arXiv:1112.4494v2 [hep-th] 5 Mar 2012

Graviton emission in Einstein-Hilbert gravity

Agustín Sabio Vera^{a,1}, Eduardo Serna Campillo^{b,2}, Miguel Á. Vázquez-Mozo^{b,3}

aInstituto de Física Teórica UAM/CSIC & Universidad Autónoma de Madrid C/ Nicolás Cabrera 15, E-28049 Madrid, Spain bDepartamento de Física Fundamental & IUFFyM, Universidad de Salamanca Plaza de la Merced s/n, E-37008 Salamanca, Spain

Abstract

The five-point amplitude for the scattering of two distinct scalars with the emission of one graviton in the final state is calculated in exact kinematics for Einstein-Hilbert gravity. The result, which satisfies the Steinmann relations, is expressed in Sudakov variables, finding that it corresponds to the sum of two gauge invariant contributions written in terms of a new two scalar - two graviton effective vertex. A similar calculation is carried out in Quantum Chromodynamics (QCD) for the scattering of two distinct quarks with one extra gluon in the final state. The effective vertices which appear in both cases are then evaluated in the multi- Regge limit reproducing the well-known result obtained by Lipatov where the Einstein-Hilbert graviton emission vertex can be written as the product of two QCD gluon emission vertices, up to corrections to preserve the Steinmann relations.

1a.sabio.vera@gmail.com
2eduardo.serna@usal.es
3Miguel.Vazquez-Mozo@cern.ch

1 Introduction

In recent years there has been big progress in the understanding of the structure of scattering amplitudes in gauge theories mainly motivated by collider phenomenology but also by the anti de Sitter / conformal field theory (AdS/CFT) correspondence [1, 2, 3]. The latter has boosted the activity towards calculations in the N = 4 supersymmetric Yang-Mills (MSYM) theory, which enjoys four dimensional conformal invariance and allows for calculations up to a large number of quantum loops by reducing the problem to a small set of master topologies [4]. These results can then be directly used to obtain amplitudes in N = 8 supergravity, offering the possibility to investigate the renormalizability of the theory at high orders in the gravitational coupling [5, 6].

However, there are few results in Einstein-Hilbert gravity [7, 8, 9], where supersymmetry and string theory based calculational techniques cannot help [10, 11, 12]. In this case one is forced to approach the calculations with traditional Feynman rules [13, 14, 15]. At each order of perturbation theory the task at hand grows tremendously due to the new multi-graviton vertices appearing and the problem becomes a combinatorial nightmare. To make progress in this direction it is needed to find simplifying techniques besides using computer algebra.

It is also possible to get a glimpse of the all orders amplitudes if they are evaluated in certain limits, with a remarkable example being the work of Lipatov evaluating multi-graviton scattering processes in multi-Regge kinematics (MRK). In this region the amplitudes can be written in a factorized form which allows even for the construction of a high energy effective action from which to generate them [16]. The key ingredients in these calculations are the reggeization of the graviton [17, 18] together with a full control of eikonal and double logarithmic contributions [19, 20, 21]. A remarkable result in Lipatov’s investigations is that the graviton emission effective vertex can be written as a double copy of the gluon emission effective vertex when both are evaluated in MRK and the latter is calculated in QCD [22, 23, 24].

In the present work we take a bottom-up approach and evaluate inelastic amplitudes at tree level both in Einstein-Hilbert gravity and QCD. We obtain expressions valid in general kinematics and then go to MRK to reproduce Lipatov’s results both in gravity and QCD. Our computations are performed using conventional Feynman rules, with the aid of computer algebra [25] in the much more complicated case of gravity.

In Section 2 a five-point amplitude is evaluated in QCD with two pairs of distinct quarks plus an emitted graviton. We split the contribution of the three gluon vertex into two pieces which, when added to the diagrams corresponding to gluon emission from the same fermion line, generate an effective vertex which is gauge invariant. In this way the amplitude can be simply decomposed into the sum of two topologies constructed with this effective vertex. The MRK limit of this sum coincides with Lipatov’s gluon emission vertex. In Section 3 a similar calculation is performed in the case of Einstein-Hilbert gravity, where now the five-point amplitude consists of two pairs of distinguishable scalars and one emitted graviton. Operating in de Donder gauge we write the result for the exact amplitude in a Sudakov decomposition of the participating momenta. Similarly to the QCD case, a new effective vertex appears which allows to write the amplitude as the sum of two gauge invariant topologies written in terms of it. This simplification occurs only after noticing a novel and subtle partial cancelation between the two diagrams containing the two scalar - two graviton vertex, and splitting the three graviton vertex into two different pieces. When taking the MRK limit of the sum of these two new effective diagrams we recover Lipatov’s results for the graviton emission vertex [19, 20, 21]. We also take the MRK limit of our exact calculation to check that it can indeed be written as the square of the QCD gluon emission vertex previously calculated, plus a contribution needed to keep consistency with the Steinmann relations. This structure is deeply connected to the proposal that gravity can be understood as a “double copy” of a gauge theory (see e.g. [26] for a review on the subject). Finally, in the Conclusions we summarize our main results and provide suggestions for future research.

2 Quark-quark scattering with gluon emission

We start the presentation of our work by describing in this section the scattering at tree level of two distinct quarks with the emission of a gluon in the final state. Our notation for the different momenta reads Q(p, j) + Q^′(q, n) −→ Q(p^′, i) + Q^′(q^′, m) + g(k, a), (2.1) where j, n, i, m denote the (fundamental representation) gauge indices of the incoming and outgoing quarks and a the index of the outgoing gluon. At leading order in the strong coupling constant, g, five diagrams contribute to the total amplitude: M ≡ �(q, n) (q′, m)^{(p, j) (p′, i)(k, a) +} �(q, n) (q′, m)^{(p, j) (p′, i)(k, a)} + �(q, n) (q′, m)^{(p, j) (p′, i)(k, a) +} �(q, n) (q′, m)^{(p, j) (p′, i)(k, a)} + �(q, n) (q′, m)^{(p, j) (p′, i)}�^{(k, a) (2.2)} whose respective contributions we denote by

M = M_1 + M_2 + M_3 + M_4 + M_5. (2.3)

The evaluation of the individual diagrams gives the result [27] M_1 = − g^3 2t^′ u(p^′)ε/T^a_{ik} p/^′ + k/ p^′ · k γ^μT^b_{kj}u(p)u(q^′)γ_μT^b_{mn}u(q), (2.4) M_2 = g^3 2t^′ u(p^′)γ^μT^b_{ik} p/ − k/ p · k ε/T^a_{kj}u(p)u(q^′)γ_μT^b_{mn}u(q), (2.5) M_3 = − g^3 2t u(p^′)γ^μT^b_{ij} u(p)u(q^′)ε/T^a_{mk} q/^′ + k/ q^′ · k γ_μT^b_{kn}u(q), (2.6) M_4 = g^3 2t u(p^′)γ^μT^b_{ij}u(p)u(q^′)γ_μT^b_{mk} q/ − k/ q · k ε/T^a_{kn}u(q), (2.7) M_5 = − ig^3 tt^′ u(p^′)γ^μT^c_{ij} u(p)u(q^′)γ^ν T^b_{mn}u(q)f^{cba} × [ (p − p^′ − q + q^′) · ε η_{μν} + (q − q^′ + k)_με_ν + (p^′ − k − p)_ν ε_μ ] , (2.8) where t = (p − p^′)^2, t^′ = (q − q^′)^2. (2.9) Following [28], we decompose the amplitude into two sets M_↑ = M_1 + M_2 + M^′_5, M_↓ = M_3 + M_4 + M^{′′}_5 , (2.10) where M^′_5 = t t − t^′ M_5, M^{′′}_5 = t^′ t^′ − t M_5. (2.11) The full amplitude is then written as M = M_↑ + M_↓. (2.12) What makes this decomposition interesting is that M_↑ and M_↓ are gauge invariant separately.

Indeed, replacing the external polarization ϵ_μ(k) by k_μ we find that, after some algebra, M_1 + M_2 −→ − ig^3 t^′ f^{abc}T^c_{ij} T^b_{mn}u(p^′)γ^μu(p)u(q^′)γ_μu(q), (2.13) whereas

M^′_5 −→ ig^3 t^′(t − t^′) k · (p − p^′ − q + q^′)f^{abc}T^c_{ij}T^b_{mn}u(p^′)γ^μu(p)u(q^′)γ_μu(q). (2.14)

When momentum conservation is imposed this last term cancels Eq. (2.13) and leads to the partial Ward identity

k_μM^μ_↑ = 0, (2.15)

where the notation M_↑ ≡ ε_μ(k)M^μ_↑ has been used. A similar treatment of the second combination of diagrams generates the Ward identity

k_μM^μ_↓ = 0. (2.16)

The main advantage of combining Feynman diagrams into these gauge invariant contributions is that it allows to fix the polarization of the emitted gluons independently for each of them, reducing the number of cross terms when evaluating higher order amplitudes by means of unitarity relations. In the present work the existence of these two gauge invariant combinations offers the possibility to define effective vertices which can, eventually, be obtained from a suitable effective action valid for general kinematics. In order to extract these vertices from our representation of the amplitude we write the two subamplitudes as

M_↑ = [ ε_ν (k)u(p^′)Λ^{μ,ν}_{ij;c,a}(p, p^′, k)u(p) ] −iη_{μσ} δ_{cb} t^′ [ u(q^′)gγ^σT^b_{mn}u(q) ] , (2.17)

M_↓ = [ u(p^′)gγ^μT^c_{ij} u(p) ]−iη_{μσ} δ_{cb} t [ ε_ν (k)u(q^′)Λ^{σ,ν}_{ij;b,a}(q, q^′, k)u(q) ] , (2.18)

where Λ^{μ,ν}_{ij;a,b}(p, p^′, k) is given by Λ^{μ,ν}_{ij;d,a} = − ig^2 2 T^a_{ik}T^d_{kj} γ^ν p/^′ + k/ p^′ · k γ^μ + ig^2 2 T^d_{ik}T^a_{kj}γ^μ p/ − k/ p · k γ^ν − g^2 2k · (p − p^′) f^{adc}T^c_{ij} γ^α [ (2p − 2p^′ − k)^ν δ^μ_α + (p^′ − p + 2k)_αη^{μν} + (p^′ − p − k)^μδ^ν_α ] . (2.19)

By construction it satisfies the gauge Ward identity k_ν Λ^{μ,ν}_{ij;a,b}(p, p^′, k) = 0. (2.20) In writing this effective vertex a notation stressing the nonequivalence of the indices has been used. Its non-locality is manifest by the presence of momenta in the denominators.

Diagrammatically, we represent it by

Λ^{μ,ν}_{ij;a,b}(p, p^′, k) = � p p^′ a, ν, k b, μ, p^′ − p − k (2.21)

where it should be kept in mind that, by definition, three of the four legs in the vertex (those labelled by p, p^′ and k) are on-shell, p^2 = p^{′2} = k^2 = 0. The process QQ^′ → QQ^′g at tree level can thus be represented in terms of just two Feynman diagrams, each containing a single effective vertex, i.e. M = �q q′^{p p′k +} �q q′^{p p′k (2.22)} This decomposition of the amplitude in terms of two topologies with a single non-local effective vertex is exact, i.e. independent of the particular kinematical regime considered.

2.1 Multi-Regge kinematics

The expression for our effective vertex simplifies when restricting the amplitudes to multi-Regge kinematics (MRK), where the limit s = (p + q)^2 → ∞ is taken while the momentum transfers t and t^′ are kept fixed, i.e. not growing with energy. These conditions translate into the constraints s ≫ s_p′_k, s_q′_k ≫ t ∼ t^′, (2.23) where s_p′_k = (p^′ + k)^2 and s_q′_k = (q^′ + k)^2. This generalizes the standard Regge limit in four-point amplitudes to the case of five-point amplitudes.

To implement MRK it is convenient to introduce the momenta k_1 and k_2 to write

p^′ = p − k_1, q^′ = q + k_2, k = k_1 − k_2 (2.24) and express them using the Sudakov parametrization of the form

k^μ_1 = α_1p^μ + β_1q^μ + k^μ_{1,⊥}, k^μ_2 = α_2p^μ + β_2q^μ + k^μ_{2,⊥}, (2.25)

where p^2 = q^2 = p · k_{i,⊥} = 0. In terms of the Sudakov parameters α_{1,2} and β_{1,2} the multi-Regge limit reads

1 ≫ α_1 ≫ α_2 = −t^′ s , 1 ≫ |β_2| ≫ |β_1| = −t s , (2.26)

which, for the emitted gluon, implies that k^μ ≃ s_q′_k s p^μ_1 + s_p′_k s p^μ_2 + k^μ_⊥, k^2 ≃ s_p′_ks_q′_k s + k^2_⊥ = 0. (2.27)

The MRK limit, taken on the different contributions to the total amplitude, gives the following expression for the effective vertex in Eq. (2.21): �^{p p − k1a, ν, k1 − k2}b, μ, k2^|MRK_{= 2g2t − t′ f abcT cijpμ [(α1 − 2t − t′sβ2 ) pν + β2qν − (k1 + k2)ν⊥] . (2.28)} According to Eqs. (2.17) and (2.18), to use the effective vertex in the second diagram in (2.22) one needs to replace p^μ → q^μ and p^{′μ} → q^{′μ}, with k^μ unchanged. In terms of the momenta and Sudakov variables appearing in the MRK vertex (2.28), this amounts to

p^μ ←→ q^μ, α_1 ←→ −β_2, k^μ_{1⊥} ←→ −k^μ_{2⊥}. (2.29)

To recover Lipatov’s reggeized gluon - reggeized gluon - gluon effective vertex at leading order in MRK we simply add the contributions of M_↑ and M_↓ in this limit. Diagrammatically ffq q′^{p p′k +} fiq q′^{p p′k |}MRK^= flq q′^{p p′}ffi^{k , (2.30)}_7

where the last effective Feynman diagram is given by

M = ε_ν (k_1 − k_2) ( 2gp^μT^c_{ij} ) (−i t ) f^{cab}Γ^ν_{μσ} ( −i t^′ ) ( 2gq^σT^b_{mn} ) , (2.31)

with Γ^ν_{μσ} = igη_{μσ} [( α_1 − 2t sβ_2 ) p^ν + ( β_2 − 2t^′ sα_1 ) q^ν − (k_1 + k_2)^ν_⊥ ] . (2.32)

This vertex is well-known and, when used to construct elastic amplitudes together with the gluon Regge trajectory, it generates the evolution Hamiltonian of the Balitsky-Fadin-Kuraev- Lipatov equation [22, 23, 24]. This Hamiltonian presents holomorphic separability [30] and invariance under SL(2,C ) transformations [31]. Its generalization to the exchange of an arbitrary number of reggeized gluons in the t-channel (BKP equation [32, 33]) can be mapped into an integrable and symmetric under duality [34] periodic XXX Heisenberg ferromagnet [35],[36, 37]. A similar open integrable spin chain has been found in kinematical regions of n-point maximally helicity violating (MHV) and planar (N_c → ∞) amplitudes in MSYM [38, 39]. In this case Mandelstam cut contributions and the BFKL kernel in the adjoint representation play a fundamental role [40, 41]. Very recently, a novel relation between the BFKL equation in the forward limit and the sl(2) invariant XXX spin -1/2 chain [42] has been unveiled.

The effective vertex in Eq. (2.32) is universal in the sense that it is independent of the nature of the external particles to which it couples. We have chosen two distinct quarks for simplicity, but it would be the same for only external gluons, for example. We follow a similar logic for the gravitational Einstein-Hilbert theory in the following section.

3 Scalar-scalar scattering with graviton emission

To minimize the number of contributing Feynman diagrams, in this section we analyze the gravitational scattering of two distinct scalars ϕ, Φ with the emission of a graviton in the final state with polarization ϵ_{μν} (k):

ϕ(p) + Φ(q) −→ ϕ(p^′) + Φ(q^′) + G(k, ϵ). (3.1)

We proceed with the calculation of the corresponding amplitude using algebraic codes [25] when expressions are lengthy. A novel exact effective vertex will be obtained whose MRK limit will coincide with the one calculated by Lipatov in his works on gravity. Our exact vertex for graviton emission depends on the particular choice of external particles while its MRK limit is universal. The tree-level amplitude involves the computation of seven Feynman diagrams: M ≡ fflq q′^{p p′(k, ϵ) +} ıq q′^{p p′(k, ϵ)} + ȷq q′^{p p′(k, ϵ) +} q̀ q′^{p p′(k, ϵ)} + q́ q′^{p p′(k, ϵ) +} q̌ q′^{p p′(k, ϵ)}_+ q̆ q′^{p p′}¯^{(k, ϵ) (3.2)}

In the following we denote by M_i (with i = 1, . . . , 7) the contribution of each of these diagrams which we have calculated using the Feynman rules listed in Appendix A. In order to recast the long expressions in a more convenient way, we introduce the momenta k_1 and k_2 defined in Eq. (2.24) and make use again of the Sudakov parametrization (2.25). Moreover, the graviton polarization tensor ϵ_{μν} (k) is written as

ϵ_{μν} (k) = ε_μ(k)ε_ν (k), (3.3) where ε(k) · ε(k) = 0 and k · ε(k) = 0. Using the last condition to write ε · k_{1⊥} = ε · k_{1⊥} − 1 2 ε · k = 1 2 [ ε · (k_{1⊥} + k_{2⊥}) − (α_1 − α_2)ε · p − (β_1 − β_2)ε · q ] , (3.4)

ε · k_{2⊥} = ε · k_{2⊥} + 1 2 ε · k = 1 2 [ ε · (k_{1⊥} + k_{2⊥}) + (α_1 − α_2)ε · p + (β_1 − β_2)ε · q ] , (3.5)

the total amplitude M can be shown to have the structure

M = [ε · (k_{1⊥} + k_{2⊥})][ε · (k_{1⊥} + k_{2⊥})]A_{kk} + [ε · (k_{1⊥} + k_{2⊥})](ε · p)A_{kp} + [ε · (k_{1⊥} + k_{2⊥})](ε · q)A_{kq} + (ε · p)(ε · p)A_{pp} + (ε · q)(ε · q)A_{qq} + (ε · p)(ε · q)A_{pq}. (3.6) The six coefficients A_{ii} appearing in this expression are rational functions of the momenta whose explicit form is given in Appendix B.1. The results are independent of the center of mass energy s = (p + q)^2 and can be written solely in terms of the Sudakov variables α_{1,2}, β_{1,2}.

Before proceeding any further, we should point out that the computed amplitude is gauge invariant, i.e. using momentum conservation we have

k_μM^{μν} = 0 = k_ν M^{μν} , (3.7)

where we have written M = ϵ_{μν} M^{μν} . As a further cross-check of our calculations, we note that the total amplitude also satisfies the Steinmannn relations [29]. These are a consequence of unitarity and state that the amplitude cannot have simultaneous singularities, or multiple poles in energy variables, in overlapping channels. In our case the invariant masses associated with these two channels are

s_p′_k = (p^′ + k)^2, s_q′_k = (q^′ + k)^2, (3.8)

which, in terms of the Sudakov variables, take the form

s_p′_k = −s(α_2 + β_2), s_q′_k = s(α_1 + β_1). (3.9)

In a preliminary version of the expressions in Appendix B.1 it turned out that all six coefficients A_{ii} contained the potentially dangerous combination (α_1 + β_1)(α_2 + β_2) in their denominators. We explicitly checked, however, that the numerators vanish either when α_1 → −β_1 or α_2 → −β_2, cancelling out one of the factors in the denominator and leaving behind simple poles in s_p′_k or s_q′_k. We have finally simplified our expressions to explicitly show the non-existence of these unphysical poles. This fulfillment of Steinmann relations provides a highly nontrivial test of our results.

As in the QCD case analyzed above, our aim is to decompose the total amplitude in terms of gauge invariant combinations. Here we define

M_↑ = M_1 + M_2 + M^′ and M_↓ = M_4 + M_5 + M^{′′}, (3.10)

where

M^′ = t t − t^′ ( M_3 + M_7 ) , M^{′′} = t^′ t^′ − t ( M_6 + M_7 ) . (3.11)

The total amplitude can be written as

M = M_↑ + M_↓ + ( t^′ t^′ − t M_3 + t t − t^′ M_6 ) . (3.12)

Remarkably, after a long calculation one can show that the last term cancels t^′ t^′ − t M_3 + t t − t^′ M_6 = 0. (3.13)

To qualitatively understand this result we notice that both the scalar-scalar-graviton and scalarscalar-graviton-graviton vertices given in Appendix A are proportional to the same kinematical factor p_μq_ν + p_ν q_μ. After working out all the index contractions in M_3 and M_6 it is possible to find that the only difference in the contributions of these two diagrams lies in the denominator of the interchanged graviton. Diagramatically,

t^′ × q̊ q′^{p p′(k, ϵ) = t ×} q̧ q′^{p p′(k, ϵ) , (3.14)}_{11}

from where the cancellation in Eq. (3.13) follows.

We conclude that the amplitude can be written only in terms of the two contributions shown in Eq. (3.10)

M = M_↑ + M_↓, (3.15)

where each of the partial amplitudes M_↑, M_↓ have the structure shown in Eq. (3.6). Their corresponding coefficients are given in Appendix B.2. What makes this decomposition interesting is that both terms on the right-hand side are gauge invariant independently, i.e. they satisfy the Ward identities

k_μM^{μν}_↑ = 0, k_μM^{μν}_↓ = 0, (3.16)

where M_↑ ≡ ϵ_{μν} M^{μν}_↑ and M_↓ ≡ ϵ_{μν} M^{μν}_↓ . As in the gauge theory case analyzed above, we can write the two gauge invariant contributions in terms of an effective vertex for the interaction of two on-shell scalars with one on-shell and one off-shell gravitons. The pictorial representation would be:

M_↑ = ß q q′ p p^′ (k, ϵ) M_↓ = æ q q′ p p^′ (k, ϵ) (3.17)

We find this result very interesting and are currently investigating the generalization of these effective diagrams to higher point amplitudes. If any iterative structure for higher order effective vertices could be found it would drastically help simplify loop calculations in Einstein-Hilbert gravity when using unitarity techniques.

3.1 Gravity as a double copy of QCD in multi-Regge kinematics

We are now ready to address a very interesting point which has attracted quite a lot of attention in recent literature: in which sense are our effective vertices in gravity and QCD related? It is not possible for us to answer this question directly in general kinematics since, in order to simplify our calculations, we have operated with very particular external states, scalars in Einstein-Hilbert and quarks in QCD. This issue has been discussed by Bern and collaborators in a series of works mainly involving the mapping of amplitudes with only gluons in one side and only gravitons in the other [26, 43, 44, 45]. We can, however, investigate our scattering amplitudes in multi-Regge kinematics and try to reproduce the results by Lipatov [19, 20, 21] where he found that the gluon and graviton emission vertices in MRK are indeed related as described in the following.

Let us make use of the relations k^2_1 = β_1s = t and k^2 = −α_2s = t^′ to rewrite the QCD MRK effective vertex of Eq. (2.32) in the form Γ^ν_{μσ} = igη_{μσ} [( α_1 −

2β_1 β_2 ) p^ν + ( β_2 +

2α_2 α_1 ) q^ν − (k_1 + k_2)^ν_⊥ ] ≡ igη_{μσ}Ω^ν . (3.18)

When looking for gravity as a simple double copy of the gauge theory amplitudes we find a difficulty in MRK. In this region, which corresponds to the limit of Sudakov parameters described in Eq. (2.26), we have that s_p′_k = − (α_2 + β_2) s ≃ −β_2s and s_q′_k = (α_1 + β_1) s ≃ α_1s, and can write

Ω^ν ≃ ( s_q′_k s + 2k^2_1 s_p′_k ) p^ν − ( s_p′_k s + 2k^2 s_q′_k ) q^ν − (k_1 + k_2)^ν_⊥. (3.19)

It is important to notice that, when written in this form, the naive double copy Ω^μΩ^ν has explicit unphysical double poles of the form (s_p′_ks_q′_k)^{−1} which correspond to simultaneous energy discontinuities in overlapping channels. The solution proposed by Lipatov was to introduce a subtraction term in order to fulfill Steinmann relations which reads

N^μ = 2 √ k^2_1k^2 ( p^μ s_p′_k − q^μ s_q′_k ) ≃ − 2i √ β_1α_2 ( p^μ β_2 + q^μ α_1 ) , (3.20)

with the corresponding double copy being

N^μN^ν ≃ −4β_1α_2 ( p^μp^ν β^2_2 + q^μq^ν α^2_1 + p^μq^ν + q^μp^ν α_1β_2 ) . (3.21)

What Lipatov showed is that the effective vertex for the emission of a graviton in Einstein- Hilbert gravity can be written in MRK as the following combination of QCD MRK effective vertices:

Ω^μΩ^ν − N^μN^ν = (k_1 + k_2)^μ_⊥(k_1 + k_2)^ν_⊥ + [( α_1 −

2β_1 β_2

)_2 + 4 β_1α_2 β^2_2 ] p^μp^ν

+ [( β_2 +

2α_2 α_1

)_2 + 4 β_1α_2 α^2_1 ] q^μq^ν + [( α_1 −

2β_1 β_2 ) ( β_2 +

2α_2 α_1 ) + 4 β_1α_2 α_1β_2 ] (p^μq^ν + q^μp^ν ) − ( α_1 −

2β_1 β_2 ) (p^μk^ν + k^μp^ν ) − ( β_2 +

2α_2 α_1 ) (q^μk^ν + k^μq^ν ) . (3.22)

Let us see if this complicated structure is present in our exact calculations. For this purpose it is needed to find the corresponding coefficients in the expansion of our Eq. (3.6) which now we write in the form

M^{μν} = (k_1 + k_2)^μ_⊥(k_1 + k_2)^ν_⊥ + A_{pp} p^μp^ν + A_{qq} q^μq^ν + A_{pq} (p^μq^ν + q^μp^ν )

+ A_{kp} (p^μk^ν + k^μp^ν ) + A_{kq} (q^μk^ν + k^μq^ν ) , (3.23)

where^1 A_{ii} = A_{ii}/A_{kk}.

Using the results for the exact gravitational amplitude given in the Appendix and operating in the MRK of Eq. (2.26), the Taylor series expansion of each of the coefficients in Eq. (3.23) is as follows:

A_{pp} = α^2_1 + O ( α^3_1 ) + β_1 [ − 4α_1 β_2 + 4α^2_1 β_2 + O ( α^3_1 ) ] + β^2_1 [ 4 β^2_2 − 12α_1 β^2_2 + 8α^2_1 β^2_2 + O ( α^3_1 ) ]

+ O ( β^3_1 ) + α_2 { − 2α_1 + O ( α^3_1 ) + [ 8β_2 + 4 β^2_2 − (8β_2 + 4) α_1 β^2_2 + O ( α^3_1 ) ] β_1

+ [ 4 (β_2 + 1) β^2_2 α_1 + 4 − 8β^2_2

β^3_2 + 4α_1 β_2 − 4 (β_2 + 1) α^2_1 β^3_2 + O ( α^3_1 ) ] β^2_1 + O ( β^3_1 ) } + O ( α^2 )

≃ α^2_1 −

4α_1β_1

β_2 + 4β^2_1 β^2_2 + 4α_2β_1 β^2_2

+ . . . (3.24)

1The process dependent impact factors can be evaluated from the MRK limit of the normalization factor A_{kk} .

A_{qq} = β^2_2 + O ( β^3_2 ) + β_1 [ −2β_2 + O ( β^3_2 )] + O ( β^2_1 )

+ α_2 { 4β_2

α_1 + 4β^2_2

α_1 + O ( β^3_2 ) + [ 4 − 8α_1

α^2_1 + (4 − 8α_1) β_2

α^2_1 + O ( β^3_2 )] β_1 + O ( β^2_1 ) }

+ α^2 { 4 α^2_1 + 12β_2

α^2_1 + 8β^2_2

α^2_1 + O ( β^3_2 )

+ [ 4 − 4α_1

α^2_1β_2 + 4 − 8α^2_1

α^3_1 − 4β_2

α_1 + 4 (α_1 − 1) β^2_2

α^3_1 + O ( β^3_2 ) ] β_1 + O ( β^2_1 ) } + O ( α^3_2 )

≃ β^2_2 +

4α_2β_2

α_1 + 4α_2β_1

α^2_1 + 4α^2

α^2_1

+ . . . (3.25)

A_{pq} = α_1β_2 + O ( β^2_2 ) + (α_1 − 2) β_1 + O ( β^2_1 ) + α_2 [ 2 + β_2 + O ( β^2_2 ) + β_1 + O ( β^2_1 )] + O ( α^2 ) ≃ α_1β_2 − 2β_1 + 2α_2 + . . . (3.26)

A_{kp} = −α_1 + β_1 [ 2 − 2α_1

β_2 + O ( β^2_2 ) + O ( β^2_1 ) ] + O ( α^1_2 )

≃ −α_1 +

2β_1

β_2

+ . . . (3.27)

A_{kq} = −β_2 + O ( β^2_2 ) + O ( β^1_1 ) + α_2 [ − 2 α_1 − 2β_2

α_1 + O ( β^2_2 ) + O ( β^1_1 )] + O ( α^2 )

≃ −β_2 − 2α_2

α_1

+ . . . (3.28)

These coefficients calculated in MRK are therefore in exact agreement with those of Eq. (3.22).

This is a highly non-trivial check of our calculation which sheds light on the deep relation

between Einstein-Hilbert gravity and gauge theories.

The procedure we have followed in this work to cross-check our calculations can be applied

to amplitudes with an arbitrary number of loops and external legs. We have found that the

representation of the exact amplitudes in Sudakov variables facilitates the application of the

MRK limit and the comparison with the iterated form of amplitudes valid in this region. This

adds to the more standard checks related to gauge invariance and agreement with the Steinmann

relations.

4 Conclusions

In this work the tree level five-point amplitude for the scattering of two distinct scalars with a graviton in the final state has been evaluated considering Einstein-Hilbert gravity as a usual gauge theory. The calculation has been performed in exact kinematics with the final result expressed in Sudakov variables. We have tested not only the gauge invariance of the full amplitude but also the lack of simultaneous singularities in overlapping channels, in agreement with Steinmann relations.

We have found the remarkable result that, due to the subtle cancellation shown in Eq. (3.13), the full amplitude can be written as the sum of only the two gauge invariant topologies given in Eq. (3.17), both written in terms of the same effective vertex for graviton emission off a scalar line together with an off-shell graviton connecting with the other distinct scalar line. A natural expansion for a general five-point amplitude in gravity is given in Eq. (3.6) with the coefficients for our full result being shown in Appendix B.1. The coefficients for the separation into our two novel effective topologies are explicitly written in Appendix B.2. This new structure in terms of effective vertices will be useful to simplify and streamline the calculation of higher order corrections in gravity, reducing in a great amount the number of possible topologies contributing to a given process. It is likely that new effective topologies will appear as the number of external legs in the amplitude increases. The possible relations of the new effective vertices with the lower order ones will be the subject of our future investigations.

In order to investigate the interesting link between gravity and gauge theories we have also offered a detailed derivation of the QCD amplitude with four external quarks and one gluon. In this case a similar separation into effective topologies as in Einstein-Hilbert gravity appears. We have reproduced the results obtained by Lipatov many years ago by showing that the graviton emission vertex in multi-Regge kinematics can be written as the product of two gluon emission vertices in QCD also in the same limit, with an additional subtraction needed to fulfill the Steinmann relations. It will be interesting to generalize this calculation to supersymmetric theories, also investigated in Lipatov’s works, and the interpretation of these results in terms of string theory. The connection between the results here presented and the puzzling duality between color and kinematics recently proposed in [43, 44, 45] is the subject of current investigations.

Acknowledgments

We thank Luis Álvarez-Gaumé, Zvi Bern and Lev Lipatov for useful discussions. ASV acknowledges partial support from the European Comission under contract LHCPhenoNet (PITN- GA-2010-264564), the Comunidad de Madrid through Proyecto HEPHACOS ESP-1473, and MICINN (FPA2010-17747). The work of ESC has been supported by a Spanish Government FPI Predoctoral Fellowship and grant FIS2009-07238. MAVM acknowledges partial support from Spanish Government grants FPA2009-10612 and FIS2009-07238, Basque Government Grant IT-357-07 and Spanish Consolider-Ingenio 2010 Programme CPAN (CSD2007-00042). ESC and MAVM thank the Instituto de Física Teórica UAM/CSIC for hospitality during the completion of this work. Finally, we thank the CERN Theory Unit where the final stages of this investigation took place.

A Feynman rules

In this Appendix we list the Feynman rules used in the calculation of the gravitational amplitude (2.2). Our action, where there are two types of distinct massless scalars denoted by ϕ and Φ, reads S = ∫ d^4x √ −g ( − 1 κ^2 R + 1 2 g^{μν} ∂_μϕ∂_ν ϕ + 1 2 g^{μν} ∂_μΦ∂_ν Φ ) , (A.1)

with κ^2 = 16πG_N . To simplify the calculations we follow [46] and make use of the identity √ |g|R[g] = √ |g|g^{μν} ( Γ^α_{μβ} Γ^β_{να} − Γ^α_{μν} Γ^β_{αβ} ) + total derivatives. (A.2)

Writing g_{μν} = η_{μν} + κh_{μν} and using the de Donder gauge,

∂_μh^μ_ν = 1 2 ∂_ν h^α, (A.3) the propagators are given byœ

p → =⇒ i p^2 + iϵ

, (A.4) ø^{p →αβ σλ =⇒ ip2 + iϵ(ηασ ηβλ + ηαληβσ − ηαβησλ). (A.5)} At O(κ^2) there exist two interaction vertices between scalars and gravitons. The first one is a scalar-scalar-graviton vertex of the form Æ↗ p^{↘ q ← k αβ =⇒ −iκ2 (pμqν + pν qμ) (−ημαηνβ + 12ημν ηαβ) . (A.6)} The second one is a scalar-scalar-graviton-graviton vertex: Œ↗ p^{↘ q} αβ^{σλ =⇒ −iκ24 (pμqν + pν qμ) (Iαβρζ Iσλδγ + Iαβδγ Iσλρζ ) (A.7)} × [ 2η^{γν} η^{ζδ}η^{μρ} − η^{γν} η^{μδ}η^{ρζ} + η^{μν} ( − 1 2 η^{ζγ} η^{ρδ} + 1 4 η^{δγ} η^{ρζ} )] , where we have introduced the symmetrizer I_{αβ;γδ} = 1 2 ( η_{αγ} η_{βδ} + η_{αδ} η_{βγ} ) . (A.8)

Finally, there is the three-graviton vertex Ø↗ p^{↘ q ← k}γδ^{μν αβ =⇒ iκ(pσqλIμν ζξIγδ ρχIαβτ υ + pλqσIγδ ζξIμν ρχIαβτ υ}+ kσqλIμν ζξIαβρχIγδ τ υ + kλqσIαβζξIμν ρχIγδ τ υ_{+ kσpλIγδ ζξIαβρχIμν τ υ + kλpσIαβζξIγδ ρχIμν τ υ)× G λ;ζξ;σ;ρχ;τ υ, (A.9)} where the last factor is given by G^{λ;ζξ;σ;ρχ;τ υ} = − 1 2 η^{ζτ} η^{λχ}η^{ξσ}η^{ρν} − 1 4 η^{ζτ} η^{λσ}η^{ξν}η^{ρχ} + 1 4 η^{ζσ}η^{λχ}η^{ξρ}η^{τ ν} − 1 8 η^{ζρ}η^{λσ}η^{ξχ}η^{τ ν} − η^{ζχ}η^{λρ}η^{ξν}η^{τ σ} + 1 2 η^{ζτ} η^{λσ}η^{ξρ}η^{χν} + 1 4 η^{ζρ}η^{λν} η^{τ σ}η^{χξ} + 1 2 η^{ζξ}η^{λρ}η^{σν} η^{χτ} . (A.10) When the vertex is fully expanded it contains 3! × 2^3 × 8 = 384 terms. To simplify its form, momentum conservation together with the de Donder condition have been used. As far as we know, this is the simplest form for this vertex in the literature (compare, e.g., with [47]).

B Explicit form of the gravitational amplitude

B.1 The full five-point amplitude

To avoid cluttering the text with long expressions, here we have collected the full form of the coefficients of the amplitude shown in Eq. (3.6). They are expressed in terms of the Sudakov decomposition for the momenta k_1, k_2 given in Eq. (2.25) A_{kk} = iκ^3 8 { 1 β_1α_2 − (1 + β_1) β_1 (α_1 + β_1) − (1 − α_2) α_2 (α_2 + β_2) } , (B.1)

A_{kp} = iκ^3 8 { − (α_1 − α_2)^2 α_1α_2β_1 − (α_1 − 1) (α_1 + α_2)

α_1 (α_1 + β_1) + (α_2 − 1) (α_1 + α_2 − 2) α_2 (α_2 + β_2) } , (B.2)

A_{kq} = iκ^3 8 { − (β_1 − β_2)^2 α_2β_1β_2 − (β_1 + 1) (β_1 + β_2 + 2) β_1 (α_1 + β_1) + (β_2 + 1) (β_1 + β_2)

β_2 (α_2 + β_2) } , (B.3)

A_{pp} = iκ^3 8 { (α_1 − α_2)^3

α_1α_2β_1 + 4 (α_1 − 1) (α_1 − α_2 − 1) α_2 (β_2 − β_1) − (α_1 − 1) (α_1 + α_2)^2 α_1 (α_1 + β_1) + (α_2 − 1) (α_1 + α_2 − 2)^2 α_2 (α_2 + β_2) } , (B.4)

A_{qq} = iκ^3 8 { − (β_1 − β_2)^3 α_2β_1β_2 − 4 (β_1 − β_2 − 1) (β_2 + 1) (α_1 − α_2) β_1 − (β_1 + 1) (β_1 + β_2 + 2)^2 β_1 (α_1 + β_1) + (β_2 + 1) (β_1 + β_2)^2 β_2 (α_2 + β_2) } , (B.5)

A_{pq} = iκ^3 8 [ (α_1 + α_2 − 2) (β_1 − α_2) + (α_1 + α_2) (α_2 + β_2) ]

× { α_1 − α_2 α_1α_2β_1 + 1 − α_1 α_1 (α_1 + β_1) + α_2 − 1 α_2 (α_2 + β_2) } . (B.6)

B.2 The two topologies contributing to the full amplitude

Next we list the coefficients corresponding to the partial amplitude M_↑ A^↑_{kk} = iκ^3 8 { 1 α_2β_1 − (β_1 + 1) β_1 (α_2 + β_1) + α_2 − 1 α_2 (α_2 + β_2) } , (B.7)

A^↑_{kp} = iκ^3 8α_2 { (α_2 − 1) (α_1 + α_2 − 2) α_2 + β_2 − α_1 + α_2 (2α_2 − 3)

α_2 + β_1 } , (B.8) A^↑_{kq} = iκ^3 8α_2 { 1 α_2 + β_1 + (1 − α_2)(α_2 − β_1) (α_2 + β_1)(α_2 + β_2) } , (B.9)

A^↑_{pp} = iκ^3 8α_2 { (α_2 − 1) (α_1 + α_2 − 2)^2 α_2 + β_2 + (α_1 − 3α_2) [ α^2 + (α_1 − 3) α_2 + α_1 ] α_2 + β_1 − 4 (α_1 − 1) (1 − α_1 + α_2) β_2 − β_1 } , (B.10) A^↑_{qq} = iκ^3 8α_2

(β_1 − β_2)(β_1 − β_2 − 2α_2) { α_2 + 1 α_2 + β_1 + (1 − α_2)(α_2 − β_1) (α_2 + β_1)(α_2 + β_2) } , (B.11)

A^↑_{pq} = iκ^3 8 { (α_2 − 1) [ β_1(α_1 + α_2 − 2) − 2β_2(α_2 − 1) − α_2(α_1 − 4) − 3α^2 ] α_2(α_2 + β_2) + α_1 [ α^2 + (β_2 + 3)α_2 + β_2 ] + α_2 [ − 3β_2 + α_2(3α_2 − β_2 − 9) ] α_2(α_2 + β_1) } (B.12) and those of M_↓ A^↓_{kk} = iκ^3 8 { − 1 α_1β_1 + 1 − α_1 α_1 (α_1 + β_1) + 1 + β_1 β_1 (α_2 + β_1) } , (B.13)

A^↓_{kp} = iκ^3 8 { − (α_1 − α_2)^2

α_1α_2β_1 − (α_1 − 1) (α_1 + α_2) α_1 (α_1 + β_1) + α_1 + α_2 (2α_2 − 3)

α_2 (α_2 + β_1) } , (B.14)

A^↓_{kq} = iκ^3 8 { β_1 (2β_1 + 3) − β_2 β_1 (α_2 + β_1) − (β_1 + 1) (β_1 + β_2 + 2) β_1 (α_1 + β_1) } , (B.15)

A^↓_{pp} = iκ^3 8 { (α_1 − α_2)^3

α_1α_2β_1 − (α_1 − 1) (α_1 + α_2)^2 α_1 (α_1 + β_1) − (α_1 − 3α_2) [ α^2 + (α_1 − 3) α_2 + α_1 ] α_2 (α_2 + β_1) } , (B.16)

A^↓_{qq} = iκ^3 8 { − (β_1 + 1) (β_1 + β_2 + 2)^2 β_1 (α_1 + β_1) − 4 (β_1 − β_2 − 1) (β_2 + 1)

(α_1 − α_2) β_1 + (3β_1 − β_2) [ β_1 (β_1 + β_2 + 3) − β_2 ] β_1 (α_2 + β_1) } , (B.17)

A^↓_{pq} = iκ^3 8 { (β_1 + 1) [ β_1 (−α_2 + β_2 + 4) + 2α_1 (β_1 + 1) − α_2 (β_2 + 2) + 3β^2_1 ] β_1 (α_1 + β_1) + α_1 [ β^2_1 − (β_2 + 3) β_1 + β_2 ] + β_1 [ 3β_2 − β_1 (3β_1 + β_2 + 9) ] β_1 (α_2 + β_1) } . (B.18)

References

[1] J. M. Maldacena, The Large N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231. [arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge theory correlators from noncritical string theory, Phys. Lett. B428 (1998) 105. [arXiv:hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253.

[arXiv:hep-th/9802150].

[4] Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson and R. Roiban, The Complete Four- Loop Four-Point Amplitude in N = 4 Super-Yang-Mills Theory, Phys. Rev. D82 (2010) 125040. [arXiv:1008.3327 [hep-th]].

[5] Z. Bern, L. J. Dixon, D. C. Dunbar, M. Perelstein and J. S. Rozowsky, On the relationship between Yang-Mills theory and gravity and its implication for ultraviolet divergences, Nucl. Phys. B530 (1998) 401. [arXiv:hep-th/9802162].

[6] Z. Bern, J. J. Carrasco, L. J. Dixon, H. Johansson and R. Roiban, The Ultraviolet Behavior of N = 8 Supergravity at Four Loops, Phys. Rev. Lett. 103 (2009) 081301.

[arXiv:0905.2326 [hep-th]].

[7] J. F. Donoghue, General Relativity As An Effective Field Theory: The Leading Quantum Corrections, Phys. Rev. D50 (1994) 3874. [arXiv:gr-qc/9405057].

[8] N. E. J. Bjerrum-Bohr, J. F. Donoghue and B. R. Holstein, Quantum gravitational corrections to the nonrelativistic scattering potential of two masses, Phys. Rev. D67 (2003) 084033 [Erratum-ibid. D71 (2005) 069903]. [arXiv:hep-th/0211072].

[9] J. F. Donoghue and T. Torma, Infrared behavior of graviton-graviton scattering, Phys. Rev.

D60 (1999) 024003. [arXiv:hep-th/9901156].

[10] D. C. Dunbar and P. S. Norridge, Calculation of graviton scattering amplitudes using string based methods, Nucl. Phys. B433 (1995) 181. [arXiv:hep-th/9408014].

[11] Z. Bern, D. C. Dunbar and T. Shimada, String based methods in perturbative gravity, Phys.

Lett. B312 (1993) 277. [arXiv:hep-th/9307001].

[12] Z. Bern and D. C. Dunbar, A Mapping between Feynman and string motivated one loop rules in gauge theories, Nucl. Phys. B379 (1992) 562.

[13] S.-Q. Su, Graviton Bremsstrahlung at High Energies, Doctoral Thesis, Katholieke Universiteit Leuven 1982.

[14] J. Geris and S.-Q. Su, Single bremsstrahlung processes in quantum gravity, Commun.

Theor. Phys. 8 (1987) 325.

[15] J. F. Donoghue, Introduction to the Effective Field Theory Description of Gravity,

arXiv:gr-qc/9512024.

[16] L. N. Lipatov, Effective action for the Regge processes in gravity, arXiv:1105.3127

[hep-th].

[17] M. T. Grisaru, P. van Nieuwenhuizen and C. C. Wu, Reggeization and the Question of Higher Loop Renormalizability of Gravitation, Phys. Rev. D12 (1975) 1563.

[18] M. T. Grisaru and H. J. Schnitzer, Dynamical Calculation Of Bound State Supermultiplets In N = 8 Supergravity, Phys. Lett. B107 (1981) 196.

[19] L. N. Lipatov, Graviton Reggeization, Phys. Lett. B116 (1982) 411.

[20] L. N. Lipatov, Multi-Regge Processes In Gravitation, Sov. Phys. JETP 55 (1982) 582 [Zh.

Eksp. Teor. Fiz. 82 (1982) 991].

[21] L. N. Lipatov, High-energy scattering in QCD and in quantum gravity and two-dimensional field theories, Nucl. Phys. B365 (1991) 614.

[22] L. N. Lipatov, Reggeization of the Vector Meson and the Vacuum Singularity in Nonabelian Gauge Theories Sov. J. Nucl. Phys. 23 (1976) 338.

[23] E. A. Kuraev, L. N. Lipatov and V. S. Fadin, On the Pomeranchuk Singularity in Asymptotically Free Theories, Phys. Lett. B 60 (1975) 50.

E. A. Kuraev, L. N. Lipatov and V. S. Fadin, Multi-Reggeon Processes in the Yang-Mills Theory, Sov. Phys. JETP 44 (1976) 443.

E. A. Kuraev, L. N. Lipatov and V. S. Fadin, The Pomeranchuk Singularity in Nonabelian Gauge Theories, Sov. Phys. JETP 45 (1977) 199.

[24] I. I. Balitsky and L. N. Lipatov, The Pomeranchuk Singularity in Quantum Chromodynamics, Sov. J. Nucl. Phys. 28 (1978) 822.

[25] J. M. Martín-García, xPerm: fast index canonicalization for tensor computer algebra, Comput. Phys. Commun. 179 (2008) 597.

[26] Z. Bern, Perturbative quantum gravity and its relation to gauge theory, Living Rev. Rel. 5 (2002) 5. [arXiv:gr-qc/0206071].

J. J. M. Carrasco and H. Johansson, Generic multiloop methods and application to N = 4 super-Yang-Mills, J. Phys. A44 (2011) 454004 [arXiv:1103.3298 [hep-th]].

[27] R. Gastmans and T. T. Wu, The Ubiquitous Photon: Helicity Method for QED and QCD, Oxford 1990.

[28] Z. Xu, D. H. Zhang and L. Chang, Helicity Amplitudes for Multiple Bremsstrahlung in Massless Nonabelian Gauge Theories, Nucl. Phys. B291 (1987) 392.

[29] O. Steinmann, Über den Zusammenhang zwischen den Wightmanfunktionen und der retardierten Kommutatoren, Helv. Phys. Acta 33 (1960) 257, O. Steinmann, Wightman-Funktionen und retardierten Kommutatoren. II, Helv. Phys. Acta. 33 (1960) 347.

[30] L. N. Lipatov, High-energy asymptotics of multicolor QCD and two-dimensional conformal field theories. Phys. Lett. B309 (1993) 394.

[31] L. N. Lipatov, The Bare Pomeron in Quantum Chromodynamics, Sov. Phys. JETP 63 (1986) 904 [Zh. Eksp. Teor. Fiz. 90 (1986) 1536].

[32] J. Bartels, High-Energy Behavior in a Nonabelian Gauge Theory. 2. First Corrections to T(n→m) Beyond the Leading LNS Approximation, Nucl. Phys. B175 (1980) 365.

[33] J. Kwieciǹski and M. Praszałowicz, Three Gluon Integral Equation and Odd c Singlet Regge Singularities in QCD, Phys. Lett. B94 (1980) 413.

[34] L. N. Lipatov, Duality symmetry of Reggeon interactions in multicolor QCD, Nucl. Phys.

B548 (1999) 328 [hep-ph/9812336].

[35] L. N. Lipatov, High-energy asymptotics of multicolor QCD and exactly solvable lattice models. Padua preprint DFPD-93-TH-70, Oct. 1993 (unpublished) [hep-th/9311037].

[36] L. N. Lipatov, Asymptotic behavior of multicolor QCD at high energies in connection with exactly solvable spin models, JETP Lett. 59 (1994) 596 [Pisma Zh. Eksp. Teor. Fiz. 59, 571 (1994)].

[37] L. D. Faddeev and G. P. Korchemsky, High-energy QCD as a completely integrable model, Phys. Lett. B342 (1995) 311. [arXiv:hep-th/9404173].

[38] L. N. Lipatov, Integrability of scattering amplitudes in N = 4 SUSY, J. Phys. A42 (2009) 304020. [arXiv:0902.1444 [hep-th]].

[39] J. Bartels, L. N. Lipatov and A. Prygarin, Integrable spin chains and scattering amplitudes, J. Phys. A44 (2011) 454013. [arXiv:1104.0816 [hep-th]].

[40] J. Bartels, L. N. Lipatov and A. Sabio Vera, BFKL Pomeron, Reggeized gluons and Bern-Dixon-Smirnov amplitudes, Phys. Rev. D80 (2009) 045002. [arXiv:0802.2065

[hep-th]].

[41] J. Bartels, L. N. Lipatov and A. Sabio Vera, N = 4 supersymmetric Yang Mills scattering amplitudes at high energies: The Regge cut contribution, Eur. Phys. J. C65 (2010) 587.

[arXiv:0807.0894 [hep-th]].

[42] A. Romagnoni and A. Sabio Vera, A hidden BFKL/XXX_− 1_2 spin chain mapping,

arXiv:1111.4553 [hep-th].

[43] Z. Bern, J. J. M. Carrasco and H. Johansson, Perturbative Quantum Gravity as a Double Copy of Gauge Theory, Phys. Rev. Lett. 105 (2010) 061602. [arXiv:1004.0476

[hep-th]].

[44] Z. Bern, T. Dennen, Y.-t. Huang and M. Kiermaier, Gravity as the Square of Gauge Theory, Phys. Rev. D82 (2010) 065003. [arXiv:1004.0693 [hep-th]].

[45] Z. Bern, T. Dennen, A Color Dual Form for Gauge-Theory Amplitudes, arXiv:1103.0312

[hep-th].

[46] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields, 3rd revised edition, Pergamon 1971.

[47] B. S. DeWitt, Quantum theory of gravity. III. Applications of the covariant theory, Phys.

Rev. 162 (1967) 1239.