arXiv:1201.2053v1 [gr-qc] 10 Jan 2012

SPINNING PARTICLES IN DE SITTER SPACETIME

Yu.N. Obukhov^{1 †} and D. Puetzfeld^{2 ‡}

(1) Inst. Theoretical Physics, University of Cologne, Zülpicher Str. 77, 50937 Köln, Germany (2) ZARM, University of Bremen, Am Fallturm, 28359 Bremen, Germany † E-mail: yo@thp.uni-koeln.de ‡ E-mail: dirk.puetzfeld@zarm.uni-bremen.de

Abstract We report on the multipolar equations of motion for spinning test bodies in the de Sitter spacetime of constant positive curvature. The dynamics of spinning particles is discussed for the two supplementary conditions of Frenkel and Tulczyjew. Furthermore, the 4-momentum and the spin are explicitly expressed in terms of the spacetime coordinates with the help of the 10 Killing vectors available in de Sitter spacetime.

The multipolar equations of motion, commonly termed Mathisson-Papapetrou equations [4–8, 11, 12, 14, 16, 19, 20]

ṗ^α = − 1 2 S^{μν} u^β R_{μνβ}^α, Ṡ^{αβ} = 2p^{[α} u^{β]}, (1)

represent a self-consistent set of equations, which is widely used for description of spinning test bodies in General Relativity. Here “ ˙ ” = D/ds = u^α∇_α, and a test particle is described in terms of the 4-momentum p^α, the 4-velocity u^α, and the tensor of spin S^{αβ}. We report on the solution of the equations of motion (1) in a maximally symmetric 4-dimensional space represented by de Sitter spacetime. Our analysis extends well-known results from flat spacetime – in which the dynamics of spinning test bodies already becomes nontrivial [9,10,21] – to a manifold with non-vanishing curvature. In particular we make use of the two frequently used supplementary conditions [9, 15, 19]

S^{αβ}u_β = 0, (∗), S^{αβ}p_β = 0. (∗∗) (2)

and are able to obtain analytic results. This is in contrast to the analysis in most other spacetimes in which the lack of symmetry – compared to de Sitter space – complicates the situation and usually necessitates to make additional simplifying assumptions. We should stress that our analysis is valid for both interpretations of the Mathisson-Papapetrou equations which can be found in the literature, i.e. it applies to point particles as well as to extended test bodies. One should keep in mind though, that there are preferences regarding the supplementary condition [1, 2, 17, 18], depending on the system which is supposed to be described by the equations of motion. In the following our conventions and notation follows that of [13].

Spacetime with maximal symmetry The curvature of de Sitter spacetime is given by R_{μνα}^β =^1_{ℓ2} ( g_{αμ}δ^β_ν − g_{αν} δ^β_μ ) , where ℓ is a real constant. The first equation of motion from (1) then reduces to

ṗ^α = 1 ℓ^2 S^{αβ}u_β. (3)

Tulczyjew condition Assuming (∗∗) from (2), we introduce the 4-vector of spin via Šα := ηαβμν p_βS_{μν} . The inverse formula yields the spin tensor in terms of the spin vector: S^{αβ} =^1_{2M 2} η^{αβμν} p_μŠ_ν , with M^2 := p^αp_α. As a result, the equations of motion of a spinning test body in the de Sitter spacetime under the Tulczyjew condition reduce to

ṗ^{α (∗∗)}= 0, ˇ̇S^{α (∗∗)}= 0, p^{α (∗∗)}= m u^α, (4)

where we introduced m := p^αu_α, or, equivalently

u̇^{α (∗∗)}= 0, η^{αβγδ}u_βṠ_{γδ}^{(∗∗)}= 0. (5)

The first equation actually means that the trajectories of the spinning bodies are the geodesics in the de Sitter space. The second equation describes the precession of the spin vector, or tensor, of a body during its motion along a geodesic curve.

Frenkel condition The dynamics for (∗) from (2) have a certain similarity to the above case, however there are important differences. In particular, from (3) we immediately infer that, like in the previous case, the momentum is covariantly constant, ṗ^α = 0. Following the same line of reasoning, we define the 4-vector of spin by S^α := η^{αβμν} u_βS_{μν} . The inverse formula yields the spin tensor in terms of the spin vector: S^{αβ} =^1_2 η^{αβμν} u_μS_ν (we use the normalization u^2 = 1). Directly from the definition of the spin vector, we derive that the spin vector is Fermi-Walker transported. We thus have the system ṗ^α = 0, ρ^α_βṠ^β = 0. (6)

Here ρ^α_β := δ^α_β − u^αu_β. Although this looks formally similar to (4), the actual dynamics is very different. In particular, the trajectories are no longer geodesics because the momentum does not coincide with the velocity. The above system can be simplified even further and we end up with the final system:

ṗ^{α (∗)}= 0, Ṡ^{α (∗)}= 0, p^{α (∗)}= mu^α − S^{αβ}u̇_β. (7) Hence, in de Sitter space the spin is also parallely transported under the Frenkel condition. Equivalently, one may look for solutions of the system

S^{αβ}ü_β − mu̇^{α (∗)}= 0, Ṡ^{αβ} + 2u^{[α}S^{β]γ}u̇_γ^{(∗)}= 0. (8)

Geodetic motion plus parallel transport of the spin (u̇^α = 0, Ṡ^α = 0) is a solution of (7). However, in general the motion of a spinning body described by (7) is more complicated. We introduce a new vector variable Q^α :=^1_{M 2} S^{αβ} p_β, which has constant length and is orthogonal to the velocity – i.e. Q^α is spacelike. One can then show, that the second derivative of Q^a is actually the force which pushes the body away from the geodesic, i.e. in general one has u̇^α = − Q̈^α. Furthermore the “Q-force” fulfills an oscillator equation Q̈^α + ω^2 Q^α = 0, (9)

with the frequency ω := 2M/ √ −S_αS^α = M/ √_1 2 S_{αβ}S^{αβ}. Qualitatively, the dynamics of spinning bodies subject to the Frenkel condition in the de Sitter spacetime is similar to that in flat space [10]. Everything is determined by the initial conditions. If initially (at the proper time s = 0) spin is parallel to the momentum, i.e. S^{αβ}p_β = 0 (hence Q^α = 0), then this is true on the whole trajectory that turns out to be geodesic. Otherwise, the trajectory is a geodesic curve, perturbed by the oscillatory motion of Q^α with the frequency ω.

Integrals of motion The de Sitter spacetime has exactly the same number of Killing vectors as the total number of the “gravitational charges”, that is, 10. Hence, we can try to find the momentum p^μ and the spin S^{μν} without solving differential equations by just making use of the 10 conservation laws. This task is most straightforwardly treated in the conformally flat representation, i.e.

ds^2 = φ^2η_{αβ}dx^αdx^β, η_{αβ} = diag(+1, −1, −1, −1). (10)

The conformal factor depends only on the 4-dimensional “radius” σ = η_{αβ} x^αx^β , namely, φ = 1 1 −^σ_{4ℓ2} = 1 1 −^{ηαβ xαxβ}_{4ℓ2} . (11)

In this representation, the Killing vectors [3] are as follows:

ξ_{(α)} = ( 1 + σ 4ℓ^2 ) ∂_α − x_αx^β 2ℓ^2

∂_β , (12)

ξ_{[αβ]} = x_α∂_β − x_β ∂_α. (13)

Furthermore, we make use of the fact that the scalar

2ξ_αp^α + S^{αβ}∇_αξ_β = const (14)

is an integral of motion of the system (1) for any Killing vector ξ^α. By substituting (12) and (13) into (14), we have the algebraic system

2 ξ_{(α)μ}p^μ + S^{μν} ∇_μ ξ_{(α)ν} = 2Π_α, (15)

2 ξ_{[αβ]μ}p^μ + S^{μν} ∇_μ ξ_{[αβ]ν} = 2Σ_{αβ}. (16)

Here Π_α and Σ_{αβ} = −Σ_{βα} are the 4 + 6 = 10 constants of motion. This system is solved by p^μ = 1 ℓ^2 η^{μα}Σ_{αβ} x^β + η̌^{μν} Π_ν , (17)

S^{μν} = η̂^{μα}η̂^{νβ} Σ_{αβ} + η̂^{μα}Π_α x^ν − η̂^{να}Π_α x^μ, (18)

where we introduced η̂_{μν} := ( 1 −^σ_{4ℓ2} ) η_{μν} +^{xμxν}_{2ℓ2} and η̌_{μν} := ( 1 +^σ_{4ℓ2} ) η_{μν} −^{xμxν}_{2ℓ2} , i.e. we are able to express the momentum and the spin as functions of the constants of motion. Remarkably, the dependence on the spacetime coordinates is merely polynomial.

Summary Qualitatively, the dynamics of spinning test bodies in de Sitter spacetime is similar to the one obtained in flat spacetime. For the Tulczyjew condition (∗∗), the body moves along a geodesic curve, whereas the spin vector is parallelly transported along the trajectory. In the Frenkel case (∗), the spin is still parallelly transported, but geodesic motion is just one special solution of the equations of motion. When the initial value of Q^α is nontrivial, then the body is affected by the spin-dependent force, the acceleration u̇^α is nontrivial, and the trajectory oscillates around a geodesic with the frequency ω. Furthermore, the high symmetry of de Sitter spacetime allows for polynomial expressions – w.r.t. the spacetime coordinates – of the momentum and spin as functions of the constants of motion.

Acknowledgments The authors are grateful to F.W. Hehl (Univ. Cologne) for stimulating discussions and constructive criticism. The work of Y.N.O. was partly supported by the German-Israeli Foundation. The work of D.P. has been supported by the DFG grant LA-905/8-1.

References

[1] W. Beiglböck, PhD. thesis, University of Hamburg (1965). [2] W. Beiglböck, Commun. Math. Phys., 5 (1967) 106. [3] A. H. Bokhari and A. Quadir, J. Math. Phys., 28 (1987) 1019. [4] H. C. Corben, Classical and quantum theories of spinning particles, Holden-Day, San Francisco (1968).

[5] W. G. Dixon, Nuovo Cimento, 34 (1964) 317. [6] W. G. Dixon, Phil. Trans. Roy. Soc. Lond. A, 277 (1974) 59.

[7] W. G. Dixon, Isolated gravitating systems in General Relativity, Proceedings of the International School of Physics “Enrico Fermi,” Course LXVII, edited by J. Ehlers, North Holland, Amsterdam (1979), page 156.

[8] W. G. Dixon, Acta Phys. Pol. B Proc. Suppl., 1 (2008) 27. [9] J. Frenkel, Z. Phys., 37 (1926) 243.

[10] N. Kudryashova and Y. N. Obukhov, Phys. Lett. A, 374 (2010) 3801. [11] J. Madore, Ann. Inst. Henri Poincaré, A11 (1969) 221. [12] M. Mathisson, Acta Phys. Pol., 6 (1937) 163.

[13] Y. N. Obukhov and D. Puetzfeld, Phys. Rev. D., 83 (2011) 044024. [14] A. Papapetrou, Proc. Roy. Soc. London A, 209 (1951) 248. [15] F. A. E. Pirani, Acta Phys. Pol., 15 (1956) 389.

[16] D. Puetzfeld and Y. N. Obukhov, Phys. Rev. D., 76 (2007) 084025. [17] R. Schattner, Gen. Rel. Grav., 10 (1979) 377. [18] R. Schattner, Gen. Rel. Grav., 10 (1979) 395. [19] W. Tulczyjew, Acta Phys. Pol., 18 (1959) 393.

[20] B. Tulczyjew and W. Tulczyjew, Recent Developments in General Relativity, Polish Scientific Publishers, Warsaw (1962), page 465.

[21] J. Weyssenhoff and A. Raabe, Acta Phys. Pol., 9 (1947) 7.