arXiv:1112.5308v1 [gr-qc] 22 Dec 2011

Scalar-tensor cosmologies with dust matter

in the general relativity limit

Laur Järv^∗, Piret Kuusk^†, Margus Saal^‡ Institute of Physics, University of Tartu, Riia 142, Tartu 51014, Estonia

Abstract

We consider flat Friedmann-Lemaître-Robertson-Walker cosmological models in the framework of general scalar-tensor theories of gravity with arbitrary coupling functions, set in the Jordan frame, in the cosmological epoch when the energy density of the ordinary dust matter dominates over the energy density of the scalar potential. Motivated by cosmological observations, we apply an approximation scheme in the regime close to the so-called limit of general relativity. The ensuing nonlinear approximate equations for the scalar field and the Hubble parameter can be solved analytically in cosmological time. This allows us to distinguish the theories with solutions that asymptotically converge to general relativity and draw some implications about the cosmological dynamics near this limit.

Pacs: 04.50 Kd, 98.80.Jk, 95.36+x

1 Introduction

Various cosmological observations of our Universe can be fairly well accommodated within the ΛCDM concordance model [1] based on the theory of general relativity (GR). However, there is still a number of viable alternative theories which also manage to conform sufficiently well with observational data [2]. One such family of theories is provided by scalar-tensor gravity (STG) [3] where gravitational interaction is mediated by an extra scalar degree of freedom Ψ in addition to the usual tensor ones. In the so-called Jordan frame and Brans-Dicke like parametrization an STG is characterized by two arbitrary functions, the coupling function ω(Ψ) and the scalar potential V (Ψ). As has been discussed by many authors previously [4, 5], for a range of choices of ω and V the cosmological evolution of dust and potential dominated STG models naturally converges close to the one expected from GR. Yet, at the same time STG models may also offer a possibility to explain small observational differences from pure GR ΛCDM behavior, e.g. the possibly variable effective barotropic index of dark energy [6] as hinted by some observational data [7], deviations in the growth of perturbations [8], etc.

∗laur.jarv@ut.ee †piret@fi.tartu.ee ‡margus@fi.tartu.ee

The aim of the current paper is to narrow down the class of STG models that can lead to observationally viable cosmologies (i.e., spontaneously evolve close to GR), and by explicitly finding the general solutions applicable in this regime to provide a basis for further direct checks with observational data. It is a follow-up work to our recent papers [9, 10, 11] where we investigated Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological models in the framework of general STG with arbitrary coupling function and scalar potential in the era when the energy density of the scalar potential dominates over the energy density of ordinary matter. There we presented, justified and applied an approximation scheme for the scalar field equation to capture the scalar field dynamics near the GR limit. In the present paper we supplement these studies with analogous investigations for the the cosmological epoch when the energy density of the ordinary dust matter dominates over the energy density of the scalar potential. The presence of an extra dynamical quantity (matter) in the system makes the procedure now a bit more complicated, yielding two non-linear equations which explicitly contain time but which can be nevertheless solved analytically. In a realistic cosmological scenario the dust dominated epoch should be patched together with the potential dominated era (as well as with an account of the early universe). For some related recent studies see Refs. [12].

In section 2 we recall STG FLRW equations. In section 3 we motivate and apply to the dust matter dominated era the approximation method worked out in Ref. [9]. The resulting nonlinear equations are solved analytically in cosmological time in Sect. 4. Comparison with earlier results and implications for selecting a model of STG viable in cosmology are discussed in section 5. Finally, section 6 provides a summary and a brief outlook.

2 The equations of scalar-tensor cosmology

We consider a general scalar-tensor theory in the Jordan frame given by the action functional S = 1 2κ^2 ∫ d^4x √ −g [ ΨR(g) − ω(Ψ) Ψ ∇^ρΨ∇_ρΨ − 2κ^2V (Ψ) ] + S_m(g_{μν} , χ_m) . (1)

Here ω(Ψ) is a coupling function, ∇_μ denotes the covariant derivative with respect to the metric g_{μν} , κ^2 is the non-variable part of the gravitational constant, and S_m is the matter contribution to the action as all other fields are included in χ_m. In order to keep the effective gravitational constant 8πG =^{κ2}_Ψ positive, we assume that 0 < Ψ < ∞.

The field equations for the Friedmann-Lemaître-Robertson-Walker (FLRW) line element

ds^2 = −dt^2 + a(t)^2 ( dr^2 1 − kr^2 + r^2(dθ^2 + sin^2 θdφ^2) ) (2) with curvature parameter k = 0 (flat) and perfect barotropic fluid matter, p = wρ, w = const., read

H^2 = −H Ψ̇ Ψ + 1 6 Ψ̇2 Ψ^2 ω(Ψ) + κ^2 Ψ ρ 3 + κ^2 Ψ V (Ψ) 3 , (3)

2Ḣ + 3H^2 = −2H Ψ̇ Ψ − 1 2 Ψ̇2 Ψ^2 ω(Ψ) − Ψ̈ Ψ − κ^2 Ψ wρ + κ^2 Ψ V (Ψ) , (4)

Ψ̈ = −3HΨ̇ + 1 2 A(Ψ)(2ω(Ψ) + 3) Ψ̇^2 + κ^2 2ω(Ψ) + 3

(1 − 3w)ρ + 2κ^2 2ω(Ψ) + 3 [ 2V (Ψ) − Ψ dV (Ψ) dΨ ] , (5)

where H ≡ ȧ/a and we have introduced the notation A(Ψ) ≡ d dΨ ( 1 2ω(Ψ) + 3 ) (6) for later convenience. The matter conservation law is the usual

ρ̇ + 3H (w + 1) ρ = 0 , (7)

it is reasonable to assume positive matter density, ρ ≥ 0.

The Hubble parameter H can be expressed as a function of Ψ by solving the Friedmann equation (3) algebraically,

H = − Ψ̇ 2Ψ ± √ (2ω(Ψ) + 3) Ψ̇2 12Ψ^2 + κ^2(ρ + V (Ψ)) 3Ψ . (8)

For later argument notice that in the limit^1_{(2ω(Ψ)+3)} → 0, Ψ̇ ≠ 0 the system faces a spacetime curvature singularity, since H diverges. Only as long as (2ω(Ψ)+3)Ψ̇^2 is finite are the solutions singularity free.

Let us take the regime where the dominating contribution to cosmological energy density is provided by dust matter (w = 0) and the scalar potential can be neglected in the equations. The system (3)-(7) is characterized by three variables {Ψ, H, ρ}, but one of them is algebraically related to the others via the Friedmann equation (3). Eliminating ρ yields two equations

Ψ̈ = −3HΨ̇ + 1 2 (2ω + 3)A(Ψ)Ψ̇^2 + 1 (2ω + 3) ( 3ΨH^2 + 3HΨ̇ − Ψ̇2 2Ψ ω ) , (9)

Ḣ = −3 2 H^2 + H Ψ̇ 2Ψ − Ψ̇2 4Ψ^2 ω − 1 4 (2ω + 3)A(Ψ) Ψ̇2 Ψ − 1 2(2ω + 3) ( 3H^2 + 3H Ψ̇ Ψ − Ψ̇2 2Ψ^2 ω ) , (10)

which provide the basis for the present study.

3 Approximate equations

In fact, not all possible solutions of Eqs. (9)-(10) are of immediate physical interest, since cosmological observations give a clear preference towards a certain corner in the solutions space. Analysis of the anisotropies of the cosmic microwave background (CMB) radiation sets a limit on the variation of the gravitational constant from the recombination process till now,

|G_{rec}−G_{now} | G_{now} < 5×10

−2 [13, 14], which for scalar-tensor gravity translates into Ψ̇ ≪ 1. In addition, the best fit of the CMB data indicates that at the time of recombination^1_{2ω(Ψrec)+3} < 7 × 10^{−2} [14], while the value today from the PPN data is bounded as^1_{2ω(Ψnow )+3} < 7 × 10^{−4} [15].

Therefore it makes sense while considering the dust dominated cosmological era to focus upon the solutions near the limit (a)^1_{(2ω(Ψ)+3)} → 0 and (b) Ψ̇ → 0. This assumption is consistent with the equations, as one can check in Eq. (5) how the conditions (a) and (b) keep Ψ̈ negligible, thus allowing Ψ̇ to remain negligible as well. One may also argue that if changes in Ψ are sufficiently small, ω(Ψ) does not change dramatically and the regime expected from the solutions is sufficiently stable to merit investigation.

So, let us define Ψ_⋆ by 1 2ω(Ψ_⋆) + 3

= 0 (11)

and focus upon the solutions near this point,

Ψ(t) = Ψ_⋆ + x(t) , H(t) = H_⋆(t) + h(t) , (12)

where H_⋆(t) is the Hubble parameter corresponding to the cosmological evolution with Ψ_⋆, while x(t) and h(t) are small deviations. It follows from (12) that Ψ̇(t) = ẋ(t), where we expect ẋ(t) to be also small due to (b). Under the two additional mathematical assumptions, (c) A_⋆ ≡ A(Ψ_⋆) ≠ 0 and (d)^1_{2ω+3} is differentiable at Ψ_⋆, we can expand in series 1 2ω(Ψ) + 3 = 1 2ω(Ψ_⋆) + 3 + A_⋆x + ... ≈ A_⋆x , (13) (2ω(Ψ) + 3)Ψ̇^2 = ẋ^2 0 + A_⋆x + . . . = ẋ^2 A_⋆x (1 + O(x)) ≈ ẋ^2 A_⋆x . (14)

The latter result actually informs us that in order to avoid a spacetime singularity^{ẋ2}_x must not diverge, hence we should treat x(t) and ẋ(t) as the same order (small) quantities, cf. the remark after Eq. (8). In passing let us remark that in our previous papers [9, 10, 11] we have tentatively called (a)-(d) ‘the limit of general relativity’ since under these conditions the set of STG cosmological equations (3)-(7) reduces to those of pure GR (with a cosmological constant if V (Ψ_⋆) ≠ 0).

Subjecting the Ḣ equation (10) to the approximation (12) gives in the first order

Ḣ_⋆ + ḣ = −3 2 H^2_⋆ − 3H_⋆h − 1 4Ψ_⋆ ( 1 + 1 2A_⋆Ψ_⋆ ) ẋ^2 x + 1 2Ψ_⋆ H_⋆ẋ − 3 2 A_⋆H^2_⋆ x . (15)

Taking the limit where the deviations x, ẋ, h, ḣ vanish, we define

Ḣ_⋆ = −3 2 H^2_⋆ , (16) which is familiar from the Friedmann solution of the dust dominated pure GR. It determines the time evolution of H_⋆ to be H_⋆ = 2 3(t − t_s)

. (17)

Here t_s is a constant of integration which fixes the beginning of time scale; in what follows we choose t_s = 0, t > 0. For late times when H_⋆ is finite, Eq. (15) now assures that ḣ is also small, at least on a par with h. To sum up, the appoximate first order equations read

ẍ = ẋ^2 2x − 3H_⋆ẋ + 3A_⋆Ψ_⋆H^2_⋆ x , (18)

ḣ + 3H_⋆h = − 1 4Ψ_⋆ ( 1 + 1 2A_⋆Ψ_⋆ ) ẋ^2 x + 1 2Ψ_⋆ H_⋆ẋ − 3 2 A_⋆H^2_⋆ x (19)

with H_⋆ given by Eq. (17). Notice that due to H_⋆ the Eqs. (18), (19) depend explicitly on time t. This means that the corresponding system of first order equations is not autonomous and the standard phase space analysis is not applicable. However, we can straightforwardly integrate Eqs. (18), (19) in cosmological time and analyse the behaviour of solutions in the neighbourhood of the limit of general relativity.

For later reference let us note that the expansion (12) can be also applied for the effective barotropic index,

w_{eff} ≡ −1 − 2Ḣ 3H^2 ≈ − 2 3H^2_⋆ ( ḣ + 3H_⋆h ) . (20)

Thus once h(t) is found, it can be plugged into the equation above to reveal how w_{eff} evolves in cosmological time. In an analogous manner one may also deal with^Ġ and other relevant quantities.

4 Solutions in the cosmological time

Despite its nonlinear and nonautonomous structure, one can solve Eq. (18) analytically. It turns out that the type of the solution x(t) depends on the constant

D ≡ 1 + 8 3 A_⋆Ψ_⋆ (21)

which characterizes the underlying STG. Then one can plug in x(t) into Eq. (19) and solve the latter for h(t), which also yields an analytic result. Having found x(t) and h(t), it is possible to determine the evolution of the effective barotropic index w_{eff} from Eq. (20), and other quantities of interest.

4.1 Polynomial solutions

In the case D > 0 the solution of Eq. (18) reads ± x(t) = 1 t ( M_1t √ D 2 − M_2t^− √ D 2 )_2 . (22)

Here and below the “±” follows from an obvious invariance property of Eq. (18) under reflection x → −x, i.e. there are solutions which lie in the regions Ψ ≷ Ψ_⋆ (x ≷ 0), respectively. The constants of integration M_1, M_2 are related to the initial data x_∗ = x(t_∗), ẋ_∗ = ẋ(t_∗) at some arbitrary time t_∗ as

M_1 = ẋ_∗t_∗ + x_∗(1 + √ D) 2 √ D √ ±x_∗ t^{12 (1−} √ D) ∗ , (23)

M_2 = ẋ_∗t_∗ + x_∗(1 − √ D) 2 √ D √ ±x_∗ t^{12 (1+} √ D) ∗ . (24)

Now we can integrate Eq. (19) to obtain ± h(t) = 2 3t^2 [ M^2_1 ( −a √ D + b ) t^{√D} + M^2_2 ( a √ D + b ) t^{−√D} + K ] . (25)

Here K is another constant of integration and we have introduced constants a, b which characterize the underlying STG, a ≡ 3 + 6A_⋆Ψ_⋆ 8A_⋆Ψ^2_⋆ , b ≡ 3 + 10A_⋆Ψ_⋆

8A_⋆Ψ^2_⋆

. (26)

As a result, the full Hubble parameter in the approximation under consideration is H(t) = 2 3t { 1 ± 1 t [ M^2_1 ( −a √ D + b ) t^{√D} + M^2_2 ( a √ D + b ) t^{−√D} + K ]} . (27)

The effective barotropic index reads

± w_{eff} (t) = − √ D t [ M^2_1 ( −a √ D + b ) t^{√D} − M^2_2 ( a √ D + b ) t^{−√D} ] . (28)

We can get a better feel of these solutions by considering their behavior at certain limits and points. Asymptotically at t → ∞ the solutions exhibit two distinct behaviors. For STGs with √ D < 1 (i.e. A_⋆Ψ_⋆ < 0) all cosmological solutions irrespective of their initial conditions monotonically approach the general relativistic dust matter FLRW cosmology, Ψ(t) → Ψ_⋆ = const., H(t) → H_⋆(t) = 2/(3t), w_{eff} (t) → 0, since all first order corrections vanish at this limit. On the other hand STGs with √ D > 1 (i.e. A_⋆Ψ_⋆ > 0) allow only solutions that will diverge, x(t) → ∞, h(t) → ∞, w_{eff} (t) → ∞, meaning that solutions in these theories can linger near general relativity only for a certain period, while as time evolves they will leave and the approximation scheme will break down eventually. (The case √ D = 1 would imply A_⋆ = 0 or Ψ_⋆ = 0, which contradicts the assumptions (c) or 0 < Ψ < ∞ of the present study.)

Taking t → 0 the quantities x(t) and h(t) diverge for all integration constants and parameters of the theory except for the special M_2 = 0, √ D > 1 case. This indicates that generally the solutions can not start near the limit of general relativity and only dynamical evolution can bring them close to it.

The solution (22) also informs us that if the integration constants M_1 and M_2 are both positive or both negative, then at a finite moment

t_b = ( M_2 M_1 ) 1_{√D} > 0 (29) the corresponding solutions can go through

± x(t_b) = 0 , ±ẋ(t_b) = 0 , ±ẍ(t_b) = 2DM_1M_2t^{−3}_b > 0 . (30)

At t_b these solutions do not stop at x = 0, but bounce back, i.e. the solutions coming from the x < 0 region return to the x < 0 and similarly the solutions coming from the x > 0 region return to the x > 0 region. There is no crossing from x < 0 to x > 0 or vice versa. In terms of the initial data at some arbitrary time t_∗ the bouncing solutions satisfy ∓ ẋ_∗t_∗ < ±x_∗(1 − √ D) , or ± ẋ_∗t_∗ < ∓x_∗(1 + √ D) , (31)

as can be inferred from Eqs. (23)-(24).

In addition, at

t_c = ( M_2(1 + √ D) M_1(1 − √ D) ) 1_{√D} > 0 , (32)

the solutions may pass through

± x(t_c) =

4DM_1M_2 (1 − D)t_c , ±ẋ(t_c) = 0 , ±ẍ(t_c) = −2DM_1M_2t^{−3}_c . (33)

This happens for two types of solutions: if sign(M_1) = sign(M_2) for √ D < 1 and if sign(M_1) ≠ sign(M_2) for √ D > 1. The first type encompasses all √ D < 1 solutions which at t_b have bounced back from x = 0, now at t_c > t_b they turn around again to proceed asymptotically towards x = 0. The second type comprises of the √ D > 1 solutions which never get to x = 0, the moment t_c marks their closest reach to x = 0 before starting to flow away.

Therefore, in summary, the following picture emerges. If √ D < 1 the solutions with initial conditions (31) first apporach x = 0, then at t_b reach x = 0 and bounce back, further at t_c turn towards x = 0 again, to get there asymptotically as t → ∞. The √ D < 1 solutions with initial conditions outside the ranges given by (31) converge to x = 0 monotonically. If √ D > 1 the solutions with initial conditions (31) initially approach x = 0, then at t_b reach x = 0 to bounce back and flow away. The √ D > 1 solutions with initial conditions outside the ranges given by (31) move towards x = 0, but before reaching it turn around at t_c and leave. An exceptional case is the √ D > 1, M_2 = 0 solution which starts at x = 0 and monotonically flows away from it.

As is evident from (25) and (28) the behavior of h(t) and w_{eff} (t) is not synchronous with x(t). However, one can make some simple generic observations taking into account the definitions (21), (26) and the basic assumption 0 < Ψ < ∞. First, as t → 0 the quantity w_{eff} (t) → −∞ if^1_9 < D < 1, while w_{eff} (t) → +∞ if 0 < D <^1_9 or D > 1. Also, as we have noted above, t → ∞ takes w_{eff} (t) → 0 if D < 1, while w_{eff} (t) → +∞ if D > 1. Further, there can be specific moments

t_d = ( M^2_2 M^2_1 ( √ Da + b) (− √ Da + b) ) 1_{2√D} , w_{eff} (t_d) = 0 , ẇ_{eff} (t_d) ≠ 0 (34) and t_e = ( M^2_2 M^2_1

(1 + √ D)( √ Da + b) (1 − √ D)(− √ Da + b) ) 1_{2√D} , w_{eff} (t_e) ≠ 0 , ẇ_{eff} (t_e) = 0 . (35)

One can check that t_d > 0 if 0 < D <^1_9 , while t_e > 0 if 0 < D <^1_9 or D > 1.

Thus, the picture is the following. For 0 < D <^1_9 the barotropic index w_{eff} (t) approaches w_{eff} = 0 from above, and passing this value at t_d, then later at t_e the quantity w_{eff} (t) starts to increase again, and will asymptotically converge to the vanishing value. For^1_9 < D < 1 the solutions exhibit a monotonic growth for w_{eff} which closes in to the w_{eff} = 0 dust matter regime from below. The generic D > 1 solutions start with decreasing w_{eff} , which reaches its lowest (and positive) value at t_e, but after that w_{eff} starts to increase again. The D > 1, M_2 = 0 solution is an exception, here w_{eff} starts from 0 and keeps increasing in time.

4.2 Logarithmic solutions

In the case D = 0 (A_⋆Ψ_⋆ = −^3_8 ) the solutions of Eqs. (18)–(20) read ± x(t) = 1 t ( M̃_1 ln t − M̃_2

)_2

, (36) ±h(t) = M̃_1 3Ψ_⋆t^2 [ M̃_1 2 (ln t)^2 + (M̃_1 − M̃_2) ln t + K̃ ] , (37)

±w_{eff} (t) = −

M̃_1 2Ψ_⋆t ( M̃_1 ln t + M̃_1 − M̃_2 ) . (38)

Here M̃_1, M̃_2 as well as K̃ are constants of integration, fixed by the initial data x_∗ = x_∗(t̃_∗), ẋ_∗ = ẋ_∗(t̃_∗) at some arbitrary time t̃_∗ as

M̃_1 = ẋ^∗ t̃_∗ + x_∗ 2 √ ±x_∗ t̃^{12}_∗ , (39)

M̃_2 = (ẋ^∗ t̃_∗ + x_∗) ln t̃_∗ − 2x_∗ 2 √ ±x_∗ t̃^{12}_∗ . (40)

Unless M̃_1 = 0 the solutions exhibit the same generic behavior. They start by approaching x = 0, at t̃_b = e^{M̃2~}M1 (41) reach ± x(t̃_b) = 0 , ±ẋ(t̃_b) = 0 , ±ẍ(t̃_b) = 2M̃^2_1 t̃^{−3}_b > 0 (42) and bounce back, later at t̃_c = e^{2M̃1+M̃2~}M1 > t̃_b (43) the solutions pass through

± x(t̃_c) = 4M̃^2_1 t̃^{−1}_c , ±ẋ(t̃_c) = 0 , ±ẍ(t̃_c) = −2M̃^2_1 t̃^{−3}_c , (44)

and return flowing towards x = 0 reaching it asymptotically in time. The effective barotropic index starts by decreasing from a positive value, experiences

t̃_d = e^{− M̃1−M̃2~}M1 , w_{eff} (t̃_d) = 0 , ẇ_{eff} (t̃_d) = −

M̃ 2_1 2Ψ_⋆ t̃^{−2}_d (45) but then starts to incease again at

t̃_e = e^{M̃2~}M1 = t̃_b , w_{eff} (t̃_e) = −

M̃ 2_1 2Ψ_⋆ t̃^{−1}_e , ẇ_{eff} (t̃_e) = 0 , ẅ_{eff} (t̃_e) =

M̃ 2_1 2Ψ_⋆ t̃^{−3}_e (46)

reaching w_{eff} = 0 from below asymptotically in time. In the M̃_1 = 0 case the solutions approach x = 0 monotonically while w_{eff} is always zero.

4.3 Oscillating solutions

In the case D < 0 solutions of Eq. (18) read ± x(t) = 1 t [ N_1 sin ( 1 2 √ |D| ln t ) − N_2 cos ( 1 2 √ |D| ln t )]_2 , (47)

where the constants of integration N_1 and N_2 determined by the initial conditions x_∗ = x(t_∗), ẋ_∗ = ẋ(t_∗) at some arbitrary time t_∗ as

N_1 = √ t_∗ √ |D| √ ±x_∗ [ (ẋ_∗t_∗ + x_∗) cos ( 1 2 √ |D| ln t_∗ ) + x_∗ √ |D| sin ( 1 2 √ |D| ln t_∗ )] , (48)

N_2 = √ t_∗ √ |D| √ ±x_∗ [ (ẋ_∗t_∗ + x_∗) sin ( 1 2 √ |D| ln t_∗ ) − x_∗ √ |D| cos ( 1 2 √ |D| ln t_∗ )] . (49)

The corresponding solution of Eq. (19) is ± h(t) = 2 3t^2 [ ( (N^2_2 − N^2_1 ) a √ |D| 2 − N_1N_2 b ) sin (√ |D| ln t )

+ ( (N^2_2 − N^2_1 ) b 2 + N_1N_2 a √ |D| ) cos (√ |D| ln t ) + K ] , (50)

where K is another constant of integration and a, b are given by Eq. (26). The full Hubble parameter now consists of small oscillations around the GR FLRW dust cosmological model H(t) = 2 3t { 1 ± 1 t [ ( (N^2_2 − N^2_1 ) a √ |D| 2 − N_1N_2 b ) sin (√ |D| ln t )

+ ( (N^2_2 − N^2_1 ) b 2 + N_1N_2 a √ |D| ) cos (√ |D| ln t ) + K ]} . (51)

The effective barotropic index reads

± w_{eff} (t) = − √ |D| t [ − ( (N^2_2 − N^2_1 ) b 2 + N_1N_2a √ |D| ) sin (√ |D| ln t )

+ ( (N^2_2 − N^2_1 ) a √ |D| 2 − N_1N_2b ) cos (√ |D| ln t ) ] . (52)

The behavior of all these solutions is fairly simple as they approach the general relativistic dust matter cosmology in the manner of damped oscillations. At the moments

t_b = exp ( 2 √ |D| arctan ( N_2 N_1 ) + 2nπ √ |D| ) (53)

the deviation x(t) of the scalar field passes through

± x(t_b) = 0 , ±ẋ(t_b) = 0 , ±ẍ(t_b) = −D 2 (N^2_1 + N^2_2 )t^{−3}_b > 0 , (54)

i.e., bounces back from x = 0, while at the moments

t_c = exp ( 2 √ |D| arctan ( N_2 + N_1 √ |D| N_1 − N_2 √ |D| ) + 2nπ √ |D| ) (55)

it passes through

± x(t_c) = −D 1 − D (N^2_1 + N^2_2 )t^{−1}_c , ±ẋ(t_c) = 0 , ±ẍ(t_c) = D 2 (N^2_1 + N^2_2 )t^{−3}_c < 0 , (56)

i.e., turns around and evolves towards x = 0 again. The amplitude of the deviations monotonically decreases while the period monotonically increases. The behavior of w_{eff} (t) is analogous, but not synchronous with x(t). It is characterized by

t_d = exp ( 1 √ |D| arctan ( (N^2_2 − N^2_1 )a √ |D| − 2N_1N_2b (N^2_2 − N^2_1 )b + 2N_1N_2a √ |D| ) + nπ √ |D| ) , w_{eff} (t_d) = 0 , ẇ_{eff} (t_d) ≠ 0 (57) and t_e = exp ( 1 √ |D| arctan ( − (N^2_2 − N^2_1 )(b + a)D + 2N_1N_2(b + aD) √ |D| (N^2_2 − N^2_1 )(b + Da) √ |D| − 2N_1N_2(b + a)D ) + nπ √ |D| ) , ±w_{eff} (t_e) = ς

−D(N^2_2 + N^2_1 ) √ b^2 − a^2D 2 √ 1 − D t^{−1}_e , ẇ_{eff} (t_e) = 0 , (58)

where ς = (−1)^n sign ( (N^2_2 − N^2_1 )(b + Da) √ |D| − 2N_1N_2(b + a)D ) , (59)

meaning oscillations around w_{eff} = 0 with exponentially decreasing amplitudes and exponetially increasing period.

5 Discussion

5.1 Comparison with earlier results

STG dust cosmology equations near the GR limit were investigated several years ago in the Einstein frame by Damour and Nordtvedt [4]. By invoking an analogy with a mechanical particle with time-dependent mass, they demonstrated that in the case of coupling function (2ω(Ψ) + 3)^{−1/2} ≡ α(φ) = kφ, k = const. the type of a solution for the Einstein frame scalar field φ(p) with the evolution parameter p = (2/3) ln t depends on the numerical value of the model-dependent constant k: the solution is exponential in time parameter p, i.e. polynomial in cosmological time t if 0 < k < 3/8, linear-exponential if k = 3/8 and oscillating if k > 3/8.

In our earlier papers [9] we investigated the Jordan frame scalar field equation close to the GR limit in the linearized approximation, found the fixed points and calculated the eigenvalues which determine the type of solutions around these fixed points. Our results were qualitatively similar to those of Damour and Nordtvedt [4], but the critical value of the model-dependent parameter turned out to be 3/16 instead of 3/8.

In the present paper we refined the analysis and found solutions in the nonlinear approximation for the Jordan frame scalar field Ψ(t) in the cosmological time t and obtained the critical value of the model-dependent parameter to be given by A_⋆Ψ_⋆ = −3/8. It is in exact agreement with the results of Damour and Nordtvedt, as the transformation between the Einstein and the Jordan frame quantities

(dφ)^2 =

2ω(Ψ) + 3 4Ψ^2

(dΨ)^2 (60)

gives k = dα dφ | |_⋆ = [ 2Ψ (2ω + 3)^2 dω dΨ ] ⋆ = −A_⋆Ψ_⋆ . (61)

It follows that the approximation used by Damour and Nordtvedt [4] in the Einstein frame is congruent with our nonlinear approximation in the Jordan frame and thus can be considered as an additional justification for our expansions (12), (13).

5.2 Combining the dust and potential dominated eras

In the present paper we focussed upon the dust dominated cosmological epoch in the framework of STG with negligible scalar potential. In principle, this epoch could be followed by a scalar potential dominated epoch with insignificant matter density that we investigated by similar methods in our earlier papers [10, 11]. In both cases we assumed that the cosmological model has evolved towards the GR point Ψ_⋆ (11) since this is strongly indicated by different contemporary observations, and we solved field equations in a nonlinear approximation in the neighbourhood of this point. Let us now combine the conditions on the parameters of the models with the aim to view different epochs as parts of a single cosmological scenario.

In both cases there are general conditions for solutions to converge towards the GR value Ψ_⋆ asymptotically in time: in the dust dominated model it reads (see Sec. 4)

A_⋆Ψ_⋆ ≡ [ d dΨ ( 1 2ω(Ψ) + 3 ) Ψ ] ⋆ < 0 (62)

and in the potential dominated model [10]

V (Ψ_⋆) > 0 , [ Ψ 2V dV dΨ ] ⋆ < 1 . (63)

Epoch Solutions

ρ dominates oscillating D < 0 logarithmic D = 0 polynomial 0 < D < 1

V dominates oscillating B < 0 linear − exponential B = 0 exponential 0 < B Table 1: Classification of the qualitative behavior of solutions of the scalar field and cosmological expansion while converging to the GR limit in the dust matter (ρ) dominated and potential (V ) dominated epochs, determined by the parameters D (21) and B (64), which characterize the underlying STG.

The converging solutions can be classified according to the numerical value of a modeldependent parameter as summarized in Table 1. As discussed in Sec. 4, in the dust dominated epoch the behavior of the scalar field is determined by the quantity D (21) characterizing the STG model: the solutions are oscillating if D < 0 (A_⋆Ψ_⋆ < −3/8), logarithmic if D=0 (A_⋆Ψ_⋆ = −3/8) and polynomial if 0 < D < 1 (−3/8 < A_⋆Ψ_⋆ < 0). In the scalar potential dominated models the corresponding classification can be given in terms of a model-dependent quantity B ≡ ( A_⋆Ψ_⋆ + 3 8 ) − A_⋆Ψ_⋆ [ Ψ 2V dV dΨ ] ⋆ (64)

as follows: the solutions are oscillating in cosmological time if B < 0, linear-exponential if B = 0 and exponential if B > 0 [11]. The same behavior carries over to the cosmological expansion as encoded in the Hubble parameter H or barotropic index w_{eff} , i.e. polynomial, oscillating etc. convergence towards the dust FLRW values in the matter dominated epoch or de Sitter values in the potential dominated epoch, correspondingly.

A realistic STG cosmological scenario compatible with observations would better need to have GR as an attractor in both dust dominated and matter dominated regimes. Therefore for a credible STG both conditions (62) and (63) must be satisfied, thus constraining the set of functions ω(Ψ) and V (Ψ) one can consider for constructing a viable model. The next filter is provided by qualitatively different behaviors among this converging class of models, e.g. depending on ω(Ψ) and V (Ψ) the evolution may be oscillating in the dust dominated and exponential in the potential dominated epoch, etc., which might be possible to detect in future observations.

6 Summary and outlook

In this paper we have considered generic Jordan frame STG flat FLRW cosmological models in the dust dominated era with negligible scalar potential near the limit of general relativity as favored by various observational constraints. We derived and solved nonlinear approximate equations for small deviations of the scalar field and cosmological expansion from their GR limit values. Depending on the scalar field coupling function ω(Ψ) the models fall into two classes where either all solutions approach GR asymptotically in time or only a single fine-tuned solution does. The models with universally converging solutions come in three characteristic types: polynomial convergence, logarithmic convergence, and damped oscillations around general relativity.

The approximation scheme assumes that the first derivative of^1_{2ω(Ψ)+3} w.r.t. Ψ evaluated at the GR limit (11) is nonvanishing and finite, while the higher dervatives do not diverge. Then the only parameter characterizing the underlying distinct STG which enters the approximation equations and the analytic solutions is the value of the first derivative. Thus in principle the present study encompasses a very large generic family of STG models and in this sense has wider applicability than considering example models, equvalent to a particular form of ω(Ψ) chosen.

The class of STGs where the GR limit is an attractor for the nearby solutions is of interest because there is a dynamical mechanism naturally driving the solutions to satisfy observational constraints. So, combining the results of the present work on the dust dominated epoch with earlier results on the potential dominated regime, provides a reasonable viability filter for STG models in terms of the conditions (62), (63).

On the other hand the converging solutions still have their characteristic small deviations from the ruling ΛCDM scenario. Given the generic analytic solution for the cosmological expansion and the corresponding effective barotropic index near the GR limit, it remains as a future work to face it with actual data and to draw observational constraints on the STG models. Similarly, the expansion history enters as background evolution in the equations for the growth of perturbations, which leads to another line of investigation. Finally, the dust and late-time potential dominated epochs must be patched together with an account of the early universe.

Acknowledgements This work was supported by the Estonian Science Foundation Grant No. 8837 and by Estonian Ministry for Education and Science Support Grant No. SF0180013s07.

References

[1] E. Komatsu et al. [WMAP Collaboration], Astrophys. J. Suppl. 192, 18 (2011) [arXiv:1001.4538 [astro-ph.CO]]; R. Kessler et al., Astrophys. J. Suppl. 185, 32 (2009) [arXiv:0908.4274 [astro-ph.CO]].

[2] E. J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D 15, 1753 (2006) [arXiv:hep-th/0603057]; J. Frieman, M. Turner and D. Huterer, Ann. Rev. Astron. Astrophys. 46, 385 (2008) [arXiv:0803.0982 [astro-ph]]; R. R. Caldwell and M. Kamionkowski, Ann. Rev. Nucl. Part. Sci. 59, 397 (2009); [arXiv:0903.0866 [astro-ph.CO]]; T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010) [arXiv:0805.1726 [gr-qc]]; S. Tsujikawa, Lect. Notes Phys. 800 (2010) 99 [arXiv:1101.0191 [gr-qc]] T. Clifton, P. G. Ferreira, A. Padilla and C. Skordis, arXiv:1106.2476 [astro-ph.CO]; S. ’i. Nojiri and S. D. Odintsov, Phys. Rept. 505 (2011) 59 [arXiv:1011.0544 [gr-qc]].

[3] C. M. Will, Theory and experiment in gravitational physics, (Cambridge University Press, Cambridge, 1981); Y. Fujii and K. Maeda, The scalar-tensor theory of gravitation, (Cambridge University Press, Cambridge, 2003); V. Faraoni, Cosmology in scalar-tensor gravity, (Kluwer Academic Publishers, Dordrecht, 2004).

[4] T. Damour and K. Nordtvedt, Phys. Rev. Lett. 70, 2217 (1993); T. Damour and K. Nordtvedt, Phys. Rev. D48, 3436 (1993).

[5] J. D. Barrow and J. P. Mimoso, Phys. Rev. D 50, 3746 (1994); A. Serna and J. M. Alimi, Phys. Rev. D 53, 3074 (1996) [arXiv:astro-ph/9510139]; J. D. Barrow and P. Parsons, Phys. Rev. D 55, 1906 (1997) [arXiv:gr-qc/9607072]; D. I. Santiago, D. Kalligas, and R. V. Wagoner, Phys. Rev. D 58, 124005 (1998) [arXiv:gr-qc/9805044]; J. P. Mimoso and A. M. Nunes, Phys. Lett. A 248, 325 (1998); A. Navarro, A. Serna and J. M. Alimi, Phys. Rev. D 59, 124015 (1999) [arXiv:astro-ph/9903368]; A. Serna, J. M. Alimi, and A. Navarro, Class. Quant. Grav. 19, 857 (2002) [arXiv:gr-qc/0201049]; J. D. Barrow and D. J. Shaw, Class. Quant. Grav. 25, 085012 (2008) [arXiv:0712.2190 [gr-qc]].

[6] L. Perivolaropoulos, JCAP 0510 (2005) 001 [astro-ph/0504582]; R. Gannouji, D. Polarski, A. Ranquet and A. A. Starobinsky, JCAP 0609, 016 (2006) [arXiv:astroph/0606287]; S. Nesseris and L. Perivolaropoulos, JCAP 0701, 018 (2007) [arXiv:astroph/0610092]; S. Capozziello, S. Nesseris and L. Perivolaropoulos, JCAP 0712, 009 (2007) [arXiv:0705.3586 [astro-ph]] B. Boisseau, Phys. Rev. D 83, 043521 (2011) [arXiv:1011.2915 [astro-ph.CO]]; L. Järv, P. Kuusk and M. Saal, Proc. Est. Acad. Sci. Phys. Math. 59 (2010) 306 [arXiv:0903.4357 [gr-qc]]; L. Järv, P. Kuusk and M. Saal, J. Phys. Conf. Ser. 283 (2011) 012017.

[7] P. Wu and H. W. Yu, JCAP 0802, 019 (2008) [arXiv:0802.2017 [astro-ph]]; A. Kurek, O. Hrycyna and M. Szydlowski, Phys. Lett. B 690 (2010) 337 [arXiv:0805.4005 [astroph]]; Q. G. Huang, M. Li, X. D. Li and S.Wang, Phys. Rev. D 80, 083515 (2009) [arXiv:0905.0797 [astro-ph.CO]]; A. Shafieloo, V. Sahni, and A. A. Starobinsky, Phys. Rev. D80, 101301 (2009) [arXiv:0903.5141 [astro-ph]]; R. Lazkoz, V. Salzano and I. Sendra, Phys. Lett. B 694, 198 (2010) [arXiv:1003.6084 [astro-ph.CO]]. A. C. C. Guimaraes and J. A. S. Lima, Class. Quant. Grav. 28, 125026 (2011) [arXiv:1005.2986 [astro-ph.CO]]; R. G. Cai, Q. Su and H. B. Zhang, JCAP 1004, 012 (2010); P. Wu and H. W. Yu, arXiv:1012.3032 [astro-ph.CO]; H. Li and X. Zhang, Phys. Lett. B 703 (2011) 119 [arXiv:1106.5658 [astro-ph.CO]].

[8] F. Perrotta, C. Baccigalupi and S. Matarrese, Phys. Rev. D 61, 023507 (2000) [arXiv:astro-ph/9906066]. B. Boisseau, G. Esposito-Farese, D. Polarski and A. A. Starobinsky, Phys. Rev. Lett. 85 (2000) 2236 [arXiv:gr-qc/0001066]; G. Esposito- Farese and D. Polarski, Phys. Rev. D 63, 063504 (2001) [arXiv:gr-qc/0009034]; R. Gannouji and D. Polarski, JCAP 0805, 018 (2008) [arXiv:0802.4196 [astro-ph]]. J. C. Bueno Sanchez, J. B. Dent, S. Dutta and L. Perivolaropoulos, JCAP 1009 (2010) 021 [arXiv:1004.4905 [astro-ph.CO]]; J. C. Bueno Sanchez and L. Perivolaropoulos, J. Phys. Conf. Ser. 283, 012006 (2011); S. Lee, JCAP 1103 (2011) 021 [arXiv:1012.2646 [astroph.CO]].

[9] L. Järv, P. Kuusk and M. Saal, Phys. Rev. D 78, 083530 (2008) [arXiv:0807.2159 [gr-qc]];

P. Kuusk, L. Järv and M. Saal, Int. J. Mod. Phys. A 24, 1631 (2009) [arXiv:0810.5038 [gr-qc]].

[10] L. Järv, P. Kuusk and M. Saal, Phys. Rev. D 81, 104007 (2010) [arXiv:1003.1686 [gr-qc]].

[11] L. Järv, P. Kuusk and M. Saal, Phys. Lett. B 694, 1 (2010) [arXiv:1006.1246 [gr-qc]];

M. Saal, L. Järv, and P. Kuusk, Int. J. Mod. Phys. Conf. Ser. 3, 238 (2011).

[12] L. Järv, P. Kuusk and M. Saal, Phys. Rev. D 75, 023505 (2007) [arXiv:gr-qc/0608109];

S. ’i. Nojiri, S. D. Odintsov and H. Štefančić, Phys. Rev. D 74 (2006) 086009 [hepth/0608168]; S. Carloni, S. Capozziello, J. A. Leach and P. K. S. Dunsby, Class. Quant. Grav. 25 (2008) 035008 [gr-qc/0701009]; O. Hrycyna and M. Szydłowski, Phys. Rev. D 76 (2007) 123510 [arXiv:0707.4471 [hep-th]]; N. Agarwal and R. Bean, Class. Quant. Grav. 25 (2008) 165001 [arXiv:0708.3967 [astro-ph]]; G. Leon, Class. Quant. Grav. 26 (2009) 035008 [arXiv:0812.1013 [gr-qc]]; O. Hrycyna and M. Szydłowski, JCAP 0904 (2009) 026 [arXiv:0812.5096 [hep-th]]; G. Gupta, E. N. Saridakis and A. A. Sen, Phys. Rev. D 79 (2009) 123013 [arXiv:0905.2348 [astro-ph.CO]]; O. Hrycyna and M. Szydłowski, Phys. Lett. B 694 (2010) 191 [arXiv:0906.0335 [astro-ph.CO]]; C. E. M. Batista and W. Zimdahl, Phys. Rev. D 82 (2010) 023527 [arXiv:0912.0998 [astro-ph.CO]] O. Hrycyna and M. Szydłowski, JCAP 1012 (2010) 016 [arXiv:1008.1432 [astro-ph.CO]]; G. Leon, P. Silveira and C. R. Fadragas, arXiv:1009.0689 [gr-qc];

[13] K. i. Umezu, K. Ichiki and M. Yahiro, Phys. Rev. D 72, 044010 (2005) [arXiv:astroph/0503578]; K. C. Chang and M. C. Chu, Phys. Rev. D 75, 083521 (2007); J. P. Uzan, Living Rev. Rel. 14, 2 (2011) [arXiv:1009.5514 [astro-ph.CO]]; T. Chiba, arXiv:1111.0092 [gr-qc].

[14] R. Nagata, T. Chiba and N. Sugiyama, Phys. Rev. D 69, 083512 (2004) [arXiv:astroph/0311274].

[15] B. Bertotti, L. Iess and P. Tortora, Nature 425, 374 (2003); C. M. Will, Living Rev. Rel.

9, 3 (2005) [arXiv:gr-qc/0510072].