arXiv:1112.4995v4 [gr-qc] 5 Mar 2012

Cosmological evolution in R^2 gravity

E.V. Arbuzova^a, A.D. Dolgov^{b,c,d}, L. Reverberi^{b,c}

March 6, 2012

aDepartment of Higher Mathematics, University Dubna Universitetskaya ulitsa, 19, 141980 Dubna, Russia bDipartimento di Fisica, Università degli Studi di Ferrara Polo Scientifico e Tecnologico - Edificio C, Via Saragat 1, 44122 Ferrara, Italy cIstituto Nazionale di Fisica Nucleare, Sezione di Ferrara Polo Scientifico e Tecnologico - Edificio C, Via Saragat 1, 44122 Ferrara, Italy dInstitute of Theoretical and Experimental Physics Bolshaya Cheremushkinskaya ul. 25, 113259 Moscow, Russia.

Abstract

The universe evolution during the radiation-dominated epoch in the R^2–extended gravity theory is considered. The equations of motion for R and H are solved analytically and numerically. The particle production rate by the oscillating curvature is calculated in one-loop approximation and the back-reaction of particle production on the evolution of R is taken into account. Possible implications of the model for cosmological creation of non-thermal dark matter is discussed.

e-mail: arbuzova@uni-dubna.ru dolgov@fe.infn.it reverberi@fe.infn.it

1 Introduction

During the last two decades the accumulated astronomical data have unambiguously proved that the universe expansion is accelerated. The data include the observation of the large scale structure of the universe, the measurements of the angular fluctuations of the cosmic microwave background radiation, the determination of the universe age (for a review see [1]), and especially the discovery of the dimming of distant Supernovae [2].

The driving force behind this accelerated expansion in unknown. Among possible explanations, the most popular is probably the assumption of a new (unknown) form of cosmological energy density with large negative pressure, P < −ϱ/3, the so-called dark energy, for a review see e.g. [3].

A competing mechanism to describe the accelerated expansion is represented by gravity modifications at small curvature, the so-called f(R)-gravity theories, as suggested in ref. [4]. In these theories the standard Einstein-Hilbert Lagrangian density, proportional to the scalar curvature R, is replaced by a function f(R), so the usual action of General Relativity acquires an additional term: S = − m^2_{P l} 16π ∫ d^4x √ −g f(R) + S_m = − m^2_{P l} 16π ∫ d^4x √ −g [R + F (R)] + S_m , (1)

where m_{P l} = 1.22 · 10^{19} GeV is the Planck mass and S_m is the matter action.

The original version of such models suffers from a strong instability in presence of gravitating bodies [5] and because of that more complicated functions F (R) have been proposed [6–9], which are free from the mentioned exponential instability. It was claimed in an earlier paper [10] that the instability could be eliminated by a mere addition of terms of the type R^q/m^{2(q−1)}q to the action, where m_q is a constant parameter with dimension of mass. To some extent such terms may suppress the instability for systems with relatively high mass density, ϱ > 1g/cm^3, but for less dense systems e.g. for those with ϱ ∼ 10^{−24}g/cm^3 this mechanism demands too large coefficients in front of R^q (small m_q), which are at odds with big bang nucleosynthesis.

Though free of instability [5], the models proposed in [6–8] possess another troublesome feature, namely in a cosmological situation they should evolve from a singular state in the past [11]. Moreover, it was found in refs. [12, 13] that in presence of matter, a singularity may arise in the future if the matter density rises with time; such future singularity is unavoidable, regardless of the initial conditions, and is reached in a time which is much shorter than the cosmological one. In the standard Friedmann cosmology, in which the energy density decreases with time, a future singularity may appear in several scenarios (phantom cosmology, quintessence models, . . . ), but not in models [6–8], as shown in ref. [13]. This statement is in straight disagreement with earlier papers [14].

The subject of modified gravity includes about 10^3 papers at the present time and it is impossible to quote many relevant works. For a review one may look into references [15–17].

The aforementioned problems can be cured by adding to the action an R^2-term, which prevents from the singular behavior both in the past and in the future. In the present work we study the cosmological evolution of the Universe in a theory with only an additional R^2 term in the action, neglecting other terms which have been introduced to generate the accelerated expansion in the contemporary universe. The impact of such terms is negligible in the limit of sufficiently large curvature, |R| ≫ |R_0|, where R_0 is the cosmological curvature at the present time.

In other words, we study here the cosmological evolution of the early and not so early universe in the model with the action: S = − m^2_{P l} 16π ∫ d^4x √ −g ( R − R^2 6m^2 ) + S_m , (2)

where m is a constant parameter with dimension of mass.

Cosmological models with an action quadratic in the curvature tensors were pioneered in ref. [18]. Such higher-order terms appear as a result of radiative corrections to the usual Einstein-Hilbert action after taking the expectation value of the energy-momentum tensor of matter in a curved background. In such models, like for instance the Starobinsky model [19], the universe may have experienced an exponential (inflationary) expansion without invoking phase transitions in the very early universe. This model has a graceful exit to matter-dominated stage which is induced by the new scalar degree of freedom, the scalaron (curvature scalar), which becomes a dynamical field in R^2-theory.

The reheating process, due to gravitational particle production from scalaron (curvature scalar) oscillations, leads to a transition to a Friedmann-like universe. These features of the model are thoroughly discussed, for instance, in refs. [20–22]. Cosmological dynamics of fourth-order gravity were investigated in several works, see e.g. [23] and references therein.

A somewhat similar study was performed in ref. [24] where a version of massive Brans- Dicke (BD) theory without kinetic term (i.e. with BD parameter ω = 0) was considered. The Hubble parameter and curvature demonstrate oscillating behavior which resembles the one found in our paper (and earlier in many others), but quantitative features are very much different.

Beside R^2-terms, terms containing the Ricci tensor squared R_{μν} R^{μν} are induced by radiative corrections as well, and with similar magnitude. However, the natural magnitude of such radiatively induced terms is quite small. The characteristic mass parameter, in fact, is of the order of the Planck mass in both cases, which makes this situation non-interesting for applications discussed below. On the other hand, R^2 cosmology (without R_{μν} R^{μν} ) has been considered in the literature with much larger magnitude of R^2 than the natural value from radiative corrections. The assumption of large R^2 terms is made ad hoc to formulate a model which could, for instance, cure singularities. We follow the spirit of those works. However, it could be worthwhile to study the consequences of more complicate models with both R^2 and R_{μν} R^{μν} terms. It may be a subject for future investigation.

The paper is organized as follows. In sec. 2 the cosmological equations modified by the presence of R^2-term are presented and solved both analytically and numerically in the case of a radiation-dominated (RD) universe.

We study two equivalent sets of equations, for the time-time component of the (modified) Einstein equations and for their trace. In sec. 3 particle production by the external oscillating gravitational field is studied. First, we derive the equation of motion for the evolution of R with the account of the back-reaction from particle production. This leads to an exponential damping of the oscillating part of R, while the non-oscillating ”Friedmann” part remains practically undisturbed. The particle production influx into the cosmological plasma is estimated in the case of a massless, minimally-coupled scalar field. In the conclusions we discuss possible implications of the scenario, in particular for heavy supersymmetric dark matter.

2 Friedmann-like Universe in R^2 Gravity

We consider the theory with action (2) and use the conventions η_{μν} = diag(+, −, −, −), R^α_{μβν} = ∂_β Γ^α_{μν} + · · · and R_{μν} = R^α_{μαν} . We also use the natural units ℏ = c = k_B = 1 and define the Planck mass as m^2_{P l} = G^{−1}_N .

The modified Einstein equations for this theory read R_{μν} − 1 2 g_{μν} R − 1 3m^2 ( R_{μν} − 1 4 Rg_{μν} + g_{μν} D^2 − D_μD_ν ) R = 8π m^2_{P l} T_{μν} , (3)

where D^2 ≡ g^{μν} D_μD_ν is the covariant D’Alembert operator. We assume the Friedmann- Robertson-Walker metric with the interval given by

ds^2 = dt^2 − a^2(t) [ dr^2 1 − kr^2 + r^2dϑ^2 + r^2 sin^2 ϑ dφ^2 ] . (4)

In what follows we will neglect the three-dimensional space curvature^1, hence setting k = 0. The curvature scalar R is expressed through the Hubble parameter H = ȧ/a as

R = −6Ḣ − 12H^2 . (5)

Therefore, the time-time component of eq. (3) reads Ḧ + 3HḢ − Ḣ 2 2H + m^2H 2 = 4πm^2 3m^2_{P l}H ϱ , (6)

where over-dots denote derivative with respect to physical time t.

Taking the trace of eq. (3) yields

R̈ + 3HṘ + m^2 ( R + 8π m^2_{P l} T^μ_μ ) = 0 . (7)

This equation is a sort of Klein-Gordon equation for a homogeneous scalar field (the “scalaron”) of mass m, with a source term proportional to the trace of the energymomentum tensor of matter. The General Relativity (GR) case may be recovered when m → ∞. In this limit we expect to obtain the usual algebraic relation between the curvature scalar and the trace of the energy-momentum tensor of matter:

m^2_{P l}R_{GR} = −8πT^μ_μ . (8)

1This is a very good approximation, at least during the radiation-dominated epoch.

However, unlike the usual GR, in higher-order theories curvature and matter are related to each other through a differential equation, not simply algebraically. Therefore, the theory may approach GR as m → ∞ in a non-trivial way or even not approach it at all.

For a perfect fluid with relativistic equation of state P = ϱ/3, the trace of the energymomentum tensor of matter T^μ_μ vanishes and R satisfies the homogeneous equation. The GR solution R = 0 satisfies this equation, but if one assumes that neither R nor Ṙ vanish initially, the general solution for R will be an oscillating function with a decreasing amplitude. The decrease of the amplitude is induced by the cosmological expansion (the second term in eq. (7)) and by particle production by the oscillating gravitational field R(t). The latter is not included in this equation and will be taken into account below in sec. 3.

It can be easily shown that the left-hand side of eq. (3) is covariantly conserved, which in turn implies the covariant conservation of the energy-momentum tensor of matter. The latter allows to write the evolution equation for the matter content, assuming it to be a perfect fluid with energy density ϱ and pressure P :

ϱ̇ + 3H(ϱ + P ) = 0 . (9)

As is well known, only two of equations (6), (7), and (9) are independent.

From eq. (9) it follows that relativistic matter, having equation of state P = ϱ/3, satisfies ϱ̇_R + 4Hϱ_R = 0 . (10)

In what follows we will use either the set of eqs. (6) and (10) or the set (5) and (7) as the basic equations. They are of course equivalent but their numerical treatment may be somewhat different.

There is a possibility of gravitational particle production, which may non-trivially affect the solutions of the above equations. In first approximation, however, we neglect such contributions, which will be dealt with later on in the final part of this paper.

2.1 Evolution equations in dimensionless form

During most of its history (in terms of redshift, not time) the universe was dominated by relativistic matter, or in other words, it was radiation-dominated (RD). An exception to the RD regime is of course the inflationary stage with vacuum-like energy density and the universe heating epoch at the end of inflation when most probably the (non-relativistic) matter dominated (MD) regime was realized. After that, relativistic matter was dominant till redshifts of order of 10^4, which corresponds to the moment of the matter-radiation equality. From the observations of the abundances of light elements we know for sure that at the time of big bang nucleosynthesis (BBN) the universe was quite precisely dominated by relativistic matter. If earlier in the course of the universe expansion and cooling down there were first order phase transitions in the primeval plasma, relatively short periods of vacuum-like matter dominance could have taken place. We also expect some (small) corrections to the RD regime due to the existence of particles in the plasma with masses comparable to the universe temperature, and because of the trace anomaly in the energymomentum tensor of matter which leads to T^μ_μ ≠ 0 even for massless particles. The universe might have even been in a practically pure MD regime after the post-inflationary RD stage. This regime could have been created by primordial black holes which evaporated early enough to bring the universe back to the normal RD epoch [25]. The last possibility is especially interesting in the case of R^2-inflation since the initial oscillations of R would be damped due to particle production at the end of inflation, and the GR solution could be restored. All these deviations from the pure RD regime would in turn induce deviations from the GR solution (R = 0) and give rise to oscillations of R even if they were initially absent.

In what follows, we study the cosmological evolution in the R^2-theory assuming rather general initial conditions for R and H and dominance of relativistic matter. The MD regime will be studied elsewhere.

It is convenient to rewrite the equations in terms of the dimensionless quantities τ = H_0 t, h = H/H_0, r = R/H^2_0 , y = 8πϱ/(3m^2_{P l}H^2_0 ), and ω = m/H_0,where H_0 is the value of the Hubble parameter at some initial time t_0. Thus the following two equivalent systems of equations are obtained: h^{′′} + 3hh^′ − h^{′2} 2h + ω^2 2 h^2 − y h = 0 ,

y^′ + 4hy = 0 ,

(11)

and { r^{′′} + 3hr^′ + ω^2r = 0 , r + 6h^′ + 12h^2 = 0 .

(12)

Here prime indicates derivative with respect to dimensionless time τ. If we impose the “natural” relativistic initial conditions:

τ_0 = 1/2 , h_0 = 1 , h^′_0 = −2 , y_0 = 1 ,

(13)

we find that there exists the exact solution h = 1/(2τ), y = 1/(4τ^2), and r = 0, which corresponds to the usual general relativity, but this solution may deviate from GR because of deviations of the real expansion regime from the purely relativistic one. In principle, depending on the initial conditions, the solutions may oscillate around some value of hτ, which may itself be different from 1/2, and in fact this is what we will find later on.

Any non-negligible deviation from the GR solution may lead to observable effects, and hence to observational constraints on m, the only free parameter of the model. We will tackle these problems below both analytically and numerically.

2.1.1 Approximate Analytical Solutions

First we assume that the deviations from GR are small and expand h = 1/(2τ) + h_1 and y = 1/(4τ^2) + y_1, assuming that h_1/h ≪ 1 and y_1/y ≪ 1, and linearize the system of equations. It is convenient to introduce a new unknown function z_1 ≡ h^′_1, so we obtain three first-order linear differential equations with time-dependent coefficients:

z^′_1 = − 5 2τ z_1 + ( 1 τ^2 − ω^2 ) h_1 + τω^2y_1

h^′_1 = z_1

y^′_1 = − 1 τ^2 h_1 − 2 τ y_1

(14)

We can find an approximate analytical solution of this system in the limit of large times, or ωτ ≫ 1. In this limit we can treat the coefficients as approximately constant and find the eigenvalues and eigenfunctions of the system of differential equations. This method essentially consists in separating ”fast” and ”slow” variables.

The characteristic polynomial is

P (λ) = λ^3 +

9λ^2 2τ + λ ( 4 τ^2

+ ω^2 ) + 3ω^2 τ − 2 τ^3

(15)

and the eigenvalues (for large ωτ) are approximately

λ_1 ≈ − 3 τ , λ_{2,3} ≈ − 3 4τ ± iω . (16) The general solutions of the system (14) is a linear combination of eigenvectors V_j:

[h_1, z_1, y_1] = ∑ C_j V_j exp [∫_τ dτ^′ λ_j (τ^′) ] , (17)

where V_1 = [1, −3/τ, 1/τ], V_{2,3} = [1, −3/(4τ) ± iω, −1/(5τ/4 ± iωτ^2)] and exp [∫_τ dτ^′ λ_1(τ^′) ] ∼ 1/τ^3 and exp [∫_τ dτ^′ λ_{2,3}(τ^′) ] ∼ e^{±iωτ} /τ^{3/4} . (18) Since the solution must be real, one should take its real and imaginary part.

Let us note that eigenvectors V_j are normalized to almost constant values, up to terms of order 1/τ^2. In principle coefficients C_j depend upon time but this dependence is quite weak, C_j ∼ C_{j0} + C_{j1}/τ^2 and asymptotically negligible.

The correction to the GR solution corresponding to the first eigenvalue λ_1 quickly decreases, since h^{(1)}_1 ∼ 1/τ^3 and y^{(1)}_1 ∼ 1/τ^4, and so it can be asymptotically neglected. The solutions for h_1 corresponding to λ_{2,3} oscillate and decrease more slowly than the GR solution, in fact h^{(2,3)}_1 ∼ sin(ωτ + φ) τ^{3/4}

, (19)

while the solution for the energy density also oscillates but drops down faster than the GR one, y ∼ τ^{−11/4}. The complete asymptotic solution for h has the form: h(τ) ≃ 1 2τ + c_1 sin(ωτ + φ) τ^{3/4}

. (20)

For sufficiently large τ the second term would start to dominate and the linear approximation would no longer hold. Below we will obtain approximate analytical solutions even in the non-linear regime, in the high-frequency limit.

However prior to that it would be instructive to find the solution for the equivalent set of equations (5) and (7) in the same approximation of small deviation from GR. Defining as above, dimensionless time, τ = H_0t, dimensionless Hubble parameter, h = H/H_0, and dimensionless curvature r ≡ R/H^2_0 , we rewrite these equations in the form: { r = −6h^′ − 12h^2 , r^{′′} + 3hr^′ + ω^2r = 0 .

(21)

Introducing the new function q_1 ≡ r^′, we obtain the system of three first-order linear differential equations: q^′_1 = − 3 2τ q_1 − ω^2r r^′ = q_1

h^′_1 = − 1 6 r − 2 t h_1

(22)

Its characteristic polynomial is

P (λ̃) = ( λ̃ + 2 τ ) ( λ̃^2 + 3 λ̃ 2τ + ω^2 ) , so the approximate eigenvalues for ωτ ≫ 1 are

λ̃_1 = − 2 τ , λ̃_{2,3} ≈ − 3 4τ ± iω . (23) As above, the solutions of the system (22) are linear combinations of eigenvectors Ṽ_j:

[h_1, r, q_1] = ∑ C̃_jṼ_j exp [∫_τ dτ^′ λ̃_j (τ^′) ] , (24)

where Ṽ_1 = [1, 0, 0] , Ṽ_{2,3} = [ − 1 6(5/(4τ) ± iω) , 1, − 3 4τ ± iω ]

and exp [∫_τ dτ^′ λ̃_1(τ^′) ] ∼ 1/τ^2 and exp [∫_τ dτ^′ λ̃_{2,3}(τ^′) ] ∼ e^{±iωτ} /τ^{3/4} . (25) So the oscillating solution for h_1 is the same as that of eq. (19). However, the slowly varying (non-oscillating) solution for h_1 decreases more slowly, namely as 1/τ^2 instead of 1/τ^3.

Probably this difference is related to the freedom in the zeroth order GR solution, with respect to the shift of time:

h_0 = 1 2(τ + δ) = 1 2τ − δ 2τ^2

. (26)

Such freedom tells us that the terms of order 1/τ^2 in the first-order corrections are in some sense arbitrary. So the solution h_1 ∼ 1/τ^2 is spurious and should be disregarded. Anyhow the non-oscillating solutions for h_1 quickly disappear asymptotically and can be neglected.

The solutions found above describe the oscillations of the Hubble parameter around the GR value 1/(2τ). Moreover, the amplitude of such oscillations decreases more slowly than 1/τ, so at some stage the oscillations will become large and the condition h_1 ≪ h will no longer be satisfied. After this stage is reached, the linear approximation is no longer valid and the method used above becomes inapplicable.

However, we can still find the asymptotics of the exact nonlinear equations (5) and (7) at large times looking for solutions in the form:

h(τ) = A(τ) + B_s(τ) sin ντ + B_c(τ) cos ντ , (27a)

r(τ) = C(τ) + D_s(τ) sin ντ + D_c(τ) cos ντ . (27b) Here coefficients A, B, C, and D are slowly varying functions of time and ν, assumed large, may in principle be different from ω. As we will see below, this is indeed the case due to radiative corrections (scalaron mass renormalization). In the approximation taken here we find ν = ω.

We obtain approximate equations for these functions equating the coefficients in front of the slowly varying terms, and in front of sin ωτ and cos ωτ. These equations are approximate because we do not take into account higher-frequency terms which appear as a result of non-linearity, but the taken approximation happens to be quite accurate. Doing so, we find from equations (21):

A^′ + 2A^2 + B^2_s + B^2_c = −C/6 , (28a) B^′_s − B_cν + 4AB_s = −D_s/6 , (28b) B^′_c + B_sν + 4AB_c = −D_c/6 , (28c)

C^{′′} + 3 ( AC^′ + 1 2 B_sD^′_s + 1 2 B_cD^′_c − 1 2 νB_sD_c + 1 2 νB_cD_s ) + ω^2C = 0 , (28d)

D^{′′}_s − 2νD^′_c − ν^2D_s + 3A(D^′_s − νD_c) + 3C^′B_s + ω^2D_s = 0 , (28e) D^{′′}_c + 2νD^′_s − ν^2D_c + 3A(D^′_c + νD_s) + 3C^′B_c + ω^2D_c = 0 . (28f)

Assuming A = a τ , B_s = b_s τ , B_c = b_c τ , C = c τ^2

, D_s = d_s τ , D_c = d_c τ , (29)

and keeping only the dominant terms (lowest powers of 1/τ) we obtain the solutions

ν^2 = ω^2 , (30a) d_s = 6ωb_c , (30b) d_c = −6ωb_s , (30c) b^2_s + b^2_c = 2a(2a − 1) , (30d) c = 18a(1 − 2a) . (30e)

It is interesting that equation (30d) demands a > 1/2 in presence of oscillations. We will see from the numerical solution that this is indeed the case.

To summarize, the situation is the following: we initially assume h_1/h ≪ 1 and solve the linearized systems (14) or (22), finding that the Hubble parameter oscillates around the value 1/(2τ) with amplitude growing with time as h_1/h ∼ τ^{1/4}; eventually, such oscillations (and hence non-linear terms) would become dominant and the linear approximation becomes invalid. However, we can proceed further using a sort of truncated Fourier expansion which allows to take into account the non-linearity of the system in the limit ωτ ≫ 1. As a result we have found that h_1/h → const. In other words, the amplitude of the oscillating part of h asymptotically behaves as 1/τ, i.e. in the same way as the slowly-varying part of h.

To be completely sure about these analytical results we have to check if the exact numerical solution of the system (11) shows the same behavior. Still, the analytical estimates presented above are of great interest for the calculation of the evolution of R and H when particle production effects are taken into account.

2.1.2 Numerical Solutions

We integrate the system of equations (11) starting at τ_0 = 1/2, with the initial conditions

h_0 = 1 + δh_0 h^′_0 = −2 + δh^′_0 y_0 = 1 + δy_0 ,

(31)

where δh_0, δh^′_0 and δy_0 do not vanish simultaneously. As expected, numerical integration with the initial conditions given by eq. (13) gives the usual GR solution h = 1/(2τ) within numerical precision, so we are interested in the more general case in which the initial conditions deviate from the GR values.

As it was said earlier, systems (11) and (12) are equivalent. However, for the numerical integration of these systems one has to specify initial values of different quantities. For the integration of system (11) one has to fix h_0, h^′_0, and y_0, while for the integration of (12) the values of h_0, r_0, and r^′_0 must be specified. The expression of one set of initial values through the equivalent values of another set can be found using the equations under scrutiny. Indeed, once h_0, h^′_0 and y_0 are chosen, h^{′′}_0 is uniquely determined through the first equation in (11), and consequently r_0 and r^′_0 are specified as well, via (12). After all, both systems are equivalent to the same single third-order differential equation, whose solution is determined by three initial conditions.

We have found that the numerical solutions of the system of equations (11, 31) are in very good agreement with the previous analytical estimates in the linear regime, i.e. for initial conditions fulfilling the requirements δh_0/h_0 ≪ 1, δy_0/y_0 ≪ 1, and ωτ ≫ 1. In figures 1, 2, and 3 we present the numerical results for the dimensionless Hubble parameter h determined from the system of equations (11), with ω = 10 and initial conditions

δh_0 = 10^{−4} , δh^′_0 = 0 , δy_0 = 0 (fig. 1) (32a) δh_0 = 10^{−3} , δh^′_0 = 0 , δy_0 = 0 (fig. 2) (32b) δh_0 = 10^{−2} , δh^′_0 = 0 , δy_0 = 0 (fig. 3) (32c)

The function hτ is found to oscillate around the central value h = 1/2 with amplitude h_1 ∼ τ^{−3/4}. As the deviation from the ideal GR behaviour increases, the average value of hτ also varies, and in general it is no longer equal to 1/2. A very good functional form for fitting the solutions is h(τ) ≃ α + β τ^{1/4} sin(ωτ + φ) 2τ ≡ α 2τ + h_{osc} , (33)

where the dimensionless parameters α and β are very slowly varying functions of time. This fit is shown, for instance, in figures 4 and 5, where the numerical solution for δh_0 = 0.5 is presented. A deviation from the analytical estimates of the linearized equations is to be expected in this situation, since the condition δh_0/h_0 ≪ 1 is not fulfilled and non-linear terms in eqs. (11) are important.

For the moment, let us concentrate on the case of small δh_0, in which we can safely take α = 1. Qualitatively, one notices that parameter β, evaluated at the same value of ωτ, increases roughly linearly with the initial displacement δh_0. Moreover, when solving the system of equations (11) with δh_0 = 0 and varying δh^′_0, we find again a (roughly) linear relation of the form β ∝ δh^′_0.

Figure 1: Numerical solution of eqs. (11) with δh_0 = 10^{−4}, δh^′_0 = 0, y_0 = 1, and ω = 10. The best fit, for functional form (33), is given by α ≃ 1, β ≃ 6.29 × 10^{−5}.

Figure 2: Numerical solution of system (11) with δh_0 = 10^{−3}, δh^′_0 = 0, y_0 = 1, ω = 10. The best fit is α ≃ 1, β ≃ 6.28 × 10^{−4}.

In figures 6 and 7 we present the numerical results for the initial conditions

δh_0 = 1.5 , δh^′_0 = 0 , δy_0 = 0 , ω = 100 . (34)

Figure 3: Numerical solution of system (11) with δh_0 = 10^{−2}, δh^′_0 = 0, y_0 = 1, ω = 10. The best fit is given by α ≃ 1, β ≃ 6.26 × 10^{−3}.

Figure 4: Numerical solution of system (11) with δh_0 = 0.5, δh^′_0 = 0, y_0 = 1, ω = 10. The best fit at large times is α ≃ 1.14 (dotted line in the left panel), β ≃ 0.20. Please also note, in the right panel, that the oscillating part of h does not decrease exactly as τ^{−3/4}. The apparent up-down asymmetry in h_{osc} is due to the fact that α is a function of time, and that we centered oscillations around its value at late times.

Figure 5: Evolution of α with time. Initial conditions are those of figure 4.

Results are, at least qualitatively, in agreement with the analytical estimates made in the non-linear regime, for ωτ ≫ 1. Evidently, the amplitudes of the oscillating terms of both h and r decrease faster than τ^{−3/4} (linear regime), and rather close to τ^{−1}. Furthermore, the Hubble parameter does not oscillate around the GR value hτ = 1/2, but around a larger value, as expected from eq. (30d). In fact, for these initial conditions, the best fit at the considered final integration time is given by α ≃ 1.246. The universe evolution

Figure 6: Numerical solution for the dimensionless Hubble parameter h with initial conditions (34). Oscillations in the left panel are almost of constant amplitude, whereas in the right panel they are clearly decreasing.

Figure 7: Numerical solution for the dimensionless scalar curvature r with initial conditions (34).

in R + R^2 gravity after inflation, without relativistic matter, was considered in ref. [18], where it was stated that the non-oscillating part of h tends asymptotically to the GR matter-domination value hτ = 2/3, in contrast to our relativistic case. We plan to study what happens in cosmology with non-relativistic matter in the future. Our result that h_{osc} ∼ t^{−3/4} (20) in the linear regime agrees with what found in the last paper of [18], namely that h_{osc} ∼ a^{−3/2}. The latter, however, is not in perfect agreement with our results in the non-linear regime, where we have α ≃ 1.246 but h_{osc} ∼ 1/τ. This is probably due to the fact that we have not been able to reach the true asymptotic regime, but only a pre-asymptotic region.

3 Particle Production and Back-Reaction

The particle production rate by the oscillating gravitational field in R^2 gravity was considered in ref. [19, 20], where it was estimated as Γ ∼ m^3/m^2_{P l}. In this section we present more rigorous calculations, which are essentially in agreement with ref. [20]. We will derive below a closed equation of motion for the cosmological evolution of R with the account of the back-reaction of particle production. To this end we consider a massless scalar field ϕ minimally-coupled to gravity. Its action can be written as:

S_ϕ = 1 2 ∫ d^4x √ −g g^{μν} ∂_μϕ ∂_ν ϕ . (35) In spatially-flat FRW background (4) it leads to the equation of motion:

ϕ̈ + 3Hϕ̇ − 1

a^2

Δϕ = 0 . (36)

Field ϕ enters the equation of motion for R (7) via the trace of its energy-momentum tensor: T^μ_μ (ϕ) = −g^{μν} ∂_μϕ ∂_ν ϕ ≡ −(∂ϕ)^2 . It is convenient to introduce the conformally rescaled field, χ ≡ a(t)ϕ, and the conformal time η, such that a dη = dt. It terms of these quantities we can rewrite the equations of motion as:

R^{′′} + 2 a^′ a R^′ + m^2a^2R = 8π m^2 m^2_{P l} 1 a^2 [ χ^{′2} − (⃗∇χ)^2 + a^{′2} a^2 χ^2 − a^′ a (χχ^′ + χ^′χ) ] , (37)

R = −6a^{′′}/a^3 , (38) χ^{′′} − Δχ + 1 6 a^2R χ = 0 , (39)

while action (35) takes the form:

S_χ = 1 2 ∫ dη d^3x ( χ^{′2} − (⃗∇χ)^2 − a^2R 6 χ^2 ) . (40)

Here and above prime denotes derivative with respect to conformal time.

Our aim is to derive a closed equation for R taking the average value of the χ-dependent quantum operators in the r.h.s. of eq. (37) over vacuum, in presence of an external classical gravitational field R. Our arguments essentially repeat those of ref. [26], where the equation was derived in one-loop approximation.

We quantize the free field χ^{(0)} as usual:

χ^{(0)}(x) = ∫ d^3k (2π)^3 2E_k [ â_k e^{−ik·x} + â^†_k e^{ik·x} ] , (41)

where x^μ = (η, x), k^μ = (E_k, k), and k_μk^μ = 0. The creation-annihilation operators satisfy the usual Bose commutation relations: [ â_k, â^†_k ] = (2π)^3 2E_k δ^{(3)}(k − k^′). (42)

Equation (39) has the formal solution

χ(x) = χ^{(0)}(x) − 1 6 ∫ d^4y G(x, y) a^2(y)R(y)χ(y) ≡ χ^{(0)}(x) + δχ(x) , (43) where the massless Green’s function is G(x, y) = 1 4π|x − y| δ ((x_0 − y_0) − |x − y|) ≡ 1 4πr δ(Δη − r) . (44)

We assume that the particle production effects slightly perturb the free solution, so that δχ can be considered small and the Dyson-like series can be truncated at first order, yielding

χ(x) ≃ χ^{(0)}(x) − 1 6 ∫ d^4y G(x, y) a^2(y)R(y)χ^{(0)}(y) ≡ χ^{(0)}(x) + χ^{(1)}(x) . (45)

We can now calculate the vacuum expectation values of the various terms in the right-hand side of equation (37), keeping only first-order terms in χ^{(1)}. All terms containing only χ^{(0)} and its derivatives have nothing to do with particle production and can be re-absorbed by a renormalization procedure into the parameters of the theory, so they are of little interest here. The other terms are calculated using formulas such as ∂_x ∫ d^4y G(x, y) a^2(y)R(y)χ(y) = ∫ d^4y G(x, y) [ a^2R∂_yχ + ∂_y(a^2R)χ ] , (46a) ∫_∞ 0 dk e^{iαk} = πδ(α) + iP ( 1 α ) . (46b)

We have collected all the terms, arriving to the expressions: ⟨χ^2⟩ ≃ − 1 48π^2 ∫_η η_0 dη^′ a^2(η^′)R(η^′) η − η^′ , (47a) ⟨χ^{′2} − (⃗∇χ)^2⟩ ≃ − 1 96π^2 ∫_η η_0 dη^′ (a^2(η^′)R(η^′))^{′′} η − η^′ , (47b) ⟨χχ^′ + χ^′χ⟩ ≃ − 1 48π^2 ∫_η η_0 dη^′ (a^2(η^′)R(η^′))^′ η − η^′ . (47c)

Substituting these expressions into (37), we obtain a closed integro-differential equation for R, of which we will find an approximate analytical solution. We also plan to find the numerical solution of this equation but this is a much more complicated problem. Still for our purpose the approximate analytical solution is accurate enough.

First of all, one has to note that despite having oscillating H and R, the scale factor a basically follows a power-law expansion, so it varies very little during many oscillation times ω^{−1}. Thus, we expect that dη/η ∼ dt/t and that the dominant part in the integrals in (45) is given by derivatives of R, since R^′ ∼ ωR + t^{−1}R ≃ ωR, because ωt ≫ 1. The dominant contribution of particle production is therefore given by eq. (47b), and yields

R̈ + 3HṘ + m^2R ≃ − 1 12π m^2 m^2_{P l} 1 a^4 ∫_η η_0 dη^′ (a^2(η^′)R(η^′))^{′′} η − η^′ ≃ − 1 12π m^2 m^2_{P l} ∫_t t_0 dt^′ R̈(t′) t − t^′ . (48)

The equation is naturally non-local in time since the impact of particle production depends upon all the history of the evolution of the system. The equation is linear in R, in contradiction with reference [21], where the r.h.s. of the equation is quadratic in R. The latter result is physically doubtful because if the sign of R changes, the effect of the particle production term would not be a damping of oscillations but their amplification.

3.1 Analytical Calculations

We repeat the calculations of section 2.1.1 using expansion (27) and including the backreaction effects in the form of equation (48). The right-hand side of this equation can be written as: g ∫_t t_0 dt^′ R̈(t′) t − t^′ = g ∫_{t−t0} 0 dτ R̈(t − τ) τ = g ∫_{t−t0} ϵ dτ R̈(t − τ) τ + ∫_ϵ 0 dτ R̈(t − τ) τ = g ∫_{t−t0} ϵ dτ C̈ τ + + g cos(m_1t) ∫_{t−t0} ϵ dτ 1 τ [F_c cos(m_1τ) − F_s sin(m_1τ)] +

+ g sin(m_1t) ∫_{t−t0} ϵ dτ 1 τ [F_c sin(m_1τ) + F_s cos(m_1τ)] , (49)

where g ≡ − 1 12π m^2_1 m^2_{P l} , (50a)

F_c ≡ D̈_c + 2m_1Ḋ_s − m^2_1D_c , (50b) F_s ≡ D̈_s − 2m_1Ḋ_c − m^2_1D_s . (50c)

To avoid confusion we need to mention that τ here is simply the integration variable and is different from the dimensionless time τ of the previous sections.

We have introduced here the new notation m_1 which is equal to m plus radiative corrections specified below, and which corresponds to ν in eqs. (27a, 27b). The difference between m and m_1 is not essential under the integral but it should be taken into account in the l.h.s. of eq. (37), where we should take m_1 instead of m.

Please note that the slowly-varying functions C, D_s and D_c inside the integrals are to be evaluated at (t − τ), and a dot denotes derivative with respect to (physical) time t, not τ. Because of the 1/τ factor, the integral is logarithmically divergent, but this divergence can be absorbed into the renormalization of mass, m, and coupling, g. So we separate the integral into two parts: one where τ goes from 0 to some small parameter ϵ, which determines the normalization point at which the physical mass and coupling are fixed, and another, taken from ϵ to (t − t_0), which gives corrections to the physical qualities due to interactions. More details can be found in ref. [26].

Equating the coefficients multiplying the slow varying terms, sin m_1t, and cos m_1t in the same way as it has been done in sec. 2.1.1, see eqs. (28), we obtain the same first three equations (28a, 28b, 28c), where the effects of particle production do not directly appear, and the remaining three ones with the additional terms coming from eq. (48), see also expansion (49). The latter equations become integro-differential but they can be reduced to differential equations in the case of fast oscillations. So the complete set of equations with the account of particle production has the form (for convenience we also include the unchanged first three equations of set (28):

Ȧ + 2A^2 + B^2_s + B^2_c = −C/6 , (51a) Ḃ_s − B_cm_1 + 4AB_s = −D_s/6 , (51b) Ḃ_c + B_sm_1 + 4AB_c = −D_c/6 , (51c)

C̈ + 3AĊ + 3 2 B_sḊ_s + 3 2 B_cḊ_c − 3 2 m_1B_sD_c + 3 2 m_1B_cD_s + m^2C ≃ g ∫_{t−t0} ϵ dτ C̈ τ , (51d)

D̈_s + (m^2 − m^2_1)D_s − 2m_1Ḋ_c + 3A(Ḋ_s − m_1D_c)+ + 3ĊB_s ≃ g ∫_{t−t0} ϵ dτ F_s cos(mτ) + F_c sin(mτ) τ , (51e)

D̈_c + (m^2 − m^2_1)D_c + 2m_1Ḋ_s + 3A(Ḋ_c + m_1D_s)+ + 3ĊB_c ≃ g ∫_{t−t0} ϵ dτ F_c cos(mτ) − F_s sin(mτ) τ . (51f)

In integrals (51e) and (51f), containing quickly oscillating functions, the effective value of τ is about 1/m. Thus we can approximate F (t − τ) ≈ F (t) and take such factors out of the integrals. Let us analyze now for example equation (51e) term by term. The analysis of eq. (51f) is similar. In what follows we neglect D̈ in comparison with m^2D.

The dominant term in eq. (51e), which is the coefficient multiplying D_s, determines the renormalization of m:

m^2_1 = m^2 + g m^2 ∫_{t−t0} ϵ dτ τ cos mτ . (52)

The next subdominant term, which is the coefficient in front of Ḋ_c, determines the decay rate of D_c: Ḋ_c = gm 2 D_c ∫_{t−t0} ϵ dτ τ sin mτ ≈ πgm 4 D_c . (53)

We skipped here the term gḊ_c, which leads to higher order corrections to the production rate. Thus the decay rate is Γ_R = − πgm 4 = m^3 48m^2_{P l}

. (54)

Correspondingly the oscillating part of R or H behaves as

cos m_1t → e^{−ΓRt} cos m_1t . (55)

We will use this result in the next subsection in the calculation of the energy density influx of the produced particles into the primeval plasma.

3.2 Gravitational Particle Production

From equation (39) follows that the amplitude of gravitational production of two identical χ particles with momenta p_1 and p_2 in the first order in perturbation theory is given by

A(p_1, p_2) ≃ ∫ dη d^3x a^2R 6 ⟨p_1, p_2 |χχ| 0⟩ , (56) where the final two-particle state is defined by |p, q⟩ = 1 √ 2 â^†_p â^†_q|0⟩ . The factor 1/ √ 2 is simply the correct normalization of the two-particle state due to the Bose statistics. Using eq. (41), we find ⟨p_1, p_2|χχ|0⟩ = √ 2 8(2π)^6 ∫ d^3k d^3k^′ E_k E_k′ e^{i(Ek +Ek′ )η−i(k+k′ )·x}⟨0| â_{p1} â_{p2} â^†_k â^†_k′ |0⟩ , = √ 2 e^{i(Ep1 +Ep2 )η−i(p1 +p2)·x} . (57)

Here E^2_k = k^2, and the function a^2R has the form

a^2(η)R(η) = D(η) sin(ω̃η) ,

where D(η) is a slowly-varying function of (conformal) time, ω̃ is the frequency conjugated to conformal time. Under these approximations, the amplitude (56) becomes

A(p_1, p_2) = i 6 √ 2 ∫ dη d^3x D(η) ( e^{iω̃η} − e^{−iω̃η} ) e^{i(Ep1 +Ep2 )η} e^{−i(p1+p2)·x} . (58)

Taking E_{pi} ≥ 0 and neglecting at this stage the variation of D with time, we obtain

A(p_1, p_2) ≃ − i 6 √ 2 D(η)(2π)^4 δ^{(3)}(p_1 + p_2) δ(E_{p1} + E_{p2} − ω̃) . (59)

In order to find the particle production rate per unit comoving volume and unit conformal time, we need to integrate the modulus squared of this amplitude over the phase space, namely:

n^′ = ∫ d^2p_1 d^3p_2 (2π)^6 4 E_{p1} E_{p2}

|A(p_1, p_2)|^2 V Δη ≃ 1 72 D^2(η) ∫ d^3p_1 d^3p_2 (2π)^6 4 E_{p1} E_{p2}

(2π)^4 δ^{(3)}(p_1 + p_2) δ(E_{p1} + E_{p2} − ω̃) (60) ≃ D^2(η) 576π

, (61)

where V and Δη are the total volume and conformal time, which of course go to infinity, n is the number density of the produced particles, and a prime denotes derivative with respect to conformal time. Since the energy of the produced particles is equal to ω̃/2, we find for the rate of gravitational energy transformation into elementary particles:

ϱ^′ = n^′ω̃ 2 = D^2(η)ω̃ 1152π

(62)

and so the rate of variation of the physical energy density of the produced χ-particles is

ϱ̇_χ = m⟨R^2⟩ 1152π

. (63)

Here, ⟨R^2⟩ is the square of the amplitude of the oscillations of R and we substituted ω̃ = am. To obtain the the total rate of the gravitational energy transformation into elementary particles we should multiply the above result by the number of the produced particle species, N_{eff} , so the total rate of production of matter is ϱ̇_{P P} = N_{eff}ϱ̇_χ. Note that result (63) coincides with that of ref. [20], although performed in a slightly different cosmological regime.

Now we can calculate the evolution of the cosmological energy density of matter, which is determined by the equation:

ϱ̇ = −4Hϱ + ϱ̇_{P P} . (64)

We assumed here that the produced matter is relativistic and so the first term in the r.h.s. describes the usual cosmological red-shift, while the second term is the particle source from the oscillations of R. Since ϱ is not oscillating but a smoothly varying function of time, its red-shift is predominantly determined by the non-oscillating part of the Hubble parameter, H_c ≃ α/2t, see eq. (33).

Parametrizing the oscillating part of the Hubble parameter as H_{osc} ≃ β cos mt/t, we find for the oscillating part of curvature: R ≃ − 6βm sin mt t e^{−ΓRt} . (65)

Here we took into account the exponential damping of R, which was for brevity omitted in the expression for H just above.

Correspondingly the energy density of matter obeys the equation: ϱ̇ = − 2α t ϱ + β^2m^3N_{eff} 32πt^2 e^{−2ΓRt} . (66)

This equation can be explicitly integrated as it is, but for a simple analytical estimate we will use the instant decay approximation. Namely we neglect the exponential damping term, when 2Γ_Rt < 1, and take α = α_1 = 1.25, according to the numerical estimate of sec. 2.1.2. For 2Γ_Rt > 1 we completely ignore the second (source) term in eq. (66) and take α = α_2 = 1. This choice corresponds to the GR solution and we believe that it is realized when the oscillations disappear, as follows from the analytical estimates presented above. Thus at short times, 2Γ_Rt < 1, the energy density of matter would be: ϱ = ϱ_{in} ( t_{in} t )_{2α1} + β^2m^3N_{eff} 32π(2α_1 − 1)t ( 1 − t^{2α1−1} in t^{2α1−1} ) . (67)

For large times, i.e. 2Γ_Rt > 1, equation (66) becomes homogeneous and its solution is simply the relativistically red-shifted energy density with the initial value determined from eq. (67) at t = 1/(2Γ_R): ϱ = m^6 768π m^2_{P l} (2Γ_Rt)^{2α2} [ κ 8 (2t_{in}Γ_R)^{2α1−2} + β^2N_{eff} 2α_1 − 1 ( 1 − (2Γ_Rt_{in})^{2α1−1} ) ] , (68)

where we parametrized the energy density of matter at the initial time t_{in} as ϱ_{in} = 3m^2_{P l}κ 32πt^2_{in} . (69)

Parameter κ is arbitrary, and depends upon the thermal history of the universe before t_{in}. In particular, κ = 0 is possible and does not contradict our picture, since the equations of motion have non-trivial oscillating solutions even if ϱ = 0.

The first term in equation (68) is the contribution of normal thermalized relativistic matter, while the second also describes relativistic matter, but this matter might not be thermalized, at least during some cosmological period. Depending upon parameters the relative magnitude of non-thermalized matter might vary from negligibly small up to being the dominant one.

4 Discussion and Implications

The characteristic decay time of the oscillating curvature is

τ_R = 1 2Γ_R = 24m^2_{P l} m^3 ≃ 2 ( 10^5 GeV m )_3 seconds . (70)

The contribution of the produced particles into the total cosmological energy density reaches its maximum value at approximately this time. The ratio of the energy density of the newly produced energetic particles and that of those already existing in the plasma, according to eq. (68), is: ϱ_{hi} ϱ_{therm} = 8β^2N_{eff} κ(2α_1 − 1)

1 − (2Γ_Rt_{in})^{2α1−1} (2Γ_Rt_{in})^{2α1−2}

. (71)

If we take t_{in} ≃ 1/m, then t_{in}Γ_R ≃ m^2/m^2_{P l} ≪ 1 and the effects of non-thermalized matter may be negligible. However, for sufficiently large β and possibly small κ the non-thermal particles may play a significant role in the cosmological history.

The influx of energetic protons and antiprotons could have an impact on BBN. Thus this would either allow to obtain some bounds on m or even to improve the agreement between the theoretical predictions for BBN and the measurements of primordial light nuclei abundances.

The oscillating curvature might also be a source of dark matter in the form of heavy supersymmetric (SUSY) particles. Since the expected light SUSY particles have not yet been discovered at LHC, to some people supersymmetry somewhat lost its attractiveness. The contribution of the stable lightest SUSY particle into the cosmological energy is proportional to Ω ∼ m^2_{SUSY} /m_{P l} (72)

and for m_{SUSY} in the range 100 − 1000 GeV the cosmological fraction of these particles would be of order unity. It is exactly what is necessary for dark matter. However, it excludes thermally produced LSP’s if they are much heavier. If LSP’s came from the decay of R and their mass is larger than the “mass” of R, i.e. m, the LSP production could be sufficiently suppressed to make a reasonable contribution to dark matter.

These and other manifestations of the considered scenario will be discussed elsewhere.

Acknowledgements

This work was supported by the Grant of the Government of Russian Federation, No. 11.G34.31.0047.

References

[1] K. Nakamura et al. (Particle Data Group), J. Phys. G 37, 075021 (2010) and references therein.

[2] A.G. Riess et al., Astron. J., 116 (1998) 1009-1038;

S. Perlmutter et al., Nature 391 (1998) 51; B. P. Schmidt et al., Astrophys. J. 507 (1998) 46; S. Perlmutter et al., Astrophys. J. 517 (1999) 565-586; A.G. Riess et al., Astrophys. J. 607 (2004) 665-687.

[3] P.J.E. Peebles, Bharat Ratra, Rev. Mod. Phys. 75 (2003) 559-606;

E.J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D15 (2006) 1753-1936; V. Sahni and A. A. Starobinsky, Int. J. Mod. Phys. D9, (2000) 373.

[4] S. Capozziello, S. Carloni, A. Troisi, Recent Res. Dev. Astron. Astrophys. 1 (2003) 625, arXiv:astro-ph/0303041;

S.M. Carroll, V. Duvvuri, M. Trodden, M.S. Turner, Phys. Rev. D 70 (2004) 043528, arXiv:astro-ph/0306438.

[5] A.D. Dolgov, M.Kawasaki, Phys. Lett. B 573 (2003) 1.

[6] A.A. Starobinsky, JETP Lett. 86, 157 (2007).

[7] W.Hu, I. Sawicki, Phys. Rev. D 76, 064004 (2007).

[8] A.Appleby, R. Battye, Phys. Lett. B 654, 7 (2007).

[9] S. Nojiri, S. Odintsov, Phys. Lett. B 657, 238 (2007).

[10] S. Nojiri, S.D. Odintsov, Phys. Rev. D 68 123512 (2003).

[11] S.A. Appleby, R.A. Battye, JCAP 0805, 019 (2008).

[12] A.V. Frolov, Phys. Rev. Lett. 101, 061103 (2008);

I. Thongkool, M. Sami, R. Gannouji, S. Jhingan, Phys. Rev. D 80 043523 (2009); I. Thongkool, M. Sami, S. Rai Choudhury, Phys. Rev. D 80 127501 (2009).

[13] E.V. Arbuzova, A.D. Dolgov, Phys. Lett. B 700, 289 (2011).

[14] S. Nojiri and S.D. Odintsov, Phys. Rev. D 78 046006 (2008) arXiv:0804.3519;

A. Dev, D. Jain, S. Jhingan, S. Nojiri, M. Sami, I. Thongkool, Phys. Rev. D 78 083515 (2008).

[15] S.A. Appleby, R.A. Battye, A.A. Starobinsky, JCAP 1006 (2010) 005;

arXiv:0909.1737v2.

[16] S. Nojiri, S. Odintsov, Phys. Repts. 505, 59 (2011); arXiv:1011.0544v2.

[17] T. Clifton, P.G. Ferreira, A. Padilla, C. Skordis, arXiv:1106.2476v2 [astro-ph.CO].

[18] V.Ts. Gurovich, A.A. Starobinsky, Sov. Phys. JETP 50 (1979) 844; [Zh. Eksp. Teor.

Fiz. 77 (1979) 1683];

A.A. Starobinsky, JETP Lett. 30 (1979) 682; [Pisma Zh. Eksp. Teor. Fiz. 30 (1979) 719];

A. A. Starobinsky, “Nonsingular model of the Universe with the quantumgravitational de Sitter stage and its observational consequences”, in Proc. of the Second Seminar ”Quantum Theory of Gravity” (Moscow, 13-15 Oct. 1981), INR Press, Moscow , 1982, pp. 58-72; reprinted in: Quantum Gravity, eds. M. A. Markov and P. C. West. Plenum Publ. Co., N.Y., 1984, pp. 103-128.

[19] A. A. Starobinsky, Phys. Lett. B91, 99 (1980).

[20] A. Vilenkin, Phys. Rev. D32, 2511 (1985);

Ya. B. Zeldovich and A. A. Starobinsky, JETP Lett. 26 (1977) 252.

[21] M. B. Mijić, M. S. Morris and Wai-Mo Suen, Phys. Rev. D34, 2934 (1986).

[22] Wai-Mo Suen, P. R. Anderson, Phys. Rev. D35 (1987) 2940-2954.

[23] S. Carloni, P.K.S. Dunsby and A. Troisi, arXiv:0906.1998v1;

M. Abdelwahab, R. Goswami, P.K.S. Dunsby, arXiv:1111.0171.

[24] A. Davidson, Class. Quant. Grav. 22 (2005) 1119.

[25] A.D. Dolgov, P.D. Naslesky, I.D. Novikov, e-Print: astro-ph/0009407;

A.D. Dolgov, D. Ejllii, Phys. Rev. D84 (2011) 024028.

[26] A.D. Dolgov, S.H. Hansen, Nucl. Phys. B548, 408-426 (1999).