arXiv:1112.3737v1 [hep-th] 16 Dec 2011

Conformally Dual to Inflation

Yun-Song Piao College of Physical Sciences, Graduate University of Chinese Academy of Sciences, Beijing 100049, China

Abstract

It is showed by a conformal rescaling that the inflationary background can be dual to a slowly expanding background, which is almost Minkowski and described by a conformal field theory conformally coupled to gravity. It is proved that the primordial curvature perturbation and tensor perturbation generated during these two conformally equivalent backgrounds are completely equal, and the scale invariance of perturbations is determined by the conformal invariance of field theory in slowly expanding background. In dual slowly expanding scenario, the primordial universe is asymptotical to a static state in infinite past. We discuss the implication of the results obtained.

PACS numbers:

The inflation scenario is the current paradigm of the early universe, which is highly favored by observations. However, the inflatons are diversified in diversified inflation models [1]. What is inflaton is still a significant issue. Here, it will be disposed in an insightful perspective.

The perturbation on large scale consists of a constant mode and a mode dependent of time [2]. When the scale factor is rapidly changed while ϵ ≪ 1 is nearly constant, the constant mode is responsible for the scale invariance of the primordial perturbations in inflation scenario[3].

However, the scale invariance of curvature perturbation can also be obtained for |ϵ| ≫ 1. The evolution with ϵ ≫ 1 is the slowly contracting, which is that of ekpyrotic universe [4]. While ϵ ≪ −1 gives the slow expansion [5], which has been applied for island universe [6]. In slowly evolving scenario, the tensor perturbation generated is generally strongly blue, which implies that it is negligible on large scale. While in inflationary scenario, the tensor perturbation is scale invariant, which can be detected.

Recently, it has been found in [7] that, in a background of slowly expanding with the rapidly changed gravitational coupling, both the curvature perturbation and the tensor perturbation can be scale invariant, and the ratio of the tensor to scalar is in a regime consistent with that of inflation scenario. This result is actually a reflection that the perturbation is conformal invariant fully nonperturbatively [8]. The conformal invariance of perturbations implies that the background evolution having coincident predictions with that of inflation might be designed by a conformal rescaling of inflationary background. Thus it might be significant to contemplate inflation in its conformally dual background, which might bring a fruitful insight to the inflation scenario itself and also the early universe.

Here, we will show that the inflationary background can be conformally dual to a slowly expanding background, which is described by a conformal field theory conformally coupled to gravity. We prove that the primordial curvature perturbation and tensor perturbation generated in both pictures are be completely equal, and the scale invariance of perturbations is determined by the conformal invariance of field theory in slowly expanding background. We discuss the implication of the results obtained.

We firstly will show the slowly expanding background, which is described by a conformal field theory conformally coupled to gravity, is actually conformally dual to the inflationary background. We begin with L ∼ M^2_{P eff} 2 R + 1 2 (∂_μφ)^2 − 1 4 λφ^{4−Δ}, (1)

where M^2_P = 1, M^2_{P eff} = ξφ^2, and ξ ≃ 1/6 will be determined. In [9], the perturbation of the field conformally coupled to the gravity has been studied, however, there the field is a light field which hardly affect the cosmological evolution, and the potential of field is negative. Here, the potential is positive, and the field is ghostlike, which is required for implementing the slow expansion. However, as will be showed, there is not the ghost instability.

The calculation is highly similar to that in [5]. The background evolution of the slow expansion is [5],[10], a ∼ 1 (t_∗ − t)^{1/|ϵ|} , H = 1 |ϵ|(t_∗ − t) (2) for ϵ ≪ −1. When 3H^2φ^2 ≪ 6Hφ̇φ is neglected, the Fridmann equation is simplified as H ≃ −^1_2φ̇^2 +^1_4 λφ^{4−Δ} 3^d_{dt} M^2_{P eff} ∼ 1 |ϵ|(t_∗ − t) . (3)

This requires Δ ≡^2_{|ϵ|} , and φ ∼ ( 1 + O( 1 |ϵ| ) ) √ 2/λ (t_∗ − t)^{1/|ϵ|+1} , (4)

where the deviation ∼ 1/|ϵ| is required to accurately give Eq.(3). Thus φ ∼^1_{(t∗−t)} for ϵ ≪ −1. The result is consistent with 3H^2φ^2 ≪ 6Hφ̇φ, since Hφ ∼ 1 |ϵ|(t_∗ − t)^2 ≪ φ̇ ∼ 1 (t_∗ − t)^2 (5) for ϵ ≪ −1. The equation of Ḣ is given by, 2M^2_{P eff}Ḣ − ( d dt M^2_{P eff} ) H = φ̇^2 − d^2 dt^2 M^2_{P eff} , (6)

where M^2_{P eff} = ξφ^2. This requires ξ ≃ 1 6 (1 + 1 3|ϵ| ). (7)

Thus for |ϵ| ≫ 1, ξ = 1/6 is just that of conformal coupling. This implies that the field theory (1) is a conformal field theory, conformally coupled to the gravity, however, there is a slight deviation of ∼ 1/|ϵ|. We will see it is this deviation that determines the tilt of the spectrum of primordial perturbation.

We conformally rescale g_{μν} as g_{Eμν} = M^2_{P eff} g_{μν} . (8) We follow Ref.[11]. The line element is ds^2_E = M^2_{P eff} ds^2, which gives dt_E = M_{P eff} dt. Thus we have t_E = ∫ M_{P eff} dt = |ϵ| √ 3λ(t_∗ − t)^{1/|ϵ|} , (9)

where t_E is positive and Eq.(7) is applied. a_E = M_{P eff} a brings H_E,

H_E = 1 M_{P eff} ( H + Ṁ_{P eff} M_{P eff} ) ≃ |ϵ| t_E , (10)

where Eq.(9) is applied. Thus a_E is given by a_E ∼ exp ∫ H_E dt_E, which is a_E ∼ t^{|ϵ|}_E . (11) This is just inflation since |ϵ| ≫ 1. The field φ_E after this conformal rescaling is canonical

dφ^2_E = 1 M^2_{P eff} ( 6M^2_{P eff,φ} − 1 ) dφ^2 ≃ 2 |ϵ|φ^2 dφ^2. (12)

Thus φ_E =

√_2 |ϵ| ln φ. Thus (1) after the conformal rescaling is given by L_E ∼ 1 2 R_E − 1 2 (∂_{Eμ}φ_E )^2 − 9 λ e^−

√_2 |ϵ| φ_E , (13)

which is actually consistent with Eq.(11). Thus it can be found |ϵ| = 1/ϵ_E. (14) Thus the slowly expanding background |ϵ| ≫ 1, which here is described by a conformal field theory conformally coupled to gravity, is conformally dual to the inflationary background ϵ_E ≪ 1.

The curvature perturbation R and the tensor perturbation h_{ij} are actually conformal invariant. Here, we will prove it in detail, which helps to clarify what determines the scale invariance of the perturbations.

In inflationary background a_E ∼ t^{1/ϵE}_E , the results of the primordial perturbations generated are familiar, which have been listed in Table I. In its conformal dual background given by Eq.(2), the case is slightly complicated. We will calculate R and h_{ij} in this picture. The quadratic action of curvature perturbation R for the most general single field, including the nonminimal coupling case [12],[13], is [14]

S_2 ∼ ∫ dηd^3x a^2Q_R c^2_R ( R^{′2} − c^2_R(∂R)^2 ) , (15)

where Q_R > 0 and c^2_R > 0 are required to avoid the ghost and gradient instabilities. Thus the equation of R is given by [15],[16], u^{′′}_k + ( c^2_Rk^2 − z^{′′}_R z_R ) u_k = 0, (16)

after u_k ≡ z_RR_k is defined, where z_R = √ 2aQ^{1/2}_R /c_R and the prime is the derivative for η.

The scale invariance of R requires z_R ∼ aQ^{1/2}_R c_R ∼ 1 η_∗ − η for constant mode (17)

or (η_∗ − η)^2 for increasing mode (18)

has to be satisfied. In certain sense, both evolutions are dual [17]. Here, c^2_R is not changed. However, the changed c^2_R will alter the result [18],[19],[20],[21],[22],[23],[24],[25]. During slow evolution, the scale invariant curvature perturbation can be induced by either its constant mode [26],[27],[28],[29], or its increasing mode [30],[31], In inflation scenario, the scale invariant perturbation is induced by the constant mode of perturbation, thus in its dual slow expansion, the perturbation certainly must be that induced by the constant mode.

Here, c^2_R = 1 and Q_R =^1_{6|ϵ|} φ^2 > 0 [7]. Thus z_R is

z_R = √ 2 aQ^{1/2}_R c_R ∼ √ 2 √ 3λ|ϵ|(t_∗ − t)^{2/|ϵ|+1} ∼ √ 2 √ 3λ|ϵ|(η_∗ − η)^{1/|ϵ|+1} , (19)

where t ∼ η^{1−1/|ϵ|} for ϵ ≪ −1. When k^2 ≫ z^{′′}_R/z_R, the perturbation is deep inside the R horizon 1/H^R_{freeze}, u_R ∼^{1√}_{2k} e^{ikη}. Here, the R horizon

H^R_{freeze} = √ z^{′′}_R z_R ∼ 1 η_∗ − η = H^R_{Efreeze} (20) which is actually a reflection of the conformal invariance of z_R(η). When k^2 ≪ z^{′′}/z, u_R ≃ 1 √ 2k 1 (−kη)^{1/|ϵ|+1} . (21) conformal dual backgrounds

inflation ϵ_E ≪ 1 slow expansion |ϵ| ≫ 1

n_R 1 − 2ϵ_E 1 −^2_{|ϵ|} r 16ϵ_E^{16}_{|ϵ|} n_T −2ϵ_E −^2_{|ϵ|} TABLE I: The n_R, r and n_T for inflation with ϵ_E ≪ 1 and slow expansion |ϵ| ≫ 1, respectively.

Here, the conformal rescaling by which the slow expansion is dual to inflation implies |ϵ| = 1/ϵ_E .

Thus P_R is given by

P_R = k^3 2π^2 | | | | u_R z_R | | | | 2 ≃ 3 8π^2 λ|ϵ|. (22) The tilt is n_R ≃ 1 −^2_{|ϵ|} . Thus the only adjusted parameter λ of the model is normalized by P_R ∼ 1/10^{10}, and there is not additional finetuning.

The quadratic action of the tensor perturbation h_{ij} is

S_2 ∼ ∫ dηd^3x a^2Q_T c^2_T ( h^′_{ij}^2 − c^2_T (∂h_{ij} )^2 ) , (23)

where Q_T > 0 and c^2_T > 0 are required to avoid the ghost and gradient instabilities. The shape of this action is similar to that of the curvature perturbation.

The spectrum of h_{ij} is determined by Q_T , which is given by Q_T = M^2_{P eff} ≃ φ^2/6, and c^2_T = 1 [7]. Thus similarly

z_T = 0.5 aQ^{1/2}_T c_T ∼ 1 2 √ 3λ(η_∗ − η)^{1/|ϵ|+1} . (24)

When k^2 ≫ z^{′′}_T /z_T , the perturbation is deep inside the h_{ij} horizon 1/H^T_{freeze}, u_T ∼^{1√}_{2k} e^{ikη}. Here, the h_{ij} horizon H^T_{freeze} = √ z^{′′}_T z_T ∼ 1 η_∗ − η = H^T_{Efreeze} (25) which is actually a reflection of the conformal invariance of z_T (η). When k^2 ≪ z^{′′}/z, u_T ≃ 1 √ 2k 1 (−kη)^{1/|ϵ|+1} . (26)

Thus P_T is given by

P_T = k^3 π^2 | | | | u_T z_T | | | | 2 ≃ 6 π^2 λ. (27)

The tilt is n_T ≃ −^2_{|ϵ|} . Thus the ratio of tensor to scalar r ≡^{PT}_{PR} is given by r ≃ 16 |ϵ| , (28)

which is only dependent of |ϵ|. Here, if (14) is applied for Eq.(28), r obtained is just that of inflation with constant ϵ_E . Thus the inflation and the slow expansion have equal predictions, which are listed in Table I.

Thus it is obviously found that the scale invariance of primordial perturbations is determined by the conformal invariance of field theory in slowly expanding background. However, this conformal field is actually a slightly deformed conformal field, there is a slight deviation of ∼ 1/|ϵ| from the conformal invariance, which naturally brings a slight red tilt of the primordial perturbation.

In [9],[32], the similar conformal field has been applied, though for a picture of slow contraction. However, in [9], the field conformally coupled to the gravity is a light field, which hardly affect the cosmological evolution. While in [32],[33], though the conformal field is dominated, it is not conformally coupled with the gravity. Thus both fail to conformally dual to inflation. In [9],[32],[33], the conformal invariance is only related to the scale invariance of the perturbation of a light field. While here what the conformal invariance determines is that of metric perturbations, which is adiabatically generated.

Though the predictions of inflation picture and its dual slow expansion picture for the perturbations are indistinguishable, the evolutions of their backgrounds are completely different. The inflation spacetime is geodesically incomplete, which thus is initially singular [34]. However, in its conformally dual background, the case is different, the primordial universe is slowly expanding, which is asymptotical to a static state in infinite past, and thus is singular free. This is illustrated in Fig.1.

Thus this conformal duality might imply an alternative to the origin of observational universe. The primordial universe might be in a slowly expanding conformal phase, in which the full theory depicting the universe is conformal invariant. As a result of the conformal invariance of underlying theory, both the curvature perturbation and tensor perturbation emerged in this conformal phase are naturally scale invariant. When the conformal phase ends, the energy of conformal field will be released to heat the universe. Here, the heating mechanism might be similar to that after inflation. However, after the heating, M^2_{P eff} = M^2_P should be fastened, or there will be conflicts with observations, which will be studied

FIG. 1: The evolutions of a and H in inflation picture (dashed line) and its conformally dual, i.e.slow expansion picture (solid line), respectively. Before t_∗, which is t_{E∗} for inflation, due to the rapidly change of M_{P eff} , both evolutions are completely different, in which t is from -infinity to t_∗ while t_E is from 0 to t_{E∗}, in term of Eq.(9), noting that the conformal time η is same for both evolutions, which is from -infinity to η_∗. However, after t_∗, since M_{P eff} = M_P is fastened, both evolutions coincide. t_∗ is the heating time, after which the evolution of hot big bang model begins.

elsewhere. Hereafter, the evolution of universe coincides with that of hot big bang model, see Fig.1.

Here, the picture is as if homological with pre big bang picture [35],[36]. However, there the superinflationary expanding phase in string frame, which but is not the slow expansion, is conformally dual to a contracting phase. While here the conformal rescale of the slow expanding phase is inflation, thus the scale invariance of the curvature perturbation and the tensor perturbation is simply obtained.

Here, with Fig.1, it might be designed that this infinite past could be jointed to the infinite latetime of previous universe. In principle, after doing this joint an infinite number of times, we will have a cyclic universe. Here, the infinite past is actually a conformally dual to inflation initial singularity. In this sense, this conformal duality might imply a feasible implementing of the conformal cyclic cosmology [37], which is left for the aftertime.

In conclusion, we show that the inflationary background can be conformally dual to a slowly expanding background. We prove that the primordial curvature perturbation and tensor perturbation generated during both backgrounds are completely equal, and the scale invariance of perturbations is determined by the conformal invariance of field theory in slowly expanding background. Though we only consider a simple case, we conjecture that all inflation models can be conformally dual to a slightly deformed conformal field theory in slowly expanding background, which might imply that though the inflatons are diversified in diversified inflation models, all actually have a common origin, when being performed in its conformally dual background. In dual slow expansion, the primordial universe is asymptotical to a static state in infinite past, and thus is singular free. Here, this slowly expanding phase is depicted by a conformal field theory, thus it might has a dual description of AdS_5 gravity [38], which might be interesting for studying.

Acknowledgments We thank Yi-Fu Cai, Taotao Qiu for discussions. This work is supported in part by NSFC under Grant No:10775180, 11075205, in part by the Scientific Research Fund of GUCAS(NO:055101BM03), in part by National Basic Research Program of China, No:2010CB832804.

[1] A. Mazumdar, J. Rocher, Phys. Rept. 497, 85 (2011).

[2] V. Mukhanov, “Physical Foundations of Cosmology”, (Cambridge University Press, 2005). [3] V. Mukhanov and G. Chibisov, JETP 33 549 (1981); A. Guth and S.Y. Pi, Phys. Rev. Lett.

49, 1110 (1982); S.W. Hawking, Phys. Lett. B115,295 (1982); A.A. Starobinsky, Phys. Lett. B117 175 (1982); J.M. Bardeen, P.J. Steinhardt and M.S. Turner, Phys. Rev. D28 679 (1983).

[4] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D64, 123522 (2001); Phys.

Rev. D66, 046005 (2002).

[5] Y.S. Piao and E Zhou, Phys. Rev. D68, 083515 (2003).

[6] Y.S. Piao, Phys. Rev. D72, 103513 (2005); Phys. Lett. B659, 839 (2008); Phys. Rev. D79, 083512 (2009).

[7] Y.S. Piao, arXiv:1109.4266.

[8] J.O. Gong, J.C Hwang, W. Park, M. Sasaki, Y.S. Song, arXiv:1107.1840. [9] V. Rubakov, JCAP 0909, 030 (2009); M. Libanov, V. Rubakov, arXiv:1107.1036. [10] Y.S. Piao, Phys. Lett. B606, 245 (2005); Y.S. Piao, Y.Z. Zhang, Phys. Rev. D70, 043516 (2004).

[11] A.D. Felice, S. Tsujikawa, Living Rev. Rel. 13, 3 (2010). [12] T. Qiu, K.C. Yang, Phys. Rev. D83, 084022 (2011). [13] A.D. Felice, S. Tsujikawa, JCAP 1104, 029 (2011).

[14] T. Kobayashi, M. Yamaguchi, J. Yokoyama, arXiv:1105.5723. [15] V.F. Mukhanov, JETP lett. 41, 493 (1985); Sov. Phys. JETP. 68, 1297 (1988). [16] H. Kodama, M. Sasaki, Prog. Theor. Phys. Suppl. 78 1 (1984). [17] D. Wands, Phys. Rev. D60, 023507 (1999).

[18] C. Armendariz-Picon and E. A. Lim, JCAP 0312, 002 (2003); C. Armendariz-Picon, JCAP 0610, 010 (2006) [19] Y. S. Piao, Phys. Rev. D75, 063517 (2007); Phys. Rev. D79, 067301 (2009) [20] J. Magueijo, Phys. Rev. Lett. 100, 231302 (2008). [21] J. Khoury, F. Piazza, JCAP 0907, 026 (2009).

[22] D. Bessada, W.H. Kinney, D. Stojkovic, J. Wang, Phys. Rev. D81, 043510 (2010). [23] G. Geshnizjani, W.H. Kinney, A.M. Dizgah, arXiv:1107.1241. [24] A. Joyce, J. Khoury, arXiv:1107.3550.

[25] G. Geshnizjani, W.H. Kinney, A.M. Dizgah, arXiv:1110.4640. [26] J. Khoury, P.J. Steinhardt, Phys. Rev. Lett. 104, 091301 (2010). [27] A. Linde, V. Mukhanov, A. Vikman, JCAP 1002, 006 (2010). [28] J. Khoury, G.E.J. Miller, Phys. Rev. D84, 023511 (2011). [29] A. Joyce, J. Khoury, Phys. Rev. D84, 023508 (2011). [30] Y.S. Piao, Phys. Lett. B701, 526 (2011).

[31] Z.G. Liu, J. Zhang, Y.S. Piao, Phys. Rev. D84, 063508 (2011), arXiv:1105.5713. [32] K. Hinterbichler, J. Khoury, arXiv:1106.1428.

[33] P. Creminelli, A. Nicolis, E. Trincherini, JCAP 1011, 021 (2010). [34] A. Borde, A.H. Guth, A. Vilenkin, Phys. Rev. Lett. 90, 151301 (2003). [35] M. Gasperini and G. Veneziano, Astropart. Phys. 1 317 (1993).

[36] M. Gasperini, G. Veneziano, Phys. Rept. 373, 1 (2003); J.E. Lidsey, D. Wands and E.J.

Copeland, Phys. Rept. 337 343 (2000). [37] V.G. Gurzadyan, R. Penrose, arXiv:1011.3706.

[38] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri, Y. Oz, Phys. Rept. 323, 183 (2000).