arXiv:1201.0290v3 [math-ph] 28 Jun 2012

CLASSICAL BV THEORIES ON MANIFOLDS WITH BOUNDARY

ALBERTO S. CATTANEO, PAVEL MNEV, AND NICOLAI RESHETIKHIN

Abstract. In this paper we extend the classical BV framework to gauge theories on spacetime manifolds with boundary. In particular, we connect the BV construction in the bulk with the BFV construction on the boundary and we develop its extension to strata of higher codimension in the case of manifolds with corners. We present several examples including electrodynamics, Yang- Mills theory and topological field theories coming from the AKSZ construction, in particular, the Chern-Simons theory, the BF theory, and the Poisson sigma model. This paper is the first step towards developing the perturbative quantization of such theories on manifolds with boundary in a way consistent with gluing.

Contents

1. Introduction 2 2. Classical BV theories for closed spacetimes 5 2.1. Non-reduced theory 5 2.2. Other degrees 6 2.3. The Q-reduction 6 2.4. The symplectic reduction 7 3. BV theories for spacetime manifolds with boundary 8 3.1. Non-reduced theory 8 3.2. The reduction of the boundary BFV theory 12 3.3. The reduction of the bulk BV theory 13 3.4. Symplectic EL-moduli spaces 14 3.5. The gluing (cutting) of symplectic EL-moduli spaces 19 3.6. Higher codimensions 21 3.7. Boundary conditions 22 3.8. gh = 0 part of the BV-BFV theory 22 4. The BFV category 23 4.1. Spacetime categories 23 4.2. The BFV category 24 4.3. The BV functor 25 5. Examples of BV-BFV theories 26 5.1. Electrodynamics 26 5.2. Yang-Mills theory 31 5.3. Scalar field 34 5.4. Abelian BF theory 36 6. The AKSZ construction of classical topological gauge theories 41

Date: June 29, 2012. 1

6.1. The target manifold 41 6.2. The space of fields 43 6.3. The non-reduced AKSZ theory for spacetime manifolds with boundary 44 7. Examples of AKSZ theories 45 7.1. Abelian Chern-Simons theory 45 7.2. Non-abelian Chern-Simons theory 47 7.3. Non-abelian BF theory 50 7.4. BF + B^2 theory 51 7.5. The Poisson sigma model 52 Appendix A. Coisotropic submanifolds and reduction 54 Appendix B. Some facts on graded manifolds 55 B.1. Graded manifolds 55 B.2. Mapping spaces 56 Appendix C. On smooth points of the moduli space EL/Q 57 Appendix D. Cartan calculus of local differential forms 58 D.1. Transgression map from forms on the target to forms on the mapping space 58 D.2. De Rham and lifted vector fields 59 D.3. Local differential forms 59 D.4. The Cartan calculus 60 D.5. Applications to AKSZ theories 61 References 63

1. Introduction

One of the key features in quantum field theory is locality. Physically, it is based on the concept of an ideal point-like particle. Mathematically, it means that the action in the corresponding classical field theory should be a local functional.

In quantum field theory locality is expected to correspond to the gluing property of the partition function for manifolds with boundary. For a quantum field theory on Minkowski cylinders this implies the usual composition law for evolution operators. In topological and conformal field theories the locality as a gluing property of partition functions was discussed in [4, 51, 56].

In this paper we formulate the classical Batalin-Vilkovisky (BV) framework for theories on manifolds with boundary. This combines the properties of the standard BV [8] and the Batalin-Fradkin-Vilkovisky (BFV) [9] frameworks. Recall that standard BV theories are odd symplectic extensions of classical gauge theories by ghosts, anti-fields and antighosts. The gauge symmetry appears as a cohomological Hamiltonian vector field whose Hamiltonian function is an extension of the classical action. The BFV theories give a similar cohomological description of the gauge symmetries on the boundary. Another relation between BV and BFV theories is described in [30].

This paper should be considered as a first step towards the perturbative quantization of classical BV theories on manifolds with boundary, and possibly with corners.

In case of topological field theories the ultimate goal is to construct perturbative topological invariants of manifolds with boundary which satisfy the cutting-gluing principle. All known classical topological field theories are gauge theories. Examples are the BF theory, the Chern-Simons theory, and the Poisson sigma model (see Sections 5 and 7 for definitions and details).

Recall some basic facts about BV theories. These are classical field theories with Z-graded spaces of fields which appear naturally in quantization of gauge theories. The BV construction is a generalization of the Faddeev-Popov [25] and BRST [10] methods. The BV construction is particularly important in cases when the gauge symmetry is given by a non-integrable distribution on the space of fields or when the gauge symmetry is reducible with stabilizers of varying rank. Examples of such theories include the Poisson sigma model and the non-abelian BF theory when the dimension of spacetime is greater then 3. Examples of theories where the gauge symmetry is an integrable distribution include Yang-Mills and Chern-Simons. Even in cases when the distribution is integrable, BV formalism is useful because it is compatible with Wilsonian renormalization of Feynman diagrams, see e.g. [23].

Topological field theories such as Chern-Simons, BF theories and the Poisson sigma model are special for several reasons. First, in the perturbative quantization of such theories Feynman diagrams have no ultraviolet divergencies. Another reason is that the natural choice of gauge condition, the Lorenz gauge, is induced by a choice of metric on the spacetime manifold. Thus the gauge independence of the Feynman diagram expansion in such theories implies that the partition function is metric independent and therefore is a topological invariant.

All these three examples, Chern-Simons, BF and the Poisson sigma model, fit into the general AKSZ construction [1]. The AKSZ construction also gives other examples of topological field theories such as the Rozansky-Witten model and others [21].

There is a consensus that perturbative quantization of the classical Chern-Simons theory gives the same asymptotical expansions as the combinatorial topological field theory based on quantized universal enveloping algebras at roots of unity [45], or, equivalently, on the modular category corresponding to the Wess-Zumino-Witten conformal field theory [56, 42] with the first semiclassical computations involving torsion made in [56]. However this conjecture is still open despite a number of important results in this direction, see for example[47, 3].

One of the reasons why the conjecture is still open is that for manifolds with boundary the perturbative quantization of Chern-Simons theory has not been developed yet. On the other hand, for closed manifolds the perturbation theory involving Feynman diagrams was developed in [32, 27, 7] and in [5, 35, 13]. For the latest development see [19]. Closing this gap and developing the perturbative quantization of Chern-Simons theory for manifolds with boundary is one of the main motivations for the project started in this paper.

Having laid the framework of classical BV-BFV theory, in a forthcoming work we plan to discuss the formal perturbative quantization of BV theories on manifolds with boundary. The main difference with respect to the formal perturbative quantization for closed spacetime manifolds is that in addition to a choice of gauge fixing in the bulk, one has to fix a polarization in the space of boundary fields. Given such choices, the partition function is a function on the space of leaves of boundary polarization. Its value on a leaf is the path integral (understood as a series of

Feynman diagrams) over fluctuations lying in the gauge fixing submanifold with boundary values being in a fixed leaf of this polarization. The resulting partition function is a state in the space of boundary states determined by the polarization. We expect that the equation (10) will be replaced by a deformed quantum master equation for this state, as it happens in the example of 1d Chern-Simons theory [2]. Gluing along a boundary component will be simply given by pairing the partition functions in the space of boundary states.

A classical BV-BFV theory is a functor from the spacetime category to the BFV category. One should expect a similar description in the quantum case. Classically it extends to higher categories, and we anticipate that quantum counterparts of such extensions are higher category versions of topological quantum field theories.

In this paper spacetime manifolds are always compact oriented, possibly with boundary and corners.

In this paper we will use freely the notion of a Z-graded manifold. See [11, 20], and the Appendix B for details. To simplify the terminology we will call Z-graded manifolds simply graded manifolds. By a point in a graded manifold we understand the application of the functor of points.

This paper is organized in the following manner. In section 2 we recall the basic structure of classical BV theory for closed spacetime manifolds.

Section 3 is the central part of the paper. Here we formulate the BV-BFV framework for gauge theories. In this section we propose the analog of the Classical Master Equation for spacetime manifolds with boundary. We define the relevant moduli spaces and address the problem of composing them when we glue two spacetime manifolds together. We also show that first order BV theories naturally extend to lower dimensional strata.

In section 4 we introduce the notion of BFV category. We also define the classical BV theory as a functor from the spacetime category to the BFV category.

In section 5 we describe several examples of BV-BFV extensions of classical gauge theories: electrodynamics, Yang-Mills theory, scalar field and the abelian BF theory. The latter is in fact topological and is an example of the AKSZ construction.

The AKSZ construction which provides a class of examples of topological BV- BFV theories is described in section 6. This construction is determined by the choice of a target manifold, which should be a Hamiltonian differential graded manifold. An AKSZ theory extends to strata of all codimensions.

Further examples of BV-BFV extensions of AKSZ theories are described in section 7. We start with abelian and non-abelian Chern-Simons theories, then we describe the non-abelian BF theory and the Poisson sigma model.

In Appendix A we review some useful facts about coisotropic submanifolds and reduction. In Appendix B we recall some basic facts on graded manifolds. A brief discussion of smooth points on moduli spaces associated to differential graded manifolds is given in Appendix C. Elements of Cartan calculus for local forms and functionals on mapping spaces are developed in Appendix D and applications to AKSZ theories are presented.

Acknowledgements The authors want to thank J. Andersen, C. Arias-Abad, V. Fock, T. Johnson-Freyd, D. Kazhdan, F. Schätz, P. Teichner, C. Teleman, M. Zambon for stimulating discussions. Authors are grateful to the QGM center in Aarhus, where the work started, for the hospitality. A.C. and P. M. are grateful for hospitality to the KdV institute of the University of Amsterdam and to the Department of Mathematics of the University of California at Berkeley. The work of A.C. was partially supported by SNF grant No. 200020-131813/1. P. M. acknowledges partial support of RFBR Grants Nos. 11-01-00570-a and 11-01-12037- ofi-m-2011 and of SNF Grant No. 200021-137595. The work of N.R. was partially supported by the NSF grant DMS-0901431, by the Danish Research Foundation through the Niels Bohr visiting professor initiative at Aarhus University and by the Chern-Simons and Hewlett chair at UC Berkeley.

2. Classical BV theories for closed spacetimes

2.1. Non-reduced theory. When the spacetime manifold N is closed, the space of fields F_N in a BV theory is a graded manifold with a symplectic form ω_N of degree −1 and the action functional S_N of degree zero. Usually fields are sections of or connections on a fiber bundle on N. Some basic facts on graded manifolds are summarized in Appendix B. The degree in the grading on the space of fields is usually called the ghost number. Thus, gh(ω_N ) = −1 and gh(S_N ) = 0. The space of fields is usually infinite dimensional. The BV data should satisfy the following property: the Poisson bracket of the action functional with itself is zero [8, 9] (see also [49, 52]). This property is known as the classical master equation (CME). The action functional generates the Hamiltonian vector field Q_N of degree 1. The CME implies that the Lie derivative of this vector field squares to zero.

Most interesting for applications both in physics and in geometry and topology are local theories. The notion of locality is more transparent for theories on spacetime manifolds with boundary, see section 3. For closed manifolds locality implies natural isomorphisms F_{N1⊔N2} ≃ F_{N1} × F_{N2} and the additivity of the symplectic form and of the action: ω_{N1⊔N2} = ω_{N1} + ω_{N2} , S_{N1⊔N2} = S_{N1} + S_{N2} .

We will use the following definition of classical BV theory for closed spacetime manifolds.

Definition 2.1. For a closed spacetime N a BV theory [8] on the space of fields F_N is a triple (ω_N , Q_N , S_N ) where ω_N is a symplectic form on F_N with gh = −1, Q_N is a vector field on F_N with gh = 1, and S_N is a function on F_N with gh = 0, subject to ι_{QN} ω_N = (−1)^nδS_N , L^2_{QN} = 0 where L_Q is the Lie derivative for the vector field Q.

These two equations imply the classical master equation {S_N , S_N } = 0, which can also be written as L_{QN} S_N = 0 The first equation in the definition means that the vector field Q_N is Hamiltonian and therefore it preserves the symplectic form:

L_{QN} ω_N = 0,

Critical points of the action functional S_N are solutions to Euler-Lagrange (EL) equations

(1) δS_N = 0,

Because the space of fields is an odd-symplectic manifold, solutions to the EL equations are also zeroes of the Hamiltonian vector field generated by S_N , i.e. of the cohomological vector field Q_N . Denote the space of solutions to Euler-Lagrange equations (1) by EL_N .

Because vector field Q_N is Hamiltonian, and Poisson brackets of local functionals are defined, we can write L_{QN} F = {S_N , F } for the action of the vector field Q_N on the functional F . Denote by V_F the vector field generated by F , then L_{VF} G = {F, G}. It is clear that vector fields [Q_N , V_F ] annihilate the functional S_N : L_{[QN ,VF ]}S_N = {{S_N , F }, S_N } = 0 This follows from CME and from the Jacobi identity. Thus, any such vector field can be considered as a local (off-shell) gauge symmetry of S_N .

From now on we will consider only first order BV theories. In such theories the action functional is local and it is linear in derivatives of fields. It is well known that any local theory can be reformulated as a first order theory by adding corresponding “momenta” variables in fields.

2.2. Other degrees. So far we have assumed the symplectic form ω_N to have degree −1. But everything can be generalized to the case when the degree is some integer k (we fix however the degree of the cohomological vector field Q_N to be 1). In this setting the action S_N will have degree k + 1 [46]. Only a few remarks are in order

(1) Unless k = 0, ω_N is automatically exact (so for k = 0 we need this extra assumption). In the following, we will be interested in specifying a primitive 1-form of the same degree k.

(2) Unless k = −1, the condition L_{QN} ω = 0 implies that Q_N is Hamiltonian and that the Hamiltonian function S_N is uniquely determined.

(3) Unless k = −2, the condition Q^2_N = 0 implies {S_N , S_N } = 0. We will mainly be interested in the cases k = −1 (BV manifolds) and k = 0 (BFV manifolds). For extended BV theories, we will also be interested in k positive. We are not aware of any application of the cases k < −1.

2.3. The Q-reduction. The vector field Q_N vanishes on the subspace EL_N ⊂ F_N . It also defines the Lie subalgebra ~V ect_Q of the Lie algebra of vector fields on F_N generated by vector fields which are Lie brackets with Q_N , i.e. by vector fields of the form [V, Q_N ]. This Lie subalgebra in general does not determine a distribution on F_N . However, the restriction of ~V ect_Q to EL_N defines an integrable distribution V ect_Q. Definition 2.2. The Q-reduction EL_N /Q of EL_N is the space of leaves of the distribution V ect_Q.

Assume that X is a zero of Q_N such that the leaf of V ect_Q through X is a smooth point in EL_N /Q. Define the linear operator Q̂_X : T_X F_N → T_X F_N as the linearization of Q_N at X. If we write Q_N in local coordinates as Q_N = ∑ a q^a(X)∂_a, the operator Q̂_X acts on the basis ∂_a in T_X F_N as Q̂_X ∂_a = ∑ b ∂_aq^b(X)∂_b Because Q_N squares to zero we have Q̂^2_X = 0. By definition T_X EL_N = ker(Q̂_X ). Also observe that V ect_Q|_X = Im(Q̂_X ) ⊂ T_X EL_N . From now on for geometric considerations we will focus only on smooth points as defined in the Appendix C.

Proposition 2.3. For a smooth point [X] ∈ EL_N /Q, there is a natural linear isomorphism T_{[X]}EL_N /Q = ker(Q̂_X )/Im(Q̂_X ) 2.4. The symplectic reduction. The following Proposition says that if the subspace EL_N is a submanifold then it is a coisotropic submanifold.

Proposition 2.4. If X ∈ EL_N is a smooth point, then T_X EL_N ⊂ T_X F_N is a coisotropic subspace.

Proof. The invariance of ω_N with respect to the vector field Q_N means that L_{QN} ω_N = 0. If X is a zero of Q_N this implies ω_N (Q̂_X ξ, η) = ω_N (ξ, Q̂_X η).

These properties of Q̂_X imply ω_N (Q̂_X ξ, Q̂_X η) = ω_N (ξ, Q̂^2_X η) = 0. Therefore Im(Q̂_X ) is an isotropic subspace and therefore its symplectic orthogonal Im(Q̂_X )^⊥ is coisotropic.

On the other hand

(2) Im(Q̂_X )^⊥ = {ξ | ω_N (ξ, Q̂_X η) = 0, for any η}

= {ξ | ω_N (Q̂_X ξ, η) = 0, for any η} = ker(Q̂_X )

This proves that T_X EL_N = ker(Q̂_X ) is a coisotropic subspace. Because we used only nondegeneracy of the form ω_N on T_X F, the proof works both in finitedimensional and in the infinite-dimensional case. □ Recall the definition of the symplectic reduction of a coisotropic submanifold of a symplectic manifold. The symplectic reduction C of the coisotropic submanifold C in the symplectic manifold S is the space of leaves of the characteristic foliation of C. The characteristic foliation of C is spanned by Hamiltonian vector fields generated by the vanishing ideal I_C (the ideal in the commutative algebra of functions on S generated by functions vanishing on C). When C is a smooth manifold, it is a symplectic manifold. Otherwise only at smooth points the tangent space to C has a natural symplectic form. If [X] is such a smooth point, the tangent space T_{[X]}C is naturally isomorphic to T_X C/(T_X C)^⊥.

Remark 2.5. An alternative proof of the Proposition 2.4 is algebraic. Observe that the vanishing ideal for EL_N is generated by functionals of the form {S_N , T } where {., .} is the Poisson bracket for the form ω_N and T is a local functional. The simple calculations shows that {{S, U}, {S, T }} = {S, {U, {S, T }}} The bracket {U, {S, T }} is a local functional if U and T are. Therefore the vanishing ideal is a Poisson algebra and therefore EL_N is coisotropic in the algebraic sense.

In Proposition 2.4 we proved that Im(Q̂_X )^⊥ = ker(Q̂_X ). This implies Im(Q̂_X ) ⊂ ker(Q̂_X )^⊥, which means that the Q̂-distribution on EL_N is contained in the characteristic distribution. In the finite dimensional case the inclusion becomes an equality.

Assumption 2.6. In classical field theory we set

(3) Im(Q̂_X ) = ker(Q̂_X )^⊥,

as an assumption.

This corresponds to certain ellipticity condition for Q_N . In all our examples this condition follows from the usual Hodge-de Rham decomposition.

Remark 2.7. As a consequence of condition (3) the characteristic foliation of EL_N is the same as the foliation by V ect_Q, and in particular, if [X] ∈ EL_N is a smooth point, then

(4) T_{[X]}EL_N = ker(Q̂_X )/Im(Q̂_X )

In other words, locally the symplectic reduction of EL_N coincides with its Q-reduction: EL_N = EL_N /Q. We will call EL_N = EL_N /Q the EL-moduli space for N. If the cohomology spaces of Q̂_X are finite dimensional at a generic point X, the EL-moduli space is finite dimensional, but possibly singular.

Remark 2.8. With the appropriate assumptions the ring of functions on the reduced space EL_N /Q is isomorphic to the cohomology space of the ring of functions on F_N with the differential L_{QN} (the Lie derivative with respect to Q_N ). To be more specific, one should expect that the smooth locus of EL/Q is isomorphic to the smooth locus of Spec(H_Q(F un(F_N ))) with the appropriate definition of Spec and of the ring of functionals F un(F_N ).

Because δS_N = 0 on the subspace EL_N ⊂ F_N we have the following Proposition.

Proposition 2.9. The action is constant on connected components of EL_N .

3. BV theories for spacetime manifolds with boundary

3.1. Non-reduced theory.

3.1.1. Non-reduced BV-BFV theory. In this section, unless otherwise specified, N is an n-dimensional spacetime manifold, with ∂N being its n − 1 dimensional boundary. The BV theory for spacetime manifolds with boundary consists of two parts.

First, in the bulk we have the same data as for BV theory, that is: the space of fields F_N which is a graded (the degree is called ghost number) symplectic manifold with the symplectic form ω_N with gh = −1, the cohomological vector field Q_N with gh = 1 and the action functional S_N of ghost number zero.

Second, on the boundary we have the BFV data [9] which consist of: the space of boundary fields F_{∂N} which is a graded (usually infinite dimensional) symplectic manifold with the symplectic form ω_{∂N} which is exact ω_{∂N} = (−1)^{n−1}δα_{∂N} with gh = 0, and a vector field Q_{∂N} with gh = 1. The sign in (−1)^{n−1} is here because it appears naturally in AKSZ examples of topological gauge theories. The BFV data satisfy the following conditions:

(5) Q^2_{∂N} = 0, L_{Q∂N} ω_{∂N} = 0

These conditions imply that Q_{∂N} is Hamiltonian vector field [46] with ghost number 1, with the Hamiltonian S_{∂N} , which is by definition the BFV action. In Appendix B we recall this construction.

A BV theory on a spacetime with boundary can be regarded as a pairing of the BV data with the BFV data through the natural mapping π : F_N → F_{∂N} which is the restriction of fields to the boundary.

We will say that BV theory in the bulk and BFV theory on the boundary agree and form the BV-BFV theory on the manifold with boundary if the restriction mapping is a surjective submersion and if the BV data in the bulk and BFV data on the boundary satisfy the following conditions

(6) Q^2_N = 0, δπ(Q_N ) = Q_{∂N} , L_{Q∂N} ω_{∂N} = 0 (7) ι_{QN} ω_N = (−1)^nδS_N + π^∗(α_{∂N} ), The sign is purely conventional, but it fits well with the natural definition of BV data for AKSZ theories.

Note that first two equations imply that (8) Q^2_{∂N} = 0 which means BFV axioms are satisfied. The equation (7) implies (9) L_{QN} ω_N = (−1)^nπ^∗(ω_{∂N} ) which means, in particular, that in BV-BFV theory the symplectic form is no longer Q-invariant.

The bulk action satisfies an important identity which describes how the action changes with respect to gauge transformations.

Proposition 3.1. The following identity holds in any BV-BFV theory (10) L_{QN} S_N = (−1)^{dim(N)}π^∗(2S_{∂N} − ι_{Q∂N} α_{∂N} ) Remark 3.2. We can remove the signs (−1)^n by redefining vector fields Q_N , Q_{∂N} and the 1-form α_{∂N} . Set Q = (−1)^nQ_N , Q_∂ = (−1)^nQ_{∂N} and α_∂ = (−1)^{n−1}α_{∂N} . Then δπ(Q) = Q_∂ , ι_Qω_N = S_N − π^∗(α_∂ ) and L_Qω_N = π^∗(ω_{∂N} ). Proof. By definition of the Lie derivative L_{QN} = ι_{QN} δ − δι_{QN} and the same formula for the Lie derivative holds for Q_{∂N} . The sign is minus in this formula because ι_Q is an even operation. We will prove the Proposition by applying L_{QN} to the equation: ι_{QN} ω_N = (−1)^nδS_N + π^∗(α_{∂N} ) By definition of L_{QN} and because of Q^2_N = 0 we have [L_{QN} , ι_{QN} ] = L_{QN} ι_{QN} − ι_{QN} L_{QN} = 0 and we already know that L_{QN} ω_N = −π^∗δα_{∂N} = (−1)^{n+1}π^∗ω_{∂N} , Therefore we have identities: (11) L_{QN} ι_{QN} ω_N = ι_{QN} L_{QN} ω_N = −π^∗ι_{Q∂N} δα_{∂N} ,

Now we can apply the Lie derivative of Q_N to the classical master equation: (12) L_{QN} ι_{QN} ω_N = (−1)^nL_{QN} δS_N +L_{QN} π^∗α_{∂N} = −(−1)^nδι_{QN} δS_N +π^∗(L_{Q∂N} α_{paN} ) = − (−1)^nδL_{QN} S + π^∗(ι_{Q∂N} δα_{∂N} − δι_{Q∂N} α_{∂N} ) Here, in the last line, we used the formula for the Lie derivative L_{Q∂N} . Using (11) and the identity δS_{∂N} = ι_{Q∂ N} ω_{∂N} we arrive at: −π^∗(δS_{∂N} ) = −(−1)^nδL_{QN} S_N + π^∗(δS_{∂N} ) − π^∗(δι_{Q∂N} α_{∂N} ) This is equivalent to δ((−1)^nL_{QN} S_N − π^∗(2S_{∂N} − ι_{Q∂N} α_{∂N} )) = 0 We have δ( function of degree 1) = 0, which means the function must vanish. This proves the Proposition. □ Remark 3.3. In the definition of BV-BFV theory we made an assumption that ω_∂ is exact. This assumption can be removed. Two examples, a charged particle in an electro-magnetic field, and the WZW model suggest that a more natural condition is to require that there is a line bundle L_∂ over F_{∂N} . The symplectic form is ω_{∂N} = (−1)^{n−1}δα_{∂N} where α_{∂N} is a connection on L_∂ . The condition L_{QN} ω_N = (−1)^nπ^∗ω_{∂N} implies that the connection (−1)^{n i}_ℏ (−ι_{QN} ω_N + π^∗α_{∂N} ) on the line bundle π^∗(L_∂ ) over F_N is flat. In this case the action functional S_N should be regarded as a horizontal section s_N = exp(^{iSN}_ℏ ) of π^∗(L_∂ ) and the equation (7) becomes

(δ + (−1)^n i ℏ (−ι_{QN} ω_N + π^∗α_{∂N} ))s_N = 0 3.1.2. Digression: gauge invariance. Now let us discuss the gauge invariance of BV- BFV theory. When ∂N ≠ ∅, Poisson bracket of local functionals is not defined. In this case we will call the vector field V Hamiltonian if there exists a local functional F such that ι_V ω_N = δF Recall that a vector field V is called projectable if for all X ∈ F_N δπ_X (V_X ) = v_{π(X)} for some vector field v on F_{∂N} . The gauge invariance of the BV-BFV action can be formulated as the following statement:

Proposition 3.4. If V is a projectable Hamiltonian vector field, then the vector field [Q_N , V ] preserves S_N up to a pullback from the boundary: L_{[QN ,V ]}S_N = (−1)^{dim N} π^∗(ι_v L_{Q∂N} α_{∂N} + ι_{Q∂N} L_vα_{∂N} ) Indeed, we have:

(13) L_{[QN ,V ]}S_N = L_{QN} L_V S + L_V L_{QN} S_N = ι_{QN} δι_V δS_N + (−1)^{dim N} L_V π^∗(2S_{∂N} − ι_{Q∂N} α_{∂N} ) = = (−1)^{dim N} (ι_{Q∂N} δι_{QN} ι_V ω_N + π^∗(−ι_{Q∂N} δι_v α_{∂N} + 2ι_v δS_{∂N} − ι_v δι_{Q∂N} α_{∂N} )) = (−1)^{dim N} π^∗(ι_v L_{Q∂N} α_{∂N} + ι_{Q∂N} L_vα_{∂N} )

Here we used identities δS_N = (−1)^{dim N} (ι_{QN} ω_N −π^∗α_{∂N} ), ι_V ω_N = δF , L_{QN} L_{QN} F = 1 2 L_{[QN ,QN ]}F = 0, δS_{∂N} = (−1)^{dim N−1}ι_{Q∂N} ω_{∂N} = ι_{Q∂N} ω_{∂N} = ι_{Q∂N} δα_{∂N} , and F is the generating function for V and v is the projection of V to the boundary.

As a corollary we also have the formula δL_{[QN ,V ]}S = −(−1)^{dim N} π^∗(L_{[Q∂N ,v]}α_{∂N} ) 3.1.3. The boundary structure from the bulk. Let us show that a first order BV theory of spacetime manifolds (on the bulk) induces BFV theory on the boundary. Denote the pullback of fields to the boundary by F_N |_{∂N} (we say pullback because fields are usually either sections of a fiber bundle, or connections). The differential of the action can be written as the bulk part plus the boundary contribution from the use of Stokes theorem:

δS_N [X] = ∫ N A ∧ δX − (−1)^nπ^∗α̃_{∂N} [X] where α̃_{∂N} is a one-form on the space F_N |_{∂N} and A defines the Euler-Lagrange equation. The kernel of δα̃_{∂N} forms a distribution on the space F_N |_{∂N} . Denote by F_{∂N} the space of leaves of this distribution. We have a natural projection π : F_N → F_{∂N} .

Denote by α_{∂N} the form on F_{∂N} corresponding to the form α̃_{∂N} on F_N |_{∂N}^1 . Taking into account that for closed manifolds the vector field Q_N is Hamiltonian, generated by the classical action functional, we conclude that the bulk term in the differential of the action functional is (−1)^nι_{QN} ω_N . Thus, we have equation (7).

Observe that Q_N is projectable to F_{∂N} denote its projection by Q_{∂N} = δπ(Q_N ). For any form θ on boundary fields we will have L_{QN} π^∗(θ) = π^∗(L_{Q∂N} θ). Equations Q^2_N = 0 and (9) imply that L^2_{QN} ω_N = π^∗(L_{Q∂N} ω_{∂N} ) = 0. Therefore L_{Q∂N} ω_{∂N} = 0.

It is clear that the BFV action induced by a first order BV theory is also of first order.

3.1.4. Some properties of non-reduced BV-BFV theories. Associated with BV and BFV data we have the following important subspaces in the space of bulk fields and in the spaces of boundary fields:

• The space EL_N ⊂ F_N of zeroes of the vector field Q_N . • The space EL_{∂N} ⊂ F_{∂N} of zeroes of the vector field Q_{∂N} . • The space L_N = π(EL_N ) ⊂ F_{∂N} of boundary values of solutions of Euler- Lagrange equations. It is clear that L_N ⊂ EL_{∂N} ⊂ EL_N .

Proposition 3.5. a) The subspace EL_{∂N} is locally coisotropic in F_{∂N} (its tangent space at a smooth point is coisotropic in the tangent space to the space of fields at this point).

b) EL_N is still locally coisotropic when ∂N ≠ ∅.

The proof of a) is identical to the proof of Proposition 2.4 for closed manifolds. The same proof carries through for b) by requiring η to vanish on the boundary. The algebraic proof outlined after Proposition 2.4 also works, the only difference is that one should take local functionals with test functions vanishing on the boundary. An example of such functional is ∫ N α_a ∧ X^a where X^a are coordinate fields and α_a are test functions which vanish on ∂N.

1Strictly speaking the form α̃ ∂N becomes a connection on a line bundle over F_{∂N} with the curvature ω_{∂N} . However in our examples this line bundle is trivial. This is why for the time being we will assume this and will regard α_{∂N} as a 1-form.

Proposition 3.6. The subspace L_N ⊂ EL_{∂N} ⊂ F_{∂N} is locally isotropic.

Proof. Assume X is a smooth point of EL_N The equation (7) implies that (14) ω_X (Q̂_X ξ, η) − ω_X (ξ, Q̂_X η) = ω̃_{π(X)}(δπ(ξ), δπ(η)) were ξ, η are tangent vectors to F_N at the point X. If ξ and η are tangent to EL_N ⊂ F_N then Q̂_X ξ = Q̂_X η = 0. Therefore ω̃_{π(X)}(δπ(ξ), δπ(η)) = 0 which means that δπ(T_X EL_N ) = T_{π(X)}L_N is an isotropic subspace in T_{π(X)}F_{∂N} . □

We proved that L_N is always isotropic. We will prove in Section 3.4.3 (Corollary 3.21) that under a natural regularity assumption (see Definition 3.18), L_N is in fact Lagrangian.

Another natural property of a BV-BFV classical field theory is locality. If two spacetime manifolds N_1 and N_2 have common boundary Σ (say Σ ⊂ ∂N_1 and it is identified by an orientation preserving diffeomorphism with part of the boundary of N_2) then F_{N1∪ΣN2} = F_{N1} ×_{FΣ} F_{N2} S_{N1∪ΣN2} = S_{N1} + S_{N2}

3.2. The reduction of the boundary BFV theory. The boundary manifold ∂N is closed. This is why both the Q-reduction and the symplectic reduction for the boundary BFV theory work as they do for the BV theory on closed spacetime manifolds. The additional structure in the BV-BFV theory is the reduction of the submanifold L_N ⊂ EL_{∂N} and the reduction of the fibers of the fiber bundle π : EL_N → L_N .

3.2.1. The Q-reduction. The following Proposition is an immediate corollary of the identity δπ ∘ Q_N = Q_{∂N} ∘ δπ.

Proposition 3.7. The distribution V ect_{Q∂} on F_{∂N} generated by Lie brackets of vector fields with Q_{∂N} is parallel to L_N .

Definition 3.8. Define Q-reductions of L_N and of EL_{∂N} as the space of leaves of V ect_{Q∂} through L_N and EL_{∂N} respectively.

In general these spaces are singular. Because our goal here is to develop the set up for the perturbative quantization in a vicinity of a generic classical solution, we will focus on smooth points of EL_{∂N} and L_N and tangent spaces at such points. See Appendix C below for the discussion of smooth points.

3.2.2. The symplectic reduction. Let EL_{∂N} be the symplectic reduction of EL_{∂N} . We make the following assumption, which is the analogue of (3) for the boundary fields:

Assumption 3.9. We assume that for any l ∈ EL_{∂N} ,

(15) ker(Q̂_l)^⊥ = Im(Q̂_l)

in T_lF_{∂N} , where Q̂_l is the linearization of Q_{∂N} at l.

The following Proposition is the counterpart of the Remark 2.7.

Proposition 3.10. Under the assumption (15), locally, the symplectic reduction of EL_{∂N} is equal to its Q-reduction.

The difference from Remark 2.7 is just in the shift of gradings. Denote by L_N ⊂ EL_{∂N} the image of L_N with respect to this reduction. That is L_N is the space of leaves of the characteristic foliation of EL_{∂N} through L_N . This Proposition implies that locally the reduction L_N of L_N is equal to its Q-reduction L_N /Q . Under the regularity assumption (see Definition 3.18, Proposition 3.20), L_N ⊂ EL_{∂N} is a Lagrangian submanifold.

3.3. The reduction of the bulk BV theory. The meaning of the Q-reduction is passing from fields to gauge classes of fields. This is why it is natural to reduce not the whole space of solutions to Euler-Lagrange equations but a subspace with fixed boundary conditions. Points of this reduced space correspond to gauge classes of fields with boundary values in a given boundary gauge class.

The space EL_N is naturally fibered over L_N = π(EL_N ) where π : F_N → F_{∂N} is the restriction mapping.

For l ∈ L_N denote by [l] the leaf of V ect_{Q∂N} through l, i.e. the image of l in the Q-reduced space L_N /Q. Denote by EL(N, [l]) the fiber of π over [l], EL(N, [l]) = π^{−1}([l]) ∩ EL_N Because the restriction mapping π intertwines vector fields Q_N and Q_{∂N} , the vector field Q_N is parallel to EL(N, [l]). It also induces the projection of reduced spaces p : EL_N /Q → L_N /Q where EL_N /Q is the space of leaves of V ect_Q in EL_N .

Definition 3.11. The reduced space EL(N, [l])/Q is the space of leaves of V ect_Q on EL(N, [l]). Because the projection π intertwines vector fields Q_N and Q_{∂N} the reduced space EL(N, [l])/Q is the fiber of p over [l]: EL(N, [l])/Q = p^{−1}([l]).

Assume that the image of X ∈ EL_N in EL(N, [π(X)])/Q is a smooth point. We have the natural mappings of tangent spaces:

(16) T_{[X]}EL_N /Q^ι←−−−− T_{[X]}EL(N, [l])/Q δp T_{[l]}L_N /Q ⊂ T_{[l]}EL_{∂N} /Q where l = π(X), and the horizontal mapping is the natural inclusion of fibers, Im(ι) = ker(δp). We know that T_{[X]}EL_N /Q ≃ H(T_X F_N ; Q̂_X ), and that T_{[l]}EL(∂N)/Q ≃ H(T_lF_{∂N} ; Q̂_l)^2.

We also know that the short exact sequence T_X F_N^i←−−−− ker(δπ)_X (δπ)_X T_lF_{∂N} gives the long exact sequence

· · · → H^•_{Q̂X} (ker(δπ)_X )^{[i]}→ H^•_{Q̂X} (T_X F_N )^{[δπX ]}→ H^•_{Q̂l} (T_lF_{∂N} )^ϕ→ H^{•+1}_{Q̂X} (ker(δπ)_X ) → · · ·

2Recall that Q̂ X is the linearization of Q_N at X ∈ EL_N and Q̂_l is the linearization of Q_{∂N} at l = π(X) ∈ EL_{∂N} .

on the Q̂-cohomology spaces.

Truncating this long exact sequence we obtain the short exact sequence

(17) H_{Q̂X} (T_X F_N )^{[i]}←−−−− H_{Q̂X} (ker(δπ)_X )/ϕ(H_{Q̂l} (T_lF_{∂N} ))

[δπ_X ]

[δπ_X ](H_{Q̂X} (T_X F_N )) ⊂ H_{Q̂l} (T_lF_{∂N} ) Because we have natural isomorphisms H_{Q̂X} (T_X F_N ) ∼= T_{[X]}EL_N /Q, H_{Q̂l} (T_lF_{∂N} ) ∼= T_{[l]}EL_{∂N} /Q and [δπ_X ](H_{Q̂X} (T_X F_N )) = T_{[l]}L_N /Q ⊂ T_{[l]}EL_{∂N} /Q we can identify T_{[X]}EL(N, [l])/Q with the fiber of [δπ_X ]. We proved the following: Proposition 3.12. If [π(X)] ∈ EL_N /Q is a smooth point, then T_{[X]}EL(N, [l])/Q ∼= H_{Q̂X} (ker(δπ_X ))/ϕ(H_{Q̂l} (T_lF_{∂N} )) Here is another, equivalent characterization of this space. By definition T_X EL(N, [l]) = {ξ ∈ ker(Q̂_X ) | δπ_X (ξ) ∈ Im(Q̂_l)} On the other hand (V ect_Q)_X = Im(Q̂_X ). Therefore the tangent space to the reduced space is the quotient T_X EL(N, [l])/Q = {ξ ∈ ker(Q̂_X ) | δπ_X (ξ) ∈ Im(Q̂_l)}/Im(Q̂_X ) This implies the following. Proposition 3.13. We have T_X EL(N, [l])/Q ∼= {ξ ∈ ker(Q̂_X ) | δπ_X (ξ) = 0}/{ξ ∈ Im(Q̂_X ) | δπ_X (ξ) = 0} 3.4. Symplectic EL-moduli spaces. In previous sections we introduced ELmoduli space as the Q-reduction of the space of solutions to Euler-Lagrange equations. In case when ∂N = ∅ we proved that they carry a symplectic structure coming from symplectic reduction, but this is no longer true in the case with boundary.

In this subsection, for the case with boundary we will introduce a different reduction which is symplectic (see subsection 3.4.3), fibers over the Q-reduction and has simple gluing properties. We call it the symplectic EL-moduli space.

Denote the bulk and boundary EL-moduli spaces by M_N = EL_N /Q_N , M_{∂N} = EL_{∂N} /Q_{∂N} When N is fixed, we will usually suppress the subscript N for brevity.

3.4.1. The main construction. Denote by ~Vect^{rel}_Q the space of vector fields of the form [Q_N , v] where v is a vertical vector field, i.e. a vector field tangent to the fibers of π. This space is also a Lie subalgebra of ~Vect_Q. The restriction of ~Vect^{rel}_Q to EL gives a distribution which we denote by Vect^{rel}_Q .

Define the symplectic EL-moduli space M^{symp} as the space of leaves of Vect^{rel}_Q on EL: M^{symp} = EL/Vect^{rel}_Q It is clear that T_{[X]}M^{symp} = ker(Q̂_X )/Q̂_X (ker(δπ_X ))

The restriction to the boundary π : F → F_∂ induces the projection π_∗ : M^{symp} → EL_∂ .

The distribution Vect_Q on EL induces the distribution b on M^{symp} which projects to the distribution Vect_Q∂ on EL_∂ by δπ_∗. It is easy to see that b is involutive and that b_{[X]} ≃ Im(Q̂_X )/Q̂_X (ker(δπ_X )) where [X] is the leaf of Vect^{rel}_Q through X. The image of this projection can be thought of as a quotient distribution Vect_Q/Vect^{rel}_Q .

Notice that there is a natural isomorphism T_X F/ ker δπ_X ≃ T_lF_∂ where l = π(X). We also have a natural degree 1 surjective map β : T F_∂ ↠ b, β_X : T_lF_∂ ↠ b_{[X]} defined as follows: for ξ ∈ T_X F and ξ + ker(δπ) being identified with an element in T_lF_∂ , we set β_X (ξ + ker(δπ)) = Q̂_X (ξ) + Q̂_X (ker(δπ)) The following statement follows immediately from Q̂^2_X = 0.

Lemma 3.14. β vanishes on Im(Q̂_l).

The usual EL-moduli space, i.e. space of leaves of Vect_Q on EL, is naturally isomorphic to the space of leaves of b on M^{symp}. This follows immediately from the definition of M^{symp}.

Finally, from the definitions above, it is clear that the following diagram is commutative:

(18) b_{[X]} b_{[X]}^⊂−−−−→ T_{[X]}M^{symp} β_{[X]} (_{δπ∗)[X]} (_{δπ∗)[X]} T_l[−1]F_∂^{Q̂l}−−−−→ (Vect_{Q∂} )_l^⊂−−−−→ T_lEL_∂ 3.4.2. More on tangent spaces. Define the vertical component T^{vert}_{[X]} M^{symp} of the tangent space T_{[X]}M^{symp} as T^{vert}_{[X]} M^{symp} = ker((δπ_∗)_X ) ⊂ T_{[X]}M^{symp}

and denote the quotient map by χ : T^{vert}_{[X]} M^{symp} → T_{[X]}Q M where M is the usual EL-moduli space for N, i.e. the space of leaves of Vect_Q on EL, and [X]^Q is the leaf of Vect_Q through X.

The projection π : F → F_∂ restricted to EL induces the natural projection π^Q_∗ : M → M_∂ . Recall that the fiber of π^Q_∗ over [l] ∈ M_∂ is the space EL(N, [l])/Q discussed in Section 3.3; the image of π^Q_∗ is the Q-reduction of the space L ⊂ EL discussed in Section 3.2. Denote by ψ = δπ^Q_∗ the corresponding mapping of tangent bundles, ψ_{[X]}Q : T_{[X]}Q M → T_{[l]}M_∂ .

The restriction of the mapping β : T F_∂ → b defined earlier to ker(Q̂_l) vanishes on Im(Q̂_l) and therefore induces a linear mapping (β_∗)_{[X]} : T_l[−1]M_∂ → T^{vert}_{[X]} M^{symp}.

We have a sequence of linear maps:

(19) · · · → T_{[l]}[−1]M_∂^{β∗}−→ T^{vert}_{[X]} M^{symp χ}−→ T_{[X]}Q M^ψ−→ T_{[l]}M_∂ → · · ·

Proposition 3.15. This is an exact sequence.

Proof. Sequence (19) can be written as

· · · → H^{•−1}_{Q̂l} (T_lF_∂ ) → H^•_{Q̂X} (T^{vert}_X F) → H^•_{Q̂X} (T_X F) → H^•_{Q̂l} (T_lF_∂ ) → · · ·

which is induced from the short exact sequence in the non-reduced picture 0 → T^{vert}_X F → T_X F → T_lF_∂ → 0 by passing to Q̂-cohomology and so is exact by snake lemma. □

3.4.3. Symplectic structure, Lefschetz duality. Denote by Q̂^{vert}_X the restriction of Q̂_X to T vert_X F.

We know (cf. the proof of Proposition 3.5) that in T_X F we have Im(Q̂^{vert}_X )^⊥ = ker(Q̂_X ), Im(Q̂_X )^⊥ = ker(Q̂^{vert}_X )

Assumption 3.16. We will assume that also the opposite holds: (20) ker(Q̂_X )^⊥ = Im(Q̂^{vert}_X ), ker(Q̂^{vert}_X )^⊥ = Im(Q̂_X )

This is a stronger version of assumption (3); in our examples it follows from Hodge-Morrey decomposition theorem for manifolds with boundary [14]. It immediately implies that Vect^{rel}_Q coincides with the characteristic distribution on EL, thus we have the following.

Proposition 3.17. Assuming (20), M^{symp} is the symplectic reduction of EL and carries a degree −1 symplectic structure ω coming from F.

Definition 3.18. We call a BV-BFV theory regular if the assumption (20) holds for any X ∈ EL, together with the assumption (15) for any l ∈ EL_∂ .

Symplectic structure ω on F induces a bilinear pairing H_{Q̂}vert_X ⊗ H_{Q̂X} [1] → R or equivalently T^{vert}_{[X]} M^{symp} ⊗ T_{[X]}Q [1]M → R which is well-defined due to (14) and non-degenerate due to (20). Together with the symplectic structure on M_∂ = EL_∂ it gives the Lefschetz duality for the long exact sequence (19), i.e. a non-degenerate pairing on T^{vert}_{[X]} M^{symp} ⊕ T_{[X]}Q [1]M ⊕ T_{[l]}M_∂ :

(21) ⟨•, •⟩ : T^{vert}_{[X]} M^{symp} ⊗ T_{[X]}Q [1]M → R T_{[X]}Q [1]M ⊗ T^{vert}_{[X]} M^{symp} → R T_{[l]}M_∂ ⊗ T_{[l]}M_∂ → R Observe that (14) implies that the map χ is self-adjoint with respect to ⟨•, •⟩, and ψ and β_∗ are adjoint to each other, therefore Lefschetz duality can be stated as an injective chain map between the complex (19) and the dual one: · · · −−−−−−→ T[l][−1]M∂ β∗ −−−−−−→ T vert[X] Msymp χ −−−−−−→ T[X]Q M ψ −−−−−−→ T[l]M∂ −−−−−−→ · · ·

· · · −−−−−−→ T ∗[l][−1]M∂ ψ∗ −−−−−−→ T ∗ [X]Q [−1]M χ∗ −−−−−−→ (T vert[X] )∗[−1]Msymp (β∗)∗ −−−−−−→ T ∗[l]M∂ −−−−−−→ · · · In case of a topological field theory, the complex (19) consists of finite dimensional vector spaces and vertical arrows in the diagram above become isomorphisms.

The form ω induces presymplectic structures ω^{symp,vert} on the fibers of π_∗ : M^{symp} → EL_∂ . The form ω^{symp,vert} can be written in terms of Lefschetz duality as: ω^{symp,vert}

[X] = ⟨•, χ(•)⟩ : T^{vert}_{[X]} M^{symp} ⊗ T^{vert}_{[X]} [1]M^{symp} → R

Proposition 3.19. Fibers of π^Q_∗ : M → M_∂ carry a natural degree −1 symplectic structure coming from F.

Proof. By non-degeneracy of (21), the kernel of ω^{symp,vert} is exactly the kernel of χ. Thus ω^{symp,vert} induces a non-degenerate degree −1 symplectic structure on Im(χ) = ker(ψ) ⊂ T_{[X]}Q M and hence on fibers of π^Q_∗ : M → M_∂ . □ Thus, the Q-reduced fibers EL(N, [l])/Q have natural symplectic structure. We call these reduced fibers the moduli spaces of vacua.

Proposition 3.20. The image of π^Q_∗ : M → M_∂ is locally Lagrangian in M_∂ . Proof. Indeed, for a smooth point [l] = [π(X)] ∈ M_∂ , tangent space to the image of π^Q_∗ is Im(ψ : H^•_{Q̂X} (T_X F) → H^•_{Q̂l} (T_lF_∂ )). Lagrangianity is proven as follows: Im(ψ)^⊥ = {a ∈ H_{Q̂l} (T_lF_∂ ) | ⟨a, ψ(b)⟩ = 0 ∀b ∈ H_{Q̂X} (T_X F)} = {a ∈ H_{Q̂l} | ⟨β_∗(a), b⟩ = 0 ∀b ∈ H_{Q̂X} } = ker(β_∗) = Im(ψ) where in the third line we used the non-degeneracy of Lefschetz pairing. □ The following is a corollary of the above, using also Propositions A.1 and 3.7:

Corollary 3.21. The space L = π(EL) ⊂ F_∂ is locally Lagrangian. 3.4.4. Digression: fibers of π^Q_∗ via symplectic reduction. Let Λ ⊂ F_∂ be a Lagrangian submanifold which is transversal to L = π(EL). Assume that Λ intersects L at the point l. The subspace π^{−1}(Λ) ⊂ F is the space of fields with boundary values on Λ. We will assume that the subspace π^{−1}(Λ) is symplectic.

Let us prove that the subspace π^{−1}(Λ) ∩ EL is locally coisotropic in π^{−1}(Λ). For this we need to prove that at a smooth point X the tangent space S_X = T_X π^{−1}(Λ) ∩ EL is a coisotropic subspace in T_X F.

Because Lagrangian subspaces L and Λ are transversal, the intersection of their tangent spaces is trivial, T_X Λ ∩ T_X L = {0}, and therefore for each ξ ∈ T_X π^{−1}(Λ) ∩ EL we have δπ_X (ξ) = 0. Thus S_X = {ξ ∈ ker(Q̂_X ) | δπ(ξ) = 0} Denote I_X = {ξ ∈ Im(Q̂_X ) | δπ(ξ) = 0} Observe that I_X ⊂ S_X and that (22) S_X /I_X ∼= T_X EL(N, [l])/Q by Proposition 3.13.

Lemma 3.22. For a smooth point X, the symplectic orthogonal subspace to I_X in T_X π^{−1}(Λ) is S_X .

Proof. The symplectic orthogonal of I_X in T_X π^{−1}(Λ) is: I^⊥_X = {η ∈ T_X π^{−1}(Λ) | ω_N (η, ξ) = 0, for any ξ ∈ I_X } That is for any ξ = Q̂_X λ such that δπ(λ) ∈ ker(Q̂_∂ ). The orthogonality of ξ and η is equivalent to ω(Q̂_X η, λ) + ω_∂ (δπ(η), δπ(λ)) = 0 for any λ such that δπ(λ) ∈ ker(Q̂_l). Because the first term should vanish for all λ, we have η ∈ ker(Q̂_X ). Thus the last term should vanish separately for any such λ. This implies that δπ(η) is symplectic orthogonal to ker(Q̂_l). By condition (15) this implies that δπ(η) ∈ Im(Q̂_l). Because Im(Q̂_l) ⊂ T_lL and because L and Λ are transversal, we have δπ(η) = 0. Therefore I^⊥_X = S_X . □ Corollary 3.23. The subspace S_X ⊂ T_X π^{−1}(Λ) is coisotropic. Thus π^{−1}(Λ) ∩ EL is locally coisotropic in π^{−1}(Λ).

Lemma 3.24. The symplectic orthogonal subspace to S_X in T_X π^{−1}(Λ) is I_X . Proof. By Lemma 3.22, I^⊥_X = S_X , which implies I_X ⊆ S^⊥_X . On the other hand, due to (22) and to Proposition 3.19, S_X /I_X is symplectic and thus I_X has to coincide with S^⊥_X . □ The following is the immediate corollary of the Lemma above.

Proposition 3.25. The symplectic reduction of S_X is S_X = S_X /I_X Comparing with the Q-reduction of T_X EL(N, [l]) we see that two reductions are naturally isomorphic: T_X π^{−1}(Λ) ∩ EL = T_X EL(N, [l])/Q Thus the fiber of π^Q_∗ : M → M_∂ over [l] coincides with the symplectic reduction of π^{−1}(Λ) ∩ EL in π^{−1}(Λ).

3.4.5. Example: symplectic EL-moduli space for the abelian Chern-Simons theory. In the abelian Chern-Simons theory, see section 7.1 for details, the following occurs:

• The symplectic EL-moduli space is

M^{symp} = EL/Vect^{rel}_Q =

= {A ∈ Ω^{•+1}(N) | dA = 0}/(A ∼ A + dα for any α ∈ Ω^•(N) s.t. α|_{∂N} = 0) • The restriction map π_∗ : M^{symp} → EL_∂ = Ω^{•+1}_{closed}(∂N) sends the class [A] ∈ M^{symp} to A|_{∂N} ∈ EL_∂ (which is well defined).

• Fibers of π_∗ are isomorphic to the relative cohomology H^{•+1}(N, ∂N). • The map β_{[A]} : T_{A|∂N} F_{∂N} → T_{[A]}M^{symp} sends α_∂ ∈ Ω^•(∂N) to [dα̃] for arbitrary α̃ ∈ Ω^•(N) such that α̃|_{∂N} = α_∂ .

• Taking the quotient of M^{symp} by the distribution b = im(β) gives the usual EL-moduli space M^{symp}/b = M = H^{•+1}(N) which is the absolute de Rham cohomology of N.

• Exact sequence (19) is the usual long exact sequence of relative cohomology · · · → H^•(∂N) → H^{•+1}(N, ∂N) → H^{•+1}(N) → H^{•+1}(∂N) → · · · • The symplectic form ω on Ω^•(N) descends to

ω([A], [B]) = ∫ N A ∧ B on M^{symp}. Lefschetz duality (21) is the usual Lefschetz duality between absolute and relative cohomology, plus Poincaré duality for the cohomology of the boundary.

3.5. The gluing (cutting) of symplectic EL-moduli spaces. 3.5.1. The non-reduced case. Assume that a manifold N is cut into two pieces N_1, N_2 along a codimension 1 submanifold N^∂_2 such that ∂N_1 = N^∂_1 ⊔ N^∂_2 and ∂N_2 = N^∂_2 ⊔ N^∂_3 . We have natural commutative diagram:

(23) F_N −−−−→ F_{N1}

F_{N2} −−−−→ F_N ∂_2 The space of fields F_N is the subspace in the fiber product of spaces F_{N1} and F_{N2} over F_{N∂} consisting of fields which are smooth at N_∂ .

The Euler-Lagrange space for N is the fiber product of Euler-Lagrange spaces for N_1 and for N_2 : EL_N = EL_{N1} ×_{ELN ∂2} EL_{N2} 3.5.2. The gluing. The gluing for symplectic EL-moduli spaces goes as follows. Let N_1, N_2 be two spacetime manifolds with boundaries ∂N_1 = N^∂_1 ⊔ N^∂_2 and ∂N_2 = (N^∂_2 )^′ ⊔ N^∂_3 respectively. Assume that N^∂_2 diffeomorphic to (N^∂_2 )^′, and denote by N the result of gluing N_1 and N_2 along the common boundary component: N = (N_1 ⊔ N_2)/(N^∂_2 ∼ (N^∂_2 )^′) The space M^{symp}_N can be constructed intrinsically in terms of M^{symp}_{N1} and M^{symp}_{N2} as follows:

(i) First consider the fiber product (24) ~M = M^{symp}_{N1} ×_{ELN ∂2} M^{symp}_{N2}

For any point X̃ ∈ ~M, we have a map (25) β̃_{X̃} : T_{π1(X̃)}F_N ∂_1 × T_{π2(X̃)}F_N ∂_2 × T_{π3(X̃)}F_N ∂_3 → T_{X̃} ~M induced from the two maps

(β_1 × β_2)_{[X1 ]} : T_{π1(X1 )}F_N ∂_1 × T_{π2(X1 )}F_N ∂_2 → T_{[X1]}M^{symp}_{N1} (β_2′ × β_3)_{[X2]} : T_{π2′ (X2 )}F_{(N} ∂_{2 )}′ × T_{π3(X2 )}F_N ∂_3 → T_{[X2]}M^{symp}_{N2} (ii) The space M^{symp}_N now can be identified with the leaf space of the distribution β̃(0 × T F_{N ∂2} × 0) on ~M: M^{symp}_N = ~M/β̃(0 × T F_N ∂_2 × 0) It inherits the quotient distribution b_N = b^1_N × b^3_N = im(β̃)/β̃(0 × T F_N ∂_2 × 0) parameterized by T F_N ∂_1 × T F_N ∂_3 .

The important point here is that the gluing of symplectic EL-moduli spaces is done in intrinsic terms of the symplectically reduced picture, i.e. in terms of the ingredients of diagram (18): (M^{symp}, F_∂ , Q_∂ , π_∗, β).

3.5.3. Gluing tangent spaces. The construction of gluing of symplectic EL-moduli spaces described above implies the following Mayer-Vietoris type long exact sequence for T_{[X]}M^{symp}:

(26) · · · → T_{[π2(X)]}[−1]M_N ∂_2^{(β2−β2′ )∗}−−−−−−→ T_{[X]}M^{symp}_N →

→ T_{[X1]}M^{symp,Q2} N_1 ⊕ T[X2]M symp,Q_2′ N_2 → T[π2(X)]MN^∂_2 → · · · Here M^{symp,Q2}

N_1 is the quotient of M symp N_1 by the distribution b2. Similarly, M symp,Q_2′ N_2

is the quotient of M^{symp}_{N2} by the distribution b_2′ .^3

We have a similar long exact sequence for the tangent space to the usual ELmoduli space: (27) · · · → T_{[π2(X)]}[−1]M_N ∂_2 → T_{[X]}M_N → T_{[X1]}M_{N1} ⊕T_{[X2]}M_{N2} → T_{[π2(X)]}M_N ∂_2 → · · · Here [X] is the space of leaves of Vect_Q through X.

3.5.4. Example: gluing in abelian Chern-Simons theory. Here we will give an example of gluing symplectic EL-moduli spaces. Let N = N_1 ∪_N ∂_2 N_2 as before. Then ~M = {A ∈ Ω^{•+1}(N) | dA = 0} A ∼ A + dα for any α ∈ Ω^•(N) s.t. α|_N ∂_1 = α|_N ∂_2 = α|_N ∂_3 = 0 Mapping (25) acts as

β̃_{[A]} : (α^∂_1 , α^∂_2 , α^∂_3 ) → [dα̃] Here (α^∂_1 , α^∂_2 , α^∂_3 ) ∈ T_{A|N ∂1} F_N ∂_1 × T_{A|N ∂2} F_N ∂_2 × T_{A|N ∂3} F_N ∂_3 and α̃ ∈ Ω^•(N) is any form such that α̃|_N ∂_k = α^∂_k for k = 1, 2, 3. The class [dα̃] ∈ T_{[A]} ~M does not depend on the choice of α̃. To pass from from ~M to M^{symp}_N we should mod out differentials of forms on the interface N^∂_2 extended to N. Now we can write the symplectic ELmoduli space as the quotient

M^{symp}_N = ~M/β̃(0 × Ω^•(N^∂_2 ) × 0) ≃ ≃ {A ∈ Ω^{•+1}(N) | dA = 0} A ∼ A + dα for any α ∈ Ω^•(N) s.t. α|_N ∂_1 = α|_N ∂_3 = 0

It is equipped with two commuting distributions b^1_N , b^3_N parameterized by Ω^•(N^∂_1 ), Ω^•(N^∂_3 ) respectively.

Mayer-Vietoris sequence (26) becomes the following:

· · · → H^•(N^∂_2 ) → H^{•+1}(N, N^∂_1 ⊔ N^∂_3 ) → → H^{•+1}(N_1, N^∂_1 ) ⊕ H^{•+1}(N_2, N^∂_3 ) → H^{•+1}(N^∂_2 ) → · · ·

3An equivalent description: Msymp,Q2 N1 = EL_{N1} /V ect^{rel1}_Q where V ect^{rel1}_Q is the distribution generated by vector fields of the form [Q_{N1} , v] with v tangent to the fibers of π_1. Likewise, M^{symp,Q2′} N2 = EL_{N2} /V ect^{rel3}_Q .

whereas the version for usual EL-moduli spaces (27) reads

· · · → H^•(N^∂_2 ) → H^{•+1}(N) → H^{•+1}(N_1) ⊕ H^{•+1}(N_2) → H^{•+1}(N^∂_2 ) → · · ·

3.6. Higher codimensions. The BV-BFV theory is the extension of the BV theory to manifolds with boundary. In a similar way the BV theory extends to higher codimension submanifolds.

Definition 3.26. The following collection of data is called a k-extended BV theory in dimension n.

For each i = 0, . . . , k − 1, a k-extended BV theory assigns to every (n − i)- dimensional manifold N_i with boundary N_{i+1}:

(1) a space of fields F_{Ni} which is a graded manifold with exact symplectic form ω_{Ni} = (−1)^{n−i}δα_{Ni} with gh(ω_{Ni} ) = gh(α_{Ni} ) = i − 1, and with cohomological vector field Q_{Ni} , (2) a projection π_i : F_{Ni} → F_{Ni+1} , (3) an action functional S_{Ni} on F_{Ni} with gh(S_{Ni} ) = i. These data should satisfy the following axioms: • δπ_{i−1}(Q_{Ni−1} ) = Q_{Ni} , • ι_{QNi−1} ω_{Ni−1} = (−1)^{n−i+1}δS_{Ni−1} + π^∗_i (α_{Ni} ) We call k-extension of a given BV theory in dimension n a k-extended theory with the original data for i = 0.

Definition 3.27. A BV field theory has length k if k is the maximal number such that in its k-extension for i = 1, . . . , k, all π_{i−1}(EL_{Ni−1} ) = L_{Ni−1} ⊂ EL_{Ni} ⊂ F_{Ni} are Lagrangian and all Q-reduced fibers are finite dimensional. Here EL_{Ni} ⊂ F_{Ni} is the set of zeroes of the vector field Q_{Ni} . If k is equal to n, we say that the theory is maximally extended.

Usually BV field theories have length 1. For example, scalar field theory in dimension greater than one or Yang-Mills theory in dimension greater than two. We never consider theories of length zero. In the rest of the paper we will show that scalar field theory in dimension 1, Yang-Mills theory in dimension 2 and all AKSZ theories are maximally extended (this includes BF , Chern-Simons theories and the Poisson sigma model). Notice that scalar theory in dimension one is just quantum mechanics and the Yang-Mills theory is dimension 2 is known to be almost topological [57] (meaning that it only depends on the topology of the spacetime manifold and on its volume).

Remark 3.28 (Extended BV theories on manifolds with corners). A k-extended BV theory in dimension n naturally leads to an associated theory on n-dimensional manifolds with corners up to codimension k. Namely, to such a manifold N we associate the data for N_0 = N and N_1 the union of the codimension one^4 strata in ∂N. To each such stratum N^′ ⊂ ∂N we associate the data for N_1 = N^′ and N_2 the union of the codimension one strata in ∂N^′ (notice that this is the union of only some codimension two strata in ∂N). To each such stratum N^{′′} ⊂ ∂N^′ we associate the data for N_2 = N^{′′} and N_3 the union of the codimension one strata in ∂N^{′′} (notice that this is the union of only some codimension two strata in ∂N^′ and in turn of some codimension three strata in ∂N), and so on.

4Here and in the following, the codimension of a boundary stratum is computed in terms of

the bulk manifold.

3.7. Boundary conditions. In the current paper we insist on having free boundary conditions. An alternative approach, first explored in [18, 43], fixes boundary conditions in a way compatible with the BFV structure on the boundary. This corresponds to choosing a Lagrangian submanifold L of the BFV space of boundary fields to which the boundary cohomological vector field is tangent and on which the boundary 1-form vanishes. Equivalently, the boundary action should vanish on L. We call such Lagrangian submanifolds adapted.

At first sight, it would also seem natural to impose L to be transversal to the Lagrangian submanifold L_M . However, this condition is too restrictive and rules out a lot of interesting boundary conditions. Instead, a better assumption would be that the intersection of L with L_N should be finite dimensional after reduction.

As shown in [18], in the case of AKSZ theories, one can obtain an adapted Lagrangian submanifold L by choosing an adapted Lagrangian submanifold L_i of the target manifold M for each boundary component ∂_iN of the spacetime N. The submanifold L = ∏ i Map(T [1]∂_iN, L_i) in this case is an adapted Lagranian in F_{∂N} . Notice that usually one does not require the decomposition ∂M = ∪_i∂_iM to be disjoint, rather the pairwise intersections are assumed to be of lower dimension. The adapted Lagrangian submanifolds of the target are usually referred to as branes.

In the case when the target is T^∗[1]P , with P a Poisson manifold, one can easily show that a brane is necessarily of the form N^∗[1]C, where C is a coisotropic submanifold of P and N^∗C denotes its conormal bundle. When the target is a differential graded symplectic manifold (with symplectic form of degree 2) associated to a Courant algebroid over a manifold N, then a brane covering N is the same as a Dirac structure.

An intermediate type of boundary condition consists in splitting the boundary into two components and in choosing an adapted Lagrangian submanifold of the BFV space of fields on the first component while keeping free boundary conditions for the second component. The analysis performed in this paper still holds for boundary fields of the second component. This mixed approach might have several applications. For example [15], the study of the Poisson Sigma Model on the disk whose boundary is split into an even number of ordered intervals I_i with boundary conditions on I_{2s} determined by the C = P ∀s leads to the construction of what is known as the relative symplectic groupoid integrating P .

3.8. gh = 0 part of the BV-BFV theory.

3.8.1. Non reduced theory. The gh = 0 part of the BV-BFV theory is a first order classical field theory with the space of fields F_N = F^{(0)}_N (the gh = 0 part of F_N ), the classical action S^{(0)}_N = S_N |_F (0)_N .

The gh = 0 part of the space of boundary fields F_{∂N} = F^{(0)}_{∂N} is a symplectic manifold with the symplectic form ω^{(0)}_{∂N} = δα^{(0)}_{∂N} which is the gh = 0 part of the symplectic form ω_{∂N} on boundary BFV fields. The one-form δα^{(0)}_{∂N} is the gh = 0 part of the form α_{∂N} and it determined by the gh = 0 part of the classical action.

Gauge transformations are gh = 0 part of the BV-BFV gauge transformations generated by vector fields [V, Q] and they are Hamiltonian on the boundary.

The gh = 0 part of the coisotropic submanifold EL_{∂N} ⊂ F_N is a coisotropic submanifold C_{∂N} = EL^{(0)}_{∂N} ⊂ F_N . It consists of boundary fields which can be extended to a solution to Euler-Lagrange equations in the vicinity of the boundary in N.

In regular BV theories the space of solutions to the Euler-Lagrange equations EL_N = EL^{(0)}_N projects to the Lagrangian subspace L_N = L^{(0)}_N = π(EL_N ) ⊂ C_{∂N} ⊂ F_{∂N} . 3.8.2. The reduction. The classical moduli space EL_N /G_N is the gh = 0 part of the EL-moduli space EL_N /Q_N and maps to the reduced phase space C_{∂N} /G_{∂N} = C_{∂N} , which is in turn the gh = 0 part of the boundary EL-moduli space EL_{∂N} . Here G_N denotes the distribution on EL_N induced by Vect_{QN} , likewise for G_{∂N} ; also G_{∂N} can be seen as the coisotropic distribution on C_{∂N} .

In the regular case, the image of

(28) π_∗ : EL_N /G_N → C_{∂N}

is the reduced Lagrangian L_N /G_{∂N} = L_N .

Remark 3.29. In regular case, there is also the following relation between the smooth loci (cf. Appendix C) of moduli spaces:

(29)

T^∗_{vert}[−1](EL_N /G_N )^{smooth ⊆}−−−−→ (EL_N /Q_N )^{smooth} π_∗ π∗ (C_{∂N} )^{smooth ⊆}−−−−→ (EL_{∂N} )^{smooth}

Here T^∗_{vert} denotes the dual of the vertical tangent bundle of the fibration (28). Horizontal arrows in (29) may be strict inclusions (e.g. abelian Chern-Simons theory where EL-moduli spaces contain additional smooth pieces: H^0(N) and H^3(N), cf. section 7.1.3), or may be equalities (e.g. non-abelian Chern-Simons theory with a simple gauge group G).

4. The BFV category

4.1. Spacetime categories. Recall that an n-dimensional spacetime category is the category of n-dimensional cobordisms which may have additional structure (smooth, Riemannian etc.). See [4, 51, 54] for the discussion of various examples.

In most general terms objects of a d-dimensional spacetime category are (d − 1)- dimensional manifolds (space manifolds). In specific examples of spacetime categories, space manifolds are equipped with a structure (orientation, symplectic structure, Riemannian metric, etc.).

A morphism between two space manifolds Σ_1 and Σ_2 is a d-dimensional manifold M, possibly with a structure (orientation, symplectic, Riemannian metric, etc.), together with the identification of Σ_1 ⊔ Σ_2 with the boundary of M. Here Σ is the manifold Σ with reversed orientation.

Composition of morphisms is the gluing along the common boundary. Here are examples of spacetime categories.

The d-dimensional topological category. Objects are smooth, compact, oriented (d − 1)-dimensional manifolds. A morphism between Σ_1 and Σ_2 is a ddimensional smooth compact oriented manifold with ∂M = Σ_1 ⊔ Σ_2. The orientation on M should agree with the orientations of Σ_i in a natural way. The composition consists of gluing two morphisms along the common boundary.

The d-dimensional Riemannian category. Objects are oriented (d − 1) Riemannian manifolds with collars. Morphisms between two objects N_1 and N_2 are oriented d-dimensional Riemannian manifolds M , such that ∂M = N_1 ⊔ N_2. The orientation on all three manifolds should naturally agree, and the metric on M agrees with the metric on N_1 and N_2 on a collar of the boundary. The composition is the gluing of such Riemannian cobordisms. For details see [54].

The d-dimensional metrized cell complexes. Objects are (d−1)-dimensional oriented metrized cell complexes (edges have length, 2-cells have area, etc.). A morphism between two such complexes C_1 and C_2 is an oriented metrized ddimensional cell complex C together with two embeddings of metrized cell complexes i : C_1 → C, j : C_2 → C where i is orientation reversing and j is orientation preserving. The composition is the gluing of such triples along the common (d − 1)- dimensional subcomplex.

This is the underlying category for all lattice models in statistical mechanics.

The Pseudo-Riemannian category The difference between this category and the Riemannian category is that morphisms are pseudo-Riemannian with the signature (d − 1, 1). This is the most interesting category for physics. When d = 4 it represents the spacetime structure of our universe.

4.2. The BFV category. The category BFV has the following objects, morphisms and compositions of morphisms.

Objects of BFV are triples (F, α, Q) where F is an exact graded symplectic manifolds with the symplectic form ω = dα with ghost number 0, and Q is a cohomological vector field (i.e. its Lie derivative squares to zero) with ghost number 1. The symplectic form should be preserved by Q:

L_Qω = 0

Let EL be the space of zeroes of the vector field Q. The restriction of the Lie subalgebra V ect_Q = [V ect(F), Q] ⊂ V ect(F) defines an involutive^5 distribution on EL. Morphisms between (F_1, α_1, Q_1) and (F_2, α_2, Q_2) are differential graded manifolds F with symplectic form ω^F with ghost number −1, with cohomological vector field Q^F with ghost number 1, with the function S^F (action function) on F with gh(S^F ) = 0, and with two projection mappings π_i : F → F_i. These data should satisfy the following conditions:

• Projections π_i are mappings of differential graded manifolds, i.e. δπ_i(Q^F ) = Q_i.

• The following identity should hold

ι_QF ω^F = (−1)^nδS^F − π^∗_1 (α_1) + π^∗_2 (α_2),

• Let EL^F be the zero-locus of the vector field Q^F , then L^F = (π_1 × π_2)(EL^F ) ⊂ F_1 × F_2 should be Lagrangian. Here F_1 is the dg manifold F_1 with symplectic form −ω_1.

5 We will always assume that this distribution is actually integrable, which is not automatic

in the infinite dimensional case.

• For each Lagrangian submanifold L which is generic, relative to L^F (the intersection is transversal), the preimage (π_1 × π_2)^{−1}(L) ⊂ F should be symplectic.

Composition of morphisms Let F : F_1 → F_2 and F^′ : F_2 → F_3 be two morphisms in BFV. The composition F^′ · F is the fiber product F ×_{F2} F^′ = {(x, x^′) ∈ F × F^′|π_2(x) = π_2(x^′)}. It is a submanifold in F^′ × F.

The symplectic form on F^′ · F is the pullback of the symplectic form on F^′ × F. The vector field Q + Q^′ on F^′ × F is tangent to F^′ · F ⊂ F^′ × F and it induced the vector field Q^{comp} on the fiber product. The action function is additive: S^{F ′·F} (x, x^′) = S^F (x) + S^{F ′} (x^′).

Let f be a mapping which assigns to each object F of BFV the functional f^F on F. Define the mapping F_f : BFV → BFV as as follows. It acts trivially on F. It acts on one forms α_Σ as α^F → α^F + δf^F and does not change Q^F . On the morphism (F, ω^F , Q^F , S^F ) : F_1 → F_2 this mapping acts it as follows. It acts trivially on ω^F , on Q^F , and on F while on the action S^F it acts as S^F → S^F + π^∗_1 (f^{F1} ) − π^∗_2 (f^{F2} )

It is easy to see that F is a covariant endofunctor for BFV.

Remark 4.1. The notion of BV-BFV category introduced above has a natural generalization where the objects are quadruples (F, L, α, Q). Here F is a Z-graded manifold, L is a line bundle over it, α is a connection on L and Q is a cohomological degree 1 vector field on F.

A morphism between (F_1, L_1, α_1, Q_1) and (F_2, L_2, α_2, Q_2) is a Z-graded manifold with the same data as before but instead of S^F being a function on F we have a section of the line bundle L^F = π^∗(L_1 × L_2) over F which is horizontal for the flat connection (−1)^{n−1 i}_ℏ (ι_QF ω^F + π^∗_1 (α_1) − π^∗_2 (α_2)) on L^F , cf. Remark 3.3.

4.3. The BV functor. Now classical BV-BFV theories can be regarded as functors from spacetime categories to BFV category.

Fix a spacetime category. A classical BV-BFV field theory for a spacetime from this category defines the covariant functor, the BV functor, from the spacetime category to the BFV category.

On objects: The BV functor assigns the space of fields F_Σ to the object Σ of the spacetime category with the BFV data α_Σ and Q_Σ.

On morphisms: The BV functor assigns the space of fields F_N for a morphism N : Σ_1 → Σ_2 with the BV data ω_N , Q_N , S_N , and mappings π_i : F_N → F_{Σi} .

The properties of the BV-BFV field theories guarantee that this mapping is a covariant functor.

Remark 4.2. The BFV category is 1-category. The corresponding BV functor is a functor from 1-category of cobordisms to the BFV category. This can be extended to higher categories. The natural target structure is a k-extended BFV category. It is a k-category. The k-extended classical BV field theory is the k-functor from the k-category of k-cobordisms to the k-extended BFV category, similar to k-extended topological quantum field theories [6, 39]. We will discuss extended theories in another publication.

5. Examples of BV-BFV theories 5.1. Electrodynamics. Here we will consider the BV-extended classical Euclidean electrodynamics in the trivial U(1)-bundle. Spacetime manifolds in Euclidean electrodynamic are smooth oriented n-dimensional Riemannian manifolds. By ∗ : Ω^i(N) → Ω^{n−i}(N) we denote the Hodge operation induced by the metric on N.

5.1.1. The BV-BFV structure for classical electrodynamics. The space of fields in the BV-extended classical electrodynamics on the spacetime manifold N is T^∗[−1]E_N . Here E_N = Ω^1(N) ⊕ Ω^{n−2}(N) ⊕ Ω^0(N)[1] where the first summand is the space of connections A in the trivial U(1) bundle over N, the second summand is the space of fields B, the Hamiltonian counterpart (“momentum”) of A, the third summand is the space of ghost fields. The total space of fields in BV classical electrodynamics is F_N = Ω^1(N) ⊕ Ω^{n−2}(N) ⊕ Ω^0(N)[1] ⊕ Ω^{n−1}(N)[−1] ⊕ Ω^2(N)[−1] ⊕ Ω^n(N)[−2] We will use notations A, B, c, A^†, B^†, c^† for the fields from corresponding summands^6. Here we regard Ω^k(N) as a vector space concentrated in degree zero.

The BV-symplectic form on the space of fields is the canonical symplectic form on T^∗[−1]E_N : ω_N = ∫ N (δA ∧ δA^† + δB ∧ δB^† + δc ∧ δc^†) It has degree −1.

The BV-extended action of the classical electrodynamics on N has degree zero:

S_N = ∫ N ( B ∧ F (A) + 1 2 B ∧ ∗B + A^† ∧ dc ) , where F (A) = dA is the curvature of the connection A. The vector field Q_N is

Q_N = ∫ N ( dc ∧ δ δA + dB ∧ δ δA^† + (∗B + dA) ∧ δ δB^† + dA^† ∧ δ δc^† )

and it has gh = 1.

It acts on coordinate fields as Q_N A = dc, Q_N A^† = dB, Q_N B^† = ∗B + dA, Q_N c^† = dA^† On other coordinate fields Q_N acts trivially. Here and below we are using the same notation for the vector field Q_N an for its Lie derivative.

The boundary BFV theory has the space of fields

F_{∂N} = Ω^1(∂N) ⊕ Ω^{n−2}(∂N) ⊕ Ω^0(∂N)[1] ⊕ Ω^{n−1}(∂N)[−1] We will denote corresponding fields by A, B, c, A^† respectively. The projection π : F_N → F_{∂N} acts as π(A) = i^∗(A), π(B) = i^∗(B), π(c) = i^∗(c), π(A^†) = i^∗(A^†), π(B^†) = 0, π(c^†) = 0 The boundary symplectic form is the differential of the form α_{∂N} = ∫ ∂N (B ∧ δA + A^† ∧ δc) ω_{∂N} = δα_{∂N} = ∫ ∂N (δB ∧ δA + δA^† ∧ δc) 6Here we discuss the minimal BV extension of Hamiltonian classical electrodynamics.

The boundary vector field Q_{∂N} = δπQ_N is (30) Q_{∂N} = ∫ ∂N ( dB ∧ δ δA^† + dc ∧ δ δA )

The boundary action is S_{∂N} = ∫ ∂N c ∧ dB Proposition 5.1. The data described above satisfy the BV-BFV axioms. Proof. The only non-trivial computation is to check the classical master equation (7) when ∂N ≠ ∅. Contracting the vector field Q_N with the symplectic form ω_N we obtain

ι_{QN} ω_N = ∫ N (dc ∧ δA^† + δA ∧ dB + δB ∧ (∗B + dA) + dA^† ∧ δc) The differential of the action is easy to compute: δS_N = ∫ N (δB ∧ dA + B ∧ dδA + δB ∧ ∗B + δA^† ∧ dc + A^† ∧ dδc) Comparing these two formulae and using the Stokes formula we obtain the classical master equation . □ Remark 5.2. The connection field A in electrodynamics is called the vector potential. When n = 4 and N = [t_1, t_2] × M is equipped with Minkowsky metric choose a basis e_0, e_1, e_2, e_3 in the tangent space where e_0 is a time direction. On EL_N the components B_{0i}, i = 1, 2, 3 give the magnetic field on M and the components B_{ij} give the electric field.

5.1.2. The Q-reduction of EL_N . The Euler-Lagrange equations in the bulk are: dB = 0, B = − ∗ dA, dA^† = 0, dc = 0 Note that this implies the usual Maxwell’s equation for the vector potential d^∗dA = 0. This defines the subspace EL_N ⊂ F_N : (31) EL_N = {(A, B) ∈ Ω^1(N) ⊕ Ω^{n−2}(N) | d ∗ dA = 0, B = − ∗ dA}⊕ ⊕ Ω^0_{closed}(N)[1] ⊕ Ω^{n−1}_{closed}(N)[−1] ⊕ Ω^2(N)[−1] ⊕ Ω^n(N)[−2] The summands correspond to fields A, B, c, A^†, B^†, c^† respectively. Proposition 5.3. The Q-reduced space of solutions to the Euler-Lagrange equations is (32) EL_N /Q ≃ Ω^1_{Maxw}(N)/Ω^1_{exact}(N) ⊕ H^0(N)[1] ⊕ H^{n−1}(N)[−1] ⊕ H^n(N)[−2] Here Ω^1_{Maxw}(N) is the space of solutions to Maxwell’s equations, i.e. 1-forms A , such that d ∗ dA = 0. The summands represent quotient spaces in fields A, c, A^†, c^† respectively.

Proof. Let us first find the Q-reduced tangent space to EL_N : T_X EL_N /Q = ker(Q̂_X )/Im(Q̂_X )

Because EL_N is a vector space its tangent space, which is isomorphic to ker(Q̂_X ), is given by (31). The image of Q̂_X is easy to compute: (33) Im(Q̂_X ) = Ω^1_{exact}(N) ⊕ {(A^†, B^†) ∈ Ω^{n−1}(N)[−1]⊕

Ω^2(N)[−1] | A^† = dβ, B^† = ∗β + exact, β ∈ Ω^{n−2}(N)} ⊕ Ω^n_{exact}(N)[−2] Here the components correspond to fields A, A^†, B^†, c^† respectively. Let us prove now that (34) {(A^†, B^†) ∈ Ω^{n−1}(N) ⊕ Ω^2(N) | A^† = dβ, B^† = ∗β + exact, β ∈ Ω^{n−2}(N)} = Ω^{n−1}_{exact}(N) ⊕ Ω^2(N) By the Hodge-Morrey decomposition (see for example [14] and references therein) we can write Ω(N) = Ω_{coclosed}(N) + Ω_{exact}(N). Using this decomposition, for an exact (n − 1)-form A^† = dγ and an arbitrary 2-form B^† we can write B^† − ∗γ = ∗θ + dη with θ closed. Then A^† = dβ, B^† = ∗β + dη for β = γ + θ and therefore the r.h.s. of (34) is the subspace of l.h.s. and since to opposite inclusion is obvious we proved (34).

Now we can write Im(Q̂_X ) = Ω^1_{exact}(N) ⊕ Ω^{n−1}_{exact}(N)[−1] ⊕ Ω^2(N)[−1] ⊕ Ω^n_{exact}(N)[−2] Together with the formula (31) this proves the Proposition. □ Proposition 5.4. When ∂N = ∅

EL_N /Q = H^1(N) ⊕ H^0(N)[1] ⊕ H^{n−1}(N)[−1] ⊕ H^n(N)[−2] The summands correspond to fields A, c, A^†, c^† respectively.

Proof. A 1-form A satisfies the Maxwell’s equation d ∗ dA = 0 if and only if dA ∈ ker(d^∗). The metric on N gives the Hodge decomposition: Ω(N) = H(N) ⊕ Ω_{d−exact}(N) ⊕ Ω_d∗_{−exact}(N) where H(N) are harmonic forms representing cohomology classes of N. It is clear from this decomposition that the first summand in (32) is H^1(N). □ When N does not have a boundary the space EL_N /Q described above has a natural symplectic structure given by the Poincaré pairing between H^1(N) an H^{n−1}(N) and between H^0(N) and H^n(N).

5.1.3. The reduction of boundary structures. Recall that the space of boundary fields is F_{∂N} = Ω^1(∂N) ⊕ Ω^{n−2}(∂N) ⊕ Ω^0(∂N)[1] ⊕ Ω^{n−1}(∂N)[−1] Where the summands correspond to pullbacks of fields A, B, c, A^† respectively. The Euler-Lagrange equations on the boundary (equations for zeroes of the vector field Q_{∂N} ) are dB = 0, dc = 0 Thus, the space of solutions to boundary Euler-Lagrange equations is EL_{∂N} = Ω^1(∂N) ⊕ Ω^{n−2}_{closed}(∂N) ⊕ Ω^0_{closed}(∂N)[1] ⊕ Ω^{n−1}(∂N)[−1] Because it is a vector space, it is isomorphic to its tangent space at every point.

Similarly to the discussion for the bulk, for l ∈ EL_{∂N} we get (35) Im(Q̂_l) = Ω^1_{exact}(∂N) ⊕ Ω^{n−1}_{exact}(∂N)[−1] ⊂ T_lEL_{∂N} Taking the quotient space ker(Q̂_{∂N} )/Im(Q̂_{∂N} ) and identifying the tangent space with the space itself we prove the following.

Proposition 5.5. The Q-reduced space of boundary fields is EL(∂N)/Q = Ω^1(∂N)/{exact} ⊕ Ω^{n−2}_{closed}(∂N) ⊕ H^0(∂N)[1] ⊕ H^{n−1}(∂N)[−1] Here summands correspond to fields A, B, c, A^† respectively.

This space is clearly infinite-dimensional. It coincides with the symplectic reduction of EL_{∂N} with symplectic structure given by the natural pairing between the first and the second and between the third and the fourth summands. Proposition 5.6. BV-extended classical electrodynamics is a regular theory (in the sense of Definition 3.18).

Proof. By direct calculation, we have

ker(Q̂_X ) = {(a, b) ∈ Ω^1 ⊕ Ω^{n−2} | b = − ∗ da, db = 0} ∼=Ω1_{cl}⊕Ω^{n−2}_{coex,cl} ⊕ (36)

⊕Ω^0_{cl}[1] ⊕ Ω^{n−1}_{cl} [−1] ⊕ Ω^2[−1] ⊕ Ω^n[−2], Im(Q̂_X ) = Ω^1_{ex} ⊕ Ω^{n−1}_{ex} [−1] ⊕ Ω^2[−1] ⊕ Ω^n_{ex}[−2],

(37)

ker(Q̂^{vert}_X ) = Ω^1_{cl,D} ⊕ Ω^0_{cl,D}[1] ⊕ Ω^{n−1}_{cl,D}[−1] ⊕ Ω^2[−1] ⊕ Ω^n[−2],

(38)

Im(Q̂^{vert}_X ) = Ω^1_{ex,D} ⊕ Ω^n_{ex,D}[−2] ⊕

(39) ⊕ {(db, da + ∗b) ∈ Ω^{n−1} ⊕ Ω^2 | a ∈ Ω^1_D, b ∈ Ω^{n−2}_D } ∼=Ω^{n−1}_{ex,D} ⊕(Ω2_{ex,D} ⊕Ω2_{cocl,N} ) [−1]

Here we use a shorthand notation with ex, cl, coex, cocl, D, N standing for exact, closed, coexact, coclosed, Dirichlet, Neumann respectively (the last two indicating the imposed boundary condition; Ω_{ex,D} means exact, with the primitive being subject to Dirichlet condition). Hodge-Morrey decomposition theorem implies that subspaces (36) and (39) are mutually orthogonal in T_X F_N , and (38) and (37) are mutually orthogonal too. Thus the assumption (20) holds.

Also, ker(Q̂_l) = Ω^1_∂ ⊕ Ω^{n−2}_{cl,∂} ⊕ Ω^0_{cl,∂} [1] ⊕ Ω^{n−1}_∂ [−1] and Im(Q̂_l) = Ω^1_{ex,∂} ⊕ Ω^{n−1}_{ex,∂} [−1] (where ∂ stands for forms on the boundary) are mutually orthogonal in T_lF_{∂N} due to Hodge decomposition on ∂N, thus the assumption (15) also holds. Therefore electrodynamics is a regular theory. □

5.1.4. The Lagrangian subspace L_N and its reduction. Now let us describe the evolution relation L_N = π(EL_N ) ⊂ F_{∂N} and its reduction. Due to regularity, L_N is Lagrangian. This subspace consists of pullbacks of fields A, B, c, A^† satisfying Euler-Lagrange equation in N:

(40) L_N = {(i^∗(A), i^∗(− ∗ dA)) ∈ Ω^1(∂N) ⊕ Ω^{n−2}(∂N) | d ∗ dA = 0, A ∈ Ω^1(N)} ⊕ i^∗(Ω^0_{closed}(N))[1] ⊕ i^∗(Ω^{n−1}_{closed})[−1] The Q-reduction of the Lagrangian subspace L_N , or equivalently, its symplectic reduction is:

(41) L_N /Q = {(i^∗(A), i^∗(− ∗ dA)) ∈ Ω^1(∂N) ⊕ Ω^{n−2}(∂N) | d ∗ dA = 0, A ∈ Ω^1(N)}/{ exact A} ⊕ H̃^0(∂N)[1] ⊕ H̃^{n−1}(∂N)[−1] Here H̃^i(∂N) are cohomology classes of ∂N which are pullbacks of cohomology classes on N.

5.1.5. Gauge classes of solutions to Euler-Lagrange equations with fixed gauge classes of boundary values. It is clear that the tangent space T_X EL(N, [l]) depends neither on X nor on l and is (42) {(A, − ∗ dA) ∈ Ω^1(∂N) ⊕ Ω^{n−2}(∂N) | d ∗ dA = 0, i^∗(A) exact , A ∈ Ω^1(N)}⊕ ⊕ Ω^0_{closed}(N, ∂N)[1] ⊕ {A^† ∈ Ω^{n−1}_{closed}(N)[−1] | i^∗(A^†) exact }⊕ ⊕ Ω^2(N)[−1] ⊕ Ω^n(N)[−2] For the quotient space we have:

(43) T_X EL(N, [l])/Im(Q̂_X ) = = H^1(N, ∂N) H^0(∂N) ⊕ H^{n−1}(N, ∂N) H^{n−2}(∂N) [−1] ⊕ H^0(N, ∂N)[1] ⊕ H^n(N)[−2]

It is the Q-reduction of the tangent space T_X EL(N, [l]). It is a finite dimensional symplectic space. Since we are in a linear case, EL(N, [l])/Q is isomorphic to (43). 5.1.6. Codimension 2 BV structure. Here we will describe the extension of the BV electrodynamics to codimension 2 strata. Let Σ be an (n−1)-dimensional manifold with the boundary ∂Σ. The boundary ∂Σ is closed and the space of boundary fields is F_{∂Σ} = Ω^{n−2}(∂Σ) ⊕ Ω^0(∂Σ)[1] where the summands correspond to pullbacks of fields B and c from Σ to the boundary. We will denote the pullbacks of B and c by the same letters.

The restriction mapping π : F_Σ → F_{∂Σ} acts as π(A) = π(A^†) = 0 and π(B) = B, π(c) = c. The symplectic structure on this space is exact ω_{∂Σ} = ∫ ∂Σ δB ∧ δc = δα_{∂Σ} where α_{∂Σ} = ∫ ∂Σ δB ∧ c The action and the vector field Q on F_{∂Σ} are trivial: S_{∂Σ} = 0, Q_{∂Σ} = 0

Proposition 5.7. The action S_Σ = ∫ Σ c ∧ dB satisfies the equation (7).

The proof is a straightforward computation. It is clear that EL_{∂Σ} = F_{∂Σ}, The evolution relation L_Σ = π(EL_Σ) L_Σ = i^∗(Ω^{n−2}_{closed}(Σ)) ⊕ i^∗(Ω^0_{closed}(Σ))[1] When there is only one connected component of the boundary L_Σ = Ω^{n−2}_{exact}(∂Σ) ⊕ Ω^0_{closed}(∂Σ)[1] Because Q_{∂Σ} = 0 the reduction is trivial: the reduced structures are the same as non-reduced ones. The reduced fiber over l = (B, c) is EL(Σ, [l])/Q = Ω^1(Σ)/{exact} ⊕ Ω^{n−2}_{closed}(Σ) ⊕ H^0(Σ, ∂Σ)[1] ⊕ H^{n−1}(Σ)[−1] This space is infinite dimensional for n > 2 and it is finite dimensional when n = 2. Remark 5.8. The reduced space L_Σ/Q and fibers of π : EL_Σ/Q → L_Σ/Q are infinite dimensional when n > 2. When n = 2 they are finite dimensional. This corresponds to two dimensional electrodynamics which is an almost topological field theory [57].

5.2. Yang-Mills theory. As in the classical Euclidean electrodynamics spacetime manifolds in the Yang-Mills theory are oriented compact smooth, possibly with boundary (and with corners), Riemannian manifolds. Let g be the Lie algebra of a finite dimensional simply connected Lie group G with g-invariant scalar product. To simplify notations we assume that g is a matrix algebra and that the scalar product is given by the trace: < a, b >= tr(ab).

5.2.1. The non-reduced theory. In the first order formulation of Yang-Mills theory fields are connections A in a principal G-bundle P over N and (n−2)-forms B with coefficients in the associated adjoint bundle. For simplicity, we assume that the principal bundle is trivial and consider connections as 1-forms with coefficients in g and B fields as (n − 2)-forms with coefficients in g. The ghost fields c are 0-forms with coefficients in g. The BV extension includes anti-fields A^†, B^†, c^†. The total space of BV extended Yang-Mills theory is^7

F_N = g ⊗ Ω^1(N) A ⊕ g ⊗ Ω^{n−2}(N) B ⊕ g ⊗ Ω^0(N)[1] c ⊕ ⊕ g ⊗ Ω^{n−1}(N)[−1] A^† ⊕ g ⊗ Ω^2(N)[−1] B^† ⊕ g ⊗ Ω^n(N)[−2] c^† This is a graded infinite dimensional vector space with the symplectic form

ω_N = ∫ N tr ( δA ∧ δA^† + δB ∧ δB^† + δc ∧ δc^† ) The action functional is

S_N = ∫ N tr ( B ∧ F_A + 1 2 B ∧ ∗B + A^† ∧ d_Ac + B^† ∧ [B, c] + 1 2 c^† ∧ [c, c] )

7Here, as in the case of classical electrodynamics we only discuss the minimal BV extension. When n = 4 the BV extension of Yang-Mills theory can also be presented in a different way using the decomposition of 2-forms into self-dual and anti-self-dual parts, see [16] and [22].

where F_A = dA +^1_2 [A, A], and the cohomological vector field is

Q_N = ∫ N tr ( d_Ac ∧ δ δA + [B, c] ∧ δ δB + 1 2 [c, c] ∧ δ δc + ( d_AB + [A^†, c] ) ∧ δ δA^† + + ( F_A + ∗B + [B^†, c] ) ∧ δ δB^† + ( d_AA^† + [B, B^†] + [c, c^†] ) ∧ δ δc^† )

The boundary structure. We will denote the pullback to the boundary of forms A, B, A^†, c by the same letters. The space of boundary fields is the quotient space of the pullback of F_N to the boundary over the kernel of the form δα̃_{∂N} , as it is explained in section 3.1: F_{∂N} = g ⊗ Ω^1(∂N)[1]

A, gh=0

⊕ g ⊗ Ω^{n−2}(∂N)[n − 2]

B, gh=0 ⊕ ⊕ g ⊗ Ω^0(∂N)[1]

c, gh=1

⊕ g ⊗ Ω^{n−1}(∂N)[n − 2]

A^†, gh=−1

The structure of an exact symplectic manifold on F_{∂N} is given by α_{∂N} = ∫ ∂N tr ( B ∧ δA + A^† ∧ δc ) , ω_{∂N} = ∫ ∂N tr ( δB ∧ δA + δA^† ∧ δc ) The vector field Q_{∂N} and the action S_{∂N} for the boundary BFV theory are Q_{∂N} = ∫ ∂N tr ( d_Ac ∧ δ δA + [B, c] ∧ δ δB + +(d_AB + [A^†, c]) ∧ δ δA^† + 1 2 [c, c] ∧ δ δc ) , S_{∂N} = ∫ ∂N tr ( B ∧ d_Ac + 1 2 A^† ∧ [c, c] )

The codimension 2 structure. Let Σ be a stratum of codimension 2. The BV-BFV theory on N and on ∂N induce the following data associated on Σ (see section 3.1. The space of fields:

F_Σ = g ⊗ Ω^{n−2}(Σ)[n − 2]

B, gh=0

⊕ g ⊗ Ω^0(Σ)[1]

c, gh=1 , Here we denoted the pullback of B and of c to Σ by the same letters. The rest of the BFV data, the exact symplectic form, the vector field Q and the action S (which can be obtained from Q by the Roytenberg’s construction) are:

α_Σ = ∫ Σ tr(B ∧ δc), ω_Σ = ∫ Σ tr(δB ∧ δc), Q_Σ = ∫ Σ tr ( [B, c] ∧ δ δB + 1 2 [c, c] ∧ δ δc ) , S_Σ = ∫ Σ tr ( 1 2 B ∧ [c, c] )

5.2.2. The non-reduced gh = 0 part.

The bulk. The fields A and it Hamiltonian counterpart remain, so the space of fields is F_N = g ⊗ Ω^1(∂N) A ⊕ g ⊗ Ω^{n−2}(∂N) B The classical action is S^{cl}_N = ∫ N tr ( B ∧ F_A + 1 2 B ∧ ∗B )

Its critical points are solutions to Euler-Lagrange equations d_AB = 0, F_A + ∗B = 0 or, equivalently d_A ∗ F_A = 0, B = − ∗ F_A Infinitesimal gauge transformations are infinitesimal automorphisms of the trivial G-bundle over N, i.e. elements of the Lie algebra Map(N, g), They act as A → A + d_Aα, B → B + [B, α] where α ∈ Ω^0(N, g).

The boundary. Boundary fields in the Yang-Mills theory are pullbacks of fields A and B. We will denote them by the same letter: F_{∂N} = g ⊗ Ω^1(∂N) A ⊕ g ⊗ Ω^{n−2}(∂N) B The exact symplectic structure on F_{∂N} is given by α^{cl}_{∂N} = ∫ ∂N tr(B ∧ δA) ω^{cl}_{∂N} = ∫ ∂N tr(δB ∧ δA) = δα^{cl}_{∂N} Euler-Lagrange subspace, gh = 0 part of EL_{∂N} , is defined by the constraint d_AB = 0 Boundary gauge transformations are: A → A + d_Aα, B → B + [B, α] The action of the Lie algebra of gauge transformations is Hamiltonian with the moment map μ : F_{∂N} −→ g ⊗ Ω^{n−1}(∂N): (A, B) → d_AB Codimension 2 part. The gh = 0 part of the codimension 2 structure is given by the pullback of B to the boundary: F_Σ = g ⊗ Ω^{n−2}(Σ) with no constraints and the gauge transformations given by B → B + [B, α] where α ∈ Ω^0(Σ, g).

5.2.3. The reduction in the gh = 0 part. The space EL_N is naturally isomorphic to the space of solutions to the Yang-Mills equation d_A ∗ F (A) = 0.

The classical moduli space is naturally isomorphic to the space of gauge classes of solutions to the YM equation: EL_N /G_N = = {(A, B) | A ∈ g⊗Ω^1(N), d_A∗F_A = 0, B = −∗F_A}/{(A, B) ∼ (A+d_Aα, B+[B, α])} The reduced phase space is naturally isomorphic to the cotangent bundle of the space of gauge classes of all connections: EL_{∂N} /G_{∂N} = {{(A, B) | A ∈ g⊗Ω^1(∂N), B ∈ g⊗Ω^{n−2}(∂N), d_AB = 0}}/{(A, B) ∼ (A+d_Aα, B+[B, α])} The gh = 0 part of the EL-moduli space for a codimension 2 stratum is simply

EL_Σ/G_Σ ∼= (g ⊗ Ω^{n−2}(Σ))/G

where Σ is (n − 2)-dimensional and the quotient is by the adjoint action of G.

The restriction map π_∗ : EL_N /G_N → EL_{∂N} /G_{∂N} is the pullback of the connection A and of the form B to the boundary. The fibers are finite-dimensional. One way to see this is by homological perturbation theory around electrodynamics.

The reduced phase space EL_{∂N} /G_{∂N} is infinite-dimensional for n ≥ 3. The case n = 2 is special as for n = 2 we have EL_{∂N} /G_{∂N} ∼= T^∗M^G_{∂N} where M^G_{∂N} denotes the moduli space of flat G-connections on ∂N which is finitedimensional.

Under the regularity assumption, the image of π_∗ is Lagrangian. Smooth loci of EL-moduli spaces for the bulk and the boundary are described by diagram (29) with horizontal arrows being equalities (we assume the group G to be simple for this to hold).

5.3. Scalar field.

5.3.1. The non-reduced picture. For the massless free n-dimensional scalar field the bulk BV data is:

F_N = Ω^0(N) ϕ ⊕ Ω^{n−1}(N) p ⊕ Ω^n(N)[−1] ϕ^† ⊕ Ω^1(N)[−1] p^† ω_N = ∫ N (δϕ ∧ δϕ^† + δp ∧ δp^†) S_N = ∫ N (p ∧ dϕ + 1 2 p ∧ ∗p) Q_N = ∫ N ( dp ∧ δ δϕ^† + (dϕ + ∗p) ∧ δ δp^† )

The boundary BFV data in this theory is: F_{∂N} = Ω^0(∂N) ϕ ⊕ Ω^{n−1}(∂N) p α_{∂N} = ∫ ∂N p ∧ δϕ ω_{∂N} = δα_{∂N} = ∫ ∂N δp ∧ δϕ Q_{∂N} = 0 S_{∂N} = 0 It is easy to derive them from the BV data in the bulk as it is explained in section 3.1. It is clear that the theory has length one.

For the Euler-Lagrange space we have (44) EL_N = {(ϕ, p, ϕ^†, p^†) | dp = 0, p = − ∗ dϕ} At the boundary EL_{∂N} = F_{∂N} .

5.3.2. The reduction. Similarly to the case of electrodynamics we have, ker(Q̂)/Im(Q̂) ≃ Ω^0_{Harm}(N) ⊕ H^n(N)[−1] where Ω^0_{Harm}(N) are harmonic zero-forms on N; the first summand correspond to the field ϕ and the second to ϕ^†. Because of the linearity, the moduli space EL_N /Q_N is given by the same formula.

Remark 5.9. If ∂N = ∅ then EL_N /Q_N ≃ H^0(N) ⊕ H^n(N)[−1] is a finitedimensional odd-symplectic space.

Because Q_{∂N} = 0, the reduced boundary Euler-Lagrange space is the space of boundary fields:

(45) EL_{∂N} /Q_{∂N} = F_{∂N} = Ω^0(∂N) ⊕ Ω^{n−1}(∂N) The reduced evolution relation is the same as the non-reduced one: (46) L_N = = {(ϕ, p) ∈ F_{∂N} | p = −(∗dϕ̃)|_{∂N} for ϕ̃ a harmonic continuation of ϕ into N} ≃ ≃ Ω^0(∂N) Because the harmonic continuation ϕ̃ exists and is unique, the subspace L_N is Lagrangian.

The restriction (the pullback to the boundary) mapping is surjective over L_N

(47) EL_N /Q_N

L_N ⊂ EL_{∂N} /Q_{∂N} Its fibers are finite-dimensional odd-symplectic spaces canonically isomorphic to (48) H^0(N, ∂N) ⊕ H^n(N)[−1] ≃ T^∗[−1]R^k Where k ≥ 0 is the number of closed connected components of N.

5.3.3. Massive scalar field. The BV extension of the massive scalar field is similar to the massless scalar filed. The space of fields and the symplectic structure are the same. The action and the vector field Q_N are

S_N = ∫ N ( p ∧ dϕ + 1 2 p ∧ ∗p − m^2 2 ϕ ∧ ∗ϕ ) (49)

Q_N = ∫ N ( (dp − m^2 ∗ ϕ) ∧ ∂ ∂ϕ^† + (dϕ + ∗p) ∧ ∂ ∂p^† ) (50)

The boundary data are unchanged. The reduced bulk Euler-Lagrange space is (51) EL_N /Q_N ≃ Ω^0_{Klein−Gordon}(N) Here Ω^0_{Klein−Gordon}(N) is the space of functions satisfying the equation Δϕ−m^2ϕ = 0. It fibers over L ≃ Ω^0(∂N) with zero fibers. That is, when m ≠ 0 the fibers of the EL-moduli spaces over given boundary values are trivial.

It is also easy to construct BV extensions of scalar fields interacting with the Yang-Mills theory, and to generalize it to Dirac and Majorana fermions.

5.4. Abelian BF theory.

5.4.1. The BV-BFV structure of BF theory. Here we will focus on the BV-BFV extension of the classical abelian BF gauge theory. Let us start with the description of the corresponding BV theory.

The space of fields in this theory is: F_N = Ω^•(N)[1] ⊕ Ω^•(N)[n − 2] For coordinate fields we will write A ∈ Ω^•(N)[1] and B ∈ Ω^•(N)[n − 2]. Here Ω^•(N) is regarded as a Z-graded vector space with Ω^k(N) being its component of degree −k.

Remark 5.10. The BV-BF theory is an example of the AKSZ theory ( cf. section 6) with the target manifold T^∗[1]R and with Θ = 0.

Remark 5.11. Dimensions n = 2, 3 are special. When n = 2 the theory is equivalent to the topological sector of electrodynamics. When n = 3 it is equivalent to two copies of abelian Chern-Simons theories.

The BV symplectic form ω_N = ∫ N δA ∧ δB The total degree (ghost number) is gh(ω_N ) = −1.

The action functional is: S_N = ∫ N B ∧ dA The vector field Q_N is

Q_N = ∫ N ( dA ∧ δ δA + dB ∧ δ δB )

On “coordinate functions” it acts as (52) Q_N A = dA, Q_N B = dB

The space EL_N of solutions to Euler-Lagrange equations, i.e. the space of zeroes of the vector field Q_N , is the space of closed forms: EL_N = Ω^•_{closed}(N)[1] ⊕ Ω^•_{closed}(N)[n − 2] Clearly this space is coisotropic in F_N .

The space of boundary fields is:

F_{∂N} = Ω^•(∂N)[1] ⊕ Ω^•(∂N)[n − 2]

and the natural restriction map π : F_N → F_{∂N} is the pullback of forms to the boundary.

The space of boundary fields is a symplectic space with the exact symplectic form of degree 0: ω_{∂N} = δα_{∂N} , α_{∂N} = ∫ ∂N A ∧ δB The boundary cohomological vector field Q_{∂N} = δπQ_N is Q_{∂N} A = dA, Q_{∂N} B = dB The Euler-Lagrange subspace EL_{∂N} ⊂ F_{∂N} is the subspace of closed forms on ∂N. Proposition 5.12. The data described above is an example of the BV-BFV theory.

The proof is a straightforward computation which proves identities from section 3.1.

The evolution relation L_N ⊂ EL_{∂N} consists of closed forms on ∂N which extend to closed forms on N.

Proposition 5.13. The subspace L_N ⊂ EL_{∂N} ⊂ F_{∂N} is Lagrangian.

To prove this Proposition we need the following lemma.

Lemma 5.14. Denote by ι_∗ : H_•(∂N) → H_•(N) the pushforward by ι : ∂N → N in homology. The subspace ker(ι_∗) is isotropic in H_•(∂N) with respect to the bilinear form given by the intersection pairing.

Proof. Let U and V be two cycles in N relative to the boundary, with dim(U) + dim(V ) = dim(N) + 1, and let u = ∂U, v = ∂V be their boundaries in ∂N. By general position argument we can assume that U ∩ V is a one dimensional chain. This chain gives a cobordism between u ∩ v and the empty set. Hence the sum of coefficients in u ∩ v, which is the intersection pairing, vanishes. □

Proof of Proposition 5.13. By the natural identification of H_•(∂N)^∗ with H^•(∂N), the annihilator of ker(ι_∗) is Im(ι^∗). Therefore, by Lemma 5.14, the subspace Im(ι^∗) is coisotropic in H^•(∂N).

Because L_N ⊂ EL_N is isotropic by Proposition 3.6, the reduced space L_N is also isotropic. Since we just proved that it is coisotropic, we conclude that it is Lagrangian. By Proposition A.1 the preimage of a Lagrangian subspace with respect to the symplectic reduction is Lagrangian if it contains the kernel of the presymplectic form. In our case this kernel consists of exact forms on ∂N, and exact forms are clearly in L_N . □ Proposition 5.15. Abelian BF theory is regular.

Proof. We have ker(Q̂_X ) = Ω^•_{closed}(N)[1] ⊕ Ω^•_{closed}(N)[n − 2], (53) Im(Q̂_X ) = Ω^•_{exact}(N)[1] ⊕ Ω^•_{exact}(N)[n − 2], (54) ker(Q̂^{vert}_X ) = Ω^•_{closed}(N, ∂N)[1] ⊕ Ω^•_{closed}(N, ∂N)[n − 2], (55) Im(Q̂^{vert}_X ) = d(Ω^•(N, ∂N))[0] ⊕ d(Ω^•(N, ∂N))[n − 3],

(56) ker(Q̂_l) = Ω^•_{closed}(∂N)[1] ⊕ Ω^•_{closed}(∂N)[n − 2], (57) Im(Q̂_l) = Ω^•_{exact}(∂N)[1] ⊕ Ω^•_{exact}(∂N)[n − 1] (58) Due to Hodge-Morrey decomposition for forms on N, pairs of subspaces (53), (56) and (55), (54) are mutually orthogonal. Due to Hodge decomposition on ∂N, subspaces (57), (58) are also mutually orthogonal. Thus the theory is regular. □

5.4.2. The reduction of boundary structures. From section 2.4 we know that the Q-reduced Euler-Lagrange space coincides with its symplectic reduction and is EL_{∂N} /Q = EL_{∂N} = H^•(∂N)[1] ⊕ H^•(∂N)[n − 2] The reduced space L_N /Q is the space of cohomology classes of closed forms on ∂N which continue to closed forms on N, and we already proved that it is Lagrangian.

5.4.3. The reduction of of bulk fields. The Q-reduced space of solutions to the EL equations is:

EL_N /Q = H^•(N)[1] ⊕ H^•(N)[n − 2] To compute the space EL(N, [l])/Q, for l ∈ L_N consider the natural exact sequence:

0 → Ω^•(N, ∂N) → Ω^•(N)^{ι∗}→ Ω^•(∂N) → 0 where ι^∗ is the pullback to the boundary corresponding to the inclusion mapping ι : ∂N → N, and Ω^•(N, ∂N) are forms vanishing on the boundary (their pullback to the boundary is zero). It induces the standard long exact sequence for cohomology spaces: . . . → H^•(N, ∂N)^χ→ H^•(N)^{ι∗}→ H^•(∂N)^β→ → H^{•+1}(N, ∂N)^χ→ H^{•+1}(N)^{ι∗}→ H^{•+1}(∂N)^β→ . . .

For l ∈ L_N the Q-reduction of the space EL(N, [l])) = π^{−1}([l]) ∩ EL_N is the Q-reduced space EL(N, [l])/Q = (π^{−1}([l]) ∩ EL_N )/Q (59) EL(N, [l])/Q = Im(χ)[1] ⊕ Im(χ)[n − 2] ≃ ≃ H^•(N, ∂N)/Im(β)[1] ⊕ H^•(N, ∂N)/Im(β)[n − 2] Recall that [l] is the leaf of V ect_Q through l. Due to regularity, (59) is symplectic, with the symplectic structure coming from the Lefschetz duality between H^•(N) and H^•(N, ∂N).

In terms of the long exact sequence of the pair (N, ∂N), the reduced space L_N is: L_N /Q = Im(ι^∗)[1] ⊕ Im(ι^∗)[n − 2] ⊂ H^•(∂N)[1] ⊕ H^•(∂N)[n − 2]

Remark 5.16. The symplectic reduction of EL_N is infinite dimensional and, as a vector space, EL_N = H^•(N, ∂N)[1] ⊕ H^•(N, ∂N)[n − 2] ⊕ Ω^•_{closed}(∂N)[1] ⊕ Ω^•_{closed}(∂N)[n − 2] Indeed, it is easy to check that the symplectic orthogonal subspace EL^{⊥,symp}_N to EL_N is Ω_{exact}(N, ∂N)[1] ⊕ Ω_{exact}(N, ∂N)[n − 2] where Ω_{exact}(N, ∂N) is the space of exact forms with the pullback to the boundary being zero. The symplectic reduction is the quotient space EL_N /EL^{⊥,symp}_N . It is the symplectic EL-moduli space discussed in section 3.4 and comes with residual gauge symmetry data, which in particular allow for a simple gluing formula. 5.4.4. BV extensions to strata of codimension k. The BF theory can be maximally extended. On an n − k dimensional stratum N_k the space of fields is F_{Nk} = Ω^•(N_k)[1] ⊕ Ω^•(N_k)[n − 2] The symplectic form is ω_{Nk} = ∫ N_k δA ∧ δB The cohomological vector field Q_{Nk} is Q_{Nk} = ∫ N_k ( dA ∧ δ δA + dB ∧ δ δB )

The action is S_{Nk} = ∫ N_k B ∧ dA Formulae for α, Q, S are structurally the same for all k. This is a general feature of AKSZ theories of which abelian BF theory is an example.

5.4.5. The gh = 0 part of the abelian BF theory. In this section we will consider the restriction of the abelian BF theory to the fields with gh = 0.

The gh = 0 part of the space of fields is F_N = Ω^1(N) ⊕ Ω^{n−2}(N). The action is the restriction of the BV action to the gh = 0 sector:

S_N = ∫ N B ∧ dA where A ∈ Ω^1(N) and B ∈ Ω^{n−2}(N).

Euler-Lagrange equations are: dA = 0, dB = 0, Solutions are closed forms EL_N = Ω^1_{closed}(N) ⊕ Ω^{n−2}_{closed}(N) This is the degree zero part of the space EL_N in the BF -BV theory.

The gauge group G_N = Ω^0(N) ⊕ Ω^{n−3}(N) acts on fields as A → A + dα, B → B + dβ Vector fields generated by these transformations are degree zero parts of vector fields V ect_Q . The action of the abelian BF theory is invariant with respect to these transformations.

The set of gauge classes of solutions is the degree zero part of the Q-reduced Euler-Lagrange space:

EL_N /G_N = H^1(N) ⊕ H^{n−2}(N)

Non-reduced boundary theory. The boundary fields are:

F_{∂N} = Ω^1(∂N) ⊕ Ω^{n−2}(∂N)

This is a symplectic manifold with the symplectic form induced by the intersection pairing: ω_{∂N} = ∫ N δA ∧ δB This form is restriction of the symplectic form in the BF theory to the gh = 0 subspace in the space of fields.

The boundary Euler-Lagrange subspace consists of closed 1- and (n − 2)-forms on ∂N: EL_{∂N} = Ω^1_{closed}(∂N) ⊕ Ω^{n−2}_{closed}(∂N) It is a coisotropic subspace of F_{∂N} .

The evolution relation L_N = π(EL_N ) is the space of closed 1- and (n − 2)-forms on ∂N which continue to closed forms on N. As follows from Lemma 5.14, L_N is a Lagrangian subspace in EL_{∂N} .

Reduced boundary theory. Boundary gauge group G_{∂N} = Ω^0(∂N)⊕Ω^{n−3}(∂N) is the pullback of the group of gauge transformations on N to the boundary.

The symplectically reduced Euler-Lagrange subspace EL_{∂N} is the set of leaves of the characteristic foliation of EL_{∂N} (the foliation of EL_{∂N} by Hamiltonian vector fields generated by the ideal I_{EL∂N} of functions on F_{∂N} vanishing on EL_{∂N} .

Remark 5.17. Because the action of the gauge group is Hamiltonian with

H_α = ∫ ∂N α ∧ dB, H_β = ∫ ∂N β ∧ dA The reduced space EL_{∂N} is also the result of Hamiltonian reduction: EL_{∂N} = J^{−1}(0)/G_{∂N} , where J : F_{∂N} → [Ω^0(∂N)⊕Ω^{n−3}(∂N)]^∗ is the moment map (A, B) → (H_α, H_β ). It is also clear that EL_{∂N} = J^{−1}(0).

The Q-reduced Euler-Lagrange space EL_{∂N} /G_{∂N} = H^1(∂N) ⊕ H^{n−2}(∂N) has the natural symplectic structure given by the Poincaré pairing.

The reduced evolution relation L_N /G_{∂N} consists of cohomology classes of closed forms on ∂N which continue to closed forms on N. In other words, this is the image of the restriction mapping: H^1(N) ⊕ H^{n−2}(N)^{ι∗⊕ι∗}→ H^1(∂N) ⊕ H^{n−2}(∂N) where ι : ∂N → N is the inclusion of the boundary mapping. As follows from the Proposition 5.13, it is a Lagrangian subspace.

The kernel of the restriction map is isomorphic to H^1(N)/Im(β_0) ⊕ H^{n−2}(N)/Im(β_{n−3}) Here β_i : H^i(∂N) → H^{i+1}(N, ∂N) is the mapping in the long exact sequence of the pair (N, ∂N).

6. The AKSZ construction of classical topological gauge theories

In this section we will recall the construction of classical topological field theories for closed manifolds known as the AKSZ construction [1] and we will extend this construction to manifolds with boundary. We will show that this extension gives an example of a BV theory for spacetimes with boundary. The AKSZ construction generalizes the BV extension of the BF gauge theory.

6.1. The target manifold.

6.1.1. Hamiltonian dg manifolds. The AKSZ construction requires the choice of a Hamiltonian differential graded manifold as the target space.

Recall that a differential graded (dg) manifold is a pair (M, Q) where M is a graded manifold and Q is a cohomological vector field of degree one. A vector field is cohomological if its Lie derivative squares to zero.

A dg manifold is a dg symplectic manifold of degree m if it has a symplectic form ω of degree m which is Q-invariant (i.e. L_Qω = 0 where L_Q is the Lie derivative with respect to Q). We denote the degree by deg.

Definition 6.1. A dg symplectic manifold (M, ω, Q) of degree m is Hamiltonian if there exists an element Θ ∈ F un(M) with deg(Θ) = m + 1 such that

(60) {Θ, Θ} = 0

and Q is the Hamiltonian vector field of Θ.

Remark 6.2. A graded symplectic manifold is always exact when deg(ω) ≠ 0: ω = dα. If deg(ω) = 0 we will require it to be exact. A dg symplectic manifold is automatically Hamiltonian when deg(ω) ≠ −1, −2. See section 2.2 and [46].

Notice that a Hamiltonian dg manifold is actually defined by the symplectic form and by the function Θ satisfying (60). The vector field Q is defined as the Hamiltonian vector field of Θ and acts of functions as on functions on M as: Qf = {Θ, f} In local coordinates Qf = ∑ ab Θ ←− ∂ ←− ∂ x^a ω^{ab} −→ ∂ −→ ∂ x^b f For polynomial functions f we have df dt (x + tϵ) = ∑ a ϵ^a −→ ∂ −→ ∂ x^a f = ∑ a f ←− ∂ ←− ∂ x^a ϵ^a were deg(t) = 0.

The condition (60) implies Q^2 = 0

Because deg(ω) = m, we have deg(ω^{−1}) = −m and because deg(Θ) = m + 1, we have deg(Q) = 1.

6.1.2. Examples of Hamiltonian dg manifolds. Here we will give few examples of Hamiltonian dg manifolds.

Example 1. Let m = 2, g be a finite dimensional Lie algebra with an invariant inner product, and x^a be coordinates on g in an orthonormal linear basis e_a^8 . Choose M = g[1] with deg(x^a) = 1 and define ω = 1 2 ∑ a dx^a ∧ dx^a and Θ = 1 6 ∑ abc f_{abc}x^ax^bx^c where f_{abc} are structure constants of g in the basis e_a. Clearly deg(ω) = 2, and deg(Θ) = 3, which agrees with m = 2.

The differential Q in this example is given by Q = 1 2 ∑ abc f^c_{ab}x^ax^b ∂ ∂x^c which corresponds to the Chevalley-Eilenberg differential for the Lie algebra g.

This example describes the target space for the Chern-Simons theory in the BV formalism.

Example 2 Let n be any integer and g be a finite dimensional Lie algebra. Define M = g[1] ⊕ g^∗[n − 2] = T^∗[n − 1](g[1]) Let x^a be coordinates on g, and p_a be corresponding coordinates on the dual space g^∗, gh(x^a) = 1, gh(p_a) = n − 2. Define ω = ∑ a dp_a ∧ dx^a, α = ∑ a p_adx^a Θ = 1 2 ∑ abc f^a_{bc}p_ax^bx^c It is is clear that deg(ω) = n − 1 and deg(Θ) = n.

This is the target space for BF models. When n = 2 this space is the same as in the next example (Poisson sigma model) for M = g^∗ with the Kirillov-Kostant Poisson structure.

Example 3 Let m = 1 and M = T^∗[1]M, where M is a finite dimensional Poisson manifold with the Poisson tensor π. Let x^i be local coordinates on M, and p_i be corresponding coordinates on the cotangent space T^∗_x M. The grading is such that deg(x^i) = 0 and deg(p_i) = 1

Define ω = ∑ i dp_i ∧ dx^i, α = ∑ i p_idx^i and Θ = 1 2 ∑ ij π^{ij} (x)p_ip_j Condition (60) is equivalent to the fact that π is Poisson. Clearly deg(ω) = 1, and deg(Θ) = 2 which agrees with m = 1.

This example describes the target space in the Poisson sigma model.

8 g can be also a Lie superalgebra

Example 4 When m = 2 and the Lie algebra has an invariant bilinear form, the Example 2 can be modified by adding a cubic term in p to Θ. For this we identify g and g^∗ using the Killing form and assume x^a, p_a are coordinates in an orthonormal basis. The new potential is Θ = 1 2 ∑ abc f^a_{bc}p_ax^bx^c ± 1 6 f^{abc}p_ap_bp_c This Hamiltonian dg manifold is isomorphic to two copies of the Hamiltonian dg manifold from the first example.

Example 5 When m = 3 and g has an invariant bilinear form, we can add a quadratic term to Θ. The new potential is Θ = 1 2 ∑ abc f^a_{bc}p_ax^bx^c + 1 2 ∑ a p^2_a

6.2. The space of fields. Fix a Hamiltonian dg manifold (M, ω, Θ) of degree n − 1. The classical n-dimensional AKSZ field theory with the target manifold M on the spacetime manifold N has F_N = Map(T [1]N, M) as the space of fields^9. We assume that the spacetime is a compact oriented smooth manifold. See Appendix B for basic facts on graded manifolds and their mapping spaces. As in the previous sections we will say that the grading on the space of fields is given by ghost numbers gh. Let f be a smooth function of fixed degree on M and X ∈ F_N , then the composition X_f = f ∘ X is a smooth function on T [1]N. Let ξ^i be local coordinates on the fiber T_u[1]N, u ∈ N. Then X_f at (ξ, u) can be written as X_f (ξ, u) = n∑ k=0 X_f (u)_{i1 ,...,ik} ξ^{i1} . . . ξ^{ik} with gh(X_f (u)_{i1 ,...,ik} ) = deg(f) − k. We have natural identification ϕ : C^∞(T [1]N) ≃ Ω(N). In coordinates this mapping brings the function X_f to the form

ϕ(X_f )(u) = n∑ k=0 X_f (u)_{i1 ,...,ik} du^{i1} ∧ · · · ∧ du^{ik} Let x^a, a = 1, . . . n be homogeneous local coordinates on M. Denote by X^a the composition of the field X ∈ F_N and the coordinate function x^a. Component fields X^a can be regarded as forms ϕ(X^a)(u) on N, a = 1, . . . , n:

(61) ϕ(X^a)(u) = d∑ k=0 X^a(u)_{i1 ,...,ik} du^{i1} ∧ · · · ∧ du^{ik} We will denote the component of degree k by X^a_k (u). We will also call forms X^a(u) coordinate fields, or superfields, when it will not cause a confusion.

As it follows from the definition of X^a(u)_{i1 ,...,ik} the ghost number of this field is gh(X^a_k ) = deg(x^a) − k. 9The AKSZ construction does not have to have T [1]N as the source graded manifold. However

we will consider only these cases, as they seem to be more important in field theory

6.3. The non-reduced AKSZ theory for spacetime manifolds with boundary.

6.3.1. The AKSZ theory in terms of coordinate fields. The AKSZ action consists of “kinetic” and “interaction” parts: S_N [X] = S^{kin}_N [X] + S^{int}_N [X] Let x^a be local coordinates on M and α(x) = ∑ a α_a(x)dx^a. In local coordinates the “kinetic” part of the AKSZ action is S^{kin}_N [X] = ∫ N ∑ a α_a(X(u)) ∧ dX^a(u) Here and below X^a(u) are coordinate components of fields as in (61). It is easy to see that gh(S^{kin}_N ) = 0.

The “interaction” part of the AKSZ action is the functional S^{int}_N [X] = ∫ N Θ(X)

where Θ is the potential function for the target manifold. Because deg(Θ) = n, the action has the zero grading, i.e. gh(S^{int}_N ) = 0. Here and below the expression ∫ N Θ(X) for a homogeneous polynomial Θ(x) = ∑ {a} Θ_{{a}}x^{a1} . . . x^{ak} of degree k on M means ∑ {a} Θ_{{a}} ∫ N X^{a1} ∧ · · · ∧ X^{ak} . Assume that in local coordinates ω_M =^1_2 ∑ ab ω_{ab}dx^a ∧ dx^b, then ω_N = 1 2 ∫ N ∑ ab ω_{ab}(X(u)) ∧ δX^a(u) ∧ δX^b(u) where δX^a(x) is the de Rham differential on the space of fields.

In local coordinates, the action of Q_N on local functionals is:

Q_N F = ∫ N ( dX^a + ω^{ab}(X) ∧ ∂Θ ∂x^b (X) ) ∧ δF δX^a Here ω^{ab} are components of the Poisson bivector field corresponding to the symplectic form ω. Because deg(ω) = n − 1 and deg(Θ) = n, we have gh(Q_N ) = 1.

It acts on coordinate fields as:

(62) Q_N X^a = dX^a + ω^{ab}(X) ∧ ∂Θ ∂x^b (X) The variation of S_N :

δS_N [X] = ∫ N (δX^a(u) ∧ ∂_aα_b(X(u)) ∧ dX^b(u) + α_a(X(u)) ∧ δdX^a(u) + δΘ(X))

After integration by parts this expression becomes ∫ ∂N α_a(X(u)) ∧ δX^a(u) + ∫ N ( ω_{ab}(X(u)) ∧ dX^a(u) + ∂Θ ∂X^b (X(u)) ) ∧ δX^b(u) In this section we assume that ∂N = ∅, which means the first term is absent. The Euler-Lagrange equations are:

(63) dX^a(u) + ∑ b ω^{ab}(X(u)) ∧ ∂Θ ∂x^a (X(u)) = 0

The same formulae hold for the boundary BFV action S_{∂N} , for the boundary symplectic form ω_{∂N} , and for the boundary cohomological vector field Q_{∂N} . One should simply substitute ∂N instead of N. The only difference is the degree change. Because dim(∂N) = n − 1, gh(S_{∂N} ) = 1, gh(ω_{∂N} ) = −1 and gh(Q_{∂N} = −1 as in the bulk N.

The BV and BFV data described above have the right grading and give an example of a BV-BFV theory:

Proposition 6.3. The cohomological vector field Q_N is Hamiltonian, up to a boundary term:

(64) ι_{QN} ω_N = (−1)^{dim(N)}δS_N + π^∗α_{∂N}

We defer the proof to Appendix D.

Remark 6.4. When N has a non-empty boundary, the AKSZ action depends of the choice of the form α, not only on its cohomology class as in case of closed manifolds. Let S̃_N be the action corresponding to α̃ = α + df, then

S̃_N [X] = S_N [X] + ∫ N df(X) = S_N + ∫ ∂N f(X) Any AKSZ theory can be maximally extended. On an n−k dimensional stratum Σ the space of fields is the space of maps F_Σ = Map(T [1]Σ, M). The symplectic form ω_Σ, the form α_Σ, the action functional S_Σ and the vector field Q_Σ are all given by the same formulae as above. The difference from the n-dimensional stratum is only in the grading:

gh(ω_Σ) = k − 1, gh(Q_Σ) = 1, gh(S_Σ) = k

7. Examples of AKSZ theories 7.1. Abelian Chern-Simons theory. The target space for this AKSZ theory is R[1] with symplectic structure ω = da ∧ da, where a is the coordinate on R[1] and Θ = 0.

7.1.1. The bulk BV theory. The space of fields on the 3-dimensional spacetime manifold N is : F_N = Ω^•(N)[1] The fields corresponding to forms of degree 0, 1, 2, 3 will be denoted by c, A, A^†, c^† respectively. The ghost numbers are 1, 0, −1, −2. We will write A = c + A + A^† + c^† for the BV superfield.

The symplectic form, the vector field Q, and the classical action are:

ω_N = 1 2 ∫ N δA ∧ δA = ∫ N (δc ∧ δc^† + δA ∧ δA^†)

Q_N = ∫ N dA ∧ δ δA = ∫ N (dc ∧ δ δA + dA ∧ δ δA^† + dA^† ∧ δ δc^† ) S_N = 1 2 ∫ N A ∧ dA = 1 2 ∫ N (A ∧ dA + A^† ∧ dc + c ∧ dA^†) The Euler-Lagrange space is EL_N = Ω^•_{closed}(N)[1]

7.1.2. The boundary BFV theory. Boundary fields are pullbacks of the bulk fields to the boundary. F_{∂N} = Ω^•(N)[1] We will use the same notation for pullbacks as for bulk fields. This means 0, 1, 2 forms will be denoted by c, A, A^† respectively. They have ghost numbers 1, 0, −1.

The one form α_{∂N} , the symplectic structure, the vector field Q and the action for the boundary BFV theory are: α_{∂N} = 1 2 ∫ ∂N A ∧ δA = 1 2 ∫ ∂N (A ∧ δA + c ∧ δA^† + A^† ∧ δc)

ω_{∂N} = 1 2 ∫ ∂N δA ∧ δA = ∫ ∂N ( 1 2 δA ∧ δA + δc ∧ δA^† )

Q_{∂N} = ∫ ∂N dA ∧ δ δA = ∫ ∂N ( dc ∧ δ δA + dA ∧ δ δA^† )

S_{∂N} = 1 2 ∫ ∂N A ∧ δA = ∫ ∂N c ∧ dA The boundary Euler-Lagrange space is EL_{∂N} = Ω^•_{closed}(∂N)[1] The evolution relation L_N ⊂ EL_{∂N} is the subspace of forms in Ω^•_{closed}(∂N)[1] which continue to closed forms on N.

Abelian Chern-Simons theory is regular, which is proven similarly to Proposition 5.15.

7.1.3. Reduced BV-BFV theory. Reduced bulk and boundary Euler-Lagrange spaces are EL_N /Q ≃ H^•(N)[1], EL_{∂N} /Q ≃ H^•(∂N)[1] respectively. The symplectic form on EL_{∂N} /Q is given by the Poincaré duality.

The pullback mapping π : F_N → F_{∂N} induces the mapping of reduced spaces: π_∗ : EL_N /Q → EL_{∂N} /Q The reduced evolution relation L_N /Q = Im(π_∗) ⊂ EL_{∂N} /Q is a Lagrangian subspace.

Because π_∗ is a linear mapping, its fiber over any point of EL_{∂N} /Q is simply ker(π_∗). This space ker(π_∗) ≃ H^•(N, ∂N)/H^{•−1}(∂N)[1] has a natural symplectic structure of degree −1 coming from the Lefschetz duality.

7.1.4. The gh = 0 part of the theory. The gh = 0 part of the space of fields is F_N = Ω^1(N). The gh = 0 part of V ect_Q gives the gauge action of Ω^0(N) on the space of fields: A → A + dβ where A ∈ F_N and β ∈ Ω^0(N). The abelian Chern-Simons action S^{cl}_N = 1 2 ∫ N A ∧ dA is gauge invariant when ∂N = ∅. When N has non-empty boundary the gauge transformation generated by β changes the action by ∫ ∂N β ∧ A.

The space EL_N is the space of closed 1-forms on N. The space of boundary fields F_{∂N} = Ω^1(∂N) is exact symplectic with α_{∂N} = 1 2 ∫ ∂N A ∧ δA, ω_{∂N} = δα_{∂N} = 1 2 ∫ ∂N δA ∧ δA The gh = 0 part of the boundary Euler-Lagrange space, the space C_{∂N} , is the space of closed 1-forms on ∂N. It is clearly coisotropic. The gauge action is Hamiltonian with the momentum map μ = d : Ω^1(∂N) → Ω^2(∂N), where we consider Ω^2(N) as the dual space to the abelian Lie algebra of 0-forms.

The gh = 0 part of the moduli space EL_N /Q is the space of gauge orbits EL_N /G_N , and we have the natural isomorphism EL_N /G_N ≃ H^1(N). The gh = 0 part of the moduli space EL_{∂N} /Q is isomorphic to the space C_{∂N} /G_{∂N} of gauge orbits through C_{∂N} , or equivalently, since the action is Hamiltonian, this space is the symplectic reduction of C_{∂N} . It is clear that we have the natural isomorphism C_{∂N} /G_{∂N} ≃ H^1(∂N). This space is symplectic with the symplectic structure given by the Poincaré duality.

The pullback to the boundary π : F_N → F_{∂N} induces the restriction mapping π_∗ : H^1(N) → H^1(∂N). The subspace L_N = Im(π_∗) ⊂ H^1(∂N) is Lagrangian. The fiber over any point of C_{∂N} /G_{∂N} is ker(π_∗).

7.2. Non-abelian Chern-Simons theory. In this case the target manifold is constructed from a Lie algebra g with an invariant scalar product (for example a simple Lie algebra). The target manifold is described in details in section 6.1.2. We assume that the Lie algebra and the corresponding simply connected Lie group are matrix groups and will write tr(ab) for the Killing form evaluated on two Lie algebra elements.

7.2.1. The bulk BV theory. Fields are graded connections in a principal G-bundle over the spacetime N. We assume the bundle is trivial, so the space of fields is F_N = Ω^•(N, g)[1] Here Ω^•(N, g)[1] = Ω^•(N) ⊗ g[1]. The fields corresponding to forms of degree 0, 1, 2, 3 will be denoted by c, A, A^†, c^† respectively. The ghost numbers are 1, 0, −1, −2. We will write A = c + A + A^† + c^† for the BV superfield.

The symplectic form, the vector field Q, and the classical action are:

ω_N = 1 2 ∫ N tr(δA ∧ δA) = ∫ N tr(δc ∧ δc^† + δA ∧ δA^†),

(65) Q_N = ∫ N tr ( (dA + 1 2 [A, A]) ∧ δ δA ) = = ∫ N tr ( d_Ac ∧ δ δA + (F (A) + [c, A^†]) ∧ δ δA^† + (d_AA^† + [c, c^†]) ∧ δ δc^† + 1 2 [c, c] ∧ δ δc ) ,

(66) S_N = ∫ N tr ( 1 2 A ∧ dA + 1 6 A ∧ [A, A] ) = = ∫ N tr ( 1 2 A ∧ dA + 1 6 A ∧ [A, A] + 1 2 A^† ∧ d_Ac + 1 2 c ∧ d_AA^† + 1 2 c^† ∧ [c, c] )

The Euler-Lagrange space is the space of flat graded connections EL_N = {A ∈ F_N | dA + 1 2 [A, A] = 0} In coordinate fields the Euler-Lagrange space consists of c, A, A^†, c^† which satisfy [c, c] = 0, d_Ac = 0, F (A) + [c, A^†] = 0, d_AA^† + [c, c^†] = 0 The tangent space at A ∈ EL_N is kernel of Q̂_A. It consists of elements (γ, α, α^†, γ^†) ∈ Ω^•(N)[1] such that

(67) [γ, c] = 0, d_Aγ + [α, c] = 0, d_Aα + [c, α^†] + [γ, A^†] = 0, d_Aα^† + [c, γ^†] + [A^†, α] + [c^†, γ] = 0, The point A belongs to the gh = 0 part of EL_N if and only if c = c^† = A^† = 0 and F (A) = 0. The gh = 0 part of EL_N is the space flat connections. The tangent space to EL_N at such point is naturally isomorphic to (68) Ω^•_{dA−closed}(N, g) where forms are closed with respect to the differential d_A = d + [A, ·].

In this case the reduced tangent space is ker(Q̂_A)/Im(Q̂_A) ≃ H^•_{dA} (N, g) 7.2.2. The boundary BFV theory. Boundary fields in the non-abelian Chern-Simons theory are pullbacks of the bulk fields to the boundary. F_{∂N} = Ω^•(N, g)[1] We will use the same notation for pullbacks as for bulk fields. This means 0, 1, 2 forms will be denoted by c, A, A^† respectively. They have ghost numbers 1, 0, −1.

The one form α_{∂N} , the symplectic structure, the vector field Q and the action for the boundary BFV theory are: α_{∂N} = 1 2 ∫ ∂N tr(A ∧ δA) = 1 2 ∫ ∂N tr(A ∧ δA + c ∧ δA^† + A^† ∧ δc), ω_{∂N} = 1 2 ∫ ∂N tr(δA ∧ δA) = ∫ ∂N tr ( 1 2 δA ∧ δA + δc ∧ δA^† ) ,

Q_{∂N} = ∫ ∂N tr (( dA + 1 2 [A, A] ) ∧ δ δA ) = = ∫ ∂N tr ( d_Ac ∧ δ δA + (F (A) + [c, A^†]) ∧ δ δA^† + 1 2 [c, c] ∧ δ δc ) , S_{∂N} = ∫ ∂N tr ( 1 2 A ∧ dA + 1 6 A ∧ [A, A] ) = ∫ ∂N tr ( c ∧ F (A) + 1 2 [c, c] ∧ A^† )

The boundary Euler-Lagrange space is the space of graded flat g-connections on ∂N: EL_{∂N} = {A ∈ F_{∂N} |dA + 1 2 [A, A] = 0} The evolution relation L_N ⊂ EL_{∂N} is the subspace of graded flat g-connections on G × ∂N which continue to flat graded g-connections on G × N.

The flatness of the graded connection A means its graded components satisfy [c, c] = 0, d_Ac = 0, F (A) + [c, A^†] = 0,

The tangent space T_AEL_{∂N} ⊂ T_AF_{∂N} is the kernel of Q̂_A:

(69) ker(Q̂_A) = {(γ, α, α^†)|[γ, c] = 0, d_Aγ+[α, c] = 0, d_Aα+[c, α^†]+[γ, A^†] = 0}

In gh = 0 part of EL_{∂N} we have c = A^† = 0 and F (A) = 0 (70) ker(Q̂_A) = {(γ, α, α^†)| d_Aγ = 0, d_Aα = 0} ≃ Ω^•_{dA−closed}(∂N, g)[1]

Im(Q̂_A) = {(0, d_Aγ̃, d_Aα̃)} Thus, in this case the reduced tangent space is

ker(Q̂_A)/Im(Q̂_A) ≃ H^•_{dA} (∂N, g)[1]

The smooth locus of the Euler-Lagrange space EL_{∂N} is the vector bundle over the space of flat connections on ∂N with fibers ⊕_{i≠1}Ω^i_{dA−closed}(∂N). The smooth locus of the boundary EL-moduli space for the non-abelian Chern-Simons theory is isomorphic to a vector bundle over the smooth locus of the representation variety Hom(π_1(∂N), G)/G with fiber H^0_{dA} (∂N, g) ⊕ H^2_{dA} (∂N, g) with the symplectic structure naturally extending the Atiyah-Bott symplectic form on the representation variety.

Regularity for non-abelian Chern-Simons theory can be proven using homological perturbation theory around the abelian Chern-Simons theory. This argument extends to general AKSZ theories.

7.2.3. Reduced BV-BFV theory. Reduced Euler-Lagrange spaces for the bulk and for the boundary are the spaces of leaves of the foliation V ect_Q on EL_N and EL_{∂N} respectively. We will write EL_N /Q_N = {A ∈ F_N |dA + 1 2 [A, A] = 0}/{A → A + dλ + [A, λ]|λ ∈ Ω^•(N)} and similarly for ∂N. These notations indicate that leaves of V ect_Q should be considered as gauge orbits on EL_N .

The projection π : F_N → F_{∂N} (the pullback to the boundary) defines the mapping π_∗ : EL_N /Q_N → EL_{∂N} /Q_{∂N} Its image L_N /Q ⊂ EL_{∂N} /Q is Lagrangian.

Tangent spaces to EL_N and EL_{∂N} are kernels of corresponding operators Q̂ and are described in components in (67), (69). The image of Q̂ is also easy to compute. For the bulk we have Im(Q̂_A) = {[γ̃, c], d_Aγ̃ +[α̃, c], d_Aα̃+[c, α̃^†]+[γ̃, A^†], d_Aα̃^† +[c, γ^†]+[A^†, α̃]+[c^†, γ]} for the boundary: Im(Q̂_A) = {([γ̃, c], d_Aγ̃ + [α̃, c], d_Aα̃ + [c, α̃^†] + [γ̃, A^†])} The reduced spaces are quotient spaces ker(Q̂)/Im(Q̂). In other words these are cohomology spaces of the cochain complexes Ω^•(N)[1] and Ω^•(∂N)[1] respectively with respect to the differential d_Aω = [c, ω] + d_Aω + [A^†, ω].

When A is of degree zero, i.e. c = c^† = A^† = 0 and F (A) = 0 we have T_AEL_N /Q_N = H^•_{dA} (N, g)[1], T_AEL_{∂N} /Q_{∂N} = H^•_{dA} (∂N, g)[1]

7.2.4. The gh = 0 part of the theory. The non-reduced gh = 0 part of the theory has the space of fields F_N = Ω^1(N, g). In case of a general principal G-bundle, this is the space of connections. The classical action is the Chern-Simons functional: S^{cl}_N = ∫ N tr ( 1 2 A ∧ dA + 1 6 A ∧ [A, A] )

Its critical points are flat connections: F (A) = dA +^1_2 [A, A] = 0. The g-valued zero-forms act by infinitesimal gauge transformations A → A + d_Aα, α ∈ ω^0(N, g).

The gh = 0 part of the space of boundary fields is F_{∂N} = Ω^1(N, g). This is an exact symplectic space with α_{∂N} = 1 2 ∫ ∂N tr(A ∧ δA), ω_{∂N} = δα_{∂N} = 1 2 ∫ ∂N tr(δA ∧ δA) The degree zero part C_{∂N} of the boundary Euler-Lagrange space is the space of flat connections in a trivial G-bundle over ∂N. It is coisotropic in the space of all connections.

The gauge group G_{∂N} = Map(∂N, G) acts on F_{∂N} by Hamiltonian transformations. Infinitesimally, the action is A → A + d_Aα. The momentum map μ : Ω^1(N, g) → Ω^2(N, g) is the curvature. The symplectic reduction of C_{∂N} coincides with the Hamiltonian reduction. The reduced space C_{∂N} /G_{∂N} is the moduli space of flat G-connections on the trivial G-bundle over ∂N.

The reduced gh = 0 part of the Euler-Lagrange space is the moduli space of flat connections in the trivial G-bundle over N. The mapping π_∗ : M^G_N → M^G_{∂N} is the natural restriction mapping of representations of π_1(N) to representations of π_1(∂N) ⊂ π_1(N). The image of this mapping is the Lagrangian subvariety in M^G_{∂N} , the fibers are those representations of π_1(N) which restrict trivially to π_1(∂N). For detailed exposition of the global aspects of the classical Chern-Simons theory see [26].

7.3. Non-abelian BF theory. The target space for the non-abelian BF theory is described in section 6.1.2.

7.3.1. The bulk BV theory. The space of fields in the BV-extended non-abelian BF theory is F_N = Ω^•(N, g)[1] ⊕ Ω^•(N, g)[n − 2]

ω_N = ∫ N tr(δB ∧ δA) Q_N = ∫ N tr (( dA + 1 2 [A, A] ) ∧ δ δA + d_AB ∧ δ δB )

S_N = ∫ N tr ( B ∧ ( dA + 1 2 [A, A] ))

The Euler-Lagrange space: EL_N = {(A, B) ∈ F_N |dA + 1 2 [A, A] = 0, d_AB = 0} As in the Chern-Simons theory we are interested in the smooth locus of the Euler-Lagrange space which is, in this case, a vector bundle over the space of flat connections on G×N with fiber (⊕_{i≠1}Ω^i_{dA−closed}(N, g)[1])⊕Ω^•_{dA−closed}(N, g)[n−2] over a flat connection A.

7.3.2. The boundary BFV theory. The space of boundary fields is

F_{∂N} = Ω^•(∂N, g)[1] ⊕ Ω^•(∂N, g)[n − 2]

The BFV structure on it is given by the AKSZ construction: α_{∂N} = ∫ ∂N tr(B ∧ δA), ω_{∂N} = δα_{∂N} = ∫ ∂N tr(δA ∧ δB)

Q_{∂N} = ∫ ∂N tr (( dA + 1 2 [A, A] ) ∧ δ δA + d_AB ∧ δ δB )

S_{∂N} = ∫ ∂N tr ( B ∧ ( dA + 1 2 [A, A] ))

The boundary Euler-Lagrange space is EL_{∂N} = {(A, B) ∈ F_{∂N} |dA + 1 2 [A, A] = 0, d_AB = 0} 7.3.3. The gh = 0 part of the theory. The degree zero gauge theory has the space of fields F_N = Ω^1(N, g) ⊕ Ω^{n−2}(N, g) we will denote 1-forms A and (n − 2)-forms B. The action is S^{cl}_N = ∫ N tr(B ∧ F (A)) Euler-Lagrange equations are

F (A) = 0, d_AB = 0

Infinitesimal gauge transformations act as A → A + d_Aμ, B → B + [B, μ] + d_Aλ The space of boundary fields is the pullback of bulk fields. The restriction mapping is the pullback. The symplectic structure on the space of bulk fields is exact with ω_N = δα_N where

α_N = ∫ ∂N tr(B ∧ δA), ω_N = ∫ ∂N tr(δA ∧ δB) The coisotropic submanifold C_{∂N} is the gh = 0 part of EL_{∂N} . The Lagrangian submanifold L_N = π(EL_N ) consists of pairs (A, B) where A is a flat connection on ∂N which continues to a flat connection on N and B ∈ Ω^{n−2}(∂N, g) is horizontal with respect to the flat connection A and extends to a horizontal (n − 2)-form on N. The reduced space EL_N /G_N is a vector bundle over the moduli space of flat connections on the trivial G-bundle on N with fiber H^{n−2}_A (N, g) over a gauge class [A].

The moduli space EL_{∂N} /G_{∂N} has the same structure and can be identified with T^∗M^G_{∂N} .

7.4. BF + B^2 theory. In this theory the space is 4-dimensional. The target space is the same as the one for the BF theory.

7.4.1. The bulk BV theory. The space of fields is the same as in the 4-dimensional BV -extended BF -theory with the same symplectic structure.

The action and the vector field Q_N are: Q_N = tr ∫ N (( dA + 1 2 [A, A] + B ) ∧ δ δA + d_AB ∧ δ δA )

S_N = tr ∫ N ( B ∧ ( dA + 1 2 [A, A] ) + 1 2 B ∧ B )

The Euler-Lagrange space: EL_N = {(A, B) ∈ F_N | dA + 1 2 [A, A] + B = 0, d_AB = 0} ≃ Ω^•(N, g)[1]

Indeed, the first condition F (A) + B = 0 gives no restriction on A, and the second condition d_AB = 0 follows from the first one and from the Bianchi identity.

7.4.2. The boundary BFV theory. The space of boundary fields is the same as for the BF theory with the same symplectic structure of degree 0.

The boundary vector field Q_{∂N} and the boundary action are Q_{∂N} = tr ∫ ∂N (( dA + 1 2 [A, A] + B ) ∧ δ δA + d_AB ∧ δ δA )

S_{∂N} = tr ∫ ∂N ( B ∧ ( dA + 1 2 [A, A] ) + 1 2 B ∧ B )

The boundary Euler-Lagrange space: EL_{∂N} ≃ Ω^•(∂N)[1] 7.4.3. The gh = 0 part of the theory. The space of fields is the same as the space of fields of the non-abelian BF theory in four dimensions. The action is S^{cl}_N = tr ∫ N ( B ∧ F (A) + 1 2 B ∧ B )

Euler-Lagrange equations are

B + F (A) = 0, d_AB = 0

The second equation follows from the first and from the Bianchi identity. Infinitesimal gauge transformations are A → A + d_Aα − β, B → B + [B, α] + d_Aβ The reduced theory is trivial: EL_N /Q = {0}, EL_{∂N} /Q = {0} so the gh = 0 part of it also trivial.

7.5. The Poisson sigma model. The target space for the Poisson sigma model is described in section 6.1.2. In this section M is a Poisson manifold with the Poisson tensor π(x). In local coordinates π(x) = ∑ ab π^{ab}(x)∂_a∂_b.

7.5.1. The bulk BV theory. In case of the Poisson sigma model the spacetime is two dimensional. The space of fields in the models is F_N = Map(T [1]N, T^∗[1]M). We will use coordinate field X̃^a = X^a + η^{+,a} + β^{+,a} for coordinates q^a on M and η̃_a = β_a + η_a + X^†_a for coordinates p_a in the cotangent directions. Components of fields X̃^a and η̃_a are forms of degree 0, 1, 2 respectively. They have ghost numbers gh(X) = 0, gh(η^†) = −1, gh(β^†) = −2, gh(β) = 1, gh(η) = 0, gh(X^†) = −1. The symplectic form and the action functional are given by the AKSZ construction:

ω_N = ∫ N ∑ a δη̃_a ∧ δX̃^a = ∫ N ∑ a (δX^a ∧ δX^†_a + δη^{+,a} ∧ δη_a + δβ^{+,a} ∧ X^†_a)

S_N = ∫ N ∑ a ( η̃_a ∧ dX̃^a + 1 2 ∫ N ∑ ab π^{ab}(X̃) ∧ η̃_a ∧ η̃_b )

In field components this action is

(71) S_N = ∫ N ( η_a ∧ dX^a − η^{+,a} ∧ β_a + 1 2 π^{ab}(X) ∧ η_a ∧ η_b + π^{ab}(X) ∧ β_a ∧ X^†_b + η^{+,a} ∧ ∂_aπ^{bc}(X) ∧ β_b ∧ η_c + 1 2 β^{+,c} ∧ ∂_cπ^{ab}(X) ∧ β_b ∧ β_c + 1 4 η^{+,c} ∧ η^{+,d} ∧ ∂_c∂_dπ^{ab}(X) ∧ β_a ∧ β_b )

The vector field Q is

Q_N = ∫ N ( (dX̃^a + π^{ab}(X̃) ∧ η̃_a ∧ η̃_b) ∧ δ δX̃^a + (dη̃_a + 1 2 ∂_aπ^{bc}(X̃) ∧ η̃_b ∧ η̃_c) ∧ δ δη̃_a )

The Euler-Lagrange space EL_N is the space of zeroes of Q (the space of critical points of S_N ), or the space of solutions to

dX̃^a + π^{ab}(X̃) ∧ η̃_a ∧ η̃_b = 0, dη̃_a + 1 2 ∂_aπ^{bc}(X̃) ∧ η̃_b ∧ η̃_c

7.5.2. The boundary BFV theory. We will use the same notations for coordinate fields in the space of boundary fields F_{∂N} = Map(T [1]∂N, T^∗[1]M). In terms of this coordinate fields the BFV data for the Poisson sigma model are: α_{∂N} = ∫ ∂N η̃_a ∧ δX̃^a

ω_{∂N} = ∫ ∂N δη̃_a ∧ δX̃^a

Q_{∂N} = ∫ ∂N ( (dX̃^a + π^{ab}(X̃) ∧ η̃_a ∧ η̃_b) ∧ δ δX̃^a + (dη̃_a + 1 2 ∂_aπ^{bc}(X̃) ∧ η̃_b ∧ η̃_c) ∧ δ δη̃_a )

S_{∂N} = ∫ ∂N ( ∑ a η̃_a ∧ dX̃^a + 1 2 ∑ ab π^{ab}(X̃) ∧ η̃_a ∧ η̃_b )

Appendix A. Coisotropic submanifolds and reduction

In this paper we use the definition of Lagrangian submanifolds as submanifolds which are both isotropic and coisotropic. This is because many of the symplectic spaces we work with are infinite dimensional. In finite dimensional symplectic manifolds, Lagrangian submanifolds have half-dimension of the total manifold. In the infinite dimensional case this property becomes meaningless.

Let W be a presymplectic space (possible infinite-dimensional) and K ⊂ W be the kernel of its presymplectic form. Then W^′ = W/K is symplectic. Denote by p : W → W^′ the natural projection map. For a subspace L ⊂ W define L^′ ⊂ W^′ as L^′ = p(L) = L/L ∩ K. It is clear that p^{−1}(L) = L+K, and it is easy to see that p^{−1}((L^′)^⊥) = L^⊥. Here A^⊥ is the orthogonal space with respect to the symplectic (presymplectic) form.

Proposition A.1. The subspaces L and L^′ have the following properties:

(1) L is isotropic if and only if L^′ is isotropic. (2) If L is Lagrangian, then L^′ is also Lagrangian. (3) If L^′ is Lagrangian and K ⊂ L, then L is Lagrangian.

Proof. For ξ, η ∈ W , denote by [ξ], [η] ∈ W^′ the equivalence classes of these elements. By definition of the symplectic structure on W^′:

([ξ], [η])_W ′ = (ξ, η)

The first statement is obvious from this definition.

Now assume that L is coisotropic, i.e. if (ξ, η) = 0 for any η ∈ L, then ξ ∈ L. This implies that also (ξ + κ_1, η + κ_2) = 0 for each κ_i ∈ K . But this means that if ([ξ], [η])_W ′ = 0 for each [η] ∈ L^′ then [ξ] ∈ L^′. This means L^′ is contains its symplectic orthogonal and therefore is coisotropic. We proved the second statement.

To prove the last statement, we have to prove that if L^′ is coisotropic and K ⊂ L then L is coisotropic. Then the first statement implies the third one.

Assume L^′ is coisotropic, i.e. that if ([ξ], [η])_W ′ = 0 for each [η] ∈ L^′ then [ξ] ∈ L^′. But this means that if (ξ + κ_1, η + κ_2) = 0 for each η ∈ L and κ_1, κ_2 ∈ K then ξ ∈ L + K. If K ⊂ L, this means that if (ξ, η) = 0 for each η ∈ L then ξ ∈ L. That is that L ⊂ W is coisotropic. □ An important particular case is when W is a coisotropic subspace in a bigger symplectic space. In this case K = W^⊥. The space W^′ is the Hamiltonian reduction of the space W .

Remark A.2. If L ⊂ V , the space V is symplectic and W ⊂ V is coisotropic but we do not assume that L ⊂ W , then the first statement holds when L^′ = p(L ∩ W ) but the second and the third statements do not hold in general unless V is finite dimensional.

Now, let W be a presymplectic manifold and K ⊂ T W be the integrable distribution which is the kernel of the presymplectic form. Assume the space of leaves of K is a smooth manifold W^′. Let L ⊂ W be a submanifold, and L^′ be the space of leaves of K which passes through L. Assume it is also smooth. Then Proposition A.1 holds but the condition in the last statement should be replaced with K|_L ⊂ T L.

Appendix B. Some facts on graded manifolds

B.1. Graded manifolds. Recall that a smooth super manifold M with body M_e is a sheaf of super algebras over M_e locally isomorphic to the tensor product of the algebra of smooth functions on the body with an exterior algebra. Namely, there is an atlas {(U_α, ϕ_α)} of M_e with super algebra isomorphisms

Φ_α : M|_{Uα} → C^∞(ϕ_α(U_α)) ⊗ ⋀ V^∗ =: A_α

for a fixed vector space V . The coordinate map ϕ_αs take values in some given vector space W . For infinite dimensional supermanifolds one needs more structure: W is assumed to be a Banach or Fréchet space and, if V is infinite dimensional, the tensor product has to be completed (the dual has also to be defined properly).

If V = ⊕_{k∈Z}V_k and W = ⊕_{k∈Z}W_k are Z-graded vector spaces (it is safer to assume they have only finitely many nontrivial, but possibly infinite dimensional, summands), then A_α gets additional structure as it contains the Z-graded subalgebra of polynomial functions where by definition linear functions on W_k or V_k have degree −k. To extend the notion of grading to nonpolynomial functions, we introduce the local graded Euler vector field E as follows: Pick graded bases (i.e., bases adapted to the decompositions) {x^i} and {y^i} of W^∗ and V^∗, respectively; then define E := ∑ i |x^i|x^i ∂ ∂x^i + ∑ i |y^i|y^i ∂ ∂y^i , where |x^i| := −k for x^i ∈ (W_k )^∗ and |y^i| := −k for y^i ∈ (V_k )^∗. Notice that this definition is independent of the choice of graded bases. We then say that a function f is of degree k if it satisfies E(f) = kf.

If it is possible to choose an atlas of M as above such that all transition functions are compatible with the local graded Euler vector fields on charts,^{10} then we say that M is a graded manifold. Notice that a graded manifold is a super manifold with additional structure; namely, that of a globally well-defined graded Euler vector field, which we will keep denoting by E. A global function is said to have degree k if it satisfies E(f) = kf. One may let E act on vector fields and differential forms by Lie derivative and define degree accordingly. Namely, a vector field X has degree k if satisfies [E, X] = kX and a differential form α has degree k if L_E α := i_Edα + di_E α = kα. Notice that the graded Euler vector field has degree zero. We recall from [46] some useful facts whose proof is a straightforward computation:

(1) Let ω be a closed form of degree m ≠ 0. Then ω = dθ with θ =^1_m ι_E ω. (2) Let X be a vector field of degree l and ω a closed X-invariant form of degree m with m + l ≠ 0. Then ι_X ω = dS with S =^1_{m+l} ι_E ι_X ω.

In particular, this implies that symplectic forms of degree different from zero are automatically exact and that a symplectic cohomological vector field is automatically Hamiltonian if the degree of the symplectic form is different from −1.

Definition B.1. Morphisms of graded manifolds are morphisms of the underlying supermanifolds that respect the graded Euler vector fields.

10That is, for any two charts Uα and U β we have E_β (Φ_β ∘ Φ^{−1}_α )^∗f = (Φ_β ∘ Φ^{−1}_α )^∗E_αf for all f ∈ A_α.

Remark B.2. A different definition of graded manifolds commonly used in the literature is that of a sheaf M of graded algebras over the degree zero body M_0 locally isomorphic to the tensor product of smooth functions on the degree zero body with the graded symmetric algebra of a graded vector space. In this setting functions (and transition functions) are polynomial in the coordinates of degree different from zero. To distinguish graded manifolds defined this way from the ones defined above we will call them polygraded manifolds. Notice that a polygraded manifold is not a super manifold with additional structure. On the other hand, if a graded manifold happens to have an atlas for which all transition functions are polynomial in the coordinates of degree different from zero, then it can be given the structure of a polygraded manifold simply by restricting the sheaf. In all the examples discussed in this paper we could work with polygraded manifolds, but this would be problematic for functional integral quantization where one exponentiates the action and wants to consider integration.

Remark B.3. A common notion in the literature is that of an N-manifold. This is a graded manifold with no coordinates of negative degree. They are commonly used as targets of the AKSZ construction. Notice that by degree reasons all transition functions are polynomial in the coordinates of degree different from zero.

Remark B.4. A special class of (poly)graded manifolds are those in which the Z and Z_2 gradings agree. This means that W_{2k+1} = 0 = V_{2k} for all k or, equivalently, that for all k homogenous sections of degree 2k (2k + 1) are even (odd) with respect to the original super algebra grading. These graded manifolds occur in the BV formalism whenever no fermionic physical fields are present. In this paper we will restrict to this case throughout.

B.2. Mapping spaces. Let M and N be finite dimensional super manifolds. Then the set of morphisms Mor(M, N) can naturally be given the structure of a (usually infinite dimensional) manifold (non super) as follows: If the target is a super vector space Z, then Mor(M, Z) is the (usually infinite dimensional) vector space

(72) (C^∞(M) ⊗ Z)_e = C^∞(M)_e ⊗ Z_e ⊕ C^∞(M)_o ⊗ Z_o

For the general case, one applies this construction to local charts of the target to define local charts of the manifold of morphisms.

It is important to extend this construction to define the mapping space Map(M, N) as a (usually infinite dimensional) super manifold with body Mor(M, N). Again this is done in terms of local charts, so it is enough to define Map(M, Z). This is just the super space C^∞(M) ⊗ Z (of which (72) is the even part). The main property of the mapping space is Mor(X × M, N) = Mor(X, Map(M, N)) ∀X. Vector fields on the source and on the target can naturally be lifted to the mapping space. If X_M (Y_N ) is a vector field on M (N), we denote by X̌_M (Ŷ_N ) its lift. Notice that the map Y_N → Ŷ_N is a morphism of Lie algebras, whereas the map X_M → X̌_M is an antimorphism.

If M and N are graded manifolds, with graded Euler vector fields E_M and E_N , then one can give Map(M, N) the structure of a (usually infinite dimensional) graded manifold with graded Euler vector field

E_{Map(M,N)} = Ê_N − Ě_M .

The set of morphisms from M to N in the category of graded manifolds can then be regarded as the degree zero submanifold of Map(M, N).

Remark B.5. In the category of polygraded manifolds, one can also define the mapping space as a polygraded manifold. In this case the local data are given by Map(M, Z) for Z a graded vector space. Here Map(M, Z) is defined as the graded tensor product C^∞(M) ⊗ Z = ⨁ k (C^∞(M) ⊗ Z)_k with (C^∞(M) ⊗ Z)_k = ⨁ j C^∞(M)_j ⊗ Z_{k−j} .

Appendix C. On smooth points of the moduli space EL/Q

Here we will discuss the notion of smooth points in the EL-moduli spaces which we use throughout the paper. We will use notations: F for the space of BV fields, F for its gh = 0 part, EL for BV Euler-Lagrange space and EL for its gh = 0 part. We assume F is given together with the cohomological vector field Q. Denote by V ect_Q the Lie subalgebra of the Lie algebra of vector fields on F formed by Lie brackets with Q and by G the distribution on the body F of F induced by the span of V ect_Q. The distribution G on F should be regarded as infinitesimal gauge transformations.

For a x ∈ F the Taylor expansion of a vector field Q in the formal neighborhood of x is: Q^{formal} x = Q^{(0)}_x + Q^{(1)}_x + Q^{(2)}_x + · · · where each Q^{(k)}_x ∈ Coder(ŜT_xF)

is the extension of a k-linear map Q̂^{(k)}x : S^k(T_xF) → T_xF to a coderivation of ŜT_xF by co-Leibniz identity. The linear maps Q̂^{(k)}_x arise from the Taylor expansion of Q at x. By the natural inclusion Coder(ŜT_xF) → Der(ŜT^∗_x F), Q^{formal}_x acts on ŜT^∗_x F as a derivation.

If x ∈ EL ⊂ F , then Q̂^{(0)}x = 0 and Q^{formal}_x endows T_x[−1]F with the structure of L_∞ algebra with differential Q̂^{(1)}_x and higher polylinear operations Q̂^{(k)}_x , k ≥ 2.

We define the formal neighborhood of [x] ∈ EL/G in EL/Q as

(73) U^{formal}_{[x]} (EL/Q) := Spec(H_Qformal_x (ŜT^∗_x F))

It can be regarded as the “BV” (or “stable”) version of the Maurer-Cartan set for the L_∞ structure on T_x[−1]F. When operations Q̂^{(k)}_x for k ≥ 2 are identically zero, the spectrum (73) is H_{Q̂}(1)_x (T_xF) which means that the formal neighborhood of [x] in EL/Q is the graded vector space H_{Q̂}(1)_x (T_xF).

When operations Q̂^{(k)}_x do not vanish for k ≥ 2 they induce operations Q̂^{′(k)}_x on the cohomology space V_x = H_{Q̂}(1)_x (T_xF). These operations endow the graded space V_x[−1] with the structure of minimal L_∞ algebra. In other words the formal series

Q^′_x = Q^{′(0)}_x + Q^{′(1)}_x + Q^{′(2)}_x + · · · ∈ Coder(Ŝ(V_x)) is a (formal) cohomological vector field on V_x. Note that first two terms vanish by our assumptions.

This construction is known as homological perturbation theory [33] (see also [31] for a more concise exposition), more specifically, as the homotopy transfer of L_∞ algebras [37, 38]. By the same homological perturbation theory the formal neighborhood of [x] ∈ EL/G ⊂ EL/Q is

U^{formal}

[x] (EL/Q) = Spec(H_Q′_x (Ŝ(V_x)^∗))

This is a singular variety unless Q^′_x vanishes.

This is why we define a smooth point [x] ∈ EL/G as a point for which all induced L_∞ operations Q̂^{′(k)}x vanish. The set of such points we will call the smooth locus of the body of the EL-moduli space and will denote it (EL/G)smooth.

The smooth locus in the EL-moduli space is a graded vector bundle over (EL/G)smooth with fiber H^{≠0}_{Q̂(1)x} (T_xF) over [x]. Here H^{≠0} means that we do not count the cohomology in ghost number 0 to avoid double counting of geometric (gh = 0) directions for the tangent space.

Appendix D. Cartan calculus of local differential forms

D.1. Transgression map from forms on the target to forms on the mapping space. Recall that the space of fields in the AKSZ theory is F_N = Map(T [1]N, M) with M a Hamiltonian dg manifold.

Consider natural projections F_N × T [1]N^{ev}→ M p ↓ F_N Here ev(f, x) = f(x) and p(f, x) = f. The pullback ev^∗ of a from M gives a form on F_N × T [1]N. Let Ω be a form on F_N × T [1]N of type (k, 0). The pushforward p_∗ of a form on F_N × T [1]N gives a form on F_N .

p_∗(Ω)(X) = ∫ T [1]N i^∗_X (Ω)

Here i_X is the composition of the natural isomorphism of T [1]N with the fiber (X, T [1]N) = p^{−1}(X) and the embedding of this fiber into F_N × T [1]N. The integration over T [1]N is defined as usual taking into account natural isomorphism ϕ : C^∞(T [1]N) ≃ Ω^•(N). If f ∈ C^∞(T [1]N) ∫ T [1]N f^{def}= ∫ N ϕ(f) Having in mind this formula we will write for p_∗

p_∗(Ω)(X) = ∫ N Ω The transgression map is defined as

T_N := p_∗ev^∗ : Ω^•(M) → Ω^•(F_N )

Given α ∈ Ω^•(M) which is α = ∑ {a} α_{a1,...,ak} dx^{a1} . . . dx^{ak} in local coordinates, its transgression is

(74) (T_N α)(X) = ∫ N ∑ a_1 ,...,a_k α_{a1,...,ak} (X(u))δX^{a1} (u) . . . δX^{ak} (u) where X^a(u) are coordinate fields and δX^a(u) are their de Rham differentials (on F_N ).

Define the space of ultra local forms Ω^•_{uloc}(F_N ) as the image of the transgression map.

D.2. De Rham and lifted vector fields. Recall that the de Rham differential for N can be regarded as a vector field D_N on T [1]N of degree 1. The identification of forms on N with functions on T [1]N identifies the action of the de Rham differential on forms with the action of the vector field D_N on functions on T [1]N. In local coordinates {u^i} on N and ξ^i = du^i on T_u[1]N the Lie derivative of a function along the de Rham vector field on T [1]N is D_N f = ∑ i ξ^{i ∂f}_{∂ui} . The de Rham vector field Ď_N is defined as the lift of de Rham vector field ξ^{i ∂}_{∂ui} on N to the mapping space F_N .

Indeed, the tangent space T_X F_N is the space of mappings Y : T [1]N → T M such that (ξ, u) → Y (u, ξ) ∈ T_{X(u,ξ)}M. A vector field V on F_N is a section of the tangent bundle, i.e. it assigns a vector V_X : F_N → T_X F_N to each X ∈ F_N .

For de Rham vector field Ď_N on F_N the vector (Ď_N )_X ∈ T_X F_N is the mapping

(Ď_N )_X : T [1]N^{DN}→ T (T [1]N)^{dX}→ T M

Here dX : T (T [1]N) → T M is the differential of X. In local coordinates:

(Ď_N )_X (ξ, u) = ∑ a ∑ {i},j ∂X^a_{i1 ,...,ik} ∂u^j (u)ξ^j ξ^{i1} . . . ξ^{ik} ∂ ∂x^a The de Rham vector field on F_N has ghost number +1.

Another important class of vector fields on F_N comes from lifting vector fields on M to the mapping space F_N . If v : M → T M is a vector field on M, its lifting is the vector field v̂ on F_N with v̂_X ∈ T_X F_N given by the mapping T [1]N^X→ M^v→ T M D.3. Local differential forms. Local differential forms^{11} are defined as substitutions of several copies of Ď_N into an ultra-local form:

(75) T^k_N χ := (ιˇ_{DN} )^kT_N χ, k ≥ 0

The space of forms Ω^•(M) is naturally bi-graded with (de Rham degree of forms on M, Z-grading on M). The space Ω^•(F_N ) is also naturally bi-graded with (de Rham degree of forms on F_N , ghost number). Transgression mappings T^k_N : Ω^•(M) → Ω^•(F_N ) are bi-graded with

deg(T^k_N ) = (−k, − dim(N) + k)

Also note that if χ ∈ Ω^n(M) and k > n, by degree reasons we have T^k_N χ = 0. Let {x^a} be local coordinates on M and X^a(u) be corresponding coordinate fields. If α = ∑ {a} α_{a1 ,...,ak} dx^{a1} ∧ · · · ∧ dx^{ak} is a differential form on M written in

11Note that, by our definition, local 0-forms are special cases of local functionals.

local coordinates, the corresponding local forms on F_N can be written in coordinate fields as

T^l_N (α) = ∫ N ∑ {a}={a_I }⊔{a_{II} } α_{{aI }⊔{aII }}(X(u)) ∧ dX^{{aI }}(u) ∧ δX^{{aII }}(u) Here the sum is taken over partitions of the set {a} into two subsets, so that {a} is a shuffle of {a_I } and {a_{II} }. We denote dX^{{a}} = dX^{a1} ∧ · · · ∧ dX^{ak} .

We will use the notation Ω^•_{loc}(F_N ) for the space of such forms. D.4. The Cartan calculus. Let us denote π : F_N → F_{∂N} the restriction map (pullback by the natural inclusion ∂N → N) and let (76) π^∗ : Ω^•(F_{∂N} ) → Ω^•(F_N ) be the pullback by π for differential forms on the space of fields.

Objects we introduced satisfy the following properties: (i) De Rham differential δ on F_N acts on local forms by (77) δ(T^k_N χ) = (−1)^{dim(N)}(T^k_N dχ − k · π^∗(T^{k−1}_{∂N} χ))

where d is the de Rham differential on target.

(ii) “Total derivative property”, which is a special case of (77) for k = deg χ + 1: (78) χ ∈ Ω^n(M) ⇒ T^{n+1}_N (dχ) = (n + 1) · π^∗(T^n_{∂N} χ) (iii) Substitution of Ď_N into a local form: (79) ιˇ_{DN} (T^k_N χ) = T^{k+1}_N χ

by definition (75).

(iv) Substitution of a lifted vector field into a local form: (80) ι_{v̂} (T^k_N χ) = (−1)^{(gh(v)+1)·dim(N)}T^k_N (ι_v χ)

for any vector field v ∈ Vect(M) of ghost number gh(v) on target. (v) Rules for commuting the substitution of a vector field on F_N with the map π^∗ (76): ιˇ_{DN} π^∗ = π^∗ιˇ_{D∂N} (81) ι_{v̂} π^∗ = π^∗ι_ṽ

(82)

Here ṽ is the lifting of the vector field v on M to a vector field on F_{∂N} . This is a manifestation of the fact that vector fields Ď_N , v̂ ∈ Vect(F_N ) are projectable by the restriction map π : F_N → F_{∂N} with projections being Ď_{∂N} , ṽ ∈ Vect(F_{∂N} ) respectively.

(vi) The Lie derivative of a local form along Ď_N : (83) Lˇ_{DN} (T^k_N χ) = (−1)^{dim(N)}π^∗(T^k_{∂N} χ)

We define the Lie derivative by Cartan formula L_V := [ι_V , δ] = ι_V ∘ δ + (−1)^{gh(V )}δ ∘ ι_V for any vector field V ∈ Vect(F_N ). With this definition the formula (83) comes as a consequence of (77), (79), (81).

(vii) Lie derivative of a local form along a lifted vector field: (84) L_{v̂}(T^k_N χ) = (−1)^{gh(v)·dim(N)}T^k_N (L_vχ)

(this is a consequence of (77), (80), (82)).

(viii) Commutators of vector fields:

(85) [Ď_N , Ď_N ] = 0

This is because d^2 = 0 on the source N. Also (86) [Ď_N , v̂] = 0 and (87) [û, v̂] = ^[u, v] D.5. Applications to AKSZ theories.

D.5.1. Invariant definition of AKSZ theories. Recall that the target manifold in an n-dimensional AKSZ theory is a Hamiltonian dg manifold of degree n − 1. In other words, it is symplectic with an exact symplectic form ω = dα ∈ Ω^2(M) and deg(ω) = n − 1 and with a potential function Θ of degree n such that {Θ, Θ} = 0. The potential function generates the cohomological vector field Q of degree 1: ι_Qω = dΘ By definition of Q, the symplectic form ω is Q-invariant, i.e. L_Qω = 0 where L_Qη is the Lie derivative of η. The condition {Θ, Θ} = 0 implies that L^2_Q = 0 which we will write as Q^2 = 0.

The AKSZ action is the following local functional on the space Map(T [1]N → M) S_N = S^{kin}_N + S^{int}_N where S^{kin}_N = T^1_N α S^{int}_N = T^0_N Θ are kinetic and interaction parts of the action respectively. Here T^k_N are the transgression maps defined above.

The BV cohomological vector field Q_N in this theory is defined as Q_N = Q^{kin}_N + Q^{int}_N ∈ Vect(F_N ) with Q^{kin}_N = Ď_N Q^{int}_N = Q̂ Here Q̂ is the lift of the vector field Q on M to a vector field on F_N , see subsection D.2.

The BV 2-form and its primitive 1-form: ω_N = T^0_N ω α_N = T^0_N α Note that with our conventions we have an extra sign: ω_N = (−1)^{dim(N)}δα_N .

These formulae applied to the boundary ∂N of N also define the BFV action S_{∂N} , the cohomological vector field Q_{∂N} , BFV 2-form ω_{∂N} and its primitive 1-form α_{∂N} . D.5.2. Proof of Proposition 6.3. Using the definition of Q_N and the Cartan calculus we can compute the contraction of kinetic and interaction parts of Q_N with ω_N : ι_Qkin_N ω_N = ιˇ_{DN} (T^0_N ω) = T^1_N ω = T^1_N δα The rule (77) from Cartan calculus on local forms implies that this is equal to (88) (−1)^{dim(N)}δT^1_N α + π^∗(T^0_{∂N} α) = (−1)^{dim(N)}δS^{kin}_N + π^∗α_{∂N} Contracting Q^{int}_N with ω_N we obtain ι_Qint_N ω_N = ι_{Q̂}(T^0_N ω) = T^0_N (ι_Qω) Here in the last equality we used (80). Because Q is a Hamiltonian vector field generated by Θ, ι_Qω = dΘ and for the above expression we obtain (89) T^0_N (dΘ) = (−1)^{dim(N)}δ(T^0_N Θ) = (−1)^{dim(N)}δS^{int}_N Here the first equality follows from (77).

Equations (88), (89) together give (64).

D.5.3. Further applications to the AKSZ formalism. Here we will reprove the Proposition 3.1 using the Cartan calculus.

Proposition D.1. The following identity holds: (90) L_{QN} S_N = (−1)^{dim(N)}π^∗(2S_{∂N} − ι_{Q∂N} α_{∂N} ) Proof. The proof is computational:

(91) L_Qkin_N S^{kin}_N = Lˇ_{DN} T^1_N α = (−1)^{dim(N)}π^∗(T^1_{∂N} α) = = (−1)^{dim(N)}π^∗(ι_Qkin_{∂N} α_{∂N} ) = (−1)^{dim(N)}π^∗(2S^{kin}_{∂N} − ι_Qkin_{∂N} α_{∂N} ) Here we used ι_Qkin_{∂N} α_{∂N} = S^{kin}_{∂N} .

(92) L_Qkin_N S^{int}_N = Lˇ_{DN} (T^0_N Θ) = (−1)^{dim(N)}π^∗(T^0_{∂N} Θ) = = (−1)^{dim(N)}π^∗(S^{int}_{∂N} )

(93) L_Qint_N S^{kin}_N = L_{Q̂}(T^1_N α) = (−1)^{dim(N)}T^1_N (L_Qα) = Cartan formula = (−1)^{dim(N)}T^1_N (ι_Qdα − dι_Qα) = (−1)^{dim(N)}T^1_N d(Θ − ι_Qα) Here we used the Cartan formula and the exactness of the symplectic form on the target, ω = dα. Now applying (78) we obtain (94) = (−1)^{dim(N)}π^∗T^0_{∂N} (Θ − ι_Qα) = (−1)^{dim(N)}π^∗(S^{int}_{∂N} − ι_Qint_{∂N} α_{∂N} )

(95) L_Qint_N S^{int}_N = L_{Q̂}T^0_N Θ = (−1)^{dim(N)}T^0_N (L_QΘ) = 0 Collecting (91)–(95), we obtain (90). □

The following is a corollary of Proposition 6.3 but here we give an independent proof.

Proposition D.2. The following holds:

(96) L_{QN} ω_N = (−1)^{dim(N)}π^∗ω_{∂N}

Proof. Indeed:

(97) L_Qkin_N ω_N = Lˇ_{DN} (T^0_N ω) = (−1)^{dim(N)}π^∗ T^0_{∂N} ω ω_{∂N} where we used the rule (83). Also,

(98) L_Qint_N ω_N = L_{Q̂}(T^0_N ω) = (−1)^{dim(N)}T^0_N (L_Qω) = 0

where we used the rule (84) and the fact that the target cohomological vector field is symplectic. Putting (97) and (98) together we get (96). □

References

[1] M. Aleksandrov, M. Kontsevich, A. Schwarz and O. Zaboronsky, The geometry of the master equation and topological quantum field theory, Int. J. Mod. Phys. A 12 (1997) 1405–1430.

[2] A. Alekseev, P. Mnev, One-dimensional Chern-Simons theory, Comm. in Math. Phys. 307, 1 (2011) 185–227, arXiv:1005.2111.

[3] J. E. Andersen, The Witten-Reshetikhin-Turaev invariants of finite order mapping tori I, arXiv:1104.5576.

[4] M. Atiyah, New invariants of three and four manifolds, Proc. Symp. Pure Math. (AMS), 48 (1988).

[5] S. Axelrod, I. M. Singer, Chern-Simons perturbation theory. I. Perspectives in mathematical physics, 17–49, Conf. Proc. Lecture Notes Math. Phys., III, Int. Press, Cambridge, MA (1994); Chern-Simons perturbation theory. II. J. Differential Geom. 39, 1 (1994) 173–213.

[6] J. Baez, J. Dolan, Higher-dimensional Algebra and Topological Quantum Field Theory, J.Math.Phys. 36 (1995) 6073–6105.

[7] D. Bar-Natan, Perturbative Chern-Simons Theory , Journal of Knot Theory and its Ramifications 4, 4 (1995) 503–548.

[8] I. A. Batalin, G. A. Vilkovisky, Gauge algebra and quantization, Phys. Lett. B 102, 1 (1981) 27–31;

I. A. Batalin, G. A. Vilkovisky, Quantization of gauge theories with linearly dependent generators, Phys. Rev. D 28, 10 (1983) 2567-2582.

[9] I. A. Batalin, E. S. Fradkin, A generalized canonical formalism and quantization of reducible gauge theories, Phys. Lett. B 122, 2 (1983) 157–164;

I. A. Batalin, G. A. Vilkovisky, Relativistic S-matrix of dynamical systems with boson and fermion costraints, Phys. Lett. B 69, 3 (1977) 309–312.

[10] C. Becchi, A. Rouet and R. Stora, Renormalization of gauge theories, Ann. Phys. 98, 2 (1976) 287–321; I. V. Tyutin, Gauge Invariance in Field Theory and Statistical Physics in Operator Formalism, Lebedev Physics Institute preprint 39 (1975), arXiv:0812.0580.

[11] F. A. Berezin, Introduction to Superanalysis, edited by A. A. Kirillov, translated by J.

Niederle and R. Kotecku, Springer (2010); V. S. Varadarajan, Supersymmetry for Mathematicians: An Introduction, Courant Lecture Notes, vol. 11 (2004) AMS.

[12] I. N. Bernshtein and B. I. Rozenfeld, Homogeneous spaces of infinitedimensional Lie algebras and the characteristic classes of foliations, Uspehi Mat. Nauk 28 (1973) 103–13.

[13] R. Bott, A. S. Cattaneo, Integral invariants of 3-manifolds. J. Differential Geom. 48 (1998), no. 1, 91–133; Integral invariants of 3-manifolds. II. J. Differential Geom. 53, 1 (1999) 1–13.

[14] S. Cappell, D. DeTurck, H. Gluck, E. Miller, Cohomology of harmonic forms on Riemannian manifolds with boundary, arXiv:math/0508372 (math.DG) [15] A. S. Cattaneo and I. Contreras, Groupoids and Poisson sigma models with boundary, arXiv:1206.4330 (math.SG).

[16] A. S. Cattaneo, P. Cotta-Ramusino, F. Fucito, M. Martellini, M. Rinaldi, A. Tanzini, M.

Zeni, Four-Dimensional Yang-Mills Theory as a Deformation of Topological BF Theory, Commun. Math. Phys. 197 (1998) 571–621.

[17] A. S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization formula, Comm. Math. Phys. 212 (2000) 591–611.

[18] A. S. Cattaneo and G. Felder, On the AKSZ formulation of the Poisson sigma model,Lett.

Math. Phys. 56, 163–179 (2001).

[19] A. S. Cattaneo, P. Mnev, Remarks on Chern-Simons invariants, Comm. Math. Phys. 293 (2010) 803–836.

[20] A. S. Cattaneo , F. Schaetz, Introduction to supergeometry , Rev. Math. Phys. 23, (2011) 669–690; e-Print: arXiv:1011.3401 (math-ph).

[21] A. S. Cattaneo, J. Qiu, M. Zabzine, 2D and 3D topological field theories for generalized complex geometry, Adv. Theor. Math. Phys. 14, 2 (2010) 695–725.

[22] K. Costello, Topological conformal field theories and Calabi-Yau categories, arXiv:math/0412149.

[23] K. Costello, Renormalization and effective field theory, Mathematical Surveys and Monographs, vol. 170 (2011) AMS.

[24] R. Dijkgraaf, E. Witten, Topological gauge theories and group cohomology, Comm. Math.

Phys. 129, 2 (1990) 393–429.

[25] L. D. Faddeev and V. N. Popov, Feynman Diagrams for the Yang-Mills Field, Phys. Lett. B 25 (1967) 29.

[26] D. Freed, Classical Chern-Simons theory, Part 1, Adv.Math. 113 (1995) 237-303, arXiv:hep-th/9206021.

[27] J. Fröhlich, C. King, The Chern-Simons theory and knot polynomials, Comm. Math. Phys.

126, 1 (1989) 167–199.

[28] I. Gelfand and D. Kazhdan, Some problems of differential geometry and the calculation of the cohomology of Lie algebras of vector fields, Sov. Math. Dokl. 12, 13671370 (1971).

[29] J. Glimm, A. Jaffe, Quantum physics. A functional integral point of view. Springer-Verlag, New York-Berlin, 1981.

[30] M. Grigoriev, Parent formulation at the Lagrangian level, arXiv:1012.1903. [31] A. L. Gorodentsev, A. S. Khoroshkin, A. N. Rudakov, On syzygies of highest wight orbits, arXiv:math/0602316 (math.AG) , see Lemma 3.5.1 (p.20).

[32] E. Guadagnini, M. Martellini, M. Mintchev, Perturbative aspects of the Chern-Simons field theory, Phys. Lett. B 227 (1989) 111–117.

[33] V. K. A. M. Gugenheim and L. A. Lambe, Perturbation theory in differential homological algebra I, Illinois J. Math. 33 4 (1989) 566–582.

[34] T. Johnson-Freyd, Feynman-diagrammatic description of the asymptotics of the time evolution operator in quantum mechanics, Lett. Math. Phys. 94 (2010) 123–149.

[35] M. Kontsevich, Feynman diagrams and low-dimensional topology. First European Congress of Mathematics, Vol. II (Paris, 1992), 97–121, Progr. Math., 120, Birkhäuser, Basel, 1994.

[36] M. Kontsevich, Deformation quantization of Poisson manifolds, I, Lett. Math. Phys. 66 (2003) 157–216.

[37] M. Kontsevich, Y. Soibelman, Homological mirror symmetry and torus fibrations, arXiv:math/0011041 (math.SG).

[38] J.-L. Loday, B. Vallette, Algebraic operads, section 10.3.7 available for download at http://math.unice.fr/~ brunov/Operads.pdf [39] J. Lurie, On the Classification of Topological Field Theories. Current developments in mathematics, 2008, Int. Press, Somerville, MA 2009, 129-280.

[40] R. Mann, An introduction to particle physics and the standard model, CRC Press (2009). [41] P. Mnev, Discrete BF theory, arXiv:0809.1160 (hep-th).

[42] G. Moore, N. Seiberg, Classical and quantum conformal field theory, Comm. Math. Phys.

123 (1989), no. 2, 177–254.

[43] J.-S. Park, “Topological open P-branes” in K. Fukaya, Y-G. Oh, K. Ono and G.

Tian (eds.), Symplectic geometry and mirror symmetry, 311-384, World Scientific, 2001, arXiv:hep-th/0012141.

[44] M. Peskin and D. Schroeder, An Introduction to Quantum Field Theory, Perseus Books, 1995.

[45] N. Reshetikhin, V. G. Turaev, Invariants of 3-manifolds via link polynomials and quantum groups, Invent. Math. 103, 3 (1991) 547–597.

[46] D. Roytenberg, AKSZ-BV Formalism and Courant Algebroid-induced Topological Field Theories, Lett. Math. Phys. 79 (2007) 143–159.

[47] L. Rozansky, Reshetikhin’s formula for the Jones polynomial of a link: Feynman diagrams and Milnor’s linking numbers. Topology and physics. J. Math. Phys. 35, 10 (1994) 5219–5246.

[48] A. S. Schwarz, The partition function of a degenerate functional, Comm. Math. Phys. 67 (1979), 1–16.

[49] A. S. Schwarz, Geometry of Batalin-Vilkovisky quantization, Comm. Math. Phys. 155 (1993) 249–260.

[50] A. S. Schwarz, Semiclassical approximation in Batalin-Vilkovisky formalism, Comm. Math.

Phys. v. 158, 2 (1993) 373–396.

[51] G. Segal, The Definition of Conormal Field Theory. In: Topology, Geometry and Quantum Field Theory, London Mathematical Society Lecture Note Series (No. 308), Cambridge University Press, 2004, p. 421–577.

[52] P. Severa, On the origin of the BV operator on odd symplectic supermanifolds, Lett. Math.

Phys. 78, 1 (2006) 55–59.

[53] F. A. Smirnov, Lectures on integrable massive models of quantum field theory. Introduction to quantum group and integrable massive models of quantum field theory (Nankai, 1989), 1–68, Nankai Lectures Math. Phys., World Sci. Publ., River Edge, NJ, 1990.

[54] S. Stoltz, P. Teichner, Super symmetric Euclidean field theories and generalized cohomology, a survey, preprint, 2008.

[55] S. Stoltz, P. Teichner, Supersymmetric field theories and generalized cohomology, arXiv:/1108.0189.

[56] E. Witten, Quantum field theory and the Jones polynomial, Comm. Math. Phys. 121 (1989), 351–399.

[57] E. Witten, Two dimensional gauge theories revisited, J. Geom. Phys. 9 (1992) 303–368.

Institut für Mathematik, Universität Zürich, Winterthurerstrasse 190, CH-8057, Zürich, Switzerland

E-mail address: alberto.cattaneo@math.uzh.ch

Institut für Mathematik, Universität Zürich, Winterthurerstrasse 190, CH-8057, Zürich, Switzerland

E-mail address: pavel.mnev@math.uzh.ch

Department of Mathematics, University of California, Berkeley California 94305, USA E-mail address: reshetik@math.berkeley.edu