arXiv:1112.5233v3 [gr-qc] 16 Mar 2012

Preprint typeset in JHEP style - HYPER VERSION

The Conformal Transformation in General Single Field Inflation with Non-Minimal Coupling

Takahiro Kubota, Nobuhiko Misumi, Wade Naylor and Naoya Okuda Department of Physics, Graduate School of Science, Osaka University, Toyonaka, Osaka 560-0043, Japan E-mail: kubota@cep.osaka-u.ac.jp, misumi@het.phys.sci.osaka-u.ac.jp,

naylor@phys.sci.osaka-u.ac.jp, okuda@het.phys.sci.osaka-u.ac.jp,

Abstract: The method of a conformal transformation is applied to a general class of single field inflation models with non-minimal coupling to gravity and non-standard kinetic terms, in order to reduce the cosmological perturbative calculation to the conventional minimal coupling case to all orders in perturbation theory. Our analysis is made simple by the fact that all perturbation variables in the comoving gauge are conformally invariant to all orders. The structure of the vacuum, on which cosmological correlation functions are evaluated, is also discussed. We show how quantization in the Jordan frame for nonminimally coupled inflation models can be equivalently implemented in the Einstein frame. It is thereafter argued that the general N-point cosmological correlation functions (of the curvature perturbation) are independent of the conformal frame.

Contents

1. Introduction 1

2. General single field inflation 3

3. Conformal transformation to the Einstein frame 3

4. ADM formalism in the Einstein frame 5

5. The Jordan frame 8 5.1 The quadratic part of the action 8 5.2 The cubic part of the action 9

6. Frame independence of quantum calculations 10

7. Summary 12

1. Introduction

It has been by now well-established that inflation can naturally solve cosmological problems such as the flatness, homogeneity and monopole problems, thereby avoiding a fine-tuning for the initial condition of the history of our Universe. Inflation is also known to predict almost scale invariant Gaussian density perturbations. At the next stage of observation, the detection of non-Gaussianity [1]-[4] is one of the central concerns, since a detailed study of the non-Gaussianity and the shape of the bispectrum [5][6] in particular could constrain various inflationary models. It has been argued that in slow roll models of a single scalar inflaton the non-Gaussianity is negligibly small [7][8]. In the last several years there has been a lot of work exploring inflation models in which large non-Gaussianity could be produced. A partial list of such models includes DBI type inflation, k-inflation, curvaton scenarios, ghost inflation and so on.

In the present paper we will consider a general class of inflationary models in which a single inflaton field couples non-minimally to background geometry. In such a broad class of inflationary models, we can explore the classification of the shape of the bispectrum. It has been known rather well that the method of conformal transformation makes it possible to put the calculation of cosmological correlations into the minimal coupling case, and we will actually make full use of the method throughout this work. What we would like to add to this common wisdom is that the reduction to the minimal coupling case is in fact possible to all orders in perturbation theory. This paves the way for avoiding technical difficulties

– 1 – associated with the non-minimal coupling to a considerable extent and for alleviating the need for separate studies.

The method of conformal transformation has been applied before in cosmology to discuss a higher derivative gravity theory [9]. It has been proved in [10] that the comoving curvature perturbation on slices orthogonal to comoving worldlines in the Jordan and Einstein frames coincides at the first order. It has also been shown in [11] that the curvature perturbation on uniform-density hypersurfaces agrees in these two frames up to second order. A couple of years ago Chiba and Yamaguchi [12] showed a very remarkable fact that all perturbation variables in the comoving gauge are conformally invariant to all orders of perturbation. More recently Gong et al. [13] have given another proof of the conformal invariance and have discussed its implications in the δN formalism. Motivated by the observation of Chiba and Yamaguchi and that of Gong et al. we now go one step further to show the usefulness of the conformal invariance of the perturbation and to present a coherent method to perform practical calculations of cosmological correlations in a general conformal frame.

The usefulness of the conformal transformation has been demonstrated in the context of cosmological perturbations by many people [14] - [18]. While we share basic ideas with these previous authors, we would like to emphasize that our argument can be extended rather easily to all orders in the cosmological perturbation in contrast with previous works. An all order argument is made possible by the fact that, due to our choice of gauge, the fluctuation part is separated from the conformal transformation factor.

In connection with our work, let us recall that Seery and Lidsey [19] and Chen et al. [20] investigated the shape of non-Gaussianity in a general Lagrangian of single field inflation models minimally coupled to gravity. In the case of arbitrary sound speed the shape is classified in terms of five parameters. Their work has been recently extended to the non-minimal coupling case by Qiu and Yang [21]. The computation of the cosmological correlation becomes necessarily difficult in the Jordan frame. This is particularly so when one has to solve equations of motion for the mode functions of the curvature perturbation. Our technique shows that the difficulties in the non-minimal case are only ostensible and that all of the calculations in [21] can be reproduced by a conformal transformation from those in [19] - [20] .

The present paper is organized as follows. After presenting the general single field inflation model in Sec. 2, we apply the conformal transformation and discuss connections between various quantities in the Jordan and Einstein frames in Sec. 3. In Sec. 4 we express the quadratic and cubic effective actions with respect to the curvature perturbation in the Einstein frame, and then we transform the action back into the Jordan frame in Sec. 5. The connection between the calculations in [19] - [20] and those in [21] is clarified there. In Sec. 6 the connection between the mode-functions in Jordan and Einstein frames is discussed. It is argued that the vacuum, on which correlation functions are computed, is identical in the two frames. The fact that N-point cosmological correlation functions agree in Jordan and Einstein frames is proved there. Our work is summarized in Sec. 7.

– 2 –

2. General single field inflation

In the following sections we discuss the general models that include a scalar field coupled non-minimally to gravity and go on to perform a conformal transformation to put the equations into a form which is the same as in the minimal coupling case. First we consider the following generalized Einstein-scalar gravitational system S = 1 2 ∫ dt d^3⃗x √ −g [ 1 8πG f(φ)R + 2P (φ, X) ] , (2.1)

where we have introduced the notation X = − 1 2 g^{μν} ∂_μφ∂_ν φ . (2.2)

Hereafter we omit the gravitational constant G by setting 8πG = 1.

The functional f(φ) of a scalar field φ coupled to the scalar curvature R can be arbitrary. The minimal coupling case corresponds to choosing f(φ) = 1; however attention has been paid in literature [11], [22]- [28] to non-minimal cases such as f(φ) = 1 − ξ φ^2 , where ξ is a parameter. We wish, however, to proceed most generally without specifying a particular example of f(φ). In (2.1) we have also introduced an arbitrary functional P (φ, X), which can be expanded in power series in X as P (φ, X) = −V (φ) + K(φ)X + L(φ)X^2 + · · · · · · . (2.3) The case of k-inflation [29] corresponds to V (φ) = 0. The non-canonical kinetic term of φ, which could be produced in underlying fundamental theories such as supergravity and superstring theories, has many physical implications. We will, however, proceed without explicit use of the expansion as in (2.3) . In principle we could include higher derivative terms of φ as well. Effects of such higher derivative terms would be presumably suppressed by the ultraviolet cut-off scale. In so far as we consider the first derivative terms of φ, the action (2.1) is the most general.

The equations of motion for the scalar field φ and gravity turn out to be 1 2 ∂f(φ) ∂φ R + P,_φ + (P,_{XX} ∇^μX + P,_{Xφ} ∇^μφ) ∇_μφ + P,_X ∇_μ∂^μφ = 0 , (2.4)

∇_λ∂^λfg_{μν} − ∇_μ∇_ν f + fR_{μν} − 1 2 fRg_{μν} − P,_X ∇_μφ∇_ν φ − P g_{μν} = 0 . (2.5) The derivatives of P with respect to X and φ are denoted by P_{,X} and P_{,φ}, respectively. The classical solution φ(t), which does not depend on spatial coordinates, is obtained by solving (2.4), and hereafter φ shall always denote the classical solution after choosing an appropriate gauge (as will be discussed in Eq. (4.4)).

3. Conformal transformation to the Einstein frame

Given the general action (2.1), it is useful to employ a conformal transformation to go to the Einstein frame, which will be simpler and more familiar for us to develop cosmological

– 3 – perturbations. In the following we shall assume, in the Jordan frame, the Friedmann- Lemaitre-Robertson-Walker (FLRW) background

ds^2 = −dt^2 + a^2(t)δ_{ij} dx^idx^j . (3.1)

Now, let us consider the following conformal transformation:

ds^2 → d^s^2 = Ω^2ds^2 = Ω^2 { g_{00}(dt)^2 + 2 g_{0i} dtdx^i + g_{ij} dx^idx^j } = g_{00}(d^t)^2 + 2 Ω g_{0i} d^tdx^i + Ω^2g_{ij} dx^idx^j (3.2)

where i and j are spatial indices and we have changed the time variable via the formula d^t = Ωdt = Ω(φ(t))dt . (3.3) The functional form of Ω will be determined below, but note that Ω(φ(t)) is a classical quantity, i.e., it does not contain a fluctuation part (see Eq. (4.4)). We also assume Ω(φ(t)) > 0 for the solution φ(t). This assumption could be related with the stability of the ground state. Although the stability has been investigated in the literature [22, 23] for a particular choice of f(φ) and is interesting in its own right, we do not go into the details here.

We are thus led to redefine the metric in the following way:

^g_{00} = g_{00}, ^g_{0i} = Ωg_{0i}, ^g_{ij} = Ω^2g_{ij} , (i, j = 1, 2, 3) . (3.4)

The FLRW background turns out in the Einstein frame to be

d^s^2 = Ω^2ds^2 = −dt̂^2 + ^a^2(^t)δ_{ij} dx^idx^j . (3.5)

where our notation is

^a(^t) = Ω(φ(t)) a(t) , (3.6)

and we should note again that ^a(^t) does not contain a fluctuation part. Starting from the action (2.1) and using the conformal transformation properties of the Ricci scalar [30], [31]

R = Ω^2 [ ^R + 6^□ ln Ω − 6^g^{μν} (∂_μ ln Ω)(∂_ν ln Ω) ] , (3.7)

we can show that the action (2.1) is transformed as follows: S = 1 2 ∫ d^t d^3⃗x Ω^{−4} √ −^g × [ Ω^2f(φ) { ^R + 6^□ ln Ω − 6^g^{μν} (∂_μ ln Ω)(∂_ν ln Ω) } + 2P (φ, X) ] . (3.8)

In order to arrive at the Einstein frame by making the coefficient of the scalar curvature unity, we set

Ω(φ) = √ f(φ) . (3.9)

– 4 –

This puts the action into the following form: S = 1 2 ∫ d^t d^3⃗x √ −^g [ ^R + 2 ^P (φ, ^X) ] (3.10)

where in the last step above the ^□ term disappears after integrating by parts and we have also defined ^X = −1 2 ^g^{μν} ∂_μφ∂_ν φ = 1 Ω^2

X , (3.11) ^P (φ, ^X) = 1 Ω^4

P (φ, X) − 3^g^{μν} (∂_μ ln Ω)(∂_ν ln Ω) = 1 Ω^4 P (φ, X) + 6 ^X Ω^2 ( dΩ dφ )_2

. (3.12)

The energy-momentum tensor of φ is given in terms of ^P (φ, ^X) as T^0_0 ≡ ^E = 2 ^X ^P_{,X̂} − ^P , T^i_j = − ^P δ^i_j, (i, j = 1, 2, 3). In our abbreviated notation, ^P_{, ^X} is the derivative of ^P with respect to ^X. The energy conservation law and the Friedmann equation are given as usual by d ^E d^t = −3 ^H ( ^E + ^P ) , ^H^2 ≡ ( 1 ^a d^a d^t )_2 = ^E 3 . (3.13)

4. ADM formalism in the Einstein frame

Cosmological perturbation theories have been developed for many years and the reader is referred to [32] for reviews. In the case of the general quantum computation in gravity, we first decompose the metric perturbations using the ADM formalism [33], an application of which to cosmology has been done very early by Bardeen [34]. This method of decomposition has recently been applied to the study of non-Gaussianity by Maldecena [7] in standard inflation and was then considered for more general models in [19, 20, 35]. Because we shall work in the Einstein frame we can simply use the results already derived in [19, 20, 35] for example, but with quantities now expressed with hats ( ^ ). Thus, we shall just briefly outline the method, which provides us with a second order action for the curvature perturbation (first derived by different means in [29]) and together with a third order action which leads to the bispectrum after applying the in-in formalism along lines similar to [7].

We consider the metric which may be given as

d^s^2 = − ^N^2(d^t )^2 + ^h_{ij} ( dx^i + ^N^id^t ) ( dx^j + ^N^jd^t ) . (4.1)

The action in terms of the ADM variables is expressed as S = 1 2 ∫ d^t d^3⃗x √ ^h ^N { (3) ^R + 1 ^N 2 ( ^E_{ij} ^E^{ij} − ^E^2 ) + 2 ^P (φ, ^X) } , (4.2)

– 5 – where ^h = det^h_{ij} , and the tensor ^E_{ij} and ^E are defined, respectively, by ^E_{ij} = 1 2 ( ∂^h_{ij} ∂^t − ^∇_i ^N_j − ^∇_j ^N_i ) , ^E = ^E_{ij}^h^{ij} . (4.3)

The covariant derivative ^∇_i is with respect to ^h_{ij} . The three dimensional scalar curvature is denoted as^{(3)} ^R

We choose a gauge to fix time and spatial reparametrization by setting [7]

δφ = 0. (4.4)

together with fluctuations around the FLRW metric in the following form:

d^s^2 = −(d^t)^2 + ^a(^t)^2e^{2 ^R} (δ_{ij} + ^γ_{ij} ) , (∂^i^γ_{ij} = 0, δ^{ij} ^γ_{ij} = 0) . (4.5)

Eqs. (4.4) and (4.5) fix the whole gauge degrees of freedom [7, 36]. Eq. (4.5) should be compared with the fluctuations in the Jordan frame

ds^2 = −(dt)^2 + a(t)^2e^{2R} (δ_{ij} + γ_{ij} ) (∂^iγ_{ij} = 0, δ^{ij} γ_{ij} = 0) , = 1 Ω^2 { −(d^t)^2 + ^a(^t)^2e^{2R} (δ_{ij} + γ_{ij} ) } , (4.6)

where we have substituted the relations (3.3) and (3.6). Eqs. (4.5) and (4.6) indicate clearly that we need not distinguish R from ^R or γ_{ij} from ^γ_{ij} (as stressed in [12, 13]), i.e., ^R = R, ^γ_{ij} = γ_{ij} . (4.7) Hereafter we consider only the curvature perturbation ^R = R, and leave discussion of the tensor perturbation ^γ_{ij} = γ_{ij} for future work.

The equations of motion for ^N and ^N^i are the Hamiltonian and momentum constraints which are given by ^∇_i { 1 ^N ( ^E^i_j − δ^i_j ^E )} = 0, (4.8) (3) ^R + 2 ^P − 4 ^X ^P_{, ^X} − 1 ^N 2 ( ^E_{ij} ^E^{ij} − ^E^2 ) = 0 . (4.9)

We can solve the Hamiltonian and momentum constraints order by order, by setting

^N = 1 + ^N^{(1)} + · · · , ^N_i = ∂_i ^ψ^{(1)} + ^Ñ^{(1)}_i + · · · , (4.10)

where ^N^{(1)}, ^ψ^{(1)} and ^Ñ^{(1)}_i are the first order and the ellipsis denotes higher order terms. Here we assume ∂^i ^Ñ^{(1)}_i = 0. The solutions to (4.8) and (4.9) have been worked out [19, 20] and are known to be

^N^{(1)} = 1 ^H ∂ ^R ∂^t , ^Ñ^{(1)}_i = 0, ^ψ^{(1)} = − ^R ^H + ^χ , ( ^H = 1 ^a d^a d^t ) . (4.11)

– 6 –

Here ^χ is a solution to the differential equation

∂^2 ^χ = ^a^2 ^ε ^c^2_s d ^R d^t , ( ∂^2 = δ^{ij} ∂_i∂_j ) , (4.12)

where the slow variation parameter and the sound speed are defined, respectively, by

^ε = − 1 ^H2 d ^H d^t , ^c^2_s = ^P_{, ^X} 2 ^X ^P_{, ^X ^X} + ^P_{, ^X} . (4.13)

As argued in [7, 20], when calculating the effective action up to third order in ^R, we need not calculate the ^R^2 terms in ^N or ^N_i.

Now let us turn to expansion of the action (2.1) in power series of the curvature perturbation

S = S^{(0)} + S^{(2)} + S^{(3)} + · · · · · · , (4.14)

where S^{(n)} is the n-th order action. Seery and Lidsey [19] and Chen et al. [20] have studied S^{(2)} and S^{(3)} after performing integration by parts. After straightforward calculations they obtained

S^{(2)} = ∫ d^t d^3⃗x { ^a^3 ^ε ^c^2_s ( d ^R d^t )_2 − ^a^ε ( ∂ ^R )_2 }

= ∫ d^t d^3⃗x { ^a^3 ^Σ ^H2 ( d ^R d^t )_2 − ^a^ε ( ∂ ^R )_2 }

, (4.15) and S^{(3)} = ∫ d^t d^3⃗x [ − ^a^ε ^R(∂ ^R)^2 − ( ^Σ + 2^λ ) ^a3 ^H3 ( d ^R d^t )_3 + 3^a^3 ^ε ^c^2_s ^R ( d ^R d^t )_2

+ 1 2^a ( 3 ^R − 1 ^H d ^R d^t ) ( ∂_i∂_j ^ψ^{(1)}∂^i∂^j ^ψ^{(1)} − ∂^2 ^ψ^{(1)}∂^2 ^ψ^{(1)} )

− 2 ^a (∂_i ^ψ^{(1)})(∂^i ^R)(∂^2 ^ψ^{(1)}) ] , (4.16)

which we have also confirmed. Here we use notation analogous to that in [19] and [20], i.e., ^Σ = ^X ^P_{, ^X} + 2 ^X^2 ^P_{, ^X ^X} = ^X ^P_{, ^X} ^c^2_s = ^ε ^H^2 ^c^2_s , (4.17) ^λ = ^X^2 ^P_{, ^X ^X} + 2 3 ^X^3 ^P_{, ^X ^X ^X} . (4.18) Note that ^X, ^P_{, ^X} and ^P_{, ^X ^X} are all understood as classical values corresponding to φ = φ(t). For possible operators that could appear in the third order action, see Ref. [37].

– 7 –

5. The Jordan frame

5.1 The quadratic part of the action The definition (4.17) of ^Σ together with (3.12) enables us to express ^Σ in terms of quantities without hat:

^Σ = 1 Ω^4 { XP_{,X} + 2X^2P_{,XX} + 6X ( dΩ dφ )_2}

= 1 f(φ)^2 { Σ + 3 4f(φ) ( df dt )_2}

= e^{−4θ}a^4 { Σ + 3e^{2θ} a^{−2} ( dθ dt − H )_2} . (5.1)

Here we have introduced the notation

Σ = XP_{,X} + 2X^2P_{,XX} , θ = 1 2 log(f(φ)a^2), H = 1 a da dt . (5.2)

As we see Σ is an analog in the Jordan frame, corresponding to ^Σ. The function θ has been employed by Qiu and Yang [21] extensively. The Hubble constant defined in the Jordan frame is denoted by H.

The connection between ^H and the Hubble constant H in the Jordan frame is easily seen from (3.6) to be ^H = 1 ^a d^a d^t = H Ω + 1 Ω^2 dΩ dt = 1 √ f(φ) { H + 1 2f(φ) df(φ) dt } = e^{−θ}a dθ dt . (5.3)

One of the standard parameters ^ε in the Einstein frame can be expressed in terms of θ by using (5.3) as ^ε = − 1 ^H2 d ^H d^t = − ( dθ dt )_{−2} { d^2θ dt^2 + H dθ dt − ( dθ dt )_2}

. (5.4)

The coefficients of each term in the quadratic action (4.15) can all be expressed in terms of θ, ^a^3 ^Σ ^H2 = e^θa^2 { Σ + 3e^{2θ}a^{−2} ( dθ dt − H )_2} ( dθ dt )_{−2} , (5.5)

−^a^ε = e^θ ( dθ dt )_{−2} { d^2θ dt^2 + H dθ dt − ( dθ dt )_2} . (5.6)

We thus end up with the quardratic action

S^{(2)} = ∫ dt d^3⃗x [ a^3 { Σ + 3e^{2θ}a^{−2} ( dθ dt − H )_2} ( dθ dt )_{−2} ( dR dt )_2

+e^{2θ}a^{−1} ( dθ dt )_{−2} { d^2θ dt^2 + H dθ dt − ( dθ dt )_2}

(∂R)^2 ] (5.7)

– 8 – in the Jordan frame. This agrees with the result obtained previously by Qiu and Yang [21] via a direct computation.

5.2 The cubic part of the action

We would also like to express the cubic action (4.16) by using quantities without hat. The definition (4.18) is shuffled into ^λ = 1 Ω^4 ( X^2P_{,XX} + 2 3 X^3P_{,XXX} ) ≡ e^{−4θ}a^4λ , (5.8)

where λ, an analog in the Jordan frame, is defined by the equation above. The coefficient of the second term in the cubic action (4.16) thus turns out to be ( ^Σ + 2^λ ) ^a3 ^H3 = a e^{2θ} { Σ + 2λ + 3e^{2θ}a^{−2} ( dθ dt − H )_2} ( dθ dt )_{−3} . (5.9)

The quantities that appear in the third and fourth terms in (4.16) are also worked out straightforwardly. In fact a combined use of (4.17) and (5.5) gives us 3^a^3ε ^c^2_s = 3^a^3 ^Σ ^H2 = 3e^θa^2 { Σ + 3e^{2θ}a^{−2} ( dθ dt − H )_2} ( dθ dt )_{−2} . (5.10)

From (4.7) and (5.3) , we also get 3 ^R − 1 ^H d ^R d^t = 3R − ( dθ dt )_{−1} dR dt . (5.11)

We are thus led to the cubic action

S^{(3)} = ∫ dt d^3⃗x [ e^{2θ}a^{−1} ( dθ dt )_{−2} { d^2θ dt^2 + H dθ dt − ( dθ dt )_2} R(∂R)^2

−a^3 { Σ + 2λ + 3e^{2θ}a^{−2} ( dθ dt − H )_2} ( dθ dt )_{−3} ( dR dt )_3

+3a^3 { Σ + 3e^{2θ}a^{−2} ( dθ dt − H )_2} ( dθ dt )_{−2} R ( dR dt )_2

+ 1 2 e^{2θ}a^{−3} { 3R − ( dθ dt )_{−1} dR dt } ( ∂_i∂_j ψ^{(1)}∂^i∂^j ψ^{(1)} − ∂^2ψ^{(1)}∂^2ψ^{(1)} )

−2e^{2θ}a^{−3}(∂_iψ^{(1)})(∂^iR)(∂^2ψ^{(1)}) ] , (5.12)

which is suitable for computation of cosmological correlations in the Jordan frame. In the above we have set

^ψ^{(1)} = Ωψ^{(1)} = e^θa^{−1}ψ^{(1)} . (5.13)

– 9 –

Note that Eq. (5.13) is due to the fact that the lapse function, shift function and the three-dimensional metric in Einstein and Jordan frames are connected by the formulae ^N = N, ^N_i = ΩN_i, ^N^i = 1 Ω N^i, ^h_{ij} = Ω^2h_{ij} , (5.14)

in accordance with (3.4). The cubic action (5.12) agrees with the result in [21] obtained by a direct method.

6. Frame independence of quantum calculations

As a final step of our analyses let us scrutinize the properties of quantization in the Einstein and Jordan frames. The Lagrangian densities in Einstein and Jordan frames are connected by the relation Ω ^L = L. This can be seen by rewriting the action in the following way: S = ∫ d^t d^3⃗x ^L = ∫ dt d^3⃗x Ω ^L = ∫ dt d^3⃗x L . (6.1) The canonical momentum variables conjugate to ^R and R, i.e., ^Π = δ ^L δ(∂ ^R/∂^t ) , Π = δL δ(∂R/∂t) (6.2)

are also apparently indentical with each other, namely, ^Π(^t, ⃗x) = Π(t, ⃗x) . (6.3) The canonical commutation relations [ ^R(^t, ⃗x), ^Π(^t, ⃗x^′) ] = i δ^3(⃗x − ⃗x^′) , [ R(t, ⃗x), Π(t, ⃗x^′) ] = i δ^3(⃗x − ⃗x^′) (6.4)

lead to the same quantization procedure common in both Einstein and Jordan frames.

Let us turn to the mode expansion in Einstein and Jordan frames, ^R(^t, ⃗x) = ∫ d^3⃗k (2π)^3 { ^a(⃗k)^u(^t, ⃗k)e^{i⃗k·⃗x} + ^a^†(⃗k)^u^∗(^t, ⃗k)e^{−i⃗k·⃗x} } , (6.5) R(t, ⃗x) = ∫ d^3⃗k (2π)^3 { a(⃗k)u(t, ⃗k)e^{i⃗k·⃗x} + a^†(⃗k)u^∗(t, ⃗k)e^{−i⃗k·⃗x} } , (6.6)

and look at the connection between creation and annihilation operators in the two frames. Hereafter all quantities are supposed to be in the interaction picture. The differential equations to be satisfied by the mode functions are given by the quadratic part of the action and are { d d^t ( ^a^3 ^Σ ^H2 d d^t ) + ^a^ε ⃗k^2 } ^u(^t, ⃗k) = 0 (6.7)

– 10 – and d dt [ a^3 { Σ + 3e^{2θ}a^{−2} ( dθ dt − H )_2} ( dθ dt )_{−2} d dt ] u(t, ⃗k)

−e^{2θ}a^{−1} ( dθ dt )_{−2} { d^2θ dt^2 + H dθ dt − ( dθ dt )_2}

⃗k^2u(t, ⃗k) = 0 (6.8)

in the two frames, respectively. Qiu and Yang [21] elaborated the solutions to (6.8) in the Jordan frame. It should be, however, remarked that Eq. (6.8) can be equivalently rewritten as { 1 Ω d dt ( ^a^3 ^Σ ^H3 1 Ω d dt ) + ^a^ε ⃗k^2 } u(t, ⃗k) = 0 , (6.9)

thanks to the relation (5.5) and (5.6). Furthermore, it is also obvious that (6.9) is the same differential equation as (6.7) because of (3.3).

The solutions to (6.8) can be worked out by going over to the Einstein frame, thereby making full use of results obtained previously. In fact, by adjusting the normalization of u(t, ⃗k) and ^u(^t, ⃗k) in the same manner, we can always set ^u(^t, ⃗x) = u(t, ⃗x) , (6.10) ^a(⃗k) = a(⃗k), ^a^†(⃗k) = a^†(⃗k) . (6.11) The “free vacuum” |0⟩ is defined as the state that is annihilated by all of the annihilation operators, i.e., a(⃗k)|0⟩ = 0, and ^a(⃗k)|0⟩ = 0 . Because of (6.11), the free vacuum |0⟩ is common in both Einstein and Jordan frames.

In the interaction picture, the time-development of the “interaction vacuum” starting from |0⟩ at some early time (^t_0 or t_0) is described by the unitary transformation composed of the interaction Hamiltonian, that is,

| ^vac⟩ = T exp ( −i ∫_{^t} ^t_0 d^t^′ ^H_{int}(^t^′) ) |0⟩ (6.12)

in the Einstein frame and

|vac⟩ = T exp ( −i ∫_t t_0

dt^′ H_{int}(t^′) ) |0⟩ (6.13)

in the Jordan frame. Here T indicates the time-ordering and the interaction Hamiltonian is denoted by ^H_{int}(^t) (H_{int}(t)) in the Einstein (Jordan) frame. Now we show that the two states, (6.12) and (6.13), are in fact identical. From the preceding analyses, we can easily see that ^H_{int}(^t) is connected with H_{int}(t) via

^H_{int}(^t) = 1 Ω(φ(t))

H_{int}(t) . (6.14)

Combining (6.14) with (3.3), we obtain a simple relation: ∫_{^t} ^t_0 d^t^′ ^H_{int}(^t^′) = ∫_t t_0

dt^′ H_{int}(t^′) , (6.15)

– 11 – and therefore the two vacua are identical, i.e., | ^vac⟩ = |vac⟩.

In Sec. 5 we discussed only the quadratic and cubic terms, S^{(2)} and S^{(3)} in the action, but our argument can obviously be extended to higher order terms in ^R = R. Since the interaction vacuum is one and the same in both frames, the cosmological correlation functions computed in each frame can be shown to agree with each other, that is, ⟨ ^vac| ^R(^t, ⃗k_1) · · · ^R(^t, ⃗k_N )| ^vac⟩ = ⟨vac|R(t, ⃗k_1) · · · R(t, ⃗k_N )|vac⟩ (6.16) for an arbitrary integer N, not to mention the N = 2 (power spectrum) and N = 3 (bispectrum) cases. Here R(t, ⃗k) ( ^R(^t, ⃗k)) is the three-dimensional Fourier transform of R ( ^R) in the Jordan (Einstein) frame.

7. Summary

In the present paper we have made an overall comparison between two types of cosmological perturbation theories, one in the Einstein and the other in the Jordan frame. By virtue of the basic relation (4.7), the connection between the two frames is extremely simple and we can easily go back and forth between the two frames. In this way we are able to find a way for alleviating the need for separate studies in the two frames.

In the actual calculation of the correlation (6.16), we have to evaluate multiplecommutators [38] ⟨ ^vac| ^R(^t, ⃗k_1) · · · ^R(^t, ⃗k_N )| ^vac⟩ = ∞∑ n=0 i^n ∫_{^t} ^t_0 d^t_n ∫_{^tn} ^t_0 d^t_{n−1} · · · · · · ∫_{^t2} ^t_0 d^t_1 ×⟨0|[ ^H_{int}(^t_n), [ ^H_{int}(^t_{n−1}), · · · · · · [ ^H_{int}(^t_1), ^R(^t, ⃗k_1) · · · ^R(^t, ⃗k_N )] · · · · · · ]]|0⟩ (7.1) in the Einstein frame or similarly in the Jordan frame. Thanks to (6.15) every step of calculating the commutators in the Einstein and Jordan frames may be compared with each other and can be shown to be identical.

Acknowledgements

The authors would like to express their sincere thanks to Professor Tetsuya Onogi for collaboration in the early stages of the present work. They are also grateful to Professor Misao Sasaki and Dr. Masato Minamitsuji for useful discussions. The authors’ cordial thanks should also go to Professor Takeshi Chiba and Professor Masahide Yamaguchi for calling their attention to Ref. [12].

Note added : After sending the present paper to the arXiv, we were informed by Dr. Yun-Song Piao of his recent work [39]. He has shown that the primordial curvature perturbation and tensor perturbation generated during two conformally related backgrounds are equal. We were also informed by Dr. Sandipan Kundu of his recent work [40], in which

– 12 – the behavior of the curvature perturbation under the three-dimensional rescaling and its implications to non-Gaussianity are discussed. We would like to thank Dr. Yun-Song Piao and Dr. Sandipan Kundu for their kind communication.

References

[1] E. Komatsu and D.N. Spergel, Acoustic signatures in the primary microwave background bispectrum, Phys. Rev. D 63 (2001) 063002 [arXiv:astro-ph/0005036].

[2] N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, Non-Gaussianity from inflation: theory and observation, Phys. Reports 402 (2004) 103 [arXiv:astro-ph/0406398].

[3] E. Komatsu et al., Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological interpretation, Astro. J. Supplement Series 192 (2011) 18 [arXiv:1001.4538 [astro-ph.CO]].

[4] E. Komatsu, Hunting for promordial non-Gaussianity in the cosmic microwave background, Class. Quant. Gravity 27 (2010) 124010 [arXiv:1003.6097 [astro-ph.CO]].

[5] D. Babich, P. Creminelli and M. Zaldarriaga, The shape of non-Gaussianities, J. Cosmol.

Astropart. Phys. 08 (2004) 009 [arXiv:astro-ph/0405356].

[6] D. Baumann, TASI lectures on inflation, [arXiv:0907.5424 [hep-th]].

[7] J. Maldacena, Non-Gaussianity features of primordial fluctuations in single field inflationary models, JHEP 0305 (2003) 013 [arXiv:astro-ph/0210603].

[8] V. Acquaviva, N. Bartolo, S. Matarrese and A. Riotto, Gauge-invariant second-order perturbations and non-Gaussianity from inflation, Nucl. Phys. B 667 (2003) 119 [arXiv:astro-ph/0209156].

[9] V.F. Mukhanov, H.A. Feldman and R.H. Brandenberger, Theory of cosmological perturbations, Phys, Reports 215 (1992) 203.

[10] N. Makino and M. Sasaki, The density perturbation in the chaotic inflation with non-minimal coupling, Prog. Theor. Phys. 86 (1991) 103.

[11] N. Sugiyama and T. Futamase, Non-Gaussianity generated in the inflationary scenario with nonminimally copled inflation field, Phys. Rev. D 81 (2010) 023504.

[12] T. Chiba and M. Yamaguchi, Extended Slow-Roll Conditios and Rapid-Roll Conditions, J.

Cosmol. Astropart. Phys. 0810 (2008) 021 [arXiv: 0807.4965 astro-ph]].

[13] J.-O. Gong, J.-C. Hwang, W. Il Park, M. Sasaki and Y.-S. Song, Conformal invariance of curvature perturbation JCAP 09 (2011) 023 [arXiv:1107.1840 [gr-qc]].

[14] D.S. Salopek, J.R. Bond and J.M. Bardeen, Designing density fluctuation spectra in inflation, Phys. Rev. D 40 (1989) 1753.

[15] K. Maeda, Towards the Einstein-Hilbert action via conformal transformation, Phys. Rev. D 39 (1989) 3159.

[16] J.-C. Hwang, Cosmological perturbations in generalised gravity theories: Formulation, Class.

Quantum Grav. 7 (1990) 1613; Cosmological perturbation in generalized gravity theories: Conformal transformation, Class. Quant. Grav. 14 (1997) 1981 [arXiv:gr-qc/9605024].

– 13 –

[17] S. Koh, Non-Gaussianity in nonminimally coupled scalar field theory, J. Korean Phys. Soc.

49 (2006) S787 [arXiv:astro-ph/0510030].

[18] N. Deruelle and M. Sasaki, Conformal equivalence in classical gravity: the examples of veiled general relativity [arXiv:1007.3563 [gr-qc]].

[19] D. Seery and J.E. Lidsey, Primordial non-gaussianities in single field inflation, J. Cosmol.

Astropart. Phys. 06 (2005) 003 [arXiv:astro-ph/0503692].

[20] X. Chen, M-X. Huang, S. Kachru and G. Shiu, Observational signature and non-gaussianities of general single field inflation, J. Cosmol. Astropart. Phys. 01 (2007) 002 [arXiv:hep-th/0605045].

[21] T. Qiu and K.-C. Yang, Non-Gaussianities of single field inflation with non-minimal coupling, Phys. Rev. D 83 (2011) 084022 [arXiv:1012.1697 [hep-th]].

[22] Y. Hosotani, Scalar field theories in curved space, Phys. Rev. D 32 (1985) 1949.

[23] T. Futamase and K. Maeda, Chaotic inflationary scenario of the Universe with a nonminimally coupled “inflaton” field, Phys. Rev. D 39 (1989) 399; T. Futamase, T. Rothman and R. Matzner, Behavior of chaotic inflation in anisotropic cosmologies with nonminimal coupling, Phys. Rev. D 39 (1989) 405.

[24] S. Koh, S.P. Kim and D.J. Song, Nonlinear evolutions and non-Gaussianity in generalized gravity, Phys. Rev. D 71 (2005) 123511 [arXiv:astroph/0501401].

[25] S. Tsujikawa and B. Gumjudpai, Density perturbations in generalized Einstein scenarios and constraints on nonminimal coupling from Cosmic Microwave Background, Phys. Rev. D 69 (2004) 123523 [arXiv:astro-ph/0402185]; A.D. Felice and S. Tsujikawa, Primordial non-Gaussianities in general modified gravitational models of inflation, J. Cosmol. Astropart. Phys. 1104 (2011) 029 [arXiv:1103.1172[astro-ph.CO]]; f(R) theories, Living Rev. Rel. 13 (2010) 3 [arXiv:1002.4928 [gr-qc]].

[26] S.C. Park and S. Yamaguchi, Inflation by non-minimal coupling, J. Cosmol. Astropart. Phys.

0808 (2008) 009 [arXiv:0801.1722 [hep-ph]].

[27] N. Okada, M. Ur Rehman and Q. Shafi, Tensor to scalar ratio in nonminimal φ^4 Inflation, Phys. Rev. D 82 (2010) 043502 [arXiv:1005.5161].

[28] X. Gao, T. Kobayashi, M. Yamaguchi and J. Yokoyama, Primordial non-Gaussianities of gravitational wave in the Most general single-field model [arXiv:1108.3513 [astro-ph.CO]]; T. Kobayashi, M. Yamaguchi and J. Yokoyama, Primordial non-Gaussianity from G-inflation, Phys. Rev. D 83 (2011) 103524 [arXiv:1103.1740[hep-th]]; Generalized G-inflation: Inflation with the most general second-order field equations, Prog. Theor. Phys. 126 (2011) 511 [arXiv:1105.5723 [hep-th]]; K. Kamada, T. Kobayashi, M. Yamaguchi, J. Yokoyama, Higgs G-inflation, Phys. Rev. D 83 (2011) 083515 [arXiv:1012.4238 [astro-ph.CO]].

[29] C. Armendáriz-Picón, T. Damour and V. Mukhanov, k-inflation, Phys. Lett. B 458 (1999) 209 [arXiv:hep-th/9904075]. J. Garriga and V. F. Mukhanov, Perturbations in k-inflation, Phys. Lett. B 458 (1999) 219 [arXiv:hep-th/9904176].

[30] Y. Fujii and K. Maeda, The scalar-tensor theory of gravitation, Cambridge Univ. Press.

(2003) p. 240.

[31] R. M. Wald, General Relativity, Chicago, Univ. Press (1984) p. 491.

– 14 –

[32] H. Kodama and M. Sasaki, Cosmological Perturbation Theory, Prog. Theor. Phys. Suppl. 78 (1984) 1; V.F. Mukhanov, Physical Foundations of Cosmology (Cambridge University Press, 2005); S. Weinberg, Cosmology (Oxford University Press, 2008); A.R. Liddle and D.H. Lyth, The Primordial Density Perturbation (Cambridge University Press, 2009); V. Rubakov, Introduction to the Theory of the Early Universe (World Scientific Pub, 2011 ).

[33] R.L. Arnowitt and S. Deser, Quantum theory of gravitation: General formulation and linearized theory, Phys. Rev. 113 (1959) 745. R.L. Arnowitt, S. Deser and C.W. Misner, Dynamical structure and definition of energy in general relativity, Phys. Rev. 116 (1959) 1322; Canonical variables for general Relativity, Phys. Rev. 117 (1960) 1595; Gravitational electromagnetic coupling and the classical self-energy problem, Phys. Rev. 120 (1960) 313.

[34] J.M. Bardeen, Gauge-invariant cosmological perturbations, Phys. Rev. D22 (1980) 1882.

[35] F. Arroja and K. Koyama, Non-Gaussianity from the trispectrum in general single field inflation, Phys. Rev. D 77 (2008) 083517 [arXiv:0802.1167 [hep-th]].

[36] H. Noh and J. Hwang, Second-order Perturbations of the Friedmann World Model, Phys.

Rev. D 69 (2004) 104011 [arXiv: astro-ph/0305123].

[37] S. Renaux-Petel, On the redundancy of operators and the bispectrum in the most general second order scalar-tensor theory, JCAP 02 (2012) 020 [arXiv:1107.5020 [astro-phys]].

[38] S. Weinberg, Quantum contributions to cosmological correlations, Phys. Rev. D 72 (2005) 043514 [arXiv:hep-th/0506236]; Quantum contributions to cosmological correlations II, Phys. Rev. D 74 (2006) 023508 [arXiv:hep-th/0605244].

[39] Yun-Song Piao, Conformally Dual to Inflation, [arXiv:1112.3737 [hep-th]].

[40] Sandipan Kundu, Inflation with General Initial Conditions for Scalar Perturbations, JCAP 02 (2012) 005 [arXiv:1110.4688[astro-ph.CO]].

– 15 –