arXiv:1201.0728v2 [hep-th] 27 Jan 2012

Equivariant Reduction of U(4) Gauge Theory over S^2_F × S^2_F and and the Emergent Vortices

Seçkin Kürkçüoǧlu

Middle East Technical University, Department of Physics, Dumlupinar Boulevard, 06800, Ankara, Turkey

e-mail: kseckin@metu.edu.tr

Abstract

We consider a U(4) Yang-Mills theory on M × S^2_F × S^2_F where M is an arbitrary Riemannian manifold and S^2_F × S^2_F is the product of two fuzzy spheres spontaneously generated from a SU(N ) Yang-Mills theory on M which is suitably coupled to six scalars in the adjoint of U(N ). We determine the SU(2) × SU(2)- equivariant U(4) gauge fields and perform the dimensional reduction of the theory over S^2_F × S^2_F . The emergent model is a U(1)^4 gauge theory coupled to four complex and eight real scalar fields. We study this theory on R^2 and find that, in certain limits, it admits vortex type solutions with U(1)^3 gauge symmetry and discuss some of their properties.

1 Introduction

Recently, there has been significant advances in understanding the structure of gauge theories possessing fuzzy extra dimensions [1, 2] (for a review on fuzzy spaces see [3]). It is known that in certain SU(N ) Yang-Mills theories on a manifold M, which are suitably coupled to a set of scalar fields, fuzzy spheres may be generated as extra dimensions by spontaneous symmetry breaking. The vacuum expectation values (VEVs) of the scalar fields form the fuzzy sphere(s), while the fluctuations around the vacuum are interpreted as gauge fields over S^2_F or S^2_F × S^2_F [2, 4]. The resulting theories can therefore be viewed as gauge theories over M × S^2_F and M × S^2_F × S^2_F with smaller gauge groups; which is further corroborated by the expansion of a tower of Kaluza-Klein modes of the gauge fields. Inclusion of fermions into this theory was considered in [4, 5]. For instance, in [5] an appropriate set of fermions in 6D allowed for an effective description of Dirac fermions on M^4 × S^2_F , which was further affirmed by a Kaluza-Klein modes expansion over S^2_F . It was also found that a chirality constraint on the fermions leads to a description in terms of ”mirror fermions” in which each chiral fermion comes with a partner with opposite chirality and quantum numbers.

It appears well motivated to investigate equivariant parametrization of gauge fields and perform dimensional reduction over the fuzzy extra dimensions to shed some further light into the structure of these theories. Essentially, it is possible to use the well known coset space dimensional reduction (CSDR) techniques to achive this task. To briefly recall the latter consider a Yang-Mills theory with a gauge group S over the product space M × G/H. G has a natural action on its coset, and requiring the Yang-Mills gauge fields to be invariant under the G action up to S gauge transformations leads to a G-equivariant parametrization of the gauge fields and subsequently to the dimensional reduction of the theory after integrating over the coset space G/H [6, 7]. CSDR techniques have been widely used as a method in attempts to obtain the standard model on the Minkowski space M^4 starting from a Yang-Mills-Dirac theory on the higher dimensional space M^4 × G/H (for a review on this topic reader can consult [7]). The widely known, prototype example of CSDR is the SU(2)-equivariant reduction of the Yang-Mills theory over R^4 to an abelian Higgs model on the two-dimensional hyperbolic space H^2 , which was formulated by Witten [8] prior to the development of the formal approach of [6], and it led to the construction of instanton solutions with charge greater than 1.

Another approach, parallel to the CSDR scheme, using the language of vector bundles and quivers is also known in the literature [9]. In recent times, this approach has been employed in a wide variety of problems, including the formulation of quiver gauge theory of non-Abelian vortices over R^{2d}_θ corresponding to instantons on R^{2d}_θ ×S^2, R^{2d}_θ ×S^2 ×S^2 [10, 11], to the construction of vortex solutions over Riemann surfaces which become integrable for appropriate choice of the parameters [12] and to the construction of non-Abelian monopoles over R^{1,1} × S^2 in [13]. In [14], reduction of the Yang-Mills-Dirac theory on M × S^2 is considered with a particular emphasis on the effects of the non-trivial monopole background on the physical particle spectrum of the reduced theory. Dimensional reduction over quantum sphere is recently studied and led to the formulation of q-deformed quiver gauge theories and non-Abelian q-vortices [15].

Both of these techniques have also been applied to Yang-Mills theories over R^{2d}_θ × S^2 [16], where R^{2d}_θ is the 2d dimensional Groenewald-Moyal space; a prime example of a noncommutative space. In this framework, Donaldson-Uhlenbeck-Yau (DUY) equations of a U(2k) Yang-Mills theory have been reduced to a set of equations on R^{2d}_θ whose solutions are given by BPS vortices on R^{2d}_θ and the properties of the latter have been elaborated.

Starting with the article [17], we have initiated investigations on the equivariant reduction of gauge theories over fuzzy extra dimensions. In [17] the most general SU(2)-equivariant U(2) gauge field over M×S^2_F have been found, and it was utilized to perform the dimensional reduction over S^2_F . It was shown that for M = R^2 the emergent theory is an Abelian Higgs type model which has non-BPS vortex solutions corresponding to the instantons in the original theory. There it was also found that these non-BPS vortices attract or repel depending on the parameters in the model. This article has been followed up by investigating the situation in which M is also a noncommutative space [18]. Performing the SU(2)- equivariant dimensional reduction of this theory led to a noncommutative U(1) theory which couples adjointly to a set of scalar fields. On the Groenewald-Moyal plane M = R^2_θ the emergent models admit noncommutative vortex as well as fluxon solutions, which are non- BPS and devoid of a smooth commutative limit as θ → 0.

As we have noted earlier, gauge theory on M^4 × S^2_F × S^2_F has been recently investigated in [4]. For this purpose authors of [4] have considered a SU(N ) gauge theory on M^4, which is suitably coupled to six scalar fields in the adjoint of U(N ). The model has the same field content as that of the bosonic part of the N = 4 SUSY Yang-Mills theory, but comes together with a potential breaking the N = 4 supersymmetry and the R-symmetry which is a global SU(4). The deformed potential makes possible (after spontaneous symmetry breaking) the identification of the VEV’s of the scalars with S^2_F × S^2_F and the fluctuations around this vacuum as gauge fields on S^2_F × S^2_F . Structure of fermions in this theory is elaborated in [4]. In a related article, it was shown that twisted fuzzy spheres can be dynamically generated as extra dimensions starting from a certain orbifold projection of a N = 4 SYM theory whose consequences have been discussed in [19]. For a review on these results [20] can be consulted.

In the present article, we investigate the SU(2) × SU(2) equivariant formulation of a U(4) gauge theory over S^2_F × S^2_F . Starting from the SU(N ) gauge theory model described above, but now put on some Riemannian Manifold M, we focus on a U(4) gauge theory on M × S^2_F × S^2_F after spontaneous symmetry breaking. We determine the SU(2) × SU(2)- equivariant U(4) gauge fields and perform the dimensional reduction of the theory over S^2_F × S^2_F . The emergent model is a U(1)^4 gauge theory coupled to four complex and eight real scalar fields. We study this theory on R^2 and find that, in certain limits, it admits vortex type solutions with U(1)^3 gauge symmetry and discuss some of their properties.

Our work in the rest of the paper is organized as follows. In section 2, we give the basics of the SU(N ) gauge theory over M and indicate how the gauge theory over M dynamically develops S^2_F × S^2_F as extra dimensions. This is followed by a systematic construction of the SU(2) × SU(2)-equivariant U(4) gauge field using essentially the SO(4) ≈ SU(2) × SU(2) representation theory. In section 3, we present the results of the equivariant reduction over M × S^2_F × S^2_F and give the reduced action in full, and find that the emergent model is a U(1)^4 gauge theory coupled to four complex and eight real scalar fields. This is ensued by a discussion of the structure of the reduced action. In section 4, we present non-trivial solutions of the reduced action on R^2 for two different limiting cases of the parameters a_L and a_R in the theory and demonstrate that, these particular models have vortex solutions with U(1)^3 gauge symmetry which tend to attract or repel at the critical point of the parameter space gg̃ = 1. For completeness, brief definitions of S^2_F and S^2_F × S^2_F are given in appendix A and basics of the U(N ) gauge theory over M×S^2_F and the U(2)-equivariant gauge field parametrization are discussed in appendix B. In appendix C, we collect the explicit expressions after dimensional which is presented in section 3.

2 U(4) Gauge Theory over M × S^2_F × S^2_F

i. Gauge theory on M × S^2_F × S^2_F :

We start with an SU(N ) gauge theory coupled adjointly to six scalar fields Φ_i , (i = 1 , · · · , 6). The relevant action is given in the form [4] S = ∫ M Tr_N ( 1 4g^2

F^†_{μν} F_{μν} + (D_μΦ_i)^†(D_μΦ_i) ) + V (Φ) . (2.1)

In this expression, A_μ are su(N ) valued anti-Hermitian gauge fields, Φ_i (i = 1, · · · 6) are six anti-Hermitian scalars transforming in the adjoint of SU(N ) and D_μΦ_i = ∂_μΦ_i + [A_μ , Φ_i] are the covariant derivatives.

It is assumed further that Φ_i , (i = 1 , · · · , 6) transform in the vector representation of a global SU(4) ∼= SO(6) group.

When considered on the four dimensional Minkowski spacetime M^4, depending on the form of the potential term V (Φ), the action (2.1) corresponds to the bosonic part of the N = 4 super Yang-Mills theory with the global SU(4) being its R-symmetry, or a modification of it thereof. The potential may have the form

V (Φ) = V_{N=4}(Φ) + V_{break}(Φ) , (2.2)

where the first term corresponds to the potential of the N = 4 super Yang-Mills theory

V_{N=4}(Φ) = 1 4 g^2_4 6∑ i ,j [Φ_i , Φ_j ]^2 , (2.3)

while the second term breaks both the N = 4 supersymmetry and the R-symmetry. It also worths to mention that the above action (2.1) descends from a ten-dimensional N = 1 super Yang-Mills theory by dimensional reduction. We will not review this here as it is not necessary for our purposes, however a quick discussion can be found in [4].

We would like to see now how the product of two fuzzy spheres emerges as extra dimensions from this theory as a consequence of spontaneous breaking of the original gauge symmetry. Following the discussion in [4], we consider a potential of the form

V (Φ) = 1 g^2_L

V_1(Φ^L) + 1 g^2_R

V_1(Φ^R) + 1 g^2_{LR} V_1(Φ^{L,R}) + a^2_LV^L_2 (Φ_L) + a^2_RV^R_2 (Φ_R) , (2.4)

where Φ^L_a = Φ_a , Φ^R_a = Φ_{a+3} , (a = 1, 2, 3) , (2.5) and V_1(Φ^L) = Tr_N F^{L†}_{ab} F^L_{ab} , F^L_{ab} = [Φ^L_a , Φ^L_b ] − ε_{abc}Φ^L_c V_1(Φ^R) = Tr_N F^{R†}_{ab} F^R_{ab} , F^R_{ab} = [Φ^R_a , Φ^R_b ] − ε_{abc}Φ^R_c V_2(Φ^L) = Tr_N (Φ^L_a Φ^L_a + b̃_L)^2 , V_2(Φ^R) = Tr_N (Φ^R_a Φ^R_a + b̃_R)^2 V_1(Φ^{L,R}) = Tr_N F^{(L ,R)†}_{ab} F^{(L ,R)}_{ab} , F^{(L ,R)}_{ab} = [Φ^L_a , Φ^R_b ] . (2.6)

We observe that the potential V (Φ) is positive definite, and it is possible to pick b̃_L and b̃_R as the quadratic Casimirs of respectively SU(2)_L and SU(2)_R with IRR’s labeled by ℓ_L and ℓ_R b̃_L = ℓ_L(ℓ_L + 1) , b̃_R = ℓ_R(ℓ_R + 1) , 2ℓ_L , 2ℓ_R ∈ Z . (2.7)

If it is further assumed that N = (2ℓ_L + 1)(2ℓ_R + 1)n, (n ∈ Z), then the configuration

Φ^L_a = X^{(2ℓL +1)} a ⊗ 1_{(2ℓR+1)} ⊗ 1_n , Φ^R_a = 1_{(2ℓL +1)} ⊗ X^{(2ℓR +1)}_a ⊗ 1_n , (2.8)

[Φ^L_a , Φ^R_b ] = 0 , (2.9) is a global minimum of the potential V (Φ) where X^{(2ℓL+1)}_a and X^{(2ℓR+1)}_a are the anti- Hermitian generators of SU(2)_L and SU(2)_R respectively in the IRR’s ℓ_L and ℓ_R, with the commutation relations

[X^{(2ℓL +1)} a , X^{(2ℓL+1)} b ] = ε_{abc}X^{(2ℓL +1)}_c , [X^{(2ℓR+1)}_a , X^{(2ℓR +1)}_b ] = ε_{abc}X^{(2ℓR+1)}_c . (2.10)

This vacuum configuration spontaneously breaks the SU(N ) down to U(n) which is the commutant of Φ^L_a , Φ^R_a in (2.8).

Defining

x̂^L_a = i √ ℓ_L(ℓ_L + 1)

X^{(2ℓL+1)} a ⊗ 1_{(2ℓR+1)} , x̂^R_a = 1_{(2ℓL +1)} ⊗ i √ ℓ_R(ℓ_R + 1)

X^{(2ℓR+1)} a , (2.11)

x̂^L_a x̂^L_a = 1 , x̂^R_a x̂^R_a = 1 . (2.12)

the vacuum is a product of two fuzzy spheres S^2_F ×S^2_F generated by x̂^L_a and x̂^R_a . (see appendix A for a description of S^2_F × S^2_F ).

Fluctuations about this vacuum give a U(n) gauge theory over S^2_F × S^2_F . We can write

Φ^L_a = X^L_a + A^L_a , Φ^R_a = X^R_a + A^R_a (2.13)

where A^L_a , A^R_a ∈ u(2ℓ_L + 1) ⊗ u(2ℓ_R + 1) ⊗ u(n) with the short-hand notation X^{(2ℓL+1)}_a ⊗ 1_{(2ℓR+1)} ⊗ 1_n =: X^L_a and 1_{(2ℓL+1)} ⊗ X^{(2ℓR+1)}_a ⊗ 1_n =: X^R_a .

Thus, Φ^L_a , Φ^R_a are the “covariant coordinates” on S^2_F × S^2_F , and the associated curvatures F^L_{ab}, F^R_{ab}, F^{L ,R}_{ab} take their familiar form after expanding according to (2.13)

F^L_{ab} = [X^L_a , A^L_b ] − [X^L_b , A^L_a ] + [A^L_a , A^L_b ] − ε_{abc}A^L_c , F^R_{ab} = [X^R_a , A^R_b ] − [X^R_b , A^R_a ] + [A^R_a , A^R_b ] − ε_{abc}A^R_c , F^{L ,R}_{ab} = [X^L_a , A^R_b ] − [X^R_b , A^L_a ] + [A^L_a , A^R_b ] . (2.14)

Therefore, we can interpret the spontaneously broken theory as a U(n) gauge theory on M×S^2_F ×S^2_F with A_M := (A_μ , A^L_a , A^R_a ) as the gauge fields and F_{MN} as the corresponding field strength. The V^L_2 and the V^R_2 serve as constraint terms to suppress the normal components of the gauge fields on each of the fuzzy spheres, in similar manner as discussed for the case of a single fuzzy sphere in [2, 17].

It is important to point out that, this gauge theory can be called the “standard” Yang- Mills theory on M × S^2_F × S^2_F if we take g_L = g_R = √ 2g_{L,R} := g̃, scale the scalar fields as Φ̃ = √2g̃Φ_i and take g̃g = 1, since only then it takes the form of the L2 norm of F_{MN} .

We also note for future use that, with the developments above

Tr_N = 1 n(2ℓ_L + 1)(2ℓ_R + 1)

TrMat_{(2ℓL+1)} ⊗ TrMat_{(2ℓR+1)} ⊗ TrMat_{(n)} (2.15)

where Mat(k) denotes the algebra of k × k matrices.

Finally, it is also useful to remark that there are other possibilities for the vacuum configuration as discussed in [4] which for instance lead to S^2_F × S^2_F carrying magnetic fluxes under the U(1) component of the unbroken gauge group SU(n) × SU(m) × U(1) after spontaneous symmetry breaking.

ii. The SU(2) × SU(2)-Equivariant Gauge Field

We will now formulate the SU(2)_L × SU(2)_R ∼= SO(4)-equivariant, U(4) gauge theory on M × S^2_F × S^2_F . The gauge fields carry the fundamental representation of U(4). We introduce SO(4) symmetry generators under which A_μ is a scalar up to a U(4) gauge transformation, that is carrying the SO(4) IRR (0, 0) and A^L_a and A^R_a are SO(4) tensors carrying the IRRs (1, 0) and (0, 1), respectively. In other words, A^L_a is a vector under the SU(2)_L and a scalar under the SU(2)_R, whereas A^R_a is an SU(2)_R vector and an SU(2)_L scalar.

On S^2_F × S^2_F the SU(2) × SU(2) ∼= SO(4) rotational symmetry is implemented by the adjoint actions adX^L_a and adX^R_a (see appendix A):

adX^L_a · = [X^L_a , ·] , adX^R_a · = [X^R_a , ·] , [adX^L_a , adX^R_a ] = 0 . (2.16)

Let’s introduce the anti-Hermitian symmetry generators

ω^L_a = X^{(2ℓL+1)} a ⊗ 1_{(2ℓR+1)} ⊗ 1_4 − 1_{(2ℓL+1)} ⊗ 1_{(2ℓR+1)} ⊗ i L^L_a 2 , ω^R_a = 1_{(2ℓL+1)} ⊗ X^{(2ℓR+1)}_a ⊗ 1_4 − 1_{(2ℓL+1)} ⊗ 1_{(2ℓR+1)} ⊗ i L^R_a 2 . (2.17)

Here L^L_a and L^R_a are 4 × 4 matrices whose structure will be given shortly. They are chosen so that ω^L_a and ω^R_a fulfill the consistency conditions [ω^L_a , ω^L_b ] = iε_{abc}ω^L_c , [ω^R_a , ω^R_b ] = iε_{abc}ω^R_c , (2.18) [ω^L_a , ω^R_b ] = 0 . (2.19)

In order to write down the matrices L^L_a and L^R_a consider first the 4 × 4 matrices denoted as e_{mn}(m, n = 1, 2, 3, 4) whose all entries are zero except the entry on the m^{th} row and the n^{th} column which is 1. We let

J_a = −iε_{abc}e_{bc} , K_a = −i(e_{a4} − e_{4a}) , (2.20)

and define L^L_a = J_a + K_a , L^R_a = J_a − K_a . (2.21)

These matrices fulfill [L^L_a , L^L_b ] = 2iε_{abc}L^L_c , [L^R_a , L^R_b ] = 2iε_{abc}L^R_c , [L^L_a , L^R_b ] = 0 . (2.22)

Therefore we have altogether six anti-symmetric SU(4) matrices generating the two subgroups SU(2)_L and SU(2)_R. Remaining nine symmetric generators of SU(4) may be taken as L^L_a L^R_b . Together with the 4 × 4 identity 1_4, L^L_a , L^R_a and L^L_a L^R_b span U(4) and furnish a basis for the fundamental representation of U(4).

L^L_a and L^R_a form a 4 × 4 basis of the Lie algebra so(4) = su(2) ⊕ su(2). In addition, these matrices satisfy the relations

L^L_a L^L_b = iε_{abc}L^L_c + δ_{ab}1_4 , L^R_a L^R_b = iε_{abc}L^R_c + δ_{ab}1_4 , (2.23)

which permits to view them as two sets of 4 × 4‘Pauli Matrices”.

From the point of view of the SO(4) representation theory L^L_a , L^R_a carry the reducible representations of SU(2)_L and SU(2)_R. L^L_a carries two copies of the IRR (^1_2 , 0), whereas L^R_a carries two copies of the IRR (0 ,^1_2 ), which can be clearly observed from their Casimir operators with the eigenvalues 3.

As the gauge fields A^L_a and A^R_a on S^2_F × S^2_F are u(4) valued, they are elements of u(2ℓ_L + 1) × u(2ℓ_R + 1) × u(4). Therefore, it is now clear that L^L_a and L^R_a in (2.17) are responsible for generating the U(4) gauge symmetry in SO(4).

The SU(2) × SU(2) ∼= SO(4)-equivariance conditions stated at the beginning of this section can now be explicitly described as the fulfillment of the following conditions under the adjoint actions of ω^L and ω^R.

[ω^L_a , A_μ] = 0 = [ω^R_a , A_μ] , [ω^L_a , A^L_b ] = ε_{abc}A^L_c , [ω^R_a , A^R_b ] = ε_{abc}A^R_c , [ω^L_a , A^R_b ] = 0 = [ω^R_a , A^L_b ] . (2.24)

It is necessary to find explicit parametrizations of A_μ, A^L_a and A^R_a fulfilling these conditions. The adjoint actions of ω^L and ω^R expand in Clebsch-Gordan series as 2 × [ (ℓ_L , 0) ⊗ ( 1 2 , 0) ] ⊗ [ (ℓ_L , 0) ⊗ ( 1 2 , 0) ] = 4(0 , 0) ⊕ 8(1 , 0) ⊕ · · · , (2.25) 2 × [ (0 , ℓ_R) ⊗ (0 , 1 2 ) ] ⊗ [ (0 , ℓ_R) ⊗ (0 , 1 2 ) ] = 4(0 , 0) ⊕ 8(0 , 1) ⊕ · · · , (2.26) where the factor of two in each line above is due to the two copies of the IRRs (^1_2 , 0) and (0 ,^1_2 ) in L^L_a and L^R_a , respectively. Therefore the relavant part of the Clebsch-Gordan expansion takes the form 4(0 , 0) ⊕ 8(1 , 0) ⊕ 8(0 , 1) . (2.27) The solution space for A_μ is then 4-dimensional, whereas each of the solution spaces of A^L_a and A^R_a are 8-dimensional.

It is not very hard to see that there are four invariants under the action of ω^L_a and ω^R_a . These are the three ‘idempotents”

Q_L =

X^{ℓL}_a ⊗ 1_{(2ℓR+1)} ⊗ L^L_a −^i_2 1 ℓ_L + 1/2

, Q^†_L = −Q_L , Q^2_L = −1_{4(2ℓL+1)(2ℓR +1)} , (2.28)

Q_R =

1_{(2ℓL+1)} ⊗ X^{ℓR}_a ⊗ L^R_a −^i_2 1 ℓ_R + 1/2

, Q^†_R = −Q_R , Q^2_R = −1_{4(2ℓL+1)(2ℓR+1)} , (2.29)

iQ_LQ_R = i (X^{ℓL}_a ⊗ 1_{(2ℓR+1)} ⊗ L^L_a −^i_2 1)(1_{(2ℓL +1)} ⊗ X^{ℓR}_a ⊗ L^R_a −^i_2 1) (ℓ_L + 1/2)(ℓ_R + 1/2) , (iQ_LQ_R)^† = −iQ_LQ_R , (iQ_LQ_R)^2 = −1_{4(2ℓL+1)(2ℓR+1)} , (2.30)

which are all [4(2ℓ_L + 1)(2ℓ_R + 1)]^2 matrices and the identity matrix −1_{4(2ℓL+1)(2ℓR +1)}.

These lead to the parametrization

A_μ = 1 2 a^L_μ Q^L + 1 2 a^R_μ Q^R + i 2 b_μ1 + 1 2 ic_μQ^LQ^R , (2.31)

where a_μ, b_μ, c_μ and d_μ are all Hermitian U(1) gauge fields, and to the parametrizations

A^L_a = 1 2 (χ_1 + χ^′_1)[X^L_a , Q^L] + 1 2 (χ_2 + χ^′_2 − 1)Q^L[X^L_a , Q^L] + i 1 2 χ_3 1 2 { ^X^L_a , Q^L} + 1 2 χ_4 ^ω^L_a + 1 2 (χ_1−χ^′_1)iQ^R[X^L_a , Q^L]+ 1 2 (χ_2−χ^′_2)iQ^RQ^L[X^L_a , Q^L]+i 1 2 χ^′_3 1 2 iQ^R{ ^X^L_a , Q^L}+ 1 2 χ^′_4iQ^R ^ω^L_a . (2.32)

A^R_a = 1 2 (λ_1 + λ^′_1)[X^R_a , Q^R] + 1 2 (λ_2 + λ^′_2 − 1)Q^R[X^R_a , Q^R] + i 1 2 λ_3 1 2 { ^X^R_a , Q^R} + 1 2 λ_4 ^ω^R_a + 1 2 (λ_1−λ^′_1)iQ^L[X^R_a , Q^R]+ 1 2 (λ_2−λ^′_2)iQ^LQ^R[X^R_a , Q^R]+i 1 2 λ^′_3 1 2 iQ^L{ ^X^R_a , Q^R}+ 1 2 λ^′_4iQ^L ^ω^R_a . (2.33) Here χ_i, χ^′_i, λ_i and λ^′_i i = (1, 2, 3, 4) are Hermitian scalar fields over M, the curly brackets denote anti-commutators throughout, and we have used

^X^L_a := 1 ℓ_L + 1/2

X^L_a , ^ω^L_a := 1 ℓ_L + 1/2 ω^L_a , ^X^R_a := 1 ℓ_R + 1/2

X^R_a , ^ω^R_a := 1 ℓ_R + 1/2 ω^R_a . (2.34)

Let us also introduce the notation

A^L_a := Ã^L_a + iQ^RÃ^{′L}_a A^R_a := Ã^R_a + iQ^LÃ^{′R}_a (2.35)

for future convenience.

3 Reduction of the Yang-Mills Action over S^2_F

Using the SU(2) × SU(2)-equivariant gauge field in the action functional of the U(4) Yang- Mills theory on M ⊗ S^2_F × S^2_F , we can explicitly trace it over the fuzzy spheres to reduce it to a theory on M. It is quite useful to note the following identities

{Q , [X_a , Q]} = 0 , {X_a , [X_a , Q]} = 0 , (sum over repeated a is implied) , (3.1) [Q , {X_a , Q}] = 0 , [X_a , {X_a , Q}] = 0 , (sum over repeated a is implied) . (3.2)

which are valid for both the left and the right quantities and they significantly simplify the calculations, since they greatly reduce the number of traces to be computed.

The reduced action has the form S = ∫ M L_F + L_G + 1 g^2_L

V^L_1 + 1 g^2_R

V^R_1 + 1 g^2_{LR} V^{L,R}_1 + a^2_LV^L_2 + a^2_RV^R_2 . (3.3)

Each term in this expression is defined and evaluated below, while some details are relegated to the appendix C.

3.1. The Field Strength Term

The field strength can be expressed as F_{μν} = 1 2 f^L_{μν} Q^L + 1 2 f^R_{μν} Q^R + i 2 g_{μν} 1_4 + i 2 h_{μν} Q^LQ^R (3.4)

where

f^L_{μν} = ∂_μa^L_ν − ∂_ν a^L_μ , f^R_{μν} = ∂_μa^R_ν − ∂_ν a^R_μ , g_{μν} = ∂_μb_ν − ∂_ν b_μ , h_{μν} = ∂_μc_ν − ∂_ν c_μ (3.5)

The corresponding contribution to the Lagrangian is

L_F := 1 4g^2

Tr_N ( F^†_{μν} F_{μν} )

= 1 16g^2 ( | |f^L_{μν} |^2 + |f^R_{μν} |^2 + |g_{μν} |^2 + |h_{μν} |^2 + 2 (2ℓ_L + 1)(2ℓ_R + 1) f^L_{μν} f^R_{μν} − 1 (2ℓ_R + 1) ( f^R_{μν} g_{μν} − f^L_{μν} h_{μν} ) − 1 (2ℓ_L + 1) ( f^L_{μν} g_{μν} − f^R_{μν} h_{μν} )

− 2 (2ℓ_L + 1)(2ℓ_R + 1) g_{μν} h_{μν} ) . (3.6)

3.2. The Gradient Term

The covariant derivatives are naturally expressed in two pieces

D_μΦ^L_a = 1 2 ( D_μ(χ_1 + χ^′_1) + Q^LD_μ(χ_2 + χ^′_2) ) [X^L_a , Q^L] + i 4 ∂_μχ_3{X̂^L_a , Q^L} + 1 2 ∂_μχ_4ω̂^L_a + iQ^R ( 1 2 ( D_μ(χ_1 − χ^′_1) + Q^LD_μ(χ_2 − χ^′_2) ) [X^L_a , Q^L] + i 4 ∂_μχ^′_3{X̂^L_a , Q^L} + 1 2 ∂_μχ^′_4ω̂^L_a )

(3.7)

D_μΦ^R_a = 1 2 ( D_μ(λ_1 + λ^′_1) + Q^RD_μ(λ_2 + λ^′_2) ) [X^R_a , Q^R] + i 4 ∂_μλ_3{X̂^R_a , Q^R} + 1 2 ∂_μλ_4ω̂^R_a + iQ^L ( 1 2 ( D_μ(λ_1 − λ^′_1) + Q^RD_μ(λ_2 − λ^′_2) ) [X^R_a , Q^R] + i 4 ∂_μλ^′_3{X̂^R_a , Q^R} + 1 2 ∂_μλ^′_4ω̂^R_a )

(3.8)

where we have (i = 1, 2)

D_μχ_i = ∂_μχ_i + ε_{ji}a_μχ_j + ε_{ji}c_μχ_j D_μχ^′_i = ∂_μχ^′_i + ε_{ji}a_μχ^′_j − ε_{ji}c_μχ^′_j . (3.9)

with (i = 1, 2).

The gradient term takes the form

L_G := L^L_G + L^R_G = Tr_N ( (D_μΦ^L_a )^†(D_μΦ^L_a ) + (D_μΦ^R_a )^†(D_μΦ^R_a ) ) , (3.10)

where

L^L_G = ℓ_L(ℓ_L + 1) (ℓ_L + 1/2)^2 [ ( 1 + 1 2(ℓ_R + 1) ) ( (D_μχ_1)^2 + (D_μχ_2)^2 ) + ( 1 − 1 2(ℓ_R + 1) ) ( (D_μχ^′_1)^2

+(D_μχ^′_2)^2 ) ] + 1 4 ℓ_L(ℓ_L + 1)(ℓ^2_L + ℓ_L − 1/4) (ℓ_L + 1/2)^4 [ (∂_μχ_3)^2 + (∂_μχ^′_3)^2 + 1 (ℓ_R +^1_2 )

∂_μχ_3∂_μχ^′_3 ]

+ 1 2 ℓ_L(ℓ_L + 1) (ℓ_L + 1/2)^3 [ ∂_μχ_3∂_μχ_4 + ∂_μχ^′_3∂_μχ^′_4 + 1 2(ℓ_R + 1) ( ∂_μχ_3∂_μχ^′_4 + ∂_μχ^′_3∂_μχ_4 ) ]

+ 1 4 ℓ^2_L + ℓ_L + 3/4 (ℓ_L + 1/2)^2 [ (∂_μχ_4)^2 + (∂_μχ^′_4)^2 + 1 (ℓ_R +^1_2 )

∂_μχ_4∂_μχ^′_4 ] . (3.11)

L^R_G = ℓ_R(ℓ_R + 1) (ℓ_R + 1/2)^2 [ ( 1 + 1 2(ℓ_L + 1) ) ( (D_μλ_1)^2 + (D_μλ_2)^2 ) + ( 1 − 1 2(ℓ_L + 1) ) ( (D_μλ^′_1)^2

+(D_μλ^′_2)^2 )] + 1 4 ℓ_R(ℓ_R + 1)(ℓ^2_R + ℓ_R − 1/4) (ℓ_R + 1/2)^4 [ (∂_μλ_3)^2 + (∂_μλ^′_3)^2 + 1 (ℓ_L + 1)

∂_μλ_3∂_μλ^′_3 ]

+ 1 2 ℓ_R(ℓ_R + 1) (ℓ_R + 1/2)^3 [ ∂_μλ_3∂_μλ_4 + ∂_μλ^′_3∂_μλ^′_4 + 1 2(ℓ_L + 1) ( ∂_μλ_3∂_μλ^′_4 + ∂_μλ^′_3∂_μλ_4 )]

+ 1 4 ℓ^2_R + ℓ_R + 3/4 (ℓ_R + 1/2)^2 [ (∂_μλ_4)^2 + (∂_μλ^′_4)^2 + 1 2(ℓ_L + 1)

∂_μλ_4∂_μλ^′_4 ] . (3.12)

It is useful to form the complex fields

χ = χ_1 + iχ_2 , χ̄ = χ_1 − iχ_2 , λ = λ_1 + iλ_2 , λ̄ = λ_1 − iλ_2 , (3.13)

then the covariant derivatives are expressed as

D_μχ = ∂_μχ + i(a^L_μ + c_μ)χ , D_μχ^′ = ∂_μχ^′ + i(a^L_μ − c_μ)χ^′ , D_μλ = ∂_μλ + i(a^R_μ + c_μ)λ , D_μλ^′ = ∂_μλ^′ + i(a^R_μ − c_μ)λ^′ . (3.14)

We note that primed fields carry charge −1 under c_μ.

3.3. The Potential Term

Working with the duals, we have for F^L_{ab} 1 2 ε_{abc}F^L_{ab} = 1 2 ϵ_{abc}[Φ^L_a , Φ^L_b ] − Φ^L_c = F^L_c + iQ^RF̃^L_c , (3.15)

F^L_c = 1 2 ( P^{L+}_1 (χ_1 + χ_2Q^L) + P^{L−}_1 (χ^′_1 + χ^′_2Q^L) ) [X^L_c , Q^L] + i 4 ( 2|χ|^2 + 2|χ^′|^2 − P^L_2 ) {X^L_c , Q^L} (ℓ_L + 1/2) + 1 4 P^L_3 ω^L_c (ℓ_L + 1/2)^2

, (3.16)

F̃^L_c = 1 2 ( P^{L+}_1 (χ_1 + χ_2Q^L) − P^{L−}_1 (χ^′_1 + χ^′_2Q^L) ) [X^L_c , Q^L] + i 4 ( 2|χ|^2 − 2|χ^′|^2 − P̃^L_2 ) {XL_c , QL} (ℓ_L + 1/2) + 1 4 P̃^L_3 ω^{Lc} (ℓ_L + 1/2)^2

, (3.17)

and P^{L±}_1 , P^L_2 and P^L_3 , P̃^L_2 , P̃^L_3 are given in the appendix C.

Similarly for F^R_{ab} we have 1 2 ε_{abc}F^R_{ab} = 1 2 ϵ_{abc}[Φ^R_a , Φ^R_b ] − Φ^R_c = F^R_c + iQ^LF̃^R_c , (3.18)

F^R_c = 1 2 ( P^{R+}_1 (λ_1 + λ_2Q^R) + P^{R−}_1 (λ^′_1 + λ^′_2Q^R) ) [X^R_c , Q^R] + i 4 ( 2|λ|^2 + 2|λ^′|^2 − P^R_2 ) {X^R_c , Q^R} (ℓ_R + 1/2) + 1 4 P^R_3 ω^L_c (ℓ_R + 1/2)^2

, (3.19)

F̃^R_c = 1 2 ( P^{R+}_1 (λ_1 + λ_2Q^R) − P^{R−}_1 (λ^′_1 + λ^′_2Q^R) ) [X^R_c , Q^R] + i 4 ( 2|λ|^2 − 2|λ^′|^2 − P̃^R_2 ) {XR_c , QR} (ℓ_R + 1/2) + 1 4 P̃^R_3 ω^{Lc} (ℓ_R + 1/2)^2

, (3.20)

and P^{R±}_1 , P^R_2 and P^R_3 , P̃^R_2 , P̃^R_3 are given in the appendix C.

In addition, we have for F^{L ,R}_{ab} F^{L ,R}_{ab} = i ( (χ_2 + χ^′_2) − (χ_1 + χ^′_1)Q^L ) [X^L_a , Q^L]Ã^{′R}_b + iÃ^{′L}_a ( (λ_2 + λ^′_2) − (λ_1 + λ^′_1)Q^R ) [X^R_b , Q^R] . (3.21)

where the notation introduced earlier in (2.35) is used.

With these we find for V^L_1 , V^R_1 and V^{L,R}_1

V^L_1 = Tr_N F^{L†}_{ab} F^L_{ab} = −2Tr_N ( (F^L_c )^2 + (F̃^L_c )^2 + 2iQ_RF^L_c F̃^L_c ) = T^L_1 (|χ|^4 + |χ^′|^4) + T^L_2 |χ|^2 + T̃^L_2 |χ^′|^2 + T^L_3 , (3.22)

V^R_1 = Tr_N F^{R†}_{ab} F^R_{ab} = −2Tr_N ( (F^R_c )^2 + (F̃^R_c )^2 + 2iQ_LF^R_c F̃^R_c ) = T^R_1 (|λ|^4 + |λ^′|^4) + T^R_2 |λ|^2 + T̃^R_2 |λ^′|^2 + T^R_3 , (3.23)

V^{L,R}_1 = 2S_1 ( |χλ^′ − χ^′λ|^2 + |λ̄χ − χ^′λ̄^′|^2 ) + |χ + χ^′|^2 ( S^L_2 λ^{′2}_3 + S̃^L_2 λ^{′2}_4 + S^L_3 λ^′_3λ^′_4 )

+ |λ + λ^′|^2 ( S^R_2 χ^{′2}_3 + S̃^R_2 χ^{′2}_4 + S^R_3 χ^′_3χ^′_4 ) , (3.24)

where T^{L,R}_1 , T^{L,R}_2 , T̃^{L,R}_2 , T^{L,R}_3 , S_1, S^L_2 , S̃^L_2 , S^L_3 , S^R_2 , S̃^R_2 and S^R_3 are given in appendix C.

3.4. The Constraint Term

Taking b̃_L = ℓ_L(ℓ_L + 1) and b̃_R = ℓ_R(ℓ_R + 1) as discussed earlier in section 2 we find

Φ^L_a Φ^L_a + ℓ_L(ℓ_L + 1) = R^L_1 + iQ^LR^L_2 + iQ^R(R̃^L_1 + iQ^LR̃^L_2 ) , (3.25)

Φ^R_a Φ^R_a + ℓ_R(ℓ_R + 1) = R^R_1 + iQ^RR^R_2 + iQ^L(R̃^R_1 + iQ^LR̃^R_2 ) (3.26)

where R^L_1 , R^L_2 and R̃^L_1 , R̃^L_2 and R^R_1 , R^R_2 and R̃^R_1 , R̃^R_2 are given in the appendix C.

The constraint terms in the action take the form

V^L_2 = (R^L_1 )^2 + (R^L_2 )^2 + (R̃^L_1 )^2 + (R̃^L_2 )^2 + 1 (ℓ_L +^1_2 ) ( R^L_1 R^L_2 + R̃^L_1 R̃^L_2 )

+ 1 (ℓ_R +^1_2 ) ( R^L_1 R̃^L_1 + R^L_2 R̃^L_2 ) + 1 2(ℓ_L +^1_2 )(ℓ_R +^1_2 ) ( R^L_1 R̃^L_2 + R̃^L_1 R^L_2 ) . (3.27)

V^R_2 = (R^R_1 )^2 + (R^R_2 )^2 + (R̃^R_1 )^2 + (R̃^R_2 )^2 + 1 (ℓ_R +^1_2 ) ( R^R_1 R^R_2 + R̃^R_1 R̃^R_2 )

+ 1 (ℓ_L +^1_2 ) ( R^R_1 R̃^R_1 + R^R_2 R̃^R_2 ) + 1 2(ℓ_L +^1_2 )(ℓ_R +^1_2 ) ( R^R_1 R̃^R_2 + R̃^R_1 R^R_2 ) . (3.28)

3.5. Structure of the Reduced Theory

In order to understand the structure of the reduced theory it is useful to analyze its vacuum structure. The potential has the form V = 1 g^2_L

V^L_1 + 1 g^2_R

V^R_1 + 1 g^2_{LR} V^{L,R}_1 + a^2_LV^L_2 + a^2_RV^R_2 . (3.29)

Apart from the case a_L = a_R = 0, V is zero if and only if V^L_1 , V^R_1 , V^{L,R}_1 , V^L_2 , V^R_2 all vanish. Noting that zeros of V^L_1 , V^R_1 , V^{L,R}_1 coincide with zeros of the curvature terms, it is left to find the solutions of F^L_{ab} = 0 , F^R_{ab} = 0 , F^{L ,R}_{ab} = 0 , (3.30) using the results obtained in the previous section.

It turns out that the only solution to these equations, which is also a zero of both V^L_2 , V^R_2 is given as |χ| = |χ^′| = |λ| = |λ^′| = 1 2 , χλ^′ = χ^′λ , λ̄χ = χ^′λ̄^′ , χ_3 = χ^′_3 = χ_4 = χ^′_4 = 0 , λ_3 = λ^′_3 = λ_4 = λ^′_4 = 0 . (3.31) In fact, the first condition on the second line together with the first line implies the second condition on the second line. It should be clear that vacua is not simply connected. The first two lines of (3.31) imply that one of the complex fields can be written in terms of the other three. For instance, λ^′ =^{χ′λ}_χ = 4χ^′λχ̄. The vacuum manifold has therefore the structure of T^3 = S^1 × S^1 × S^1, which has in particular π_1(T^3) = Z ⊕ Z ⊕ Z.

Let us record the form of the action in the limit ℓ_L , ℓ_R → ∞ which is going to be of essential interest in the next section. L_F = 1 16g^2 ( | |f^L_{μν} | |^2 + | |f^R_{μν} | |^2 + |g_{μν} |^2 + |h_{μν} |^2) (3.32)

L_G = |D_μχ|^2 + |D_μχ^′|^2 + |D_μλ|^2 + |D_μλ^′|^2 + 1 4 ( (∂_μχ_3)^2 + (∂_μχ^′_3)^2 + (∂_μχ_4)^2 + (∂_μχ^′_4)^2

+ (∂_μλ_3)^2 + (∂_μλ^′_3)^2 + (∂_μλ_4)^2 + (∂_μλ^′_4)^2 ) . (3.33)

V^L_1 = 1 g^2_L ( 4 ( |χ|^2 + 1 4 (χ_3 + χ^′_3) − 1 4 )_2 + 4 ( |χ^′|^2 + 1 4 (χ_3 − χ^′_3) − 1 4 )_2

+ 2(χ_3 + χ^′_3)^2|χ|^2 + 2(χ_3 − χ^′_3)^2|χ^′|^2 + 1 2 (χ^2_4 + χ^{′2}_4 ) ) . (3.34)

V^R_1 = 1 g^2_R ( 4 ( |λ|^2 + 1 4 (λ_3 + λ^′_3) − 1 4 )_2 + 4 ( |λ^′|^2 + 1 4 (λ_3 − λ^′_3) − 1 4 )_2

+ 2(λ_3 + λ^′_3)^2|λ|^2 + 2(λ_3 − λ^′_3)^2|λ^′|^2 + 1 2 (λ^2_4 + λ^{′2}_4 ) ) . (3.35)

V^{L,R}_1 =_{ℓL ,ℓR→∞} 1 g^2_{L,R} ( 2(|χλ^′ − χ^′λ|^2 + |λ̄χ − χ^′λ̄^′|^2) − 1 2 ( |χ + χ^′|^2(λ^{′2}_3 + λ^{′2}_4 )

+ |λ + λ^′|^2(χ^{′2}_3 + χ^{′2}_4 )) . (3.36)

4 Vortices

We will now discuss the vortex solutions of the reduced theory in the ℓ_L , ℓ_R → ∞ limit. For simplicity, we restrict our attention to the case M = R^2 . There is no canonical choice for the coefficients a^2_L , a^2_R of the fuzzy constraint term; here we consider only the extreme cases of a^2_L = a^2_R = 0 and a^2_L , a^2_R → ∞, which correspond respectively to imposing no constraint at all, and to imposing the constraints “by hand”.

4.1. Case 1: No constraint

As the constraint terms are absent, it is observed from the equations (3.33 - 3.36) that b_μ, χ_4 and λ_4 decouple. In this case we have a U(1)^3 gauge theory. The vacuum has the nontrivial structure given in (3.31). On R^2 this leads to vortices since the mapping of the circle at spatial infinity to the vacuum manifold

S^1(∞) −→ T^3 (4.1)

is characterized by π_1(T^3) = Z ⊕ Z ⊕ Z.

To obtain a detailed description of these vortices we can select the radial gauge in which a^L_r = a^R_r = c_r = 0 and make the rotationally symmetric ansatz by setting χ = χ(r)e^{in1θ} −→_{r→∞} 1 2 e^{in1θ} , χ^′ = χ^′(r)e^{in2θ} −→_{r→∞} 1 2 e^{in2θ} , λ = λ(r)e^{im1 θ} −→_{r→∞} 1 2 e^{im1θ} , λ^′ = λ^′(r)e^{im2 θ} −→_{r→∞} 1 2 e^{im2θ} . (4.2)

From (3.31) and (4.2) we see that the integers n_1, n_2, m_1, m_2 are not all independent but related to each other as (n_1 − n_2) − (m_1 − m_2) = 0 , (4.3)

which is consistent with the fact that π_1(T^3) = Z ⊕ Z ⊕ Z. In what follows we eliminate m_2 using (4.3) and take the winding numbers of the complex fields as the set (n_1, n_2, m_1).

The real scalars are

χ_3 = χ_3(r) , χ^′_3 = χ^′_3(r) , λ_3 = λ_3(r) , λ^′_3 = λ^′_3(r) , χ^′_4 = χ^′_4(r) , λ^′_4 = λ^′_4(r) . (4.4)

and they all tend to zero at spatial infinity (r → ∞).

As for the gauge fields we have a^L_θ = a^L_θ (r) −→_{r→∞} − n_1 + n_2 2 , a^R_θ = a^R_θ (r) −→_{r→∞} − m_1 + m_2 2 = − 2m_1 − (n_1 − n_2) 2 , c_θ = c_θ(r) −→_{r→∞} − n_1 − n_2 2 . (4.5)

Asymptotic profiles of the fields listed above are all dictated by the finiteness of the action (4.6).

The action takes the form S = 2π ∫_∞ 0 rdr [ 1 8g^2 ( 1 r^2

(∂_ra^L_θ )^2 + 1 r^2

(∂_ra^R_θ )^2 + 1 r^2

(∂_rc_θ)^2 ) + (∂_rχ)^2 + 1 r^2

(n_1 + a^L_θ + c_θ)^2χ^2

+ (∂_rχ^′)^2 + 1 r^2

(n_2 + a^L_θ − c_θ)^2χ^{′2} + (∂_rλ)^2 + 1 r^2

(m_1 + a^R_θ + c_θ)^2λ^2 + (∂_rλ^′)^2 + 1 r^2

(m_1 − (n_1 − n_2) + a^R_θ − c_θ)^2λ^{′2} + 1 4 ( (∂_rχ_3)^2 + (∂_rχ^′_3)^2 + (∂_rχ^′_4)^2 + (∂_rλ_3)^2

+ (∂_rλ^′_3)^2 + (∂_rλ^′_4)^2 ) + 1 g^2_L ( 4 ( χ^2 + 1 4 (χ_3 + χ^′_3) − 1 4 )_2 + 4 ( χ^{′2} + 1 4 (χ_3 − χ^′_3) − 1 4 )_2

+ 2(χ_3 + χ^′_3)^2χ^2 + 2(χ_3 − χ^′_3)^2χ^{′2} + 1 2 χ^{′2}_4 ) + 1 g^2_R ( 4 ( λ^2 + 1 4 (λ_3 + λ^′_3) − 1 4 )_2

+ 4 ( λ^{′2} + 1 4 (λ_3 − λ^′_3) − 1 4 )_2

+ 2(λ_3 + λ^′_3)^2λ^2 + 2(λ_3 − λ^′_3)^2λ^{′2} + 1 2 λ^{′2}_4 )

+ 1 g^2_{L,R} ( 2(χλ^′ − χ^′λ)^2 + 2(λ̄χ − χ^′λ̄^′)^2 + F ] (4.6)

where

F = −^1_2 ( (χ + χ^′)^2(λ^{′2}_3 + λ^{′2}_4 ) + (λ + λ^′)^2(χ^{′2}_3 + χ^{′2}_4 )) for n_1 = n_2

−^1_2 ( (χ^2 + χ^{′2})(λ^{′2}_3 + λ^{′2}_4 ) + (λ^2 + λ^{′2})(χ^{′2}_3 + χ^{′2}_4 )) for n_1 ≠ n_2

(4.7)

The equations of motion for the scalar and the gauge fields follow from (4.6) and (4.7) in a straightforward manner. These are coupled non-linear differential equations for which we have not found any exact analytical solutions. However, it is possible to obtain the asymptotic profiles of the fields as r → ∞. In this case we can write down the fluctuations around the vacuum values as χ = 1 2 − δχ , χ^′ = 1 2 − δχ^′ , λ = 1 2 − δλ , λ^′ = 1 2 − δλ^′ , a^L_θ = − n_1 + n_2 2 + δa^L ,

a^R_θ = −

2m_1 − (n_1 − n_2) 2 + δa^R , c_θ = − n_1 − n_2 2 + δc_θ , (4.8)

while we can keep the same notation for the real scalars as they all fluctuate about the zero vacuum values. Assuming further that (^{δaL}_r )^2, (^{δaR}_r )^2, (^{δC}_r )^2 are subleading^1 to the fluctuations in the complex and the real scalar fields, we obtain the following coupled set of linear

1The region of validity of this approximation in terms of the parameters of the model will be given a little later on.

second order differential equations:

∂^2_r δa^L − 1 r δa^L − 4g^2δa^L = 0 ,

∂^2_r δa^R − 1 r δa^R − 4g^2δa^R = 0 , ∂^2_r δc − 1 r δc − 8g^2δc = 0 , ∂^2_r δχ + 1 r δχ + 4 g^2_L ( −δχ + 1 4 (χ_3 + χ^′_3) ) − 1 g^2_{L,R} (δχ − δχ^′) = 0 , ∂^2_r δχ^′ + 1 r δχ^′ + 4 g^2_L ( −δχ + 1 4 (χ_3 − χ^′_3) ) + 1 g^2_{L,R} (δχ − δχ^′) = 0 , ∂^2_r δλ + 1 r δλ + 4 g^2_R ( −δλ + 1 4 (λ_3 + λ^′_3) ) − 1 g^2_{L,R} (δλ − δλ^′) = 0 , ∂^2_r δλ^′ + 1 r δλ^′ + 4 g^2_R ( −δλ + 1 4 (λ_3 − λ^′_3) ) + 1 g^2_{L,R} (δλ − δλ^′) = 0 , ∂^2_r χ_3 + 1 r χ_3 + 4 g^2_L ( δχ + δχ^′ − 3 2 χ_3 ) = 0 , (4.9)

∂^2_r χ^′_3 + 1 r χ^′_3 + 4 g^2_L ( δχ − δχ^′ − 3 2 χ^′_3 ) + γ g^2_{L,R} χ^′_3 = 0 ,

∂^2_r λ_3 + 1 r λ_3 + 4 g^2_R ( δλ + δλ^′ − 3 2 λ_3 ) = 0 ,

∂^2_r λ^′_3 + 1 r λ^′_3 + 4 g^2_R ( δλ − δλ^′ − 3 2 λ^′_3 ) + γ g^2_{L,R} λ^′_3 = 0 ,

∂^2_r χ^′_4 + 1 r χ^′_4 − 2 g^2_L χ^′_4 + γ g^2_{L,R} χ^′_4 = 0 ,

∂^2_r λ^′_4 + 1 r λ^′_4 − 2 g^2_R λ^′_4 + γ g^2_{L,R} λ^′_4 = 0 .

where γ = { 1 for n_1 ≠ n_2 2 for n_1 = n_2 .

(4.10)

The gauge fields have the asymptotic profiles

δa^L = F^LrK_1(2gr) δa^R = F^RrK_1(2gr) δc = F rK_1(2 √ 2gr) . (4.11)

Some algebra yields the asymptotic profiles of the scalar fields as

δχ = C_1K_0 (√ 2r g_L ) + C_2K_0 ( 2 √ 2r g_L ) + C_3K_0 (√ α^L_+r ) + C_4K_0 (√ α^L_−r )

δχ^′ = C_1K_0 (√ 2r g_L ) + C_2K_0 ( 2 √ 2r g_L ) − C_3K_0 (√ α^L_+r ) − C_4K_0 (√ α^L_−r )

χ_3 = C_1K_0 (√ 2r g_L ) − 2C_2K_0 ( 2 √ 2r g_L )

χ^′_3 = C^′_3K_0 (√ α^L_+r ) + C^′_4K_0 (√ α^L_−r )

χ^′_4 = C_5K_0 (√ β^Lr )

δλ = D_1K_0 (√ 2r g_R ) + D_2K_0 ( 2 √ 2r g_R ) + D_3K_0 (√ α^R_+r ) + D_4K_0 (√ α^R_−r )

δλ^′ = D_1K_0 (√ 2r g_R ) + D_2K_0 ( 2 √ 2r g_R ) − D_3K_0 (√ α^R_+r ) − D_4K_0 (√ α^R_−r )

λ_3 = D_1K_0 (√ 2r g_R ) − 2D_2K_0 ( 2 √ 2r g_R )

λ^′_3 = D^′_3K_0 (√ α^R_+r ) + D^′_4K_0 (√ α^R_−r )

λ^′_4 = D_5K_0 (√ β^Rr ) (4.12)

where

α^L_± =^5_{g2L} +^1_{2g2L,R} ±^1_2 ( 36 g^4_L − 12 g^2_Lg^2_{L,R} + 9 g^4_{L,R} ) 1_2

for γ = 1

α^L_± =^5_{g2L} ± ( 9 g^4_L − 4 g^2_Lg^2_{L,R} + 4 g^4_{L,R} ) 1_2 for γ = 2

(4.13)

α^R_± =^5_{g2R} +^1_{2g2L,R} ±^1_2 ( 36 g^4_R − 12 g^2_Rg^2_{L,R} + 9 g^4_{L,R} ) 1_2

for γ = 1

α^R_± =^5_{g2R} ± ( 36 g^4_R − 4 g^2_Rg^2_{L,R} + 4 g^4_{L,R} ) 1_2 for γ = 2

(4.14)

β^L = 2 g^2_L − γ g^2_{L,R} , β^R = 2 g^2_R − γ g^2_{L,R} . (4.15)

We further have that the coefficients C^′_3 and C^′_4 are fixed in terms of C_3 and C_4 as

γ = 1 →

C^′_3 = (_{g2} L 2 α^L_+ −^{g2L}_{g2L,R} − 2 ) C_3 ,

C^′_4 = (_{g2} L 2 α^L_− −^{g2L}_{g2L,R} − 2 ) C_4 .

(4.16)

γ = 2 → { C^′_3 = −2C_3 , C^′_4 = C_4 ,

(4.17) and likewise for the D^′_3 and D^′_4

γ = 1 →

D^′_3 = (_{g2} R 2 α^R_+ −^{g2R}_{g2L,R} − 2 ) D_3 ,

D^′_4 = (_{g2} R 2 α^R_− −^{g2R}_{g2L,R} − 2 ) D_4 .

(4.18)

γ = 2 → { D^′_3 = −2D_3 , D^′_4 = D_4 .

(4.19)

The coefficients C_a, D_a, F^L, F_R, F, (a = 1 , · · · , 5) can be found by numerical methods. Such a numerical computation was given in [17], for the case of U(1) vortices emerging from the equivariant reduction of a U(2) theory over M × S^2_F . We will not go into numerical calculations in this article. However, we can still note a few qualitative features stemming from the asymptotic profiles of fields listed above. Focusing on the special case, g_L = g_R = √ 2g_{L,R} := g̃, the expressions above simplify to

α^L_± =^{6±2} √ 3 g̃^2 for γ = 1 ,

α^L_± =^{6±} √ 17 2g̃^2 for γ = 2 ,

(4.20)

and β =^2_{g̃2} for γ = 1. For γ = 2, it is easily observed that there are no fluctuations in zero vacuum value of the fields χ^′_4 and λ^′_4 at this approximation. It follows from the asymptotic form of the Bessel functions that, (^{δaL}_r )^2, (^{δaR}_r )^2, (^{δC}_r )^2 are subleading to the fluctuations in the complex and the real scalar fields, as long as 4g > √ 2 g̃ . Furthermore, the field strengths decay faster than the scalar fields if 2g > √ 2 g̃ . This result indicates that vortices tend to attract as long as 2g > √ 2 g̃ , since it is known that field strengths are responsible for the repulsive and scalars are responsible for the attractive forces between vortices [21]. In particular, the reduced ”standard” Yang-Mills theory with gg̃ = 1 falls into this region of the parameter space.

4.2. Case 2: The constraints fully imposed

The fuzzy constraints

Φ^L_a Φ^L_a + ℓ_L(ℓ_L + 1) = 0 , Φ^R_a Φ^R_a + ℓ_R(ℓ_R + 1) = 0 (4.21)

are equivalent to the algebraic equations

R^L_1 = 0 , R^L_2 = 0 , R̃^L_1 = 0 , R̃^L_2 = 0 , R^R_1 = 0 , R^R_2 = 0 , R̃^R_1 = 0 , R̃^R_2 = 0 . (4.22) where expressions for all R are given in the appendix C. These equations can be solved order by order in powers of the parameters^1_{ℓL} and^1_{ℓR} to obtain expressions for the real scalar fields in terms of the modulus of the complex scalars in the theory. Substituting the leading order solutions of the real fields yields an action involving the complex scalars only.

To leading order in^1_{ℓL} and^1_{ℓR} , (4.22) yield

χ_3 = 1 ℓ^2_L

(|χ|^2 + |χ^′|^2 − 1 2 ) , χ_4 = − 1 ℓ_L (|χ|^2 + |χ^′|^2 − 1 2 ) , χ^′_3 = 1 ℓ^2_L

(|χ|^2 − |χ^′|^2) , χ^′_4 = − 1 ℓ_L (|χ|^2 − |χ^′|^2) ,

λ_3 = 1 ℓ^2_R

(|λ|^2 + |λ^′|^2 − 1 2 ) , λ_4 = − 1 ℓ_R (|λ|^2 + |λ^′|^2 − 1 2 ) , λ^′_3 = 1 ℓ^2_R

(|λ|^2 − |λ^′|^2) , λ^′_4 = − 1 ℓ_R (|λ|^2 − |λ^′|^2) , (4.23)

Substituting (4.23) into the reduced action obtained in section 3 gives S = ∫ d^2y 1 16g^2 ( ( 1 − 1 16ℓ^2_L ) |f^L_{μν} |^2 + ( 1 − 1 16ℓ^2_R ) |f^R_{μν} |^2 + 3 8ℓ_Lℓ_R f^L_{μν} f^R_{μν} + |h_{μν} |^2

+ 1 2 ( 1 ℓ_R − 1 ℓ^2_R ) h_{μν} f^L_{μν} + 1 2 ( 1 ℓ_L − 1 ℓ^2_L ) h_{μν} f^R_{μν} ) + ( 1 − 1 4ℓ^2_L + 1 2(ℓ_R + 1) ) |D_μχ|^2 + ( 1 − 1 4ℓ^2_L − 1 2(ℓ_R + 1) ) |D_μχ^′|^2 + ( 1 − 1 4ℓ^2_R + 1 2(ℓ_L + 1) ) |D_μλ|^2 + ( 1 − 1 4ℓ^2_R − 1 2(ℓ_L + 1) ) |D_μλ^′|^2 + 1 2ℓ^2_L (( ∂_μ|χ|^2 )_2 + ( ∂_μ|χ^′|^2 )_2) (4.24) + 1 2ℓ^2_R (( ∂_μ|λ|^2 )_2 + ( ∂_μ|λ^′|^2 )_2) + 4 g^2_L ( 1 + 5 4ℓ^2_L ) (( |χ|^2 − 1 4 )_2 + ( |χ^′|^2 − 1 4 )_2)

+ 4 g^2_R ( 1 + 5 4ℓ^2_R ) (( |λ|^2 − 1 4 )_2 + ( |λ^′|^2 − 1 4 )_2) + 1 g^2_{L,R} ( 2(|χλ^′ − χ^′λ|^2

+|λ̄χ − χ^′λ̄^′|^2) − 1 2ℓ^2_R

|χ + χ^′|^2(|λ|^2 − |λ^′|^2)^2 − 1 2ℓ^2_L

|λ + λ^′|^2(|χ|^2 − |χ^′|^2)^2 ) . where we have already solved the equations of motion for b_μ and inserted g_{μν} = 1 4 ( 1 ℓ_L − 1 ℓ^2_L ) f^L_{μν} + 1 4 ( 1 ℓ_R − 1 ℓ^2_R ) f^R_{μν} + 1 4ℓ_Lℓ_R h_{μν} . (4.25)

It is readily observed that the minimum of the potential resides at |χ| = |χ^′| = |λ| = |λ^′| = 1 2 , χλ^′ = χ^′λ , λ̄χ = χ^′λ̄^′ . (4.26)

We can again pick the radial gauge, and make the rotationally symmetric ansatz to look for vortex solutions. The action takes the form

S = 2π ∫_∞ 0 rdr [ 1 8g^2 ( 1 r^2 ( 1 − 1 16ℓ^2_L ) (∂_ra^L_θ )^2 + ( 1 − 1 16ℓ^2_R ) 1 r^2

(∂_ra^R_θ )^2 + 1 r^2

(∂_rc_θ)^2 )

+ 1 r^2 3 8ℓ_Lℓ_R (∂_ra^L_θ )(∂_ra^R_θ ) + 1 r^2 1 2 ( 1 ℓ_R − 1 ℓ^2_R ) (∂_ra^L_θ )(∂_rc_θ) + 1 r^2 1 2 ( 1 ℓ_L − 1 ℓ^2_L ) (∂_ra^R_θ )(∂_rc_θ) )

+ ( 1 − 1 4ℓ^2_L + 1 2(ℓ_R + 1) ) ( (∂_rχ)^2 + 1 r^2

(n_1 + a^L_θ + c_θ)^2χ^2 )

+ ( 1 − 1 4ℓ^2_L − 1 2(ℓ_R + 1) ) ( (∂_rχ^′)^2 + 1 r^2

(n_2 + a^L_θ − c_θ)^2χ^{′2} )

+ ( 1 − 1 4ℓ^2_R + 1 2(ℓ_L + 1) ) ( (∂_rλ)^2 + 1 r^2

(m_1 + a^R_θ + c_θ)^2λ^2 )

+ ( 1 − 1 4ℓ^2_R − 1 2(ℓ_L + 1) ) ( (∂_rλ^′)^2 + 1 r^2

(m_1 − (n_1 − n_2) + a^R_θ − c_θ)^2λ^{′2} )

+ 2 ℓ^2_L ( χ^2(∂_rχ)^2 + χ^{′2}(∂_rχ^′)^2 ) + 2 ℓ^2_R ( λ^2(∂_rλ)^2 + λ^{′2}(∂_rλ^′)^2 )

+ 4 g^2_L ( 1 + 5 4ℓ^2_L ) (( χ^2 − 1 4 )_2 + ( χ^{′2} − 1 4 )_2) + 4 g^2_R ( 1 + 5 4ℓ^2_R ) (( λ^2 − 1 4 )_2 + ( λ^{′2} − 1 4 )_2)

+ 1 g^2_{L,R} ( 2(χλ^′ − χ^′λ)^2 + 2(λχ − χλ^′)^2 + F )] (4.27)

where

F = −^1_{2ℓ2R} (χ + χ^′)^2(λ^2 − λ^{′2})^2 −^1_{2ℓ2L} (λ + λ^′)^2(χ^2 − χ^{′2})^2 for n_1 = n_2

−^1_{2ℓ2R} (χ^2 + χ^{′2})(λ^2 − λ^{′2})^2 −^1_{2ℓ2L} (λ^2 + λ^{′2})(χ^2 − χ^{′2})^2 for n_1 ≠ n_2

(4.28)

To leading order asymptotic profiles of the gauge fields are

δa^L = α_1rK_1(2gr) + α_2rK_1 ( 2g ( 1 + 1 4 ( 1 ℓ^2_L + 1 ℓ^2_R )) r ) , δa^R = α_1rK_1(2gr) + α_2rK_1 ( 2g ( 1 + 1 4 ( 1 ℓ^2_L + 1 ℓ^2_R )) r ) , δc = α_3rK_1 ( 2 √ 2g ( 1 − 3 8 ( 1 ℓ^2_L + 1 ℓ^2_R )) r ) . (4.29)

The asymptotic profiles of the scalar fields read

δχ = C_1K_0 ( √ μ_1r) + C_2K_0 ( √ μ_2r) δχ^′ = C^′_1K_0 ( √ μ_1r) + C^′_2K_0 ( √ μ_2r) δλ = C_3K_0 ( √ ν_1r) + C_4K_0 ( √ ν_2r) δχ = C^′_3K_0 ( √ ν_1r) + C^′_4K_0 ( √ ν_2r) (4.30)

Focusing on the case g_L = g_R = √ 2g_{L,R} := g̃, we find √ μ_1 = 2 √ 2 g̃ ( 1 + 1 4ℓ^2_L ) , √ μ_2 = 2 g̃ ( 1 + 3 8ℓ^2_L − 3 8ℓ^2_R ) , √ ν_1 = 2 √ 2 g̃ ( 1 + 1 4ℓ^2_R ) , √ ν_2 = 2 g̃ ( 1 + 3 8ℓ^2_R − 3 8ℓ^2_L ) . (4.31)

In this case, it follows from the asymptotic form of the Bessel functions that, (^{δaL}_r )^2, (^{δaR}_r )^2, (^{δC}_r )^2 are subleading to the fluctuations in the complex and the real scalar fields, as long as 4g >^2 √ 2 g̃ . For finite values of ℓ_L , ℓ_R, at the critical gg̃ = 1 coupling the vortices tend to repel since the scalars decay faster than the field strength. In particular, in the strict limit ℓ_L , ℓ_R → ∞ the model collapses to the critically coupled BPS vortices at gg̃ = 1. The BPS bound for this model can be written. Saturating the bound gives the action S = π 2 (n_1 + n_2 + m_1 + m_2) = π(n_2 + m_1) , (4.32)

since m_2 = −(n_1 − n_2) + m_1 and the BPS equations are

D_1χ ± iD_2χ = 0 , D_1χ^′ ± iD_2χ^′ = 0 , D_1λ ± iD_2λ = 0 , D_1λ^′ ± iD_2λ^′ = 0 . (4.33)

B^L + 1 √ 2 B ∓ 4 √ 2g^2 ( |χ|^2 − 1 4 ) = 0 , B^L − 1 √ 2 B ∓ 4 √ 2g^2 ( |χ^′|^2 − 1 4 ) = 0 ,

B^R + 1 √ 2 B ∓ 4 √ 2g^2 ( (|λ|^2 − 1 4 ) = 0 , B^R − 1 √ 2 B ∓ 4 √ 2g^2 ( |λ^′|^2 − 1 4 ) = 0 , (4.34)

together with the supplementary conditions

χλ^′ = χ^′λ , λ̄χ = χ^′λ̄^′ , (4.35)

and where B^L = f^L_{rθ}, B^R = f^R_{rθ}, B = h^L_{rθ}. A similar model, though on the noncommutative plane R^2_θ have appeared in [11]. We have not found any reference in the literature studying the solutions of these BPS equations however we think that, in principal, it may be possible to construct them using the methods of [22, 21]. This is beyond the scope of the present article.

5 Conclusions

In the present article, we have investigated the SU(2)×SU(2) equivariant reduction of a U(4) gauge theory over S^2_F × S^2_F . We have started from an SU(N ) gauge theory suitably coupled to a set of scalar fields in the adjoint of SU(N ) on a manifold M, which leads in general to a U(n) gauge theory on M × S^2_F × S^2_F after spontaneous symmetry breaking. Focusing on the U(4) theory we have determined the most general SU(2) × SU(2)-equivariant U(4) gauge fields and performed the dimensional reduction of the theory over S^2_F × S^2_F . We have found that the emergent model is a U(1)^4 gauge theory coupled to four complex and eight real scalar fields. Studying this theory on R^2 in two different limiting cases we have demonstrated that, these particular models have vortex solutions with U(1)^3 gauge symmetry which tend to attract or repel at the critical point of the parameter space gg̃ = 1 as discussed in the previous section.

We find this line of research very interesting as it gives us concrete results on the structure of gauge theories with fuzzy extra dimensions.In particular, we are interested in investigating the SU(2)-equivariant formulation of a U(3) gauge theory on M × S^2_F . In this case, SU(2) gauge transformations in U(3) are generated by the SU(2) rank 1 and rank 2 irreducible tensors in the adjoint representation of SU(2) and among the rotational invariants of the symmetry generators, suitably contracted rank two tensor operators over the fuzzy sphere also appear. In other words, and somewhat more accurately, fuzzy version of x_ax_bQ_{ab}, Q_{ab} being the quadrupole tensor carrying the spin 2representations of SU(2), appears as another rotational invariant in the theory whose contribution should be taken into account. We will report on these and related developments elsewhere in the near future.

Acknowledgements

I thank A.P. Balachandran and S. Vaidya for useful discussions. I also thank A. Behtash for proofreading the article. This work is supported by TÜBiTAK under project No. 110T738, TÜBA-GEBiP program of The Turkish Academy of Sciences and the Middle East Technical University under Project No. BAP- 08-11-2010-R-108.

References

[1] P. Aschieri, J. Madore, P.Manousselis and G. Zoupanos, “Dimensional reduction over fuzzy coset spaces,” JHEP 0404 (2004) 034 [arXiv:hep-th/0310072];

P. Aschieri, J. Madore, P. Manousselis and G. Zoupanos, “Renormalizable theories from fuzzy higher dimensions,” arXiv:hep-th/0503039.

[2] P. Aschieri, T. Grammatikopoulos, H. Steinacker and G. Zoupanos, “Dynamical generation of fuzzy extra dimensions, dimensional reduction and symmetry breaking,” JHEP 0609, 026 (2006) [arXiv:hep-th/0606021],

[3] A. P. Balachandran, S. Kurkcuoglu and S. Vaidya, Lectures on fuzzy and fuzzy SUSY physics, World Scientific, Singapore, 2007, and arXiv:hep-th/0511114.

[4] A. Chatzistavrakidis, H. Steinacker and G. Zoupanos, “On the fermion spectrum of spontaneously generated fuzzy extra dimensions with fluxes,” Fortsch. Phys. 58, 537 (2010) [arXiv:0909.5559 [hep-th]].

[5] H. Steinacker and G. Zoupanos, “Fermions on spontaneously generated spherical extra dimensions,” JHEP 0709, 017 (2007) [arXiv:0706.0398 [hep-th]].

[6] P. Forgacs and N. S. Manton, “Space-Time Symmetries In Gauge Theories,” Commun.

Math. Phys. 72, 15 (1980).

[7] D. Kapetanakis and G. Zoupanos, “Coset Space Dimensional Reduction Of Gauge Theories,” Phys. Rept. 219, 4 (1992).

[8] E. Witten, “Some exact multipseudoparticle solutions of classical Yang-Mills theory,” Phys. Rev. Lett. 38, 121 (1977).

[9] O. Garcia-Prada, “Invariant connections and vortices,” Commun. Math. Phys. 156 (1993) 527;

O. Garcia-Prada, ”Dimensional Reduction of stable bundles, vortices and stable pairs”, Int.J.Math. 5 (1994) 1.

[10] A. D. Popov and R. J. Szabo, “Quiver gauge theory of nonabelian vortices and noncommutative instantons in higher dimensions,” J. Math. Phys. 47, 012306 (2006) [arXiv:hep-th/0504025].

[11] O. Lechtenfeld, A. D. Popov and R. J. Szabo, “Rank two quiver gauge theory, graded connections and noncommutative vortices,” JHEP 0609, 054 (2006) [arXiv:hep-th/0603232];

O. Lechtenfeld, A. D. Popov and R. J. Szabo, “Quiver Gauge Theory and Noncommutative Vortices,” Prog. Theor. Phys. Suppl. 171, 258 (2007) [arXiv:0706.0979 [hep-th]]; O. Lechtenfeld, A. D. Popov and R. J. Szabo, “SU(3)-Equivariant Quiver Gauge Theories and Nonabelian Vortices,” JHEP 0808, 093 (2008) [arXiv:0806.2791 [hep-th]].

[12] A. D. Popov, “Integrability of Vortex Equations on Riemann Surfaces,” Nucl. Phys. B 821, 452 (2009) [arXiv:0712.1756 [hep-th]].

A. D. Popov, “Non-Abelian Vortices on Riemann Surfaces: an Integrable Case,” Lett. Math. Phys. 84, 139 (2008) [arXiv:0801.0808 [hep-th]];

[13] A. D. Popov, “Explicit Non-Abelian Monopoles in SU(N) Pure Yang-Mills Theory,” Phys. Rev. D 77, 125026 (2008) [arXiv:0803.3320 [hep-th]];

[14] B. P. Dolan and R. J. Szabo, “Dimensional Reduction, Monopoles and Dynamical Symmetry Breaking,” JHEP 0903, 059 (2009) [arXiv:0901.2491 [hep-th]].

[15] G. Landi and R. J. Szabo, “Dimensional reduction over the quantum sphere and nonabelian q-vortices,” arXiv:1003.2100 [hep-th].

[16] O. Lechtenfeld, A. D. Popov and R. J. Szabo, “Noncommutative instantons in higher dimensions, vortices and topological K-cycles,” JHEP 0312, 022 (2003) [arXiv:hep-th/0310267];

[17] D. Harland and S. Kurkcuoglu, “Equivariant reduction of Yang-Mills theory over the fuzzy sphere and the emergent vortices,” Nucl. Phys. B 821, 380 (2009) [arXiv:0905.2338 [hep-th]].

[18] S. Kurkcuoglu, Noncommutative Vortices and Flux-Tubes from Yang-Mills Theories with Spontaneously Generated Fuzzy Extra Dimensions, Phys.Rev. D82 (2010) 105010 and arXiv:1009.1880[hep-th].

[19] A. Chatzistavrakidis, H. Steinacker and G. Zoupanos, “Orbifolds, fuzzy spheres and chiral fermions,” JHEP 1005, 100 (2010) [arXiv:1002.2606 [hep-th]].

[20] A. Chatzistavrakidis and G. Zoupanos, “Higher-Dimensional Unified Theories with Fuzzy Extra Dimensions,” SIGMA 6, 063 (2010) [arXiv:1008.2049 [hep-th]].

[21] N. Manton and P. Sutcliffe, Topological Solitons, Cambridge University Press, Cambridge, 2004.

[22] C. H. Taubes, Arbitrary N: Vortex Solutions To The First Order Landau-Ginzburg Equations,” Commun. Math. Phys. 72, 277 (1980).

Appendix

A. S^2_F and S^2_F × S^2_F

The fuzzy sphere at level ℓ is defined to be the algebra of (2ℓ + 1) × (2ℓ + 1) matrices Mat(2ℓ + 1). The three Hermitian “coordinate functions”

x̂_a := i √ ℓ(ℓ + 1)

X^{(2ℓ+1)} a (A.1)

satisfy [x̂_a , x̂_b] = i √ ℓ(ℓ + 1) ε_{abc}x̂_c , x̂_ax̂_a = R , (A.2)

and generate the full matrix algebra Mat(2ℓ + 1). There are three natural derivations of functions, defined by the adjoint action of su(2) on S^2_F :

f → adX^{(2ℓ+1)}_a f := [X^{(2ℓ+1)}_a , f] , f ∈ Mat(2ℓ + 1) . (A.3)

In the limit ℓ → ∞, the functions x̂_a are identified with the standard coordinates x_a on R^3 , restricted to the unit sphere, and the infinite-dimensional algebra C^∞(S^2) of functions on the sphere is recovered. Also in this limit, the derivations [X^{(2ℓ+1)}_a , ·] become the vector fields −iL_a = ε_{abc}x_a∂_b, induced by the usual action of SO(3).

In similar manner the product space S^2_F ×S^2_F is defined to be the algebra of ((2ℓ_L + 1)(2ℓ_R + 1)) matrices Mat(2ℓ_L + 1)(2ℓ_R + 1). There are now six Hermitian “coordinate functions”

x̂^L_a := i √ ℓ_L(ℓ_L + 1)

X^{(2ℓL +1)} a ⊗ 1_{2ℓR+1} , x̂^R_a := 1_{2ℓL+1} ⊗ i √ ℓ_R(ℓ_R + 1)

X^{(2ℓR+1)} a , a = 1, 2, 3 . (A.4) which satisfy

[x̂^L_a , x̂^L_b ] = i √ ℓ_L(ℓ_L + 1) ε_{abc}x̂^L_c , [x̂^R_a , x̂^R_b ] = i √ ℓ_R(ℓ_R + 1) ε_{abc}x̂^R_c , [x̂^L_a , x̂^R_b ] = 0 . (A.5)

x̂^L_a x̂^L_a = 1 , x̂^R_a x̂^R_a = 1 . (A.6)

and generate the full matrix algebra Mat(2ℓ_L + 1)(2ℓ_R + 1).

There are six natural derivations of functions, defined by the adjoint action of su(2) ⊕ su(2) = so(4) on S^2_F × S^2_F :

f → adX^L_a f := [X^L_a , f] , f → adX^R_a f := [X^R_a , f] , f ∈ Mat(2ℓ_L + 1)(2ℓ_R + 1) . (A.7)

In the limit ℓ_L , ℓ_R → ∞, x̂^L_a x̂^R_a and are identified with the standard coordinates x^L_a and x^R_a on R^6 , restricted to S^2 × S^2, and the infinite-dimensional algebra C^∞(S^2 × S^2) of functions on S^2 × S^2 is recovered. Also in this limit, the derivations become the vector fields −iL^L_a = ε_{abc}x^L_a ∂^L_b , −iL^R_a = ε_{abc}x^R_a ∂^R_b induced by the usual action of SO(3) × SO(3).

B. U(2) Gauge Theory M × S^2_F

i. Gauge theory on M × S^2_F :

The relevant SU(N ) Yang-Mills theory has the action S = ∫ M Tr_N ( 1 4g^2

F^†_{μν} F_{μν} +(D_μϕ_a)^†(D_μϕ_a) ) + 1 g̃^2

Tr_N ( F^†_{ab}F_{ab} ) +a^2Tr_N ( (ϕ_aϕ_a +b̃)^2 ) . (B.1)

Here, ϕ_a (a = 1, 2, 3) are anti-Hermitian scalars, transforming in the adjoint of SU(N ) and in the vector representation of an additional global SO(3) symmetry, D_μϕ_a = ∂_μϕ_a+[A_μ , ϕ_a] are the covariant derivatives and A_μ are the su(N ) valued anti-Hermitian gauge fields associated to the curvature F_{μν} . F_{ab} is given as

F_{ab} := [ϕ_a , ϕ_b] − ε_{abc}ϕ_c , (B.2)

In above a, b̃, g and g̃ are constants and Tr_N = N^{−1}Tr denotes a normalized trace.

This theory spontaneously develops extra dimensions in the form of fuzzy spheres [2]. The potential terms for the scalars are positive definite, and the solutions

F_{ab} = 0 , −ϕ_aϕ_a = b̃ (B.3)

are evidently a global minima. Most general solution to this equation is not known. However depending on the values taken by the parameter b̃, a large class of solutions has been found in [2]. Here we restrict ourselves to the simplest situation.Taking the value of b̃ as the quadratic Casimir of an irreducible representation of SU(2) labeled by ℓ, b̃ = ℓ(ℓ + 1) with 2ℓ ∈ Z and assuming further that the dimension N of the matrices ϕ_a is (2ℓ + 1)n, (B.3) is solved by the configurations of the form ϕ_a = X^{(2ℓ+1)}_a ⊗ 1_n , (B.4)

where X^{(2ℓ+1)}_a are the (anti-Hermitian) generators of SU(2) in the irreducible representation ℓ, which has dimension 2ℓ + 1. We observe that this vacuum configuration spontaneously breaks the U(N ) down to U(n) which is the commutant of ϕ_a in (B.4).

Fluctuations about the vacuum (B.4) may be written as

ϕ_a = X_a + A_a , (B.5)

where A_a ∈ u(2ℓ + 1) ⊗ u(n) and we have used the short-hand notation X^{(2ℓ+1)}_a ⊗ 1_n =: X_a. Then A_a (a = 1, 2, 3) may be interpreted as three components of a U(n) gauge field on the fuzzy sphere S^2_F . ϕ_a are indeed the “covariant coordinates” on S^2_F and F_{ab} is the field strength, which takes the form

F_{ab} = [X_a , A_b] − [X_b , A_a] + [A_a , A_b] − ε_{abc}A_c . (B.6)

when expressed in terms of the gauge fields A_a.

To summarize, with (B.5) the action in (B.1) takes the form of a U(n) gauge theory on M × S^2_F (2ℓ + 1) with the gauge field components A_M (ŷ) = (A_μ(ŷ) , A_a(ŷ)) ∈ u(n) ⊗ u(2ℓ + 1) and field strength tensor (ŷ are a set of coordinates for the noncommutative manifold M)

F_{μν} = ∂_μA_ν − ∂_ν A_μ + [A_μ, A_ν ] F_{μa} = D_μϕ_a = ∂_μϕ_a + [A_μ, ϕ_a] (B.7) F_{ab} = [ϕ_a, ϕ_b] − ϵ_{abc}ϕ_c . ii. The SU(2)-Equivariant Gauge Field :

Let us focus on the case of a U(2) gauge theory on M × S^2_F . The construction of the most general SU(2)-equivariant gauge field on S^2_F can be performed as follows [17]:

We pick the symmetry generators ω_a which generate SU(2) rotations upto U(2) gauge transformations. Accordingly, we choose

ω_a = X^{(2ℓ+1)}_a ⊗ 1_2 − 1_{2ℓ+1} ⊗ iσ^a 2 , ω_a ∈ u(2) ⊗ u(2ℓ + 1) , for a = 1, 2, 3 (B.8)

These ω_a are the generators of the representation 1/2 ⊗ ℓ of SU(2), where by m we denote the spin m representation of SU(2) of dimension 2m + 1. SU(2)-equivariance of the theory requires the fulfillment of the symmetry constraints,

[ω_a , A_μ] = 0 , [ω_a, ϕ_b] = ϵ_{abc}ϕ_c, (B.9)

on the gauge field and a consistency condition on these constraints is [ω_a, ω_b] = ε_{abc}ω_c which is readily satisfied by our choice of ω_a.

The solutions to these constraints are obtained using the representation theory of SU(2). The adjoint action of ω expands into the Clebsch-Gordan series, whose relevant part reads

(1/2 ⊗ ℓ) ⊗ (1/2 ⊗ ℓ) = 2 0 ⊕ 4 1 ⊕ . . . . (B.10)

Thus, the set of solutions to equations in (B.9) are two and four-dimensional respectively. The fields are conveniently parametrized as

A_μ = 1 2 Qa_μ(ŷ) + 1 2 ib_μ(ŷ) , (B.11)

A_a = 1 2 φ_1(ŷ)[X_a, Q] + 1 2 (φ_2(ŷ) − 1)Q[X_a, Q] + i 1 2 φ_3(ŷ) 1 2 {X̂_a, Q} + 1 2 φ_4(ŷ)ω̂_a, , (B.12) with ϕ_a = X_a + A_a and a_μ, b_μ are Hermitian U(1) gauge fields, φ_i are Hermitian scalar fields over M, the curly brackets denote anti-commutators throughout, and

X̂_a := 1 ℓ + 1/2

X_a , ω̂_a := 1 ℓ + 1/2 ω_a. (B.13)

They contain, in addition to the Mat2(2ℓ + 1) identity matrix, the only non-trivial rotational invariant under ω, which is

Q := X_a ⊗ σ^a − i/2 ℓ + 1/2

, Q^† = −Q , Q^2 = −1_{2(2ℓ+1)} . (B.14)

Indeed, Q is the fuzzy version of q := iσ · x and converges to it in the ℓ → ∞ limit.

C. Explicit Formulae

In this appendix, we list the explicit expressions for P^{L±}_1 , P^L_2 and P^L_3 , P̃^L_2 , P̃^L_3 , P^{R±}_1 , P^R_2 and P^R_3 , P̃^R_2 , P̃^R_3 , T^{L,R}_1 , T^{L,R}_2 , T̃^{L,R}_2 , T^{L,R}_3 ,, R^L_1 , R^L_2 and R̃^L_1 , R̃^L_2 and R^R_1 , R^R_2 and R̃^R_1 , R̃^R_2 , which were introduced for brevity of notation in section 3.

We have

P^L_1 = ℓ^2_L + ℓ_L − 1/4 (ℓ_L + 1/2)^2 χ_3 + 1 ℓ_L + 1/2 χ_4 , (C.1)

P^{L′}_1 = ℓ^2_L + ℓ_L − 1/4 (ℓ_L + 1/2)^2 χ^′_3 + 1 ℓ_L + 1/2 χ^′_4 (C.2)

P^L_2 = (1 − χ_3) ( 1 + χ_4 ℓ_L + 1/2 − χ_3 2(ℓ_L + 1/2)^2 ) − χ^′_3 ( χ^′_4 ℓ_L + 1/2 − χ^′_3 2(ℓ_L + 1/2)^2 ) , (C.3)

P^L_3 = ℓ_L(ℓ_L + 1) (ℓ_L + 1/2)^2 ( χ^2_3 − 2χ_3 ) + χ^2_4 + 2 ℓ^2_L + ℓ_L − 1/4 ℓ_L + 1/2 χ_4 + ℓ_L(ℓ_L + 1) (ℓ_L + 1/2)^2 χ^{′2}_3 + χ^{′2}_4 . (C.4)

P^{L±}_1 = P^L_1 ± P^{L′}_1 . (C.5)

P^R_1 = ℓ^2_R + ℓ_L − 1/4 (ℓ_R + 1/2)^2 λ_3 + 1 ℓ_R + 1/2 λ_4 , (C.6)

P^{R′}_1 = ℓ^2_R + ℓ_R − 1/4 (ℓ_R + 1/2)^2 λ^′_3 + 1 ℓ_R + 1/2 λ^′_4 , (C.7)

P^R_2 = (1 − λ_3) ( 1 + λ_4 ℓ_R + 1/2 − λ_3 2(ℓ_R + 1/2)^2 ) − λ^′_3 ( λ^′_4 ℓ_R + 1/2 − λ^′_3 2(ℓ_R + 1/2)^2 ) , (C.8)

P^R_3 = ℓ_R(ℓ_R + 1) (ℓ_R + 1/2)^2 ( λ^2_3 − 2λ_3 ) + λ^2_4 + 2 ℓ^2_R + ℓ_R − 1/4 ℓ_R + 1/2 λ_4 + ℓ_R(ℓ_R + 1) (ℓ_R + 1/2)^2 λ^{′2}_3 + λ^{′2}_4 , (C.9)

P^{R±}_1 = P^R_1 ± P^{R′}_1 . (C.10)

P̃^L_2 = − ( 1 + 1 2(ℓ_L + 1/2)^2 ) χ^′_3 + 1 (ℓ_L + 1/2) χ^′_4 + 1 (ℓ_L + 1/2)^2 χ_3χ^′_3 − 1 (ℓ_L + 1/2) ( χ_3χ^′_4 + χ^′_3χ_4 ) , (C.11)

P̃^L_3 = 2(ℓ^{2L} + ℓ^L −^{14} ) (ℓ_L + 1/2) χ^′_4 +

2ℓ_L(ℓ_L + 1) (ℓ_L + 1/2)^2

(χ_3 − 1)χ^′_3 + 2χ_4χ^′_4 , (C.12)

P̃^R_2 = − ( 1 + 1 2(ℓ_R + 1/2)^2 ) λ^′_3 + 1 (ℓ_R + 1/2) λ^′_4 + 1 (ℓ_R + 1/2)^2 λ_3λ^′_3 − 1 (ℓ_R + 1/2) ( λ_3λ^′_4 + λ^′_3λ_4 ) , (C.13)

P̃^R_3 = 2(ℓ^{2R} + ℓ^R −^{14} ) (ℓ_R + 1/2) λ^′_4 +

2ℓ_R(ℓ_R + 1) (ℓ_R + 1/2)^2

(λ_3 − 1)λ^′_3 + 2λ_4λ^′_4 , (C.14)

T^L_1 = 4 ℓ_L(ℓ_L + 1)(ℓ^2_L + ℓ_L − 1/4) (ℓ_L + 1/2)^4

, (C.15)

T^L_2 = 2 ℓ_L(ℓ_L + 1) (ℓ_L + 1/2)^2 ( (P^{L+}_1 )^2 − ℓ^2_L + ℓ_L − 1/4 (ℓ_L + 1/2)^2

(P^L_2 + P̃^L_2 ) + 1 2(ℓ_L + 1/2)^2

(P^L_3 + P̃^L_3 ) )

+ 1 (ℓ_R + 1/2) 1 (ℓ_L + 1/2)^2 ( ℓ_L(ℓ_L+1)(P^{L+}_1 )^2+

2ℓ_L(ℓ_L + 1)(ℓ^2_L + ℓ_L − 1/4) (ℓ_L + 1/2)^2 ( 1 − 1 2 (P^L_2 + P̃^L_2 ) )

+ 1 2(ℓ_L + 1/2)

(P^L_3 + P̃^L_3 ) ) . (C.16)

T̃^L_2 = 2 ℓ^L(ℓ^L + 1) (ℓ_L + 1/2)^2 ( (P^{L−}_1 )^2 − ℓ^2_L + ℓ_L − 1/4 (ℓ_L + 1/2)^2

(P^L_2 − P̃^L_2 ) + 1 2(ℓ_L + 1/2)^2

(P^L_3 − P̃^L_3 ) )

+ 1 (ℓ_R + 1/2) 1 (ℓ_L + 1/2)^2 ( −ℓ_L(ℓ_L+1)(P^{L−}_1 )^2−

2ℓ_L(ℓ_L + 1)(ℓ^2_L + ℓ_L − 1/4) (ℓ_L + 1/2)^2 ( 1 − 1 2 (P̃^L_2 − P^L_2 ) )

+ 1 2(ℓ_L + 1/2)

(P̃^L_3 − P^L_3 ) ) . (C.17)

T^L_3 = 1 2(ℓ_L + 1/2)^4 ( ℓ_L(ℓ_L+1)(ℓ^2_L+ℓ_L−1/4) ( (P^L_2 )^2 + (P̃^L_2 )^2 ) + 1 4 (ℓ^2_L+ℓ_L+3/4) ( (P^L_3 )^2 + (P̃^L_3 )^2 )

− ℓ_L(ℓ_L + 1)(P^L_2 P^L_3 + P̃^L_2 P̃^L_3 ) ) + 1 2 1 (ℓ_R + 1/2) 1 (ℓ_L + 1/2)^3 ( ℓ_L(ℓ_L + 1)(ℓ^2_L + ℓ_L − 1/4) (ℓ_L + 1/2)

P^L_2 P̃^L_2

+ 1 4 (ℓ^2_L + ℓ_L + 3/4) (ℓ_L + 1/2)

P^L_3 P̃^L_3 − 1 2 (P^L_2 P̃^L_3 + P̃^L_2 P^L_3 ) ) . (C.18)

T^R_1 = 4 ℓ_R(ℓ_R + 1)(ℓ^R_L + ℓ_R − 1/4) (ℓ_R + 1/2)^4

, (C.19)

T^R_2 = 2 ℓ_R(ℓ_R + 1) (ℓ_R + 1/2)^2 ( (P^{R+}_1 )^2 − ℓ^2_R + ℓ_R − 1/4 (ℓ_R + 1/2)^2

(P^R_2 + P̃^R_2 ) + 1 2(ℓ_R + 1/2)^2

(P^R_3 + P̃^R_3 ) )

+ 1 (ℓ_L + 1/2) 1 (ℓ_R + 1/2)^2 ( ℓ_R(ℓ_R+1)(P^{R+}_1 )^2+

2ℓ_R(ℓ_R + 1)(ℓ^2_R + ℓ_R − 1/4) (ℓ_R + 1/2)^2 ( 1 − 1 2 (P^R_2 + P̃^R_2 ) )

+ 1 2(ℓ_R + 1/2)

(P^R_3 + P̃^R_3 ) ) . (C.20)

T̃^R_2 = 2 ℓ^R(ℓ^R + 1) (ℓ_R + 1/2)^2 ( (P^{R−}_1 )^2 − ℓ^2_R + ℓ_R − 1/4 (ℓ_R + 1/2)^2

(P^R_2 − P̃^R_2 ) + 1 2(ℓ_R + 1/2)^2

(P^R_3 − P̃^R_3 ) )

+ 1 (ℓ_L + 1/2) 1 (ℓ_R + 1/2)^2 ( −ℓ_R(ℓ_R+1)(P^{R−}_1 )^2−

2ℓ_R(ℓ_R + 1)(ℓ^2_R + ℓ_R − 1/4) (ℓ_R + 1/2)^2 ( 1 − 1 2 (P̃^R_2 − P^R_2 ) )

+ 1 2(ℓ_R + 1/2)

(P̃^R_3 − P^R_3 ) ) . (C.21)

T^R_3 = 1 2(ℓ_R + 1/2)^4 ( ℓ_R(ℓ_R+1)(ℓ^2_R+ℓ_R−1/4) ( (P^R_2 )^2 + (P̃^R_2 )^2 ) + 1 4 (ℓ^2_R+ℓ_R+3/4) ( (P^R_3 )^2 + (P̃^R_3 )^2 )

−ℓ_R(ℓ_R +1)(P^R_2 P^R_3 +P̃^R_2 P̃^R_3 ) ) + 1 2 1 (ℓ_L + 1/2) 1 (ℓ_R + 1/2)^3 ( ℓ_R(ℓ_R + 1)(ℓ^2_R + ℓ_R − 1/4) (ℓ_R + 1/2)

P^R_2 P̃^R_2

+ 1 4 (ℓ^2_R + ℓ_R + 3/4) (ℓ_R + 1/2)

P^R_3 P̃^R_3 − 1 2 (P^R_2 P̃^R_3 + P̃^R_2 P^R_3 ) ) . (C.22)

R^L_1 = − 1 2 ( 2(χ^2_1 + χ^2) + 2(χ^{′2}_1 + χ^{′2}_2 ) − 1 ) − 1 4(ℓ_L +^1_2 )^2 χ_3 − ( (ℓ_L + 1 2 ) − 1 2(ℓ_L +^1_2 ) ) χ_4 − 4ℓ_L(ℓ_L + 1) − 2 16(ℓ_L +^1_2 )^2

(χ^2_3 + χ^{′2}_3 ) − 1 4 (χ^2_4 + χ^{′2}_4 ) − 1 4(ℓ_L +^1_2 )

(χ_3χ_4 + χ^′_3χ^′_4) , (C.23)

R^L_2 = 1 4(ℓ_L +^1_2 ) ( 2(χ^2_1 + χ^2) + 2(χ^{′2}_1 + χ^{′2}_2 ) − 1 ) − ( (ℓ_L + 1 2 ) − 3 4(ℓ_L +^1_2 ) ) χ_3 − 1 2 χ_4

− 1 16(ℓ_L +^1_2 )^3

(χ^2_3 + χ^{′2}_3 ) − ( 1 2 − 1 4(ℓ_L +^1_2 )^2 ) (χ_3χ_4 + χ^′_3χ^′_4) − 1 4(ℓ_L +^1_2 )

(χ^2_4 + χ^{′2}_4 ) .

(C.24)

R̃^L_1 = −1 2 ( 2(χ^2_1 + χ^2) − 2(χ^{′2}_1 + χ^{′2}_2 ) ) − 1 4(ℓ_L +^1_2 )^2 χ^′_3 − ( (ℓ_L + 1 2 ) − 1 2(ℓ_L +^1_2 ) ) χ^′_4 − 4ℓ_L(ℓ_L + 1) − 2

16(ℓ_L +^1_2 )^2

(2χ_3χ^′_3) − 1 4 (2χ_4χ^′_4) − 1 4(ℓ_L +^1_2 )

(χ_3χ^′_4 + χ^′_3χ_4) , (C.25)

R̃^L_2 = 1 4(ℓ_L +^1_2 ) ( 2(χ^2_1 + χ^2) − 2(χ^{′2}_1 + χ^{′2}_2 ) ) − ( (ℓ_L + 1 2 ) − 3 4(ℓ_L +^1_2 ) ) χ^′_3 − 1 2 χ^′_4

− 1 16(ℓ_L +^1_2 )^3

(2χ_3χ^′_3) − ( 1 2 − 1 4(ℓ_L +^1_2 )^2 ) (χ_3χ^′_4 + χ^′_3χ_4) − 1 4(ℓ_L +^1_2 )

(2χ_4χ^′_4) . (C.26)

R^R_1 = − 1 2 ( 2(λ^2_1 + λ^2) + 2(λ^{′2}_1 + λ^{′2}_2 ) − 1 ) − 1 4(ℓ_R +^1_2 )^2 λ_3 − ( (ℓ_R + 1 2 ) − 1 2(ℓ_R +^1_2 ) ) λ_4 − 4ℓ_R(ℓ_R + 1) − 2 16(ℓ_R +^1_2 )^2

(λ^2_3 + λ^{′2}_3 ) − 1 4 (λ^2_4 + λ^{′2}_4 ) − 1 4(ℓ_R +^1_2 )

(λ_3λ_4 + λ^′_3λ^′_4) , (C.27)

R^R_2 = 1 4(ℓ_R +^1_2 ) ( 2(λ^2_1 + λ^2) + 2(λ^{′2}_1 + λ^{′2}_2 ) − 1 ) − ( (ℓ_R + 1 2 ) − 3 4(ℓ_R +^1_2 ) ) λ_3 − 1 2 λ_4

− 1 16(ℓ_R +^1_2 )^3

(λ^2_3 + λ^{′2}_3 ) − ( 1 2 − 1 4(ℓ_R +^1_2 )^2 ) (λ_3λ_4 + λ^′_3λ^′_4) − 1 4(ℓ_R +^1_2 )

(λ^2_4 + λ^{′2}_4 ) .

(C.28)

R̃^R_1 = −1 2 ( 2(λ^2_1 + λ^2) − 2(λ^{′2}_1 + λ^{′2}_2 ) ) − 1 4(ℓ_R +^1_2 )^2 λ^′_3 − ( (ℓ_R + 1 2 ) − 1 2(ℓ_R +^1_2 ) ) λ^′_4 − 4ℓ_R(ℓ_R + 1) − 2

16(ℓ_R +^1_2 )^2

(2λ_3λ^′_3) − 1 4 (2λ_4λ^′_4) − 1 4(ℓ_R +^1_2 )

(λ_3λ^′_4 + λ^′_3λ_4) , (C.29)

R̃^R_2 = 1 4(ℓ_R +^1_2 ) ( 2(λ^2_1 + λ^2) − 2(λ^{′2}_1 + λ^{′2}_2 ) ) − ( (ℓ_R + 1 2 ) − 3 4(ℓ_R +^1_2 ) ) λ^′_3 − 1 2 λ^′_4

− 1 16(ℓ_R +^1_2 )^3

(2λ_3λ^′_3) − ( 1 2 − 1 4(ℓ_R +^1_2 )^2 ) (λ_3λ^′_4 + λ^′_3λ_4) − 1 4(ℓ_R +^1_2 )

(2λ_4λ^′_4) , (C.30)

S_1 = ℓ_L(ℓ_L + 1)ℓ_R(ℓ_R + 1) (ℓ_L + 1/2)^2(ℓ_R + 1/2)^2

, (C.31)

S^L_2 = − 1 4 ℓ_L(ℓ_L + 1)ℓ_R(ℓ_R + 1) (ℓ_L + 1/2)^2(ℓ_R + 1/2)^2 ( (ℓ_R +^3_2 )(ℓ_R −^1_2 ) (ℓ_R +^1_2 )^2 + 1 ) , (C.32)

S̃^L_2 = −1 2 ℓ_L(ℓ_L + 1)(ℓ^2_R + ℓ_R +^3_4 ) (ℓ_L + 1/2)^2(ℓ_R + 1/2)^2

(C.33)

S^L_3 = − 1 2 ℓ_L(ℓ_L + 1)ℓ_R(ℓ_R + 1) (ℓ_L + 1/2)^2(ℓ_R + 1/2)^3 = − 1 2(ℓ_R + 1/2)

S_1 (C.34)

S^R_2 = − 1 4 ℓ_L(ℓ_L + 1)ℓ_R(ℓ_R + 1) (ℓ_L + 1/2)^2(ℓ_R + 1/2)^2 ( (ℓ_L +^3_2 )(ℓ_L −^1_2 ) (ℓ_L +^1_2 )^2 + 1 ) , (C.35)

S̃^R_2 = −1 2 ℓ_R(ℓ_R + 1)(ℓ^2_L + ℓ_L +^3_4 ) (ℓ_L + 1/2)^2(ℓ_R + 1/2)^2

(C.36)

S^R_3 = − 1 2 ℓ_L(ℓ_L + 1)ℓ_R(ℓ_R + 1) (ℓ_L + 1/2)^3(ℓ_R + 1/2)^2 = − 1 2(ℓ_L + 1/2)

S_1 (C.37)