arXiv:1201.2562v1 [gr-qc] 12 Jan 2012

To the theory of the Universe evolution

Boris E. Meierovich P.L.Kapitza Institute for Physical Problems. 2 Kosygina street, Moscow 119334, Russia^∗ (Dated: January 13, 2012)

Abstract

Self-consistent account of the most simple non-gauge vector fields leads to a broad spectrum of regular scenarios of temporal evolution of the Universe completely within the frames of the Einstein’s General relativity. The longitudinal non-gauge vector field is “the missing link in the chain”, displaying the repulsive elasticity and allowing the macroscopic description of the main features of the Universe evolution. The singular Big Bang turns into a regular inflation-like state of maximum compression with the further accelerated expansion at late times. The parametric freedom of the theory allows to forget the troubles of fine tuning. In the most interesting cases the analytical solutions of the Einstein’s equations are found.

∗URL: http://www.kapitza.ras.ru/people/meierovich/Welcome.html

I. INTRODUCTION

Regular scenarios of the Universe evolution, driven by the non-gauge vector fields together with the ordinary matter, are considered within the frames of Einstein’s theory of general relativity.

From the standpoint of general relativity the matter curves the space-time, giving rise to mutual attraction between the bodies. However, according to modern observations, the Universe is expanding as a whole, despite the gravitational attraction between material objects. The expanding solution of the Einstein’s equations due to the cosmological constant belongs to De Sitter [1]. The expanding solutions of the Einstein equations without the cosmological constant (Friedman-Robertson-Walker (FRW)[2]) inevitably contained the singularity. The singularity works as a cover for the unknown hidden origin of expansion of the Universe, containing only mutually attracting material objects. For a long time the singularity is considered as a general property of the Universe. The singular point, referred to as ”Big Bang”, is commonly accepted as the ”date of birth” of the Universe. Discovery of the accelerated expansion of the Universe shows that the source of acceleration continues to exist for a long time after the Big Bang. Naturally, the fact of accelerated expansion gave rise to the assumption that the physical vacuum is not just the absence of the ordinary matter. The existence of the so called ”dark energy” and ”dark matter”, as the unknown source of the Universe expansion, is widely discussed in modern literature [3].

Among numerous attempts to guess the riddle of accelerated expansion, from my point of view, the most attractive one is the macroscopic description of the Universe expansion, driven by vector fields. Utilization of vector fields in general relativity shows undoubtable advantages in comparison with scalar fields and with multiplets of scalar fields. The equations appear to be more simple, while their solutions are more general. The solutions have additional parametric freedom, allowing to forget the fine-tuning problem [4]. However, starting from the pioneer paper by Dolgov[5], people considered mostly gauge vector fields[6]-[10] in applications to the dark sector.

Historically in flat space-time the divergence of the vector field was artificially set to zero [11] in applications to elementary particles. This restriction allowed to avoid the difficulty of negative contribution to the energy. In the electromagnetic theory it is referred to as Lorentz gauge. The gauge invariance takes place only for massless fields. The Lorentz gauge does not allow to utilize all the advantages of vector fields. In general relativity (in curved space-time) the energy is not a scalar, and its sign is not invariant against the arbitrary coordinate transformations. Considering the vector fields in general relativity, it is worth rejecting the gauge restriction, using instead a more weak condition of regularity. Step by step, people are now getting rid of the Lorentz gauge restrictions [12]-[15].

Vector fields in general relativity form a three-parametric variety [4]. The analysis of the vector fields in the background of the De Sitter metric, including those with a nonzero covariant divergence, is performed in [16]. It came out that the energy-momentum tensor of the most simple zero-mass vector field enters the Einstein equations as an additive to the cosmological constant. Its back reaction affects the Hubble constant – the rate of expansion. The zero-mass vector field does not vanish in the process of expansion. On the contrary, massive fields vanish with time. Though their amplitude is falling down, the longitudinal massive fields make the expansion accelerated [16]. In other words, the longitudinal massive fields with a nonzero covariant divergence display the repulsive elasticity. It is worth analyzing the possible scenarios of the Universe evolution under the joint action of repulsing vector fields and attracting ordinary matter. Dynamical competition of repulsing and attracting forces results in the variety of regular scenarios of the Universe evolution.

The paper is organized as follows. General properties of vector fields in the background of an arbitrary metric are presented in Section II. In Section III we present and analyze the Einstein equations, describing the evolution of the Universe under the action of the most simple non-gauge vector fields. The zero-mass vector field is responsible for either contraction, or expansion, at a constant rate. The massive vector fields grow in the process of contraction and vanish with expansion. They are responsible for the regular transition from contraction to expansion, thus demonstrating the repulsive elasticity and ability to resist compression. In the limits of large and small masses the regular solutions are analyzed analytically. This analysis facilitates considering the regular scenarios of the Universe evolution under the joint action of repulsing vector fields and attracting ordinary matter (Section IV). In most interesting cases the regular solutions are found analytically. The existence of four arbitrary dimensionless parameters allow to forget the fine tuning problem. In the limit of no vector fields the regular analytical solutions reproduce the Friedman-Robertson-Walker [2] fine tuned singular cosmology.

The results are discussed in Section V.

II. VECTOR FIELD IN GENERAL RELATIVITY

In general relativity, the Lagrangian of a vector field ϕ_I consists of the scalar bilinear combinations of its covariant derivatives and a scalar potential V (ϕ^K ϕ_K ). A bilinear combination of the covariant derivatives is a 4-index tensor S_{IKLM} = ϕ_{I;K}ϕ_{L;M} . The most general form of the scalar S, formed via contractions of S_{IKLM} , is S = (ag^{IK}g^{LM} + bg^{IL}g^{KM} + cg^{IM} g^{KL})S_{IKLM} , where a, b, and c are arbitrary constants. The general form of the Lagrangian of a vector field ϕ_I is

L = a(ϕ^M_{;M} )^2 + bϕ^L_{;M} ϕ^{;M}_L + cϕ^L_{;M} ϕ^M_{;L} − V (ϕ_M ϕ^M ). (1)

The classification of vector fields ϕ_I is most convenient in terms of the symmetric G_{IK} = 1 2 (ϕ_{I;K} + ϕ_{K;I}) and antisymmetric F_{IK} =^1_2 (ϕ_{I;K} − ϕ_{K;I}) parts of the covariant derivatives. The Lagrangian (1) gets the form

L = a(G^M )^2 + (b + c)G^L_M G^M_L + (b − c)F^L_M F^M_L − V (ϕ_M ϕ^M ). (2)

The bilinear combination of antisymmetric derivatives F^L_M F^M_L is the same as in electrodynamics. It becomes clear in the common notations A_I = ϕ_I /2, F_{IK} = A_{I;K} − A_{K;I} .

The terms with symmetric covariant derivatives deserve special attention. In applications to elementary particles in the flat space-time the divergence^{∂ϕK}_{∂xK} is artificially set to zero [11]: ∂ϕ^K ∂x^K = 0. (3) This restriction allows to avoid the difficulty of negative contribution to the energy. In the electromagnetic theory it is referred to as Lorentz gauge. However, in general relativity (in curved space-time) the energy is not a scalar, and its sign is not invariant against the arbitrary coordinate transformations. Considering the vector fields in general relativity, it is worth getting rid of the restriction (3), using instead a more weak condition of regularity.

The covariant field equations

aϕ^K_{;K;I} + bϕ^{;K}_{I;K} + cϕ^K_{;I;K} = −V^′ϕ_I (4)

and the energy-momentum tensor

T_{IK} = −g_{IK} L + 2V^′ϕ_I ϕ_K + 2ag_{IK}(ϕ^M_{;M} ϕ^L)_{;L} + 2(b + c)[(G_{IK} ϕ^L)_{;L} − G^L_K F_{IL} − G^L_I F_{KL}] +2(b − c)(2F^L_I F_{LK} − F^L_{K;L}ϕ_I − F^L_{I;L}ϕ_K ) (5) describe the behavior of vector fields in the background of any arbitrary given metric g_{IK} [17]. Here V^′ ≡^{dV (ϕM ϕM )}

d(ϕ_M ϕ^M ) .

If the back reaction of the field on the curvature of space-time is essential, then the metric obeys the Einstein equations R_{IK} − 1 2 g_{IK} R + Λg_{IK} = κT_{IK} (6)

with (5) added to T_{IK} . Here Λ and κ are the cosmological and gravitational constants, respectively. With account of back reaction the field equations (4) are not independent. They follow from the Einstein equations (6) with T_{IK} (5) due to the Bianchi identities. The field equations (4) are linear with respect to ϕ if the vector field is small, and the terms with the second and higher derivatives of the potential V ( ϕ_M ϕ^M ) can be omitted.

III. VECTOR FIELDS IN COSMOLOGY

Today it is generally accepted that among the staff of the Universe only 4.5% comes from the ordinary matter[18]. It is reasonable to start analyzing the role of vector fields in cosmology without the ordinary matter, and include the matter into consideration after the main features of vector fields are clarified.

According to observations the Universe expands, and its large scale structure remains homogeneous and isotropic. Consider the space-time with the structure T^1E^{d0} and the metric ds^2 = g_{IK} dx^I dx^K = (dx^0)^2 − e^{2F (x0)}

d_0∑

I=1 (dx^I )^2 (7)

depending on only one time-like coordinate x^0 = ct[19]. Here d_0 = 3 is the dimension of space. However, the derivations below are applicable for arbitrary d_0 > 1. The metric tensor g_{IK} is diagonal. The uniform and isotropic expansion is characterized by the single metric function F (x^0), and the rate of expansion is^{dF}_{dx0} ≡ F^′. The Ricci tensor is also diagonal:

R_{00} = −d_0(F^{′2} + F^{′′}), (8)

R_{II} = e^{2F} (F^{′′} + d_0F^{′2}), I > 0. (9) The detailed analysis of vector fields in the cosmological metric (7)[16] showed that the simplest case a ≠ 0, b = c = 0 (10) is the most interesting one from the point of view of the Universe evolution.

Depending on the sign of the invariant ϕ^I ϕ_I the vector ϕ^I is either time-like (ϕ^I ϕ_I > 0), or space-like (ϕ^I ϕ_I < 0). In general relativity, while all coordinates are formally equivalent, one can choose the appropriate coordinate system where ϕ^I = 0 either for I > 0, or for I = 0. But it can not be done if the coordinate system is already chosen in accordance with some other reasons. In the cosmological metric (7) the coordinate x^0 is already specified, and whatever the sign of the scalar ϕ^I ϕ_I is, we have to consider ϕ_I having both space and time components.

However, all space coordinates in the metric (7) are equivalent, and we can choose the coordinate x^1 along the space direction of the vector field. Then the vector ϕ_I has only two nonzero components ϕ_0, and ϕ_1. All other space components of the vector ϕ_I are zeros:

ϕ_I = 0, I > 1. (11)

In the case (10) the vector field equations (4) reduce to ∂Φ ∂x^I = −V^′ϕ_I , I = 0, 1. (12)

Φ ≡ aϕ^L_{;L} = a ( ∂ϕ_0 ∂x^0 + d_0F^′ϕ_0 − e^{−2F} ∂ϕ_1 ∂x^1 ) . (13) The energy-momentum tensor (5) reduces to T_{IK} = g_{IK} ( Φ^2/a + V ) + 2V^′ ( ϕ_I ϕ_K − g_{IK} ϕ_Lϕ^L ) . (14)

As usual, the scalar V^′(0)/a = m^2 in the case (10) can be designated as the square of mass of a vector field.

A. Massless field

The equations (12) for a massless field, m = 0, are simply ∂ϕ^L_{;L} ∂x^I = 0. (15)

The divergence of the vector field ϕ^L_{;L} is a constant scalar:

ϕ^L_{;L} =

Φ_0 a , m = 0. (16)

The energy-momentum tensor (14), T_{IK} = g_{IK} ( Φ^2_0/a + V_0 ) , V^′ = 0, (17)

acts in the Einstein equations (6) as a simple addition to the cosmological constant: R_{IK} − 1 2 g_{IK} R + ~Λg_{IK} = 0, ~Λ = Λ − κ ( Φ^2_0/a + V_0 ) . (18)

Here V_0 is the value of the constant potential V ( ϕ_Lϕ^L ) in the case of massless field (V^′ = 0).

The contribution of the zero-mass field to the curvature of space-time remains constant in the process of the Universe evolution.

The metric ds^2 = (dx^0)^2 − e^± √ −^{8~Λ} d0(d0−1) (x 0−x^0) d_0∑

I=1 (dx^I )^2, d_0 > 1 (19)

is the self-consistent regular solution of the Einstein equations (18), provided that

~Λ < 0. (20)

F (x^0) is a linear function; x^0 is a constant of integration. The metric (19) is called de Sitter (or anti de Sitter, depending on the sign definition of the Ricci tensor). It describes either expansion (sign +), or contraction (sign −) of the Universe at a constant rate. In the case of sign + the rate of expansion H = √ − 2~Λ d_0(d_0 − 1)

(21) is called Hubble constant. In our 3-dimensional space H = √ − 1 3 ~Λ, d_0 = 3.

In general relativity the requirement of regularity (20) should replace the artificially imposed restriction (3) which people had been using for a long time in order to avoid the negative energy problem [11].

The zero mass vector field determines the constant rate of expansion. Available today properties of the so called dark energy (presently unknown form of matter providing the major contribution to the uniform isotropic expansion of the Universe) can be described macroscopically by the zero-mass vector field with a simple Lagrangian L = a ( ϕ^M_{;M} )_2

− V_0. (22)

As long as the physical nature of vacuum is not known, the “geometrical” origin of the cosmological constant Λ and the “material” contribution to ~Λ by the zero-mass vector field can not be separated from one another. The combined action of the massless field and/or the cosmological constant is determined by the single parameter – Hubble constant (21).

B. Massive field

There is a principle difference between the massless and the massive longitudinal vector field. The massive field vanishes with time in the process of expansion, while the massless one does not [16]. If V^′ ≠ 0 the field equations (12) allow to express ϕ_0 and ϕ_1 via Φ :

ϕ_I = − 1 V^′ ∂Φ ∂x^I , I = 0, 1. (23)

Over the scales much larger than the distances between the galaxies the Universe is uniform and isotropic. Hence, there is no dependence on the space coordinates, and in accordance with (23) ϕ_1 = 0. In the scale of the Universe the massive vector field is longitudinal: the only nonzero component ϕ_0 is directed along and depends upon the same time-like coordinate x^0.

The energy-momentum tensor (14) for the massive field reduces to [16] T_{IK} = a [ g_{IK} (ϕ^′_0 + d_0F^′ϕ_0)^2 + (2δ_{I0}δ_{K0} − g_{IK} ) m^2ϕ^2_0 ] . (24)

Here the prime denotes the derivative d/dx^0 (except that V^′ =^{dV}_{d(ϕLϕL)} ). Massive and massless vector fields can be of different physical nature. In the Einstein equations 1 2 d_0 (d_0 − 1) F^{′2} + ~Λ = κa [ (ϕ^′_0 + d_0F^′ϕ_0)^2 + m^2ϕ^2_0 ] , (25)

(d_0 − 1) F^{′′} + 1 2 d_0 (d_0 − 1) F^{′2} + ~Λ = κa [ (ϕ^′_0 + d_0F^′ϕ_0)^2 − m^2ϕ^2_0 ] (26) the massless field is taken into account via the constant ~Λ, and the massive one is described by the function ϕ_0 (x^0) [16]. Their applicability is restricted by the condition that the second and higher derivatives of the potential V ( ϕ_Lϕ^L ) can be ignored. Regular solutions of these equations are possible if ~Λ and a are of the same sign. It follows from (25), provided that F^′ can change the sign.

The vector field equations (4) reduce to the only one equation

(ϕ^′_0 + d_0F^′ϕ_0)^′ + m^2ϕ_0 = 0, (27) which is the consequence of the Einstein equations (25-26) due to the Bianchi identities. Extracting (25) from (26), we have F^{′′} = − 2a d_0 − 1 κm^2ϕ^2_0. (28)

The fourth order set of equations (27-28) with the boundary condition

ϕ^{′2}_0 + m^2ϕ^2_0 = ~Λ κa at F^′ = 0, (29)

following from (25), has the same solutions as the third order set (25-26). In the regular expanding solutions at x^0 → ∞ , in accordance with (20), ~Λ < 0. Hence, a is also negative, and F^{′′} (28) is positive: the massive longitudinal vector field makes the expansion of the Universe accelerated. Without ordinary matter the second derivative (28) does not change sign. x^0 is a cyclic coordinate, and it is convenient to set F^′ = 0 at the origin x^0 = 0. In view of the x^0 → −x^0 invariance of the equations, it is clear, that the rate of expansion F^′ (x^0) is a monotonically growing function between its limiting values F^′ (−∞) = −H in the past and F^′ (+∞) = H in future. The scale factor R = e^F decreases with time while F^′ < 0, reaches its minimum, and grows when F^′ becomes positive.

One of the two constants ϕ_0 and ϕ^′_0 at x^0 = 0 remains arbitrary within the boundary condition (29). In the case ϕ^′_0 (0) = 0 the field ϕ_0 (x^0) is a symmetric function, and in the case ϕ_0 (0) = 0 it is an antisymmetric one. In these both cases F^′ (x^0) is antisymmetric. If both constants ϕ_0 and ϕ^′_0 at x^0 = 0 are not zeroes, the regular solutions still exist, but there is no symmetry with respect to x^0 → −x^0.

It is convenient to perform the further analytical and numerical analysis in dimensionless variables ϕ and z: ϕ = √ − 2aκ d_0 (d_0 − 1) ϕ_0, z = Hx^0. (30)

The equations (27,28) (ϕ_{,z} + d_0F_{,z}ϕ)_{,z} + μ^2ϕ = 0, (31) F_{,z,z} = d_0μ^2ϕ^2 (32) contain only one dimensionless parameter μ = m H . (33)

(In dimensional units μ =^{mc2}_{ℏH} ). Subscript_{,z} denotes d/dz. The boundary relations (29) in terms of ϕ (0) , ϕ_{,z} (0) , and F_{,z} (0) are

ϕ^2_{,z} (0) + μ^2ϕ^2 (0) = 1, F_{,z} (0) = 0. (34)

F (z) enters the equations (31,32) only via the derivatives, but not directly. For this reason F_0 = F (0) remains arbitrary. The constant F_0 only determines the scale of the space coordinates, and it does not change the structure of the metric and vector field.

1. Asymptotic behavior at large x^0

At late times the back reaction of the massive field on the metric becomes negligible. In accordance with (32) F_{,z,z} → 0, and F_{,z} → 1 at x^0 → ∞. The late temporal evolution of the massive field is described by (31) with F_{,z} = 1. Its solution

ϕ (z) = C_+e^{λ+z} + C_−e^{λ−z}, λ_± = − d_0 2 ± √( d_0 2 )_2 − μ^2, z → ∞ (35)

is a linear combination of two functions, vanishing at z → ∞. The functions are monotonic, if μ <^{d0}_2 , or oscillating with a decreasing magnitude, if μ >^{d0}_2 . If μ is small, the field decreases very slowly:

ϕ (z) = C_+ exp ( − 2μ^2 d^2_0 z ) , z → ∞, μ ≪ d_0. (36) For large and small μ the equations (31-32) can be solved analytically.

2. Large μ

In the case of large μ, μ ≫ 1, (37) the field ϕ (z) is a rapidly oscillating function as compared with F (z) . We search the solution of the field equation (31) in the form

ϕ (z) = 1 μ ψ (z) cos (μz + φ) .

In accordance with (34) ψ (0) = 1, and the phase φ depends on the relation between the boundary values ϕ (0) and ϕ_{,z} (0) . The main terms ∼ μ in (31) disappear, the next order terms ∼ 1 are: 2ψ_{,z} + d_0F_{,z}ψ = 0.

The remaining terms ∼ 1/μ ≪ 1 can be neglected. The solution is

ϕ (z) = 1 μ e^{−d0(F −F0)/2} cos (μz + φ) , μ ≫ 1. Here F_0 = F (0) .

Averaging (32) over the z-interval much larger than the period of vibrations μ^{−1}, we get the following equation for F (z) : F_{,z,z} = d_0 2 e^{−d0}(^{F −F0}), μ ≫ 1. The solution is

F (z) = F_0 + 2 d_0 ln cosh ( d_0 2 z ) , F_{,z} (z) = tanh ( d_0 2 z ) , (38)

ϕ (z) = 1 μ cos (μz + φ) cosh (_{d0} 2 z ) , μ ≫ 1, (39) Oscillations of ϕ (z) at large μ initiate weak vibrations of the function F (z) around the averaged value F (x) , see Figure 1. Red curve is the numerical solution for μ = 5, ϕ_{,z} (0) = 0. Blue dashed line – analytical solution F_{,z} (z) (38). In Figures 2-left and 2- right ϕ (z) , found numerically for μ = 5 , practically coincide with found analytically (39). The boundary condition ϕ_{,z} (0) = 0 for the symmetric solution in Figure 2-left corresponds to φ = 0 in (39). The antisymmetric solution in Figure 2-right (the boundary condition ϕ (0) = 0) coincides with (39) at φ = −π/2.

3. Case μ is very small

If in the case μ ≪ 1 we neglect the term μ^2ϕ in the vector field equation (31), then the vector field ϕ (z) is expressed via F (z) as follows:

ϕ (z) = ( ϕ_{,z} (0) ∫_z 0 e^{d0[F (z1)−F0]}dz_1 + ϕ (0) ) e^{−d0[F (z)−F0]}, μ ≪ 1. (40) The constants ϕ (0) and ϕ_{,z} (0) obey the boundary relation (34).

FIG. 1: Red curve is the numerical solution F_{,z} (z) for μ = 5, and F_{,z} (z) = tanh (_{d0} 2 z ) − blue dashed line; d_0 = 3.

FIG. 2: Symmetric (left) and antisymmetric (right) ϕ (z), found numerically for μ = 5 and d_0 = 3, coincide with found analytically (39).

Symmetric and antisymmetric configurations

In the symmetric case ϕ_{,z} (0) = 0 (40) reduces to

ϕ (z) = μ^{−1}e^{−d0[F (z)−F0]}, μ ≪ 1. (41)

FIG. 3: Symmetric solution F (z) − F_0, F_{,z} (z) , μϕ (z) found analytically (42) for μ ≪ 1. d_0 = 3

ϕ (0) = μ^{−1} in accordance with the boundary relation (34). Neglecting the term μ^2ϕ in the vector field equation (31) results in C_− = 0 in the asymptotic behavior (35) of ϕ (z) at z → ∞. On the contrary, omitting μ^2ϕ in (31) in the antisymmetric case ϕ (0) = 0 corresponds to C_+ = 0. The integral in (40) converges at z → ∞, and both expressions, (40) and (35), give the same result: ϕ (z) → const at μ → 0 and z → ∞. Antisymmetric ϕ (z), acting as a massless field in the limit μ → 0, renormalizes the Hubble constant. Therefore it is reasonable to consider the contribution of the antisymmetric ϕ (z) at μ → 0 as already included into ~Λ.

In the symmetric case the metric is determined by the equation F_{,z,z} = d_0e^{−2d0[F (z)−F0]} and boundary conditions F_{,z} (0) = 0, F (0) = F_0.

The analytical solution for the symmetric configuration

F (z) = F_0 + 1 d_0 ln cosh (d_0z) , F_{,z} (z) = tanh (d_0z) , ϕ (z) = 1 μ cosh (d_0z)

, μ ≪ 1, (42)

describes the transition from the compression to the expansion, see Figure 3.

With no ordinary matter the time interval of transition is of the order of Hubble time ∼ 1/d_0H. At μ ≪ 1 it does not depend on the mass m of the massive field. The scale factor is R (z) = e^{F (z)} = e^{F0} [cosh (d_0z)]^{1/d0} .

FIG. 4: Antisymmetric solution F (z) − F_0, F_{,z} (z) , ϕ (z) , found numerically for μ = 0.25, d_0 = 3

Without the ordinary matter the acceleration F_{,z,z} is positive: F_{,z,z} (z) = d_0 cosh^2 (d_0z) > 0, μ ≪ 1. Like an elastic spring, the symmetric longitudinal vector field enables the transition from compression to expansion. The kinetic energy of contraction completely converts at x^0 = 0 into potential energy of the compressed vector field, and at x^0 > 0 the energy is being released back in the form of the kinetic energy of expansion.

An example of the antisymmetric solution (with the boundary condition ϕ (0) = 0 and μ = 0.25), found numerically for d_0 = 3, is presented in Figure 4.

Numerical analysis confirms, that at μ ≪ 1 the antisymmetric ϕ (z) decreases very slowly as at z → ∞, see (36) and Figure 4 (right). The symmetric field (Figure 3 right) vanishes quickly, ∼ exp (−d_0z).

IV. EVOLUTION DETERMINED BY VECTOR FIELDS AND ORDINARY MAT- TER The above analysis of general properties of the equations (31,32) facilitates clarifying the solutions of the Einstein equations with the ordinary matter taken into account.

A. Dust matter approximation

Applying the general relativity to the Universe as a whole it is natural to consider the ordinary matter (stars, galaxies, ...) as separated noninteracting subsystems located far from one another. Averaged over the distances larger than the distance between the objects, the ordinary matter can be considered macroscopically as a uniformly distributed dust. As far as the ordinary matter does not violate the homogeneity and isotropy of the large scale structure of the space, all the components of its energy-momentum tensor, except T_{00} = ρ, are zeros:

T_{IK} = ρδ_{I0}δ_{K0}. (43) In the process of expansion the averaged energy density of matter ρ depends only on x^0.

T_{IK} is a symmetric tensor. Due to the Bianchi identities its covariant divergence is zero,

T^K_{I;K} = 1 √ g ∂ ∂x^K (√ gT^K_I ) − 1 2 ∂g_{KL} ∂x^I T^{KL} = 0. (44)

In the cosmological metric (7) the covariant divergence (44) of the tensor (43) is T^K_{I;K} = e^{−d0F} ∂ ( e^{d0F} ρ ) ∂x^0 δ_{I0}. Thus, ρe^{d0F} = const. If we accept that ρ (x^{0∗}) = ρ_0 is the averaged density of the ordinary matter now, then ρ ( x^0 ) = ρ_0e^{−d0F} (^{x0}), and the present moment x^{0∗} is defined by F ( x^{0∗} ) = 0. (45)

B. Einstein equations

With the dust matter taken into account, the Einstein equations (25,26) are: 1 2 d_0 (d_0 − 1) F^{′2} + ~Λ = κa [( dϕ_0 dx^0 + d_0F^′ϕ_0

)_2

+ m^2ϕ^2_0 ] + κρ_0e^{−d0F} ,

(d_0 − 1) F^{′′} + 1 2 d_0 (d_0 − 1) F^{′2} + ~Λ = κa [( dϕ_0 dx^0 + d_0F^′ϕ_0

)_2

− m^2ϕ^2_0 ] . In dimensionless variables (30)

F^2_{,z} − 1 = − (ϕ_{,z} + d_0F_{,z}ϕ)^2 − μ^2ϕ^2 + Ωe^{−d0 F} , (46) 2 d_0

F_{,z,z} + F^2_{,z} − 1 = − (ϕ_{,z} + d_0F_{,z}ϕ)^2 + μ^2ϕ^2. (47)

The parameter Ω, Ω = − κρ_0 ~Λ = 2κρ_0 d_0 (d_0 − 1) H^2

, (48) denotes the ratio of the energy density of the ordinary matter to the density of the kinetic energy of expansion. The vector field equation (31) remains the same, and instead of the equation (32) we now have F_{,z,z} = d_0μ^2ϕ^2 − d_0Ω 2 e^{−d0F} . (49) This equation resembles the Newton’s law: acceleration F_{,z,z} is proportional to the “repulsing force” d_0μ^2ϕ^2 minus the “attracting force”^{d0Ω}_2 e^{−d0F} . Altogether the regular solutions of the set (31,49) with the boundary conditions

ϕ^2_{,z} (0) + μ^2ϕ^2 (0) = 1 + Ωe^{−d0F0} , F_{,z} (0) = 0, F (0) = F_0, ~Λ < 0, (50)

contain five dimensionless parameters: μ, Ω, F_0, ϕ (0) , and ϕ_{,z} (0) . In view of the bounding relation (50), four of them remain independent.

C. Regular cosmological solutions

The equations (31,49) with the boundary conditions (50) are easily integrated numerically. The regular solutions are free from fine tuning. Moreover, the existing parametric freedom results in a great variety of possible configurations. Among the four independent parameters, Ω (48) can be estimated better than others. Substituting d_0 = 3, κ = 6.67 × 10^{−8} cm^3/g sec^2, H = 2 × 10^{−18} sec^{−1}, ρ_0 = 2 × 10^{−31} g/cm^3 (universal density of luminous matter [20]) we have Ω ≃ 10^{−3}. Numerical analysis shows, that if both ϕ (0) , and ϕ_{,z} (0) are not zeros at a turning point F_{,z} = 0, then there can be other even more sharp turning points with ϕ_{,z} more close to zero. With fixed values of two parameters, (Ω = 10^{−3}, ϕ_{,z} (0) = 0) , the role of μ at fixed F_0 = −3 in the process of evolution is demonstrated in Figure 5, and the role of F_0 at fixed μ = 3 is shown in Figure 6.

The rate of evolution F_{,z} (z) for μ = 0, 1, and 2 is presented in Figure 5 by brown, blue, and red curves, respectively. In all symmetric configurations the global transition from contraction to expansion takes place at z = 0. At fixed F_0 = −3 after the transition the rate of expansion reaches its first maximum F_{,z} (z_{max}) > 1 at some z_{max} > 0. At z = z_{max} the acceleration turns into deceleration. If μ = 0 (brown curve in Figure 5) F_{,z} (z > z_{max}) decreases monotonically to F_{,z} = 1 as z → ∞. If μ > 0 a next point of extremum z_{min} > z_{max}

FIG. 5: The rate of expansion F_{,z} (z) . μ = 0, 1, 2 – brown, blue, red curves. d_0 = 3, Ω = 0.001, F_0 = −3.

appears, where deceleration turns back into acceleration. The bigger is μ, the deeper is the minimum of F_{,z} at z = z_{min}, – compare the blue (μ = 1) and red (μ = 2) curves in Figure 5. The number of subsequent maxima and minima grows with increasing μ.

Parameter F_0 determines the maximal speed of the outburst F_{,z} (z_{max}) in the contractionto-expansion transition. The rate of expansion F_{,z} (z) for F_0 = −3, −4, and −5 at fixed μ = 3 is presented in Figure 6. The maximum F_{,z} (z_{max}) grows exponentially with the increasing negative value of F_0. It resembles inflation, except that there is no singularity. Some authors call the regular contraction-to-expansion transition “nonsingular bounce”[21], [22],[23]. In the literature there are attempts to find a self-consistent model in order to explain from a unified viewpoint the inflation in the early Universe and the late-time accelerated expansion [24]. However, one should keep in mind that the dust matter approximation is applicable until the galaxies are noninteracting systems, located at far distances from one another.

In the case of small μ ≪ 1 the transition from contraction to expansion can be described analytically. Substituting (41) into (49), we exclude ϕ and come to the single equation for F : F_{,z,z} = d_0e^{−2d0(F −F0)} − d_0Ω 2 e^{−d0F} . (51) Its solution with the boundary conditions (50) is

F (z) = F_0 + 1 d_0 ln [( 1 + 1 2 Ωe^{−d0F0} ) cosh (d_0z) − 1 2 Ωe^{−d0F0} ] , μ ≪ 1. (52)

FIG. 6: The rate of expansion F_{,z}(z). μ = 3. F_0 = −3, −4, −5 – brown, blue, red curves. d_0 = 3, Ω = 0.001

FIG. 7: Variation of F_{,z} (z) in the vicinity of the turning point, found numerically for μ = 10 and F_0 = −10, coincides with (53)

For the rate of evolution F_{,z} (z) and for the scale factor R (z) = e^{F (z)} we get

F_{,z} (z) = sinh (d_0z) cosh (d_0z) − ( 1 +^2_Ω e^{d0F0}

)_{−1} , (53)

R (z) = [( e^{d0F0} + 1 2 Ω ) cosh (d_0z) − 1 2 Ω ] 1_{d0} . (54) Analytical solutions (52-54), derived for μ ≪ 1, are as well applicable in the vicinity of the transition for μ ∼ 1 if |F_0| ≫ 1. See Figure 7, where the variation of F_{,z} (z) in the vicinity of the turning point, found numerically for μ = 10 and F_0 = −10, coincides with (53). It is because for very large negative F_0 the width of the contraction-to-expansion transition Δz

FIG. 8: The vector field ϕ (z), the rate of evolution F_{,z} (z) , and the metric function F (z), found numerically for d_0 = 3, ϕ_{,z} (0) = 0, μ = 10, F_0 = −4, and Ω = 0.001

is very narrow: Δz ∼ 2 d_0 √ Ω e^{d0 F0/2}, F_0 < 0, |F_0| ≫ 1. According to the recent analysis of the Hubble space telescope data, the expansion of the Universe switched from deceleration to acceleration at about the half of the age of the Universe[25]. In the analytical solution (52) F_{,z,z} (z) is negative at z > z_{max} : if μ = 0, the expansion goes with deceleration. The switching from deceleration to acceleration (appearance of the minimum of F_{,z} (z) at z = z_{min}, see Figures 5,6) is a hint that the symmetric longitudinal vector field ϕ is massive, μ > 0. At μ >^{d0}_2 the field ϕ (z) becomes an oscillating function, and the number of minimums of F_{,z} (z) grows with growing μ. The vector field ϕ (z), the rate of evolution F_{,z} (z) , and the metric function F (z), found numerically for ϕ_{,z} (0) = 0, d_0 = 3, μ = 10, F_0 = −4, and Ω = 0.001, are shown in the Figure 8. For this set of parameters, in accordance with (45), the today’s “date” is z^∗ = Hx^∗ = 3.45.

The damping oscillations of the vector field ϕ (z) give rise to the oscillations of F_{,z} (z) and result in slight variations of F (z) in the vicinity of the compression-to-expansion transition. Practically, for μ ≫ 1 the oscillations vanish at z > 1.

Another possible origin of the deceleration-to-acceleration switching at about the half of the age of the Universe (within our approach) can be a slight antisymmetric contribution of ϕ_{,z} (0) ≠ 0 in the boundary conditions (50). Numerical analysis shows, that a small nonzero ϕ_{,z} (0) , |ϕ_{,z} (0)| ≪ |ϕ (0)| , can also lead to the appearance of a minimum.

D. Regular solutions with positive ~Λ

There is an important difference between the boundary conditions (34) and (50). The relation (34) can be satisfied only if ~Λ < 0, provided that a < 0. Appearance of the term Ωe^{−d0F0} in (50) admits the solutions with positive ~Λ. If ~Λ changes sign, then H (21) becomes imaginary. The equations (31,49) are invariant against H → iH, but the boundary conditions (50) are not:

ϕ^2_{,z} (0) + μ^2ϕ^2 (0) = −1 + Ωe^{−d0F0} , F_{,z} (0) = 0, F (0) = F_0, ~Λ > 0. (55)

The necessary condition for regular solutions with ~Λ > 0 is the existence of an extremum moment (F_{,z} (0) = 0) with the energy density of the ordinary matter exceeding the kinetic energy of expansion:

Ωe^{−d0 F0} = κρ (0) ~Λ > 1, F_{,z} (0) = 0, ~Λ > 0.

In the case ~Λ > 0, μ ≪ 1 the analytical solution of the equations (31,49) with the boundary conditions (55) is

F (z) = F_0 + 1 d_0 ln [( 1 − 1 2 Ωe^{−d0 F0} ) cos (d_0z) + 1 2 Ωe^{−d0F0} ] ,

ϕ (z) = μ^{−1} [( 1 − 1 2 Ωe^{−d0F0} ) cos (d_0z) + 1 2 Ωe^{−d0 F0} ]_{−1} . The scale factor R (z) and the rate of evolution F_{,z} (z) ,

R (z) = e^{F0} [ 1 2 Ωe^{−d0 F0} − ( 1 2 Ωe^{−d0F0} − 1 ) cos (d_0z)

] 1_{d0} ,

F_{,z} (z) = sin (d_0z) ( 1 −^2_Ω e^{d0F0} )_{−1} − cos (d_0z) , are periodical functions with no singularities, see red curves in Figure 9. For the values of the parameters d_0 = 3, μ = 0.02, F_0 = −3, Ωe^{−d0F0} = 1.032 there is no difference between the curves found numerically and analytically.

Without the massive field (ϕ = 0) the solutions with positive ~Λ are possible only if the parameters are fine tuned ( κρ (0) = ~Λ ) :

F (z) = F_0 + 1 d_0 ln cos^2 d_0z 2 ,

FIG. 9: Left: scale factor R(z)/R(0). Right: rate of evolution F_{,z}(z). Red curves – numerical (coinciding with analytical) solutions for d_0 = 3, μ = 0.02, F_0 = −3, Ωe^{−d0F0} = 1.032; blue curves – (57) and (56), Ωe^{−d0F0} = 1.

F_{,z} (z) = − tan d_0z 2 , (56)

R (z) = e^{F0} cos^{2d}0 d_0z 2 . (57) The scale factor R (z) (57) and the rate of expansion F_{,z} (z) (56) are presented in Figure 9 (blue curves). These ”fine tuned” ( e^{F0} = (_{2κρ0} d_0(d_0−1)H^2 )_{1/d0} ) singular solutions have periodical singularities at z = z_n =^π_{d0} (1 + n) , n = ±1, ±2, ... . In the vicinity of each singular point z_n = Hx^0_n, as well as at H → 0, the Hubble constant H drops out, and the scale factor (57) (in the ordinary units x^0 = z/H) reduces to R ( x^0 ) = ( d_0κρ_0 2 (d_0 − 1) )_{1/d0} | |x^0 − x^0_n | |^{2/d0} , | | | x^0 x^0_n − 1 | | | ≪ 1. (58) At d_0 = 3 (58) reproduces the scale factor of the Friedman-Robertson-Walker [2] cosmology with dust matter in the plane space geometry. The longitudinal vector field ϕ ≠ 0 removes the singularities, see red curves in the Figure 9.

The idea of “oscillating Universe” is actively supported by Lessner[26] as an alternative approach to cosmology. Meanwhile, I would rather not call it alternative, for all the above solutions, including the oscillating ones, are derived completely within the frames of the standard Lagrange approach and General relativity.

V. SUMMARY

Big Bang singularity is not the inevitable property of the Universe evolution. It is a consequence of our not knowing the physical nature of the dark sector, including the origin of its ability to resist compression. Nevertheless, there is a possibility for macroscopic description of the Universe evolution within the frames of the Einstein’s theory of general relativity. The simplest non-gauge vector field with the Lagrangian L = a (( ϕ^M_{;M} )_2 − m^2ϕ^K ϕ_K ) − V_0 (59) can be that missing link in the chain, necessary to understand the mechanism of accelerated expansion of the Universe, and avoid, better say – resolve, the Big Bang singularity.

It is rather involuntarily, but the modern interpretations of the observational data are based on the idea of the Big Bang birth of the Universe. The cosmic background radiation, among other phenomena, definitely testifies that the Universe had been strongly compressed in the past. But how strongly? That is the question. The information from the past, coming to us with electromagnetic waves, tells us only about the phenomena that happened after the Universe became transparent. The far extrapolation to the Plank’s era is based on the assumption that the singularity is the inevitable property of cosmological solutions of the Einstein equations. It is so for the solutions, taking into account only the ordinary matter (including electromagnetic radiation). The discovery of the accelerated expansion strictly pointed on the existence of hidden sector, able to resist the compression. Though the presented above solutions are regular, they do not restrict the value of compression from above. The degree of maximum compression is determined by a free parameter F_0. At large negative F_0 the regular transition from compression to expansion looks like inflation. However, one should keep in mind that the dust matter approximation is applicable if the galaxies are located at far distances from one another.

The macroscopic theory can help understanding some specific features of the Universe evolution, but it does not determine the physical nature of what we call “dark sector”. The vector fields can be considered as appropriate tools for macroscopic description of the Universe evolution. From my point of view, it is more important what the fields do, than how we call them. The previous analysis confirms that the zero-mass vector field is adequate for the description of dark energy[16]. In some papers the dark energy is considered as the origin of acceleration. However, zero-mass fields can be responsible for contractions and expansions only at a constant rate. The acceleration is connected with massive vector fields. Being massive, they can not be associated with dark energy. At the same time, their energymomentum tensor differs from the one of the ordinary matter. Therefore, the massive fields should correspond to dark matter (at least, partly).

From the General relativity viewpoint, all three kinetic terms in the Lagrangian (2) have equal rights. In flat spacetime the antisymmetric term ∼ (b − c) corresponds to electromagnetic field (photons). The symmetric term ∼ (b + c) has attention to the gauge vector particles[11]. There is no reason why the term ∼ a should be “more equal than others”. So, the Lagrangian (59) also deserves to be associated with some particles, existing in nature. In accordance with the Subsection “Regular cosmological solutions”, the observed[25] point of minimum z_{min}, where the deceleration turns back to acceleration (see Figures 5,6), could correspond to μ ∼ 1. It is worth trying to detect an extremely light particle with the rest energy mc^2 ∼ ℏH ∼ 10^{−33} eV. The trouble is that the massive vector field displays itself via gravitation (it curves the spacetime), but there is no evidence of its direct interaction with the ordinary matter.

[1] De Sitter W. ”On the relativity of inertia: Remark concerning Einstein’s latest hypothesis”, Proc. Kon. Ned. Akad. Wet. 1917, 19, 1217-1225; ”On the curvature of space”, Proc. Kon. Ned. Akad. Wet. 1917, 20, 229-243.

[2] Friedman A. ”Uber die Krummung des Raumes”, Z.Phys., 1922, 10, 377-386. Robertson H.P.

”Kinematics and world structure”, Astrophys. j., 1935, 82, 248-301; 1936, 83, 187-201 and 257- 271. Walker A.G. ”On Milne’s theory of world-structure”, Proc. London Math. Soc., 1936, 42, 90-127.

[3] See the Wikipedia articles and references therein:

on ‘dark energy’ (http://en.wikipedia.org/wiki/Dark energy), on‘dark matter’ (http://en.wikipedia.org/wiki/Dark matter) [4] B. E. Meierovich, “Spontaneous symmetry breaking in general relativity: Brane world concept”, Phys. Rev. D 79, 104027 (2009).

[5] A.D. Dolgov. “Higher spin fields and the problem of cosmological constant”, Phys. Rev. D55, 5881 (1997); http://arxiv.org/abs/astro-ph/9608175v1.

[6] V. A. Rubakov, P. G. Tinyakov. “Ruling out a higher spin field solution to the cosmological constant problem”, Phys.Rev. D61, 087503 (2000); http://arxiv.org/abs/hep-ph/9906239v1 [7] V.V.Kiselev. “Vector field as a quintessence partner”, Class. Quant. Grav. 21: 3323, (2004);

http://arxiv.org/abs/gr-qc/0402095v4 [8] C. Armendariz-Picon. “Could dark energy be vector-like?”, JCAP 0407: 007, (2004);

http://arxiv.org/abs/astro-ph/0405267v2 [9] C. G. Bohmer. “Dark energy as a massive vector field”, Eur.Phys.J.C50:423-429,2007, http://arxiv.org/abs/gr-qc/0701029v2 [10] T. S. Koivisto and D. F. Mota. “Vector Field Models of Inflation and Dark Energy”, JCAP 0808, 021 (2008); http://arxiv.org/abs/0805.4229v3 [11] N.N.Bogolubov and D.V.Shirkov. “Introduction to the theory of quantized fields”. ”Nauka”, Moscow 1976, page 35. (In Russian) [12] Jose Beltran Jimenez and Antonio L. Maroto. “A cosmic vector for dark energy”, Phys.

Rev.D78, 063005, 2008; http://arxiv.org/abs/0801.1486v2.

[13] Jose Beltran Jimenez and Antonio L. Maroto. “Cosmological electromagnetic fields and dark energy”, JCAP 0903:016, 2009; http://arxiv.org/abs/arXiv:0811.0566.

[14] Jose Beltran Jimenez and Antonio L. Maroto. “The electromagnetic dark sector”, Phys.Lett.B686: 175-180, 2010; http://arxiv.org/abs/0903.4672v2.

[15] J. Zuntz, T.G Zlosnik, F. Bourliot, P.G. Ferreira, G.D. Starkman. “Vector field models of modified gravity and the dark sector”, Phys.Rev.D81:104015,2010; http://arxiv.org/abs/1002.0849v1 [16] B. E. Meierovich, “Vector fields in multidimensional cosmology”, Phys. Rev. D 84, 064037 (2011) [17] B. E. Meierovich, “Vector order parameter in general relativity: Covariant equations”, Phys.

Rev. D 82, 024004 (2010) [18] See the ’sliced cake’ diagram in the NASA cite: http://map.gsfc.nasa.gov/media/080998/index.html [19] In the derivations below the units with c = 1, and ℏ = 1 are used.

[20] Charles W. Misner, Kip S. Thorne, and John Archibald Wheeler. “Gravitation”, W.H.Freeman and Company, San Francisco, 1973, page 709.

[21] Paolo Creminelli, Leonardo Senatore. “A smooth bouncing cosmology with scale invariant spectrum”, 2007; JCAP 0711:010 http://arXiv:hep-th/0702165v2.

[22] Chunshan Lin, Robert H. Brandenberger, Laurence Perreault Levasseur. “A Matter Bounce By Means of Ghost Condensation”, 2011, JCAP 1104:019; http://arXiv:1007.2654v2 [hep-th].

[23] BingKan Xue, Paul J. Steinhardt. “Evolution of curvature and anisotropy near a nonsingular bounce”, 2011, http://arXiv:1106.1416v2 [hep-th].

[24] Alexander B. Balakin and Vladimir V. Bochkarev. “Archimedean-type force in a cosmic dark fluid”, 2011, Phys. Rev. D 83, 024035, 024036.

[25] N. Suzuki, D. Rubin, C. Lidman, et al, “The Hubble Space Telescope Cluster Supernova Survey: V. Improving the Dark Energy Constraints...”, 2011, http://arxiv.org/abs/1105.3470v1.

[26] G. Lessner. “Oscillating Universe – an alternative approach to cosmology”, 2006, Astrophys Space Sci, 306, 249-257.