arXiv:1201.1794v5 [hep-ph] 15 Nov 2012

HUPD1102

The form factors of τ → Kπ(η)ν and the predictions for CP violation beyond the standard model

Daiji Kimura^a, Kang Young Lee^b and Takuya Morozumi^c a Faculty of Education, Hiroshima University, Higashi-Hiroshima, 739-8524, Japan b Department of Physics Education and Education Research Institute, Gyeongsang National University, Jinju 660-701, Korea, c Graduate School of Science, Hiroshima University, Higashi-Hiroshima, 739-8526, Japan

Abstract

We study the hadronic form factors of τ lepton decays τ → Kπ(η)ν. We compute one loop corrections to the form factors using the chiral Lagrangian including vector mesons. The counterterms which subtract the divergence of the one-loop amplitudes are determined by using background field method. In the vector form factor, K^∗ resonance behavior is reproduced because the diagram with a vector meson propagator is included. We fit the data of the hadronic invariant mass spectrum measured by Belle by determining some of the counterterms of the Lagrangian. Besides the hadronic invariant mass spectrum, the forward-backward asymmetry is predicted. We also study the effect of CP violation of a two Higgs doublet model. In the model, CP violation of the neutral Higgs sector generates the mixing of CP even Higgs and CP odd Higgs. We show how the mixing leads to the direct CP violation of the τ decays and predict the CP violation of the forward-backward asymmetry.

Keywords: tau decay, Form Factors, Chiral Lagrangian, CP violation, Two Higgs doublet model

I. INTRODUCTION

The tau hadronic decays are unique as the decays can be useful for the search for the new CP violation beyond the standard model [1–12] . CP violation in tau lepton semileptonic decays has been searched in τ → ππν [13] and τ → Kπν [14, 15] modes. Recently, Belle [15] puts constraint on the CP violation parameter of three Higgs doublet model with their latest data. Babar [16] also searched CP violation of τ → K_sπ^−ν(n)π^0 (n > 0) and obtains non-zero CP asymmetry which sign is opposite to the standard model prediction [17],[18]. In τ lepton system, another CP violating observable, e.d.m. (electric dipole moment) is also searched [19].

To predict the direct CP violation of the hadronic τ decays, the strong phase shifts are important quantities and the quantitative prediction on the strong phase shifts is necessary when extracting the weak CP violating phases from the experimentally observed CP asymmetries [6, 10, 11]. This is a reason why we study the hadronic form factors.

The hadronic form factors for the decay τ → Kπν and SU(2) isospin vector form factors have been studied with various methods. The common future of them is the effects of vector mesons (ρ, K^∗) and higher resonances are included. In Ref.[5, 20], vector dominance models are studied. One loop corrections to the SU(2) vector form factor are studied with the resonance chiral theory in [21]. In Ref. [22–25] the τ → Kπν form factors are predicted using the chiral theory combined with the dispersion relations. In our previous study, we use the resonance chiral Lagrangian including the one loop corrections to the self-energy of resonance [10]. We also note in the experimental study [26], the Breit-Wigner form for several resonances is used to fit the data of the hadronic invariant mass spectrum.

In this paper, we use different approach from the previous study [10]. By using the chiral Lagrangian including vector resonance [27], we compute the one loop corrections of pseudoscalar mesons to the form factors. Including the Feynman diagrams with a vector meson propagator, one can reproduce the resonance behavior near the poles of the resonances while keeping prediction at threshold region consistent with the chiral symmetry. Our Lagrangian includes several new counterterms related to vector mesons in addition to the counterterms which are present in chiral perturbation theory. The coefficients of the counterterms are different from the chiral perturbation theory.

Since Belle and Babar reported the precise measurements of the branching fractions of τ^− → K_sπ^−ν [26], τ^− → K^−π^0ν [30] and τ^− → K^−ην [31, 32], we can compare our prediction of the hadronic invariant mass distribution with the experimental data. We have determined the finite parts of the coefficients of counterterms so that the hadronic invariant mass spectrum is reproduced.

Once the form factors are fixed, one can use them for predictions of various distributions within the standard model (SM) and beyond. We first compute the angular distribution and the forward-backward asymmetry (FBA) for τ → Kπν and τ → Kην in SM [33]. Furthermore, CP violation of FBA is predicted with a two Higgs doublet model. In type II two Higgs doublet model, within the tree level approximation, the charged Higgs couplings with quarks and leptons are written in terms of Cabibbo-Kobayashi-Maskawa (CKM) matrix. However, if we take into account the one loop corrections to the masses of quarks and leptons due to the neutral Higgs exchanged diagrams, CP violation of the neutral Higgs sector becomes a new source of CP violation of the charged Higgs Yukawa couplings. We show the CP violation of the type II two Higgs doublet model can be probed by the direct CP violation of the τ hadronic decays.

The paper is organized as follows. In section II, we show the hadronic chiral Lagrangian with the vector resonances which are relevant for the form factors. The counterterms are also given. In section III, we compute the form factors. In section IV, we calculate the hadronic invariant mass spectra of the decays τ → Kπ(η)ν. The spectra are compared with the experimental data and the FBAs are predicted. In section V, we explain how CP violation in neutral Higgs sector reveals itself in the charged Higgs Yukawa couplings in a two Higgs doublet model. We also calculate the CP violation of FBA of the hadronic τ decays and the numerical result is presented. Section VI is devoted to discussion and summary. In appendix, we give some details of the derivation of the formulae used in the text.

II. CHIRAL LAGRANGIAN WITH VECTOR MESONS

The leading order O(p^2) of chiral Lagrangian with η_0 − η_8 mixing term and vector meson mass term is given by, L = f^2 4 Tr(D_LUD_LU^†) + BTr[M(U + U^†)] − ig_{2p}Tr(ξMξ − ξ^†Mξ^†) · η_0 + 1 2 ∂_μη_0∂^μη_0 −

M^2_0 2 η^2_0 + M^2_V Tr [ (V_μ − α_μ g )^2 ] , (1) where U is the chiral field which is given as U = exp(2iπ/f) = ξ^2. π is SU(3) octet pseudoscalar and B is a constant parameter. η_0 is U(1)_A pseudoscalar of which mass is denoted by M_0 and g_{2p} is the coupling for η_0 − η_8 mixing. The covariant derivative for the chiral field U is given by, D_{Lμ}U = (∂_μ + iA_{Lμ})U, (2) where the external gauge field of SU(3)_L denoted by A_L is introduced. V_μ is the vector nonets and α_μ is defined as,

α_μ = ξ^†D_{Lμ}ξ + ξ∂_μξ^† 2i , = α^0_μ + ξ^†A_{Lμ}ξ 2 . (3)

The form of the mass term of vector mesons is identical to the that of the unitary gauge fixed version of hidden local symmetry approach [27–29]. The kinetic term of the vector mesons is not included in the leading order. This treatment is important when including loop corrections in a systematic way. Note that we have added the chiral breaking term by M = diag(m_u, m_d, m_s) for the pseudoscalar mesons. The chiral breaking term χ in the isospin limit can be written in terms of the masses of π and K mesons as, χ = 4BM f^2 ,

= m^2_π 0 0 0 m^2_π 0 0 0 2m^2_K − m^2_π

. (4)

A. η − η^′ mixing

When computing the form factors for τ → Kη^{(′)}ν, they are sensitive to the mixing angle of η and η^′, We first summarize the mixing of the octet and singlet pseudoscalar meson at one-loop order. The self-energy correction for η_0 and η_8 sector in one loop is computed with the interaction terms shown in Appendix D, 1 2 ( η_8 η_0 ) z^{−188} p^2 − M^{288} − δM^{288} M^{208} + δM^{208} M^2_{08} + δM^2_{08} p^2 − M^2_0 η^8 η_0 , (5) where the tree level mass squared matrix elements M^2_{88} and M^2_{08} are given by^{4m2K −m2π}_3 and 2fg_{2p} B √ 3 (m^2_K − m^2_π) respectively. z_{88} − 1, δM^2_{08}, and δM^2_{88} are one loop corrections and they are given by,

z_{88} = 1 + 6cμ_K −

8L^r_4 f^2

(2m^2_K + m^2_π) −

8L^r_5 f^2

4m^2_K − m^2_π 3 , δM^2_{08} = − g_{2p}f √ 3B [8m2_K − 5m2_π 3 μ_{η8} + 2(4m^2_K − 3m^2_π)μ_K + 6μ_πm^2_π

+ 4(2m^2_K + m^2_π)t^r_3 + 8m^2_K t^r_5 ] , δM^2_{88} =

16m^2_K − 7m^2_π 9 μ_{η8} +

16m^2_K − 6m^2_π 3 μ_K + m^2_πμ_π + 2g_{2p}f B cos θ̄_{08} sin θ̄_{08}(μ_η′ − μ_η)

5m^2_π − 8m^2_K 3 √ 3 + 16L^r_6

(2m^2_K + m^2_π)(4m^2_K − m^2_π) 3f^2

+ 32L^r_8 m^4_π + 2(2m^2_K − m^2_π)^2

6f^2

, (6)

where c = 1−^{M 2V}_{g2f 2} and μ_P denotes^{m2P}_{32π2f 2} log^{m2P}_{μ2} , (P = π, K, η, η^′). μ denotes renormalization scale. We also introduce the notation; μ_{η8} = μ_η cos^2 θ_{08} + μ_η′ sin^2 θ_{08}. t^r_i (i = 3, 5) and L^r_i (i = 4, 5, 6, 8) are the finite counterterms which are defined in Eq.(21) and Eq.(23). θ̄_{08} denotes the mixing angle at the leading order and is given by,

θ̄_{08} = −1 2 arctan

2|M^2_{08}| M^2_0 − M^2_{88}

. (7)

The self energy in Eq.(5) can be diagonalized with the following transformation, η^8 η_0 = √ z_{88} 0 0 1 cos θ^{08} sin θ^{08}

− sin θ_{08} cos θ_{08} η η^′ , (8)

where, m^{2η} 0 0 m^2_η′ =

cos θ^{08} − sin θ^{08} sin θ_{08} cos θ_{08}

M^{288}z^{88} + δM^{288} M^{208} √ z_{88} + δM^2_{08} M^2_{08} √ z_{88} + δM^2_{08} M^2_0 cos θ^{08} sin θ^{08}

− sin θ_{08} cos θ_{08} . (9)

We use the transformation Eq.(8) when we compute the form factors for τ → Kη^{(′)}ν decays. From Eq.(9), M_0 and M_{08} are written by,

M^2_0 = m^2_η + m^2_η′ − M^2_{88}z_{88} − δM^2_{88}, √ z_{88}M^2_{08} + δM^2_{08} = − √ M^2_{00}(M^2_{88}z_{88} + δM^2_{88}) − m^2_ηm^2_η′ . (10)

Eq.(10) can be used to obtain the input values for M_0 and M_{08} from the mass spectrum when the finite counterterms are given. The mixing angle θ_{08} including the correction is also given by,

θ_{08} = − 1 2 arctan

2|M^2_{08} √ z_{88} + δM^2_{08}| M^2_0 − M^2_{88}z_{88} − δM^2_{88}

. (11)

When we compute the form factors related to η and η^′ in one-loop order, the mixing angle θ_{08} implies one-loop corrected one. The treatment is consistent with the rigorous one-loop computation and the difference is at two loop order.

B. vector meson sector

Now we turn to the vector meson sector of the Lagrangian. The quantum corrections to the chiral Lagrangian with vector mesons have been discussed in several works [21, 28, 29]. They study the vector meson loop correction in addition to the loop correction due to pseudoscalar mesons. Our aim is to construct the effective theory which can be used to study the process in which a single vector meson can be nearly on-shell. The corresponding energy region for hadronic invariant mass is E_h < 2M_V . For the hadronic τ decays, this approach is valid in the energy region E_h < 1400 ∼ 1600(MeV). In the region, the vector meson does not contribute to the loop diagram and only the light pseudoscalar mesons loop should be taken into account. The loops of the soft pseudoscalar mesons can be systematically included using the momentum and loop expansion. We regard the vector meson as the classical background field. As for pseudoscalar mesons, we split them into hard classical background field and the soft quantum fluctuation. For example, the decay products Kπ of K^∗ meson decay have the hard momentum E_h ∼ M_V and they are treated as the classical background field. Though the vector mesons do not contribute in the loop diagrams, they contribute to the amplitude as intermediate dressed propagator which connects the 1 PI (Particle Irreducible) vertices of vector mesons and pseudoscalar mesons. The self-energy of the vector meson and 1 PI vertices with or without vector meson legs can be systematically improved by taking the quantum corrections of the soft pseudoscalar meson loops into account. 1 PI vertices can be renormalized by adding the counterterms. What kind of counterterms should be added depends on the number of the pseudoscalar loops N and the number of the external legs of the vector meson N_V . We focus on the chiral limit. The number of the derivatives for the counterterms is determined by superficial degree of the divergence of the 1 PI diagrams. As we prove later, the superficial degree of divergence of 1 PI diagram of N loop order and N_V external vector meson legs is given as,

ω = 2N + 2 − N_V . (12)

This formula tells us the types of the counterterms which should be added when we carry out N loop order computation. In general, the local counterterms and the finite counterterms can be classified with the number of derivative n_d and the number of the vector mesons n_V in the Lagrangian. The interaction term with n_d derivatives and with n_V vector meson fields has the form of,

L = F (ξ)∂^{nd} V^{nV} , (13)

where the Lorents indices are contracted appropriately. F (ξ) denotes some function of the chiral field. The derivatives can act on both the chiral field and the vector field V . Since the number of derivatives of the vertex of counterterms is equal to the superficial degree of divergence ω, the divergence of the N loop order Feynman diagram with N_V external vector mesons can be subtracted by the counterterm with the following number of the derivatives and the vector meson legs,

(n_d, n_V ) = (2N + 2 − N_V , N_V ). (14)

In table I, we show (n_d, n_V ) for a given set of N and N_V . The lowest order Lagrangian corresponds to N = 0 case in the table I and it includes the interaction terms of the type,

(n_d, n_V ) = (2, 0), (1, 1), (15)

where (n_d, n_V ) = (1, 1) corresponds to the term of Tr[V^μα_μ] in Eq.(1). The lowest order Lagrangian includes mass term of the vector mesons while the kinetic term is not included. This is in contrast to the approach of [28, 29] where the vector boson is treated as gauge boson and the kinetic term is included in the leading order Lagrangian. The vertices of only vector mesons do not contribute to vertices in any 1 PI loop diagrams since the vector meson does not contribute in the loop diagram. Such vertices include the tree level mass term with (n_d, n_V ) = (0, 2) and N loop order counterterms with (n_d, n_V ) = (0, 2N + 2) which has the form V^{2N+2}. Now we prove Eq.(12). We consider a 1 PI diagram of N loop order. N loop

N 0 1 2 N n_d + n_V 2 4 6 2N + 2 N_V 0 (2, 0) (4, 0) (6, 0) (2N + 2, 0) 1 (1, 1) (3, 1) (5, 1) (2N + 1, 1) 2 (0, 2) (2, 2) (4, 2) (2N, 2) 3 (1, 3) (3, 3) (2N − 1, 3) 4 (0, 4) (2, 4) (2N − 2, 4) 5 (1, 5) (2N − 3, 5) 6 (0, 6) (2N − 4, 6) . .. 2N + 1 (1, 2N + 1) 2N + 2 (0, 2N + 2) TABLE I: The number of the derivatives n_d and the number of the vector meson external legs n_V . (n_d, n_V ) are shown for a given set of numbers of loop N and the number of the vector meson legs N_V .

order diagram includes the N loop diagrams with the tree vertex as well as the diagrams with higher loop order vertices with the number of loop n_L less than N. We denote the number of n loop order type vertices with n_d derivatives and n_V vector meson fields included in the diagram as n^{(n)}v [n_d, n_V ]. Note that n_d + n_V = 2n + 2. The total number of the n loop order interaction vertices in the 1 PI diagram is given by N^{(n)}_v =

2n_V +1∑

n_V =0

n^{(n)}_v [2n + 2 − n_V , n_V ]. (16)

Although in N loop order 1 PI diagram consists of the various loop order vertices, the number of the vertices must satisfy the following relation N = n_L + N∑ n=1 nN^{(n)}_v , (17) The number of pseudoscalar meson internal propagator I_B is written as, I_B = N∑ n=0 N^{(n)}_v + n_L − 1. (18)

Then one can compute the superficial divergence ω of the 1 PI diagram,

ω = 4n_L − 2I_B + N∑ n=0

2n+1∑

n_V =0

(2n + 2 − n_V )n^{(n)}_v [2n + 2 − n_V , n_V ]. (19)

The last term of Eq.(19) is the number of the derivatives of the diagram. Substituting Eq.(18) and Eq.(17) into Eq.(19), one can show Eq.(12) as,

ω = 2N + 2 − N∑ n=0

2n+1∑

n_V =1

n_V n^{(n)}_v [2n + 2 − n_V , n_V ],

= 2N + 2 − N_V . (20)

In the same way as the chiral perturbation theory, we rely on the momentum expansion. Because the loop momentum of the pseudoscalar mesons is soft, the expansion is valid. In the Lagrangian, there is no kinetic term for the vector meson at the leading order. The kinetic term is generated as the loop correction of the pseudoscalar mesons. According to Eq.(12), one can extend the chiral counting to the case with vector mesons. In generalized chiral counting, the vector meson field V_μ is counted as O(p) and the chiral breaking χ is counted as O(p^2). The couterterms for O(p^4) are obtained by computing divergent part of the one loop corrections due to pseudoscalar mesons. We use the background field method and the corrections can be computed and the counterterms can be determined so that they are consisitent with chiral symmetry [34]. The outline of the derivation is shown in Appendix

A and they are given by,

L_c = K_12iTr(α_{⊥μ}α_{⊥ν})(D_μv_ν − D_ν v_μ + i[v_μ, v_ν ]) − 1 2 ( K_2Tr(ξ^†F_{Lμν} ξ)(D_μv_ν − D_ν v_μ + i[v_μ, v_ν ]) + K_3Tr(D_μv_ν − D_ν v_μ + i[v_μ, v_ν ])^2 ) + 4B f^2 ( K_4Tr{(ξMξ + ξ^†Mξ^†)v^2} + K_5Tr{M(U + U^†)}Tr(v^2) ) + K_6Tr(v_ρα^μ_⊥)Tr(v^ρα_{⊥μ}) + K_7Tr(v^2α_{⊥μ}α^μ_⊥) + K_8Tr(v^2)Tr(α_{⊥μ}α^μ_⊥)

+ K_9{Tr(v^2)}^2 + K_{10}Tr(v^4)

+ iη_0T_1 g_{2p} f^2 Tr{(ξMξ − ξ^†Mξ^†)v^2} + iη_0T_2 g_{2p} f^2

Tr{M(U − U^†)}Tr(v^2)

+ T_3 g_{2p} f^2 i 4B f^2 η_0TrM(U + U^†)TrM(U − U^†) + T_4 ( g_{2p} f^2

)_2 η_0^2 ( TrM(U − U^†)

)_2

+ iT_5 4B f^2 g_{2p} f^2 η_0Tr(MUMU − MU^†MU^†) + T_6 ( g_{2p} f^2

)_2

η^2_0 Tr(MUMU + MU^†MU^† − 2M^2) + i g_{2p} f^2 η_0 [ T_7Tr{M(D_{Lμ}U(D^μ_LU)^†U − U^†D_{Lμ}U(D^μ_LU)^†)} + T_8Tr(M(U − U^†))Tr(D_{Lμ}U(D^μ_LU)^†) ] + L_1{Tr(D_{Lμ}U(D^μ_LU)^†)}^2 + L_2Tr{D^μ_LU(D^ν_LU)^†}Tr{D_{Lμ}U(D_{Lν} U)^†} + L_3Tr{D^μ_LU(D_{Lμ}U)^†D^ν_LU(D_{Lν} U)^†} + L_4Tr(D_{Lμ}U(D^μ_LU)^†)Tr{M(U + U^†)} 4B f^2

+ L_5Tr{D_{Lμ}U(D^μ_LU)^†(UM + MU^†)} 4B f^2 + 16B^2 f^4

{L_6{TrM(U + U^†)}^2 + L_7{TrM(U − U^†)}^2}

+ L_8

16B^2 f^4 Tr(MUMU + MU^†MU^†) + iL_9Tr{F_{Lμν} D^μU(D^ν U)^†} + H_1TrF_{Lμν} F^{μν}_L + H_2 ( 4B f^2

)_2

Tr(M^2) + H_3M^4_0 , (21)

where v_μ =^{M 2V}_{2gf 2} (V_μ −^{αμ}_g ). The covariant derivative is defined as; D_μv_ν = ∂_μv_ν + i[α_μ, v_ν ]. α_⊥ in Eq.(21) is given as, α_{⊥μ} = ξ^†D_{Lμ}ξ − ξ∂_μξ^† 2i . (22) k_1 = 1 t_1 = −6 Γ_1 =^{2c2+1}_{32} Δ_1 = −^1_8 k_2 = 1 t_2 = −2 Γ_2 =^{1+2c2}_{16} Δ_2 =^5_{24} +^{g2pf 2}_{4B2} k_3 = 1 t_3 = −^{11}_{18} Γ_3 =^{3(c2−1)}_{16} Δ_3 =^1_2 k_4 =^3_2 t_4 = −^{11}_9 Γ_4 =^c_8 k_5 =^1_2 t_5 = −^5_6 Γ_5 =^{3c}_8 k_6 = 4c t_6 = −^5_3 Γ_6 =^{11}_{144} −^{g2pf 2}_{24B2} k_7 = 6c t_7 = −^{3c}_2 Γ_7 = 0 k_8 = 2c t_8 = −^c_2 Γ_8 =^5_{48} +^{g2pf 2}_{8B2} k_9 = −3 Γ_9 =^1_4 k_{10} = −3

TABLE II: The coefficients of the counterterms; k_i, Γ_i and Δ_i. c = 1 −^{M 2V}_{g2f 2} .

The coeffcients of the counterterms are splitted into the finite parts and divergent parts as,

K_i = λk_i + K^r_i (i = 1 ∼ 10), T_i = λt_i + T^r_i (i = 1 ∼ 6), L_i = λΓ_i + L^r_i (i = 1 ∼ 9), H_i = λΔ_i + H^r_i (i = 1 ∼ 3), (23)

where, λ = − 1 32π^2

(C_{UV} + 1 − log μ^2), (24)

with C_{UV} =^1_ϵ − γ + log 4π. The coefficients k_i, t_i, Γ_i and Δ_i are given in the Table II. From Eq.(21), we extract the effective counterterms which are relevant for the calculation of the form factor of τ → Kπν decay. The effective counterterms which subtract the divergence of the amplitudes which contains a vector meson in Fig.1, can be deduced from the counterterms shown in Eq.(21). They are the counterterms for the self energy of vector mesons, V → P P vertex, and the production amplitude of the vector meson; A_L → V and are defined as, L^{eff}_c = − 1 2 Z_V Tr(F^0_{V μν} F^{0μν}_V )

+ C_1Tr [ ξχξ + ξ^†χ^†ξ^† 2 (V_μ − α_μ g )^2 ] + C_2Tr ( ξχξ + ξ^†χ^†ξ^† 2 ) Tr [ (V_μ − α_μ g )^2 ]

+ i C_3 f^2

Tr(F^{0μν}_V ∂_μπ∂_ν π) + C_4Tr(F^{0μν}_V F^0_{Lμν} ), (25)

where F^0_{V μν} = ∂_μV_ν − ∂_ν V_μ and F^0_{Lμν} = ∂_μA_{Lν} − ∂_ν A_{Lμ}.. Z_V and C_i (i = 1, . . . , 4) are renormalization constants. The coefficients C_i can be written in terms of the coefficients of the counterterms of Eq.(21),

Z_V = K_3 ( M^2_V 2gf^2

)_2 , C_1 = 2K_4 ( M^2_V 2gf^2

)_2 , C_2 = 2K_5 ( M^2_V 2gf^2

)_2 , C_3 =

M^2_V gf^2 (K_1 − K_3

M^2_V 2g^2f^2 ), C_4 = −

M^2_V 4gf^2

(K_2 − K_3

M^2_V 2g^2f^2

). (26)

The finite parts of the counterterms also satisfy the relations similar to Eq.(26),

Z^r_V = K^r_3 ( M^2_V 2gf^2

)_2 , C^r_1 = 2K^r_4 ( M^2_V 2gf^2

)_2 , C^r_2 = 2K^r_5 ( M^2_V 2gf^2

)_2 , C^r_3 =

M^2_V gf^2 (K^r_1 − K^r_3

M^2_V 2g^2f^2 ), C^r_4 = −

M^2_V 4gf^2

(K^r_2 − K^r_3

M^2_V 2g^2f^2

). (27)

One can extract the counterterms for the 1P I vertex of the type A_L → P P . They are given as, L^c_{1P I} = i

C_5 f^2 TrF^0_{Lμν} ∂^μπ∂^ν π + i { −K_4 1 2f^2 ( M^2_V 2g^2f^2

)_2 + 4 L_5 f^2 } (TrA_{Lμ}{[π, ∂^μπ], χ}) + i { 8 L_4 f^2 − K_5 f^2 ( M^2_V 2g^2f^2

)_2} TrA_{Lμ}[π, ∂^μπ]Trχ + 4L_5i f^2 TrA_{Lμ}{∂^μπ, [π, χ]}, (28) where C_5 and its finite part C^r_5 are given by,

C^{(r)}_5 =

M^2_V 2g^2f^2

(−K^{(r)}_1 − K^{(r)}_2 +

M^2_V 2g^2f^2

K^{(r)}_3 ) + 4L^{(r)}_9 . (29)

III. THE FORM FACTORS AT O(p^4)

FIG. 1: Feynman diagrams which contribute to the form factors. The diagrams are classified into two categories , one of them corresponds to 1 particle irreducible diagram. The other is the diagram with a vector meson propagator. The crossed circle denotes the weak vertex. The circle denotes the interaction vertex of the vector meson and the two pseudo scalar mesons.

In this section, we compute the form factors. The matrix elements of the current ūγ_μs are obtained by identifying the quark current with the corresponding current of the chiral Lagrangian, Eq.(1) and Eq.(21). In τ → Kπν process, K^∗ meson which is produced by the strangeness changing current can contribute to the vector form factor. The resonant contribution is significant when Kπ invariant mass is near to the resonance pole. In our framework, the resonant contribution is included in the second diagram of Fig.1. We take into account the resonance contribution by using the vector meson propagator with one-loop corrections to self energy. Since the propagator have a pole in complex plane, the effect of the width of resonance is also included. Thus we can reproduce the resonance behavior.

There are three parts of the diagrams of Fig.1. The first one is 1 particle irreducible (1 PI) diagrams and the diagrams with one loop corrections are shown in Fig.2. They correspond to the one loop corrections to W^+ → K^+π^0 vertex. They include all the diagrams which are also present in chiral perturbation within one loop. Their contributions to the matrix element ⟨K^+π^0|u_Lγ_μs_L|0⟩ become, ⟨K^+π^0|u_Lγ_μs_L|0⟩ | 1PI = − c 16 √ 2f^2

[Q_μ(3I_{η8} + 2I_K − 5I_π) + 2q_μ(3I_{η8} + 8I_K + 7I_π)] + 1 16 √ 2f^2 ( 1 − M^2_V 2g^2f^2 ) [ χ^{πK}_μ {(3 − 5c)Σ_{Kπ} + 5cQ^2} + χ^{η8K}_μ {(−1 + 3c)Σ_{Kπ} − 3cQ^2} ]

+ 3 16 √ 2f^2 ( 1 − M^2_V 2g^2f^2

)_2 (J^{πK}_μ + J^{η8K}_μ ) − 1 2 √ 2 ( 1 − M^2_V 2g^2f^2 ) q_μ( √ z_K z_π − 1)

+counterterms, (30)

where Q = p_K + p_π and q = p_K − p_π. Δ_{P Q} denotes the mass squared difference Δ_{P Q} = m^2_P − m^2_Q. Σ_{P Q} denotes the sum of the mass squared Σ_{P Q} = m^2_P + m^2_Q. The loop functions I_P , χ^{QP}_μ , J^{QP}_μ are given in Eq.(B1) and Eq.(B3). z_K and z_π are finite wave function renormalization and they are given as,

z_K = 1 + 3c(μ_K + 1 2 (μ_{η8} + μ_π)) − 8 f^2

{L^r_4(2m^2_K + m^2_π) + L^r_5m^2_K },

z_π = 1 + c(2μ_K + 4μ_π) − 8 f^2

{L^r_4(2m^2_K + m^2_π) + L^r_5m^2_π}. (31)

Including the finite part of the counter terms, the result of the 1 PI part is ⟨K^+π^0|ū_Lγ_μs_L|0⟩ | | |_{1P I} = 1 2 √ 2 (q_μ − Δ_{Kπ} Q^2

Q_μ) [ − 3c 2 (H_{Kπ} + H_{Kη8} ) + cM^2_V 8g^2f^2

(10μ_K + 3μ_{η8} + 11μ_π) − 3 8 ( M^2_V g^2f^2

)_2

(H_{Kπ} + H_{Kη8} +

2μ_K + μ_π + μ_{η8} 2 ) − C^r_5 2 Q^2 f^2 + M^2_V 2g^2f^2 { M 2_V 2g^2f^2

K^r_4 m^2_K f^2

− 4L^r_5 Σ_{Kπ} f^2 + 2m^2_K + m^2_π

f^2 ( M^2_V 2g^2f^2

K^r_5 − 8L^r_4) }]

+ 1 2 √ 2 Q_μ Q^2 × [ (1 −

M^2_V 2g^2f^2 ) { − Δ_{Kπ}J̄_{Kπ} 8f^2

{5cQ^2 − (5c − 3)Σ_{Kπ}} + Δ_{Kη}J̄_{Kη} cos^2 θ_{08} + Δ_{Kη}′J̄_{Kη}′ sin^2 θ_{08} 8f^2

{3cQ^2 − (3c − 1)Σ_{Kπ}} }

+ 3Δ_{Kπ} 8f^2

(1 −

M^2_V 2g^2f^2

)^2{

Δ^2_{Kπ} s J̄_{Kπ} + Δ^{2Kη} s J̄_{Kη} cos^2 θ_{08} + Δ^{2Kη′} s J̄_{Kη′} sin^2 θ_{08}} ]

+ 1 2 √ 2 Δ_{Kπ}Q_μ Q^2 [ c 4 Q^2

3μ_{η8} + 2μ_K − 5μ_π Δ_{Kπ} + c M^2_V 8g^2f^2

(10μ_K + 3μ_{η8} + 11μ_π) − 3 16 ( M^2_V g^2f^2

)_2

(2μ_K + μ_π + μ_{η8} ) − 4L^r_5

Q^2 f^2 + M^2_V 2g^2f^2 × { M 2_V 2g^2f^2

K^r_4 m^2_K f^2

− 4L^r_5 Σ_{Kπ} f^2 + 2m^2_K + m^2_π f^2 ( M^2_V 2g^2f^2

K^r_5 − 8L^r_4) }] . (32)

L^r_i and C^r_i are finite parts of the counterterms L_i and C_i respectively. The function H_{P Q} is written in terms of the functions defined in Eq.(C9) as,

H_{P Q} = 1 f^2

(Q^2M^r_{P Q} − L_{P Q}). (33)

J̄_{P Q} can be found in Eq.(C10) and Eq.(C12). We also introduce the following notations in

this paper.

Y_{Kη8} = Y_{Kη} cos^2 θ_{08} + Y_{Kη}′ sin^2 θ_{08},

where Y = H, M^r and L which also appear in the following equations. The diagram with a vector meson propagator is shown in Fig.1. It includes the diagram with a K^∗ propagator, K^∗ → K^+π^0 vertex and W^+ → K^∗ production amplitude. The self-energy of the propagator, the vertex and the production amplitudes include one-loop corrections. We first compute the one loop corrections to K^∗ → Kπ vertex which are shown in Fig.3.

FIG. 2: The one loop 1 particle irreducible Feynman diagrams contributing W^+ → K^+π^0 form factors. The counterterms are shown by the black blob vertex.

FIG. 3: The one loop Feynman diagrams contributing to K^{∗+} → K^+π^0 vertex. The black blob denotes the counterterm.

T_μ(K^{∗+} → K^+π^0) = −

3M^2_V 32gf^4

(1 −

M^2_V 2g^2f^2

)(J^{πK}_μ + J^{η8K}_μ ) −

M^2_V Σ_{Kπ}

8gf^4 (χ^{πK}_μ − 1 4 χ^{η8K}_μ ) − cM^2_V 8gf^4

(Q^2 − Σ_{Kπ})(χ^{πK}_μ − 3 4 χ^{η8K}_μ ) +

3M^2_V 32gf^4 q_μ(I_π + I_{η8} + 2I_K ) + M^2_V 4gf^2 q_μ( √ z_K z_π − 1) + counterterms = − 3M^2_V 8gf^4

(1 −

M^2_V 2g^2f^2

){(M^r_{Kπ} + M^r_{Kη8} )(Q_μΔ_{Kπ} − Q^2q_μ) + (L_{Kπ} + L_{Kη8} )q_μ} + M^2_V 16gf^2 q_μ { − 3M^2_V g^2f^2

2μ_K + μ_π + μ_η 2 + c(10μ_K + 3μ_{η8} + 11μ_π)

− 32L^r_4

2m^2_K + m^2_π

f^2

− 16L^r_5 Σ_{Kπ} f^2 }

+ q_μ 4gf^2

{C^r_2 (2m^2_K + m^2_π) + C^r_1 m^2_K } +

C^r_3 8f^2

(Q^2q_μ − Δ_{Kπ}Q_μ) + M^2_V 8gf^4 Q_μ s {Σ_{Kπ}(Δ_{Kπ}J̄_{Kπ} − 1 4 Δ_{Kη8}J̄_{Kη8} )

+ c(Q^2 − Σ_{Kπ})(Δ_{Kπ}J̄_{Kπ} − 3 4 Δ_{Kη8}J̄_{Kη8} )} = { − g 2M^2_V

(1 −

M^2_V 2g^2f^2 )(δB_K∗ − Z^r_V ) − C^r_3 8f^2 } (Q_μΔ_{Kπ} − Q^2q_μ) − q_μ g 2M^2_V { (δA_K∗ + Q^2δB_K∗ )(1 −

M^2_V 2g^2f^2

) − C^r_1 m^2_K − C^r_2 (2m^2_K + m^2_π) }

+ M^2_V 16gf^2 q_μ { −(2μ_K + μ_π + μ_{η8} ) + c(10μ_K + 3μ_{η8} + 11μ_π)

− 32L^r_4

2m^2_K + m^2_π

f^2

− 16L^r_5 Σ_{Kπ} f^2 }

+ M^2_V 8gf^4 Q_μ s {Σ_{Kπ}(Δ_{Kπ}J̄_{Kπ} − 1 4 (Δ_{Kη}J̄_{Kη} cos^2 θ_{08} + Δ_{Kη}′J̄_{Kη}′ sin^2 θ_{08}))

+ c(Q^2 − Σ_{Kπ})(Δ_{Kπ}J̄_{Kπ} − 3 4 (Δ_{Kη}J̄_{Kη} cos^2 θ_{08} + Δ_{Kη}′J̄_{Kη}′ sin^2 θ_{08}))},

(34)

where Δ_{Kη8}J̄_{Kη8} ≡ Δ_{Kη}J̄_{Kη} cos^2 θ_{08} + Δ_{Kη}′J̄_{Kη}′ sin^2 θ_{08}. Next, the propagator of the K^∗ meson is obtained by including one loop self energy corrections. Using Eq.(C2), the K^∗ meson propagator is given by iD_{μρ} where D_{μρ} is given by, D_{μρ} = g_{μρ} −^{QμQρδB} M^2_V +δA+Q^2δB

M^2_V + δA

, (35)

where the self energy corrections δA and δB in this section are identical to the K^∗ mesons ones given in Eq.(C8), δA = δA_K∗ , δB = δB_K∗ . (36)

The K^∗ production amplitude with the one loop corrections are shown in Fig.4 and is given

FIG. 4: The one loop Feynman diagrams contributing W^+ → K^∗ production amplitude. by, ⟨K^{∗+}_ν |u_Lγ_μs_L|0⟩ = − 3M^2_V 8gf^2 √ 2 ( 1 − M^2_V 2g^2f^2 ) (J^{πK}_{μν} + J^{η8K}_{μν} ) + 1 √ 2g [C_1m^2_K + C_2(2m^2_K + m^2_π)]g_{μν} + √ 2C_4(Q_μQ_ν − Q^2g_{μν} ) + 3M^2_V 8 √ 2gf^2

(I_π + I_{η8} + 2I_K )g_{μν} = 1 √ 2g [{ δA + Q^2δB − 3M^2_V 2f^2

(L_{Kπ} + L_{Kη8} ) } g_{μν} + { Z^r_V − 2gC^r_4 − δB + 3M^2_V 2f^2

(M^r_{Kπ} + M^r_{Kη8} ) } (Q^2g_{μν} − Q_μQ_ν ) ] , (37)

where,

C_4 =

M^2_V 128π^2gf^2 ( 1 − M^2_V 2g^2f^2 ) (C_{UV} + 1 − ln μ^2) + C^r_4 . (38)

J^{QP}_{μν} is defined as, J^{QP}_{μν} = (g_{μν} − Q_μQ_ν Q^2 ) ( −4f^2H_{P Q} + 2 3 λQ^2 − 2λΣ_{P Q} − 2(μ_Q + μ_P )f^2 )

+ Q_μQ_ν Q^2 ( Δ^2_{P Q}J̄_{P Q} s − 2λΣ_{P Q} − 2(μ_Q + μ_P )f^2 ) . (39)

J^{η8K}_{μν} is defined as; J^{η8K}_{μν} = J^{ηK}_{μν} cos^2 θ_{08} +J^{η′K}_{μν} sin^2 θ_{08}. Now one can assemble the contribution from the diagram with a K^∗ propagator to the form factor. One can write K^∗ production amplitude of the weak vertex and K^∗ → Kπ decay amplitudes as, ⟨K^∗_ν |u_Lγ_μs_L|0⟩ = g_{νμ}G + (Q^2g_{νμ} − Q_ν Q_μ)H, T_ρ(K^{∗+} → K^+π^0) = Eq_ρ + FQ_ρΔ_{Kπ},

(40) where G, H, , E and F are given as, G = 1 √ 2g {M^2_V + δA + Q^2δB −

3M^2_V 2f^2

(L_{Kπ} + L_{Kη8} )}, (41) H = 1 √ 2g {Z^r_V − 2gC^r_4 − δB + 3M^2_V 2f^2

(M^r_{Kπ} + M^r_{Kη8} )}, (42) E = M^2_V 4gf^2 − g 2M^2_V {(δA + Q^2δB)(1 − M^2_V 2g^2f^2

) − C^r_1 m^2_K − C^r_2 (2m^2_K + m^2_π)} + M^2_V 16gf^2

{−3(2μ_K + μ_π + μ_{η8} ) + c(10μ_K + 3μ_{η8} + 11μ_π) − 32L^r_4

2m^2_K + m^2_π f^2

− 16L^r_5 Σ_{Kπ} f^2 } + { g 2M^2_V

(1 −

M^2_V 2g^2f^2

)(δB − Z^r_V ) +

C^r_3 8f^2

}Q^2, (43) F = −{ g 2M^2_V

(1 −

M^2_V 2g^2f^2

)(δB − Z^r_V ) +

C^r_3 8f^2 } + M^2_V 8gf^4 1 Q^2 {Σ_{Kπ}(J̄_{Kπ} − J̄_{Kη}Δ_{Kη} cos2 θ_{08} + J̄_{Kη′} Δ_{Kη′} sin^2 θ_{08} 4Δ_{Kπ} ) + c(Q^2 − Σ_{Kπ})(J̄_{Kπ} −

3(J̄_{Kη}Δ_{Kη} cos^2 θ_{08} + J̄_{Kη}′ Δ_{Kη}′ sin^2 θ_{08}) 4Δ_{Kπ} )}. (44)

Using the form factors, we obtain, ⟨K^+π^0|u_Lγ_μs_L|0⟩ | |_{K∗} = i(Eqρ + F QρΔKπ)iD^{ρσ} ( g_{σμ}G + (Q^2g_{σμ} − Q_σQ_μ)H )

= −E G + Q^2H M^2_V + δA (q_μ − Δ_{Kπ} Q^2 Q_μ) − G Δ_{Kπ} Q^2 Q_μ E + Q^2F M^2_V + δA + Q^2δB

. (45)

The vector form factor and the scalar form factors are defined as,

⟨K^+π^0|u_Lγ_μs_L|0⟩ = 1 2 {F_V (q_μ − Δ_{Kπ} Q^2

Q_μ) + F_S Q_μ}. (46)

Then the contribution to the form factors is given as,

F^{Kπ}_V = F^{1P I}_V + F^{K∗}_V , (47)

F^{Kπ}_S = F^{1P I}_S + F^{K∗}_S , (48) where,

F^{1P I}_V = − 1 √ 2 (1 −

M^2_V 2g^2f^2 ) + + 1 √ 2 [ − 3c 2 (H_{Kπ} + H_{Kη8} ) + cM^2_V 8g^2f^2

(10μ_K + 3μ_{η8} + 11μ_π) − 3 8 ( M^2_V g^2f^2

)_2

(H_{Kπ} + H_{Kη8} +

2μ_K + μ_π + μ_{η8} 2 ) − C^r_5 2 Q^2 f^2 + M^2_V 2g^2f^2 { M 2_V 2g^2f^2

K^r_4 m^2_K f^2

− 4L^r_5 Σ_{Kπ} f^2 + 2m^2_K + m^2_π

f^2 ( M^2_V 2g^2f^2

K^r_5 − 8L^r_4) }] , (49) F^{K∗}_V = −2E G + Q^2H M^2_V + δA

(50) ≃ − 1 2 √ 2g M^2_V M^2_V + δA [ 4E + √ 2 G + Q^2H

f^2 − M^2_V gf^2 ] , (51)

F^{1P I}_S = 1 √ 2 1 Q^2 × [ (1 −

M^2_V 2g^2f^2 ) { − Δ_{Kπ}J̄_{Kπ} 8f^2

{5cQ^2 − (5c − 3)Σ_{Kπ}} + Δ_{Kη}J̄_{Kη} cos^2 θ_{08} + Δ_{Kη}′J̄_{Kη}′ sin^2 θ_{08} 8f^2

{3cQ^2 − (3c − 1)Σ_{Kπ}} }

+ 3Δ_{Kπ} 8f^2

(1 −

M^2_V 2g^2f^2

)^2{

Δ^2_{Kπ} s J̄_{Kπ} + Δ^{2Kη} s cos^2 θ_{08}J̄_{Kη} +

Δ^2_{Kη}′ s sin^2 θ_{08}J̄_{Kη}′ } ]

+ 1 √ 2 Δ_{Kπ} Q^2 [ −(1 − M^2_V 2g^2f^2 ) + c 4 Q^2

3μ_{η8} + 2μ_K − 5μ_π Δ_{Kπ} + c M^2_V 8g^2f^2

(10μ_K + 3μ_8 + 11μ_π) − 3 16 ( M^2_V g^2f^2

)_2

(2μ_K + μ_π + μ_{η8} ) − 4L^r_5

Q^2 f^2 + M^2_V 2g^2f^2 × { M 2_V 2g^2f^2

K^r_4 m^2_K f^2

− 4L^r_5 Σ_{Kπ} f^2 + 2m^2_K + m^2_π

f^2 ( M^2_V 2g^2f^2

K^r_5 − 8L^r_4) }] , (52) F^{K∗}_S = −2G Δ_{Kπ} Q^2

E + Q^2F M^2_V + δA + Q^2δB

(53) ≃ − 1 2 √ 2g Δ_{Kπ} Q^2

M^2_V M^2_V + δA + Q^2δB [ 4(E + Q^2F) + √ 2 G f^2 − M^2_V gf^2 ] . (54)

For numerical calculation, we use Eq.(51) and Eq.(54) which are obtained by omitting the two loop order contribution in the numerators of Eq.(50) and Eq.(53). To compare our form factors with the ones obtained by other methods, we show the vector form factors in the chiral limit,

F^{1P I}_V = − 1 √ 2 [ (1 −

M^2_V 2g^2f^2

){1 + 3(1 −

M^2_V 2g^2f^2 )H} + C^r_5 Q^2 f^2 ) ] , F^{K∗}_V = − M^2_V 2 √ 2g^2f^2

M^2_V M^2_V + δA ( 1 + 6(1 −

M^2_V 2g^2f^2

)H + g(C^r_3 − 4C^r_4 )Q^2 2M^2_V ) . (55)

The self energy correction of vector meson, δA in the chiral limit can be obtained with Eq.(C4),

δA → −Q^2Z^{(r)}_V − 3M^2_V H, (56)

where H is given by taking the chiral limit of^{Q2M r}_{f 2} in Eq.(C5) as, H = Q^2 12f^2 [− 1 16π^2 log Q^2 μ^2 + 5 48π^2 + i 1 16π ]. (57)

To compare our result with those of the other methods, we examine the case that the vector meson dominace (VMD) relation M^2_V = 2g^2f^2 holds. Then the vector form factor is written as, F_V |^{V MD.}_{chiral limit} = − 1 √ 2 [ M 2_V M^2_V − 3HM^2_V − Z^r_V Q^2

{1 + g(C^r_3 − 4C^r_4 )

Q^2 2M^2_V } + C^r_5 Q^2 f^2 ] . (58)

The result can be compared with the same limit of the form factor in [22],

F_+ =

M^2_K∗ e^{3Re.(H)} M^2_K∗ − Q^2 − iM_K∗ Γ_K∗ (Q^2)

. (59)

The difference of the overall factor −^{1√}_2 is just due to the the definition of the form factors. We observe that in the form factor of [22] , the chiral loop correction denoted by H is exponentiated and appears in the numerator of vector meson propagator while in our approach with the vector dominance assumption, the chiral correction appears in the selfenergy function in the denominator of the vector meson propagator. We also note that the finite counterterms generate linear Q^2 dependence in the form factor. They include the wave function renormalization constant of the vector meson Z^{(r)}_V , and the other coefficients of the finite counter terms; C^r_3 , C^r_4 and C^r_5 . One can also compare our result with that of the resonance chiral theory [21]. A difference of the form factor in [21] from Eq.(58) of our result is that the one loop corrections to their form factor depends quadratically on momentum squared Q^4. This is due to the second derivatives coupling of the vector meson to two pseudoscalars in their anti-symmetric tensor formulation of vector mesons. In contrast to their approach, the vector meson coupling into two pseudoscalar meson coupling includes the first derivative. Therefore, the form factor of the present approach depends on Q^2 linearly. They also consider the loop contribution of all the resonances while in our approach, the vector mesons do not contribute in the loop.

IV. NUMERICAL ANALYSIS IN THE SM

To evaluate the vector and scalar form factors, we fix g, M_V and the coefficients of the counterterms by using the decay constants, masses and widthes of the mesons. We also use the hadronic mass spectrum. There are ten parameters, {g, M_V , Z^r_V , C^r_i , L^r_4, L^r_5}, (i = 1, · · · , 5) to be fixed.

From the matrix elements of the axial currents, we obtain the pion and kaon decay constants [35],

f_π = f { 1 − c(2μ_π + μ_K ) + 4 ( m^2_π + 2m^2_K

f^2

L^r_4 + m^2_π f^2

L^r_5 )} , (60)

f_K = f { 1 − 3c 4 (μ_π + 2μ_K + μ_{η8} ) + 4 ( m^2_π + 2m^2_K f^2

L^r_4 + m^2_K f^2

L^r_5 )} . (61)

Using the ratio of f_K /f_π, we can write L^r_5 as follows,

L^r_5 = f^2 4Δ_{Kπ} { f_K f_π − 1 − c 4 (5μ_π − 2μ_K − 3μ_{η8} ) } . (62)

If we assume f = f_π, from Eq. (60) L^r_4 is expressed as,

L^r_4 = f^2_π m^2_π + 2m^2_K { c 4 (2μ_π + μ_K ) − m^2_π f^2_π

L^r_5 } . (63)

One can take any renormalization scale μ at around K^∗ meson mass. We specifically choose the value of the particle data group (PDG) [37], namely μ = 895.47MeV. If c(= 1 − M^2_V /(g^2f^2_π )) is obtained, L^r_4 and L^r_5 can be fixed.

From the imaginary part of the self energy for K^∗ meson in Eq.(C8), the decay width of K^∗ is given by,

Γ_K∗ (M^2_K∗ ) = 1 16πM_K∗ ν^3_{Kπ}(M^2_K∗ )

M^4_K∗ ( M^2_V 4gf^2_π

)_2 , (64)

where ν_{Kπ} is defined in Eq.(C11). Once M_V is determined, g can be fixed with the decay width K^∗ (Γ_K∗ ) and M_K∗ . The relations among Z^r_V , C^r_1 , C^r_2 are derived by the conditions for the pole masses of K^∗ and ρ mesons. We define K^∗ and ρ meson masses as the momentum squared (Q^2) for which the real parts of the inverse propagators vanish,

M^2_V + Re[δA_K∗ (Q^2 = M^2_K∗ ; C^r_1 , C^r_2 )] = 0, (65)

M^2_V + Re[δA_ρ(Q^2 = M^2_ρ ; C^r_1 , C^r_2 )] = 0. (66)

Solving the above equations, one obtains C^r_1 and C^r_2 ,

C^r_1 = 1 Δ_{Kπ} { Z^r_V Δ_K∗_ρ − Re[ΔA_K∗ (M^2_K∗ )] + Re[ΔA_ρ(M^2_ρ )] } , (67)

C^r_2 = − 1 2m^2_K + m^2_π { M^2_V − Z^r_V M^2_ρ + Re[ΔA_ρ(M^2_ρ )] + C^r_1 m^2_π } , (68)

where, ΔA_K∗ = − 3 4 ( M^2_V gf^2_π )_2 [ Q^2(M^r_{Kπ} + M^r_{Kη8} ) −L_{Kπ} − L_{Kη8} + f^2_π 2 (μ_π + 2μ_K + μ_{η8} ) ] , (69)

ΔA_ρ = − ( M^2_V gf^2_π )_2 [ Q^2 ( M^r_π + 1 2 M^r_K ) + f^2_π ( μ_π + 1 2 μ_K )] . (70)

From the condition for the residue of the vector meson propagator (35), Z^r_V is written as follows,

Z^r_V = 1 + dRe[ΔA_K∗ (Q^2)] dQ^2 | | | |_{Q2=M 2K∗} . (71)

We use ρ meson mass of the PDG value [37]. For K^∗ meson mass and the decay width, we fix them with the hadronic mass spectrum of τ → Kπν. Instead of using g and Z_V as the fitting parameters, one can use the decay width Γ_K∗ and the mass M_K∗ .

One can write Z^r_V , C^r_3 , C^r_4 and C^r_5 in terms of K^r_1 , K^r_2 , K^r_3 and L^r_9 with Eqs. (27) and (29). Since K^r_3 is related to Z^r_V with Eq. (27) and Z^r_V is fixed with Eq. (71), K^r_3 is already determined by M_K∗ . We note that the form factor of Eq. (51) depends on the combination C^r_3 − 4C^r_4 , which is written as,

C^r_3 − 4C^r_4 =

M^2_V gf^2_π ( K^r_1 + K^r_2 − K^r_3

M^2_V g^2f^2_π ) . (72)

One also notes that C^r_5 is written in terms of K^r_1 + K^r_2 , K^r_3 and L^r_9. Therefore we choose {Γ_K∗ , M_V , M_K∗ , K^r_1 + K^r_2 , L^r_9} as fitting parameters in the following analysis.

We fit them by using the differential branching fraction of the experimental data [26]. The differential branching fraction for KP ν(P = π, η) is given by, dBr(τ → KP ν) d √ Q^2 = 1 Γ_τ

G^2_F |V_{us}|^2 2^5π^3

(m^2_τ − Q^2)^2

m^3_τ p_K × [( 2m^2_τ 3Q^2 + 4 3 ) p_K^2|F^{KP}_V (Q^2)|^2 + m^2_τ 2 |F^{KP}_S (Q^2)|^2 ] , (73)

where p_K is the momentum of K in the hadronic center of mass (CM) frame. The differential decay distribution for τ^− → K_sπ^−ν is shown in Fig. 5. One can see the peak of K^∗ resonance around at √ Q^2 ≃ 900 MeV.

The five parameters are determined by fitting the hadronic mass spectrum in the region m_K + m_π ≤ √ Q^2 ≤ 1665MeV with 90 bins data. We also use the PDG values [37], m_π± , f_π± , m_K0 , m_η, m_η′ , m_τ as inputs. The set of parameters leading to the smallest χ^2/n.d.f value are fixed by

Γ_K∗ = 48.68MeV, M_V = 954.0MeV, M_K∗ = 895.4MeV, K^r_1 + K^r_2 = 0.04517, L^r_9 = 5.068 × 10^{−3}, (74)

where the obtained χ^2/n.d.f. is 152.3/85. The other parameters are shown in Table III. We also note 1 − M^2_V /(2g^2f^2_π ) = 0.2688 for this case. It implies that the relation of the vector meson dominance, M^2_V = 2g^2f^2_π , is slightly violated.

TABLE III: Numerical values of the fitted parameters.

g 8.582 C^r_2 −0.7772 L^r_4 2.265 × 10^{−4} Z^r_V 0.8276 C^r_3 − 4C^r_4 0.1811 L^r_5 2.313 × 10^{−3} C^r_1 0.2980 C^r_5 −1.516 × 10^{−3}

FIG. 5: The prediction of the decay distribution for τ^− → K_sπ^−ν. The solid line corresponds to the prediction of our model. The dotted line and the dashed line correspond to the distribution of the vector form factor and that of the scalar form factor, respectively. The closed circles with the error bars are experimental data [26].

Table IV shows the fitted values of M_K∗ , Γ_K∗ and the prediction of the branching fraction of our model. The corresponding experimental values are also shown. We have not shown the error for the branching fraction, since the systematic error in each bin is not known. We also show the obtained slope parameter for K_{e3} decay defined in Eq.(76). λ_+ is the slope parameter given by the linear expansion coefficient of the Kπ vector form factor (47),

F^{Kπ}_V (Q^2) ≃ F^{Kπ}_V (0) ( 1 + λ_+

Q^2 m^2_π ) , (75)

where,

λ_+ = m^2_π F^{Kπ}_V (0) dF^{Kπ}_V (Q^2) dQ^2 | | |_{Q2=0} . (76)

TABLE IV: Fitting parameters (M_K∗ , Γ_K∗ ) and the corresponding predictions for the branching fraction and the slope parameter. The bottom line denotes the experimental values.

M_K∗ (MeV) Γ_K∗ (MeV) Br(τ^− → K_S π^−ν_τ ) λ_+ 894.5 48.67 0.4023% 0.02236 Exp. 895.47 ± 0.20 ± 0.74 46.2 ± 0.6 ± 1.2 (0.404 ± 0.002 ± 0.013)% 0.02485 ± 0.00163 ± 0.00034

FIG. 6: The absolute value of the vector form factor.

FIG. 7: The argument of the vector form factor. We added 180 deg. to argF_V .

We investigate the property of the form factors obtained in the present work. Using the fixed parameters, we show the absolute value and argument for the vector form factor in Figs. 6 and 7. In the absolute value of the vector form factor |F^{Kπ}_V |, the effect of K^∗ resonance is

FIG. 8: The absolute value of the scalar form factor.

FIG. 9: The argument of the scalar form factor.

dominant at √ Q^2 ≃ M_K∗ . Furthermore, the effect of K^∗ resonance is seen in the argument of vector form factor (arg[F^{Kπ}_V ]), because it changes about 180^∘ near √ Q^2 ≃ M_K∗ . This property are also seen in Kπ scattering [38]. However, the behavior of arg[F^{Kπ}_V ] for large invariant mass region, √ Q^2 ≳ 1200MeV is different from the one in [38], since our model does not include the higer resonances, K^∗(1410) and K^∗(1790). Figures 8 and 9 show the absolute value and argument for the scalar form factor, respectively. The absolute value of the scalar form factor is smaller than the absolute value for the vector form factor, since there is no K^∗ pole in F^{Kπ}_S as shown in Eq. (54). As increasing the invariant mass, the argument for the scalar form factor decreases.

We study τ^− → K^−ην decay using the parameters fixed with τ^− → K_sπ^−ν decay. The form factors for Kη are given in Appendix E. Figure 10 shows the prediction of the decay distribution for τ^− → K^−ην. It is found that the contribution of vector form factor is dominant. The predicted branching fraction for τ^− → K^−ην decay is 2.114 × 10^{−4}. Since the experimental results are Br(τ^− → K^−ην) = (1.52 ± 0.08) × 10^{−4} [37], our prediction is larger than the experimental data. We note that the predicted branching fractions for τ^− → K_S π^−ν and τ^− → K^−ην decays are 4.030 × 10^{−3} and 1.157 × 10^{−4} respectively with the other parameter set of parameters which is obtained by 67 bins data fitting (m_K + m_π ≤ √ Q^2 ≤ 1400.5MeV).

We also consider the forward-backward asymmetry [33] for τ → KP ν decay. The double

FIG. 10: The hadronic invariant mass distribution for τ^− → K^−ην decay. The solid line and the

gray solid line correspond to the hadronic invariant mass distribution for τ^− → Kην decay and

that for τ → K_sπν decay, respectively. The dotted line and the dashed line are the vector form

factor contribution and the scalar form factor contribution of τ → Kην decay, respectively.

differential rate of the unpolarized τ decay [6] is given by dBr d √ Q^2d cos θ = 1 Γ G^2_F |V_{us}|^2 2^5π^3

(m^2_τ − Q^2)^2p_K m^3_τ { ( m^2_τ Q^2 cos^2 θ + sin^2 θ ) p^2_K |F^{KP}_V (Q^2)|^2

+ m^2_τ 4 |F^{KP}_S |^2 − m^2_τ √ Q^2 p_K cos θRe[F^{KP}_V (Q^2)F^{KP}_S (Q^2)^∗] } , (77)

where θ is the scattering angle of kaon with respect to the incoming τ in the hadronic CM frame. The forward-backward asymmetry extracts the interference term of the vector form factor and the scalar form factor.

A_{FB}(Q^2) =

∫_1 0 d cos θ^{dBr} d √_{Q2d cos θ} −

∫_0 −1 d cos θ^{dBr} d √_{Q2d cos θ} dBr d √_{Q2}

= − p_K√ Q^2 |F^{KP}_S | |F^{KP}_V | cos δ KP st (_{2m2τ} 3s +^4_3 )_{p2K} m^2_τ + 1 2 |^{F KPS}_{F KPV} |^2 , (78)

with δ^{KP}_{st} = arg.(^{F KPV}_{F KPS} ). As we can see from Eq.(78), the forward-backward asymmetry is determined by the ratio of the scalar and the vector form factors. It is also proportional to cosine of the strong phase shift δ^{KP}_{st} . The forward-backward asymmetries for Kπ and Kη cases are shown in Fig. 11. As can be seen in Fig. 11, the forward-backward asymmetry for Kπ case is large below K^∗ resonance and reaches to 70%. Here the decay distribution for τ^− → K_sπ^−ν is identical to that of τ^− → K^−π^0ν by taking the limit for ϵ_K of K^0K^0 mixing zero. In Fig. 11, we have evaluated the forward-backward asymmetry for τ^− → K^−π^0ν as that for Kπ case.

FIG. 11: The predictions of the forward-backward asymmetries of τ → Kπν and τ → Kην decays. The solid line and dashed line correspond to the forward-backward asymmetry of τ → Kπν decay and that of the τ → Kην decay, respectively.

V. TWO HIGGS DOUBLET MODEL WITH CP VIOLATION

As an example of new physics beyond the SM, we investigate a two Higgs doublet model with explicit CP violation. (See for example, Ref. [39] for a recent review of two Higgs doublet model.) The model is classified as type II two Higgs doublet model. Z_2 parity is assigned so that only a Higgs doublet Φ_2 is coupled to up type quarks and another Higgs doublet Φ_1 is coupled with down type quarks. For the charged leptons, they have Yukawa couplings with the same Higgs doublet which the down type quarks interact with. Z_2 symmetry is softly broken in Higgs sector. By taking the soft breaking mass squared parameter small, one can naturally obtain the large ratio of vacuum expectation values (VEVs) of two Higgs doublets . The idea of Ref. [40] is that this large ratio of the Higgs VEVs is the origin of the isospin breaking of the third generation of the quarks. In such model, the Higgs with small VEV has enhanced Yukawa couplings to down type quarks and charged leptons. Therefore, τ lepton and bottom quark can be good probes investigating the extra Higgs doublet with the small VEV.

The well known effect of CP violation of the two Higgs doublet model is CP even and CP odd Higgs mixing [41, 42]. In the large limit of the ratio of Higgs VEVs, among three neutral Higgs, the SM like CP even Higgs is decoupled from the other two Higgs bosons. Therefore, in good approximation, CP even and CP odd Higgs mixing occurs among two Higgs bosons in the sector of the Higgs with the small VEV. We investigate how the CP violating mixing of the neutral Higgs sector leads to some observable effect on charged Higgs Yukawa coupling. We also explicitly show how it generates the direct CP violation of τ decays. For this purpose, we compute one loop corrections to masses of the charged leptons and down type quarks. One finds the one loop corrected mass is flavor diagonal and a small CP violating chiral phase due to the CP even and CP odd Higgs mixing is generated. To remove the phase of one loop corrected mass, one needs to carry out the chiral rotation. After the chiral rotation, CP violating phase in charged Higgs sector arises. The phase is due to the CP violation of Higgs sector which is the different origin from Kobayashi Maskawa phase [43].

After all, the relative CP violating phase difference between the charged current interaction of W boson and charged Higgs interaction arises as,

L ∼ ν_Lγ_μτ_LW^{μ+} + ν_Lτ_RH^+e^{−2iϕτ} . (79)

The phase ϕ_τ vanishes if CP even and CP odd Higgs mixing angle θ_{AH} vanishes. The phase ϕ_τ can be measured by direct CP violation of τ^± decays. The decays go through the intermediate states W^− and H^− which are converted to a common hadronic final state (K, π). Schematically, the process goes as,

τ → { ν_L + W^{−∗} ν_L + H^{−∗} } → K^−π^0 + ν. (80)

To measure the phase ϕ_τ , the angular analysis of the decay distributions of τ → Kπν is useful. The direct CP violation arises in the interference of two amplitudes with both weak phase difference and strong phase difference. In the τ → Kπν decays, the interference of two amplitudes with different angular momentum of K^−π^0 , i.e., l = 1 and l = 0 can take place. The difference of the angular distribution of τ^− → K^−π^0ν and its CP conjugate τ^+ → K^+π^0ν̄ is sensitive to the CP violating phase described above. As we have shown in [10], the forward-backward CP asymmetry is a good observable for the CP violation.

The Higgs potential of two Higgs doublet model with softly broken Z_2 symmetry is given as, V_{tree} = ∑ i=1,2 ( m^2_i Φ^†_i Φ_i + λ_i 2 (Φ^†_i Φ_i)^2 ) − m^2_3(Φ^†_1Φ_2 + h.c.) + λ_3(Φ^†_1Φ_1)(Φ^†_2Φ_2)

+λ_4|Φ^†_1Φ_2|^2 + 1 2 λ_5 [ e^{iθ5} (Φ^†_2Φ_1)^2 + e^{−iθ5} (Φ^†_1Φ_2)^2 ] , (81)

where under Z_2 transformation, the Higgs fields transform as,

Φ_1 → −Φ_1, Φ_2 → Φ_2. (82)

θ_5 is a CP violation parameter of Higgs sector. One may write the vacuum expectation values with three order parameters [44],

⟨Φ_1⟩ = v √ 2 0 cos β , ⟨Φ_2⟩ = v√ 2 0 sin β e^{−iθ′} . (83)

The three order parameters are determined by the stationary conditions. For large tan β, the solution can be written approximately as,

v^2 ≃ −

2m^2 λ_2 , cos β ≃ m^2_3 { m^2_1 +^{v2}_2 (λ_3 + λ_4) } cos θ^′ +^{v2}_2 λ_5 cos(θ_5 + θ^′) , sin(θ_5 + θ^′) sin θ^′ ≃ λ_3 + λ_4 −^{m21}_{m2} λ_2 λ_5

, (84)

where only the leading terms with respect to the expansion of the soft breaking parameter^{m23}_{m21} are shown. When θ_5 is not vanishing, the neutral Higgs bosons with definite CP parities,i.e., CP even (H) and CP odd Higgses (A) are not mass eigenstates. Their mixing angle is sensitive to the CP violation of the Higgs sector. In large tan β limit, the mass matrix of the three neutral Higgs becomes,

L_{mass} = − v^2 4 (h, H, A) a_{11} 0 0 0 a_{22} a_{23} 0 a_{23} a_{33} h H A , (85) where a_{12} and a_{13} are subleading of the expansion of cos β and can be neglected in large tan β limit. Therefore in the limit, one can simply diagonalize 2×2 matrix. For the purpose, one introduces the mixing angle θ_{AH} ,

H = cos θ_{AH} H_3 + sin θ_{AH} H_2, A = cos θ_{AH} H_2 − sin θ_{AH} H_3, (86)

where H_2 and H_3 are mass eigen states. The other matrix elements in small cos β limit are,

a_{11} ≃ 2λ_2, a_{33} ≃ { sin(θ_5 + θ^′)

sin θ^′

− cos(θ_5 + 2θ^′) } λ_5,

a_{22} ≃ { cos θ_5 + cos 2θ^′ sin(θ^′ + θ_5)

sin θ^′ } λ_5, a_{23} ≃ −λ_5 sin(θ_5 + 2θ^′). (87)

Then one finds the mixing angle is given by, θ_{AH} = θ_5 2 + θ^′. (88)

In the same limit, the masses of all the Higgs bosons are;

L_{mass} = −

M^2_h 2 h^2 −

M^2_{H2} 2 H^2_2 −

M^2_{H3} 2 H^2_3 − M^2_H+ H^+H^−, (89)

with,

M^2_h = λ_2v^2, M^2_H+ = m^2_1 + λ_3 2 v^2,

M^2_{H2} = m^2_1 + v^2 2 (λ_3 + λ_4 − λ_5),

M^2_{H3} = m^2_1 + v^2 2 (λ_3 + λ_4 + λ_5). (90)

Using the relations in Eq.(84) and the mass formulae of Higgs bosons in Eq.(90), one can write the formulae cos β and θ_{AH} as follows;

cos β = m^2_3 √ M^4_{H3} cos^2 θ_{AH} + M^4_{H2} sin^2 θ_{AH}

, (91)

θ_{AH} = arctan ( M^2_{H3} M^2_{H2} tan θ_5 2 ) . (92)

FIG. 12: The CP even and odd Higgs mixing angle θ_{AH} as a function of CP violating parameter θ_5. The thin solid line, the dashed line, and the thick solid line correspond to^{MH3}_{MH2} = 2, 1.5, and 1.1, respectively.

In Fig.12, we have shown the mixing angle θ_{AH} as a function of CP violating parameter θ_5 of the Higgs potential as given by Eq.(92). One can see when the mass splitting of H_2 and H_3 are large, θ_{AH} tends to deviate from the line of θ_{AH} =^{θ5}_2 , which leads to θ^′ is non-vanishing. Next we compute the one loop corrected mass due to H_2 and H_3. Yukawa couplings of them

FIG. 13: One loop corrections to the self energies of down type quarks and charged leptons due to neutral Higgs exchanges.

to down type quarks and charged leptons can be written as,

L_Y =

H_2 v [ tan β(e_iiγ_5e^{−iγ5θAH} m_{li}e_i + d_iiγ_5e^{−iγ5θAH} m_{di}d_i) ] + H_3 v [ tan β(e_ie^{−iγ5 θAH} m_{li}e_i + d_ie^{−iγ5θAH} m_{di}d_i) ] . (93)

Note that the Yukawa couplings of H_2 and H_3 have an enhancement factor tan β. The CP violation of the Yukawa couplings are written in terms of the chiral phase, e^{−iγ5θAH} . One defines the one loop corrected masses for down type quarks and charged leptons as, L_{mass} = −l_{Li}M_{li}l_{Ri} − d_{Li}M_{di} d_{Ri} + h.c.. (94) The corrections are evaluated by computing Feynman diagrams Fig.13 and the result is, Σ_i|_{1loop} = ( m_i tan β v )_2 [ /p 16π^2 ( 1 ϵ − γ + ln 4π) − m_i 16π^2

(log

M^2_{H2} M^2_{H3} )e^{−2iθAγ5} ]

−(Z_i − 1)/p + (Z_{mi} Z_i − 1)m_i, (95)

where i denote the charged lepton or doun type quark. We have ignored the finite contribution suppressed by a factor of^{m2i}_{M 2H2} and^{m2i}_{M 3H3} . In MSbar scheme, the counter terms are determined as,

Z_i − 1 = −(Z_{mi} − 1) = 1 16π^2 ( m_i tan β v )_2 ( 1 ϵ − γ + log 4π). (96)

Therefore the one-loop corrected masses are finite and are given by, M_{li} = m_{li} { 1 − ( m_{li} tan β 4πv )_2 ln M^2_{H2} M^2_{H3} e^{−2iθAH} } ,

M_{di} = m_{di} { 1 − ( m_{di} tan β 4πv )_2 ln M^2_{H2} M^2_{H3} e^{−2iθAH} } . (97)

In order to remove the phases of the one loop corrected mass, one need to perform the flavor diagonal chiral rotation, l_{Ri} → l_{Ri}e^{−iϕli} , l_{Li} → l_{Li}e^{iϕli} , d_{Ri} → d_{Ri}e^{−iϕdi} , d_{Li} → d_{Li}e^{iϕdi} , (98) where the phases ϕ_{li} and ϕ_{di} are given by,

tan 2ϕ_{li} = sin 2θ_{AH} (_{mli tan β} 4πv )_2

ln^{M 2H2}_{M 2H3} 1 − (_{mli tan β} 4πv )_2 cos 2θ_{AH} ln^{M 2H2}_{M 2H3}

, (99)

tan 2ϕ_{di} = sin 2θ_{AH} (_{mdi tan β} 4πv )_2

ln^{M 2H2}_{M 2H3} 1 − (_{mdi tan β} 4πv )_2 cos 2θ_{AH} ln^{M 2H2}_{M 2H3}

. (100)

In Fig.14, we have shown ϕ_τ for different ratios of the Higgs mass^{MH3}_{MH2} . The larger ratio leads to the larger value of ϕ_τ .

FIG. 14: ϕ_τ as a function of θ_5. The unit of the angles is in degree. The thin solid line, the dashed line, and the thick solid line correspond to^{MH3}_{MH2} = 2, 1.5, and 1.1, respectively.

Now we study the effects of the CP violation of the Higgs mixing on τ lepton decays. The effective four Fermi interactions from the SM contribution and from the charged Higgs exchange are given by,

L_{cc} = 2 √ 2G_F V^∗_{ji} [ −d_{iL}γ_μu_{jL}ν_Lγ^μτ_L + m_τ m_{di} tan^2 β M^2_{H+} d_{iR}u_{jL}e^{−2i(ϕτ −ϕdi)}ν_Lτ_R ] , (101)

where the relative phase ϕ_τ − ϕ_{di} of charged current interaction due to W^− exchanged and charged Higgs interaction H^− arises.

The forward-backward CP asymmetry in the two Higgs doublet model can be obtained by replacing the SM scalar form factor with the one including the charged Higgs contribution in Eq.(78), F^{KP}_{SNew} ≡ { 1 − e^{−2i(ϕτ −ϕs)} Q^2 tan^2 β M^2_{H+} } F^{KP}_S . (102)

By comparing the forward-backward asymmetry of τ^− and τ^+, one obtains the direct CP violation [10],

A_{F B} (τ^− → K^−P ν) − A_{F B}(τ^+ → K^+P ν)

= −2 sin δ^{KP}_{st} sin{2(ϕ_τ − ϕ_s)}

Q^2 tan^2 β M^2_{H+} p_K√ Q^2 |F^{KP}_S | |F^{KP}_V | (^{2m2τ}_{3Q2} +^4_3 )^{p2K}_{m2τ} +^1_2^{|F KPSNew|2}_{|F KPV |2}

, (103) where P = π^0, η.

FIG. 15: The constraints on T parameter in (M_{H2} , M_{H3} ) plane. The gray shaded regions are excluded. We choose M_H+ = 600GeV. The upper bound on T_{New} is 0.15 and the lower bound is −0.068, respectively. The thick solid line, the dashed line, and the thin solid line correspond to M_{H3} M_{H2} = 1.1, 1.5, and 2, respectively.

To predict the CP violation, we take account of the constraints on the mass of the charged Higgs, tan β and the ratio of neutral Higgs masses^{MH3}_{MH2} . The lower limit of the charged Higgs mass is given as M_H+ > 295GeV obtained from B → X_sγ [45–48]. Using B → τν [49] and B → Dτν [50], the lower limit of the charged Higgs mass is constrained as M_H+ > 500GeV for tan β ≃ 40 [48]. The ratio^{MH3}_{MH2} of the neutral Higgs masses can be constrained from T parameter. T parameter of the present model is computed as [51],

T_{New} = 1 16πM^2_W s^2_W [ F (M_H+ , M_{H3} ) + F (M_H+ , M_{H2} ) − F (M_{H3} , M_{H2} ) ] , (104)

where F (m_a, m_b) is given by,

F (m_a, m_b) = m^2_a + m^2_b 2 − m^2_am^2_b log^{m2a}_{m2b} m^2_a − m^2_b

. (105)

In Eq.(104), we take the limit; β →^π_2 . From Eq.(10.61) of Ref. [52], T_{New} = 0.03 ± 0.11 for the SM Higgs boson mass M_h = 117GeV case. We shift the SM reference point for the Higgs mass to M_h = 126GeV [53], which amounts to the shift of T_{New} is^3_{8πc2W} log^{126}_{117} ≃ 0.01. Therefore we adopt the following value for T_{New},

T_{New} = 0.04 ± 0.11. (106)

With M_H+ = 600GeV, the constraints on (M_{H2} , M_{H3} ) plane are shown in Fig. 15.

In Fig. 16, the forward-backward CP asymmetry in Eq.(103) is shown.We neglect ϕ_s in the numerical calculation. We choose the charged Higgs mass M_H+ = 600GeV and tan β = 40, and^{MH3}_{MH2} = 1.1, 1.5,and 2 which satisfy the constraints studied. The CP asymmetry is as small as 10^{−6} ∼ 10^{−7}. Comparing the present result with the one with the two Higgs doublet model without natural flavor conservation [10], the asymmetry is much smaller in the present model because it is the one-loop effect.

FIG. 16: forward-backward CP asymmetry A_{F B} − Ā_{F B} as a function of hadronic invariant mass √ Q^2. The solid lines correspond to the ones of τ → Kπν decay and the long dashed lines correspond to the ones of τ → Kην decay. The gray lines correspond to ϕ_τ = 0.02^∘ and the black lines correspond to ϕ_τ = −0.02^∘. We choose the ratio of the neutral Higgs mass as^{MH3}_{MH2} = 2, and assume the charged Higgs mass as M_H+ = 600GeV.

VI. SUMMARY AND CONCLUSION

Now we summarize our results. For the form factors calculation, we apply the chiral Lagrangian including the vector resonance for the computation of the scalar and vector form factors of τ → Kπ(η)ν decays.

• We present new counterterms related to the vector mesons and η_0 in one-loop level of pseudoscalar mesons and show how one can perform the renormalization in a systematic way for the diagram with arbitrary number of the loop.

• By using the propagator with the one loop corrected self-energy of the vector mesons, one can reproduce the vector meson intermediate states.

• We fit our theoretical curve of the hadronic invariant mass distribution with that obtained by Belle. By tuning the parameters, we demonstrate that one can fit the hadronic mass distribution up to ∼ 1300 MeV well. Between 1300 MeV and 1500 MeV , our prediction is slightly lower than the experimental data. We also compute the branching fraction τ → Kην, which is consistent with the experimental one.

About the CP violation of the two Higgs doublet model, we study the CP violation of the Higgs sector. The model was invented to explain the large isospin breaking of bottom and top due to large tan β ≃ 40 [40]. CP violation of Higgs potential leads to the mixings of CP even and CP odd Higgs. The Yukawa couplings of down type quarks and charged leptons with the neutral Higgs of the second Higgs doublet are large and are CP violating. We found that;

• The CP violation in the neutral Higgs sector leads to the CP violating effect on the quarks and leptons mass matrices through one loop corrections.

• After removing the CP violating phases in the mass matrices, one obtains CP violating phases of the charged Higgs couplings to the down type quarks and charged leptons.

• The effect is studied in the forward-backward CP asymmetry of τ → Kπν decay. The order of the asymmetry is 10^{−6} ∼ 10^{−7}. The smallness of the asymmetry comes from the fact that the CP violation is loop induced effect.

Acknowledgments

We would like to thank Dr. D. Epifanov for providing us with the data of Belle. We would like to thank Dr. H. Takata for providing us with the mathematica program of the two Higgs doublet model. We also thank K. Nakagawa, prof. H. Hayashii, Dr. M. Bischolfberger and the members of the physics study group of the B factory for fruitful discussion. K.Y.L. was supported by the Basic Science Research Program through the NRF funded by MEST

(2010-0010916). The work of T. M. is supported by KAKENHI, Grant-in-Aid for Scientific Research(C) No.22540283 from JSPS, Japan.

Appendix A: Derivation of the counterterms using background field method

We give the outline of the derivation of the counterterms. To derive the counterterms, we use the background field method so that the calculation of the counterterms is consistent with chiral symmetry [34], [35]. For the purpose, we first write the chiral Lagrangian in terms of the fields which are decomposed into the background fields and the quantum fields based on Eq.(1). We decompose the fields into the background field and quantum fluctuation as follows;

ξ_L = ξ exp(i Δ f ), ξ_R = ξ^† exp(−i Δ f ), η̄_0 = η_0 + Δ^0. (A1)

where ξ = exp(i^π_f ) and π denotes the background pseudoscalar octet fields. Δ denotes the quantum fluctuation. η_0 is the background field for singlet pseudoscalar and Δ^0 is its quantum part. We also introduce ᾱ_⊥ and ᾱ defined as

ᾱ_{⊥μ} = ξ^†_LD_{Lμ}ξ_L − ξ^†_R∂_μξ_R 2i , ᾱ_μ = ξ^†_LD_{Lμ}ξ_L + ξ^†_R∂_μξ_R 2i . (A2)

Using the notations given above, we write the Lagrangian including the background field and the quantum parts,

L̄ = f^2Tr(ᾱ_{⊥μ}ᾱ^μ_⊥) + BTr[ξ^†_RMξ_L + ξ^†_LMξ_R)] − ig_{2p}Tr(ξ^†_RMξ_L − ξ^†_LMξ_R) · η̄_0 − M^{20} 2 η̄^2_0

+M^2_V Tr [ (V_μ − ᾱ_μ g )^2 ] . (A3)

If we suppress the quantum fluctuation as Δ → 0 and Δ^0 → 0, then Eq.(A3) equals to Eq.(1). We note that under the chiral transformation, ξ transforms non-linearly as,

ξ^′ = g_Lξh^† = hξg^†_R, (A4)

while Δ transforms linearly as,

Δ^′ = hΔh^†. (A5)

We also note ᾱ and ᾱ_⊥ transform as,

ᾱ^′_μ = hᾱ_μh^† + 1 i h∂_μh^†, ᾱ^′_{⊥μ} = hᾱ_{⊥μ}h^†. (A6)

We treat the vector meson V as the background field and it transforms as

V^′_μ = hV_μh^† + 1 gi h∂_μh^†. (A7)

Given the transformations in Eq.(A4)-Eq.(A7), the Lagrangian of Eq.(A3) with the chiral breaking term M replaced with the spurion fields [34] is invariant under chiral SU(3)_L × SU(3)_R transformation. We next compute the one-loop corrections and identify the divergence. For the purpose, one expands L̄ up to the second order of Δ and Δ^0.

L̄ = L + TrD_μΔD^μΔ + ( 1 − M^2_V g^2f^2 ) Tr[Δ, α_{⊥μ}][Δ, α_⊥^μ] + i M^2_V gf^2 Tr(V_μ − α_μ g )[Δ, D^μΔ] − 2B f^2

Tr(χ_+Δ^2) + 2g_{2p} f^2

Tr(χ_−Δ^2)η_0 + 2 g_{2p} f Tr(χ_+Δ)Δ^0 + 1 2 ∂_μΔ^0∂^μΔ^0 −

M^2_0 2 Δ^{02}, (A8)

where χ_± is defined as, χ_+ = ξMξ + ξ^†Mξ^†, χ_− = i(ξMξ − ξ^†Mξ^†). (A9) Since the background fields (ξ, η_0) satisfy the equations of motion D^μα_{⊥μ} + i M^2_V gf^2 [V^μ − α^μ g , α_{⊥μ}] = 1 f^2

(Bχ_− + g_{2p}χ_+η_0), (□ + M^2_0 )η_0 + g_{2p}Tr(χ_−) = 0, (A10)

the first variation with respect to Δ and Δ^0 vanishes. Introducing the octet component field Δ^a as Δ =

∑_8

a=1 Δ^aT^a, one can write the quadratic part of the action in terms of the quantum parts Δ^A = (Δ^0, Δ^a) as,

S̄ = S − 1 2 ∫ d^4xΔ^AD^{AB}Δ^B , (A11)

D^{AB} is a diffrential operator and a 9 × 9 matrix for the nonet space. D^{AB} = (□ + M^{20} ) M^{0b} M^{a0} D^{ab} ,

Γ^{AB} = 0 0 0 Γ^{ab} , v^{AB} = 0 0 0 v^{ab} , (A12)

with, D^{ab} = (d̃_μd̃^μ)^{ab} + σ^{ab} − (v^2)^{ab}, (A13) where, (d̃_μΔ)^a = (d_μΔ)^a + v^{ab}_μ Δ^b, (d_μΔ)^a = ∂_μΔ^a + Γ^{ab}_μ Δ^b, (A14) and, Γ^{ab}_μ = −2iTr[T^a, T^b]α_μ, V^{ab}_μ = −2iTr[T^a, T^b]V_μ, v^{ab}_μ = M^2_V 2gf^2 (V^{μab} − 1 g Γ^{μab}). (A15) We also define, σ^{ab} = 4B f^2

Tr(χ_+T^aT^b) − 4g_{2p} f^2

Tr(χ_−T^aT^b)η_0 − 2 ( 1 − M^2_V g^2f^2 ) Tr[T^a, α_{⊥μ}][T^b, α^μ_⊥], (A16) and M^{a0} = M^{0a} = − 2g_{2p} f Tr(χ_+T^a). (A17) The effective action including one loop corrections is given by S_{eff} = S + ΔS, ΔS = i 2 TrLnD^{AB}. (A18) By introducing, 9 × 9 matrix, σ^{AB} = M^{20} M^{0b} M^{a0} σ^{ab} , (A19) one can write D^{AB} as;

D^{AB} = (d̃_μd̃^μ)^{AB} + σ^{AB} − (v^2)^{AB} . (A20) The divergent part of one loop correction can be easily computed with the heat kernel method [34] [36]. The counterterms can be also obtained with, S_c = −ΔS|_{div} = λ ∫ d^4xTr[a_2(x)], (A21) where a_2(x) is given by, a_2(x) = 1 2 σ̃^2 + 1 12 [d̃_μ, d̃^ν][d̃^μ, d̃^ν] + 1 6 [d̃_μ, [d̃^μ, σ̃]], (A22) where σ̃ = σ − v^2. The trace for 9 × 9 matrix can be converted to trace for 3 × 3 matrix which leads to the conterterms of Eq.(21).

Appendix B: 1 loop functions

Here we summarize the one loop functions which appear in Eq.(30). I_P = ∫ d^dk (2π)^di 1 k^2 − m^2_P , χ^{QP}_μ = ∫ d^dk (2π)^di (Q − 2k)_μ {(k − Q)^2 − m^2_Q}(k^2 − m^2_P ) , J^{QP}_μ = ∫ d^dk (2π)^di

(2k − Q)_μ(2k − Q)_ν q^ν {(k − Q)^2 − m^2_Q}(k^2 − m^2_P )

, (B1) By carrying out the loop integral, one obtains, I_p = −2m^2_P λ − 2f^2μ_P , χ^{QP} = −Q_μ Δ_{P Q} Q^2 J̄_{P Q}, J^{QP}_μ = (q_μ − Q · q Q^2

Q_μ) ( −4f^2H_{P Q} + 2 3 λQ^2 − 2λΣ_{P Q} − 2(μ_Q + μ_P )f^2 )

+ Q · q Q^2 Q_μ ( Δ^2_{P Q}J̄_{P Q} s − 2λΣ_{P Q} − 2(μ_Q + μ_P )f^2 ) , (B2)

J̄_{P Q} is defined in Eq.(C10) and Eq.(C12). H_{P Q} is defined in Eq.(33). By taking account of η_0 and η_8 mixing, one defines I_{η8} and X^{η8K}_μ (X_μ = χ_μ, J_μ) as, I_{η8} = I_η cos^2 θ_{08} + I_η′ sin^2 θ_{08}, X^{η8K}_μ = X^{ηK}_μ cos^2 θ_{08} + X^{η′K}_μ sin^2 θ_{08}. (B3)

Appendix C: Two point function of vector mesons

Let us determine the coefficient of the counterterms C_1, C_2 and Z_V from the renormalization for self-energy of vector mesons. The vector mesons couplings with pseudo scalar mesons in L are, L^{V P P} = − M^2_V gf^2i Tr(V_μ[Δ, ∂^μΔ]) = M^2_V i 4gf^2 [ K^{∗+μ} ( K̂^{− ↔}∂_μ π̂^0 + √ 3K̂^{− ↔}∂_μ η̂_8 + √ 2 ^̄K^{0 ↔}∂ π̂^− )

+ 2ρ^{+μ} ( π̂^{− ↔}∂ π̂^0 + 1 √ 2 ^̄K0^↔∂ K̂− )] . (C1)

The quantum field for pseudoscalar octet Δ is denoted by π̂. One can parameterize the inverse propagators of vector fields as,

A_V g^{μν} + B_V Q^μQ^ν . (C2)

We study the two point functions for ρ^+ and K^{∗+} mesons.

A_V = M^2_V − Q^2 + δA_V ,

B_V = 1 + δB_V , (C3)

where δA_V and δB_V denote the one loop corrections including the contribution from the counterterms. For the ρ meson, they are given as,

δB_ρ = Z^r_V (μ) + ( M^2_V gf^2 )_2 (

M^r_π + 1 2 M^r_K ) , δA_ρ = −Q^2δB_ρ − ( M^2_V gf^2 )_2 (

μ_π + 1 2 μ_K ) f^2

+C^r_1 (μ)m^2_π + C^r_2 (μ)(2m^2_K + m^2_π), (C4)

where μ_P =^{m2P}_{32π2f 2} ln^{mP 2}_{μ2} . M^r_P (P = π, K) are the loop functions for π mesons and K mesons defined as,

M^r_P = 1 12 [( 1 − 4m^2_P Q^2 ) J̄_P − 1

16π^2 ln m^2_P μ^2 − 1 48π^2 ] ,

J̄_P =

−^1_{16π2} √ 1 −^{4m2P}_{Q2} ln^{1+} √ 1−^{4m2P}_{Q2} 1− √ 1−^{4m2P}_{Q2}

+^1_{8π2} + i^1_{16π} √ 1 −^{4m2P}_{Q2} , (Q^2 ≥ 4m^2_P ), 1 8π^2 1 − √_{4m2P} Q^2 − 1 arctan 1 √_{4m2} P Q2 −1 , (Q^2 ≤ 4m^2_P ).

(C5)

Z^r_V (μ), C^r_1 (μ) and C^r_2 (μ) are finite parts of the renormalization constants defined by,

Z_V = Z^r_V (μ) − 1 128π^2 ( M^2_V gf^2 )_2

(C_{UV} + 1 − ln μ^2),

C_1 = C^r_1 (μ) − 3 128π^2 ( M^2_V gf^2 )_2 (C_{UV} + 1 − ln μ^2),

C_2 = C^r_2 (μ) − 1 128π^2 ( M^2_V gf^2 )_2 (C_{UV} + 1 − ln μ^2), (C6)

with C_{UV} is the divergent part of the dimensional regularization, C_{UV} = 1 ϵ − γ + ln(4π), (C7)

where ϵ = 2 −^d_2 and γ is Euler constant. The self energy corrections to K^∗ meson are given as, δB_K∗ = Z^r_V (μ) + 3 4 ( M^2_V gf^2 )_2

(M^r_{Kπ} + M^r_{Kη8} ), δA^∗_K = −Q^2δB_K∗ + 3 4 ( M^2_V gf^2 )_2 [ L_{Kπ} + L_{Kη8} − f^2 2 (μ_π + 2μ_K + μ_{η8} ) ]

+C^r_1 (μ)m^2_K + C^r_2 (μ)(2m^2_K + m^2_π), (C8)

where M^r_{P Q} and L_{P Q} are the same functions as the ones defined in Ref. [34],

M^r_{P Q} = 1 12Q^2 ( Q^2 − 2Σ_{P Q} )¯ J_{P Q} +

Δ^2_{P Q} 3Q^4 [ J̄_{P Q} − Q^2 1 32π^2 ( Σ_{P Q} Δ^2_{P Q} + 2 m^2_P m^2_Q Δ^3_{P Q} ln m^2_Q m^2_P )]

− k_{P Q} 6 + 1 288π^2 , L_{P Q} =

Δ^2_{P Q} 4s J̄_{P Q}, (C9)

where k_{P Q} =^{(μP −μQ)f 2}_{ΔP Q} . J̄_{P Q} is a one loop scalar function of pseudo scalar mesons with masses m_P and m_Q, Above the threshold; Q^2 ≥ (m_P + m_Q)^2, it is given by,

J̄_{P Q}(Q^2) = 1 32π^2 [ 2 + Δ_{P Q} Q^2 ln m^2_Q m^2_P − Σ_{P Q} Δ_{P Q} ln m^2_Q m^2_P − ν_{P Q} Q^2 ln (Q^2 + ν_{P Q})^2 − Δ^2_{P Q} (Q^2 − ν_{P Q})^2 − Δ^2_{P Q} ] + i 16π ν_{P Q} Q^2

, (C10)

where,

ν^2_{P Q} = Q^4 − 2Q^2Σ_{P Q} + Δ^2_{P Q}, (C11) while below the threshold (m_P − m_Q)^2 ≤ Q^2 ≤ (m_P + m_Q)^2,

J̄_{P Q}(Q^2) = 1 32π^2 [ 2 + Δ_{P Q} Q^2 ln m^2_Q m^2_P − Σ_{P Q} Δ_{P Q} ln m^2_Q m^2_P − 2 √ −ν^2_{P Q} Q^2 arctan Q^2 − Δ^{P Q} √ −ν^2_{P Q} + arctan

Q^2 + Δ_{P Q} √ −ν^2_{P Q} , (C12)

with Σ = m^2_P + m^2_Q and Δ_{P Q} = m^2_P − m^2_Q.

Appendix D: Self-energy corrections for η − η^′ sector

Here we have expanded the interaction terms which are needed to compute z_{88}, δM^2_{08} and δM^2_{88} in Eq.(6) as well as the wavefunction renomalization constants z_K and z_π in Eq.(31) within one loop approximation. The relevant part of the Lagrangian for the calculation is L = ( 1 − M^2_V g^2f^2 ) Tr[Δ, α_{⊥μ}][Δ, α_⊥^μ] − 2B f^2

Tr(χ_+Δ^2) + 2g_{2p} f^2

Tr(χ_−Δ^2)η_0 + 2 g_{2p} f Tr(χ_+Δ)Δ^0 = 2c f^2

Tr(Δ∂_μπΔ∂^μπ − Δ^2∂_μπ∂^μπ) − g_{2p} Bf Tr({π, χ}Δ^2)η_0 − g_{2p} 2Bf Tr({π, {π, χ}}Δ)Δ^0 − 1 2f^2 Tr({π, {π, χ}}Δ^2). (D1)

In terms of the component fields, the Lagrangian is, L = − 3c 4f^2

∂η_8∂η_8(K̂^0 ^̄K^0 + K̂^+K̂^−) − η_8η_0 g_{2p} Bf × [5m2_π − 8m2_K 6 √ 3 η̂_8η̂_8 +

3m^2_π − 4m^2_K 2 √ 3 (K̂^0 ^̄K^0 + K̂^+K̂^−) + m^2_π 2 √ 3 (π̂^0π̂^0 + 2π̂^+π̂^−) ]

− g_{2p} 2Bf η̂_0η̂_8{η^2_8

5m^2_π − 8m^2_K 3 √ 3 } + 1 2f^2 η^2_8

[16m2_K − 7m2_π 18 η̂^2_8 +

8m^2_K − 3m^2_π 6 (K̂^0 ^̄K^0 + K̂^+K̂^−) + m^2_π 6 (π̂^0π̂^0 + 2π̂^+π̂^−) ]

+ c f^2 ∂K^+∂K^−(− 3 4 η̂^2_8 −

K̂0 ^̄K0 + 2K̂+K̂− 2 − π̂^{02} + 2π̂^+π̂^− 4 ) + c f^2

∂π^+∂π^−(−π̂^{02} − π̂^+π̂^− − K̂0 ^̄K0 + K̂+K̂− 2 ). (D2)

We denote the quantum field for pseudoscalar octet Δ as π̂ and singlet Δ_0 as η̂_0. η_0, K, π and η_8 denote the background field. The relevant counterterms can be extracted from Eq.(21) as, L_c =

8L_4 f^2

(2m^2_K + m^2_π)(∂K^+∂K^− + ∂π^+∂π^− + ∂η_8∂η_8 2 ) + 8L_5 f^2

(m^2_K ∂K^+∂K^− + m^2_π∂π^+∂π^−) + 8L_5 f^2

4m^2_K − m^2_π 6 ∂η_8∂η_8 −

8L_6 f^2

(2m^2_K + m^2_π)

4m^2_K − m^2_π 3 η^2_8 − 16L_8 f^2 ( m^4_π 6 + (2m^2_K − m^2_π)^2 3 )η^2_8 + 4T_3 √ 3 g_{2p} Bf Δ_{Kπ}(2m^2_K + m^2_π)η_0η_8 +

8T_5 Bf g_{2p} √ 3 m^2_K Δ_{Kπ}η_0η_8. (D3)

Appendix E: The form factors for τ → Kην decay and τ → Kη^′ν decay

In this appendix, we give the equations of the form factors for τ → Kην and τ → Kη^′ν. In the following equations, δA and δB imply δA_K∗ and δB_K∗ , respectively. In this appendix, we give the equations of the form factors for τ → Kην and τ → Kη^′ν. The vector and scalar form factors are given as the sums of the contribution of 1 PI diagram and K^∗ resonance contribution. F^{Kη}_V = F^{1P I}_{V Kη} + F^{K∗}_{V Kη}, F^{Kη}_S = F^{1P I}_{SKη} + F^{K∗}_{SKη}. (E1) The contribution of the 1 PI diagrams for τ → Kην form factors is computed as,

⟨K^+η|ū_Lγ_μs_L|0⟩|_{1P I} = cos θ_{08} √ 3 √ 2 × ( − 1 2 (1 −

M^2_V 2g^2f^2

)q_μ( √ z_K z_{88} − 1) + 3 16f^2 [ (1 −

M^2_V 2g^2f^2

)^2(J^{πK}_μ + J^{η8K}_μ )

−cQ_μ(I_{η8} − 2I_K + I_π) − 2cq_μ(I_{η8} + 4I_K + I_π)

+ (1 −

M^2_V 2g^2f^2 ) ( {c(Q^2 − Σ_{Kη}) +

5m^2_K − 3m^2_π 3 }χ^{πK}_μ + {c(Q^2 − Σ_{Kη}) − 5m^2_K − 3m^2_π 9 }χ^{η8K}_μ )]

− q_μ 2f^2 [ m^2_K (−K_4(

M^2_V 2g^2f^2

)^2 + 8L_5) + (2m^2_K + m^2_π)(−K_5(

M^2_V 2g^2f^2

)^2 + 8L_4) +

4L_5 3 Δ_{Kπ} ]

+ L_5 2 3f^2 Q_μΔ_{Kπ} − C_5 4f^2

(q_μQ^2 − Δ_{Kη}Q_μ) ) . (E2)

Using Eq.(E2), the form factors of 1 PI part is derived as, F^{1P I}_{V Kη} = √ 3 2 cos θ_{08} [ − ( 1 − M^2_V 2g^2f^2 ) − 3c 2 (H_{Kπ} + H_{Kη8} )

− 3 8 ( M^2_V g^2f^2

)_2

(H_{Kπ} + H_{Kη8} ) − C^r_5

Q^2 2f^2 + M^2_V 2g^2f^2 × { − 4 3 7m^2_K − m^2_π f^2

L^r_5 −

8(2m^2_K + m^2_π) f^2

L^r_4 + 3c 4 (μ_{η8} + μ_π + 6μ_K ) }

+ ( M^2_V 2g^2f^2

)_2 { m^2_K f^2

K^r_4 +

2m^2_K + m^2_π

f^2

K^r_5 − 3 4 (μ_{η8} + μ_π + 2μ_K ) } ] ,

F^{1P I}_{SKη} = √ 3 2 cos θ_{08}

Q^2 [( 1 − M^2_V 2g^2f^2 ) { −Δ_{Kη} + 3 8 {( c(Q^2 − Σ_{Kη}) +

5m^2_K − 3m^2_π 3 ) Δ_{Kπ} f^2 J̄_{Kπ}

+ ( c(Q^2 − Σ_{Kη}) −

5m^2_K − 3m^2_π 9 ) ( Δ_{Kη} f^2

J̄_{Kη} cos^2 θ_{08} + Δ^{Kη′} f^2

J̄_{Kη′} sin^2 θ_{08} )}}

+ 3 8 ( 1 − M^2_V 2g^2f^2

)_2 Δ_{Kη} f^2 ( Δ^2_{Kπ} s J̄_{Kπ} + Δ^{2Kη} s J̄_{Kη} cos^2 θ_{08} + Δ^{2Kη′} s J̄_{Kη′} sin^2 θ_{08} )

+ 3c 4 (μ_{η8} + μ_π − 2μ_K )Q^2 ] + 2 √ 2 3 L^r_5 Δ_{Kπ} f^2 cos θ_{08}

+ √ 3 2 cos θ_{08} Δ_{Kη} Q^2

M^2_V 2g^2f^2 [ { − 4 3 7m^2_K − m^2_π f^2

L^r_5 −

8(2m^2_K + m^2_π) f^2

L^r_4 + 3c 4 (μ_{η8} + μ_π + 6μ_K ) }

+ ( M^2_V 2g^2f^2 ) { m^2_K f^2

K^r_4 +

2m^2_K + m^2_π

f^2

K^r_5 − 3 4 (μ_{η8} + μ_π + 2μ_K) } ] . (E3)

The decay amplitude of the process K^∗ → Kη is given as,

T_μ(K^{∗+} → K^+η) = E_{Kη}q_μ + Q_μΔ_{Kη}F_{Kη}, (E4) with E_{Kη} = √ 3 cos θ_{08} [ M^2_V 4gf^2 − g 2M^2_V

(1 −

M^2_V 2g^2f^2

)(δA + Q^2δB) + M^2_V 16gf^2 { −3(μ_π + μ_{η8} + 2μ_K ) + c(μ_π + μ_{η8} + 6μ_K )

− 32L^r_4

2m^2_K + m^2_π

f^2

− 16L^r_5

7m^2_K − m^2_π 3f^2 }

+ −g 2M^2_V

(C^r_1 m^2_K + C^r_2 (2m^2_K + m^2_π)) − g 2M^2_V

(1 −

M^2_V 2g^2f^2

)(−Q^2)(δB − Z^r_V ) +

C^r_3 8f^2

Q^2 ] ,

F_{Kη} = √ 3 cos θ_{08} [ − g 2M^2_V

(1 −

M^2_V 2g^2f^2 )(δB − Z^r_V ) − C^r_3 8f^2 − M^2_V 32gf^4

3c(Q^2 − Σ_{Kη})

Q^2 ( Δ_{Kπ} Δ_{Kη} J̄_{Kπ} + J̄_{Kη} cos^2 θ_{08} + Δ^{Kη′} Δ_{Kη} J̄_{Kη′} sin^2 θ_{08} )

− M^2_V 32gf^4

5m^2_K − 3m^2_π

Q^2 ( Δ_{Kπ} Δ_{Kη} J̄_{Kπ} − 1 3 (J̄_{Kη} cos^2 θ_{08} + Δ_{Kη}′ Δ_{Kη} J̄_{Kη′} sin^2 θ_{08}) )] . (E5)

Using the K^∗ → Kη decay amplitude, the contribution to the form factor is given by, F^{K∗}_{V Kη} = −2E_{Kη} G + Q^2H M^2_V + δA , F^{K∗}_{SKη} = −2G Δ_{Kη} Q^2 E_{Kη} + Q^2F_{Kη} M^2_V + δA + Q^2δB

. (E6)

The form factor for τ → Kη^′ν is also given as, F^{Kη′}_V = F^{1P I}_{V Kη}′ + F^{K∗}_{V Kη}′ , F^{Kη′}_S = F^{1P I}_{SKη}′ + F^{K∗}_{SKη}′ . (E7)

F^{1P I}_{V Kη}′ = √ 3 2 sin θ_{08} [ − ( 1 − M^2_V 2g^2f^2 ) − 3c 2 (H_{Kπ} + H_{Kη8} )

− 3 8 ( M^2_V g^2f^2

)_2

(H_{Kπ} + H_{Kη8} ) − C^r_5

Q^2 2f^2 + M^2_V 2g^2f^2 × { − 4 3 7m^2_K − m^2_π f^2

L^r_5 −

8(2m^2_K + m^2_π) f^2

L^r_4 + 3c 4 (μ_{η8} + μ_π + 6μ_K ) }

+ ( M^2_V 2g^2f^2

)_2 { m^2_K f^2

K^r_4 +

2m^2_K + m^2_π

f^2

K^r_5 − 3 4 (μ_{η8} + μ_π + 2μ_K ) } ]

F^{1P I}_{SKη}′ = √ 3 2 sin θ_{08}

Q^2 [( 1 − M^2_V 2g^2f^2 ) { −Δ_{Kη}′ + 3 8 {( c(Q^2 − Σ_{Kη}′ ) +

5m^2_K − 3m^2_π 3 ) Δ_{Kπ} f^2 J̄_{Kπ}

+ ( c(Q^2 − Σ_{Kη}′ ) −

5m^2_K − 3m^2_π 9 ) ( Δ_{Kη} f^2

J̄_{Kη} cos^2 θ_{08} + Δ^{Kη′} f^2

J̄_{Kη′} sin^2 θ_{08} )}}

+ 3 8 ( 1 − M^2_V 2g^2f^2

)_2 Δ_{Kη}′ f^2 ( Δ^2_{Kπ} s J̄_{Kπ} + Δ^{2Kη} s J̄_{Kη} cos^2 θ_{08} + Δ^{2Kη′} s J̄_{Kη′} sin^2 θ_{08} )

+ 3c 4 (μ_{η8} + μ_π − 2μ_K )Q^2 ] + 2 √ 2 3 L^r_5 Δ_{Kπ} f^2 sin θ_{08}

+ √ 3 2 sin θ_{08} Δ_{Kη}′ Q^2

M^2_V 2g^2f^2 [ { − 4 3 7m^2_K − m^2_π f^2

L^r_5 −

8(2m^2_K + m^2_π) f^2

L^r_4 + 3c 4 (μ_{η8} + μ_π + 6μ_K ) }

+ ( M^2_V 2g^2f^2 ) { m^2_K f^2

K^r_4 +

2m^2_K + m^2_π

f^2

K^r_5 − 3 4 (μ_{η8} + μ_π + 2μ_K ) } ] . (E8)

The decay amplitude of the process K^∗ → Kη^′ is given as,

T_μ(K^{∗+} → K^+η^′) = E_{Kη}′ q_μ + Q_μΔ_{Kη}′ F_{Kη}′ , (E9) with E_{Kη}′ = √ 3 sin θ_{08} [ M^2_V 4gf^2 − g 2M^2_V

(1 −

M^2_V 2g^2f^2

)(δA + Q^2δB) + M^2_V 16gf^2 { −3(μ_π + μ_{η8} + 2μ_K ) + c(μ_π + μ_{η8} + 6μ_K )

− 32L^r_4

2m^2_K + m^2_π

f^2

− 16L^r_5

7m^2_K − m^2_π 3f^2 }

+ −g 2M^2_V

(C^r_1 m^2_K + C^r_2 (2m^2_K + m^2_π)) − g 2M^2_V

(1 −

M^2_V 2g^2f^2

)(−Q^2)(δB − Z^r_V ) +

C^r_3 8f^2

Q^2 ] ,

F_{Kη}′ = √ 3 sin θ_{08} [ − g 2M^2_V

(1 −

M^2_V 2g^2f^2 )(δB − Z^r_V ) − C^r_3 8f^2 − M^2_V 32gf^4

3c(Q^2 − Σ_{Kη}′ ) Q^2 ( Δ_{Kπ} Δ_{Kη}′ J̄_{Kπ} + Δ^{Kη} J̄_{Kη} Δ_{Kη}′ cos^2 θ_{08} + J̄_{Kη}′ sin^2 θ_{08} )

− M^2_V 32gf^4

5m^2_K − 3m^2_π Q^2 ( Δ_{Kπ} Δ_{Kη}′ J̄_{Kπ} − 1 3 ( Δ^{Kη}J̄_{Kη} Δ^{Kη′} cos^2 θ_{08} + J̄_{Kη}′ sin^2 θ_{08}) )] .(E10)

Using the K^∗ → Kη^′ decay amplitude, the contribution to the form factor is given by, F^{K∗}_{V Kη}′ = −2E_{Kη}′ G + Q^2H M^2_V + δA , F^{K∗}_{SKη} = −2G Δ_{Kη}′ Q^2 E_{Kη}′ + Q^2F_{Kη}′ M^2_V + δA + Q^2δB

. (E11)

[1] C. A. Nelson, H. S. Friedman, S. Goozovat, J. A. Klein, L. R. Kneller, W. J. Perry and

S. A. Ustin, Phys. Rev. D 50 (1994) 4544.

[2] U. Kilian, J. G. Korner, K. Schilcher and Y. L. Wu, Z. Phys. C 62 (1994) 413.

[3] Y. S. Tsai, Phys. Rev. D 51 (1995) 3172.

[4] S. Y. Choi, K. Hagiwara and M. Tanabashi, Phys. Rev. D 52 (1995) 1614.

[5] M. Finkemeier and E. Mirkes, Z. Phys. C 72 (1996) 619.

[6] J. H. Kuhn and E. Mirkes, Phys. Lett. B 398 (1997) 407.

[7] S. Y. Choi, J. Lee and J. Song, Phys. Lett. B 437 (1998) 191.

[8] A. Datta, K. Kiers, D. London, P. J. O’Donnell and A. Szynkman, Phys. Rev. D 75 (2007)

074007.

[9] K. Kiers, K. Little, A. Datta, D. London, M. Nagashima and A. Szynkman, Phys. Rev. D 78 (2008) 113008.

[10] D. Kimura, K. Y. Lee, T. Morozumi and K. Nakagawa, Nucl. Phys. Proc. Suppl. 189 (2009) 84. [11] D. Kimura, K. Y. Lee, T. Morozumi and K. Nakagawa, Nucl. Phys. Proc. Suppl. 218 (2011) 3. [12] G. Lopez Castro, L. Lopez-Lozano and A. Rosado, Phys. Rev. D 80 (2009) 096004. [13] P. Avery et al. [CLEO Collaboration], Phys. Rev. D 64 (2001) 092005. [14] G. Bonvicini et al. [CLEO Collaboration], Phys. Rev. Lett. 88 (2002) 111803. [15] M. Bischofberger et al. [Belle Collaboration], Phys. Rev. Lett. 107 (2011) 131801. [16] J. P. Lees et al. [Babar Collaboration], Phys. Rev. D 85, 031102 (2012). [17] I. I. Bigi and A. I. Sanda, Phys. Lett. B 625, 47 (2005). [18] Y. Grossman and Y. Nir, JHEP 1204, 002 (2012). [19] K. Inami et al. [Belle Collaboration], Phys. Lett. B 551 (2003) 16. [20] S. Fajfer and J. Zupan, Int. J. Mod. Phys. A 14 (1999) 4161. [21] I. Rosell, J. J. Sanz-Cillero and A. Pich, JHEP 0408, 042 (2004). [22] M. Jamin, A. Pich and J. Portoles, Phys. Lett. B 640 (2006) 176; B 664 (2008) 78. [23] B. Moussallam, Eur. Phys. J. C 53 (2008) 401.

[24] D. R. Boito, R. Escribano and M. Jamin, Eur. Phys. J. C 59 (2009) 821. [25] V. Bernard, M. Oertel, E. Passemar and J. Stern, Phys. Rev. D 80 (2009) 034034. [26] D. Epifanov et al. [Belle Collaboration], Phys. Lett. B 654 (2007) 65. [27] M. Bando, T. Kugo, S. Uehara, K. Yamawaki and T. Yanagida, Phys. Rev. Lett. 54 (1985) 1215.

[28] M. Tanabashi, Phys. Lett. B 316, 534 (1993). [29] M. Harada and K. Yamawaki, Phys. Rept. 381 (2003) 1. [30] B. Aubert et al. [Babar Collaboration], Phys. Rev. D 76 (2007) 051104. [31] K. Inami et al. [Belle Collaboration], Phys. Lett. B 672 (2009) 209. [32] P. del Amo Sanchez et al. [BaBar Collaboration], Phys. Rev. D 83 (2011) 032002. [33] L. Beldjoudi and T. N. Truong, Phys. Lett. B 351 (1995) 357. [34] J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985) 465. [35] J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985) 517.

[36] J. F. Donoghue, E. Golowich and B. R. Holstein, “Dynamics of the standard model,” Camb.

Monogr. Part. Phys. Nucl. Phys. Cosmol. 2, 1 (1992).

[37] J. Beringer et al. [Particle Data Group Collaboration], (2012) 010001. [38] D. Aston et al. Nucl. Phys. B 296 (1988) 493.

[39] G. C. Branco, P. M. Ferreira, L. Lavoura, M. N. Rebelo, M. Sher and J. P. Silva, Phys. Rept.

516, 1 (2012).

[40] M. Hashimoto and S. Kanemura, Phys. Rev. D 70 (2004) 055006; Erratum-ibid. D 70 (2004) 119901.

[41] A. Pilaftsis, Nucl. Phys. B 504 (1997) 61.

[42] A. Pilaftsis and C. E. M. Wagner, Nucl. Phys. B 553 (1999) 3. [43] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49 (1973) 652. [44] T. Morozumi, H. Takata and K. Tamai, arXiv:1107.1026 [hep-ph]. [45] J. L. Hewett, Phys. Rev. Lett. 70 (1993) 1045.

[46] V. D. Barger, M. S. Berger and R. J. N. Phillips, Phys. Rev. Lett. 70 (1993) 1368. [47] M. Misiak, H. M. Asatrian, K. Bieri, M. Czakon, A. Czarnecki, T. Ewerth, A. Ferroglia and P. Gambino et al., Phys. Rev. Lett. 98 (2007) 022002.

[48] M. Bona et al. [UTfit Collaboration], Phys. Lett. B 687 (2010) 61. [49] W. -S. Hou, Phys. Rev. D 48 (1993) 2342. [50] M. Tanaka, Z. Phys. C 67 (1995) 321.

[51] A. W. El Kaffas, W. Khater, O. M. Ogreid and P. Osland, Nucl. Phys. B 775 (2007) 45. [52] K. Nakamura et al. [Particle Data Group Collaboration], J. Phys. G 37 (2010) 075021. [53] G. Aad et al. [ATLAS Collaboration], Phys. Lett. B 716, 1 (2012).