arXiv:1112.4847v1 [nucl-th] 20 Dec 2011

Dynamical chiral symmetry breaking and the fermion–gauge-boson vertex

A. Bashir,^{1, 2, 3} R. Bermudez,^1 L. Chang,^2 and C. D. Roberts^{2, 4} 1Instituto de Física y Matemáticas, Universidad Michoacana de San Nicolás de Hidalgo, Edificio C-3, Ciudad Universitaria, Morelia, Michoacán 58040, México 2Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA 3Center for Nuclear Research, Department of Physics, Kent State University, Kent OH 44242, USA 4Department of Physics, Illinois Institute of Technology, Chicago, Illinois 60616, USA (Dated: 15 December 2011)

We present a workable model for the fermion-photon vertex, which is expressed solely in terms of functions that appear in the fermion propagator and independent of the angle between the relative momenta, and does not explicitly depend on the covariant-gauge parameter. It nevertheless produces a critical coupling for dynamical chiral symmetry breaking that is practically independent of the covariant-gauge parameter and an anomalous magnetic moment distribution for the dressed fermion that agrees in important respects with realistic numerical solutions of the inhomogeneous vector Bethe-Salpeter equation.

PACS numbers: 12.20.Ds, 11.30.Rd, 12.38.Aw, 11.15.Tk

I. INTRODUCTION

The last decade has seen a crystallisation of ideas regarding the nature of the dressed-gluon and -quark propagators in QCD. In Landau gauge the dressed gluon two-point function is widely held to be described by a momentum-dependent mass function, m^2_g (k^2). Its magnitude is large at infrared momenta: m^2_g(k^2 ∼ 0) ≃ (2 − 4 Λ_{QCD})^2. However, it vanishes with increasing spacelike momenta: m^2_g (k^2 ≫ Λ^2_{QCD}) ∼ 1/k^2, thereby maintaining full accord with perturbative QCD. Background and context for these observations may be found, e.g., in Refs. [1–5], and citations therein and thereto.

Similarly, the dressed quark two-point function is described by two momentum-dependent functions: a wave-function renormalisation, Z(p^2), and mass function, M(p^2), both of which are strongly modified from their perturbative forms for p^2 ≲ (5 Λ_{QCD})^2. In fact, from the confluence of results on M(p^2) obtained with Dyson-Schwinger equations (DSEs) in QCD and numerical simulations of the lattice-regularised theory, evident, e.g., in Refs. [6–11], a widespread appreciation has emerged of the reality and impact of dynamical chiral symmetry breaking (DCSB) in the strong interaction.

Since the two-point functions of elementary excitations are strongly modified in the infrared, one must accept that the same is generally true for three-point functions; i.e., the vertices. This was actually realised early on, with studies of the fermion–gauge-boson vertex in Abelian gauge theories [12] that have inspired numerous ensuing analyses. The importance of this dressing to the reliable computation of hadron physics observables was exposed in Refs. [13–16], insights from which have subsequently been exploited effectively; e.g., Refs. [17–25].

Many studies of hadron physics observables have employed an Ansatz for the fermion–photon vertex. The best are informed by analyses that emphasise the constraints of quantum field theory, amongst which are that the vertex should [12, 26–32]: be free of kinematic singularities; ensure gauge covariance and invariance; and assist in providing for the multiplicative renormalisability of solutions to the DSEs within which it appears. Ansätze that are largely consistent with these constraints have also been used to represent the dressed quarkgluon vertex. In this connection, perhaps, it is clearest that such considerations are not sufficient to fully determine the vertex. As an example, the Ball-Chiu vertex [12] augmented by the Curtis-Pennington extension [26] is unable to explain the mass splitting between the ρand a_1-mesons, parity partners in the spectrum. The minimum required to understand this is inclusion of a dressed-quark anomalous chromomagnetic moment [23], the presence and strength of which are driven by DCSB [21, 33, 34] and confirmed by numerical simulations of lattice-QCD [35].

We note that extending lattice analyses to the entire kinematic domain of spacelike momenta relevant to the numerous uses of the fermion–gauge-boson vertex is numerically challenging [36]. We suspect that absent an appreciation within the lattice-QCD community of the physical importance of this problem, much time will elapse before new results are available. This magnifies the importance of studies in the continuum.

It is in this context that we are motivated to readdress the task of constructing an efficacious and workable vertex Ansatz. Owing to sensible considerations regarding tractability, the most recent detailed studies [31, 32] have deliberately overlooked the role of DCSB in building the fermion–gauge-boson vertex. Herein, informed by recent developments in hadron physics phenomenology [21, 23], notably the dynamical generation of an anomalous magnetic moment for perturbatively massless fermions, we develop a practical Ansatz for the fermion-photon vertex that produces a gauge-independent critical coupling for DCSB in QED and shows some promise as a tool for hadron physics phenomenology.

Section II provides some background on the coupling of a dressed-fermion to a photon. Our Ansatz is developed in Sec. III and employed to find a critical coupling for DCSB in Sec. IV. Section V illustrates a phenomenological utility of the model and explains some obvious weaknesses, and Sec. VI is an epilogue.

II. GAP EQUATION IN QED

Much of the progress toward understanding DCSB and the fermion–gauge-boson vertex has followed from studies of the gap equation, which in QED can be written

S(p)^{−1} = Z_2(iγ · p + m^{bm})

+ Z_1

∫_Λ d^4k 4π^3 αΔ_{μν} (k − p)γ_μS(k)Γ_ν (k, p) , (1) where: we employ a Poincaré invariant regularisation of the integral, with Λ the regularisation mass-scale, which typically doubles as the renormalisation point in DSE studies of QED; Z_2(Λ) is the fermion wavefunction renormalisation (Z_1 = Z_2 in QED); α is the fine-structure constant; and the dressed-photon propagator is

Δ_{μν} (q) = [ δ_{μν} − q_μq_ν q^2 ] 1 q^2[1 + Π(q^2)] + ξ q_μq_ν q^4

, (2)

with ξ the covariant-gauge parameter. Whilst our vertex Ansatz is always consistent with one-loop QED perturbation theory, aspects of the infrared behaviour we elucidate are particular to the quenched theory; viz., Π(q^2) ≡ 0. We use a Euclidean metric: {γ_μ, γ_ν } = 2δ_{μν} ; γ^†_μ = γ_μ; σ_{μν} = (i/2)[γ_μ, γ_ν ]; a · b =

∑_4 i=1 a_ib_i; and P_μ spacelike ⇒ P^2 > 0.

The solution of Eq. (1) has the form S(p) = 1 iγ · pA(p^2) + B(p^2) = Z(p^2) iγ · p + M(p^2) . (3)

In order to study DCSB, one must define a chiral limit and explore the behaviour of M(p^2) as the value of the fine-structure constant is varied. This is straightforward if the fine-structure constant is less than some critical value, denoted by α_c, for then m^{bm}(Λ) ≡ 0 defines the chiral limit and M(p^2) ≡ 0 is the only solution for the mass function. It might, however, be viewed as problematic for α > α_c because four-fermion operators become relevant in strong-coupling QED and must be included in order to obtain a well-defined continuum limit [37, 38]. This complication is not of concern to us because one can obtain the critical coupling by approaching this value from below and at strong coupling one can view the cutoff version of the theory as an illustrative model.

Owing to the Ward-Takahashi identity:

(k − p)_μiΓ_μ(k, p) = S^{−1}(k) − S^{−1}(p) (4)

(or the Slavnov-Taylor identity in non-Abelian theories), eleven independent tensor structures are required to fully express a fermion–gauge-boson vertex. Furthermore, Γ_μ(k, p) can always be decomposed into two pieces:

Γ_μ(k, p) = Γ^{BC}_μ (k, p) + Γ^T_μ (k, p) , (5)

with (k − p)_μΓ^T_μ (k, p) = 0 and [12]

iΓ^{BC}_μ (k, p) = iΣ_A(k^2, p^2) γ_μ + 2ℓ_μ [ iγ · ℓ Δ_A(k^2, p^2)

+Δ_B (k^2, p^2) ] , (6) := 3∑ i=1 λ_i(k^2, p^2) iL^i_μ(k, p) , (7)

for an Abelian theory, where 2ℓ = k + p,

Σ_ϕ(k^2, p^2) = 1 2 [ϕ(k^2) + ϕ(p^2)] , (8a)

Δ_ϕ(k^2, p^2) = ϕ(k^2) − ϕ(p^2)

k^2 − p^2

, (8b)

λ_1(k^2, p^2) = Σ_A(k^2, p^2), λ_{2,3}(k^2, p^2) = Δ_{A,B}(k^2, p^2). We remark that some hints for a practical extension of Eq. (6) to QCD can be found in Ref. [39] and it is conceivable that transverse symmetry transformations might assist in placing constraints on Γ^T_μ (k, p) [40].

III. VERTEX ANSATZ

Eight independent tensors are required in order to specify the transverse vertex:

Γ^T_μ (k, p) = 8∑ j=1 τ^j (k^2, p^2, k · p) T^j_μ(k, p) . (9)

The following decomposition was introduced in Ref. [12]

T^1_μ (k, p) = i [p_μ(k · q) − k_μ(p · q)] , q = k − p , (10a)

T^2_μ (k, p) = −iT_{1μ}(γ · k + γ · p) , (10b)

T^3_μ (k, p) = q^2γ_μ − q_μγ · q =: q^2γ^T_μ , (10c)

T^4_μ (k, p) = iT_{1μ}p_ν k_ρσ_{νρ} , (10d)

T^5_μ (k, p) = σ_{μν} q_ν , (10e)

T^6_μ (k, p) = −γ_μ(k^2 − p^2) + (k + p)_μγ · q , (10f)

T^7_μ (k, p) = i 2 (k^2 − p^2)[γ_μ(γ · k + γ · p) − (k + p)_μ]

+(k + p)_μp_ν k_ρ σ_{νρ} , (10g) T^8_μ (k, p) = k_μγ · p − p_μγ · k − iγ_μp_ν k_ρσ_{νρ} , (10h) and has since been used widely. As we shall see, however, it has a couple of pitfalls.

A model for the vertex consists in a choice for the scalar-valued functions {τ^j , j = 1, . . . , 8}. Following but expanding upon Ref. [32], we choose

τ_1(k^2, p^2) = a_1 Δ_B (k^2, p^2)

(k^2 + p^2)

, (11a)

τ_2(k^2, p^2) = a_2 Δ_A(k^2, p^2)

(k^2 + p^2)

, (11b)

τ_3(k^2, p^2) = a_3 Δ_A(k^2, p^2) , (11c)

τ_4(k^2, p^2) = a_4 Δ_B (k^2, p^2) [k^2 + M^2(k^2)[p^2 + M^2(p^2)]

, (11d)

τ_5(k^2, p^2) = a_5 Δ_B (k^2, p^2) , (11e)

τ_6(k^2, p^2) = a_6(k^2 + p^2) Δ_A(k^2, p^2) [(k^2 − p^2)^2 + (M^2(k^2) + M^2(p^2))^2]

, (11f)

τ_7(k^2, p^2) = a_7 Δ_B (k^2, p^2)

(k^2 + p^2)

, (11g)

τ_8(k^2, p^2) = a_8Δ_A(k^2, p^2) , (11h)

where {a_i, i = 1, . . . , 8} are momentum-independent constants. This construction draws from a direct comparison with the structural dependence of the Ball-Chiu vertex on the functions that constitute the fermion propagator; and the momentum-dependence of each term guarantees that from our Ansatz one recovers a vertex which possesses the appropriate leading-order perturbative behaviour for k^2 ≫ p^2. The coefficients a_i are not independent. As we now illustrate, they are interconnected by numerous constraints from perturbative QED and gauge covariance.

A. One-loop Perturbation Theory

At one-loop in an arbitrary covariant gauge, the fermion-photon vertex obeys:

Γ^T_μ (k, p)^{k2 ≫p2}= − αξ 8π ln k^2 p^2 [ γ_μ − k_μγ · k k^2 ] . (12)

In the context of Eqs. (11), this demands [26, 30, 41]

a_3 + a_6 = 1/2 . (13)

In addition, given the anticipated asymptotic behaviour of the scalar functions in the dressed-fermion propagator, then for k^2 ≫ p^2 the other terms in Eqs. (11) decay as follows, up to ln[k^2/p^2]-factors:

τ_1 < 1 k^2 , τ_{2,4,5,7} < 1 k^3

, τ_8 < 1 k ; (14)

i.e., damping in agreement with one-loop perturbation theory [42, 43]. In building an Ansatz, it is natural to insist on such correspondences with perturbation theory.

Some comments on Eq.(13) are necessary. Consider the choice (a_3, a_6) = (0, 1/2), which corresponds precisely to the Ansatz of Ref. [26]. Taken as a statement about the vertex on a carefully defined domain of asymptotically-large spacelike momenta, this assumption is internally consistent. However, whilst there are mitigating considerations, implemented as a constraint on the vertex for the entire domain of (k^2, p^2, q^2), the assumption a_3 ≡ 0 is generally mistaken. The quantity a_3 is associated with T^3_μ in Eq. (10c) and hence contributes as follows to the complete vertex:

γ^T_μ q^2τ_3(k^2, p^2, q^2) = γ^T_μ q^2 a_3 Δ_A(k^2, p^2) . (15)

Since γ^T_μ is the leading tensor structure associated with a vector meson bound-state and given the existence of the ρ-meson, no realistic solution of the inhomogeneous Bethe-Salpeter equation for the fermion-photon vertex can produce a coefficient of γ^T_μ that is identically zero. Notwithstanding this, the choice (a_3, a_6) = (0, 1/2) is not worse than using Γ^{BC}_μ alone.

B. Multiplicative Renormalisability

In the Wigner phase, multiplicative renormalisability of the fermion propagator requires that Z(p^2) = (p^2)^ν , where ν is an anomalous dimension [26, 28, 44]. It is multiplicative renormalisability that ensures the absence of overlapping divergences in the tower of DSEs. In quenched-QED, one finds [45] ν = aξ − 3 2 a^2 + 3 2 a^3 + O(a^4) , a = α 4π . (16)

In connection with our vertex Ansatz, power law behaviour of Z(p^2) is guaranteed so long as

1 + a_2 + 2(a_3 − a_6 + a_8) = 0 . (17)

This condition ensures the absence of ln Λ-divergences and exposes the constraint

f_1(ξ, α, ν; a_6) := − 4π α + ξ ν + (1 − 2a_6) × [ 3 2 + π cot πν − 1 ν + 2 − 1 ν + 1 − 1 ν ] = 0 . (18)

The choice a_6 = 1/2, discussed in connection with Eq. (12), produces that anomalous dimension associated solely with gauge covariance [27, 28]. This is the leadingorder result. It is known to be incomplete but corrections are higher-order in α and depend on the truncation, as evident via Eq. (16). They become crucial in strongly coupled theories [46–48].

As one approaches the bifurcation point associated with the onset of DCSB from below, the behaviour of Z(p^2) begins to influence the dressed-fermion mass function, which itself possesses power-law behaviour in the ultraviolet [49, 50]. In this instance, elimination of ln Λdivergences requires 1 2 a_4 + 2a_5 + a_7 = 0 . (19)

The tensor T^5_μ is that matrix structure associated directly with the Pauli form factor of an on-shell fermion. One should therefore expect a realistic vertex Ansatz to have a_5 ≠ 0. As a consequence, at least one of a_{4,7} must be nonzero.

C. Anomalous Magnetic Moment

Pursuing this point, consistency with the one-loop result for the anomalous magnetic moment of an on-shell fermion with mass m [51] entails

−mλ_2 + λ_3 + τ_5 + mτ_8 = α 4πm , (20)

where the functions are evaluated at k^2 = p^2 = −m^2, q^2 = 0. In the context of our model, the content of Eq. (20) is readily illustrated: in Landau gauge (ξ = 0) λ_2 = 0 = τ_8 at one-loop order and Eq. (20) becomes the constraint

(1 + a_5)mB^′(−m^2) = α 4π . (21)

Using the one-loop expression for B(p^2), neglecting ln p^2/m^2 terms for simplicity, then the constraint entails a_5 = (−4/3). (Inclusion of the ln-term reduces this value by 11%, which is a negligible effect for our purposes.)

Observe now that the tensors T^{1,2}_μ can be reexpressed:

T^1_μ = iq^2ℓ^T_μ , T^2_μ = 1 2 γ · ℓ T^1_μ . (22)

Following numerous earlier studies, we have composed a vertex Ansatz based on these tensors and required that their coefficient functions be free of kinematic singularities; viz., regular at q^2 = 0. Using Eq. (11), their net contribution to the vertex is

q^2 a_1Δ_B 2ℓ^2 +^1_2 q^2 iℓ^T_μ + q^2 a_2Δ_A 2ℓ^2 +^1_2 q^2 1 2 γ · ℓ ℓ^T_μ . (23)

The asymptotic domain k^2 ≫ p^2 corresponds to large values of ℓ^2 ∼ q^2/4, upon which the contribution is therefore

a_1Δ_B iℓ^T_μ + a_2Δ_A 1 2 γ · ℓ ℓ^T_μ . (24)

Plainly, the kinematic dependence on q^2 plays no role asymptotically and the standard analysis proceeds without reference to it. On the infrared domain, however, the kinematic dependence on q^2 is crucial. With the choices described above, the contribution from τ_{1,2} to the fermion’s anomalous magnetic moment vanishes. This is a pitfall of the basis in Eq. (10).

With hindsight, one could equally have chosen to use the tensor basis in Ref. [21], which corresponds to

T̃^1_μ = −iℓ^T_μ , T̃^μ_2 = −iγ · ℓT̃^1_μ . (25)

In this case Eqs. (11a), (11b) suggest alternative natural choices for the coefficient functions: τ̃_1 = a_1Δ_B , τ̃_2 = (a_2/2)Δ_A; Eq. (24) represents the vertex contribution for all values of q^2; and the fermion’s anomalous magnetic moment receives contributions from both these terms. Equation (20) is then modified as follows:

−mλ_2 + λ_3 + τ̃_1 + mτ̃_2 + τ_5 + mτ_8 = α 4πm . (26) A comparison with leading-order perturbation theory would now inform constraints on additional structures in the vertex. For example, Eq. (26) and Ref. [43] together entail that τ̃_{1,2}(k^2, k^2) should assume functional forms that vanish at leading-order in Landau gauge.

At this point a comparison with Ref. [52] is useful. The function q^2τ_1(q^2) here corresponds to F_5(q^2) therein, which does not vanish at q^2 = 0. Similarly, F̂_{5,7}(q^2) in Ref. [21], which correspond to q^2τ_{1,2}(q^2) herein, are nonzero and significant at q^2 = 0. This suggests that a tensor basis which avoids multiplicative factors of q^2 is better suited to building vertex Ansätze intended for use on the entire domain of (k^2, p^2, q^2) that is sampled in both nonperturbative solutions of truncated DSEs and applications in hadron physics.

IV. CRITICAL COUPLING FOR DCSB

Having detailed an Ansatz and a number of constraints, we are now in a position to solve the gap equation; i.e., the coupled equations for Z(p^2), M(p^2). These equations simplify in the neighbourhood of α_c; viz., the coupling whereat a M(p^2) ≢ 0 solution bifurcates away from the M(p^2) ≡ 0 solution, which alone is possible in perturbation theory [53–55]. The behaviour of the solutions near the bifurcation point may be investigated by performing functional differentiation of the gap equations with respect to M(p^2) and evaluating the results at M(p^2) = 0. Practically, this amounts to analysing linearised forms of the original gap equations; i.e., the equations obtained by eliminating all terms of quadratic or higher order in M(p^2).

Since the only mass-scale at the bifurcation point is the regularisation parameter, then in the vicinity of α_c one may uniformly approximate the mass function as M(p^2) ∼ (1/p^2)^s, s = 1 − γ_m/2 with γ_m the mass anomalous dimension. Combined with our vertex Ansatz, power-law behaviour for both Z, M enables one to evaluate the angular and radial integrals in the gap equation. This produced Eq. (18) and here yields the following equation in the quenched truncation:

f_2(ξ, α, ν, s; a_1, a_2, a_4, a_6) = 0 , (27) = −ξ + 3 2 ν(ν − s + 1) 1 − s { − π cot πν − π cot π(s − ν) + 1 ν + 1 ν + 1 + 1 s + 1 1 − s + 2 s − ν + ( 1 + a_2 3 + 2a_6 ) [π cot πs − π cot π(s − ν)] − (a_2 3 − 2a_6 ) [ 1 s − ν + 1 s − ν − 1 − 1 s + 1 1 − s ]

− 2a_2 3 [ 1 s − 1 s − ν − ψ ( s 2 ) + ψ(s) + ψ ( ν − s 2 ) − ψ(ν − s) ]

− a_4 12 [ 1 1 + s + 1 2 − s + 1 ν − 1 − 1 ν + 2 ] + (a_7 6 − a_1 3 ) [ 1 2 ( 3 s + 1 1 − s + 3 ν − 1 ν + 1 − π cot πs

−π cot πν + π cot πs 2 + π cot πν 2 ) − ψ ( − s 2 ) + ψ ( ν 2 ) + ψ(s) − 1 2 ψ ( s 2 ) − ψ(ν) + 1 2 ψ ( ν 2 ) ]

+a_7 [ 1 4 ( 5 s + 3 1 − s + 5 ν − 3 ν + 1 − π cot πs − π cot πν] ) + ψ(−s) − ψ ( − s 2 ) − ψ(ν) + ψ (ν 2 ) ]} , (28)

where: Γ(x) is the Euler function; ψ(x), its logarithmic derivative (digamma function); and ψ(x) = ψ(x) + ψ(−x). N.B. The absence of power-law divergences is guaranteed so long as ν ∈ (−2, 1), s ∈ (0, 1). In addition, Eq. (19) means that a_7 is not an independent parameter.

Our initial goal is to locate the bifurcation point, α_c. Consider Eqs. (18), (27). One finds that for given values of (ξ, α) and vertex Ansatz parameters, Eq. (18) produces a solution for ν. Using these parameters in Eq. (27), one finds no solutions for s if α < α_c and two solutions if α > α_c: f_2(ξ, α, ν, s; a_1, a_2, a_4, a_6) has the appearance of a flattened catenary; and the bifurcation point is found when the locations of this function’s roots and its interior extremum coincide. This condition may be imposed by requiring f_3(ξ, α, ν, s;⃗a) := ∂ ∂s f_2(ξ, α, ν, s;⃗a) = 0 (29) in addition to Eqs. (18), (27).

We now demand a little more; namely, that our Ansatz produce a Landau-gauge value of α_c which agrees with that produced by the Ball-Chiu Ansatz [12] and minimises ∂α_c/∂ξ on ξ ∈ [0, 10]. (We choose the Ball-Chiu result to define α_c(ξ = 0) because this Ansatz is the minimal vertex consistent with the Ward and Ward-Takahashi identities.) For this purpose α_c = α_c(ξ; a_1, a_2, a_4, a_6); i.e., a function that describes a smooth surface in six dimensions, and our demand is straightforwardly mapped into a multidimensional extremisation problem. Namely, find that set E = {ǎ_1, ǎ_2, ǎ_4, ǎ_6} which produces min{(∂α_c(ξ; a_1, a_2, a_4, a_6)/∂ξ)^2, ξ ∈ [0, 10]}. We obtain a solution with

ǎ_1 ǎ_2 ǎ_4 ǎ_6 ǎ_5 ǎ_3 ǎ_7 ǎ_8 0 3.4 6 −^1_2 −^4_3 1 −^1_3 −3.7 , (30)

where ǎ_5 was fixed following Eq. (20), and ǎ_{3,7,8} are determined from the other Ansatz parameters via Eqs. (13),

(17), (19). N.B. With a_1 = 0, we comply with an observation made after Eq. (26).

Our result is the solid curve in Fig. 1, which illustrates that it is straightforward to obtain a critical coupling that is almost insensitive to ξ if all amplitudes are retained in the vertex. Notably, this Ansatz depends neither on ξ nor the angle defined by k · p . Moreover, if any one of the parameters a_i in Eq. (11) is allowed to depend on ξ, then ∂α_c/∂ξ ≡ 0 is guaranteed.

It is important to observe that γ_m = 1.058 in Landau gauge. This result emphasises that four-fermion operators become relevant to QED for α > α_c because the operator (ψ̄ψ)^2 has dimension 2 × (3 − γ_m). As a consequence, one cannot sensibly compute a fermion condensate unless this operator is included. That, however, introduces a new parameter, the operator’s coupling strength, which cannot readily be constrained. In these circumstances, no attempt to enforce ξ-independence of the condensate can produce additional meaningful constraints on the vertex.

It is worth digressing here and reiterating that Landau gauge occupies a special place [47, 48]. For example, it is a fixed point of the renormalisation group; and that gauge for which the one-loop contribution to A(p) vanishes in any number of dimensions in any renormalisable gauge theory (see Eq. (16) and Ref. [43]). It follows from the latter that in Landau gauge any sensitivity to modeldependent differences between Ansätze for the fermionphoton vertex are least noticeable. One may therefore argue that all discussion of the gauge-parameter dependence of a vertex Ansatz is moot, since the vertex in anything other than Landau gauge should simply be defined as the Landau-Khalatnikov-Fradkin (LKF) transform [56–59] of the Landau gauge form. The sensible implementation of this procedure guarantees gauge covariance and hence obviates any question about the gauge dependence of gauge invariant quantities. Notwithstanding

FIG. 1. Critical coupling for DCSB as a function of the gauge parameter, ξ: αc(0) = 0.934. Solid curve – Result obtained with the vertex Ansatz defined by Eq. (30), which incorporates all structures that contribute to a fermion anomalous magnetic moment. Circles – Allowing a1 to depend on ξ, it is possible to ensure ∂αc/∂ξ ≡ 0. Dashed curve – Result obtained with the Curtis-Pennington vertex Ansatz [26]; and dash-dot curve – bare vertex result.

these observations, the LKF transform of a general vertex Ansatz is practically difficult to obtain [27], and, as we have illustrated herein, requiring gauge-parameter independence of physical quantities computed with a given vertex can inform and constrain the construction of an Ansatz.

V. MODEL’S STRENGTHS AND WEAKNESSES

We now address aspects of an additional issue; namely, whether the Ansatz expressed in Eqs. (9)–(11), (30) is adequate for use in nonperturbative studies of truncated DSEs or to describe the dressed-quark–photon coupling in hadron physics phenomenology. Both applications sample domains of (k^2, p^2, q^2) that stretch far outside those considered in asymptotic analyses. We limit ourselves to the context provided by the anomalous magnetic moment of a dressed fermion, in part because above we have highlighted DCSB and this emergent phenomenon produces an anomalous magnetic moment for a perturbatively massless fermion: it is impossible for a truly massless fermion to possess a measurable anomalous magnetic moment [21].

We follow Ref. [21] in constructing an anomalous magnetic moment distribution. At each value of spacelike-p^2, define spinors to satisfy

ū(p, M )(iγ · p + M ) = 0 = (iγ · p + M )u(p, M ) , (31)

where M = M(p^2); i.e., the mass-function evaluated at

FIG. 2. Dynamically generated anomalous magnetic moment distribution for a perturbatively massless fermion. Solid curve – computed from the interaction model described in Ref. [60] using the vertex Ansatz described herein. Dashed curve – computed from the interaction model in Ref. [21] using our vertex Ansatz ; and dot-dashed curve – distribution computed in Ref. [21], obtained via a symmetry-preserving simultaneous solution of the beyond-rainbow-ladder gap equation and inhomogeneous vector Bethe-Salpeter equation. Between the last two curves, the mismatch at ultraviolet momenta is readily understood: our vertex Ansatz expresses constraints from one-loop perturbation theory in a theory with a powerlaw fermion-fermion interaction, whereas the interaction in Ref.[21] dies exponentially. Dotted curve – For comparison with the dashed and dot-dashed curves, the distribution obtained with any one of the Ansätze in Refs. [12, 26, 31].

that value of p^2. In this case ū(k, M )Γ_μ(k, p)u(p, M ) = ū(k, M ) [ F_1(q^2) + 1 2M σ_{μν} q_ν F_2(q^2) ] u(p, M ) , (32)

owing to a Gordon identity, and the fermion’s anomalous magnetic moment is κ(M ) = F_2(q^2 = 0, M )/F_1(0, M ). With the Ansatz specified by Eqs. (9)–(11), (30),

κ(M ) = 2M

(a_5 − 1)δ_B + (1 − a_8)M δ_A σ_A − 2M^2δ_A + 2M δ_B

, (33)

where σ_A = Σ_A(M^2, M^2), δ_{A,B} = Δ_{A,B} (M^2, M^2). (N.B. The tensor denominated T^8_μ herein is associated with τ_4 in Ref. [21].)

The distribution is plotted in Fig. 2, where the Euclidean constituent fermion mass M^E = {p |p > 0, p^2 = M^2(p^2)}. It is immediately apparent that DCSB produces a distribution that is large on the nonperturbative infrared domain: κ_M E = 0.45 − 0.55, but vanishes with the strength of this dynamical effect. More striking in the present context, however is the degree of similarity between the dashed and dot-dashed curves. This signals that our vertex Ansatz passes a nontrivial test. Namely, whilst expressed solely in terms of the functions in the dressed-fermion propagator, it nevertheless produces a magnetic moment distribution in fair agreement with the most realistic symmetry-preserving solution of the inhomogeneous vector Bethe-Salpeter equation that is currently available. It is therefore worth employing this Ansatz more widely; e.g., in the computation of hadron electromagnetic form factors [19, 20, 22, 25].

Notwithstanding this, there are some caveats that should be borne in mind. As observed in Sec. III A, no Ansatz for the transverse part of the fermion-photon vertex is completely satisfactory if it does not express what might be called leakage into the spacelike region of spectral strength from both the two-pion continuum and the region of the ρ-meson pole. If one concentrates on the spacelike domain, then such effects are maximal near q^2 = 0 and may be characterised by observing that they alter charge radii by ≲ 20% [25, 52, 61–63]. Related, and more important perhaps, are the limitations of the tensor basis in Eqs. (10) that we discussed in Sec. III C. Namely, analyses concerned with domains of ultraviolet momenta are not necessarily a fair guide to the q^2-dependence of the vertex in the infrared. Explicit computations [21, 52] present conflicts with expectations fed by Ansätze built upon Eqs. (9), (10). Finally, it is worth investigating how our Ansatz fares in the DSE for the photon vacuum polarisation, which is known to be sensitive to features and kinematic domains that are not strongly constrained by the gap equation [64]. Such analyses would likely lead to a refinement of our model.

VI. EPILOGUE

Motivated by the fact that knowledge of the dressedfermion–gauge-boson vertex is critical to any continuum study of a gauge field theory, we have detailed a workable model for the dressed-fermion-photon vertex, Γ_μ(k, p). It is expressed solely in terms of functions which appear in the dressed-fermion propagator, is independent of the angle defined by k · p , and does not explicitly depend on the covariant-gauge parameter. The Ansatz is nevertheless consistent with constraints that have long been held important, namely: it is free of kinematic singularities; ensures gauge covariance and invariance in the application tested; and assists in providing for the multiplicative renormalisability of solutions to the DSEs within which it appears.

Significantly, the Ansatz contains nontrivial factors associated with those tensors that are even in the number of Dirac matrices; i.e., whose appearance is expressly driven by dynamical chiral symmetry breaking in a perturbatively massless theory. This novel feature enables a direct and positive comparison with the best available symmetry-preserving solutions of the inhomogeneous Bethe-Salpeter equation for the vector vertex. The positive outcome indicates that our model might provide a much needed tool for use in Poincaré-covariant symmetry-preserving studies of hadron electromagnetic form factors. Furthermore, given the general nature of our constraints and the simplicity of our construction, there is some room to hope that a straightforward extension of our approach might yield an Ansatz adequate to the task of representing the dressed-quark-gluon vertex.

ACKNOWLEDGMENTS

We are grateful for useful input from C. Chen, S.-x. Qin, P. C. Tandy and D. J. Wilson. This work was supported by the Programa de Cooperación Bilateral México-Estados Unidos (CONACyT 2009-2011) with counterpart funding from the U. S. National Science Foundation, under grant no. NSF-PHY-0903991; CONA- CyT project 46614-F; Coordinación de la Investigación Científica (CIC) project no. 4.10; and the U. S. Department of Energy, Office of Nuclear Physics, contract no. DE-AC02-06CH11357.

[1] P. O. Bowman et al., Phys. Rev. D70, 034509 (2004). [2] A. C. Aguilar, D. Binosi, and J. Papavassiliou, JHEP 07, 002 (2010).

[3] A. Cucchieri and T. Mendes, AIP Conf. Proc. 1343, 185 (2011).

[4] P. Boucaud, J. Leroy, A. Le Yaouanc, J. Micheli, O. Pene, and J. Rodriguez-Quintero (arXiv:1109.1936 [hep-ph]), The Infrared Behaviour of the Pure Yang-Mills Green Functions.

[5] M. R. Pennington and D. J. Wilson, Phys. Rev. D84, 119901 (2011).

[6] P. O. Bowman, U. M. Heller, and A. G. Williams, Phys.

Rev. D66, 014505 (2002).

[7] P. Maris, A. Raya, C. D. Roberts, and S. M. Schmidt, Eur. Phys. J. A18, 231 (2003).

[8] M. S. Bhagwat, M. A. Pichowsky, C. D. Roberts, and P. C. Tandy, Phys. Rev. C68, 015203 (2003).

[9] P. O. Bowman, U. M. Heller, D. B. Leinweber, M. B.

Parappilly, A. G. Williams, and J.-b. Zhang, Phys. Rev. D71, 054507 (2005).

[10] M. S. Bhagwat and P. C. Tandy, AIP Conf. Proc. 842, 225 (2006).

[11] W. Kamleh, P. O. Bowman, D. B. Leinweber, A. G.

Williams, and J. Zhang, Phys. Rev. D76, 094501 (2007). [12] J. S. Ball and T.-W. Chiu, Phys. Rev. D22, 2542 (1980). [13] M. R. Frank, Phys. Rev. C51, 987 (1995). [14] C. D. Roberts, Nucl. Phys. A605, 475 (1996). [15] H. J. Munczek, Phys. Rev. D52, 4736 (1995). [16] A. Bender, C. D. Roberts, and L. Von Smekal, Phys.

Lett. B380, 7 (1996).

[17] P. Maris, C. D. Roberts, and P. C. Tandy, Phys. Lett.

B420, 267 (1998).

[18] P. Maris and P. C. Tandy, Phys. Rev. C62, 055204 (2000).

[19] G. Eichmann, I. C. Cloët, R. Alkofer, A. Krassnigg, and C. D. Roberts, Phys. Rev. C79, 012202 (2009).

[20] I. C. Cloët, G. Eichmann, B. El-Bennich, T. Klähn, and C. D. Roberts, Few Body Syst. 46, 1 (2009).

[21] L. Chang, Y.-X. Liu, and C. D. Roberts, Phys. Rev. Lett.

106, 072001 (2011).

[22] G. Eichmann, Phys. Rev. D84, 014014 (2011). [23] L. Chang and C. D. Roberts (arXiv:1104.4821 [nucl-th]), Tracing masses of ground-state light-quark mesons.

[24] L. Chang, C. D. Roberts, and P. C. Tandy, Chin. J. Phys.

49, 955 (2011).

[25] D. J. Wilson, I. C. Cloët, L. Chang, and C. D. Roberts (arXiv:1112.2212 [nucl-th]), Nucleon and Roper electromagnetic elastic and transition form factors.

[26] D. C. Curtis and M. R. Pennington, Phys. Rev. D42, 4165 (1990).

[27] C. J. Burden and C. D. Roberts, Phys. Rev. D47, 5581 (1993).

[28] Z.-h. Dong, H. J. Munczek, and C. D. Roberts, Phys.

Lett. B333, 536 (1994).

[29] A. Bashir and M. R. Pennington, Phys. Rev. D50, 7679 (1994).

[30] A. Bashir and A. Raya, in Trends in Boson Research (Nova Science Publishers, New York, 2006), chap. Gauge symmetry and its implications for the Schwinger- Dyson equations.

[31] A. Kızılersü and M. R. Pennington, Phys. Rev. D79, 125020 (2009).

[32] A. Bashir, A. Raya, and S. Sanchez-Madrigal, Phys. Rev.

D84, 036013 (2011).

[33] N. I. Kochelev, Phys. Lett. B426, 149 (1998). [34] D. Diakonov, Prog. Part. Nucl. Phys. 51, 173 (2003). [35] J. I. Skullerud, P. O. Bowman, A. Kızılersü, D. B. Leinweber, and A. G. Williams, JHEP 04, 047 (2003).

[36] A. Kızılersü, D. B. Leinweber, J.-I. Skullerud, and A. G.

Williams, Eur. Phys. J. C50, 871 (2007). [37] P. E. L. Rakow, Nucl. Phys. B356, 27 (1991). [38] M. Reenders, Phys. Rev. D62, 025001 (2000). [39] M. S. Bhagwat and P. C. Tandy, Phys. Rev. D70, 094039 (2004).

[40] H.-x. He, Phys. Rev. D80, 016004 (2009). [41] A. Bashir, A. Kızılersü, and M. R. Pennington, Phys.

Rev. D62, 085002 (2000).

[42] A. Kızılersü, M. Reenders, and M. R. Pennington, Phys.

Rev. D52, 1242 (1995).

[43] A. I. Davydychev, P. Osland, and L. Saks, Phys. Rev.

D63, 014022 (2001).

[44] A. Bashir and M. R. Pennington, Phys. Rev. D53, 4694 (1996).

[45] A. Bashir and R. Delbourgo, J. Phys. A37, 6587 (2004). [46] P. Maris, Phys. Rev. D54, 4049 (1996).

[47] A. Bashir, A. Raya, I. C. Cloët, and C. D. Roberts, Phys.

Rev. C78, 055201 (2008).

[48] A. Bashir, A. Raya, S. Sanchez-Madrigal, and C. D.

Roberts, Few Body Syst. 46, 229 (2009). [49] V. P. Gusynin, Mod. Phys. Lett. A5, 133 (1990). [50] A. Bashir, C. Calcaneo-Roldan, L. X. Gutiérrez- Guerrero, and M. E. Tejeda-Yeomans, Phys. Rev. D83, 033003 (2011).

[51] J. S. Schwinger, Phys. Rev. 73, 416 (1948). [52] P. Maris and P. C. Tandy, Phys. Rev. C61, 045202 (2000), nucl-th/9910033.

[53] D. Atkinson and P. W. Johnson, Phys. Rev. D35, 1943 (1987).

[54] D. Atkinson, V. P. Gusynin, and P. Maris, Phys. Lett.

B303, 157 (1993).

[55] D. Atkinson, J. C. R. Bloch, V. P. Gusynin, M. R. Pennington, and M. Reenders, Phys. Lett. B329, 117 (1994).

[56] L. D. Landau and I. M. Khalatnikov, Sov. Phys. JETP 2, 69 (1956).

[57] E. S. Fradkin, Zh. Eksp. Teor. Fiz. 29, 258 (1955). [58] K. Johnson and B. Zumino, Phys. Rev. Lett. 3, 351 (1959).

[59] B. Zumino, J. Math. Phys. 1, 1 (1960).

[60] S.-x. Qin, L. Chang, Y.-x. Liu, C. D. Roberts, and D. J.

Wilson, Phys. Rev. C84, 042202(R) (2011).

[61] R. Alkofer, A. Bender, and C. D. Roberts, Int. J. Mod.

Phys. A10, 3319 (1995).

[62] C. D. Roberts and S. M. Schmidt, Prog. Part. Nucl. Phys.

45, S1 (2000).

[63] H. L. L. Roberts, A. Bashir, L. X. Gutierrez-Guerrero, C. D. Roberts, and D. J. Wilson, Phys. Rev. C83, 065206 (2011).

[64] A. Kızılersü, T. Sizer, and A. G. Williams, AIP Conf.

Proc. 1354, 127 (2011).