arXiv:1201.0337v5 [math-ph] 15 Sep 2012

Higher Spin Quaternion Waves in the Klein-Gordon Theory

S. Ulrych Wehrenbachhalde 35, CH-8053 Zürich, Switzerland

September 9, 2012

Abstract

Electromagnetic interactions are discussed in the context of the Klein- Gordon fermion equation. The Mott scattering amplitude is derived in leading order perturbation theory and the result of the Dirac theory is reproduced except for an overall factor of sixteen. The discrepancy is not resolved as the study points into another direction. The vertex structures involved in the scattering calculations indicate the relevance of a modified Klein-Gordon equation, which takes into account the number of polarization states of the considered quantum field. In this equation the d’Alembertian is acting on quaternion-like plane waves, which can be generalized to representations of arbitrary spin. The method provides the same relation between mass and spin that has been found previously by Majorana, Gelfand, and Yaglom in infinite spin theories.

PACS: 03.65.Pm; 11.80.-m; 12.20.Ds; 12.90.+b; 11.30.Ly MSC: 81R20; 81U99; 81V10; 81Q05; 81Q65

Keywords: Klein-Gordon equation; Mott scattering; Higher spin; Quaternionic quantum me-

chanics; Clifford algebra

1 Introduction

Quaternionic calculation methods are under permanent investigation and further development to provide powerful mathematical tools for applications in various areas of physics. Silberstein [1], Lanczos [2], Conway [3], Gürsey [4, 5], Finkelstein et. al. [6], Edmonds [7], Adler [8, 9, 10], Horwitz and Biedenharn [11], Baylis [12], and many other authors inspired with their research on this subject other physicists. The number of publications concerning with quaternions or complexified quaternions is in fact endless. A bibliography with hundreds of entries has been compiled by Gsponer and Hurni in alphabetical [13] and analytical form [14]. Recent articles on quaternions in relativistic physics have been published by Demir et al. [15, 16], Panicaud [17], Bisht et al. [18, 19], Christianto et al. [20], and Tanışlı [21].

In the following text a quaternionic Klein-Gordon equation will be applied to fermions. Some decades ago Feynman expressed his predilection for the Klein- Gordon fermion equation, because the representation of relativistic quantum mechanics with the Klein-Gordon equation by the method of path-integrals can be easily handled, but the Dirac representation is very hard to represent directly

[22, 23, 24]. The Klein-Gordon fermion equation, which is equivalent to the squared Dirac equation, has been derived by Kramers [25, 26] and Lanczos [27]. Field theoretic aspects of this equation have been investigated by Brown [28] and Tonin [29]. See also Pilkuhn [30] for a detailed historic overview. More examples of second order differential fermion equations can be found in Biedenharn et al. [31], Volkovyskii [32], or recent articles published by Ángeles and Napsuciale [33], Nottale and Célérier [34, 35], and Delgado-Acosta and Napsuciale [36].

The Klein-Gordon method in [37] is based on paravectors, which include the Pauli algebra as basis elements. Congruent complexified quaternion representations have been considered before also by Edmonds [7], Baylis [38], Sobczyk [39], and Sachs [40, 41]. Recently, the Pauli algebra has been applied to fermion spin by Baylis et al. [49], to polarization optics by Tudor [50], and to semiconductor physics by Dargys, see [51] and references therein.

Quaternions are used as building blocks in the representation theory of Clifford algebras. Starting point for the application of Clifford algebras in modern physics was the book of Hestenes [42]. For more details on further progress in this area see the recent articles of Hestenes [43] and Sobczyk [44]. More information on Clifford algebras in physics can be found in Doran and Lasenby [45], Rodrigues and Capelas de Oliveira [46], Girard [47], or Perwass [48].

In [37] quaternions have been complexified with the product of the complex and the hyperbolic unit to obtain the hyperbolic Pauli algebra. The hyperbolic numbers appear in fact in two representations. The complex number like representation has been considered by Shervatov [52], Yaglom [53, 54], Ryan [55], Hucks [56], Gal [57], Yamaleev [58, 59], Catoni et al. [60, 61], and many other authors. On the other hand there is the null plane representation in terms of the double field. An overview of the double field and its role in the representation theory of Clifford algebras has been provided by Porteous [62]. The hyperbolic numbers have been used by Khrennikov [63] and Nyman [64] to represent probabilistic data by quantum-like hyperbolic amplitudes. This research area has been detailed in [65, 66]. The work on the Erlangen program of Kisil considers complex, parabolic and hyperbolic numbers and their geometric properties, see for example [67, 68, 69]. Solutions of the Klein-Gordon equation with hyperbolic numbers have been studied by Bracken et al. [70] and Kravchenko et al. [71, 72].

The following article applies the Klein-Gordon fermion theory as presented in [37, 73] to calculate the Mott scattering amplitude. The result of the Dirac theory is reproduced except for a factor of sixteen. Though it might be possible to close the gap with a more detailed analysis, another method is proposed in Section 9, which is based on the structure of the interaction vertex. The Klein- Gordon equation is modified to include the number of possible polarization states of the considered quantum field. Quaternionic plane waves are introduced in Section 10 as solutions of the equation, which could be denoted as Klein- Gordon equation for polarizable fields.

The mathematical representation will be adjusted in Section 8 to align the formalism more closely with the Clifford algebra approach. Because the article should serve as a bridge between the method specified in [37] and the modified concepts, the notation is adjusted in the middle of the text and not from the beginning.

2 Hyperbolic Pauli Algebra

The following considerations are based on the hyperbolic Pauli algebra, which is used to represent relativistic space-time vectors. A relativistic vector x is expanded into x = e_μx^μ. (1)

The basis elements are defined as a paravector algebra, which means one basis element of the algebra is the identity element. The other basis elements are constructed of the Pauli algebra multiplied by the hyperbolic unit j ≡ √ +1 e_μ = (e_0, e_k) = (1, jσ_k) . (2)

The hyperbolic Pauli algebra e_k is isomorphic to the Pauli algebra σ_k, but includes the hyperbolic unit as an extra factor. The multiplication rules of the hyperbolic Pauli algebra are

e_ke_l = δ_{kl}1 + ij ε_{klm}e^m . (3)

In the same way as the Pauli algebra can be understood as the complexification of the quaternions by the complex unit i, the hyperbolic Pauli algebra can be understood as a complexification of the quaternions by the factor ij.

The hyperbolic Pauli algebra corresponds to the real Clifford algebra R_{3,0} . The advantage of the hyperbolic Pauli algebra, compared to the standard Pauli algebra, is that the Clifford anti-involutions conjugation and reversion and the grade involution can be defined in a convenient form, when using a 2 × 2 matrix representation of the algebra. Conjugation as matrix transposition and change of sign of the hyperbolic and complex units, reversion as matrix transposition and change of sign of the complex unit, and the grade involution as change of sign of the hyperbolic unit [73].

In the mentioned 2 × 2 matrix representation of R_{3,0} the scalar product can be defined with the conjugation anti-involution as x · y = 1 2 T r(x̄y) . (4) Though the scalar product within Clifford algebras is normally defined in a representation free form, the trace definition will be used to get a deeper understanding of an expression that appears in the scattering calculations of the following sections.

3 Field equations and interactions

The Lagrangian for free noninteracting spinor fields has been defined in [73] as

L = ψ̄(M^2 − m^2)ψ . (5)

The mass operator is represented in terms of the relativistic paravector algebra introduced in Section 2 M^2 = pp̄ . (6)

The coefficients of the momentum operator are p_μ = i∂_μ. They are invariant under conjugation p̄_μ = p_μ . (7)

The equation of motion, which is equivalent to the Klein-Gordon equation, can be derived from the above Lagrangian according to

M^2ψ = m^2ψ . (8)

Interactions can be introduced as usual with the minimal substitution. The covariant derivative is defined as

P = p + A , (9)

which ensures the invariance under gauge transformations. A coupling constant has been omitted for simplicity. The Lagrangian in Eq. (5) remains formally invariant after the minimal substitution. However, the mass operator

M^2 = P P̄ (10)

is now equivalent to the quadratic Dirac operator with interaction terms [37].

The field equation of the gauge boson can be represented with the mass operator as given in Eq. (6), which is now acting on a vector field

M^2A = −J . (11)

This representation includes all Maxwell equations [12, 37]. The current J is the source term of the interacting field. Contracted with a polarization vector ε the current can be written as ε · J = ψ̄(p + A)ε̄ψ − ψ̄ε(~p̄ − Ā)ψ . (12) Note that the momentum in the second term on the right side of the equation is acting to the left. Using the plane wave expansion of ψ defined in [37], the matrix elements of the current can be deduced in leading order perturbation theory as ⟨f| ε · J |i⟩ = ū_f (p_iε̄ + εp̄_f )u_i . (13) The applied Feynman rules remind of scalar electrodynamics, but they include spin matrices and spinors.

4 The scattering amplitude

In this section the scattering amplitude is defined and further investigated in the context of unpolarized particle beams. The scattering amplitude may be introduced in the following form

M = D_A(q) ∑ ε (ε · J_1)(ε̄ · J̄_2) , (14)

with the sum over the possible polarizations of the exchanged gauge boson. The indices indicate vertices 1 and 2. The propagator function of the gauge boson is denoted as D_A(q). The absolute square of the scattering amplitude may be written as |M|^2 = |D_A(q)|^2 ∑ ε,ς N_1N_2 , (15) where the contributions arising from the two currents have the structure

N = (ε · J)(ς̄ · J̄) . (16)

The indices have been dropped for clarity. If the spin polarization of the scattered particles is not considered, one has to average the spin contributions of the initial states and take the sum of the outgoing states. To calculate the squared scattering amplitude in first order perturbation theory without exchange term the current as given in Eq. (13) is inserted ⟨Ñ ⟩ = 1 2 ∑ s_i s_f ū_i(p_f ε̄ + εp̄_i)u_f ū_f (p_iς̄ + ςp̄_f )u_i . (17)

The sum of the final spin states results in the identity element due to the completeness relation of the spinors [37] ⟨Ñ ⟩ = 1 2 ∑ s_i ū_i(p_f ε̄ + εp̄_i)(p_iς̄ + ςp̄_f )u_i . (18)

For the initial states the Casimir trick can be used to simplify the expression according to ⟨Ñ ⟩ = 1 2 T r[(p_f ε̄ + εp̄_i)(p_iς̄ + ςp̄_f )] . (19)

The calculations have been performed so far based on the polarization vectors of the gauge boson to provide a tensor free representation. This notation will not be applied further in the following text.

5 Momentum dependence of the scattering amplitude

In order to make the following calculations easily accessible, they are performed in a conventional tensor representation. The squared absolute scattering amplitude is now written as

|M|^2 = |D_A(q)|^2 N_{1μν} N^{μν}_2 , (20)

where the completeness relation of the polarization vectors has been taken into account. The involved tensors are defined as

N_{μν} = J_μJ̄_ν . (21)

The tensor free matrix elements of Eq. (13) will be replaced by a current of the form ⟨f| J_μ |i⟩ = ū_f (p_iē_μ + e_μp̄_f )u_i . (22)

Before the calculations proceed, some useful relations are provided. In analogy to the notation used by Doran and Lasenby [45] one may introduce the relationship e_μē_ν = e_μ · e_ν + e_μ ∧ e_ν . (23)

1 0110 1001 0220 2002 0330 3003 -1 1221 2112 2332 3223 1331 3113 ij 0132 3201 0213 1302 0321 2103 ij 1023 2310 2031 3120 3012 1230 -ij 0123 2301 0231 3102 0312 1203 -ij 1032 3210 2013 1320 3021 2130

Table 1: Non-zero entries of T r (σ_{ρμ}σ_{νσ} ) /2. The first column shows the nonzero value, the other columns the indices, which have this value

The right side of this equation can be further transformed into a conventional tensor representation, which is useful for explicit calculations. The scalar product of the basis vectors is given as

e_μ · e_ν = g_{μν} . (24)

The wedge product is represented according to

e_μ ∧ e_ν = −iσ_{μν} . (25)

The spin tensor, including the Pauli matrices σ_i, is calculated as [37]

σ_{μν} = 0 −ijσ_1 −ijσ_2 −ijσ_3 ijσ_1 0 σ_3 −σ_2 ijσ_2 −σ_3 0 σ_1 ijσ_3 σ_2 −σ_1 0 . (26)

With the help of this notation, the tensors involved in the scattering amplitude are calculated for unpolarized particle beams in analogy to Eq. (19) ⟨Ñ ⟩_{μν} = 1 2 T r[(d_μ + iq^ρσ_{ρμ})(d_ν + iσ_{νσ} q^σ)] . (27)

The spin sums have been evaluated using the Casimir trick and the completeness relation of the spinors. Initial and final momenta have been replaced by the following definitions

d = p_f + p_i , q = p_f − p_i . (28)

Because two terms in Eq. (27) vanish due to the trace operator, the tensor can be represented in the form

⟨Ñ ⟩_{μν} = d_μd_ν − b_{μν} . (29)

The second term on the right side of the equation is an abbreviation for b_{μν} = 1 2 q^ρ T r (σ_{ρμ}σ_{νσ} ) q^σ . (30)

The trace has non-zero entries as displayed in Table 1. The spin contributions thus provide the following structure 1 2 T r (σ_{ρμ}σ_{νσ} ) = η_{ρμνσ} + ijϵ_{μνρσ} . (31)

The non-zero entries of the tensor η_{μνρσ} correspond to the first two rows in Table 1. The second term is proportional to the anti-symmetric four-dimensional Levi-Civita symbol. Thus the tensor defined in Eq. (30) can be calculated as b_{μν} = η_{ρμνσ} q^ρq^σ . (32) The antisymmetric contributions of the tensor vanish due to the symmetry of the two momentum vectors.

Now Eq. (29) can be inserted into Eq. (20) and the squared absolute scattering amplitude of the one-boson exchange Feynman diagram is calculated as

|⟨M̃⟩|^2 = |D_A(q)|^2 [(d_1 · d_2)^2 − (d_1d_1 + d_2d_2) · b + b · b] . (33)

The dot product has been generalized to tensors of rank two. The notation for the mixed terms is resolved according to

d_id_i · b = η_{ρμνσ} q^ρd^μ_i d^ν_i q^σ . (34)

As a final remark it should be mentioned that the tensor b can be written as the scalar product b_{μν} = (e_μ ∧ q) · (e_ν ∧ q) (35)

where Eqs. (4) and (25) can be used to resolve this notation.

6 Mott scattering

Based on the results of the previous section it is now possible to derive the squared absolute amplitude for an electron scattered of a much heavier particle, for example a proton. The proton with mass M is at rest in the lab frame. The energy of the electron E is related to the electron mass m.

p_{1i} = E 0 0 p p^{2i} = M 0 0 0 p^{1f} = E 0 p sin θ p cos θ . (36)

Energy and momentum of the outgoing proton are determined by energy-momentum conservation.

With this parameterization one can calculate the vectors which contribute to the scattering amplitude of Eq. (33). Only terms proportional to the proton mass are considered in the following, because the proton is very heavy compared to the electron. Thus one finds

(d_1 · d_2)^2 ≈ (4EM)^2 = 16M^2(m^2 + p^2) . (37)

The second and the last term of Eq. (33) can be neglected, because these terms do not include any contributions proportional to the proton mass

d_1d_1 · b ≈ b · b ≈ 0 . (38)

In the third term only the energy coordinate of d_2 contains the proton mass. With Eq. (34) and the η-tensor as given in the first two rows of Table 1 one finds d_2d_2 · b ≈ (2M)^2q^2 = 16M^2p^2 sin^2 θ/2 . (39)

Inserting now all contributions into Eq. (33) the following result is obtained

|⟨M̃⟩|^2 = 16|D_A(q)|^2M^2(m^2 + p^2 cos^2 θ) . (40)

The scattering amplitude needs to be multiplied by a phase space factor to derive the Mott formula. However, the phase space calculation rules of the applied method have not been investigated so far.

7 Dirac Theory

The calculation of the Mott formula within the Dirac theory can be found in many textbooks, see for example Griffiths [74]. The corresponding result for the scattering amplitude is

|⟨M̃⟩|^2 = |D_A(q)|^2 M^2(m^2 + p^2 cos^2 θ) . (41)

The result differs by a factor of sixteen from the result of the Klein-Gordon fermion theory in Eq. (40). The discrepancy could be resolved by a more in depth analysis of the Klein-Gordon approach. Because the mass operator in Eq. (10) is equivalent to the squared Dirac operator both methods should provide the same cross sections. However, even a solution of the factor problem is not able to invalidate the argument that the Klein-Gordon fermion theory is only an alternative representation of the Dirac theory and does not provide any new or deeper insights into physics.

The rest of this paper thus considers a modified method, which is motivated by the mathematical structures that appeared in the scattering calculations of the previous sections. These calculations further indicate that the method specified in [37] should be aligned closer with other Clifford algebraic and quaternionic approaches, see for example Adler [10] or Baylis [12].

8 Alignment with Clifford algebraic methods

In the theory of Clifford algebras the pseudoscalar is obtained by multiplication of all available basis elements. The pseudoscalar may be introduced within the hyperbolic Pauli algebra representation of R_{3,0} as

ı = e_1ē_2e_3 . (42)

Using the basis elements as defined in Section 2 one finds ı = −ij . (43) Equation (3) can be rewritten in terms of the pseudoscalar

e_kē_l = −δ_{kl}1 + ıε_{klm}e^m . (44)

This equation indicates how the hyperbolic Pauli algebra is applied in its relativistic context. The next modification is the redefinition of the tensor in Eq. (26) σ_{μν} = 0 ıe_1 ıe_2 ıe_3 −ıe_1 0 e_3 −e_2 −ıe_2 −e_3 0 e_1 −ıe_3 e_2 −e_1 0 . (45)

The elements of the Pauli algebra have been replaced in the spin tensor by e_i = jσ_i. The definition of the wedge product for the basis vectors needs to be adjusted accordingly.

e_μ ∧ e_ν = ıσ_{μν} . (46)

The generators of the spin angular momentum are introduced as in [37] s_{μν} = σ_{μν} 2 , (47)

but now based on the tensor σ_{μν} as defined in Eq. (45). Within this representation the Pauli-Lubanski vector may be defined as

w_μ = ϵ_{μρσν} s^{ρσ} p^ν = ıσ_{μν} p^ν = e_μ ∧ p . (48)

Note, that the Pauli-Lubanski vector is multiplied essentially by a factor of two compared to definitions in common textbooks like Itzykson and Zuber [75]. The last expression in Eq. (48) represents the coordinates of the Pauli-Lubanski vector as biparavectors, which can be considered as planes formed by the momentum and the basis vectors of the coordinate system. See Baylis [12] for more details on the geometric interpretation of biparavectors.

9 Klein-Gordon equation for polarizable fields

The following considerations are based on the observation that the Pauli-Lubanski vector is hidden in the vertices of the previously investigated scattering problem. One may have a look at the matrix elements of Eq. (13). For example the second term on the right side of the equation gives rise to the following representation εp̄ = ε · (p + w) , (49)

which can be derived with Eq. (23) and the above definition of the Pauli- Lubanski vector w. As the combination of momentum and Pauli-Lubanski vector appears in the current, one could ask whether this structure plays a more important role in the momentum representation of the wave equation. Thus instead of using the mass operator in its original form, one could think of an operator defined as O = (p + w) · (p + w) . (50)

One has to keep in mind that in this notation a conjugation is hidden, which evaluates according to w̄_μ = −w_μ . (51)

Together with the orthogonality of Pauli-Lubanski vector and momentum the following straightforward calculation is leading to

O = p^2 − w^2 = m^2 + 4m^2s(s + 1) = (nm)^2 , (52)

with n the number of possible polarization states of the considered quantum field n = 2s + 1 . (53)

Equation (52) is valid for the n = 2 spin representation, but it can be generalized also to an arbitrary number of polarization states, including n = 1 for spinless particles. The wave equation in a momentum space representation could have the compact form Oψ = (nm)^2ψ . (54)

This representation assigns the matrix structures in the wave equation to the Pauli-Lubanski vector.

To give a representation of the wave equation in position space, the d’Alembertian is introduced as □ = ∂ · ∂ . (55)

The Klein-Gordon equation for polarizable fields is then defined accordingly

[□ + (nm)^2]ψ = 0 . (56)

For spinless particles the equation reduces to the ordinary Klein-Gordon equation. The plane wave solution ψ will be discussed in the following section.

One may compare the modified wave operator with the mass operator introduced in Eq. (6). In the new notation one finds

M^2 = p · (p + w) . (57)

Without interactions the spin structure collapses to M^2 = p^2 due to the orthogonality of momentum and Pauli-Lubanski vector. After interactions have been introduced one obtains the squared Dirac operator with interaction terms [37]. Thus one may understand Eq. (57) in a wider sense as a synonym for the Dirac method. By comparison with Eq. (50) the difference to the modified wave operator becomes obvious.

The difference between the approaches can be explained alternatively if one traces the generalized mass term back to the initial ingredients and writes

− □(E_4) = C_2(E_4) = p^2 − w^2 = C_2(T_4) + C_2(E_4/T_4) . (58)

In this equation the quadratic Casimir operators with respect to the Poincaré group E_4, the translational group T_4, and the coset space E_4/T_4 are displayed. Equation (58) has been introduced in analogy to the Laplacian used by Meng [76] in investigations of the Quantum Hall Effect in higher dimensions. To make the analogy with Meng more obvious one may consider the d’Alembertian of the ordinary Klein-Gordon equation as a Laplacian acting on the group of translations T_4 in Minkowski space-time

△ (T_4) = −□(T_4) = C_2(E_4) − C_2(E_4/T_4) . (59)

This equation has the structure as discussed by Meng [76]. If one builds a mathematical method on top of a Laplacian in T_4, but the real physical world in vacuum is E_4, there is the risk that additional mathematical structures have to be introduced at a later stage to align the T_4 method with experimental observations. This gives an argument to redevelop the methodology with the E_4 Laplacian of Eq. (58) from scratch.

10 Quaternion waves

Adler uses the notion of quaternion waves [77] which should be adopted in the following text for the solutions of Eq. (56). The term quaternion must be understood here in a generalized sense. In fact it would be better to speak of quaternion-like plane waves. They are introduced as

ψ = exp (−ıxp̄) . (60)

This structure can be transformed into various mathematically equivalent representations. A representation referring to the Clifford methodology can be derived with the help of Eq. (23)

ψ = exp (−ı(x · p + l)) , (61)

with the Clifford angular momentum [45] l = x ∧ p = 1 2 (xp̄ − px̄) . (62) For the representation of spinless particles the relativistic angular momentum term can be discarded.

Another view on the plane wave is given by a tensor representation of the form ψ = exp (−ıx_μp^μ + s_{μν} l^{μν} ) , (63) with the relativistic orbital angular momentum

l^{μν} = x^μp^ν − x^ν p^μ (64)

and the spin angular momentum as defined in Eq. (47). Compared to the standard plane wave, which is related to translations only, the quaternion wave includes translations, rotations, and boosts. The representation which is most useful to reproduce the momentum space operator of Eq. (50) is

ψ = exp (−ıx · (p + w)) , (65)

where the d’Alembertian of Eq. (55) is applied to the quaternion wave.

The Pauli-Lubanski vector does not provide any new information once the momentum and the number of possible polarization states of the considered quantum field are given. The proposed method thus describes states of plane quaternion waves by the mass, the number of polarization states, and the momentum four-vector |ψ⟩ = |m, n, p⟩ . (66) The number of polarization states may be interpreted as the intrinsic dimensionality of the quantum field. The quaternion waves refer to the Poincaré group as the gauge group of the method. Spinors can be introduced in this context as elements of the vector bundle, which is associated to the Poincaré group principal bundle.

The exponent in Eq. (60) can be transformed to a different overall sign, to the opposite order of momentum and position vectors, or to the opposite location of the bar symbol. The second transformation changes the sign of the relativistic wedge product, the third transformation the sign of a product of the form x ≀ p = 1 2 (xp̄ − x̄p) . (67) The eight possible discrete states of the quaternion wave must be encoded in Eq. (66) when the mentioned three types of discrete transformations are considered. The transformations form the cyclic group Z_2 ⊗ Z_2 ⊗ Z_2, which is isomorphic to the CPT group.

11 Higher spin

The combination of Eq. (53) with the constant term in Eq. (56) provides the same relationship between spin and mass as initially found by Majorana [78] and later also by Gelfand and Yaglom [79] m = κ ( s + 1 2 )_{−1} . (68)

See here also the work of Fradkin [80], Casalbuoni [81], and Bekaert et al. [82]. The constant κ has been introduced as κ = nm 2 . (69)

Equation (68) points towards an equivalence of the Klein-Gordon equation for polarizable fields with the mentioned methods, which also refer to an arbitrarycomponent relativistic wave equation in comparison to the finite-component Dirac equation.

Relativistic wave equations for particles of arbitrary spin have been introduced also by Dirac [83], Fierz, and Pauli [84, 85]. Higher spin quaternion waves have been investigated by Edmonds [86]. Varlamov considers higher spin in combination with the CPT group [87].

12 Summary

The Klein-Gordon fermion theory in the mass operator representation has been applied to electron-proton scattering. It has been shown that the scattering amplitude calculated with this method is in agreement with the Dirac theory except for an overall factor of sixteen. In principle, the results provided by the mass operator should be identical due to the equivalence of mass and squared Dirac operator. Further investigations are necessary to explain this discrepancy.

The structure of the vertex, as provided by the analysis of the scattering problem, indicates the relevance of a modified Klein-Gordon equation for polarizable fields. The mass is multiplied in this equation by the number of possible polarization states. The modified Klein-Gordon equation cannot be aligned with a squared Dirac operator, but equivalence to concepts derived by Majorana, Gelfand, and Yaglom is indicated.

13 Acknowledgements

The author would like to thank Evi Bender, Ewald Lehmann, Andrei Khrennikov, and Vladimir V. Kisil for inspiring discussions and continuous support.

References

[1] L. Silberstein, Philosophy Magazine 23 (6), (1912) 790.

[2] C. Lanczos, Zeits. f. Phys. 37, (1926) 405.

[3] A. W. Conway, Proc. R. Soc. London, Ser. A 162, (1937) 145.

[4] F. Gürsey, Phys. Rev. 77, (1950) 844. [5] F. Gürsey, Nuovo Cim. 7, (1958) 411.

[6] D. Finkelstein, J. M. Jauch, S. Schiminovich, D. Speiser, J. Math. Phys. 3, (1962) 207.

[7] J. D. Edmonds, Int. J. Theor. Phys. 6, (1972) 205. [8] S. L. Adler, Phys. Rev. D 21, (1980) 2903. [9] S. L. Adler, Phys. Rev. Lett. 55, (1985) 783.

[10] S. L. Adler, Quaternionic Quantum Mechanics and Quantum Fields, (Oxford University Press, Oxford, 1995).

[11] L. P. Horwitz, L. C. Biedenharn, Annals of Physics 157, (1984) 432. [12] W. E. Baylis, Electrodynamics: A Modern Geometrical Approach, (Birkhäuser, Boston, 1999).

[13] A. Gsponer, J-P. Hurni, ISRI-05-04.26, (2008) math-ph/0510059. [14] A. Gsponer, J-P. Hurni, ISRI-05-05.26, (2008) math-ph/0511092. [15] S. Demir, M. Tanışlı, N. Candemir, Advances in Applied Clifford Algebras 20 (3), (2010) 547.

[16] S. Demir, M. Tanışlı, Eur. Phys. J. Plus 126, (2011) 51. [17] B. Panicaud, International Journal of Theoretical Physics 50, (2011) 3186. [18] P. S. Bisht, O. P. S. Negi, International Journal of Theoretical Physics 47, (2008) 3108.

[19] P. S. Bisht, G. Karnatak, O. P. S. Negi, International Journal of Theoretical Physics 49, (2010) 1344.

[20] V. Christianto, F. Smarandache, F. Lichtenberg, Prog. Phys. 1, (2009) 40. [21] M. Tanışlı, M. E. Kansu, Journal of Mathematical Physics 52, (2011) 053511.

[22] R. P. Feynman, Revs. Modern Phys. 20, (1948) 367. [23] R. P. Feynman, Phys. Rev. 84, (1951) 108.

[24] R. P. Feynman, M. Gell-Mann, Phys. Rev. 109, (1958) 193. [25] H. A. Kramers, Quantentheorie des Electrons und der Strahlung, (Akad.

Verlagsges., Leipzig, 1933).

[26] H. A. Kramers, The Foundations of Quantum Theory, (North-Holland, Amsterdam, 1957).

[27] C. Lanczos, Zeits. f. Phys. 81, (1933) 703. [28] L. M. Brown, Phys. Rev. 109, (1958) 957.

[29] M. Tonin, Nuovo Cimento 14, (1959) 1108.

[30] H. M. Pilkuhn, Relativistic Quantum Mechanics, Texts and Monographs in Physics, (Springer-Verlag, Berlin, 2003).

[31] L. C. Biedenharn, M. Y. Han, H. van Dam, Phys. Rev. D 6, (1972) 500. [32] R. Y. Volkovyskii, Russian Physics Journal 14, (1971) 611. [33] R. Ángeles, M. Napsuciale, J. Phys.: Conf. Ser. 287, (2011) 012041. [34] L. Nottale, in Albert Einstein and Hermann Weyl: 1955-2005, Open Epistemologic Questions – International Colloquium, Lecce, Italy, 2005, eds. C. Alunni, M. Castel- lana, D. Ria and A. Rossi (Europa edizioni, Maglie and Editions Rue d’Ulm, Paris, 2009), 141.

[35] M.-N. Célérier, L. Nottale, International Journal of Modern Physics A 25, (2010) 4239.

[36] E. G. Delgado-Acosta, M. Napsuciale, Phys. Rev. D 83, (2011) 073001. [37] S. Ulrych, Physics Letters B 625, (2005) 313. [38] W. E. Baylis, Am. J. Phys. 48, (1980) 918. [39] G. Sobczyk, Physics Letters A 84, (1981) 45.

[40] M. Sachs, General Relativity and Matter, (D. Reidel, Dordrecht, 1982). [41] M. Sachs, Quantum Mechanics and Gravity, (Springer, Berlin, 2010). [42] D. Hestenes, Space-Time Algebra, (Gordon & Breach, New York, 1966). [43] D. Hestenes, From Past to Future: Grassmann’s Work in Context. Grassmanns legacy, (Springer, Basel, 2011).

[44] G. Sobczyk, New Foundations in Mathematics: The Geometric Concept of Number, (San Luis Tehuiloyocan, Mexico 2010).

[45] C. Doran, A. Lasenby, Geometric Algebra for Physicists, (Cambridge University Press, Cambridge, 2003).

[46] W. A. Rodrigues Jr., E. C. Capelas de Oliveira, The Many Faces of Maxwell, Dirac and Einstein Equations. A Clifford Bundle Approach, Lecture Notes in Physics 722, (Springer, New York, 2007).

[47] P. R. Girard, Quaternions, Clifford algebras and relativistic physics, (Birkhäuser, Basel, 2007).

[48] C. Perwass, Geometric Algebra with Applications in Engineering, (Springer, Berlin, 2009).

[49] W. E. Baylis, R. Cabrera, J. D. Keselica, Advances in Applied Clifford Algebras 20, (2010) 517.

[50] T. Tudor, Optik - International Journal for Light and Electron Optics 121, (2010) 1226.

[51] A. Dargys, Lith. J. Phys.. 51, (2011) 53.

[52] V. G. Shervatov, Hyperbolic Functions, (D.C. Heath and Company, Boston, 1963).

[53] I. M. Yaglom, Complex numbers in Geometry, (Academic Press, London, 1968).

[54] I. M. Yaglom, A Simple Non-Euclidean Geometry and its Physical Basis, (Springer, New York, 1979).

[55] J. Ryan, Complexified Clifford Analysis, Compl. Variabl. Th. & Appl. 1, (1982) 119.

[56] J. Hucks, J. Math. Phys. 34, (1993) 5986.

[57] S. G. Gal, Introduction to Geometric Function Theory of Hypercomplex Variables, (Nova Science Publishers, New York, 2002).

[58] R. M. Yamaleev, Journal of Mathematical Analysis and Applications 340, (2007) 1046.

[59] R. M. Yamaleev, Advances in Applied Clifford Algebras 17 (2), (2007) 281. [60] F. Catoni, D. Boccaletti, R. Cannata, V. Catoni, E. Nichelatti, P. Zampetti, The Mathematics of Minkowski Space-Time: With an Introduction to Commutative Hypercomplex Numbers, (Birkhäuser, Basel, 2008).

[61] F. Catoni, D. Boccaletti, R. Cannata, V. Catoni, V. Zampetti, Geometry of Minkowski Space-time, (Springer, Heidelberg, 2011).

[62] I. R. Porteous, Clifford algebras and the Classical Groups, (Cambridge University Press, Cambridge, 1995).

[63] A. Khrennikov, Advances in Applied Clifford Algebras 20 (1), (2010) 43. [64] P. Nyman, Advances in Applied Clifford Algebras 21 (4), (2011) 799. [65] A. Khrennikov, Contextual Approach to Quantum Formalism, (Springer, Berlin, 2009).

[66] A. Khrennikov, Ubiquitous quantum structure: from psychology to finance, (Springer, Berlin, 2010).

[67] V. V. Kisil, Notices Amer. Math. Soc. 54, (2007) 1458. [68] V. V. Kisil, Symmetry, Integrability and Geometry: Methods and Applications (SIGMA) 6, (2010) 076.

[69] V. V. Kisil, International Journal of Theoretical Physics 51, (2012) 964. [70] P. Bracken, J. Hayes, American Journal of Physics 71, (2003) 726. [71] V. V. Kravchenko, D. Rochon and S. Tremblay, J. Phys. A: Math. Theor.

41, (2008) 65205.

[72] V. V. Kravchenko, Applied Pseudoanalytic Function Theory, (Birkhäuser, Basel, 2009).

[73] S. Ulrych, Journal of Mathematical Physics 51, (2010) 063510. [74] D. J. Griffiths, Introduction to Elementary Particles, (Wiley-VCH, Weinheim, 2008).

[75] C. Itzykson, J.-B. Zuber, Quantum field theory, (McGraw-Hill, New York, 2006).

[76] G. Meng, J. Phys. A 36, (2003) 9415.

[77] S.L. Adler, Quaternionic field theory and a possible dynamics for composite quarks and leptons, Proceedings of the rencontres de Moriond (1986) 11 pp.

[78] E. Majorana, Nuovo Cimento 9,(1932) 335.

[79] I. M. Gelfand, A. M. Yaglom, Zh. Eksperim. I Teor. Fiz. 18, (1948) 707. [80] D. M. Fradkin, Am. J. Phys. 34, (1966) 314.

[81] R. Casalbuoni, Proceedings of Science. International Conference - Ettore Majorana’s legacy and the Physics of the XXI century, (University of Catania, Italy, 2006).

[82] X. Bekaert, M. R. de Traubenberg, M. Valenzuela, Journal of High Energy Physics 5, (2009) 118.

[83] P. A. M. Dirac, Proc. Roy. Soc. Lond. A 155 (1936) 447. [84] M. Fierz, Helv. Phys. Acta 12 (1939) 3.

[85] M. Fierz, W. Pauli, Proc. Roy. Soc. Lond. A 173, (1939) 211. [86] J. D. Edmonds, Foundations of Physics 6, (1976) 33.

[87] V. V. Varlamov, International Journal of Theoretical Physics 51, (2012) 1453.