arXiv:1112.3913v2 [math-ph] 22 Feb 2012

Boson-fermion correspondence of type B and twisted vertex algebras

Iana I. Anguelova

Abstract The boson-fermion correspondence of type A is an isomorphism between two super vertex algebras (and so has singularities in the operator product expansions only at z = w). The boson-fermion correspondence of type B plays similarly important role in many areas, including representation theory, integrable systems, random matrix theory and random processes. But the vertex operators describing it have singularities in their operator product expansions at both z = w and z = −w, and thus need a more general notion than that of a super vertex algebra. In this paper we present such a notion: the concept of a twisted vertex algebra, which generalizes the concept of super vertex algebra. The two sides of the correspondence of type B constitute two examples of twisted vertex algebras. The boson-fermion correspondence of type B is thus an isomorphism between two twisted vertex algebras.

1 Introduction

In 1+1 dimensions (1 time and 1 space dimension) the bosons and fermions are related by the boson-fermion correspondences. The simplest, and best known, case of a boson-fermion correspondence is that of type A, but there are other examples of boson-fermion correspondences, for instance the boson-fermion correspondence of type B, the super boson-fermion correspondences of type A and B, and others. They are extensively studied in many physics and mathematics papers, some of the first and most influential being the papers by Date-Jimbo-Kashiwara-Miwa, Igor Frenkel, Sato and Segal-Wilson, which make the connection between the representation theory of Lie algebras and soliton theory. (Exposition of some of the math-

Iana I. Anguelova College of Charleston, Math Department 66 George Street Charleston SC 29414, USA e-mail: anguelovai@cofc.edu

1

ematical results concerning the boson-fermion correspondence of type A are given in [KR87], [MJD00].) As with any mathematical concept, there are at least two distinct directions of inquiry. One is: what types of applications and structures we can get as a result of such a boson-fermion correspondence. And the second direction addresses the fundamental questions: What is a boson-fermion correspondence? A correspondence of what mathematical structures? For the simplest boson-fermion correspondence, that of type A (often called the charged free boson-fermion correspondence), both these directions of inquiry have been addressed, and applications thereof continue to be found. The first of these directions was also studied first, and the structures, properties, and applications of this boson-fermion correspondence turned out to be very rich and many varied. As was mentioned above, Date-Jimbo- Kashiwara-Miwa and Igor Frenkel discovered its connection to the theory of integrable systems, namely to the KP and KdV hierarchies, to the theory of symmetric polynomials and representation theory of infinite-dimensional Lie algebras, namely the a_∞ algebra, (whence the name ”type A” derives), as well as to the ŝl_n and other affine Lie algebras. Their work sparked further interest in it, and there are now connections to many other areas, including number theory and geometry, as well as random matrix theory and random processes (see for example papers by Harnad, Orlov and van de Leur). As this boson-fermion correspondence turned out to have so many applications and connections to various mathematical areas, the natural question needed to be addressed: what is a boson-fermion correspondence–a correspondence of what mathematical structures? A partial answer early on was given by Igor Frenkel in [Fre81], but the full answer had to wait for the development of the theory of vertex algebras. Vertex operators were introduced in the earliest days of string theory and now play an important role in many areas such as quantum field theory, integrable models, representation theory, random matrix theory, and many others. The theory of super vertex algebras axiomatizes the properties of some, simplest, ”algebras” of vertex operators (see for instance [Bor86], [FLM88], [FHL93], [Kac98], [LL04]). Thus, the answer to the question ”what is the bosonfermion correspondence of type A” is: the boson-fermion correspondence of type A is an isomorphism between two super vertex algebras ([Kac98]).

For other well-known boson-fermion correspondences, e.g. the type B, the super correspondence of type B, and others, the question of applications and connections to other mathematical structures already has many answers. For example, Date, Jimbo, Kashiwara and Miwa, who introduced the correspondence of type B, discovered its connection to the theory of integrable systems, namely to the BKP hierarchy ([DJKM82]), to the representation theory of the b_∞ algebra (whence the name ”type B” derives), to symmetric polynomials and the symmetric group (some further developments were provided by You in [You89]). There are currently studies of its connection to random matrices and random processes by J. Harnad, Van de Leur, Orlov, and others (see for example [vdLO09]).

On the other hand the question of ”what is the boson-fermion correspondence of type B” has not been answered. We know it is not an isomorphism between two super vertex algebras anymore, as the correspondence of type A was. In this paper we answer this question. To do that we need to introduce the concept of a twisted vertex algebra, which generalizes the concept of super vertex algebra. The bosonfermion correspondence of type B is then an isomorphism between two twisted vertex algebras.

The overview of the paper: first we briefly describe the examples of the two super vertex algebras that constitute the boson-fermion correspondence of type A. We list only one property which is the ”imprint” of the boson-fermion correspondence of type A: namely the Cauchy determinant identity that follows from the equality between the vacuum expectation values of the two sides of the correspondence. (As discussed above, there are many, many properties and applications of any bosonfermion correspondence, which can, and do, occupy many papers).

Next we proceed with the definition of a twisted vertex algebra and the examples of the two twisted vertex algebras that constitute the boson-fermion correspondence of type B. Then again we list only one property which is the ”imprint” of the bosonfermion correspondence of type B: namely the Schur Pfaffian identity that follows from the equality between the vacuum expectation values of the two sides of the correspondence.

2 Super vertex algebras and boson-fermion correspondence of type A

The following definition is well known, it can be found for instance in [FLM88], [FHL93], [Kac98], [LL04] and others. We recall it for completeness, as ”algebras” of fields are the subject of this paper. (Roughly speaking, all vertex algebras, be they super or twisted, are ”singular algebras” of fields).

Definition 2.1 (Field) A field a(z) on a vector space V is a series of the form

a(z) = ∑ n∈Z a_{(n)}z^{−n−1}, a_{(n)} ∈ End(V ), such that a_{(n)}v = 0 for any v ∈ V, n ≫ 0.

We also recall the following notation: For a rational function f (z,w) we denote by i_{z,w} f (z,w) the expansion of f (z,w) in the region |z| ≫ |w|, and correspondingly for i_{w,z} f (z,w). Similarly, we will denote by i_{z1,z2,...,zn} the expansion in the region |z_1| ≫ ··· ≫ |z_n|. And lastly, we work with the category of super vector spaces, i.e., Z_2 graded vector spaces. The flip map τ is defined by

τ(a ⊗ b) = (−1)^{ã·b̃}(b ⊗ a) (1)

for any homogeneous elements a,b in the super vector space, where ã, b̃ denote correspondingly the parity of a, b.

The definition of a super vertex algebra is well known, we refer the reader for example to [FLM88], [FHL93], [Kac98], [LL04], as well as for notations, details and theorems. We only remark that (classical) vertex algebras have two important properties which we would like to carry over to the case of twisted vertex algebras.

These are the analytic continuation and completeness with respect to Operator Product Expansions (OPEs). In fact our definition of a twisted vertex algebra is based on enforcing these two properties. Recall we have for the OPE of two fields

a(z)b(w) = N−1 ∑_{j=0}^iz,w^{c j(w)}

(z − w)^{j+1}

+ : a(z)b(w) :, (2)

where : a(z)b(w) : denotes the nonsingular part of the expansion of a(z)b(w) as a Laurent series in (z − w). We call : a(z)b(z) : a normal ordered product of the fields a(z) and b(z). Moreover, Res_{z=w}a(z)b(w)(z − w)^j = c^j(w) = (a_{( j)}b)(w), i.e., the coefficients of the OPEs are fields in the same super vertex algebra. Since for the commutation relations only the singular part of the OPEs matters, we abbreviate the OPE above as:

a(z)b(w) ∼ N−1 ∑_{j=0}^{c j(w)}

(z − w)^{j+1}

. (3)

For many examples, super vertex algebras are generated by a much smaller number of generating fields, with imposing the condition that the resulting space of fields of the vertex algebra has to be closed under certain operations: For any field a(z) the field Da(z) = ∂_za(z) has to be a field in the vertex algebra. Also, the OPEs coefficients (c^j(w) from (3)) and normal ordered products : a(z)b(z) : of any two fields a(z) and b(w) have to be fields in the vertex algebra. Note that the identity operator on V is always a trivial field in the vertex algebra, corresponding to the vacuum vector |0⟩ ∈ V . The OPEs are a good indicator of the restrictions placed by the definition of the super vertex algebra: for example, the only functions allowed in the OPEs when the identity field is the coefficient are the^1_{(z−w) j} with j ∈ N (this is clearly seen in (4)). We will use this information later as a way to compare the different generalizations of vertex algebras existing in the math literature, see Remark 4 later.

Let us thus turn our attention to the boson-fermion correspondence of type A. The fermion side of the boson-fermion correspondence of type A is a super vertex algebra generated by two nontrivial odd fields—two charged fermions: the fields ϕ(z) and ψ(z) with only nontrivial operator product expansion (OPE) (see e.g. [MJD00], [KR87] and [Kac98]):

ϕ(z)ψ(w) ∼ 1 z − w

∼ ψ(z)ϕ(w), (4)

where the 1 above denotes the identity map Id. The modes ϕ_n and ψ_n, n ∈ Z of the fields ϕ(z) and ψ(z), which we index as follows:

ϕ(z) = ∑ n∈Z ϕ_nz^n, ψ(z) = ∑ n∈Z ψ_nz^n, (5)

form a Clifford algebra Cl_A with relations

[ϕ_m,ψ_n]_† = δ_{m+n,−1}1, [ϕ_m,ϕ_n]_† = [ψ_m,ψ_n]_† = 0. (6)

The indexing of the generating fields vary depending on the point of view; our indexing here corresponds to ϕ_n = v̂_{n+1}, ψ_n = v̌^∗_{−n} in [KR87]. This indexing and the properties of the vertex algebra dictate that the underlying space of states of this super vertex algebra—the fermionic Fock space — is the highest weight representation of Cl_A generated by the vacuum vector |0⟩, so that ϕ_n|0⟩ = ψ_n|0⟩ = 0 for n < 0. We denote both the space of states and the resulting vertex algebra generated by the fields ϕ(z) and ψ(z) by F_A. It is often called the charged free fermion vertex algebra.

We can calculate vacuum expectation values if we have a symmetric bilinear form ⟨ | ⟩ : V ⊗ V → C on the space of states of the vertex algebra V . Recall^1 it is required that the bilinear form is such that the vacuum vector 1 = |0⟩ spans an orthogonal subspace on its own, and that the bilinear form is normalized on the vacuum vector. By abuse of notation we will just write ⟨0 | 0⟩ instead of ⟨⟨0| | |0⟩⟩.

Lemma 2.2 The following determinant formula for the vacuum expectation values on the fermionic side F_A holds ([MJD00]):

⟨0|ϕ(z_1)ϕ(z_2)... ϕ(z_n)ψ(w_1)ψ(w_2)... ψ(w_n)|0⟩ = (−1)^{n(n−1)/2}i_{z;w}det ( 1 z_i − w_j

)_n

i, j=1 . Here i_{z;w} stands for the expansion i_{z1,z2,...,zn,w1,...,wn} .

The proof is usually given using Wick’s formula, see [MJD00], although in [Ang] we give a proof depending entirely on the underlying Hopf algebra structure similar to Laplace pairing.

The boson-fermion correspondence of type A is determined once we write the images of generating fields ϕ(z) and ψ(z) under the correspondence. In order to do that, an essential ingredient is the so-called Heisenberg field h(z) given by

h(z) =: ϕ(z)ψ(z) : (7)

It follows that the Heisenberg field h(z) = ∑_{n∈Z}h_nz^{−n−1} has OPEs with itself given by: h(z)h(w) ∼ 1 (z − w)^2

, in modes: [h_m,h_n] = mδ_{m+n,0}1. (8)

i.e., its modes h_n, n ∈ Z, generate a Heisenberg algebra H_Z. It is well known that any irreducible highest weight module of this Heisenberg algebra is isomorphic to the polynomial algebra with infinitely many variables B_m ∼= C [x_1 ,x_2,... ,x_n,... ]. The fermionic Fock space decomposes (via the charge decomposition, for details see for example [KR87]) as F_A = ⊕_{i∈Z}B_i, which we can write as

F_A = ⊕_{i∈Z}B_i ∼= C [e^α ,e^{−α} ] ⊗ C [x_1 ,x_2,... ,x_n,... ], (9)

where by C [e^α ,e^{−α} ] we mean the Laurent polynomials with one variable e^α .^2 The isomorphism is as Heisenberg modules, where e^{nα} is identified as the highest weight

1 There is a very important concept of an invariant bilinear form on a vertex algebra, for details see for example [FHL93], [Li94].

2 The reason for this notation is that the resulting vertex algebra is a lattice vertex algebra.

vector for the irreducible Heisenberg module B_n. We denote the vector space on the right-hand-side of this H_Z-module isomorphism by B_A. B_A is then the underlying vector space of the bosonic side of the boson-fermion correspondence of type A.

Now we can write the images of generating fields ϕ(z) and ψ(z) under the correspondence:

ϕ(z) → e^α (z), ψ(z) → e^{−α} (z), (10) where the generating fields e^α (z), e^{−α} (z) for the bosonic part of the correspondence are given by e^α (z) = exp( ∑ n≥1 h_{−n} n z^n)exp(− ∑ n≥1 h_n n z^{−n})e^α z^{∂α} ,

e^{−α} (z) = exp(− ∑ n≥1 h_{−n} n z^n)exp( ∑ n≥1 h_n n z^{−n})e^{−α} z^{−∂α} ,

the operators e^α , e^{−α} , z^{∂α} and z^{−∂α} act in an obvious way on the space B_A.

The resulting super vertex algebra generated by the fields e^α (z) and e^{−α} (z) with underlying vector space B_A we denote also by B_A.

Lemma 2.3 The following product formula for the vacuum expectation values on the bosonic side B_A holds:

⟨0|e^α (z_1)e^α (z_2)... e^α (z_n)e^{−α} (w_1)e^{−α} (w_2)... e^{−α} (w_n)|0⟩ = i_{z;w}

∏^n_{i< j}((zi − z j)(wi − w j)) ∏^n_{i, j=1}(zi − w j)

Here i_{z;w} stands for the expansion i_{z1,z2,...,zn,w1,...,wn} .

Theorem 2.4 ([Kac98]) The boson-fermion correspondence of type A is the isomorphism between the charged free fermion super vertex algebra F_A and the bosonic super vertex algebra B_A.

Lemma 2.5 The Cauchy’s determinant identity follows from the equality of the vacuum expectation values:

(−1)^{n(n−1)/2}det ( 1 z_i − w_j

)_n

i, j=1

= AC⟨0|ϕ(z_1)... ϕ(z_n)ψ(w_1)... ψ(w_n)|0⟩ =

= AC⟨0|e^α (z_1)... e^α (z_n)e^{−α} (w_1)... e^{−α} (w_n)|0⟩ =

∏_{i< j}(zi − z j)∏_{i< j}(wi − w j) ∏^n_{i, j=1}(zi − w j)

AC stands for Analytic Continuation.

The Cauchy determinant identity (the equality between the first and the fourth expressions) is a historic identity and is well known, one of the oldest references being [Lit70]. The proof of it is usually given using factorization, remarkably even in [MJD00], see Remark 5.1 there. The point here is that the Cauchy identity follows immediately from the equality of the vacuum expectation values of both sides of the boson-fermion correspondence, and is a quintessential “imprint” of the correspondence (although this identity is absent in some standard mathematical references of the boson-fermion correspondence of type A like [KR87] and [Kac98]).

3 Twisted vertex algebras and boson-fermion correspondence of type B

Here we will only give the definition for a twisted vertex algebra of order 2, for more general definition and details see [Ang]. We begin with some preliminaries.

Definition 3.1 The Hopf algebra H_{T−1} is the Hopf algebra with a primitive generator D and a grouplike generator T_{−1} subject to the relations:

DT_{−1} = −T_{−1}D, and (T_{−1})^2 = 1 (11)

Denote by F^2_±(z,w) the space of rational functions in the variables z,w ∈ C with only poles at z = 0, z = ±w. Note that we do not allow poles at w = 0, i.e., if f (z,w) ∈ F^2_±(z,w), then f (z,0) is well defined. Similarly, F^2_±(z_1,z_2,... ,z_l ) is the space of rational functions in variables z_1,z_2,... ,z_l with only poles at z_1 = 0, or z_j = ±z_k. F^2_±(z,w) is a H_{T−1} ⊗ H_{T−1} Hopf algebra module by

D_z f (z,w) = ∂_z f (z,w), (T_{−1})_z f (z,w) = f (−z,w) (12) D_w f (z,w) = ∂_w f (z,w), (T_{−1})_w f (z,w) = f (z,−w) (13)

We will denote the action of elements h ⊗ 1 ∈ H_{T−1} ⊗ H_{T−1} on F_±(z,w) by h_z·, and similarly h_w· will denote the action of elements 1 ⊗ h ∈ H_{T−1} ⊗ H_{T−1} .

Definition 3.2 (Twisted vertex algebra of order 2) Twisted vertex algebra of order 2 is a collection of the following data:

• the space of states: a vector space W ;

• the space of fields: a vector super space V – an H_{T−1} module, such that V ⊃ W ; • a projection: a linear map π_f : V → W ;

• a field-state correspondence: a linear map from V to the space of fields on W ; • a vacuum vector: a vector 1 = |0⟩ ∈ W ⊂ V .

This data should satisfy the following set of axioms:

• Vacuum axiom: Y (1,z) = Id_W ;

• Modified creation axiom: Y (a,z)1|_{z=0} = π_f (a), for any a ∈ V ; • Transfer of action: Y (ha,z) = h_z ·Y (a,z) for any h ∈ H_{T−1} ; • Analytic continuation: For any a_i ∈ V,i = 1,...,k, the composition Y (a_1,z_1)Y (a_2,z_2)...Y (a_k,z_k)1 converges in the domain |z_1| ≫ ··· ≫ |z_k| and can be continued to a rational vector valued function

X_{z1,z2,...,zk} (a_1 ⊗ a_2 ⊗ ... ⊗ a_k) : V^{⊗k} → W ⊗ F^2_±(z_1,z_2,... ,z_k),

so that Y (a_1,z_1)Y (a_2,z_2)...Y (a_k,z_k)1 = i_{z1,z2,...,zk} X_{z1,z2,...,zk} (a_1 ⊗ a_2 ⊗ ... ⊗ a_k) • Supercommutativity: X_{z,w}(a ⊗ b) = X_{w,z}(τ(a ⊗ b)), with τ defined in (1). • Completeness with respect to OPEs (modified): For each n ∈ N there exists l_n ∈ Z such that Res_{z=±w}X_{z,w,0}(a ⊗ b ⊗ v)(z ∓ w)^n = Y (c_n,w)π_f (v)w^{ln} for some c_n ∈ V.

Remark 1. The axiom/property requiring completeness with respect to the OPEs is a weaker one than in the classical vertex algebra case. We can express this weaker axiom by saying that the modes of the OPE coefficients, the residues Res_{z=±w}(z ∓ w)^nY (a,z)Y (b,w), are the modes of a field that belongs to the twisted algebra, modulo a shift (a shift by w^{ln} is allowed, but no more). The stronger property is violated in the interesting examples, see for instance Remark 4 below. ⊓⊔

Remark 2. The axiom of analytic continuation expresses two requirements: one, that the products of fields are expansions of rational operator valued functions in appropriate regions; and two, that the only poles of these rational functions are at z = ±w. Thus, if we think of the variable z as being a square root of another variable z̃ (similarly w = √ w̃), then the only allowed singularities are at z^2 = w^2, i.e., at z̃ = w̃, which is a prerequisite for the usual locality axiom (in the variable z̃). The usual locality axiom requires not only that the singularities are located only at z̃ = w̃, but also that the supercommutativity axiom X_{z,w}(a ⊗ b) = X_{w,z}(τ(a ⊗ b)) holds. These two axioms combined produce the commutation or anticommutation relations obeyed by the bosons or fermions correspondingly. If we remove the supercommutativity axiom, then we can have a more general braided locality, instead of the usual locality, and there are examples (e.g., the quantum affine Lie algebras at roots of unity) which do not obey the supercommutativity axiom. But the examples of boson-fermion correspondences do indeed obey the supercommutativity axiom, which is why we have required it as part of our definition of a twisted vertex algebra. ⊓⊔

Remark 3. There are other generalizations of the notion of super vertex algebra, for instance there is the notion(s) of a twisted module for a vertex algebra (see [FLM88], [BK04]); there are also the notions of a generalized vertex algebra (see e.g. [DL93], [BK06]). The notion of a twisted vertex algebra as outlined above is different from any of those notions in two main respects: the first difference is in the functions allowed in the OPEs (see Remark 4 below); the second is the fact that the space of fields is larger than the space of states (the space of states in the examples here is a proper projection of the space of fields). In this, the notion of twisted vertex algebra resembles the notion of a Deformed Chiral Algebra of [FR97], and although there are differences, one can think of a twisted vertex algebra as being the root of unity symmetric version of the Deformed Chiral Algebra concept. ⊓⊔

Similarly to super vertex algebras, twisted vertex algebras are often generated by a smaller number of fields (for a rigorous theorem regarding that see [Ang]). The space of fields is then determined by requiring, as before, that it is closed under OPEs (see modification above). Also, as before, for any field a(z) the field Da(z) = ∂_za(z) again has to be a field in the twisted vertex algebra. But now we also require that the field T_{−1}a(z) = a(−z) is a field in the twisted vertex algebra of order 2 as well. Note that this immediately violates the stronger creation axiom for a classical vertex algebra, hence any such field cannot belong to a classical vertex algebra. This is the reason we require the modified field-state correspondence with the modified creation axiom for a twisted vertex algebra.

We now proceed with the two examples of a twisted vertex algebra of order 2 which give the two sides of the boson-fermion correspondence of type B. The fermionic side is generated by a single field ϕ(z) = ∑_{n∈Z} ϕ_nz^n, with OPEs with itself given by ([DJKM82], [You89]–modulo a factor of 2; [Ang]):

ϕ(z)ϕ(w) ∼ z − w z + w

, in modes: [ϕ_m,ϕ_n]_† = 2(−1)^mδ_{m,−n}1. (14)

Thus the modes generate a Clifford algebra Cl_B, and the underlying space of states, denoted by F_B, of the twisted vertex algebra is a highest weight representation of Cl_B with the vacuum vector |0⟩, such that ϕ_n|0⟩ = 0 for n < 0. The space of fields, which is larger than the space of states, is generated by the field ϕ(z) together with its descendent T_{−1}ϕ(z) = ϕ(−z). We call the resulting twisted vertex algebra the free neutral fermion of type B^3, and denote also by F_B.

Remark 4. If we look at the defining OPE, (14), we can see that if we just write the singular part, we have the residue Res_{z=−w}ϕ(z)ϕ(w) = −2w · 1 = −2wId_W , which can not be a field in any vertex algebra as it is. But a shift by w^{−1} will produce the field −2Id_W , which is the field corresponding to the −2|0⟩. This exemplifies that in the OPEs of twisted vertex algebras when the identity field is the coefficient we do allow any function of the type^{wk}_{(z±w)l} , where k ∈ Z_{≥0}, l ∈ N. For instance, besides the classical vertex algebra singularity^1_{z−w} , we allow additionally, and on its own, 1 z+w , which is not allowed in twisted modules for vertex algebras, nor in the notions of generalized vertex algebras. In contrast, if the identity field is the coefficient, twisted modules for vertex algebras would only allow singularities in its OPEs of the type

∂^l_{w̃} √ z̃ √ w̃ 1 z̃ − w̃

= ∂^l_{w2} z w(z^2 − w^2) , l ∈ Z_{≥0}, i.e., even though the singularities for twisted modules are indeed at z = ±w, only particular combinations of^1_{z−w} ,^1_{z+w} and derivatives are allowed (see e.g. [BK04]). In the case of a generalized vertex algebra the singularities allowed in the OPEs when the vacuum field is the coefficient are of the type^1_{(z̃−w̃)1/N} =^1_{(z2−w2)1/N} , N ∈ N. ⊓⊔ The boson-fermion correspondence of type B is again determined once we write the image of the generating fields ϕ(z) (and thus of T_{−1}ϕ(z) = ϕ(−z)) under the correspondence. In order to do that, an essential ingredient is once again the twisted Heisenberg field h(z) given by^4

h(z) = 1 4 : ϕ(z)T_{−1}ϕ(z) := 1 4 : ϕ(z)ϕ(−z) : (15)

It follows that the twisted Heisenberg field, which due to the symmetry above has only odd-indexed modes, h(z) = ∑_{n∈Z}h_{2n+1}z^{−2n−1}, has OPEs with itself given by:

3 The reason for the name is that there is a free neutral fermion of type D, which is commonly referred to as just ”the free neutral fermion”. In fact, there is a boson-fermion correspondence of type D-C, see [Ang].

4 For details on normal ordered products in this more general case see [Ang], the construction uses an additional Hopf algebra structure, similar to Laplace pairing.

h(z)h(w) ∼ zw(z^2 + w^2) 2(z^2 − w^2)^2

, (16)

Its modes, h_n, n ∈ 2Z + 1, generate a twisted Heisenberg algebra H_{Z+}1_{/2} with relations [h_m,h_n] =^m_2 δ_{m+n,0}1, m,n are now odd integers. It has (up-to isomorphism) only one irreducible module B1_{/2} ∼= C [x_1 ,x_3,...,x_{2n+1},...]. The fermionic space of states F_B decomposes as F_B = B1_{/2} ⊕ B1_{/2} (for details, see [DJKM82], [You89], [Ang]). We can write this as an isomorphism of twisted Heisenberg modules for H_{Z+}1_{/2} in a similar way to the type A correspondence:

F_B = B1_{/2} ⊕ B1_{/2} ∼= C [e^α ,e^{−α} ] ⊗ C [x_1 ,x_3,... ,x_{2n+1},... ], (17)

but now we have the extra relation e^{2α} ≡ 1, i.e., e^α ≡ e^{−α} . The right-hand-side, which we denote by B_B, is the underlying vector space of states of the bosonic side of the boson-fermion correspondence of type B.

Now we can write the image of the generating field ϕ(z) → e^α (z), which will determine the correspondence of type B (for proof see [Ang]):

e^α (z) = exp ( ∑_{k≥0}^{h−2k−1}_{k + 1/2}^{z2k+1) exp( −} ∑_{k≥0}^{h2k+1}_{k + 1/2}^{z−2k−1)eα , (18)}

The fields e^α (z) and e^α (−z) = e^{−α} (z) (observe the symmetry) generate the resulting twisted vertex algebra, which we denote also by B_B.

Note that one Heisenberg H_{Z+}1_{/2}-module B1_{/2} on its own can be realized as a twisted module for an ordinary super vertex algebra (see [FLM88] for details), but the point is that we need two of them glued together for the bosonic side of the correspondence. The two of them glued together as above no longer constitute a twisted module for an ordinary super vertex algebra.

Theorem 3.3 The boson-fermion correspondence of type B is the isomorphism between the fermionic twisted vertex algebra F_B and the bosonic twisted vertex algebra B_B.

Lemma 3.4 The Schur Pfaffian identity follows from the equality between the vacuum expectation values:

AC⟨0|ϕ(z_1)... ϕ(z_{2n})|0⟩ = P f

(z_i − z_j

z_i + z_j

)_{2n}

i, j=1 = 2n ∏_{i< j}^{zi − z j}_{zi + z j}^{= AC⟨0|eα(z}1^{)... eα (z}2n^{)|0⟩}

Here P f denotes the Pfaffian of an antisymmetric matrix, AC stands for Analytic Continuation..

Remark: the general definition of a twisted vertex algebra of order N, details and proofs can be found in [Ang].

In conclusion, we would like to thank the organizers of the International Workshop ”Lie Theory and its Applications in Physics” for a most enjoyable and productive workshop, and may it continue for many years to come!

References

Ang. Iana I. Anguelova. Twisted vertex algebras, bicharacter construction and boson-fermion correspondences. preprint.

BK04. Bojko Bakalov and Victor Kac. Twisted modules over lattice vertex algebras. In Lie theory and its applications in physics V, pages 3–26. World Sci. Publ., River Edge, NJ, 2004.

BK06. Bojko Bakalov and Victor Kac. Generalized vertex algebras. In H.-D. Doebner and V.K. Dobrev, editors, Proceedings of the 6-th International Workshop ”Lie Theory and Its Applications in Physics” (LT-6), Varna, Bulgaria, pages 3–25. Heron Press, 2006.

Bor86. Richard E. Borcherds. Vertex algebras, Kac-Moody algebras, and the Monster. Proc.

Nat. Acad. Sci. U.S.A., 83(10):3068–3071, 1986.

DJKM82. Etsurō Date, Michio Jimbo, Masaki Kashiwara, and Tetsuji Miwa. Transformation groups for soliton equations. IV. A new hierarchy of soliton equations of KP-type. Phys. D, 4(3):343–365, 1981/82.

DL93. Chongying Dong and James Lepowsky. Generalized vertex algebras and relative vertex operators, volume 112 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, 1993.

FR97. E. Frenkel and N. Reshetikhin. Towards Deformed Chiral Algebras. In Proceedings of the Quantum Group Symposium at the XXIth International Colloquium on Group Theoretical Methods in Physics, Goslar 1996, pages 6023–+, 1997 Fre81. Igor B. Frenkel. Two constructions of affine Lie algebra representations and bosonfermion correspondence in quantum field theory. J. Funct. Anal., 44(3):259–327, 1981.

FLM88. Igor B. Frenkel, James Lepowsky, and Arne Meurman. Vertex operator algebras and the Monster, volume 134 of Pure and Applied Mathematics. Academic Press Inc., Boston, MA, 1988.

FHL93. Igor B. Frenkel, Yi-Zhi Huang, and James Lepowsky. On axiomatic approaches to vertex operator algebras and modules. Mem. Amer. Math. Soc., 104(494):viii+64, 1993.

Kac98. Victor Kac. Vertex algebras for beginners, volume 10 of University Lecture Series.

American Mathematical Society, Providence, RI, second edition, 1998.

KR87. Victor Kac and A. K. Raina. Bombay lectures on highest weight representations of infinite-dimensional Lie algebras, volume 2 of Advanced Series in Mathematical Physics. World Scientific Publishing Co. Inc., Teaneck, NJ, 1987.

Li94. Hai Sheng Li. Symmetric invariant bilinear forms on vertex operator algebras. J. Pure Appl. Algebra, 96(3):279–297, 1994.

LL04. James Lepowsky and Haisheng Li. Introduction to vertex operator algebras and their representations, volume 227 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, 2004.

Lit70. D.E. Littlewood. A university algebra: an introduction to classic and modern algebra.

Dover, 1970.

MJD00. T. Miwa, M. Jimbo, and E. Date. Solitons: differential equations, symmetries and infinite dimensional algebras. Cambridge tracts in mathematics. Cambridge University Press, 2000.

vdLO09. J. W. van de Leur and A. Yu. Orlov. Random turn walk on a half line with creation of particles at the origin. Phys. Lett. A, 373(31):2675–2681, 2009.

You89. Yuching You. Polynomial solutions of the BKP hierarchy and projective representations of symmetric groups. In Infinite-dimensional Lie algebras and groups (Luminy- Marseille, 1988), volume 7 of Adv. Ser. Math. Phys., pages 449–464. World Sci. Publ., Teaneck, NJ, 1989.