ∂I^N ∂R_M = − ∂R^M ∂I_N = − ∂R^N ∂I_M = −M^{MN} (F) . (2.11)

Similarly to what we did in five dimensions, we introduce two dual sets of variables H^M and H̃_M and replace the original n + 1 fields X, Zi by the 2n + 2 real variables H M (τ):

I^M (X, Z, X^∗, Z^∗) = H^M . (2.12) The dual variables H̃^M can be identified with R^M , which we can express as functions of the H^M through Eq. (2.8). This gives V^M /X as a function of the H^M . The physical fields can then be recovered by Z^i = V^i/X V^0/X and e^{−2U} = 1 2|X|^2 = R_M I^M . (2.13) The phase of X, α, can be found by solving the differential equation (cf. Eqs. (3.8), (3.28) in Ref. [26]) α̇ = 2|X|^2Ḣ^M H_M − Q_⋆ , where Q_⋆ =^1_{2i}Ż^i∂_iK + c.c. (2.14) is the pullback of the Kähler connection 1-form Q_⋆ =^1_{2i}Ż^i∂_iK + c.c. (2.15) Having detailed the change of variables, we want to rewrite the FGK action for static, spherically symmetric solutions of N = 2, d = 4 supergravity [17], i.e.

I_{FGK}[U, Z^i] = ∫ dτ { (U̇)^2 + G_{ij}∗Ż^iŻ^{∗ j∗} −^1_2 e^{2U} M_{MN} (N )Q^M Q^N + r^2_0 } , (2.16)

in terms of the variables H^M . As in the 5-dimensional case, we start by defining the function W(H) W(H) ≡ H̃_M (H)H^M = e^{−2U} = 1 2|X|^2 , (2.17)

which is homogenous of second degree in the H^M . Using the properties (2.11) one can show that

∂_M W ≡ ∂W ∂H^M = 2H̃_M , (2.18)

∂^M W ≡ ∂W ∂H̃_M = 2H^M , (2.19)

∂_M ∂_N W = −2M_{MN} (F) , (2.20)

W ∂_M ∂_N log W = 2M_{MN} (N ) + 4W^{−1}H_M H_N , (2.21) where the last property is based on the following relation^9 − M_{MN} (N ) = M_{MN} (F) + 4V_{(M} V^∗_{N)} . (2.22)

9 This relation can be derived from the identities in Ref. [27].

Using the special geometry identity G_{ij}∗ = −iD_iV_M D_j∗ V^{∗ M} , we can rewrite the effective action in the form

− I_{eff} [H] = ∫ dτ {_1 2 ∂_M ∂_N log W ( Ḣ^MḢ^N +^1_2 Q^M Q^N ) − Λ − r^2_0 } , (2.23)

where we have defined Λ ≡ ( Ḣ M H_M W )_2 + ( Q^M H_M W )_2 . (2.24)

The τ-independence of the Lagrangian implies the conservation of the Hamiltonian H

H ≡ −^1_2 ∂_M ∂_N log W ( Ḣ^MḢ^N −^1_2 Q^M Q^N ) + ( Ḣ M H_M W )_2 − ( Q^M H_M W )_2 − r^2_0 = 0 . (2.25)

The equations of motion can be written in the form 1 2 ∂_P ∂_M ∂_N log W ( Ḣ^MḢ^N −^1_2 Q^M Q^N ) +∂_P ∂_M log W Ḧ^M − d dτ ( ∂Λ ∂Ḣ^P ) + ∂Λ ∂H^P = 0 . (2.26)

Contracting them with H^P and using the homogeneity properties of the different terms as well as the Hamiltonian constraint above, we find the equation (cf. Eq. (3.31) of Ref. [26] for the stationary extremal case) 1 2 ∂_M log W ( Ḧ^M − r^2_0 H^M ) + ( Ḣ M H_M W )_2

= 0 , (2.27)

which corresponds to the equation of motion of the variable U in the standard formulation.

Note that in the extremal case (r_0 = 0) and in the absence of the NUT charge (Ḣ^M H_M = 0) the equations of motion are solved by harmonic functions Ḣ^M = Q^M [25].

Acknowledgments

This work has been supported in part by the Spanish Ministry of Science and Education grant FPA2009-07692, a Ramón y Cajal fellowship RYC-2009-05014, the Principáu d’Asturies grant IB09-069, the Comunidad de Madrid grant HEPHACOS S2009ESP-1473, and the Spanish Consolider-Ingenio 2010 program CPAN CSD2007-00042. The work of C.S.S. has been supported by a JAE-predoc grant JAEPre 2010 00613. T.O. wishes to thank M.M. Fernández for her ferrous support.

References

[1] S. Ferrara, R. Kallosh, A. Strominger, Phys. Rev. D52 (1995) 5412-5416 [hep-th/9508072]. A. Strominger, Phys. Lett. B383 (1996) 39-43 [hep-th/9602111]. S. Ferrara, R. Kallosh, Phys. Rev. D54 (1996) 1514-1524 [hep-th/9602136]. S. Ferrara, R. Kallosh, Phys. Rev. D54 (1996) 1525-1534 [hep-th/9603090].

[2] A. Strominger, C. Vafa, Phys. Lett. B379 (1996) 99-104 [hep-th/9601029].

J. M. Maldacena, A. Strominger and E. Witten, JHEP 9712 (1997) 002 [hep-th/9711053].

[3] T. Mohaupt, Fortsch. Phys. 49 (2001) 3 [hep-th/0007195].

[4] G. T. Horowitz, A. Strominger, Phys. Rev. Lett. 77 (1996) 2368-2371

[hep-th/9602051]. M. Cvetič, D. Youm, Phys. Rev. D54 (1996) 2612-2620 [hep-th/9603147]. T. Ortín, Phys. Lett. B422 (1998) 93-100 [hep-th/9612142]. D. Kastor, K. Z. Win, Phys. Lett. B411 (1997) 33-38 [hep-th/9705090]. K. Behrndt, M. Cvetič, W. A. Sabra, Phys. Rev. D58 (1998) 084018 [hep-th/9712221]. G. L. Cardoso, V. Grass, Nucl. Phys. B803 (2008) 209-233 [arXiv:0803.2819]. J. Perz, P. Smyth, T. Van Riet and B. Vercnocke, JHEP 0903 (2009) 150 [arXiv:0810.1528]. E. Gruss and Y. Oz, Class. Quant. Grav. 26 (2009) 245019 [arXiv:0902.3799]. E. Gruss and Y. Oz, JHEP 0905 (2009) 041 [arXiv:0902.0831].

[5] P. Galli, T. Ortín, J. Perz, C. S. Shahbazi, JHEP 1107 (2011) 041 [arXiv:1105.3311].

[6] P. Meessen, T. Ortín, Phys. Lett. B707 (2012) 178-183 [arXiv:1107.5454].

[7] K. Behrndt, G. L. Cardoso, B. de Wit, R. Kallosh, D. Lüst, T. Mohaupt, Nucl. Phys. B488 (1997) 236-260 [hep-th/9610105]. W. A. Sabra, Mod. Phys. Lett. A12 (1997) 2585-2590 [hep-th/9703101]. W. A. Sabra, Nucl. Phys. B510 (1998) 247-263 [hep-th/9704147]. K. Behrndt, D. Lüst, W. A. Sabra, Nucl. Phys. B510 (1998) 264-288 [hep-th/9705169]. G. L. Cardoso, B. de Wit, J. Käppeli, T. Mohaupt, JHEP 0012 (2000) 019 [hep-th/0009234]. F. Denef, JHEP 0008 (2000) 050 [hep-th/0005049]. B. Bates and F. Denef, JHEP 1111 (2011) 127 [hep-th/0304094]. M. M. Caldarelli and D. Klemm, JHEP 0309 (2003) 019 [hep-th/0307022].

[8] P. Meessen, T. Ortín, Nucl. Phys. B749 (2006) 291-324 [hep-th/0603099].

[9] J. P. Gauntlett, J. B. Gutowski, C. M. Hull, S. Pakis and H. S. Reall, Class. Quant. Grav. 20 (2003) 4587 [hep-th/0209114]. J. B. Gutowski and H. S. Reall, JHEP 0404 (2004) 048 [hep-th/0401129]. J. B. Gutowski and W. Sabra, JHEP 0510 (2005) 039 [hep-th/0505185].

[10] J. Bellorín, T. Ortín, JHEP 0708 (2007) 096 [arXiv:0705.2567]. [11] M. Hübscher, P. Meessen, T. Ortín, S. Vaulà, Phys. Rev. D78 (2008) 065031 [arXiv:0712.1530]. M. Hübscher, P. Meessen, T. Ortín, S. Vaulà, JHEP 0809 (2008) 099 [arXiv:0806.1477].

[12] S. L. Cacciatori, D. Klemm, D. S. Mansi and E. Zorzan, JHEP 0805 (2008) 097 [arXiv:0804.0009].

[13] S. Bellucci, S. Ferrara, A. Marrani and A. Yeranyan, Phys. Rev. D77 (2008) 085027 [arXiv:0802.0141].

[14] G. Dall’Agata and A. Gnecchi, JHEP 1103 (2011) 037 [arXiv:1012.3756]. [15] M. Hübscher, P. Meessen and T. Ortín, Nucl. Phys. B759 (2006) 228

[hep-th/0606281].

[16] J. Bellorín, P. Meessen, T. Ortín, JHEP 0701 (2007) 020 [hep-th/0610196]. [17] S. Ferrara, G. W. Gibbons, R. Kallosh, Nucl. Phys. B500 (1997) 75-93

[hep-th/9702103].

[18] D. Van den Bleeken, JHEP 1202 (2012) 067 [arXiv:1111.6979]. [19] T. Mohaupt and K. Waite, JHEP 0910 (2009) 058 [arXiv:0906.3451]. [20] T. Mohaupt, O. Vaughan, Class. Quant. Grav. 27 (2010) 235008 [arXiv:1006.3439]. [21] T. Mohaupt and O. Vaughan, arXiv:1112.2876. [22] P. Meessen, T. Ortín, J. Perz and C. S. Shahbazi, to appear. [23] A. de Antonio Martín, T. Ortín and C. S. Shahbazi, arXiv:1203.0260. [24] E. Bergshoeff, S. Cucu, T. de Wit, J. Gheerardyn, S. Vandoren and A. Van Proeyen, Class.

Quant. Grav. 21 (2004) 3015 [hep-th/0403045].

[25] J. Bellorín, P. Meessen and T. Ortín, Nucl. Phys. B762 (2007) 229 [hep-th/0606201]. [26] P. Galli, K. Goldstein, S. Katmadas and J. Perz, JHEP 1106 (2011) 070 [arXiv:1012.4020].

[27] A. Ceresole, R. D’Auria and S. Ferrara, Nucl. Phys. Proc. Suppl. 46 (1996) 67 [hep-th/9509160].