arXiv:1112.4022v2 [hep-th] 26 Jul 2012

CCNY-HEP-11/7 December 2011

Fluids, Anomalies and the Chiral Magnetic Effect:

A Group-theoretic Formulation

V.P. Nair^a, Rashmi Ray^{a,b} and Shubho Roy^{a,c}

aPhysics Department City College of the CUNY New York, NY 10031

bPhysical Review D American Physical Society Ridge, NY 11367

c Department of Physics and Astronomy Lehman College of the CUNY Bronx, NY 10468

E-mail: vpn@sci.ccny.cuny.edu
       ray@aps.org
       sroy@ccny.cuny.edu

Abstract

It is possible to formulate fluid dynamics in terms of group-valued variables. This is particularly suited to the cases where the fluid has nonabelian charges and is coupled to nonabelian gauge fields. We explore this formulation further in this paper. An action for a fluid of relativistic particles (with and without spin) is given in terms of the Lorentz and Poincaré (or de Sitter) groups. Considering the case of particles with flavor symmetries, a general fluid action which also incorporates all flavor anomalies is given. The chiral magnetic and chiral vorticity effects as well as the consequences of the mixed gauge-gravity anomaly are discussed.

1 Introduction

The description of fluid dynamics, especially for systems made of particles carrying nonabelian charges, has become an important research topic with the discovery of of the state of unconfined quark and gluons, the quark-gluon plasma, in heavy ion collisions. Field theoretic analyses, augmented with Boltzmann-type kinetic equations, can be used to “derive” the equations of fluid dynamics, but are generally limited to dilute systems near equilibrium. However, the basic equations can be formulated using general principles and therefore have a regime of validity significantly beyond the context of the derivation based on kinetic equations. The question of a derivation based on symmetry principles generalizing the usual equations of magnetohydrodynamics to include nonabelian charges and fields is interesting in its own right, but has enhanced relevance after the discovery of the quark-gluon plasma. Such an approach was developed in [1, 2], where the fluid degrees of freedom were shown to be naturally described by the elements of a Lie group. The method applies to ordinary hydrodynamics as well, but becomes particularly useful for incorporating nonabelian symmetries and coupling to nonabelian fields.

A new impetus to such analyses has come from the recent work on the chiral magnetic effect [3]. The specific case of interest has been the charge separation and a corresponding electromagnetic current induced by the axial anomaly, which can be demonstrated by the standard diagrammatic techniques. An interesting question to ask is then: Is there an effective description of the anomalies and how they affect the fluid dynamics? A related question is one of generalization to all flavor anomalies, even though they may not be of immediate relevance to the quark-gluon plasma. Symmetries are obviously front-and-center in analyzing anomalies and so our approach to fluid dynamics based on group-valued variables would seem tailor-made for these questions. This is exactly the subject of the present paper.

The chiral magnetic effect, we may note, has led to a significant body of literature on related topics. The possibility of describing the chiral magnetic effect using hydrodynamics and thermodynamics is explored in [4]. Transport in arbitrary dimensions induced by anomalies has also been discussed in [5]. Since there is considerable evidence that the quarkgluon plasma can be described as a strongly coupled fluid, the holographic correspondence can provide another method towards its analysis. The description of the chiral magnetic effect using holographic approaches such as the AdS/CFT correspondence or the Sakai- Sugimoto model is given in [6]. There is also an attempt to understand the chiral magnetic effect [7] using the fluid/gravity correspondence of [8]. For completeness, we also note that there have been many lattice simulations of the chiral magnetic effect [9].

The focus in most of the literature has been on the computation of transport coefficients or the modifications of the energy-momentum tensor and the currents, and then the subsequent incorporation of these in the equations of motion of fluid dynamics. Our approach will be to write an effective action for anomalies directly in the fluid language, in other words, we obtain the fluid version of the Wess-Zumino term for anomalies. The actionbased approach gives a simple starting point for all flavor anomalies. We also discuss some aspects of the mixed gauge-gravity anomaly in the standard model. (The mixed anomalies, and the possibility of a chiral vortex effect, are also considered from the point of view of Kubo formulas and transport coefficients in [10].) On the negative side, the action-based approach will not include dissipative effects; they have to be added on after the equations of motion have been obtained by the variational principle. We note that an effective action approach has been given in two dimensions [11], although the formulation is still very different from ours.

In section 2, we give a brief resume of the formulation of ordinary, nonrelativistic or relativistic, fluid dynamics in terms of group variables. We then describe how nonabelian internal symmetries are included to obtain a nonabelian magnetohydrodynamics. In section 3, we follow a similar approach to construct the action for a fluid of spinning particles in terms of the Lorentz group or Poincaré (or de Sitter) groups, the latter being adaptable to the spinless case as well. The fluid description for the quarks in the standard model is given in section 4, taking a fluid of the up, down and strange quarks as an example. The full fluid action for these degrees of freedom including anomalies is given in this section. The standard chiral magnetic effect, the chiral vorticity effect and mixed gauge-gravity anomalies are discussed in this framework in section 5.

2 Lagrangians and perfect fluids: a short resume

We start with a recapitulation of the formulation of hydrodynamics in terms of group theory. We will be brief, since this is reviewed in detail in [1, 2]. Ordinary fluid dynamics can be viewed as a Poisson bracket system with [F, G] = ∫ [ δF δρ ∂_i ( δG δv_i ) − δG δρ ∂_i ( δF δv_i ) − ω_{ij} δF δv_i δG δv_j ] (1) for F, G which are functions of the density ρ and fluid velocity v_i. The Hamiltonian, H = ∫ d^3x [ 1 2 ρ v^2 + V (ρ) ] (2) is then easily verified, via the brackets (1) to lead to the continuity and Euler equations, the fluid pressure being P = ρ^{∂V}_{∂ρ} − V.

The difficulty with this framework is also well known. The helicity C, defined by, C = 1 8π ∫ ϵ^{ijk} v_i ∂_j v_k (3)

is seen to Poisson commute with all observables, i.e. [F, C] = 0 for all F . Viewing this from a quantum point of view, we see that the values of C are superselected. It is therefore necessary to specify a value for C and consider the restricted Hamiltonian dynamics for that sector itself. Alternatively, if we think of the Poisson brackets to be written as [ξ_a, ξ_b] = K_{ab}, for ξ being ρ and v_i,, then the symplectic structure is obtained as the inverse of K_{ab}. (Usually in starting from a Lagrangian, we obtain the symplectic structure and invert it to obtain the Poisson brackets.). Since C commutes with all observables, we see that (δC/δv_i) is a zero mode for K and hence we cannot relate Eqs. (1,2) to a symplectic structure or Lagrangian description without first restricting the value of C. Thus, to obtain a Lagrangian description we must first fix C and then seek a parametrization for v_i which does not further change the value of C. This is given by the Clebsch parametrization,

v_i = ∂_iθ + α ∂_iβ (4)

for an arbitrary functions θ, α, β. In this case C = 0 if θ, α, β are single-valued nonsingular functions vanishing at infinity. (They are known as the Monge potentials.) A suitable action for fluid dynamics is then [2, 12] S = ∫ ρ θ̇ + ρ α β̇ − [ 1 2 ρ v^2 − V ] . (5)

We note that (ρ, θ), (ρα, β) form two sets of canonically conjugate pairs.

Now we introduce an element g of the group SU(1, 1) which may be parametrized in general as, g = 1 √ 1 − ūu [ 1 u ū 1 ] [ e^{iθ/2} 0 0 e^{−iθ/2} ] (6) where u is a complex variable. Direct calculation shows that − iTr ( σ_3 g^{−1} dg ) = dθ + α dβ, (7) α = ūu 1 − ūu , β = (−i/2) ln (u ū ) . The θ-direction in g corresponds to the compact direction, the U(1) subgroup generated by 1 2 σ_3, while α and β parametrize SU(1, 1)/U(1). The action (5) can now be written as, S = −i ∫ j^μ Tr ( σ_3g^{−1}∂_μg ) − ∫ [ j_ij_i 2ρ + V ] (8) where we denote j^0 = ρ. The elimination of j_i in (8) leads to the version (5).

The relativistic generalization of fluid dynamics and the action (8) is also very straightforward. It is given by S = −i ∫ j^μ Tr ( σ_3g^{−1}∂_μg ) − F (n) (9)

where F (n) is a function of the variable n, which is defined by j^μj_μ = n^2. Equivalently

j^μ = n u^μ (10)

where u^μ is a four-vector obeying u^μu_μ = 1. It may be considered as the four-velocity of the fluid and n identified as the invariant density. The energy-momentum tensor for (9) has the perfect fluid form T^{μν} = nF^′u^μu^ν − g^{μν} (nF^′ − F ) (11)

identifying the pressure as P = nF^′ − F . The function F is thus the enthalpy.

We have obtained a group theoretic formulation of ordinary fluid dynamics. The existence of a compact direction, namely, the U(1) direction of the SU(1, 1), may seem a little puzzling at first, since at the level of the classical Clebsch parametrization, this was not a requirement. The Poisson bracket obtained from (8) or (9) gives [ρ(f), g(x)] = −ig(x) σ_3 2 f(x). (12)

This means that in the quantum theory

U^† g U = g e^{iπσ3} = −g (13)

for U = exp [ −2πi ∫ ρ ] . Since all observables involve even powers of g, they are invariant under the action of U. This means that we can set U = 1, giving ∫ ρ = N for some integer N. The existence of the compact direction thus requires the quantization of ∫ ρ in the quantum theory; this is equivalent to saying that the fluid is made of particles with ρ being the particle density [13]. Thus, rather than a defect of the group-theoretic parametrization (7) in comparison to the classical Clebsch parametrization (4), we view this as a good feature of the description in (8), (9). [If vorticity were also quantized we would use SU(2) in place of SU(1, 1).]

It is now easy enough to obtain the generalization to carrying nonabelian gauge charges, corresponding to a compact Lie group G.

First consider SU(2). At the particle level, the dynamics of a particle carrying SU(2) charges is given by the Wong equations which have the action [14, 15] S = ∫ [ 1 2 m ẋ^2 + A^a_i Q^aẋ_i − i w Tr(σ_3g^{−1} ġ) ] (14)

where Q^a = T r(gσ_3g^{−1}t^a), t^a =^1_2 σ^a.

The last term in (14) is the co-adjoint orbit action which describes the dynamics of the gauge charges and which, upon quantization, gives the Hilbert space corresponding to one unitary irreducible representation (UIR) of SU(2) corresponding to the highest weight w/2, hence of dimension w + 1. Q^a then become operators realizing the charge algebra [ Q^a, Q^b ] = if^{abc}Q^c. (15) Under g → g exp (iσ_3ϕ/2), the change in the action is given by ΔS = wΔϕ. Thus singlevaluedness of e^{iS} when ϕ traces out a closed path in SU(2) leads to the quantization of w. The crucial co-adjoint orbit term, when generalized to several particles, becomes S = −i ∫ dt ∑ λ w_λ Tr ( σ_3g^{−1}_λ ġ_λ ) (16)

where we have a separate g for each λ, and likewise for w, with λ indexing the particles. The continuum limit of (16) may be taken, as one does for the Lagrange approach to fluids, by λ → x, ∑ λ → ∫ d^3x/v, w_λ/v → ρ(x). This leads to S = −i ∫ d^4x ρ Tr(σ_3g^{−1}ġ) (17) where g = g(x, t). Taking this as the leading term, namely, as the term responsible for the symplectic structure, we can write an action S = −i ∫ d^4x j^μ Tr ( σ_3g^{−1}D_μg ) − ∫ F (n) + S_{Y M} (18)

where D_μg = ∂_μg + A_μg, A_μ = −it^aA^a_μ, t^a = σ^a/2.

The velocity for the transport of the nonabelian charge can be introduced via j^μ = n u^μ, u^2 = 1. The current which couples to the SU(2) gauge field A^a_μ is given by

J^{aμ} = Tr ( σ_3 g^{−1}t^ag ) j^μ = Q^aj^μ (19)

which is in the Eckart form [16]. Starting with the action, one can easily verify the following [1, 2]:

1. The equations of motion for (18) do give the appropriate magnetohydrodynamics. 2. The canonical quantization of (18) leads to the expected current algebra. In particular, one finds the equal-time rules [ ρ^a(x, t), ρ^b(y, t) ] = if^{abc}ρ^c(x, t) δ^3(x − y). (20)

The charge density, considered as a matrix in the fundamental representation, transforms as ρ → h^{−1} ρ h, h ∈ SU(2), ρ = ρ^at^a. We can thus pick a specific SU(2) transformation g which diagonalizes ρ, ρ = g ρ_{diag} g^{−1} (21)

so that ρ^a = n T r ( gσ_3g^{−1}t^a ) . This identifies the dynamical variable g(x, t) as part of the charge density. The eigenvalues of ρ are gauge-invariant and represented by n. Their flow is given by u^μ.

For a general gauge group G, the action is given by S = −i ∫ ∑ s j^μ_s Tr ( q_sg^{−1}D_μg ) − ∫ F (n_1, n_2, . . .) + S_{Y M} (A) (22)

where q_s are the diagonal generators of G and j^μ_s j_{sμ} = n^2_s, s = 1, 2, . . . , rank(G).

3 Fluids and gravity

We now go back to the case of the fluid with no nonabelian internal degrees of freedom. As noted before, this case is described by the action (8) (or its relativistic version (9)). Nevertheless, there is something not completely satisfactory about this. The group element g belongs to SU(1, 1) and this group has no particular meaning in the relativistic theory. We would like to analyze the effect of gravitational or mixed anomalies on the fluid equations. The anomalies, as is well known, can be formulated in terms of the Lorentz group which acts on the tangent space or in terms of diffeomorphisms. The former point of view requires identifying a Lorentz group action, while the latter can be related to Poincaré group action. The SU(1, 1) description does not immediately lead to an easily identifiable action of the Lorentz or Poincaré groups. For this reason, we seek a generalization of the action (9); the particles underlying the fluid description may or may not have spin.

3.1 Fluids with spin

We start by considering an action similar to (9) but with the group element g ∈ SU(1, 1) replaced by an element of the Lorentz group, say, Λ, in some finite dimensional matrix representation [17]. The appropriate action is, S[e, ω, j, Λ] = ∫ det e [ −i j^μ Tr(S_{12} Λ^{−1}D_μ(ω̄(e)) Λ) − F (n) ]

− 1 32 π G ϵ_{abcd} ∫ e^a ∧ e^b ∧ R^{cd}(ω). (23)

We have added the Einstein-Hilbert action for gravity as well, written in terms of the frame field one-form e^a = e^a_μ dx^μ and the spin connection ω^{ab} = ω^{ab}_μ dx^μ. R^{ab} is the curvature two-form given by R^{ab} = d ω^{ab} + ω^{ac} ∧ ω^{cb} = 1 2 R^{ab}_{μν} dx^μ ∧ dx^ν = 1 2 e^a_α (e^{−1})^{bβ} (R_{μν} )^α_β dx^μ ∧ dx^ν . (24)

ω̄(e) is the torsion free spin connection derived entirely from the metric or equivalently the frame fields. It is taken as understood that the contraction of the tangent space indices is done with the flat Minkowski metric η^{ab}. Coordinate indices are contracted, as needed, using the metric g_{μν} = e^a_μe^b_ν η_{ab}, so that n^2 = j^μj^ν g_{μν} . Further, in (23), S_{12} is a matrix corresponding to the third component of the spatial spin, i.e., equal to the corresponding Lorentz generator in the representation corresponding to Λ. By considering the right translations of Λ by an element of the form exp(iS_{12} θ_{12}), we can see that j^μ is a covariantly conserved current. Under the local Lorentz transformation Λ, the transformation rules for the various quantities are as follows.

e^a → e^{′ a} = Λ^a_b e^b, ω^a_b → ω^{′ a}_b = Λ^a_c ω^c_d (Λ^{−1})^d_b − (d Λ Λ^{−1})^a_b, R^a_b = Λ^a_c R^c_d (Λ^{−1})^d_b. (25)

The variation of the action (23) with respect to the spin connection ω gives the torsion free condition, D ∧ e = 0. (26)

This can be solved to determine ω as a function of e; we denote the solution as ω̄(e). It corresponds to the spin connection derived from the metric via the Christoffel symbols and is explicitly given by ω_μ = −i ω^{ab}_μ S_{ab} with

ω̄^{ab}_μ = (e^{−1})^{νa}∂_{[μ}e^b_{ν]} − (e^{−1})^{νb}∂_{[μ}e^a_{ν]} − (e^{−1})^{ρa} (e^{−1})^{σb}∂_{[ρ}e^c_{σ]}e_{μc}. (27)

In the action (23), ω occurs only in the last term; in the covariant derivative for Λ we use ω̄ directly, so that ( Λ^{−1}D_μΛ )_{a b} = ( Λ^{−1}∂_μΛ + Λ^{−1} ω̄_μ Λ )_{a b} . (28)

If we had used ω in this term, the condition for vanishing torsion, namely, equation (26), would be altered. The use of the solution ω̄ is similar to what is done for coupling gravity to spin-^1_2 particles, preserving the Riemannian or torsion-free condition.

In addition to the equation for ω, there are equations of motion for Λ, j^μ and e^a_μ. The last one corresponds to the field equations for gravity. For the variation of Λ, we can use δ ( Λ^{−1}D_μΛ ) = −Λ^{−1}δΛΛ^{−1}D_μΛ + Λ^{−1}D_μ(δΛ) = Λ^{−1}∂_μ(δΛΛ^{−1})Λ + Λ^{−1} ( ω_μδΛΛ^{−1} − δΛΛ^{−1}ω_μ ) Λ = Λ^{−1}(D_μΘ) Λ.

where Θ = ( δΛ Λ^{−1} ) . This leads to the equation of motion, 1 √ g D_μ( √ g j^μQ^{ab}) = 0 (29)

where Q^{ab} = Tr ( S_{12} Λ^{−1} S^{ab} Λ ) is the spin density. Notice that the derivative involved in this divergence is Levi-Civita covariant and also covariant with respect to the Lorentz group action on the tangent space. Similarly, right translations of Λ in the S_{12}-direction gives 1 √ g ∂_μ ( √ g j^μ) ≡ ∇_μ j^μ = 0. (30)

The equation of motion for j^μ becomes

j_μ = − n F^′ i Tr(S_{12} Λ^{−1} D_μΛ). (31)

The variation of the action with respect to the metric g_{μν} (or equivalently, the frame fields e^a_μ) gives the standard terms except for the the variation due to ω̄. The result is δS = 1 2 ∫ √ g δg^{μν} [ T^{(f)}_{μν} − 1 8π G (R_{μν} − 1 2 g_{μν} R) ] + δS_{extra} T^{(f)}_{μν} = nF^′ u_μu_ν − g_{μν} (nF^′ − F ) δS_{extra} = − ∫ √ g j^μ Q^{ab} δω̄_{μab} (32) where we have used (31). The last term can be simplified using (δω̄_μ)_{ab} = (e^{−1})^α_b (∇_αδe_{μ,a} − ∇_μδe_{α,a}) − (e^{−1})^α_a (∇_αδe_{μ,b} − ∇_μδe_{α,b}) −(e^{−1})^α_a (e^{−1})^β_b (∇_αδe_β − ∇_βδe_α)^m e^n_μ η_{mn.} (33)

Here ∇ denotes the derivative covariant with respect to the tangent space and the Levi- Civita connection. With partial integrations and using (29), this can be simplified as δS_{extra} = ∫ √ g δg^{μν} ∇_α(j_μQ^α_ν + j_ν Q^α_μ) (34) where Q^{αβ} = Q^{ab}(e^{−1})^α_a(e^{−1})^β_b. Thus the energy-momentum tensor is not quite of the perfect fluid form T^{(f)}_{μν} , rather it is

T_{μν} = T^{(f)}_{μν} + 2 ∇_α(j_μQ^α_ν + j_ν Q^α_μ). (35)

The conservation law becomes

∇_μ T^{(f)μν} − 2 (R_{αβ} )^ν_λ j^λQ^{αβ} = 0 (36)

where we have used (29) and identities on the Riemann tensor. The fluid has a spin density and the extra term in (36) is very reminiscent of the coupling of spin and curvature which appears at the point-particle level in the Mathisson-Papapetrou equations [18]. We may regard (36) as the fluid generalization of the latter.

3.2 Spinless fluids

As mentioned before, the basic reason for the description given above in terms of the Lorentz group is to incorporate easily the gravitational anomalies in the fluid language. Since such anomalies, when they occur, are due to fields with spin, we may regard the action (23) as adequate for our needs. Nevertheless, it is interesting at this point to consider an action for a fluid of spinless particles so that the energy-momentum tensor has no extra term depending on the spin density. Notice also that, from (31), it is the transport of spin which is described by the current j^μ and not particle number or mass; in other words, we have a fluid of spin carriers, spin being their only attribute. It would be useful to consider the flow arising from transport of mass. The natural object for this would be the Poincaré group, in particular, the translations, since spinless particles do have transport of energy and momentum. Since we will need matrix representations and traces, it is easier to consider the Poincaré group as obtained from the de Sitter group SO(4, 1) via a group contraction. In addition to the Lorentz generators S_{ab}, we then have P_a = S_{a5}/R which are the translations (on de Sitter space) with [P_a, P_b] = i S_{ab} R^2

. (37)

The limit R → ∞ corresponds to the group contraction and reduces the algebra to the Poincaré algebra. A specific matrix realization of the SO(4, 1)-algebra is provided by the Dirac γ-matrices γ_{ab} and γ_aγ_5.

If g denotes an element of SO(4, 1), then the frame fields for the coset space are given by e^a = −iTr(S^{a5}g^{−1} dg), and the metric is given by

ds^2 = −Tr(S^{a5}g^{−1}dg) Tr(S_{a5}g^{−1}dg). (38)

The action for a point-particle is thus I[g] = −m ∫ dt √ −Tr(S^{a5}g^{−1}ġ) Tr(S_{a5}g^{−1}ġ) = − 1 2 ∫ dt [ m^2 η −

(Tr(S^{a5}g^{−1}ġ))^2 η ] (39) where, in the second line, we have used a world-line metric as an auxiliary field. We can further reduce this as I[g] = ∫ dt [ j^a(−i Tr(S_{a5} g^{−1}ġ)) + η (j^a j_a − m^2) 2 . ] (40)

The similarity with the fluid actions we have discussed is evident. This suggest that, for spinless fluids, we can use the action S = ∫ d^4x √ g [ −i j^{aμ} Tr ( S_{a5} g^{−1}∂_μg ) − F (n) ] . (41)

Coupling to gravity is introduced by ∂_μg → D_μg = (∂_μ + ω̄_μ)g, where ω̄ is the torsion-free spin connection as before. The full action is thus S = ∫ det e [ −i j^{aμ} Tr ( S_{a5} g^{−1} D_μg ) − F (n) ] − 1 32π G ϵ_{abcd} ∫ e^a ∧ e^b ∧ R^{cd}(ω). (42)

The derivation of the equations of motion will proceed as before. The terms involving g will give the energy-momentum tensor of the perfect fluid form, except for the term coming from the variation of ω̄; in other words,

T_{μν} = T^{(f)}_{μν} + 2 ∇_α(j^a_μQ^α_{νa} + j^a_ν Q^α_{μa}) (43)

where Q^{αβ}_c = Tr(g S_{c5} g^{−1}S^{ab})(e^{−1})^α_a (e^{−1})^β_b . Since S_{c5} and S_{ab} are orthogonal with the trace, Q^{αβ}_c vanishes unless g S_{c5} g^{−1} generates a term proportional to the Lorentz generator S_{ab}. This can only be done via the commutator [S_{c5}, S_{d5}] for terms in g which are of the form exp(iS_{d5} θ^{d5} + · · · ). As a result, Q^{αβ}_c is of order 1/R^2 and vanishes in the contraction limit. The energy-momentum tensor then has the perfect fluid form. Thus, the action (42) can describe spinless fluids in terms of the Poincaré group realized as the contraction limit of the de Sitter group.

4 Standard Model

We are now in a position to apply this to the standard model and a fluid or plasma phase of the same. For specificity consider the quark-gluon plasma phase for three flavors of quarks, u, d, s. In other words, we consider a phase with thermalized u, d, s quarks, so that they must be described by fluid variables while the heavier quarks are described by the field corresponding to each species. The flavor symmetries, for the moment, will be taken to be gauged. We will also neglect the quark masses so that we have the full flavor symmetry U(3)_L × U(3)_R. Thus the group G to be used in (22) is

G = SU(3)_c × U(3)_L × U(3)_R (44)

with individual flows corresponding to the charges. In this discussion our focus is on the flavor transport, so we will drop SU(3)_c from the equations to follow. Of course, the flavor symmetry is not fully preserved even in the absence of masses due to anomalies. On this question, we then have a rerun of the old ’t Hooft argument [19].

Assume all flavor symmetries are gauged with anomalies canceled by a set of spectator fermions. In the fluid phase where u, d, s are replaced by fluid variables, we must then have a term in the fluid action which can reproduce the anomalies so that the cancellation with spectator fermions still remains valid. (In the usual case where the phase being considered is one of confinement and chiral symmetry breaking, this term is the Wess-Zumino term constructed in terms of the pseudoscalar meson fields.). In the present case, since we already have a description of the fluid in terms of group elements, it is easy enough to adapt the usual Wess-Zumino term. Thus our fluid action is given by S = ∫ [ −i j^μ_3 Tr ( λ_3 2 g^{−1}_L D_μg_L ) − i j^μ_8 Tr ( λ_8 2 g^{−1}_L D_μg_L ) − i j^μ_0 Tr ( g^{−1}_L D_μg_L )

−i k^μ_3 Tr ( λ_3 2 g^{−1}_R D_μg_R ) − i k^μ_8 Tr ( λ_8 2 g^{−1}_R D_μg_R ) − i k^μ_0 Tr ( g^{−1}_R D_μg_R ) −F (n_3, n_8, m_3m_8) + S_{Y M} (A)

+ Γ_{W Z} (A_L, A_R, g_Lg^†_R) ] (45)

where j^μ_{0,3,8} apply to U(3)_L and k^μ_{0,3,8} apply to U(3)_R and g_L ∈ U(3)_L, g_R ∈ U(3)_R. The last term is the usual gauged WZ term Γ_{W Z} (A_L, A_R, U) given in terms of A_L, A_R and the meson fields U ∈ U(3), and gauged in a way that preserves the vector symmetries, but, for our purpose, U is replaced by g_Lg^†_R. Explicitly Γ_{W Z} is given by Witten in [20] as

Γ_{W Z} = − iN 240π^2 ∫ Tr ( dUU^{−1} )_5

+ iN 48π^2 ∫ Tr ( A_LdA_L + dA_LA_L + A^3_L ) dUU^{−1} + iN 48π^2 ∫ Tr ( A_RdA_R + dA_RA_R + A^3_R ) U^{−1}dU − iN 96π^2 ∫ Tr [( A_LdUU^{−1} )_2 − ( A_RU^{−1}dU )_2]

− iN 48π^2 ∫ Tr [ A_L ( dUU^{−1} )_3 + A_R ( U^{−1}dU )_3]

− iN 48π^2 ∫ Tr ( dA_LdUA_RU^{−1} − dA_RdU^{−1}A_LU )

− iN 48π^2 ∫ Tr ( A_RU^{−1}A_LU(U^{−1}dU)^2 − A_LUA_RU^{−1}(dUU^{−1})^2 )

+ iN 48π^2 ∫ Tr ( (dA_RA_R + A_RdA_R)U^{−1}A_LU − (dA_LA_L + A_LdA_L)UA_RU^{−1} )

+ iN 48π^2 ∫ Tr ( A_LUA_RU^{−1}A_LdUU^{−1} + A_RU^{−1}A_LUA_RU^{−1}dU )

− iN 48π^2 ∫ Tr ( A^3_RU^{−1}A_LU − A^3_LUA_RU^{−1} + 1 2 UA_RU^{−1}A_LUA_RU^{−1}A_L ) .(46)

One of the main results of this paper is that the action given above incorporates all the flavor anomalies in fluid dynamics. Once we have obtained (46), we can restrict the gauge fields A_L, A_R to what is needed for the standard model, namely the SU(2) × U(1) group of electroweak interactions. It is straightforward to verify that (46) does indeed lead to the usual chiral magnetic effect.

5 Currents from anomalies

5.1 The chiral magnetic and chiral vorticity effects

For the chiral magnetic effect, we have only a background electromagnetic field turned on, so that A_L = A_R = −i Q A, where Q is the quark charge matrix given by Q = diag(^2_3 , −^1_3 , −^1_3 ). The contribution of the anomaly to the electromagnetic current following from (46) has been given in [21]. The electromagnetic current for the action (45), (46) is then given by

J^μ = J^μ_3 + e 16π^2 ϵ^{μναβ} Tr [ Q(∂_ν U U^{−1} ∂_αU U^{−1} ∂_β U U^{−1}) + (U^{−1}∂_ν U U^{−1}∂_αU U^{−1}∂_β U) ]

+i e^2 4π^2 ϵ^{μναβ} ∂_ν A_αTr [ Q^2(∂_β U U^{−1} + U^{−1}∂_β U) + 1 2 (Q∂_βU QU^{−1} − QUQ∂_βU^{−1}) ]

(47)

where J^μ_3 is the contribution from the nonanomalous part of the action and we have set N = 3. For the main points we want to illustrate, it is sufficient to consider a reduction to the SU(2) subgroup; in other words, we will consider basically the up and down quarks. In this case, we can take U = e^{iθ} [ V 0 0 1 ] (48)

where V is a 2 × 2 matrix which is an element of SU(2). We take it to be of the form V = g_L g^†_R, where g_L and g_R are now elements of SU(2). The nonanomalous part of the current can then be written as

J^μ_3 = − 1 4 [ n_3 u^μ_{3L}Tr(σ_3 g^{−1}_L σ_3g_L) + m_3 u^μ_{3R}Tr(σ_3g^{−1}_R σ_3g_R) ] (49)

Simplifying (47) with the choice of U we have made,

J^μ = J^μ_3 + e 48π^2 ϵ^{μναβ} Tr(I_ν I_α I_β) + i e^2 16π^2 ϵ^{μναβ} ∂_ν A_α Tr [(Σ_{3L} + Σ_{3R}) I_β ] + J^μ_θ

J^μ_θ = − e^2 4π^2 ϵ^{μναβ} ∂_ν A_α ∂_β θ [ 2 + 1 4 Tr (Σ_{3L} Σ_{3R} − 1) ] (50)

where I_β = g^{−1}_L ∂_β g_L − g^{−1}_R ∂_βg_R and Σ_{3L} = g^{−1}_L σ_3g_L, Σ_{3R} = g^{−1}_R σ_3g_R. In simplifying (47) to this form, we have used the fact that there is no rank-3 symmetric invariant tensor for SU(2). When g_L = g_R, the last term in (50), namely, J^μ_θ , reduces to

J^μ_θ = − e^2 2π^2 ϵ^{μναβ} (∂_ν A_α) ∂_β θ. (51)

This is the chiral magnetic effect discussed in [3]. The quantity ∇θ is related to the fluid current for the transport of the U(1)_A axial charge. And, correspondingly, in a medium in equilibrium, with chiral asymmetry for such charges, we may replace θ̇ by^1_2 (μ_L − μ_R), where the chemical potentials are for the left and right axial charges. Notice, however, that the expression for J^μ_θ has added terms when g_L are g_R are independent matrices.

The other terms in (50) can be simplified further. First of all, using the Maurer-Cartan equations d(g^{−1}dg) + (g^{−1}dg)^2 = 0, we can simplify

ϵ^{μναβ} Tr(g^{−1}∂_ν g g^{−1}∂_αg g^{−1}∂_β g) = iTr(σ_3 g^{−1}∂_ν g) ∂_α [ iTr(σ_3g^{−1}∂_β g) ] . (52)

We can use this to simplify the term ϵ^{μναβ} Tr(I_ν I_α I_β) in (50). Further, from the equation of motion for j^μ_3 and k^μ_3 , we find

i Tr(σ_3 g^{−1}_L ∂^μg_L) = −2 ∂F ∂n_3 u^μ_{3L} = − 2 n_3 ∂F ∂n_3 j^μ_3

i Tr(σ_3 g^{−1}_R ∂^μg_R) = −2 ∂F ∂m_3 u^μ_{3R} = − 2 m_3 ∂F ∂m_3 k^μ_3 (53)

where u^μ_{3L} and u^μ_{3R} are the flow velocities for the left and right isospin. Using these results, the current finally takes the form

J^μ = J^μ_3 + J^μ_θ + i e^2 16π^2 ϵ^{μναβ} ∂_ν A_α Tr [(Σ_{3L} + Σ_{3R}) I_β ] + 1 16π^2 ϵ^{μναβ} ∂_ν Tr(g^{−1}_L ∂_αg_L g^{−1}_R ∂_βg_R) + e 12π^2 ϵ^{μναβ} [( ∂F ∂n_3 )_2 u_{3L ν} ∂_αu_{3L β} − ( ∂F ∂m_3 )_2 u_{3R ν} ∂_αu_{3R β} ] . (54)

The last term of this expression involves the vorticity of the flow velocities. This equation is thus an expression of the chiral vorticity effect.

5.2 Mixed gauge-gravity anomaly

In addition to the flavor anomalies, it is also possible to consider the mixed gauge-gravity anomaly in the standard model. The six-form index density which leads to this via the descent equations is I_6 = i 384 π^3

(TrF ) Tr (R ∧ R) (55)

where the field strength is the one corresponding to the weak hypercharge U(1)_Y . The trace of the hypercharge vanishes for each generation of quarks by itself, so that this anomaly is zero. The possibility of a contribution arises when we consider a plasma where some of the quarks, say, the up, down and strange quarks, are in the fluid phase while others, say, charm, is to be described by the standard fermion Lagrangian. In this case, for the fluid part we would need an effective description.

There are two choices on how this anomaly can be displayed; we can choose to regard this as an anomaly in the hypercharge current or as an anomaly in local Lorentz transformations.

For the first point of view, the index density leads, via the descent equations to the effective action Γ_{W Z} = i N 192π^2 ∫ Tr(dθ) Tr ( ω dω + 2 3 ω^3 ) . (56)

The hypercharge current has the conservation law ∂_μJ^μ = −i N 768 π^2 ϵ^{μναβ} √ g Tr(R_{μν} R_{αβ}). (57)

Further, if we choose to regard ω as an independent quantity, then the torsion-free condition is modified by the Lorentz Chern-Simons term, when this term is added to the Einstein- Hilbert action. The more canonical thing to do would be to consider ω in (56) to be the solution ω̄. In this case, with ω → ω̄, we find for the correction to the energy-momentum tensor, T^{νσ} ] corr = −i N 192π^2 1 √ g ∇_λ [ Tr(∂_μθ) (R_{αβ})^{λσ} ϵ^{μναβ} + (ν ↔ σ) ] . (58)

The remaining trace is over the hypercharge values. If we replace θ̇ by the chemical potentials, as can be done for the chiral magnetic effect,

Tr(θ̇) → 1 2 [ 1 3 (μ^u_L + μ^d_L + μ^s_L) + 2 3 (μ^d_R + μ^s_R − 2μ^u_R) ] . (59)

More generally, we can replace ∂_μθ by its expression from the equation of motion giving a term involving the derivative of the enthalpy function, similar to what was done in (54). (Since the derivative of the enthalpy at fixed entropy and pressure is the chemical potential, this includes the previous case as well.) Thus, depending on the properties of the enthalpy function of the fluid, the corrections displayed in (58) can be nonzero even when μ_i = 0.

The other possibility is to consider the index density as leading to anomalies in local Lorentz transformations. We can use an element of the Lorentz group, identified as the fluid variable Λ of section 3, to write the Wess-Zumino term. The transformation of fields of the relevant fields is given by

e → e^g = g e, Λ → Λ^g = g Λ ω → ω^g = g ω g^{−1} − dg g^{−1}, R → R^g = g ω g^{−1}. (60) The Wess-Zumino term may then be written as

Γ_{W Z} = i N 192π^2 ∫ Tr(F ) [ Tr ( ω dω + 2 3 ω^3 ) − Tr ( Ω dΩ + 2 3 Ω^3 )]

= i N 192π^2 ∫ [ Tr(F ) Tr(dΛ Λ^{−1} ω) + 1 3 Tr(F ) Tr(dΛ Λ^{−1})^3 ] (61)

where Ω = Λ^{−1} [d Λ + ω Λ]. Once again, if we regard ω as independent, then this leads to a nonzero torsion proportional to the spin-density. The equation of motion for ω, starting from (23) and adding (61), can be reduced to the form ϵ^{αβμν} 4π G (T_{μν} )^a = (M^α)^{ab} (e^{−1})^β_b − (M^β )^{ab} (e^{−1})^α_b + (M^γ )^{cd} (e^{−1})^α_c(e^{−1})^β_d e^a_γ

(M^β )^{cd} = − N 192 π^2 ϵ^{μναβ} ϵ^{abcd} Tr(F_{μν} ) Tr(∂_αΛ Λ^{−1} S_{ab}) (62) where (T_{μν} )^a = (D_μe_ν )^a − (D_ν e_μ)^a is the torsion tensor.

In the case when we use ω̄ in place of ω in (61), we get corrections to the equation of motion. For variations corresponding to the right translations of Λ by a term proportional to S_{12}, we find 1 √ g D_μ( √ g j^μ) Tr(S^2_{12}) = − N 192π^2 ϵ^{μναβ} √ g Tr(F_{μν} ) ∂_αTr(S_{12} Λ^{−1} D_βΛ). (63)

The equation for the left translations of Λ by an arbitrary infinitesimal Lorentz transformation is 1 √ g D_μ [√ g j^μ ΛS_{12}Λ^{−1} ] = N 192π^2 ϵ^{μναβ} √ g Tr(F_{μν} ) [ R_{αβ} − D_α(D_β Λ Λ^{−1}) ] . (64)

(Of course, the two equations, (63) and (64), are not completely independent.)

The variation of (61) with respect to the frame field e^a_σ will yield the correction to the energy-momentum tensor. This is given by T^σ_a ] corr = − 1 √ g iN 96 π^2 e_{λ,a}∇_β [ Tr(F_{μν} ) ( Tr(∂_αΛ Λ^{−1}S^{βσ}) ϵ^{μναλ} + Tr(∂_αΛ Λ^{−1}S^{βλ}) ϵ^{μνασ} )]

− 1 √ g iN 96 π^2 e_{λ,a}∇_β [ Tr(F_{μν} )Tr(∂_αΛ Λ^{−1}S^{λσ}) ϵ^{μναβ} ] (65)

where S^{αβ} = S^{ab}(e^{−1})^α_a(e^{−1})^β_b. The terms in the first line of this equation leads to a symmetric energy-momentum tensor when written in terms of the coordinate components, by multiplying with (e^{−1})^{ρ a}. The term in the second line leads to an antisymmetric term. This is to be expected. We know that a symmetric energy-momentum tensor is necessary for the conservation of the current corresponding to the Lorentz transformations. In the present case, the anomaly implies that this current is not conserved. The antisymmetric term is a manifestation of this property. Since the Einstein tensor R_{μν} −^1_2 g_{μν} R is symmetric, this leads to a problem with the Einstein equations. The proper way to understand this is to realize that there is another term in T_{μν} due to the quarks we have neglected, say the charm quark in the example we have been using. Since the latter field by itself also leads to a mixed anomaly, the full energy momentum tensor which is the sum of T^{(f)}_{μν} , T_{μν} from (65) and T_{μν} from charm will together be symmetric, the anomaly part from the charm quark canceling the antisymmetric piece of (65).

6 Discussion

We have obtained a very general formalism for incorporating the effects of anomalies in hydrodynamics. As mentioned in the introduction, being a formalism based on symmetries rather than calculations specific to any particular assembly of material particles, this is quite general and is expected to be valid beyond weak coupling or near equilibrium conditions. The specific choice of the fluid will be reflected in the choice of the enthalpy functions.

A few clarifying comments are in order. It is important to realise that in any fluid where the particles which constitute it carry a variety of quantum numbers, we can have a number of different flow velocities. This is evident from the action (22) where we have flow velocities for each diagonal generator of the group. This point seems not to be adequately emphasized in the literature. It is also useful to visualize this as follows. Consider two quarks and two antiquarks in a fluid. We could have them forming a color singlet and moving in the same direction. This gives a mass/energy flow but no color flow. We could visualize a q q̄ pair forming an octet state and moving together in a certain direction while the other q q̄ pair form a singlet. This gives a nonzero color transport rate different from the mass/energy flow. We could also envisage subsets of particles forming different spin states giving a spin flow velocity, possibly different from the mass and color flows. When we consider massless quarks, the L, R quantum numbers are independent quantum numbers with independent velocities possible.

Specifically for the flavor part, we can have independent u_{3L} and u_{3R}. These need not coincide even when g_L = g_R for two reasons: The local charge representation is determined by n_3, m_3 and these need not be the same even when g_L = g_R. Secondly, the enthalpies can be different as well.

If a calculation is carried out in a specific medium, the results obtained would be for the appropriate enthalpy function. For example, if we take a massless field, then the relation between pressure and energy density corresponds to an enthalpy function F ∼ n^{4/3}. In this case, (F^′)^2 is of the form n^{2/3}. Notice that for the vorticity term in (54) there is a prefactor proportional to this. If, in addition, we take n ∼ T^3, as is appropriate for a relativistic gas, then the prefactor gives a T^2 term. This may give a point of correspondence with the results in [10]. However, we should expect a contribution even at zero temperature, since the structure of the anomaly has to be reproduced correctly in the fluid language; this is evident from section 5.2. The derivative of the enthalpy function is also related to the chemical potentials, when the latter is introduced. Our formula (54) is thus similar to the results in [22] as well.

Regarding the use of the Wess-Zumino term for anomalies, the specific choice of Γ_{W Z} specifies the nature of the currents being discussed. (This point is moot for our discussion in sections 2 and 3, since we have not introduced anomalies yet.) We have used the form (46) which gives expressions invariant under the nonanomalous vector gauge symmetries.

The Wess-Zumino term was also used to obtain anomalies for chiral superfluids in [23], although the formalism is very different from ours and the emphasis was on baryonic and axial currents. (This article came to our attention after this paper was completed. We thank the author for correspondence on this.) However, we may note that equation (58) of [23] is similar to our (54) if our u_{3L} and u_{3R} are related to the different superfluid velocities introduced in that paper.

This work was supported by U.S. National Science Foundation grant PHY-0855515 and by a PSC-CUNY grant.

References

[1] B. Bistrovic, R. Jackiw, H. Li, V. P. Nair, and S. Y. Pi, Phys. Rev. D67,025013 (2003) [hep-th/0210143].

[2] For a recent review, see R. Jackiw, V. P. Nair, S. Y. Pi and A. P. Polychronakos, J.

Phys. A 37, R327 (2004) [arXiv:hep-ph/0407101].

[3] D. Kharzeev, Phys. Lett. B 633, 260 (2006) [arXiv:hep-ph/0406125]; D. Kharzeev and A. Zhitnitsky, Nucl. Phys. A 797, 67 (2007) [arXiv:0706.1026 [hep-ph]]; D. E. Kharzeev, L. D. McLerran and H. J. Warringa, Nucl. Phys. A 803, 227 (2008) [arXiv:0711.0950 [hep-ph]]; K. Fukushima, D. E. Kharzeev and H. J. Warringa, Phys. Rev. D 78, 074033 (2008) [arXiv:0808.3382 [hep-ph]]; D. E. Kharzeev, Annals Phys. 325, 205 (2010) [arXiv:0911.3715 [hep-ph]].

[4] A. V. Sadofyev and M. V. Isachenkov, Phys. Lett. B 697, 404 (2011) [arXiv:1010.1550 [hep-th]]; S. Pu, J. -h. Gao and Q. Wang, Phys. Rev. D 83, 094017 (2011) [arXiv:1008.2418 [nucl-th]]; D. T. Son and P. Surowka, Phys. Rev. Lett. 103, 191601 (2009) [arXiv:0906.5044 [hep-th]]; A. V. Sadofyev, V. I. Shevchenko and V. I. Zakharov, Phys. Rev. D 83, 105025 (2011) [arXiv:1012.1958 [hep-th]]. S. Dubovsky, L. Hui, A. Nicolis and D. T. Son, arXiv:1107.0731 [hep-th].

[5] R. Loganaygam, arXiv:1106.0277[hep-th].

[6] G. Lifschytz and M. Lippert, Phys. Rev. D 80, 066005 (2009) [arXiv:0904.4772 [hepth]]; H. -U. Yee, JHEP 0911, 085 (2009) [arXiv:0908.4189 [hep-th]]; A. Gorsky, P. N. Kopnin and A. V. Zayakin, Phys. Rev. D 83, 014023 (2011) [arXiv:1003.2293 [hepph]]; V. A. Rubakov, arXiv:1005.1888 [hep-ph]; A. Gynther, K. Landsteiner, F. Pena- Benitez and A. Rebhan, JHEP 1102, 110 (2011) [arXiv:1005.2587 [hep-th]]; A. Rebhan, A. Schmitt and S. A. Stricker, JHEP 1001, 026 (2010) [arXiv:0909.4782 [hepth]]; L. Brits and J. Charbonneau, Phys. Rev. D 83, 126013 (2011) [arXiv:1009.4230 [hep-th]]; I. Amado, K. Landsteiner and F. Pena-Benitez, JHEP 1105, 081 (2011) [arXiv:1102.4577 [hep-th]]; C. Hoyos, T. Nishioka and A. O’Bannon, JHEP 1110, 084 (2011) [arXiv:1106.4030 [hep-th]].

[7] T. Kalaydzhyan and I. Kirsch, Phys. Rev. Lett. 106, 211601 (2011) [arXiv:1102.4334 [hep-th]].

[8] S. Bhattacharyya, V. Hubeny, S. Minwalla and M. Rangamani, JHEP 0802, 045 (2008) [arXiv:0712.2456 [hep-th]].

[9] P. V. Buividovich, M. N. Chernodub, E. V. Luschevskaya and M. I. Polikarpov, Phys.

Rev. D 80, 054503 (2009) [arXiv:0907.0494 [hep-lat]]; P. V. Buividovich, M. N. Chernodub, D. E. Kharzeev, T. Kalaydzhyan, E. V. Luschevskaya and M. I. Polikarpov, Phys. Rev. Lett. 105, 132001 (2010) [arXiv:1003.2180 [hep-lat]]; V. V. Braguta, P. V. Buividovich, T. Kalaydzhyan, S. V. Kuznetsov and M. I. Polikarpov, PoSLATTICE 2010, 190 (2010) [arXiv:1011.3795 [hep-lat]]; M. Abramczyk, T. Blum, G. Petropoulos and R. Zhou, PoSLAT 2009, 181 (2009) [arXiv:0911.1348 [hep-lat]].

[10] K. Landsteiner, E. Megias and F. Pena-Benitez, Phys. Rev. Lett. 107, 021601 (2011);

arXiv:1110.3615[hep-th]; K. Landsteiner, E. Megias, L. Melgar and F. Pena-Benitez, JHEP 1109:121 (2011); arXiv:1111.2823.

[11] S. Dubovsky, Lam Hui and A. Nicolis, arXiv:1107.0732[hep-th]. [12] C.C. Lin, International School of Physics E Fermi (XXI), G Careri (ed.) (New York:

Academic, 1963).

[13] V.P. Nair and Rashmi Ray, Nucl. Phys. B676, 659 (2004). [14] S. K. Wong, Nuovo Cim. A65, 689 (1970).

[15] A.P. Balachandran, S. Borchardt and A. Stern, Phys. Rev. D17, 3247 (1978); A.

Balachandran, G. Marmo, B-S. Skagerstam and A. Stern, Gauge Symmetries and Fibre Bundles, Lecture Notes in Physics 188 (Springer-Verlag, Berlin, 1982).

[16] C. Eckart, Phys. Rev. 54, 920 (1938).

[17] Actions similar to the one we are writing here, but for point-particles and strings, have been discussed by A.P. Balachandran, F. Lizzi and G. Sparano, Nucl. Phys. B277, 359 (1986).

[18] M. Mathisson, Acta Phys. Polon. 6, 163 (1937). A. Papapetrou, Proc. Roy. Soc. Lond.

A 209, 248 (1951).

[19] G. ’t Hooft, Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking, NATO Adv. Study Inst. Ser. B Phys. 59, 135 (1980); Under the spell of the gauge principle, Adv. Ser. Math. Phys. 19, 1 (1994) [20] E. Witten, Nucl. Phys. B223, 422 (1983); O. Kaymakcalan, S. Rajeev and J. Schechter, Phys. Rev. D 30, 594 (1984).

[21] C.G. Callan, Jr. and E. Witten, Nucl. Phys. B239, 161 (1984). [22] Y. Neiman and Y. Oz, arXiv:1011.5107. [23] Shu Lin, arXiv:1112.3215.