arXiv:1112.6138v2 [math-ph] 26 Mar 2012

NEW DYNAMICS IN THE ANTI-DE SITTER UNIVERSE AdS^5

ALAIN BACHELOT

Abstract. This paper deals with the propagation of the gravitational waves in the Poincaré patch of the 5-dimensional Anti-de Sitter universe. We construct a large family of unitary dynamics with respect to some high order energies that are conserved and positive. These dynamics are associated with asymptotic conditions on the conformal time-like boundary of the universe. This result does not contradict the statement of Breitenlohner-Freedman that the hamiltonian is essentially selfadjoint in L^2 and thus accordingly the dynamics is uniquely determined. The key point is the introduction of a new Hilbert functional framework that contains the massless graviton which is not normalizable in L^2. Then the hamiltonian is not essentially self-adjoint in this new space and possesses a lot of different positive self-adjoint extensions.

I. Introduction

The 5-dimensional Anti-de Sitter space-time AdS^5 plays a fundamental role in string cosmology (see e.g. [6], [12]). An important geometrical framework is the Poincaré patch P of AdS^5, defined by P := R_t × R^3_x ×]0, ∞[_z, g_{μν} dx^μdx^ν = 1 z^2 ( dt^2 − dx^2 − dz^2 ) . P is a lorentzian manifold and the crucial point is that it is not globally hyperbolic : the conformal boundary R_t × R_x × {z = 0} is time-like and the question arises to determine the possible boundary conditions on this horizon, satisfied by the gravitational waves propagating in the bulk P. These fields obey the D’Alembert equation

(I.1) □_gu = 0, □_gu :=| g |^{− 12} ∂_μ ( | g |^{12} g^{μν} ∂_ν u ) If we put Φ =: z^{− 3}2 u the equation (I.1) in P takes the very simple form of the free wave equation on the 1+4-dimensional half Minkowski space-time R_t × R^3_x ×]0, ∞[_z , pertubed by a singular cartesian potential^{15}_{4z2} :

(I.2) ( ∂^2_t − Δ_x − ∂^2_z + 15 4z^2 ) Φ = 0, in R_t × R^3_x ×]0, ∞[_z.

In this work, we adress two questions :

(i) Since P is not globally hyperbolic, the dynamics is not a priori well defined without some boundary condition imposed on the time-like horizon {z = 0}. The usual opinion is that such a supplement constraint is not necessary because the Breitenlohner-Freedman condition is satisfied for the gravitational waves ([5], [8] and Appendix of [2]), and so the hamiltonian −Δ_x − ∂^2_z +^{15}_{4z2} is essentially self-adjoint on C^∞_0 (R^3_x ×]0, ∞[_z ) in the Hilbert space H choosen to be L^2(R^3_x ×]0, ∞[_z). As a consequence there exists a unique dynamics in the functional framework of the fields with finite energy ([8], [4]):

(I.3) E (Φ) := ∫ R^3

∫_∞ 0 | ∇_{t,x,z}Φ(t, x, z) |^2 + 15 4z^2

| Φ(t, x, z) |^2 dxdz < ∞.

In fact this constraint implies an implicit Dirichlet condition on the boundary of the universe, Φ(t, x, 0) = 0, and these gravitational waves are called Friedrichs solutions. Nevertheless this result of uniqueness is not the end of the story because it depends deeply on the choice of the Hilbert space

1

H (or the choice of the energy E(Φ)). In this paper we show that we can perform a rich variety of different unitary dynamics for the gravitational waves by changing the choice of the conserved energy. We construct a Hilbert space H such that −Δ_x − ∂^2_z +^{15}_{4z2} is not essentially self-adjoint on C^∞_0 (R^3_x ×]0, ∞[_z) and admits many self-adjoint extensions associated with different boundary conditions at z = 0 of asymptotic type.

(ii) Another belief is that this cosmological model with a time-like horizon is not physically realistic since the massless graviton Φ_G(t, x, z) := z^{− 3}2 ϕ(t, x) where ∂^2_t ϕ−Δ_xϕ = 0, is not normalizable (in the sense of the L^2 norm). In this paper we prove there exists an infinity of pairwise different unitary dynamics for which this graviton is normalizable (in the sense of the new Hilbert space). Moreover these dynamics are not trivial, i.e any field localized far from z = 0 at time t = 0, interacts with the massless graviton : when the field hits the boundary z = 0, a part of the scattered field is given by the graviton. Furthermore, many of these dynamics are stable in the sense that there is no growing mode and the conserved energy is positive.

Now we describe the very simple idea of the construction of these new dynamics. We can see that Φ is solution of (I.2) iff Ψ(t, x, Z) :=| Z |^{− 5}2 Φ(t, x, | Z |) is solution of

(I.4) ( ∂^2_t − Δ_x − Δ_Z ) Ψ = 0, in R_t × R^3_x × ( R^6_Z \ {Z = 0} ) , and we have proved in [4] that Φ satisfies (I.3) iff Ψ is solution of the free wave equation in the whole Minkowski space-time R_t ×R^9_{x,Z} . As a consequence, to obtain new dynamics for (I.2), it is sufficient to construct solutions of (I.4) that are not free waves in R_t × R^9_{x,Z} . Therefore we look for some self-adjoint extensions of the Laplace operator Δ_x + Δ_Z defined on C^∞_0 ( R^3_x × ( R^6_Z \ {Z = 0} )) . Since this operator is essentially self-adjoint in L^2(R^9 ), we must consider another Hilbert space and try to give a sense to a perturbation localized on R^3_x × {Z = 0}. It turns out that there has been recent progress on this question, in particular P. Kurasov in 2009 has studied the super-singular perturbations of the Laplacien [9]. Taking advantage of these novel advances in spectral analysis, we construct some new dynamics for (I.2) by considering the formal equation

(I.5) ( ∂^2_t − Δ_x − Δ_Z + cδ_0(Z) ) Ψ = 0, in R_t × R^3_x × R^6_Z .

If Φ is the sum of a field Φ_0 satisfying (I.3), and of a graviton-like singular field z^{− 3}2 ϕ(t, x), then Ψ(t, x, Z) =| Z |^{− 5}2 Φ_0(t, x, | Z |) + ϕ(t, x) | Z |^{−4} and the meaning of the super singular perturbation cδ_0(Z) is cδ_0(Z)Ψ := −4π^3ϕ(t, x)δ_0(Z).

A partial Fourier transform with respect to x allows to reduce the study of (I.5) to the investigation of the super-singular perturbations of the Klein-Gordon equation ( ∂^2_t − Δ_Z + m^2 + cδ_0(Z) ) u = 0, in R_t × R^6_Z ,

that we perform in the next section.

Finally we summarize our main result. We look for the gravitational waves solutions of (I.2) that have an expansion of the following form

Φ(t, x, z) = Φ_r(t, x, z)z^{52} + ϕ_{−1}(t, x)χ(z)z^{52} + ϕ_0(t, x)χ(z)z^{52} log z + ϕ_1(t, x)χ(z)z^{12} + ϕ_2(t, x)z^{− 32}

where χ ∈ C^∞_0 (R), χ(z) = 1 in a neighborhood of 0 and Φ_r(t, x, 0) = 0. The term ϕ_2(t, x)z^{− 3}2 is the part of the wave in the sector of the massless graviton. The behaviour of the field on the boundary of the universe is assumed to be for some (α_0, α_1, α_2) ∈ R^3 :

(I.6) ϕ_{−1}(t, x) + α_0ϕ_0(t, x) + α_1ϕ_1(t, x) + α_2ϕ_2(t, x) = 0, t ∈ R, x ∈ R^3 .

For a large family of α_j , we are able to construct a Hilbert functional framework for which the Cauchy problem associated with (I.2) is well-posed. At each time, the boundary constraint (I.6) is satisfied and the graviton part ϕ_2 is non zero even if the initial data are compactly supported far from the boundary of the universe : hence these waves are not Friedrichs solutions. Moreover there exists a conserved energy. This complicated energy involves the derivatives of third order of the fields. An interesting fact is that this energy is positive for a continuous set of α_j , more precisely when α_2 = 0, 0 < α_1, − 1 2 − 3 2 log 2 < α_0 + 1 2 log α_1 < 1 4 − 1 2 log 2 − γ

where γ is the Euler’s constant. In this important case, the massless graviton Φ_G(t, x, z) := z^{− 3}2 ϕ(t, x) satisfies the constraint (I.6) since α_2 = 0, and its energy is just the usual energy

E (Φ_G ) = c ∫ R^3_x

|∇_{t,x}ϕ(t, x)|^2dx.

Furthermore, the positivity of the conserved energy assures that there is no growing mode : we can consider that these new possible dynamics of the gravitational fluctuations are stable.

II. Super-singular perturbation of the wave equation on R^{1+6} We want to investigate the wave equation on the Minkowski space-time R_t × R^6_Z with a supersingular perturbation localized at Z = 0. More precisely, given m ≥ 0, we shall consider the abstract Klein-Gordon equation (II.1) ∂^2_t u + A u + m^2u = 0, where A is a densely defined selfadjoint operator on a Hilbert space H_0 of distributions on R^6 , such that C^∞_0 ( R^6 \ {0} ) ⊂ Dom(A ), ∀φ ∈ C^∞_0 ( R^6 \ {0} ) , A φ = −Δφ.

In fact, we choose a very simple point-like interaction at the origin, so for all u ∈ Dom(A ) , A u has the form (II.2) A u = −Δu + L(u)δ_0 where L is a continuous linear form on H_0 , equal to zero on C^∞_0 ( R^6 \ {0} ) . This constraint yields a character very singular to the perturbation and the Cauchy problem cannot be solved as usual in a scale of Sobolev spaces : if u ∈ ∩^2_{k=0}C^k ( R_t ; H^{s−k}(R^6 ) ) is solution of (II.1) and (II.2) with L(u) ≠ 0, then s < −1 since δ_0 ∈ H^σ(R^6 ) iff σ < −3. Hence a contradiction appears since C^∞_0 (R^6 \ {0}) is dense in H^s(R^6 ), s ≤ 3, and as a consequence L(u) = 0. Therefore we have to introduce some functional spaces, in which C^∞_0 (R^6 \ {0}) is not dense. We want also to recover the static solutions u_{stat}(t, Z) =| Z |^{−4} for m = 0, and u_{stat}(t, Z) =^{m2K2(m|Z|)}_{2|Z|2} when m > 0 where K_2 is the classical modified Bessel function (to see below), that are solution of (II.1) and (II.2) with L(u_{stat}) = −4π^3. On the other hand we know (see Lemma II.2) that m^2K_2(m | Z |)

2 | Z |^{−2} = 1 | Z |^4 − m^2 4 | Z |^2 − m^4 16 log | Z | +O(1), Z → 0.

All theses properties suggest to consider Hilbert spaces of distributions, spanned by | Z |^{−4}, | Z |^{−2}, log | Z | and some usual Sobolev spaces. More precisely we take χ ∈ C^∞_0 (R^6_Z ) satisfying for some ρ > 0, χ(Z) = 1 when | Z |≤ ρ. We introduce the spaces

(II.3) H_k := { u = v_r + v_1 χ(Z) | Z |^2

+ v_2 χ(Z) | Z |^4

, v_r ∈ H^{k+2}(R^6_Z ), v_j ∈ C } , k = −1, 0,

(II.4)

H_k := { u = V_r + v_0χ(Z) log(| Z |) + v_1 χ(Z) | Z |^2

+ v_2 χ(Z) | Z |^4

, V_r ∈ H^{k+2}(R^6_Z ), v_j ∈ C } , k = 1, 2,

where H^m(R^6 ) are the usual Sobolev spaces of functions v ∈ L^2 such that (−Δ + 1)^m2 v ∈ L^2. It is clear that these spaces do not depend on the choice of function χ, and given u, the coordinates v_j , 0 ≤ j ≤ 2, and V_r(0) when k = 2, are also independent of χ. We easily check that in the sense of the distributions on R^6_Z we have

(II.5) Δ_Z log(| Z |) = 4 | Z |^2

, Δ_Z ( 1 | Z |^2 ) = − 4 | Z |^4

, Δ_Z ( 1 | Z |^4 ) = −4π^3δ_0(Z).

Since for any ϵ > 0, δ_0 ∈ H^{−3−ϵ}(R^6 ) \ H^{−3}(R^6 ), we have χ(Z) | Z |^4

∈ H^{−1−ϵ}(R^6 )\H^{−1}(R^6 ), χ(Z) | Z |^2

∈ H^{1−ϵ}(R^6 )\H^1(R^6 ), χ(Z) log(| Z |) ∈ H^{3−ϵ}(R^6 )\H^3(R^6 ).

We deduce that H_2 ⊂ H_1 ⊂ H_0 ⊂ H_{−1} ⊂ L^1_{loc}(R^6 ). Now we take two real μ_1, μ_2, such that (II.6) μ_j < 0, μ_1 ≠ μ_2, and we choose on H^2(R^6 ) the norm given by :

‖ v_r ‖_H2 :=‖ (−Δ − μ_1)^{12} (−Δ − μ_2)^{12} v_r ‖_L2 .

The other spaces H^m are endowed with the norm ‖ v_r ‖_Hm :=‖ (−Δ + 1)^m2 v_r ‖_L2 . If we put

(II.7) ‖u‖_{H k} :=

‖ v_r ‖^2_{Hk+2} + 2∑ j=1 | v_j |^2 1 2 , k = −1, 0,

(II.8) ‖u‖_{H k} :=

‖ V_r ‖^2_{Hk+2} + 2∑ j=0 | v_j |^2 1 2 , k = 1, 2,

we can see that ‖.‖_{H j} is a norm on H_j and (H_j , ‖ . ‖_{H j} ) is a Hilbert space, and H_i is dense in H_j for j ≤ i. Since H^{3+ϵ}(R^6 ) ⊂ C^0(R^6 ), V_r(0) is well defined for any u ∈ H_2 . Then given a linear form q on C^4 , we introduce the closed subspace of H_2 ID(q) := {u ∈ H_2 ; q(V_r(0), v_0, v_1, v_2) = 0} .

C^∞_0 (R^6 \ {0}) is a subspace of ID(q). We denote D^′ (R_t ; ID(q_λ)) the space of the ID(q_λ)-valued vector distributions on R_t . Finally we have to choose the linear form L on H_k . Since we want that A u given by (II.2) belongs to L^1_{loc}(R^6 ), we note that (II.5) imposes to take : L(u) = −4π^3v_2.

We emphasize that u → L(u)δ_0 is a local perturbation since when u = 0 in a neighborhood of 0, then v_2 = 0, and so L(u)δ_0 = 0.

Theorem II.1. For all μ_1, μ_2 satisfying (II.6), there exists a continuous family (q_λ)_{λ∈R}3 of pairwise different linear forms on C^4 such that ID(q_λ) is dense in H_1 , and for any m ≥ 0, f ∈ H_1 , g ∈ H_0 , there exists a unique u_λ satisfying (II.9) u_λ ∈ C^2 (R_t ; H_{−1} ) ∩ C^1 (R_t ; H_0 ) ∩ C^0 (R_t ; H_1 ) ∩ D^′ (R_t ; ID(q_λ)) ,

(II.10) ∂^2_t u_λ − Δ_Z u_λ + m^2u_λ + L(u_λ)δ_0 = 0,

(II.11) u_λ(0, Z) = f(Z), ∂_tu_λ(0, Z) = g(Z).

The solution depends continuously of the initial data : there exists C, K > 0, depending of λ but independent on m, such that (II.12)

‖ u_λ(t) ‖_{H 1} +m ‖ u_λ(t) ‖_{H 0} + ‖ ∂_tu_λ(t) ‖_{H 0} ≤ C (‖ f ‖_{H 1} +m ‖ f ‖_{H 0} + ‖ g ‖_{H 0} ) e(^{K−m2})^{+|t|}, where x_+ = x when x > 0 and x_+ = 0 when x ≤ 0, and for all Θ ∈ C^∞_0 (R_t ) we have :

(II.13) ‖ ∫ Θ(t)u_λ(t)dt‖_{H 2} ≤ C (‖f‖_{H 1} + m‖f‖_{H 0} + ‖g‖_{H 0} ) ∫ ( | Θ(t) | + | Θ^{′′}(t) | ) e^{(K−m2)+|t|}dt.

There exists a conserved energy, i.e. a non trivial, continuous quadratic form E_λ defined on H_1 ⊕ H_0 , that satisfies :

(II.14) ∀t ∈ R, E_λ (u_λ(t), ∂_tu_λ(t)) = E_λ(f, g). This energy is not positive definite but E_λ is given on C^∞_0 (R^6 \ {0}) ⊕ C^∞_0 (R^6 \ {0}) by : (II.15) E_λ(f, g) =‖ ∇f ‖^2_H2 +m^2 ‖ f ‖^2_H2 + ‖ g ‖^2_H2 .

The dynamics is non trivial : for all f, g in C^∞_0 (R^6 \ {0}), if f and g are spherically symmetric, then L(u_λ(t)) ≠ 0 for some time t, except if f = g = 0.

If λ ≠ λ^′ the dynamics are different : given two spherically symmetric functions f, g in C^∞_0 (R^6 \ {0}), (f, g) ≠ (0, 0), the solutions u_λ and u_λ′ of (II.9), (II.10), (II.11) are different.

The propagation is causal, i.e.

(II.16) supp(u_λ(t, .)) ⊂ {Z; | Z |≤| t |} + [supp(f) ∪ supp(g)] .

When f ∈ ID(q_λ), g ∈ H_1 , then u_λ is a strong solution in the sense that : (II.17) u_λ ∈ C^2 (R_t ; H_0 ) ∩ C^1 (R_t ; H_1 ) ∩ C^0 (R_t ; ID(q_λ)) , and there exists C, K > 0, depending of λ but independent on m, such that (II.18)

‖ u_λ(t) ‖_{H 2} +m ‖ u_λ(t) ‖_{H 1} + ‖ ∂_tu_λ(t) ‖_{H 1} ≤ C (‖ f ‖_{H 2} +m ‖ f ‖_{H 1} + ‖ g ‖_{H 1} ) e(^{K−m2})^{+|t|}. For all m ≥ 0, m ≠ √ −μ_1, m ≠ √ −μ_2, there exists a smooth surface Σ(m) ⊂ R^3 such that for any λ ∈ Σ(m), the static solutions u(t, Z) =| Z |^{−4} for m = 0, and u(t, Z) =| Z |^{−2} K_2(m | Z |) when m > 0, belong to ID(q_λ). For all m ≥ 0 and all λ ∈ Σ(0), u_±(t, Z) :=^{e±imt}_{|Z|4} is a time periodic strong solution of (II.10), (II.17).

The family of pairwise different linear forms q_λ is described below by (II.55) and the next theorem. The terrific expression of this high order energy is given by (II.49) and (II.50). The strategy of the proof consists in introducing a suitable hermitian product <, >_0 on H_0 such that A endowed with ID(q) as domain, is a densely defined self-adjoint operator. Then the energy is simply E_λ(f, g) = ‖g‖^2_0 + ⟨A f, f⟩_0 + m^2‖f|^2_0.

Proof of Theorem II.1. It will be convenient to use an alternative definition of the spaces H_k . We take a third real number μ_0 and we assume that (II.19) μ_0 < 0, μ_0 ≠ μ_1, μ_0 ≠ μ_2. We introduce the distributions Φ_0 := (−Δ − μ_0)^{−1}(−Δ − μ_1)^{−1}(−Δ − μ_2)^{−1}δ_0 ∈ H^{3−ϵ}(R^6 ) \ H^3(R^6 ),

φ_j := (−Δ − μ_j )^{−1}δ_0 ∈ H^{−1−ϵ}(R^6 ) \ H^{−1}(R^6 ). By the elliptic regularity, all these functions belong to C^∞ ( R^6 \ {0} ) , and an explicit calculation give the structure near Z = 0 :

Lemma II.2. Φ_0 and φ_j belong to L^1(R^6 ) and can be written as

(II.20) φ_j (Z) = χ(Z) 4π^3 ( 1 | Z |^4 + μ_j 4 | Z |^2 − μ^2_j 16 log(| Z |) ) + F_j (Z),

(II.21) Φ_0(Z) = 1 32π^3 χ(Z) log(| Z |) + G_0(Z),

where F_j and G_0 are functions of H^4(R^6 ), satisfying

(II.22) F_j (0) = μ^2_j 256π^3

(4 log 2 + 3 − 4γ − 2 log | μ_j |),

(II.23)

G_0(0) = −

4 log 2 + 3 − 4γ 128π^3 − μ^2_1(μ_2 − μ_0) log | μ_1 | +μ^2(μ_0 − μ_1) log | μ_2 | +μ^2_0(μ_1 − μ_2) log | μ_0 | 64π^3(μ_0 − μ_1)(μ_1 − μ_2)(μ_2 − μ_0) , where γ is the Euler’s constant.

As a consequence, we have the following characterization of spaces H_k :

(II.24) H_k = { u = u_r + u_1φ_1(Z) + u_2φ_2(Z), u_r ∈ H^{k+2}(R^6_Z ), u_j ∈ C } , k = −1, 0,

(II.25) H_k = { u = U_r + u_0Φ_0(Z) + u_1φ_1(Z) + u_2φ_2(Z), U_r ∈ H^{k+2}(R^6_Z ), u_j ∈ C } , k = 1, 2,

where the coordinates u_0, u_1, u_2 do not depend on the choice of μ_0, and the norms

(II.26) |u|_k :=

‖ u_r ‖^2_{Hk+2} + 2∑ j=1 | u_j |^2 1 2 , k = −1, 0,

(II.27) |u|_k :=

‖ U_r ‖^2_{Hk+2} + 2∑ j=0 | u_j |^2 1 2 , k = 1, 2,

are equivalent to the ‖.‖_{H k} -norms (II.7), (II.8).

Proof of Lemma II.2. We use the Bessel formula that gives the Fourier transform f̂ of a spherically symmetric function f ∈ L^1(R^N ),

f̂(ζ) := ∫ R^N

e^{−iX.ζ} f(X)dX =

(2π)^N2 | ζ |^N2^{−1}

∫_∞ 0 J N_{2 −1}(| ζ | r)F (r)r^{N2} dr, F (| X |) := f(X),

to get :

Φ_0(Z) = 1 8π^3 | Z |^2

∫_∞ 0 J_2(z | Z |) z^3 (z^2 − μ_0)(z^2 − μ_1)(z^2 − μ_2) dz. We write 1 z^2 − μ_j = 2 ∫_∞ 0 e^{−(z2−μj )t2j} t_jdt_j ,

to obtain

Φ_0(Z) = 1 π^3 | Z |^2

∫_∞ 0 ∫_∞ 0 ∫_∞ 0 e^{μ0 t20+μ1t21+μ2t2}

(∫_∞ 0 J_2(z | Z |)e^{−z2(t20 +t21+t2)}z^3dz ) t_0t_1t_2dt_0dt_1dt_2.

We recall formula (10.22.51) of [13] : ∫_∞ 0 J_2(z | Z |)e^{−z2p2} z^3dz =

| Z |^2 8p^6 e^{− |Z|} 2 4p2 .

and by replacing in the previous expression, we deduce that

Φ_0(Z) = 1 8π^3

∫_∞ 0 ∫_∞ 0 ∫_∞ 0 e^{μ0t} 2 0+μ_1t^2_1+μ_2t^2−^{|Z|2}

4(t20+t21+t2) t0t1t2

(t^2_0 + t^2_1 + t^2)^3 dt_0dt_1dt_2.

We use the spherical coordinates of R^3 , t_0 = ρ cos φ sin θ, t_1 = ρ sin φ sin θ, t_2 = ρ cos θ to get

Φ_0(Z) = 1 8π^3

∫_∞ 0 (∫_{π2} 0 (∫_{π2} 0 e^{ρ2 sin2 θ(μ0 cos2 φ+μ1 sin2 φ)} cos φ sin φdφ ) e^{μ2ρ2 cos2 θ} sin^3 θ cos θdθ ) e^{− |Z|} 2 4ρ2 dρ ρ = 1 16π^3(μ_0 − μ_1)

∫_∞ 0 (∫_{π2} 0 e^{ρ2(μ0 sin2 θ+μ2 cos2 θ)} − e^{ρ2 (μ1 sin2 θ+μ2 cos2 θ)} cos θ sin θdθ ) e^{− |Z|} 2 4ρ2 dρ ρ^3 = 1 32π^3(μ_0 − μ_1)(μ_1 − μ_2)

∫_∞ 0 e^{μ1 ρ2− |Z|} 2 4ρ2 dρ

ρ^5 + 1 32π^3(μ_1 − μ_2)(μ_2 − μ_0)

∫_∞ 0 e^{μ2 ρ2− |Z|} 2 4ρ2 dρ ρ^5 + 1 32π^3(μ_2 − μ_0)(μ_0 − μ_1)

∫_∞ 0 e^{μ0 ρ2− |Z|} 2 4ρ2 dρ

ρ^5 . We can express the modified Bessel function K_2 by formula (10.32.10) of [13] to get ∫_∞ 0 e^{μj ρ2− |Z|} 2 4ρ2 dρ

ρ^5 = − 8μ_j | Z |^2

K_2( √ −μ_j | Z |),

therefore we obtain the expression of Φ_0 :

Φ_0(Z) = − 1 4π^3 | Z |^2 [ μ_1 (μ_0 − μ_1)(μ_1 − μ_2)

K_2( √ −μ_1 | Z |) + μ_2 (μ_1 − μ_2)(μ_2 − μ_0)

K_2( √ −μ_2 | Z |) + μ_0 (μ_2 − μ_0)(μ_0 − μ_1)

K_2( √ −μ_0 | Z |) ]

We directly obtain the expression of φ_j with a change of variable in formula (II, 3 ; 20) of [?] :

(II.28) φ_j (Z) = − μ_j 8π^3 | Z |^2

K_2( √ −μ_j | Z |).

We know that K_2(z) is an analytic function on the surface of the logarithm, and for z > 0 we have the following asymptotics (see [13], formulae (10.25.3) :

K_2(z) ∼ √ π 2z e^{−z}, z → ∞, K_2(z) ∼ 2 z^2

, z → 0^+.

We deduce that Φ_0 and φ_j are in L^1(R^6 ). To derive the asymptotic forms near zero, we use formula (10.31.1) of [13] that allows to establish that for z > 0 :

(II.29) K_2(z) = 2 z^2 − 1 2 − z^2 8 log z + z^2F (z^2) + z^4G(z^2) log z

where F and G are entire and if γ denotes the Euler’s constant, we have :

(II.30) F (0) =

4 log 2 + 3 − 4γ 32 . (II.20) follows from (II.28) and (II.29) with F_j (Z) = (1 − χ(Z))φ_j (Z)

+ χ(Z) ( − μ^2_j 128π^3 log(−μ_j ) + μ^2_j 8π^3

F (−μ_j | Z |^2) − μ^3_j | Z |^2

8π^3

G(−μ_j | Z |^2) log(−μ_j | Z |) ) .

Since (1 − χ)φ_j ∈ H^∞(R^6 ) by elliptic regularity and | Z |^2 log(| Z |) ∈ H^4_{loc}(R^6 ) we conclude that F_j ∈ H^4(R^6 ), and (II.30) gives (II.22). Finally we have

Φ_0 = 2 ( φ_1 (μ_0 − μ_1)(μ_1 − μ_2) + φ_2 (μ_1 − μ_2)(μ_2 − μ_0) + φ_0 (μ_2 − μ_0)(μ_0 − μ_1) ) , hence (II.21) follows from (II.20) with

G_0 = 2 ( F_1 (μ_0 − μ_1)(μ_1 − μ_2) + F_2 (μ_1 − μ_2)(μ_2 − μ_0) + F_0 (μ_2 − μ_0)(μ_0 − μ_1) ) , and with this expression of G_0, (II.23) follows from (II.22). At last the link between (U_r, u_0, u_1, u_2) and (V_r, v_0, v_1, v_2) is easily deduced from (II.20) and (II.21) via some tedious computations :

v_2 = 1 4π^3

(u_1 + u_2), v_1 = 1 16π^3

(μ_1u_1 + μ_2u_2),

v_0 = 1 64π^3

(2u_0 − μ^2_1u_1 − μ^2u_2), V_r = U_r + u_0G_0 + u_1F_1 + u_2F_2,

(II.31)

u_1 =

16π^3v_1 − 4π^3μ_2v_2 μ_1 − μ_2

, u_2 =

16π^3v_1 − 4π^3μ_1v_2 μ_2 − μ_1

, u_0 = 32π^3v_0 + 8π^3(μ_1 + μ_2)v_1 − 2π^3μ_1μ_2v_2,

u_r =v_r +

4v_1(μ_1 + μ_2) − v_2μ_1μ_2 16 χ(Z) log(| Z |) −

16π^3v_1 − 4π^3μ_2v_2 μ_1 − μ_2

F_1 −

16π^3v_1 − 4π^3μ_1v_2 μ_2 − μ_1

F_2,

U_r =V_r − ( 32π^3v_0 + 8π^3(μ_1 + μ_2)v_1 − 2π^3μ_1μ_2v_2 ) G_0 −

16π^3v_1 − 4π^3μ_2v_2 μ_1 − μ_2

F_1 −

16π^3v_1 − 4π^3μ_1v_2 μ_2 − μ_1

F_2.

(II.32)

These expressions show that the coordinates u_1, u_2, u_0 depend on u, μ_1, μ_2, but are independent of the choice of μ_0. Furthermore, since χ(Z) log(| Z |) ∈ H^{3−ϵ}(R^6 ) and F_j , G_0 ∈ H^4(R^6 ), we see that the ‖.‖_{H k} -norms and the |.|_k-norms are equivalent. Q.E.D.

Now we take two real numbers γ_j > 0 and for u ∈ H_0 we put

(II.33) ‖ u ‖_0:=

‖ u_r ‖^2_{H2} + 2∑ j=1 γ_j | u_j |^2 1 2 , that is clearly equivalent to the ‖.‖_{H 0} -norm. We choose θ ∈ [0, π[ and we put λ := (λ_0, λ_1, λ_2) = (cot θ, log γ_1, log γ_2) ∈] − ∞, ∞] × R × R.

We introduce the operator A defined by :

A u := −ΔU_r + μ_0u_0Φ_0 + ( μ_1u_1 + u_0 μ_1 − μ_2 ) φ_1 + ( μ_2u_2 + u_0 μ_2 − μ_1 ) φ_2.

This operator is a continuous linear map from H_k to H_{k−2} for k = 1, 2. Now we define A_λ as its restriction to the domain Dom(A_λ ) defined by

(II.34) Dom(A_λ ) := { u ∈ H_2 ; U_r(0) sin θ + u_0 cos θ − (γ_1u_1 − γ_2u_2) sin θ μ_1 − μ_2 = 0 } , It was proved in [9] that (A_λ , Dom(A_λ )) is a selfadjoint operator on (H_0 , ‖ . ‖_0). We consider the Cauchy problem associated to (II.11) and (II.35) ∂^2_t u_λ + A_λ u_λ + m^2u_λ = 0.

We show that this equation is just (II.10). We have (−Δ − μ_0)Φ_0 = (−Δ − μ_1)^{−1}φ_2 =^{φ1−φ2}_{μ1−μ2} . Hence we get (II.36) A u = −Δu − (u_1 + u_2)δ_0.

Since (II.32) implies u_1 + u_2 = 4π^3v_2 = −L(u), the equations (II.35) and (II.10) are equivalent to

(II.37) ∂^2_t u − Δu + m^2u + L(u)δ_0 = 0.

The Cauchy problem for this equation has to be completed by the “boundary condition at Z = 0” specified by the domain of A_λ :

(II.38) U_r(0) sin θ + u_0 cos θ − (γ_1u_1 − γ_2u_2) sin θ μ_1 − μ_2

= 0.

Thanks to (II.32), this constraint can be associated with a linear form q_λ (V_r(0), v_0, v_1, v_2) defined on C^4 and ID(q_λ) = Dom(A_λ ). Therefore to prove the Theorem, it is sufficient to investigate the Cauchy problem (II.11), (II.35).

The case θ = 0 that corresponds to u_0 = 0 or 16v_0 + 4(μ_1 + μ_2)v_1 − μ_1μ_2v_2 = 0, is rather peculiar since Dom(A_λ ) is not dense in H_1 . It corresponds simply to the operator defined on H^4(R^6 ) ⊕ C φ_1 ⊕ C φ_2 by

(II.39) ∀U_r ∈ H^4(R^6 ), A_0 U_r := −ΔU_r, A_0 φ_j = μ_jφ_j , j = 1, 2.

In this case the dynamics is uncoupled between the regular and singular parts of the field : given f = F_r + f_1φ_1 + f_2φ_2, g = G_r + g_1φ_1 + g_2φ_2, F_r, G_r ∈ H^4(R^6 ), f_j, g_j ∈ C , the Cauchy problem is easily solved by

u_λ(t, Z) = U_r(t, Z) + f_1(t)φ_1(Z) + f_2(t)φ_2(Z)

where U_r is the solution of the free Klein-Gordon equation ∂^2_t U_r −ΔU_r +m^2U_r = 0 with U_r(0) = F_r, ∂_tU_r(0) = G_r, and f_j(t) is solution of the harmonic oscillator f̈_j + (m^2 + μ_j)f_j = 0, with f_j(0) = f_j, ḟ_j(0) = g_j .

In the sequel, we consider the case θ ≠ 0, i.e. λ ∈ R^3 and the family of linear forms is given by

(II.40) q_λ(V_r(0), v_0, v_1, v_2) := U_r(0) + λ_0u_0 − e^{λ1} μ_1 − μ_2 u_1 − e^{λ2} μ_2 − μ_1 u_2.

First we prove that Dom(A_λ ) is dense in H_1 . Given u = U_r + u_0Φ_0 + u_1φ_1 + u_2φ_2 ∈ H_1 , we pick a sequence ψ^n ∈ C^∞_0 (R^6 \ {0}) converging to U_r in H^3(R^6 ), and a sequence χ_n ∈ C^∞_0 (R^6 \ {0}) converging to χ in H^3(R^6 ). We put U^n_r := ψ_n +

(_{γ1μ1−γ2μ2}

μ_1−μ_2 − u0 cot θ ) (χ − χ_n). Then u^n := U^n_r + u_0Φ_0 + u_1φ_1 + u_2φ_2 belongs to Dom(A_λ ) and tends to u in H_1 as n tends to infinity.

Now we investigate the quadratic form associated with the operator A_λ . We use the fact that ⟨(−Δ − μ_0)U_r, Φ_0⟩_H2 = U_r(0) =^{γ1u1−γ2u2}_{μ1 −μ2} − u_0 cot θ to evaluate :

⟨A_λ u, u⟩_0 =μ_0 ‖ Φ_0 ‖^2_H2 | u_0 |^2 +μ_1γ_1 | u_1 |^2 +μ_2γ_2 | u_2 |^2 + γ_1 μ_1 − μ_2 u_0u_1 − γ_2 μ_1 − μ_2 u_0u_2

+ ‖ ∇U_r ‖^2_H2 + ⟨(−Δ − μ_0)U_r, u_0Φ_0⟩_H2 + 2μ_0ℜ ⟨U_r, u_0Φ_0⟩_H2

=(−μ_0 ‖ Φ_0 ‖^2_H2 − cot θ) | u_0 |^2 +μ_1γ_1 | u_1 |^2 +μ_2γ_2 | u_2 |^2 +2ℜ ( u_0 γ_1u_1 − γ_2u_2 μ_1 − μ_2 )

+ ‖ ∇U_r ‖^2_H2 −2μ_0 ‖ U_r ‖^2_H2 +2μ_0 ‖ U_r + u_0Φ_0 ‖^2_H2 .

(II.41)

We see that u → ⟨A_λ u, u⟩_0 is a continuous sesquilinear form on Dom(A_λ ) endowed with the H_1 - norm. Moreover for any M ≥ 0 we have

⟨A_λ u, u⟩_0 + M ‖ u ‖^2_0≥(−μ_0 ‖ Φ_0 ‖^2_H2 − cot θ − 1 + M) | u_0 |^2

+ γ_1 ( μ_1 − γ_1 (μ_1 − μ_2)^2 + M ) | u_1 |^2 +γ_2 ( μ_2 − γ_2 (μ_1 − μ_2)^2 + M ) | u_2 |^2

+ ‖ ∇U_r ‖^2_H2 −2μ_0 ‖ U_r ‖^2_H2 +(2μ_0 + M) ‖ U_r + u_0Φ_0 ‖^2_H2 .

(II.42)

We deduce that for M = M_λ large enough, there exists α > 0 such that for all u ∈ Dom(A_λ ), (II.43) ⟨A_λ u, u⟩_0 + M_λ ‖ u ‖^2_0≥ α ‖ u ‖^2_{H 1} .

We conclude that A_λ is bounded from below, ‖ (A_λ + M_λ)^{12} u ‖_0 is a norm equivalent to the H_1 norm, the domain of the sesquilinear form is just H_1 , and (A_λ + M_λ)^{− 12} is a continuous linear map from H_0 to H_1 . (II.43) implies also that α ‖ u ‖_{H 1} ≤ ‖ (A_λ + M_λ) u‖_{H 0} , hence_2 ∑ j=0 | u_j |≤ κ‖ (A_λ + M_λ) u‖_{H 0} .

We have also ‖U_r‖_H4 ≤ C‖(−Δ + M_λ)U_r‖_H2 ≤ C (‖ (A_λ + M_λ) u‖_{H 0} + | u_0μ_0 | ‖Φ_0‖_H2 ) .

Therefore we conclude that there exists c(λ) > 0 such that for all u ∈ Dom(A_λ ) we have

(II.44) ‖u‖_{H 2} ≤ c(λ)‖ (A_λ + M_λ) u‖_{H 0} ≤ 1 c(λ)

‖u‖_{H 2} .

Then it is well-known that for f ∈ Dom(A_λ ), g ∈ H_1 , the Cauchy problem (II.11), (II.35) has a unique solution u_λ ∈ C^2(R_t ; H_0 ) ∩ C^1(R_t ; H_1 ) ∩ C^0(R_t ; Dom(A_λ )) and this solution depends continuously on the initial data (see e.g. theorem 7.8, page 114 in [7]). Nevertheless, since we need to carefully control the constants with respect to the mass m, we present some details. If m^2 ≥ M_λ,

we have simply u_λ(t) = cos ( t √ A_λ + m^2 ) f +^{sin} ( t √_{A λ +m2}) √_{A λ +m2} g, hence (II.43) and (II.44) imply :

(II.45) ‖∂_tu_λ(t)‖_{H k} + ‖u_λ(t)‖_{H k+1} ≤ C ( ‖f‖_{H k+1} + ‖g‖_{H k} ) , k = 0, 1.

When m^2 < M_λ, we can construct u_λ by solving the following integral equation thanks to the Picard’s iterates :

u_λ(t) = cos ( t √ A_λ + M_λ ) f + sin ( t √ A_λ + M_λ ) √ A_λ + M_λ g + (M_λ − m^2)

∫_t 0 sin ( (t − s) √ A_λ + M_λ ) √ A_λ + M_λ u_λ(s)ds.

The Gronwall lemma gives (II.46) ‖u_λ(t)‖_{H 1} + ‖∂_tu_λ(t)‖_{H 0} ≤ C(λ) (‖f‖_{H 1} + ‖g‖_{H 0} ) e^{|t|(Mλ−m2)}, and by applying A_λ + M_λ to the integral equation, using (II.44) and the Gronwall lemma again, we get (II.47) ‖u_λ(t)‖_{H 2} + ‖∂_tu_λ(t)‖_{H 1} ≤ C(λ) (‖f‖_{H 1} + ‖g‖_{H 0} ) e^{|t|(Mλ−m2)}. Now we have to control m‖u_λ(t)‖_{H k} , k = 0, 1. We start by noting that the following energy is conserved :

(II.48) ‖ ∂_tu_λ(t) ‖^2_0 + ⟨A_λ u_λ(t), u_λ(t)⟩_0 +m^2 ‖ u_λ(t) ‖^2_0=‖ g ‖^2_0 + ⟨A_λ f, f⟩_0 +m^2 ‖ f ‖^2_0:= E_λ(f, g), hence (II.43) and (II.46) imply (II.12) with K := M_λ + 1 when m^2 ≥ K. Furthermore, we get its expression with (II.41) : given f = F_r + f_0Φ_0 + f_1φ_1 + f_2φ_2 ∈ H_1 , g = g_r + g_1φ_1 + g_2φ_2 ∈ H_0 , F_r ∈ H^3(R^6 ), g_r ∈ H^2(R^6 ), f_j, g_j ∈ C , we have :

E_λ(f, g) = 2∑ j=1 e^{λj} [ (μ_j + m^2) | f_j |^2 + | g_j |^2 ] + ( −μ_0 ‖ Φ_0 ‖^2_H2 −λ_0 ) | f_0 |^2 +2ℜ ( f_0 e^{λ1} f_1 − e^{λ2} f_2

μ_1 − μ_2 )

+ ‖ (−Δ − μ_1)^{12} (−Δ − μ_2)^{12} g_r ‖^2_L2 +(m^2 + 2μ_0) ‖ (−Δ − μ_1)^{12} (−Δ − μ_2)^{12} (F_r + f_0Φ_0) ‖^2_L2

+ ‖ ∇(−Δ − μ_1)^{12} (−Δ − μ_2)^{12} F_r ‖^2_L2 −2μ_0 ‖ (−Δ − μ_1)^{12} (−Δ − μ_2)^{12} F_r ‖^2_L2 = 2∑ j=1 e^{λj} [ (μ_j + m^2) | f_j |^2 + | g_j |^2 ] + ( (m^2 + μ_0) ‖ Φ_0 ‖^2_H2 −λ_0 ) | f_0 |^2 +2ℜ ( f_0 e^{λ1} f_1 − e^{λ2} f_2 μ_1 − μ_2 )

+ ‖ (−Δ − μ_1)^{12} (−Δ − μ_2)^{12} g_r ‖^2_L2 +2(m^2 + 2μ_0)ℜ ( f_0(−Δ − μ_0)^{−1}F_r(0) ) + ‖ ∇(−Δ − μ_1)^{12} (−Δ − μ_2)^{12} F_r ‖^2_L2 +m^2 ‖ (−Δ − μ_1)^{12} (−Δ − μ_2)^{12} F_r ‖^2_L2 ,

(II.49)

where we can compute

‖ Φ_0 ‖^2_H2 = 1 8 ∫_∞ 0 ρ^5 (ρ^2 − μ_1)(ρ^2 − μ_2)(ρ^2 − μ_0)^2 dρ = 1 16 ( μ^2_1 log(−μ_1) (μ_2 − μ_1)(μ_1 − μ_0)^2 + μ^2 log(−μ_2) (μ_1 − μ_2)(μ_2 − μ_0)^2 + (μ_1μ^2_0 + μ_2μ^2_0 − 2μ_0μ_1μ_2) log(−μ_0) (μ_1 − μ_0)^2(μ_2 − μ_0)^2 − μ_0 (μ_1 − μ_0)(μ_2 − μ_0) ) . (II.50)

When f_0 = f_1 = f_2 = g_1 = g_2 = 0, in particular when f, g ∈ C^∞_0 (R^6 \ {0}), then E_λ(f, g) is given by (II.15). To prove (II.18) when m^2 ≥ M_λ + 1, we consider for h ≠ 0, v_h(t) := h^{−1}[u_λ(t + h) − u_λ(t)] that tends to ∂_tu_λ(t) in C^0(R_t ; H_1 ) ∩ C^1(R_t ; H_0 ) as h → 0. We apply estimate (II.48) to v_h and we get ‖∂_tv_h(t)‖^2_0+ ‖ ‖ ‖(A_λ + M_λ)^{12} v_h ‖ ‖ ‖^2_0 + (m^2 − M_λ)‖v_h(t)‖^2_0 = ‖ ‖ ‖ ‖ ∂_tu_λ(h) − g h ‖ ‖ ‖ ‖ 2 0 + ‖ ‖ ‖ ‖(A^λ + M^λ) 1 2 ( u_λ(h) − f h )‖ ‖ ‖ 2 0 + (m^2 − M) ‖ ‖ ‖ ‖ u_λ(h) − f h ‖ ‖ ‖ ‖ 2 0 , and taking the limit as h tends to zero we obtain ‖ ‖ ‖(A_λ + M_λ) u_λ(t) + (m^2 − M_λ)u_λ(t) ‖ ‖ ‖^2_0 + ‖ ‖ ‖(A_λ + M_λ)^{12} ∂_tu_λ(t) ‖ ‖ ‖^2_0 + (m^2 − M_λ)‖∂_tu_λ(t)(t)‖^2_0 = ‖ ‖ ‖A_λ f + m^2f ‖ ‖ ‖^2_0 + ‖ ‖ ‖(A_λ + M_λ)^{12} g ‖ ‖ ‖^2_0 + (m^2 − M) ‖g‖^2_0 .

We deduce from this equality and with (II.12) and (II.44), that (II.18) is satisfied with K = M_λ + 1 when m^2 ≥ M_λ + 1. It remains to study the case 0 ≤ m^2 ≤ M_λ + 1. We simply use (II.46) and (II.47) to write sup m^2≤M_λ+1

m‖u_λ(t)‖_{H k} ≤ K ( ‖f|_{H k} + | | | | ∫_t 0 ‖∂_tu_λ(s)‖_{H k} ds | | | | ) ≤ C^′(λ) ( ‖f‖_{H k+1} + ‖g‖_{H k} ) e^{|t|(K−m2)}.

Now (II.12) and (II.18) are straight consequences of this estimate and (II.46) and (II.47).

To solve the Cauchy problem when (f, g) ∈ H_1 ⊕H_0 , we pick a sequence (f^n, g^n) ∈ Dom(A_λ )⊕H_1 that tends to (f, g) in H_1 ⊕ H_0 as n → ∞. Estimation (II.12) assures that the solution u^n ∈

C^2(R_t ; H_0 ) ∩ C^1(R_t ; H_1 ) ∩ C^0(R_t ; Dom(A_λ )) of the Cauchy problem with initial data (f^n, g^n) tends to a function u ∈ C^1(R_t ; H_0 ) ∩ C^0(R_t ; H_1 ) that is solution of (II.11), (II.35) and satisfies (II.48). Since A is continuous from H_1 to H_{−1} , the equation gives u ∈ C^2(R_t ; H_{−1} ). To prove that u is a distribution of D^′ (R_t ; Dom(A_λ )), we take Θ ∈ C^∞_0 (R_t ) and we consider F := ∫ u(t)Θ(t)dt ∈ H_1 and F^n := ∫ u^n(t)Θ(t)dt ∈ Dom(A_λ ). By the previous argument F^n tends to F in H_1 as n → ∞.

Moreover A_λ F^n = − ∫ u^n(t)(Θ^{′′}(t)+m^2Θ(t))dt that converges to − ∫ u(t)(Θ^{′′}(t)+m^2Θ(t))dt in H_1 .

We conclude with (II.44) and (II.12) that F ∈ Dom(A_λ ), i.e. u is a Dom(A_λ )-valued distribution on R_t and (II.13) is established.

To prove the uniqueness, we consider a solution u satisfying (II.9), (II.35) and (II.11) with f = g = 0. We take a test function Θ ∈ C^∞_0 (R_t ), 0 ≤ Θ, ∫ Θ(t)dt = 1, and we define u^n(t) = n ∫ Θ(ns)u(t + s)ds. u^n tends to u in C^1(R_t ; H_0 ) ∩ C^0(R_t ; H_1 ) as n → ∞, hence we have ‖ u^n(0) ‖_{H 1} → 0, ‖ ∂_tu^n(0) ‖_{H 0} → 0. Moreover u^n is a strong solution satisfying (II.17) and (II.12). Therefore u^n tend to 0 in C^1(R_t ; H_0 ) ∩ C^0(R_t ; H_1 ), and finally u = 0.

We prove now that the propagation is causal. We write u_λ = W + w where W is solution of the free Klein-Gordon equation (∂^2_t − Δ + m^2)W = 0 with W (0) = u_λ(0), ∂_tW (0) = ∂_tu_λ(0). Then (∂^2_t − Δ + m^2)w = −L(u_λ)δ_0 with w(0) = ∂_tw(0) = 0. We have supp(W (t, .)) ⊂ {Z; | Z |≤| t |} + [supp(f) ∪ supp(g)], supp(w(t, .)) ⊂ {Z; | Z |≤| t |}. When 0 ∈ supp(f) ∪ supp(g), supp(w(t, .)) ⊂ supp(W (t, .)) and (II.16) is established. When 0 /∈ supp(f) ∪ supp(g), we consider firstly the case (f, g) ∈ Dom(A_λ ) ⊕ H_1 . then necessarily u_0(0) = u̇_0(0) = u_1(0) = u̇_1(0) = u_2(0) = u̇_2 = 0 hence (f, g) ∈ H^4(R^6 ) × H^3(R^6 ). We denote τ > 0 the distance between 0 and supp(f) ∪ supp(g). For | t |≤ τ, W (t) satisfies trivially the boundary constraint q_λ(W (t)) = 0, hence W (t) = u_λ(t). As a consequence L(u(t)) = 0 for | t |≤ τ, and for all t, supp(w(t)) ⊂ {Z; | Z |≤| t | −τ}. Since 0 ∈ {Z; | Z |≤| τ |} + [supp(f) ∪ supp(g)], we conclude that (II.16) is satisfied again. When (f, g) ∈ H^3(R^6 ) ⊕ H^2(R^6 ) and 0 /∈ supp(f) ∪ supp(g), we choose a sequence (f^n, g^n) ∈ H^4(R^6 ) × H^3(R^6 ) that tends to (f, g) in H^3(R^6 ) ⊕ H^2(R^6 ), and supp(f^n) ∪ supp(g^n) ⊂ {Z; | Z |≤^1_n } + [supp(f) ∪ supp(g)]. The previous result assures that supp(u^n_λ(t, .)) ⊂ {Z; | Z |≤| t | +^1_n } + [supp(f) ∪ supp(g)] where u^n_λ is the strong solution with initial data (f^n, g^n). Now (II.16) follows from the convergence of u^n_λ to u_λ in C^0(R_t ; H_1 ) as n → ∞.

To show that the dynamics is not trivial and involves a singular part in | Z |^{−4} even for smooth initial data, we consider a solution u_λ with spherically symmetric Cauchy data f, g ∈ C^∞_0 (R^6 \{0}), and we assume that L(u_λ(t)) = 0 for any time t. Then u_λ is a smooth solution of the free Klein- Gordon equation, and so u_λ(t, .) ∈ C^∞_0 (R^6 ) for all t. Therefore u_0(t) = u_1(t) = u_2(t) = 0 and u_λ = U_r. The constraint u_λ ∈ Dom(A_λ ) implies U_r(t, 0) = 0. Moreover the Fourier transform of u_λ is given by the classical formula

F(u_λ)(t, ζ) = ∑ ± e^{±it}

√_{|ζ|2+m2}

A_±(| ζ |).

Then u_λ(t, 0) = 0 implies that for any t ∈ R,

∫_∞ −∞ e^{itr} ( A_+( √ r^2 − m^2)1_{[m,∞[}(r) + A_−( √ r^2 − m^2)1_{]−∞,−m]}(r) ) (r^2 − m^2)^2rdr = 0.

We conclude that A_± = 0 and finally f = g = 0.

Now we show that different λ yield to different dynamics. We assume that u = U_r + u_0Φ_0 + u_1φ_1 +u_2φ_2 is solution of (II.10), (II.11), (II.17) for some λ and λ^′ in R^3 with spherically symmetric initial data f, g ∈ C^∞_0 (R^6 \ {0}), (f, g) ≠ (0, 0). Since u ∈ C^2(R_t ; H_0 ), we have u_r := U_r + u_0Φ_0 ∈ C^2(R_t ; H^2(R^6 )), u_1 u_2 ∈ C^2(R). From u ∈ C^1(R_t ; H_1 ) we deduce that u_0 ∈ C^1(R) and U_r ∈

C^1(R_t ; H^3(R^6 )). Finally u ∈ C^0(R_t ; ID(q_λ)) implies U_r ∈ C^0(R_t ; H^4(R^6 )). Furthermore (II.10) implies that

∂^2_t u_r+ü_1φ_1+ü_2φ_2−ΔU_r+μ_0u_0Φ_0+m^2u_r+ ( μ_1u_1 + m^2u_1 + u_0 μ_1 − μ_2 ) φ_1+ ( μ_2u_2 + m^2u_2 + u_0 μ_2 − μ_1 ) φ_2 = 0,

where ü_j denotes the second derivative in time. By examining the regularity of each term, we obtain :

∂^2_t u_r − ΔU_r + μ_0u_0Φ_0 + m^2u_r = 0,

ü_1 + (μ_1 + m^2)u_1 + u_0 μ_1 − μ_2

= 0,

ü_2 + (μ_2 + m^2)u_2 + u_0 μ_2 − μ_1

= 0.

(II.51)

This system has to be completed by the initial data

U_r(0) = f, u_0(0) = u_1(0) = u_2(0) = 0, ∂_tU_r(0) = g, u̇_0(0) = u̇_1(0) = u̇_2(0) = 0,

and the boundary condition at Z = 0 :

U_r(t, 0)+λ_0u_0(t)− e^{λ1} μ_1 − μ_2 u_1(t)− e^{λ2} μ_2 − μ_1 u_2(t) = U_r(t, 0)+λ^′_0u_0(t)− e^{λ′1} μ_1 − μ_2 u_1(t)− e^{λ′2} μ_2 − μ_1 u_2(t) = 0.

We get from these both constraints that

(II.52) (λ_0 − λ^′_0)u_0(t) = e^{λ1} − e^{λ′1} μ_1 − μ_2 u_1(t) + e^{λ2 −}e^{λ′2} μ_2 − μ_1 u_2(t).

First we assume that λ_0 ≠ λ^′_0. Then u_0 =^{λ0−λ′0}_{μ1 −μ2} ( [e^{λ1} − e^{λ′1} ]u_1 − [e^{λ2} − e^{λ′2} ]u_2 ) , hence

ü_1 + (μ_1 + m^2)u_1 + λ_0 − λ^′_0 (μ_1 − μ_2)^2 ( [e^{λ1} − e^{λ′1} ]u_1 − [e^{λ2} − e^{λ′2} ]u_2 ) = 0,

ü_2 + (μ_2 + m^2)u_2 − λ_0 − λ^′_0 (μ_1 − μ_2)^2 ( [e^{λ1} − e^{λ′1} ]u_1 − [e^{λ2} − e^{λ′2} ]u_2 ) = 0.

(II.53)

Since the initial data for u_j are zero, we deduce that u_1(t) = u_2(t) = 0 for all t, that is a contradiction with the fact that u_1 + u_2 is not identically zero. We conclude that λ_0 = λ^′_0. As a consequence of (II.52), we get ( e^{λ1} − e^{λ′1} ) u_1(t) = ( e^{λ2} − e^{λ′2} ) u_2(t).

We assume that λ_1 ≠ λ^′_1, hence we can express u_1 in term of u_2. Since (II.51) shows that ü_1 + ü_2 + (μ_1 + m^2)u_1 + (μ_2 + m^2)u_2 = 0, we deduce that u_2 is solution of ( e^{λ2} − e^{λ′2} e^{λ1} − e^{λ′}1 + 1 ) ü_2 + ( (μ_1 + m^2) e^{λ2} − e^{λ′2} e^{λ1} − e^{λ′}1

+ (μ_2 + m^2) ) u_2 = 0, u_2(0) = u̇_2(0) = 0.

If^{eλ2 −eλ′2}

e^λ1 −e^{λ′}1

≠ −1, then u_2(t) = 0 for all t, hence u_1 is also zero, that is a contradiction as previous.

If^{eλ2 −eλ′2}

e^λ1 −e^{λ′}1

= −1, then (μ_1 − μ_2)u_2(t) = 0 for all t, hence u_j is also zero, that is a contradiction again. We conclude that λ_1 = λ^′_1. We can prove by the same way that λ_2 = λ^′_2, and finally λ = λ^′.

We now want to determine for which λ, the static solutions belong to Dom(A_λ ). Such a solution is given by u_{stat} := (−Δ + m^2)^{−1}δ_0 which is equal to^{m2}_{8π3|Z|2} K_2(m | Z |) when m ≠ 0 and −^1_{4π3|Z|4} for m = 0, since L(u_{stat}) = −1. If we write u_{stat} = U_r + u_0Φ_0 + u_1φ_1 + u_2φ_2, we deduce from (II.20) and (II.21) that u_{stat} ∈ H_2 , and its coordinates are given by :

u_1 = m^2 + μ_2 μ_2 − μ_1

, u_2 = m^2 + μ_1 μ_1 − μ_2

, u_0 = − m^4 + m^2(μ_1 + μ_2) + μ_1μ_2 2 ,

U_r(0) = − m^4 8π^3 log m + m^4 8π^3

F (0) − u_0G_0(0) − u_1F_1(0) − u_2F_2(0),

where F (0), G_0(0) and F_j (0) are given by (II.22), (II.23) and (II.30). Since μ_j ≠ −m^2, then u_0 ≠ 0. Therefore u_{stat} ∈ Dom(A_λ ) iff

λ ∈ Σ(m) := { λ ∈ R^3 ; λ_0 = 1 u_0 ( e^{λ1} μ_1 − μ_2 u_1 + e^{λ2} μ_2 − μ_1 u_2 − U_r(0) )} . At last it is clear that the time periodic solution e^{±imt} | Z |^{−4} is in Dom(A_λ ) iff λ ∈ Σ(0). Q.E.D.

The previous construction heavily depends on the choice of the different parameters μ_0, μ_1, μ_2, θ, γ_1, γ_2. We now want to make more clear the role of these parameters. First we note that the changing of μ_0 into μ^′_0, does not affect u_0, u_1, u_2 and it reduces to replace λ_0 by λ_0 +G^′_0(0)−G_0(0), where G^′_0(0) is defined by (II.23) with μ^′_0, μ_1, μ_2. Therefore, the set of all the linear forms q_λ(V_r(0), v_0, v_1, v_2) = AV_r(0) + α_0v_0 + α_1v_1 + α_2v_2, A, α_j ∈ R is obtained by varying μ_1, μ_2, μ_1 ≠ μ_2, μ_j < 0, θ ∈ R, γ_1, γ_2 > 0.

As we have noticed, the case θ = 0 in (II.38) is not very interesting since in this case, the dynamics is trivial for the initial data f, g in C^∞_0 (R^6 \ {0}) : the solution u satisfies L(u) = 0 and ∂^2_t u − Δu = 0. It corresponds to the condition u_0 = 0 that becomes by (II.32) with μ^′_j = μ_j /4

A = 0, v_0 + (μ^′_1 + μ^′_2)v_1 − μ^′_1μ^′_2v_2 = 0, where μ^′_j := μ_j/4 are any real numbers such that μ^′_j < 0, μ^′_1 ≠ μ^′_2. If we put α_1 = μ^′_1 + μ^′_2, α_2 = −μ^′_1μ^′_2, then μ^′_j are solution of the polynomial μ^2 − α_1μ − α_2 = 0. This equation has two negative distinct solutions if and only if the coefficients α_j satisfy

(II.54) α_0 = 1, α_1 < 0, −α^2_1 < 4α_2 < 0,

For θ ≠ 0, we describe in terms of the coordinates (V_r(0), v_0,v_1, v_2), all the families of the linear forms that we have constructed. If we normalize by taking A = 1, (II.32) and (II.40) show that :

α_0 =32π^3 (λ_0 − G_0(0)) ,

α_1 =(μ_1 + μ_2) [ 8π^3 (λ_0 − G_0(0)) − log 2 4 − 3 16 + γ 4 ] + μ^2_1 log(| μ_1 |) − μ^2 log(| μ_2 |) 8(μ_1 − μ_2)

− 16π^3 γ_1 + γ_2 (μ_1 − μ_2)^2 , α_2 =μ_1μ_2 [ −2π^3 (λ_0 − G_0(0)) + log 2 16 + 3 64 − γ 16 − μ_1 log(| μ_1 |) − μ_2 log(| μ_2 |) 32(μ_1 − μ_2) ] + 4π^3 μ_1γ_1 + μ_2γ_2 (μ_1 − μ_2)^2 ,

(II.55)

where G_0(0) can be explicitly expressed by the formula (II.23) involving the Euler’s constant γ, and μ_0, μ_1, μ_2.

Conversely, we want to determine for which α := (α_0, α_1, α_2), V_r(0) + α_0v_0 + α_1v_1 + α_2v_2 is a linear form q_λ associated with some μ_j < 0, μ_1 ≠ μ_2, and γ_j > 0.

Theorem II.3. The whole family of the linear forms q_λ(V_r(0), v_0, v_1, v_2) = V_r(0) + α_0v_0 + α_1v_1 + α_2v_2, α_j ∈ R of the Theorem II.1 obtained with all the values of μ_1, μ_2 < 0, μ_1 ≠ μ_2, λ ∈ R^3 , is given by the set A of α ∈ R^3 satisfying firstly

(II.56) α_0 + α_1 α_1 + √ α^2_1 − 4α_2 − α_2 ( α_1 + √ α^2_1 − 4α_2

)_2 + 1 2 log | | |α_1 + √ α^2_1 − 4α_2 | | | < 3 4 − γ,

and secondly

(II.57) α_2 < 0, or α_2 = 0, α_1 > 0, or 0 < α_1, 0 < 4α_2 < α^2_1, α_0 +^{α1}

α_1−

√_{α21−4α2} −^{α2} (_{α1−}√_{α2}

1−4α_2

)_2 +^1_2 log | | |α^1 − √ α^2_1 − 4α_2 | | | >^34 − γ.

If (α_0, α_1, α_2) ≠ (α^′_0, α^′_1, α^′_2), the dynamics are different : given two spherically symmetric functions f, g in C^∞_0 (R^6 \ {0}), (f, g) ≠ (0, 0), the solutions u and u^′ of (II.9), (II.10), (II.11) are different.

Given m > 0, the static solution u(Z) =^{K2(m|Z|)}_{|Z|2} belongs to ID(q) iff

(II.58) α ∈ Σ(m) = { α ∈ A, m^2α_0 + α_1 2 − 2α_2 m^2

= m^2 ( 4 log 2 + 3 − 4γ 32 − log m )} , and for m ≥ 0, the time-periodic solutions^{e±imt}_{|Z|4} belong to ID(q) iff

(II.59) α ∈ Σ(0) = { (α_0, α_1, α_2); α_2 = 0, α_1 > 0, α_0 + 1 2 log α_1 < 1 4 − log 2 2 − γ } . Proof of Theorem II.3. With (II.31) we can check that we have

q_λ(V_r(0, v_0, v_1, v_2) = U_r(0) + λ_0u_0 − γ_1 μ_1 − μ_2 u_1 − γ_2 μ_2 − μ_1 u_2 iff (II.60) λ_0 = G_0(0) + α_0 32π^3 , (II.61) γ_1 = (μ_1 − μ_2) [ α_0 64π^3 μ^2_1 − α_1 16π^3 μ_1 − α_2 4π^3

− F_1(0) ] , (II.62) γ_2 = (μ_2 − μ_1) [ α_0 64π^3 μ^2 − α_1 16π^3 μ_2 − α_2 4π^3

− F_2(0) ] . Equation (II.60) yields no constraint on α_j since λ_0 is an arbitrary real number. In opposite, (II.61) and (II.62) show that α = (α_0, α_1, α_2) defines a linear form of the families q_λ, if and only if we can find μ_1, μ_2 < 0, μ_1 ≠ μ_2, γ_1, γ_2 > 0 solutions of these equations that we can write as :

(II.63) γ_1 = μ_1 − μ_2 16π^3 μ^2_1G_α(μ_1), γ_2 = μ_2 − μ_1 16π^3 μ^2G_α(μ_2),

where G_α(μ) = α_0 4 − α_1 μ − 4α_2 μ^2 + 1 8 log(| μ |) − log 2 4 − 3 16 + γ 4 . We note that the conditions γ_j > 0 in (II.63) are equivalent to the constraint ∃μ_i, μ_j; μ_i < μ_j < 0, G_α(μ_i) < 0 < G_α(μ_j).

An elementary study of the function G_α shows that this case occurs iff (II.64) ∃μ_∗ < 0, G_α(μ_∗) = 0, G^′_α(μ_∗) > 0.

Since G^′_α(μ) = μ^{−3}(^1_8 μ^2 + α_1μ + 8α_2), we look for the α such that

(II.65) ∃μ_∗ < 0, G_α(μ_∗) = 0, 1 8 μ^2_∗ + α_1μ_∗ + 8α_2 < 0.

If μ_± := 4 ( −α_1 ± √ α^2_1 − 4α_2 ) , an obvious equivalent condition is

α^2_1 > 4α_2, ∃μ_∗ ∈ ]μ_−, μ_+[ ∩] − ∞, 0[, G_α(μ_∗) = 0.

Therefore, taking account of the asymptotic behaviour of G_α(μ) as μ → 0^−, we have to determine the set of α such that G_α(μ_−) < 0, and G_α(μ_+) > 0 when μ_+ < 0. The constraints (II.56), (II.57) easily follow.

Now we prove that different α yield to different dynamics. We can see that

u(t, Z) = V_r(t, Z) + v_0(t)χ(Z) log(| Z |) + v_1(t) χ(Z) | Z |^2

+ v_2(t) χ(Z) | Z |^4 is solution of (II.10) iff

0 =∂^2_t V_r − ΔV_r + m^2V_r − ( v_0 log(| Z |) + v_1 | Z |^2 + v_2 | Z |^4 ) Δχ − ( 2 v_0 | Z |^2 − 4 v_1 | Z |^4 − 4 v_2 | Z |^6 ) Z.∇χ + (v̈_0 + m^2v_0)χ log(| Z |)

+ (v̈_1 + m^2v_1 − 4v_0) χ | Z |^2

+ (v̈_2 + m^2v_2 + 4v_1) χ | Z |^4 . When u ∈ C^2(R_t ; H_0 ), we have V_r + v_0χ log(| Z |) ∈ C^2(R_t ; H^2(R^6 )), v_1, v_2 ∈ C^2(R). u ∈ C^1(R_t ; H_1 ) implies that v_0 ∈ C^1(R) and V_r ∈ C^1(R_t ; H^3(R^6 )). Finally u ∈ C^0(R_t ; ID(q_λ)) yields V_r ∈ C^0(R_t ; H^4(R^6 )). Now we consider a strong solution u of which the initial data are two spherically symmetric functions f, g in C^∞_0 (R^6 \ {0}), (f, g) ≠ (0, 0). We know that there exists T such that v_2(T ) ≠ 0. Taking account of the regularity of each terms in the previous equation, we get that

0 =∂^2_t V_r − ΔV_r + m^2V_r − ( v_0 log(| Z |) + v_1 | Z |^2 + v_2 | Z |^4 ) Δχ − ( 2 v_0 | Z |^2 − 4 v_1 | Z |^4 − 4 v_2 | Z |^6 ) Z.∇χ + (v̈_0 + m^2v_0)χ log(| Z |),

(II.66)

(II.67) 0 = v̈_1 + m^2v_1 − 4v_0,

(II.68) 0 = v̈_2 + m^2v_2 + 4v_1.

We assume that u is solution associated with two linear forms with (α_0, α_1, α_2) and (α^′_0, α^′_1, α^′_2). Then we have (α_0 − α^′_0)v_0(t) + (α_1 − α^′_1)v_1(t) + (α_2 − α^′_2)v_2(t) = 0.

If α_0 ≠ α^′_0 we can express v_0 in terms of v_1 and v_2 in (II.67) and with (II.68) and the initial data v_j (0) = v̇_j(0) = 0 we obtain v_1(t) = v_2(t) = 0 for all t, that is a contradiction with v_2(T ) ≠ 0. We deduce that α_0 = α^′_0. Now if α_1 ≠ α^′_1, we express v_1 by −^{α2−α′2}_{α1−α}′_1 v_2 in (II.68) and we obtain v_2 = 0 again, hence α_1 = α^′_1 and (α_2 −α^′_2)v_2 = 0. Finally since v_2(T ) ≠ 0 we conclude that α_2 = α^′_2.

Finally to determine Σ(m) we use (II.29) to get the components of the static solution | Z |^{−2} K_2(m | Z |) : v_2 =^2_{m2} , v_1 = −^1_2 , v_0 = −m^2, V_r(0) = −m^2 log m + m^2F (0) and the result follows from (II.30). To characterize Σ(0), we note that V_r(0) = v_0 = v_1 = 0 and v_2 = e^{imt} for the time periodic solution u(t, Z) =| Z |^{−4} e^{±imt}. Hence u(t, .) ∈ ID(q) iff α_2 = 0, and we conclude with (II.56) and (II.57).

Q.E.D.

III. Super-singular perturbations of the 1 + 1D-Klein-Gordon equation In this section we investigate the Cauchy problem for some super-singular perturbations of the Klein-Gordon equation on the half line with a Bessel potentiel and a mass m ≥ 0 :

(III.1) { ∂^2_t ψ − ∂^2_z ψ +^{15}_{4z2} ψ + m^2ψ = 0, t ∈ R, z > 0, ψ(0, z) = f(z), ∂_tψ(0, z) = g(z) z > 0.

We recall some basic facts (see e.g. [4] p. 532). The Bessel operator

(III.2) P_2 := − d^2 dz^2 + 15 4z^2 with domain C^∞_0 (]0, ∞[) is essentially self-adjoint in L^2(0, ∞) since 15/4 ≥ 3/2 and its unique self-adjoint extension is the Friedrichs extension A_F of which the domain is d_F := { ψ ∈ L^2(0, ∞); P_2ψ ∈ L^2 } = { ψ ∈ L^2(0, ∞); P_2ψ, ψ^′, z^{−1}ψ ∈ L^2 } . As a consequence, the Cauchy problem is well-posed for f ∈ H^1_0 (]0, ∞[), g ∈ L^2(0, ∞) and the solution ψ ∈ C^0(R_t ; H^1_0 (]0, ∞[) ∩ C^1(R_t ; L^2(0, ∞)) is given by the standard formula

ψ(t) = cos ( t √ A_F + m^2 ) f + sin ( t √ A_F + m^2 ) √ A_F + m^2 g. These solutions are called “Friedrichs solutions” of (III.1) and they satisfy the conservation of the natural energy

E(ψ) :=

∫_∞ 0 | ∂_tψ(t, z) |^2 + | ∂_zψ(t, z) |^2 + ( m^2 + 15 4z^2 ) | ψ(t, z) |^2 dz,

and the Dirichlet condition at the origin : ψ(t, 0) = 0.

We want to construct other solutions of (III.1) associated with other energies and other constraints at z = 0. We could use the recent spectral results on the singular perturbations of the Bessel operators in [10] but an easier way consists in using the link of P_2 and the Laplace operator in R^6 ,

−Δ_Z = z^{− 52} ( P_2 − 1 z^2

Δ_S5 ) z^{52} .

In this way, we can apply the results of the previous section. Then the super-singular perturbations of Δ_Z restricted to the spherically symmetric functions, yield to hypersingular perturbations of P_2 in the spaces of the trace of the radial distributions (see [14] for an extensive study of these spaces).

Now we perform the suitable functional framework. We introduce the differential operators

(III.3) P_1 := d dz − 5 2z , P^∗_1 := − d dz − 5 2z , and, for 1 ≤ k ≤ 4, we define the Hilbert spaces h^k as the closure of C^∞_0 (]0, ∞[) for the following norms :

(III.4) k = 1, 2, ‖ψ‖^2_hk := ‖ψ‖^2_L2 + ‖P_kψ‖^2_L2 , ‖ψ‖^2_hk+2 := ‖ψ‖^2_L2 + ‖P_kP_2ψ‖^2_L2 . Given χ ∈ C^∞_0 (R) such that χ(z) = 1 in a neighborhood of z = 0, we introduce the spaces

(III.5) k = −1, 0, h_k := { ψ(z) = ψ_r(z) + v_1χ(z)z^{12} + v_2χ(z)z^{− 32} , ψ_r ∈ h^{k+2}, v_j ∈ C } , (III.6) h_1 := { ψ(z) = ψ_r(z) + v_0χ(z)z^{52} log z + v_1χ(z)z^{12} + v_2χ(z)z^{− 32} , ψ_r ∈ h^3, v_j ∈ C } ,

(III.7) h_2 := { ψ(z) = ψ_r(z) + v_{−1}χ(z)z^{52} + v_0χ(z)z^{52} log z + v_1χ(z)z^{12} + v_2χ(z)z^{− 32} , ψ_r ∈ h^4, v_j ∈ C } , and if X a space of distributions on R^6_Z , we introduce the subspace RX of the spherically symmetric distributions of X : RX := { u ∈ X; Z_i∂_{Zj} u − Z_j∂_{Zi} u = 0, 1 ≤ i < j ≤ 6 } . Given u ∈ L^2(R^6_Z ) we associate ψ_u defined on ]0, ∞[_z by

(III.8) ψ_u(| Z |) :=| Z |^{52} u(Z).

Lemma III.1. Given ψ ∈ L^2(0, ∞), ψ belongs to h^k if and only if u_ψ(Z) :=| Z |^{− 5}2 ψ(| Z |) belongs to H^k(R^6_Z ) and u_ψ(0) = 0 for k = 4. As a consequence, we have h^4 ⊂ h^3 ⊂ h^2 ⊂ h^1,

(III.9) ψ ∈ h^1, | ψ(z) |≤ Cz^{12} , ψ ∈ h^2, | ψ(z) |≤ Cz^{32} ,

(III.10) ψ ∈ h^3, | ψ(z) |≤ Cz^{52} √ | log z |, ψ ∈ h^4, lim_{z→0+} z^{− 52} ψ(z) = 0,

(III.11) − 1 ≤ k ≤ 2, h_k = {ψ_u; u ∈ RH_k } .

The coefficients v_j do not depend on the choice of the function χ and v_{−1} = V_r(0) when ψ ∈ h_2 and u_ψ = V_r + v_0χ log | Z | +v_1χ | Z |^{−2} +v_2χ | Z |^{−4}. The spaces h_k are Hilbert spaces for the norms

(III.12) ‖ψ‖^2_{hk} := ‖ψ_r‖^2_hk+2 + ∑ j | v_j |^2 .

Proof of Lemma III.1. We remark that for u ∈ RC^∞_0 (R^6 \ {0}) we have (III.13) ∫ R^6

| u(Z) |^2 dZ = π^3

∫_∞ 0 | ψ_u(z) |^2 dz, ∫ R^6

| ∇_Z u(Z) |^2 dZ = π^3

∫_∞ 0 | ψ^′_u(z) − 5 2z ψ_u(z) |^2 dz, ∫ R^6

| Δ_Z u(Z) |^2 dZ = π^3

∫_∞ 0 | ψ^{′′}_u(z) − 15 4z^2 ψ_u(z) |^2 dz.

We deduce that u → π^{− 3}2 ψ_u is an isometry from RC^∞_0 (R^6 \ {0}) endowed with a suitable H^k(R^6 )- norm, into RC^∞_0 (]0, ∞[) endowed with the h_k-norm. Since RC^∞_0 (R^6 \ {0}) is dense in H^m(R^6 ) for m ≤ 3, we conclude that (III.14) k = −1, 0, 1, h_{k+2} = { ψ_u; u ∈ RH^{k+2}(R^6 ) } , h_k = {ψ_u; u ∈ RH_k }

and (III.12) defines a norm ‖ψ_u‖_{hk} ∼ ‖u‖_{H k} , for which h_k is a Hilbert space.

On the other hand, the Sobolev embedding H^4(R^6 ) ⊂ C^0(R^6 ) implies that the closure of RC^∞_0 (R^6 \ {0}) in RH^4(R^6 ) is the set of functions u ∈ RH^4 that are zero at Z = 0, and RH^4(R^6 ) = RC^∞_0 (R^6 \ {0}) ⊕ C χ(| Z |). We conclude that lim_{z→0}+ z^{− 5}2 ψ(z) = 0 when ψ ∈ h_4 and

h_4 = { ψ_u; u ∈ RH^4(R^6 ), u(0) = 0 } , h_4⊕C χ(z)z^{52} = { ψ_u; u ∈ RH^4(R^6 ) } , h_2 = {ψ_u; u ∈ RH_2 } .

The decay near the origin (III.9), (III.10) for k = 1, 2, 3 are consequences of theorems 13 and 14 of [14]. To achieve the proof of the lemma, we remark that χ(z)z^12 /∈ h_1, χ(z)z^52 log z ∈ h_2 \ h_3, χ(z)z^52 ∈ h_3 \ h_4. Then the coefficients v_j only depend on ψ and since V_r(Z) =| Z |^{− 5}2 ψ_r(| Z |) = +v_{−1}χ(| Z |), we have v_{−1} = V_r(0). Finally since ‖u‖_H4 ∼ ‖ψ_r‖_{h4} + | v_{−1} | for u ∈ RH^4(R^6 ), we have ‖u‖_{H 2} ∼ ‖ψ_u‖_{h2} and it is clear that (III.12) defines a norm for which h_2 is a Hilbert space. Q.E.D.

We now introduce the “boundary conditions”. Given α = (α_0, α_1, α_2) ∈ R^3 , we consider the Hilbert subspace (III.15) d_α := {ψ ∈ h_2; v_{−1} + α_0v_0 + α_1v_1 + α_2v_2 = 0} , and we denote A_α the differential operator P_2 endowed with d_α as domain. The existence of super-singular perturbations of the Bessel operator P_2 is stated by the following :

Proposition III.2. For all α = (α_0, α_1, α_2) ∈ R^3 satisfying the constraints (II.56) and (II.57), there exists a hermitian product on h_0, equivalent to the initial ‖.‖_{h0} -scalar product, for which A_α is a semi-bounded from below, self-adjoint operator on h_0. Its essential spectrum is [0, ∞[. Its point spectrum is a set of 0, 1, 2 or 3 non positive eigenvalues −λ^2_j , associated with eigenfunctions ψ_j (z) = √ zK_2(λ_j z) if λ_j > 0, ψ_j (z) = z^{− 3}2 if λ_j = 0. Moreover λ^2_j > 0 are the roots of the equation : (III.16) log x + 2α_0 +

8α_1 x − 32α_2 x^2

= 0,

and 0 is eigenvalue iff α belongs to Σ(0) defined by (II.59). In particular, the point spectrum is empty for all α such that (III.17) α_2 < 0, − log 2 < α_0 + α_1 α_1 + √ α^2_1 − 4α_2 − α_2 ( α_1 + √ α^2_1 − 4α_2

)_2 + 1 2 log ( α_1 + √ α^2_1 − 4α_2 ) < 3 4 −γ,

and 0 is the unique eigenvalue when

(III.18) α_2 = 0 < α_1, − 1 2 − 3 2 log 2 < α_0 + 1 2 log α_1 < 1 4 − 1 2 log 2 − γ

Proof of Proposition III.2. The previous lemma assures that the map ψ → u_ψ defined by

(III.19) ψ(z) = ψ_r(z) + v_1χ(z)z^{12} + v_2χ(z)z^{− 32} −→ u_ψ(Z) = ψ_r(| Z |) | Z |^52

+ v_1 χ(| Z |) | Z |^2

+ v_2 χ(| Z |) | Z |^4

is an isometry from h_0 onto RH_0 , where H_0 is the space (II.3) endowed with the equivalent norm

π^{− 32}

‖ v_r ‖^2_{L2(R6 )} + ‖ Δv_r ‖^2_{L2(R6 )} + 2∑ j=1 | v_j |^2 1 2 . Moreover we have for any ψ ∈ h^1 u_{P2ψ} = −Δu_ψ − 4π^3v_2δ_0(Z).

Now we consider μ_1, μ_2 < 0, μ_1 ≠ μ_2, λ_0 ∈ R, γ_1, γ_2 > 0 associated with α by the Theorem II.3, and we endow H_0 with the norm ‖.‖_0 given by (II.33) for which A_λ defined by (II.34) and (II.36) is semi-bounded from below, self-adjoint. We remark that (Z_i∂_j − Z_j ∂_i) (−Δ_Z + L(u)δ_0) = −Δ_Z = (−Δ_Z + L(u)δ_0) (Z_i∂_j − Z_j∂_i) , hence the restriction of A_λ to RH_0 with the domain RDom(A_λ ) is a densely defined self-adjoint operator that we denote RA_λ . Since d_α = {ψ_u; u ∈ RDom(A_λ )} , A_λ u_ψ = u_{P2ψ} we conclude that if h_0 is endowed with the equivalent norm

(III.20) ‖ψ‖_0 := ‖u_ψ ‖_0, where ‖u_ψ‖_0 is defined by (II.33), then A_α is unitarily equivalent to RA_λ . Therefore it is semibounded from below, and self-adjoint on h_0. We introduce the operator A_0 defined as the differential operator P_2 provided with (III.21)

d_0 := {ψ_u; u ∈ RH_2 , u_0 = 0} = { ψ_u; u = U_r + u_1φ_1(Z) + u_2φ_2(Z), U_r ∈ RH^4(R^6_Z ), u_j ∈ C } . Then A_0 is unitarily equivalent to RA_0 where A_0 is given by (II.39). Since the essential spectrum of the Laplacien considered as an operator on RH^2(R^6 ) endowed with its natural domain RH^4(R^6 ) is [0, ∞[, and (A_0 + i)^{−1} − (A_α + i)^{−1} is finite rank, we conclude by the Weyl theorem that σ_{ess}(A_α) = [0, ∞[.

Now given λ > 0, the solutions of P_2ψ = λ^2ψ are given by ψ(z) = A √ zJ_2(λz) + B √ zY_2(λz).

Since ψ(z) ∼ −

√_2 π [ A cos(z −^π_4 ) + B sin(z −^π_4 ) ] , ψ does not belong to h_0 when (A, B) ≠ (0, 0).

We conclude that the eigenvalues of P_2 are non positive. On the other hand, the solutions of P_2ψ = −λ^2ψ are given by ψ(z) = A √ zI_2(λz) + B √ zK_2(λz). Since I_2(z) ∼^{1√}_{2πz} e^z as z → ∞, and taking account of (II.29), the eigenfunction in h_0 is

ψ(z) = √ zK_2(λz) = λ^4z^{92} G(λ^2z^2) log(λz)+λ^2z^{52} F (λ^2z^2)− ( λ^2 8 log λ ) z^{52} − λ^2 8 z^{52} log z− 1 2 z^{12} + 2 λ^2 z^{− 32} .

Then v_{−1} = −^{λ2}_8 log λ, v_0 = −^{λ2}_8 , v_1 =^1_2 , v_2 =^2_{λ2} satisfy v_{−1} + α_0v_0 + α_1v_1 + α_2v_2 = 0 iff λ^2 is a stricly positive solution of (III.16). To determine the number of these roots, we study the fonction h(x) := log x + 2α_0 +^{8α1}_x −^{32α2}_{x2} . When α_2 < 0, or when α_2 = 0 and α_1 > 0, h is decreasing

from +∞ to inf h = 2 ( α_0 +^{α1}

α_1+

√_{α21−4α2} −^{α2}

(α_1+

√_{α21−4α2)2} +^1_2 log(α_1 + √ α^2_1 − 4α_2) + log2 ) when

x ∈]0, 4(α_1 + √ α^2_1 − 4α_2)], and from inf h to +∞ for x ∈ [4(α_1 + √ α^2_1 − 4α_2), ∞[. We deduce that there exists 0, 1 or 2 roots according to inf h > 0, inf h = 0, inf h < 0. Then (III.17) and (III.18) follow from (II.56) and (II.59). Finally when 0 < 4α_2 < α^2_1 and 0 < α_1, h is increasing from −∞ to 2 ( α_0 +^{α1}

α_1−

√_{α21−4α2} −^{α2}

(α_1−

√_{α21−4α2 )2} +^1_2 log(α_1 − √ α^2_1 − 4α_2) + log2 ) when x ∈]0, 4(α_1 − √ α^2_1 − 4α_2)], decreasing for x ∈]4(α_1 − √ α^2_1 − 4α_2), 4(α_1 + √ α^2_1 + 4α_2)], and increasing to +∞ for

x > 4(α_1 + √ α^2_1 + 4α_2). We conclude that in this case there exists 1, 2 or 3 strictly negative eigenvalues. Q.E.D.

Now we consider the Cauchy problem (III.1). We look for the weak solutions with the Anstatz

(III.22) ψ(t, z) = ψ_r(t, z) + v_0(t)χ(z)z^{52} log z + v_1(t)χ(z)z^{12} + ϕ_2(t)z^{− 32} ,

v_1, ϕ_2 ∈ C^2(R), ψ_r(t, z)+v_0(t)χ(z)z^{52} log z ∈ C^2(R_t ; h^1)∩C^1(R_t ; h^2), v_0 ∈ C^0(R), ψ_r ∈ C^0(R_t ; h^3), and we want to construct the strong solutions that satisfy

ψ_r(t, z) = ψ_R(t, z) + v_{−1}(t)χ(z)z^{52} , v_{−1} ∈ C^0(R), ψ_R ∈ C^0(R_t ; h^4), and the boundary condition v_{−1}(t) + α_0v_0(t) + α_1v_1(t) + α_2ϕ_2(t) = 0, t ∈ R.

We can state the main result of this part :

Theorem III.3. Let α = (α_0, α_1, α_2) be in R^3 satisfying the constraints (II.56) and (II.57). Then for all m ≥ 0 and any f ∈ h_1, g ∈ h_0, the Cauchy problem (III.1) has a unique solution (III.23) ψ_α ∈ C^0 (R_t ; h_1) ∩ C^1 (R_t ; h_0) ∩ C^2 (R_t ; h_{−1}) ∩ D^′ (R_t ; d_α) , and if f, g ∈ C^∞_0 (]0, ∞[), (f, g) ≠ (0, 0), then v_2 ≠ 0 hence ψ_α is not the Friedrichs solution and ψ_α ≠ ψ_α′ if α ≠ α^′. Moreover there exists C, K > 0 independent of m ≥ 0 such that (III.24) ‖∂_tψ_α(t)‖_{h0} + ‖ψ_α(t)‖_{h1} + m‖ψ_α(t)‖_{h0} ≤ C (‖g‖_{h0} + ‖f‖_{h1} + m‖f‖_{h0} ) e^{(K−m2)+|t|}, and for all Θ ∈ C^∞_0 (R_t ) we have : (III.25) ‖ ∫ Θ(t)ψ_α(t)dt‖_{h2} ≤ C (‖g‖_{h0} + ‖f‖_{h1} + m‖f‖_{h0} ) ∫ ( | Θ(t) | + | Θ^{′′}(t) | ) e^{(K−m2)+|t|}dt.

There exists a conserved energy, i.e. a non trivial, continuous quadratic form E_α defined on h_1 ⊕ h_0, that satisfies :

(III.26) ∀t ∈ R, E_α (ψ_α(t), ∂_tψ_α(t)) = E_α(f, g).

This energy is not positive definite in general but E_α is equivalent to ‖f‖^2_{h1} + ‖g‖^2_{h0} on C^∞_0 (]0, ∞[) ⊕ C^∞_0 (]0, ∞[) and given for f, g ∈ C^∞_0 (]0, ∞[) by E_α(f, g) =‖P_1P_2f‖^2_L2 − (μ_1 + μ_2)‖P_2f‖^2_L2 + μ_1μ_2‖P_1f‖^2_L2 + m^2 ( ‖P_2f‖^2_L2 − (μ_1 + μ_2)‖P_1f‖^2_L2 + μ_1μ_2‖f‖^2_L2 ) + ‖P_2g‖^2_L2 − (μ_1 + μ_2)‖P_1g‖^2_L2 + μ_1μ_2‖g‖^2_L2

(III.27)

for some μ_1 < μ_2 < 0. When α satisfies (III.17) or (III.18), E_α is positive on h_1 ⊕ h_0.

The propagation is causal, i.e.

(III.28) supp(ψ_α(t, .)) ⊂ {z; | z |≤| t |} + [supp(f) ∪ supp(g)] .

When f ∈ d_α, g ∈ h_1 then ψ_α satisfies :

(III.29) ψ_α ∈ C^0 (R_t ; d_α) ∩ C^1 (R_t ; h_1) ∩ C^2 (R_t ; h_0) ,

(III.30) ‖∂_tψ_α(t)‖_{h1} + ‖ψ_α(t)‖_{h2} + m‖ψ_α(t)‖_{h1} ≤ C (‖g‖_{h1} + ‖f‖_{h2} + m‖f‖_{h1} ) e^{(K−m2)+|t|}.

Proof of Theorem IV.1. We consider μ_1, μ_2 < 0, μ_1 ≠ μ_2 and λ ∈ R^3 that are associated with α by the Theorem II.3. We introduce u_λ(t, Z) :=| Z |^52 ψ_α(| Z |). Then Lemma III.1 assures that u_λ ∈ C^m(R_t ; H_k ) iff ψ_α ∈ C^m(R_t ; h_k) and u_λ ∈ D^′(R_t ; ID(q_λ) iff ψ_α ∈ D^′(R_t ; d_α). Moreover since A_α is unitarily equivalent to RA_λ , we can see that ψ_α is the wanted solution iff u_λ is the solution of (II.9) and (II.10) with the corresponding initial data. Therefore Theorem II.1 gives the existence, the uniqueness, the estimates of the solution of the Cauchy problem (III.1), and the finite velocity result (III.28). Moreover when f, g ∈ C^∞_0 (]0, ∞[), (f, g) ≠ (0, 0), ψ_α is not a Friedrichs solution since the dynamics for u_λ is not trivial according Theorem II.1, and Theorem II.3 implies that different α yield to different solutions. Finally the energy is given for the strong solutions by (III.31) E_α(ψ_α, ∂_tψ_α) := ⟨A_αψ_α; ψ_α⟩_0 + m^2 ‖ψ_α‖^2_0 + ‖∂_tψ_α‖^2_0 = π^3E_λ(u_λ, ∂_tu_λ), where the norm ‖.‖_0 is defined by (III.20), and this energy is positive when α satisfies (III.17) or (III.18) since the spectrum of A_α is [0, ∞[ in this case by the Proposition III.2. At last, the expression (III.27) is obtained by a direct computation by using the facts that P^∗_1 P_1 = P_2 and for u_λ ∈ C^∞_0 (R^6 \ {0}) we have :

‖u_λ‖^2_H2 = π^3 ⟨(P_2 − μ_1)ψ_α; (P_2 − μ_2)ψ_α⟩_L2_{(0,∞)} , ‖∇_Z u_λ‖^2_H2 = π^3 ⟨P_1(P_2 − μ_1)ψ_α; P_1(P_2 − μ_2)ψ_α⟩_L2_{(0,∞)} . Q.E.D.

We end this part by some remarks. Firstly, we note that when α satisfies (III.17) or (III.18), the operator A_α is a positive self-adjoint operator in (h_0, ‖.‖_0). Then, in this case, the solution is just given by the spectral functional calculus :

ψ_α(t, .) = cos ( t √ A_α + m^2 ) f + sin ( t √ A_α + m^2 ) √ A_α + m^2 g, and we can solve the Cauchy problem in the scale of the Hilbert spaces associated with the powers of A_α. More precisely, when m > 0 or when α satisfies (III.17), the Cauchy problem is well-posed for f ∈ [ Dom ( ( A_α + m^2

) s+1_2 )] , g ∈ [ Dom (( A_α + m^2

) s_2 )]

where [Dom(B)] denotes the completion

of Dom(B) for the norm ‖B.‖_0. Secondly, when α satisfies (III.18), the kernel of A_α is C z^{− 3}2 and the time-periodic solutions e^{±imt}z^{− 3}2 belong to C^0 (R_t ; d_α). We can express ψ_α in term of the graviton part supported by z^{− 3}2 :

(III.32) ψ_α(t, z) = ψ^0_α(t)z^{− 32} + ψ^⊥_α (t, z), ⟨ ψ^⊥_α (t, .); z^{− 32} ⟩ 0 = 0,

where the amplitude of the graviton is given by

(III.33) ψ^0_α(t) = ‖z^{− 32} ‖^{−2}_0 ( cos(mt) < f; z^{− 32} >_0 + sin(mt) m < g; z^{− 32} >_0 ) , and we have to replace^{sin(mt)}_m by t when m = 0. Finally, if we could establish the absence of singular continuous spectrum of A_α, then ψ^⊥_α (t, .) would tend weakly to zero as | t |→ ∞, hence its component on z^{− 3}2 would become negligible for large time. An interesting consequence would be (III.34) ϕ_2(t) − ψ^0_α(t) → 0, | t |→ ∞, i.e. the more singular part in the expansion (III.22) would be asymptotically given by the graviton.

IV. New dynamics in AdS^5

In this section we construct new unitary dynamics for the gravitational waves in the Anti-de Sitter universe. We consider the Cauchy problem

(IV.1) ( ∂^2_t − Δ_x − ∂^2_z + 15 4z^2 ) Φ = 0, t ∈ R, x ∈ R^3 , z ∈]0, ∞[,

(IV.2) Φ(0, x, z) = Φ_0(x, z), ∂_tΦ(0, x, z) = Φ_1(x, z). We look for the solutions that have an expansion of the following form (IV.3) Φ(t, x, z) = Φ_r(t, x, z)z^{52} + ϕ_{−1}(t, x)χ(z)z^{52} + ϕ_0(t, x)χ(z)z^{52} log z + ϕ_1(t, x)χ(z)z^{12} + ϕ_2(t, x)z^{− 32} where χ ∈ C^∞_0 (R), χ(z) = 1 in a neighborhood of 0 and (IV.4) Φ_r(t, x, 0) = 0.

The term ϕ_2(t, x)z^{− 3}2 is the part of the wave in the sector of the massless graviton. The behaviour of the field on the boundary of the universe is assumed to be for some (α_0, α_1, α_2) ∈ R^3 : (IV.5) ϕ_{−1}(t, x) + α_0ϕ_0(t, x) + α_1ϕ_1(t, x) + α_2ϕ_2(t, x) = 0, t ∈ R, x ∈ R^3 . We introduce the following Hilbert spaces endowed with the natural norms (h_0 being provided with the norm (III.20)) :

H_0 :=L^2 ( R^3_x ; h_0 ) = { Φ(x, z) = ϕ_r(x, z) + ϕ_1(x)χ(z)z^{12} + ϕ_2(x)z^{− 32} , ϕ_r ∈ L^2(R^3_x ; h^2), ϕ_j ∈ L^2(R^3_x ) } , (IV.6)

H_1 := { Φ ∈ L^2 ( R^3_x ; h_1 ) ; ∇_xΦ ∈ H_0 } = { Φ(x, z) = ϕ_r(x, z) + ϕ_0(x)χ(z)z^{52} log z + ϕ_1(x)χ(z)z^{12} + ϕ_2(x)z^{− 32} ,

ϕ_r ∈ L^2(R^3_x ; h^3), ϕ_0 ∈ L^2(R^3_x ), ϕ_1, ϕ_2 ∈ H^1(R^3_x ), ∇_x ( ϕ_r + ϕ_0χz^{52} log z ) ∈ L^2(R^3_x ; h^2) } ,

(IV.7)

(IV.8) H_2 := { Φ ∈ L^2 ( R^3_x ; h_2 ) ; ∇_xΦ ∈ H_1 } . In particular, Φ ∈ H_2 iff

(IV.9) Φ(x, z) = Φ_r(x, z)z^{52} + ϕ_{−1}(x)χ(z)z^{52} + ϕ_0(x)χ(z)z^{52} log z + ϕ_1(x)χ(z)z^{12} + ϕ_2(x)z^{− 32} with

(IV.10) ϕ_{−1} ∈ L^2(R^3_x ), ϕ_0 ∈ H^1(R^3_x ), ϕ_1, ϕ_2 ∈ H^2(R^3_x ), Φ_r(x, z)z^52 ∈ L^2(R^3_x ; h^4), ∇_x ( Φ_r(x, z)z^52 + ϕ_{−1}(x)χ(z)z^52 ) ∈ L^2(R^3_x ; h^3), ∇^2_x ( Φ_r(x, z)z^52 + ϕ_{−1}(x)χ(z)z^52 + ϕ_0(x)χ(z)z^52 log z ) ∈ L^2(R^3_x ; h^2).

For convenience and to make more clear the role of the massless graviton, we have omitted the cut-off function χ(z) in front of ϕ_2(x)z^{− 3}2 . It is clear that this minor change does not affect the definition of the spaces since (1 − χ(z))ϕ_2(x)z^{− 3}2 belongs to H^m(R^3_x ; h^4) when ϕ_2 ∈ H^m(R^3_x ).

To take account the constraint (IV.5), we introduce the subspace : (IV.11) D_α := {Φ ∈ H_2; ϕ_{−1}(x) + α_0ϕ_0(x) + α_1ϕ_1(x) + α_2ϕ_2(x) = 0} .

The main result of this paper is the following :

Theorem IV.1. Let α = (α_0, α_1, α_2) be in R^3 satisfying the constraints (II.56) and (II.57). Then for any Φ_0 ∈ H_1, Φ_1 ∈ H_0, the Cauchy problem (IV.1), (IV.2) has a unique solution (IV.12) Φ_α ∈ C^0 (R_t ; H_1) ∩ C^1 (R_t ; H_0) ∩ C^2 (R_t ; H_{−1}) ∩ D^′ (R_t ; D_α) . Moreover there exists C, κ > 0 independent of Φ_j such that :

(IV.13) ‖∂_tΦ_α(t)‖_{H0} + ‖Φ_α(t)‖_{H1} ≤ C (‖Φ_1‖_{H0} + ‖Φ_0‖_{H1} ) e^{κ|t|}, and for all Θ ∈ C^∞_0 (R_t ) we have :

(IV.14) ‖ ∫ Θ(t)Φ_α(t)dt‖_{H2} ≤ C (‖Φ_1‖_{H0} + ‖Φ_0‖_{H1} ) ∫ ( | Θ(t) | + | Θ^{′′}(t) | ) e^{κ|t|}dt.

When Φ_0, Φ_1 ∈ C^∞_0 (R^3_x ×]0, ∞[_z), (Φ_0, Φ_1) ≠ (0, 0), then ϕ_2 ≠ 0 hence Φ_α is not the Friedrichs solution, moreover Φ_α ≠ Φ_α′ if α ≠ α^′.

There exists a conserved energy, i.e. a non trivial, continuous quadratic form E_α defined on H_1 ⊕ H_0, that satisfies :

(IV.15) ∀t ∈ R, E_α (Φ_α(t), ∂_tΦ_α(t)) = E_α(Φ_0, Φ_1).

This energy is not positive definite in general but E_α is equivalent to ‖Φ_0‖^2_{H1} +‖Φ_1‖^2_{H0} on C^∞_0 (R^3_x ×]0, ∞[_z )⊕ C^∞_0 (R^3_x ×]0, ∞[_z ) and given for Φ_0, Φ_1 ∈ C^∞_0 (R^3_x ×]0, ∞[_z) by E_α (Φ_0, Φ_1) =‖P_1P_2Φ_0‖^2_L2 − (μ_1 + μ_2)‖P_2Φ_0‖^2_L2 + μ_1μ_2‖P_1Φ_0‖^2_L2 + ‖∇_xP_2Φ_0‖^2_L2 − (μ_1 + μ_2)‖∇_xP_1Φ_0‖^2_L2 + μ_1μ_2‖∇_xΦ_0‖^2_L2 + ‖P_2Φ_1‖^2_L2 − (μ_1 + μ_2)‖P_1Φ_1‖^2_L2 + μ_1μ_2‖Φ_1‖^2_L2

(IV.16)

for some μ_1 < μ_2 < 0. When α satisfies (III.17) or (III.18), E_α is positive on H_1 ⊕ H_0.

When Φ_0 ∈ D_α, Φ_1 ∈ H_1 then Φ_α satisfies :

(IV.17) Φ_α ∈ C^0 (R_t ; D_α) ∩ C^1 (R_t ; H_1) ∩ C^2 (R_t ; H_0) ,

(IV.18) ‖∂_tΦ_α(t)‖_{H1} + ‖Φ_α(t)‖_{H2} ≤ C (‖Φ_1‖_{H1} + ‖Φ_0‖_{H2} ) e^{κ|t|}.

There exists M > 0 such that if Φ̂_j(ξ, z) = 0 for all | ξ |≤ M, then we can take κ = 0 in the estimates (IV.13), (IV.14) and (IV.18) and E_α (Φ_0, Φ_1) > 0.

When the equation

(IV.19) log x + 2α_0 +

8α_1 x − 32α_2 x^2

= 0,

has a solution x = m^2, m > 0, then ϕ_{[m]}(t, x)z^12 K_2(mz) where ϕ_{[m]} ∈ C^0(R_t ; H^2(R^3_x ))∩C^1(R_t ; H^1(R^3_x )) is a solution of ∂^2_t ϕ_{[m]} − Δ_xϕ_{[m]} − m^2ϕ_{[m]} = 0, is a solution that satisfies (IV.17).

When α satisfies (III.18), the massless graviton Φ_G(t, x, z) := ϕ_{[0]}(t, x)z^{− 3}2 where ϕ_{[0]} ∈ C^0(R_t ; H^2(R^3_x )) is solution of ∂^2_t ϕ_{[0]} − Δ_xϕ_{[0]} = 0, is a solution of (IV.1) that satisfies (IV.17), and its energy is given by

(IV.20) E_α (Φ_G, ∂_tΦ_G) = ‖z^{− 32} ‖^2_0 ∫ R^3_x

|∇_{t,x}ϕ_{[0]}(t, x)|^2dx.

Proof of Theorem IV.1. We shall use the partial Fourier transform with respect to x that is denoted F_x. Let Φ_α be a solution of (IV.1), (IV.2), (IV.17). Given T > 0, Φ_α ∈ H^1(] − T, T [; H_1) ⊂ L^2(R^3_x ; H^1(] − T, T [; h_1)). Then F_xΦ_α ∈ L^2(R^3_ξ ; H^1(] − T, T [; h_1)) ⊂ L^2(R^3_ξ ; C^0([−T, T ]; h_1)). We have also ∂_tΦ_α ∈ H^1(] − T, T [; H_0) ⊂ L^2(R^3_x ; H^1(] − T, T [; h_0)). Then ∂_tF_xΦ_α ∈ L^2(R^3_ξ ; H^1(] − T, T [; h_0)) ⊂ L^2(R^3_ξ ; C^0([−T, T ]; h_0)). Moreover Φ_α ∈ L^2(] − T, T [; D_α) ⊂ L^2(R^3_x ; L^2(] − T, T [; d_α)). Then F_xΦ_α ∈ L^2(R^3_ξ ; L^2(] − T, T [; d_α)).

We deduce that for almost all ξ ∈ R^3 , F_xΦ_α(t, ξ, z) is the unique solution ψ_ξ, satisfying (III.23), of (III.1) with

(IV.21) m =| ξ |, f(z) = F_xΦ_0(ξ, z), g(z) = F_xΦ_1(ξ, z).

Hence we conclude that

(IV.22) Φ_α(t, x, z) = F^{−1}_ξ ( ψ_ξ(t, z) ) (x),

and we get the uniqueness of the solution.

More generally, when Φ_α is a solution of (IV.1), (IV.2), (IV.12), we take θ ∈ C^∞_0 (R) such that 0 ≤ θ, ∫ θ(t)dt = 1, and we consider Φ_{α,n}(t, x, z) = n ∫ θ(nt − ns)Φ_α(s, x, z)ds. We can easily prove that Φ_{α,n} tends to Φ_α in C^0 (R_t ; H_1) ∩ C^1 (R_t ; H_0) ∩ C^2 (R_t ; H_{−1}) ∩ D^′ (R_t ; D_α) as n → ∞, and Φ_{α,n} is a solution of (IV.1), (IV.17). The previous result shows that

Φ_{α,n}(t, x, z) = F^{−1}_ξ ( ψ_{ξ,n}(t, z) ) (x),

where ψ_{ξ,n} is solution of (III.1) with m =| ξ |, f(z) = F_xΦ_{α,n}(0, ξ, z), g(z) = F_x∂_tΦ_{α,n}(0, ξ, z) satisfying (III.23). Since Φ_{α,n}(0, x, z) and ∂_tΦ_{α,n}(0, x, z) tend respectively to Φ_0 and Φ_1 in H_1 and H_0, then F_xΦ_{α,n}(0, ξ, z) and F_x∂_tΦ_{α,n}(0, ξ, z) tend respectively to F_xΦ_0(ξ, z) and F_xΦ_1(ξ, z) in L^2(R^3_ξ ; h_1) and L^2(R^3_ξ ; h_0). We deduce by (III.24) that ψ_{ξ,n} tends in L^2(R^3_ξ ; L^2([−T, T ]; h_1) to the solution ψ_ξ of (III.1), (III.24) with the data (III.24). We conclude that (IV.22) is true again and the proof of the uniqueness is complete.

To establish the existence of the solution, it is sufficient to solve the Cauchy problem and to get estimates (IV.13), (IV.13), (IV.18) for a dense subspace of initial data. Hence we consider the case where there exists R > 0 such that F_xΦ_j(ξ, z) = 0 for any | ξ |> R. Then we get by the Lebesgue theorems, the Parseval equality and Theorem IV.1, that

Φ_α(t, x, z) := 1 (2π)^32 ∫ |ξ|≤R

e^{ix.ξ}ψ_ξ(t, z)dξ

is the wanted solution, moreover estimates (IV.13), (IV.14), (IV.18) directly follow from the integration of (III.24), (III.25), (III.30) with respect to ξ, and we can take κ = 0 when Φ̂_j(ξ, z) = 0 for all | ξ |≤ M where M = √ K. If ϕ_2 = 0 for Φ_0, Φ_1 ∈ C^∞_0 (R^3_x ×]0, ∞[_z), then we have F_xϕ_2 and ψ_ξ(t, z) is a Friedrichs solution.

The Theorem IV.1 implies that Φ_0 = Φ_1 = 0. Now if Φ_α = Φ_α′ , then F_xΦ_α = F_xΦ_α′ and this theorem assures that α = α^′.

The properties of the energy are obtained by the same way from (III.26) and (III.27) with the Parseval equality and the formula

E_α (Φ_α(t), ∂_tΦ_α(t)) = ∫ E_α ( ψ_ξ(t), ∂_tψ_ξ(t) ) dξ. We also have with (III.31) :

E_α (Φ_0, Φ_1) = ∫ ⟨A_αF_xΦ_0(ξ, .); F_xΦ_0(ξ, .)⟩_0 dξ + ‖∇_xΦ_0‖^2_{H0} + ‖Φ_1‖^2_{H0} ,

that proves (IV.20). Finally, since the proposition III.2 assures that for m > 0, ψ_m(z) := z^12 K_2(mz), and for m = 0 ψ_0(z) := z^{− 3}2 , satisfy (P_2 + m^2)ψ_m = 0, and belong to d_α when x = m^2 > 0 is solution of (IV.19), or α satisfies (III.18) for m = 0. We conclude that Φ_α(t, x, z) = ϕ_{[m]}(t, x)ψ_m(z) are solutions of (IV.1) satisfying (IV.17). Q.E.D.

We achieve this paper by some comments. If we expand the strong solution as

Φ_α(t, x, z) = ϕ_r(t, x, z) + ϕ_0(t, x)χ(z)z^{52} log z + ϕ_1(t, x)χ(z)z^{12} + ϕ_2(t, x)z^{− 32} then we can see with (IV.9) and (IV.10) that the equation (IV.1) is equivalent to a system of coupled PDEs (we denote □ := ∂^2_t − Δ_x) : □ϕ_2 + 4ϕ_1 = 0, □ϕ_1 − 4ϕ_0 = 0, [ □ − ∂^2_z + 15 4z^2 ] ( ϕ_r + χ(z)z^{52} log(z)ϕ_0 )

= −4χ(z)z^{12} ϕ_0 + ( χ^{′′}(z)z^{12} + χ^′(z)z^{− 12} + 4(1 − χ(z))z^{− 32} ) ϕ_1, supplemented by the boundary contraint at the time-like horizon :

lim_{z→0} z^{− 52} ϕ_r(t, x, z) + α_0ϕ_0(t, x) + α_1ϕ_1(t, x) + α_2ϕ_2(t, x) = 0.

We note that ϕ_2 is not a free wave in the Minkowski space-time (see below for a link with the massless graviton), and Φ_F := ϕ_r + χ(z)z^52 log(z)ϕ_0 is a Friedrichs solution of the inhomogeneous wave equation of the gravitational fluctuations, i.e. Φ_F satisfies (I.3).

A particularly significant family of constraints on the boundary of the Anti-de Sitter universe is given by the condition (III.18) that corresponds to ϕ_{−1}(t, x) + α_0ϕ_0(t, x) + α_1ϕ_1(t, x) = 0 with 0 < α_1, − 1 2 − 3 2 log 2 < α_0 + 1 2 log α_1 < 1 4 − 1 2 log 2 − γ.

In this case the energy is positive and √ E_α (Φ_0, Φ_1) is a norm on H_1 × H_0. Hence we can consider the Hilbert space K_1 × H_0 defined as the completion of this space for this norm. We remark that H_1 ≠ K_1 since

‖ϕ(x)z^{− 32} ‖^2_{K1} = ‖z^{− 32} ‖^2_0 ∫ R^3_x

|∇_xϕ(x)|^2dx, ‖ϕ(x)z^{− 32} ‖^2_{H1} = ‖ϕ(x)z^{− 32} ‖^2_{K1} + ‖z^{− 32} ‖^2_{h1} ∫ R^3_x

|ϕ(x)|^2dx.

Then the Cauchy problem is well posed in K_1 × H_0 and the solution is given by a unitary group. Finally (III.32), (III.33) and (IV.22) allow to split the solution Φ_α into a massless graviton Φ_G and an orthogonal part Φ^⊥, solutions of (IV.1) satisfying :

Φ_α = Φ_G + Φ^⊥, Φ_G(t, x, z) = ϕ_{[0]}(t, x)z^{− 32} , where ∂^2_t ϕ_{[0]}−Δ_xϕ_{[0]} = 0, ϕ_{[0]}(0, x) = ‖z^{− 32} ‖^{−2}_0 ⟨ Φ_0(x, .); z^{− 32} ⟩ 0 , ∂_tϕ_{[0]}(0, x) = ‖z^{− 32} ‖^{−2}_0 ⟨ Φ_1(x, .); z^{− 32} ⟩ 0 , and for all t ∈ R and almost x ∈ R^3 , ⟨ Φ^⊥(t, x, .); z^{− 32} ⟩ 0 = 0.

In the spirit of (III.34), we conjecture that lim |t|→∞

‖∇_{t,x}ϕ_{[0]}(t, .) − ∇_{t,x}ϕ_2(t, .)‖_L2_{(R}3_{x)} = 0,

that is to say, the more singular part of the gravitational wave is asymptotically given by the massless graviton. Last but not least, we let open the deep question on the “true” constraint on the boundary on the Anti-de Sitter universe, among the large family of the boundary conditions that we have introduced in this work.

References

[1] S.J. Avis, C.J. Isham, D. Storey, Quantum field theory in anti-de Sitter space-time, Phys. Rev. D, 18 (10) (1978) : 3565–3576.

[2] A. Bachelot, The Dirac System on the Anti-de Sitter Universe, Comm. Math. Phys. 283 (2008), 127–167. [3] A. Bachelot, Wave Propagation and Scattering for the RS2 Brane Cosmology Model, J.H.D.E. 6(4) (2009), 809–861.

[4] A. Bachelot, The Klein-Gordon equation in the Anti-de Sitter cosmology, J. Math. Pures Appl. 96 (2011), 527–554.

[5] P. Breitenlohner, D. Z. Freedman, Stability in gauged extended supergravity, Ann. Phys., 144, 2 (1982), 249–281. [6] G.W. Gibbons, Anti-de-Sitter spacetime and its uses, in Mathematical and quantum aspects of relativity and cosmology (Pythagoreon, 1998), Lecture Notes in Phys., Springer-Verlag, 537 (2000), 102–142.

[7] J. A. Goldstein, Semigroups of Linear Operators and Applications (Oxford University Press, 1985). [8] A. Ishibashi, R. M. Wald, Dynamics in non-globally-hyperbolic, static space-times : III. Anti-de-Sitter spacetime, Class. Quantum Grav., 21 (2004), 2981–3013.

[9] P. Kurasov, Triplet extensions I : semibounded operators in the scale of Hilbert spaces, J. d’Analyse Math. 107 (2009), 251–286.

[10] P. Kurasov, A. Luger, An Operator Theoretic Interpretation of the Generalized Titchmarsh-Weyl Coefficient for a Singular Sturm-Liouville Problem, Math. Phys. Anal. Geom. 14, 2 (2011), 115–151.

[11] P. Kurasov, A. Posilicano, Finite speed of propagation and local boundary conditions for wave equations with point interactions, Proc. Amer. Math. Soc. 133, 10 (2005), 3071–3078.

[12] P. D. Mannheim, Brane-localized gravity, (World Scientific Publishing Company, Singapore, 2005). [13] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, C. W. Clark, NIST Handbook of Mathematical Functions, (Cambridge University Press, 2010).

[14] W. Sickel, L. Skrzypczak and J. Vybiral, On the interplay of regularity and decay in case of radial functions I.

Inhomogeneous spaces. Comm. in Contemp. Math., to appear.

[15] A. Vasy, The wave equation on asymptotically Anti-de Sitter spaces, Analysis and PDE, to appear.

Université de Bordeaux, Institut de Mathématiques, UMR CNRS 5251, F-33405 Talence Cedex E-mail address: bachelot@math.u-bordeaux1.fr