arXiv:1201.2862v3 [gr-qc] 9 Jul 2012

CYLINDRICALLY SYMMETRIC RELATIVISTIC FLUIDS: A STUDY BASED ON STRUCTURE SCALARS

L. Herrera^∗ and A. Di Prisco^† Departamento de Física Teórica e Historia de la Ciencia, Universidad del País Vasco, Bilbao, Spain^‡

J. Ospino^§ Departamento de Matemática Aplicada, Universidad de Salamanca, Salamanca, Spain. (Dated: July 10, 2012)

Applying the 1 + 3 formalism we write down the full set of equations governing the structure and the evolution of self–gravitating cylindrically symmetric dissipative fluids with anisotropic stresses, in terms of scalar quantities obtained from the orthogonal splitting of the Riemann tensor (structure scalars), in the context of general relativity. These scalars which have been shown previously (in the spherically symmetric case) to be related to fundamental properties of the fluid distribution, such as: energy density, energy density inhomogeneity, local anisotropy of pressure, dissipative flux, active gravitational mass etc, are shown here to play also a very important role in the dynamics of cylindrically symmetric fluids. It is also shown that in the static case, all possible solutions to Einstein equations may be expressed explicitly through three of these scalars.

PACS numbers: 04.40.-b, 04.40.Nr, 05.70.Ln, 95.30.Tg Keywords: Relativistic fluids, cylindrically symmetric systems, dissipative fluids, causal dissipative theories.

I. INTRODUCTION

In a recent series of papers [1–4] a set of scalar functions obtained from the orthogonal splitting of the Riemann tensor and referred to as structure scalars, were introduced in the discussion about the structure and evolution of spherically symmetric fluid distributions. Such scalars (five in the spherically symmetric case) were shown to be endowed with distinct physical meaning.

In particular they control inhomogeneities in the energy density [1], and the evolution of the expansion scalar and the shear tensor [1–4]. Also in the static case all possible anisotropic solutions are determined by two structure scalars [1].

Furthermore, the role of electric charge and cosmological constant in structure scalars has also been recently investigated [5].

It is our purpose in this work to carry on a study on cylindrically symmetric fluid distributions based on structure scalars. The motivation to undertake such an endeavour is provided on the one hand by the conspicuous physical meaning of such scalar quantities, and on the other hand by the instrinsec interest of cylindrically symmetric systems in general relativity (see [6–19] and references therein).

For doing so we shall apply the 1 + 3 formalism developped in [20–24]. However we shall not follow a frame formalism but a coordinate basis approach in which the orthonormal frame is only used to identify frame compo-

∗ laherrera@cantv.net.ve † adiprisc@fisica.ciens.ucv.ve ‡ Also at U.C.V., Caracas § jhozcrae@usal.es

nents of proper vectors as scalars that can have a covariant interpretation.

We shall first define the structure scalars corresponding to a general cylindrically symmetric fluid distribution, then we shall deploy the full set of equations governing the structure and evolution of such a system and express them in terms of the above mentioned scalars. A systematic though non exhaustive study of these equations is carried out, including the coupling of the generalized “Euler” equation with a transport equation.

Besides the structure scalars, we shall also introduce a set of scalars describing the shear tensor and the magnetic and electric parts of Weyl tensor.

A subset of our system of equations will be shown to exhibit the role of structure scalars on the evolution of the expansion scalar and the shear tensor. Another subset will relate the shearfree condition, the dissipative flux and the magnetic part of the Weyl tensor, while the last four equations of our system determine the inhomogeneity factor and its evolution.

The static case shall be considered in detail. In general it will be shown that any static solution is defined by a triplet of structure scalars.

Finally all results will be discussed in some detail in the last section, and a list of issues deserving further attention will be presented.

II. COLLAPSING ANISOTROPIC DISSIPATIVE FLUID CYLINDERS: BASIC DEFINITIONS AND NOTATION

We shall start by introducing basic definitions and notation to be used throughout the text. We shall closely follow the notation of [14] except for the fact that we are now considering a dissipative fluid. We assume the general time dependent diagonal non rotating cylindrically symmetric metric

ds^2 = −A^2(dt^2 − dr^2) + B^2dz^2 + C^2dϕ^2, (1)

where A, B and C are functions of t and r. To represent cylindrical symmetry, we impose the following ranges on the coordinates −∞ ≤ t ≤ ∞, 0 ≤ r, −∞ < z < ∞, 0 ≤ ϕ ≤ 2π, (2) where we assume C = 0 at r = 0 which is a non-singular axis. We number the coordinates x^0 = t, x^1 = r, x^2 = z and x^3 = ϕ.

Next, let us consider a collapsing cylinder filled with anisotropic and dissipative fluid. Our study concerns either bounded or unbounded (cosmological) configurations, in the former case we should further assume that the fluid is bounded by a timelike cylindrical surface Σ.

Thus, the energy momentum tensor is given by

T_{αβ} = (μ + P )V_αV_β + P g_{αβ} + q_αV_β + q_β V_α + Π_{αβ} , (3)

where

Π_{αβ} = Π_s(S_αS_β − 1 3 h_{αβ} ) + Π_k(K_αK_β − 1 3 h_{αβ} ), (4)

h_{αβ} = g_{αβ} + V_αV_β , (5)

q_α = qL_α, (6)

and scalars Π_s, Π_k and q, are functions of t and r.

Alternatively, we may write the energy momentum tensor in the form

T_{αβ} = (μ + P_r)V_αV_β + P_rg_{αβ} + q(L_αV_β + L_β V_α) +(P_z − P_r)S_αS_β + (P_ϕ − P_r)K_αK_β, (7)

where

(P_z − P_r) ≡ Π_s, (P_ϕ − P_r) ≡ Π_k, P ≡ P_ϕ + P_z + P_r 3 . (8)

The unitary vectors V^α, L^α, S^α, K^α form a canonical orthonormal tetrad. V^α is a hypersurface orthogonal 4−velocity vector, S^α, K^α are tangent to the orbits of the 2− dimensional group that defines cylindrical symmetry and L^α is orthogonal to these orbits and to V^α. With the above definitions it is clear that μ is the energy density (the eigenvalue of T_{αβ} for eigenvector V^α), q_α is the radial heat flux, whereas P is the isotropic pressure.

We choose the fluid to be comoving in this coordinate system, hence

V_α = −Aδ^0_α, L_α = Aδ^1_α, S_α = Bδ^2_α, K_α = Cδ^3_α. (9)

Now, in order to avoid misunderstandings, the following remark is in order: It is well known that the choice of the vector V^α is not unique, we could for example choose a “tilted” congruence and therefore the splitting of the energy–momentum tensor would be different of course. In this sense our study is related to the congruence of observers which are at rest at each point with respect to the corresponding fluid element, i.e. a congruence for which the four velocity of the fluid is V^α given by (9).

With the notation above we can write nonvanishing components of the Einstein equations (see Appendix I).

A. Kinematical Variables

Since we are considering nonrotating fluid distributions, there are only three kinematical variables: the expansion Θ, the four acceleration a^α and the shear σ_{αβ} which as usual are defined by:

Θ = V^α_{;α}, (10)

a_α = V_{α;β} V^β . (11)

σ_{αβ} = V_{(α;β)} + a_{(α}V_{β)} − 1 3 Θh_{αβ} . (12)

Using (1), (10) and (12) we obtain for the expansion, Θ = 1 A ( Ȧ A + Ḃ B + Ċ C ) , (13)

and for the non zero components of the shear,

σ_{11} = A 3 ( 2 Ȧ A − Ḃ B − Ċ C ) , (14)

σ_{22} =

B^2 3A ( 2 Ḃ B − Ȧ A − Ċ C ) , (15)

σ_{33} =

C^2 3A ( 2 Ċ C − Ȧ A − Ḃ B ) , (16)

where overdots and primes stand for partial differentiation with respect to t and r respectively.

We can also express the shear tensor as σ_{αβ} = σ_s ( S_αS_β − 1 3 h_{αβ} ) + σ_k ( K_αK_β − 1 3 h_{αβ} ) , (17) with

σ_s = 1 A ( Ḃ B − Ȧ A ) , (18) σ_k = 1 A ( Ċ C − Ȧ A ) , (19) and σ^{αβ} σ_{αβ} = 2 3 ( σ^2_s − σ_sσ_k + σ^2_k ) . (20)

Observe that unlike the spherically symmetric case, the shear depends now on two nonvanishing independent scalars. Finally, for the four acceleration a_α we obtain

a_α = aL_α with a = A^′ A^2

. (21)

Before ending this section it should be recalled that in the case of bounded configurations, junction conditions (Darmois) should be satisfied on the boundary surface in order to exclude the presence of thin shells. Such conditions shall not be deployed here since we shall not use them but the reader may found a detailed discussion on this point in [14], [17].

III. THE ORTHOGONAL SPLITTING OF RIEMANN TENSOR AND STRUCTURE SCALARS

In order to introduce the structure scalars corresponding to our problem, let us first recall that the Riemann tensor may be expressed trough the Weyl tensor C^ρ_{αβμ}, the Ricci tensor R_{αβ} , and the scalar curvature R.

The electric (E_{αβ} ) and magnetic (H_{αβ} ) parts of the Weyl tensor C_{αβγδ}, are defined as usual by E_{αβ} = C_{ανβδ} V^ν V^δ, H_{αβ} = 1 2 η_{ανϵρ}C^{ϵρ}_{βδ} V^ν V^δ , (22) where η_{ανϵρ} is the Levi–Civita tensor and ϵ_{αβρ} = η_{ναβρ}V^ν . Calculating (22) for the metric (1) we obtain

E_{αβ} = E_s(S_αS_β − 1 3 h_{αβ} ) + E_k(K_αK_β − 1 3 h_{αβ}), (23)

with

E_s = 1 A^2B^2

C_{0202} − 1 A^4

C_{0101},

E_k = 1 A^2C^2

C_{0303} − 1 A^4

C_{0101}, (24) and H_{αβ} = H(S_αK_β + S_β K_α), (25)

with H = − C_{0313} A^2C^2

, (26) where the explicit expressions for the Weyl tensor components (computed for the orthonormal “canonical tetrdad”) may be found in the Appendix II.

It is worth observing that now, unlike the spherically symetric case, the magnetic part of the Weyl tensor does not vanish (in general) and the electric part depends on two independent scalar functions.

Now, the orthogonal splitting of the Riemann tensor is carried out by means of three tensors Y_{αβ} , X_{αβ} and Z_{αβ} defined as (see [1, 25, 26] for details)

Y_{αβ} = R_{ανβδ}V^ν V^δ , (27)

X_{αβ} = 1 2 η^{ϵρ}_{αν} R^⋆_{ϵρβδ}V^ν V^δ, (28) and Z_{αβ} = 1 2 ϵ_{αϵρ}R^{ϵρ}_{δβ} V^δ , (29) where R^⋆_{αβνδ} =^1_2 η_{ϵρνδ} R^{ϵρ}_{αβ} .

Using the decomposition of the Riemann tensor in terms of the matter variables and the electric and magnetic parts of Weyl tensor (see[1], [27]) and (23) (27), we obtain: Y_{αβ} = 1 3 Y_T h_{αβ} + Y_s(S_αS_β − 1 3 h_{αβ}) + Y_k(K_αK_β − 1 3 h_{αβ} ), (30)

with

Y_T = κ 2 (μ + P_z + P_ϕ + P_r), (31)

Y_s = E_s − κ 2 (P_z − P_r), (32)

Y_k = E_k − κ 2 (P_ϕ − P_r ). (33)

In a similar way the tensor X_{αβ} can be written as: X_{αβ} = 1 3 X_T h_{αβ} + X_s(S_αS_β − 1 3 h_{αβ} ) + X_k(K_αK_β − 1 3 h_{αβ} ), (34)

with

X_T = κμ, (35) X_s = −E_s − κ 2 (P_z − P_r), (36) X_k = −E_k − κ 2 (P_ϕ − P_r). (37)

Finally, from (22), (25) and (29) we obtain

Z_{αβ} = H_{αβ} + 1 2 κq^ρϵ_{αβρ}. (38)

From (38) two scalar functions may be defined as follows:

Z_H = 2H = (S^αK^β + S^β K^α)Z_{αβ} , (39)

Z_q = κq = (S^β K^α − S^αK^β )Z_{αβ} . (40)

Thus the full set of structure scalars are now defined by the eight quantities: Y_T , Y_s, Y_k , X_T , X_s, X_k, Z_H , Z_q. The corresponding expressions of these scalars in terms of the metric functions are given in the Appendix III.

Before ending this section it would be useful to introduce a relevant quantity defined in terms of tensors Y_{αβ} , X_{αβ} , Z_{αβ}. This is the super–Poynting vector defined by P_α = ϵ_{αβγ} ( Y^γ_δ Z^{βδ} − X^γ_δ Z^{δβ} ) , (41)

in our case the above expression becomes

P_α = 2H(E_k − E_s)S^β K^γ ϵ_{αβγ} + κ^2 2 (μ + P_r)q_α. (42)

This four–vector describes the flux of superenergy and, as it is apparent from (42), it embodies two contributions:

one from the dissipative flux and the other from a term which represents gravitational radiation [28, 29], this last term being proportional to the magnetic part of the Weyl tensor.

IV. BASIC EQUATIONS

In this section we shall deploy the relevant equations for describing a dissipative self–gravitating locally anisotropic, cylindrically symetric fluid. In spite of the fact that not all these equations are independent (for example the field equations and the conservation equations (Bianchi identities)) we shall present them all, since depending on the problem under consideration, it may be more advantageous using one subset instead of the other. As mentioned in the Introduction these equation are obtained applying the 1+3 formalism to cylindrical symmetry [20–24] (for the specific case of spherical symmetry see [30]).

A. Conservation Laws

The conservation law T^{αβ}_{;β} = 0 leads to the following couple of equations

D_tμ + Θ [ μ + 1 3 (P_r + P_z + P_ϕ) ] + ∇q + q [ 2a + 1 A ( B^′ B + C^′ C )]

+ 1 3 (P_z − P_r)(2σ_s − σ_k) + 1 3 (P_ϕ − P_r )(2σ_k − σ_s) = 0, (43)

∇P_r + D_tq − 1 A [ (P_z − P_r ) B^′ B + (P_ϕ − P_r) C^′ C ] + (μ + P_r)a − 1 3 (σ_s + σ_k − 4Θ)q = 0, (44)

where D_tf = f_{,α}V^α and ∇f = f_{,α}L^α.

B. Ricci Identities

From the Ricci identities for the vector V_α the following evolution equations for the expansion (the Raychaudhuri equation) and the shear tensor, as well as some constraint equations are obtained:

D_tΘ − ∇a − a^2 − a 1 A ( B^′ B + C^′ C ) + 1 3 Θ^2 + 2 3 (σ^2_s − σ_sσ_k + σ^2_k) = −Y_T , (45)

5 a 1 A ( 2 B^′ B − C^′ C ) − a^2 − ∇a − D_t(2σ_s − σ_k) + 1 3 (σ^2_k − 2σ^2_s + 2σ_sσ_k ) − 2 3 Θ(2σ_s − σ_k)

= 2Y_s − Y_k, (46)

2∇a + 2a^2 − a 1 A ( B^′ B + C^′ C ) + D_t(σ_s + σ_k) + 1 3 (σ^2_s + σ^2_k − 4σ_sσ_k) + 2 3 Θ(σ_s + σ_k) = −(Y_s + Y_k), (47)

1 3 ∇ (2Θ + σ_s + σ_k ) + σ_s B^′ AB + σ_k C^′ AC = Z_q, (48)

Z_H = ∇(σ_k − σ_s) + ( σ_k C^′ AC − σ_s B^′ AB ) , (49)

C. Differential equations for the Weyl tensor derived from Bianchi Identities

The Bianchi identities, using the Einstein equations, lead to the following equations:

− ∇(Y_s + Y_k − X_s − X_k) − 3(Y_s − X_s) B^′ AB − 3(Y_k − X_k) C^′ AC − 6H(σ_s − σ_k ) = κ∇(2μ + P_r + P_z + P_ϕ) + 3κ(μ + P_r)a + 2κq(Θ − σ_s − σ_k) + 3κD_tq (50)

∇(2Y_s − Y_k − 2X_s + X_k) + 3(Y_s − X_s) B^′ AB + 3a(Y_s − Y_k − X_s + X_k) + 6H(Θ − σ_k)

+6D_tH = −κ∇(μ − P_r − P_z + 2P_ϕ) − 3κ(P_ϕ − P_r) C^′ AC + κq(Θ − σ_s + 2σ_k),

(51)

σ_s(−Y_s + 2Y_k + X_s − 2X_k) + σ_k(2Y_s − Y_k − 2X_s + X_k) + Θ(Y_s + Y_k − X_s − X_k)

+D_t(Y_s + Y_k − X_s − X_k) − 6H ( B^′ AB − C^′ AC )

= κ(μ + P_r)(Θ − σ_s − σ_k) + κD_t(μ + 2P_r − P_z − P_ϕ) + 3κ∇q + 6κqa, (52) σ_s(2Y_s − Y_k − 2X_s + X_k) − σ_k (Y_s + Y_k − X_s − X_k) − Θ(2Y_s − Y_k − 2X_s + X_k)

−D_t(2Y_s − Y_k − 2X_s + X_k) − 6H C^′ AC − 6∇H − 12Ha = κ(μ + P_z )(Θ + 2σ_s − σ_k ) + κD_t(μ − P_r + 2P_z − P_ϕ) + 3κq B^′ AB . (53)

We shall next proceed to analyze different problems using different subsets of the equations above.

V. DYNAMICAL EQUATION, TRANSPORT EQUATION AND THERMOINERTIAL EFECT

We shall now elaborate on (44) (the generalized “Euler” equation) as follows.

By analogy with the spherically symmetric case let us first define the “velocity”

U = Ċ A = D_tC, (54) then using (126) we get D_tU = a C^′ A − κP_rC − C A^2 ( B̈ B − ȦḂ AB + ḂĊ BC − B^′C^′ BC − A^′B^′ AB ) ,(55)

that can be also written down as (see Appendix I) D_tU = a C^′ A − κP_rC + C B^2 ( R_{0202} A^2 − R_{2323} C^2 ) . (56)

Solving the above equation for the a term and feeding this back into (44) we obtain

(μ + P_r)D_tU = −(μ + P_r) [ κP_rC − C B^2 ( R_{0202} A^2 − R_{2323} C^2 )]

+ C^′ A [ −∇P_r + (P_z − P_r) B^′ AB + (P_ϕ − P_r) C^′ AC ] + C^′ A [ −D_tq + 1 3 (σ_s + σ_k − 4Θ)q ] , (57)

The equation above has the “Newtonian” form F orce = Mass density × Acceleration. Indeed, the term on the left is the inertial mass (density) multiplied by the proper time derivative of the “velocity” U. On the right hand we have three different terms: the first one is just the “gravitational force” term (see below), the second one includes hydrodynamic force terms (presure gradient plus the anisotropic contributions), finally the last term represent the contribution from dissipative processes.

Now, before proceeding further, let us identify the first term on the right of (57) as the “gravitational force”. For doing that, let us consider the static vacuum case (Levi- Civita). From Einstein equations (124)–(128) it follows that the metric (1) in this case has components: B = α r^β , (58)

C = r^{(β+1)} α , (59)

A = r^{β(β+1)} α , (60)

with α, β constant.

Then, the term − C B^2 ( R_{0202} A^2 − R_{2323} C^2 ) , (61)

becomes C A^2 β r^2

(β + 1)^2. (62)

Now in the weak field limit the gravitational potential of an infinite line with mass per unit of length σ is

Φ = 2σ ln r + constant. (63)

Therefore in that limit we have

β^2 + β = 2σ, (64) implying

β = −1 + √ 1 + 8σ 2 , (65)

since in the weak field limit σ << 1 then β ≈ 2σ. (66) Thus (62) becomes in the weak field limit C A^2 2σ r^2

, (67)

but in that limit C ≈ r, A ≈ 1 and the term above is just the gravitational force exerted by the infinite line.

A. Thermoinertial effect

Let us now get back to our equation (57). In order to obtain an expression for the D_tq term we have to resort to a transport equation. We shall need a transport equation derived from a causal dissipative theory ( e.g. the Müller- Israel-Stewart second order phenomenological theory for dissipative fluids [31–34]).

Indeed, as it is already well known the Maxwell-Fourier law for radiation flux leads to a parabolic equation (diffusion equation) which predicts propagation of perturbations with infinite speed (see [35]-[38] and references therein). This simple fact is at the origin of the pathologies [39] found in the approaches of Eckart [40] and Landau [41] for relativistic dissipative processes. To overcome such difficulties, various relativistic theories with non-vanishing relaxation times have been proposed in the past [31–34, 42, 43]. Although the final word on this issue has not yet been said, the important point is that all these theories provide a heat transport equation which is not of Maxwell-Fourier type but of Cattaneo type [44], leading thereby to a hyperbolic equation for the propagation of thermal perturbations (see [45] for a recent discussion on this issue).

A key quantity in these theories is the relaxation time τ of the corresponding dissipative process. This positive– definite quantity has a distinct physical meaning, namely the time taken by the system to return spontaneously to the steady state (whether of thermodynamic equilibrium or not) after it has been suddenly removed from it. Therefore, when studying transient regimes, i.e., the evolution from a steady–state situation to a new one, τ cannot be neglected.

Sometimes in the past it has been argued that dissipative processes with relaxation times comparable to the characteristic time of the system are out of the hydrodynamic regime. However, the concept of hydrodynamic regime involves the ratio between the mean free path of fluid particles and the characteristic length of the system. Therefore that argument can be valid only if the particles making up the fluid are the same ones that transport the heat. However, this is never the case. Specifically, for a neutron star, τ is of the order of the scattering time between electrons (which carry the heat) but this fact is not an obstacle (no matter how large the mean free path of these electrons may be) to consider the neutron star as formed by a Fermi fluid of degenerate neutrons. The same is true for the second sound in superfluid Helium and solids, and for almost any ordinary fluid. In brief, the hydrodynamic regime refers to fluid particles that not necessarily (and as a matter of fact, almost never) transport the heat. Therefore large relaxation times (large mean free paths of particles involved in heat transport) does not imply a departure from the hydrodynamic regime (this fact has been stressed before [46], but it is usually overlooked).

Thus, the transport equation reads τh^{αβ} V^γ q_{β;γ} + q^α = −Kh^{αβ} (T_{,β} + T a) − 1 2 KT^2 ( τV^β KT^2 ) ;β q^α, (68)

where K and T denote thermal conductivity and temperature respectively, and whose only component in our case is D_tτq + q = −K(∇T + T a) − 1 2 KT^2qD_t ( τ KT^2 ) − 1 2 τqΘ. (69) Then feeding back (69) into (57), we obtain

Then feeding back (69) into (57), we obtain

(μ + P_r) [ 1 − KT τ(μ + P_r) ] D_tU = −(μ + P_r) [ 1 − KT τ(μ + P_r) ] ( κ 2 P_rC^3 + m ) 1 C^2 + C^′ A [ −∇P_r + (P_z − P_r) B^′ AB + (P_ϕ − P_r) C^′ AC ] + C^′ A [ 1 2 KT^2 τ qD_t ( τ KT^2 ) + q τ + K∇T τ + 1 3 (σ_s + σ_k)q − 5 6 qΘ ] ,(70)

where the function m is defined by m = − κP_rC^3 2 − C^3 B^2 ( R_{0202} A^2 − R_{2323} C^2 ) . (71)

Equation (70) indicates how inertial thermal effects reduce the effective inertial mass. This effect and its consequences, first reported in [47], has been extensively discussed in the past (see [48–55] and references therein).

VI. EVOLUTION OF THE EXPANSION SCALAR AND THE SHEAR: THE GEODESIC CASE

Let us now turn to equations (45), (46) and (47). The former is just the evolution equation for the expansion scalar (Raychaudhuri equation) for the cylindrically symmetric case whereas the latter describes the evolution of the shear. For simplicity we shall restrict ourselves to the geodesic case (a = 0).

First of all observe that the evolution of the expansion scalar is fully controlled by the scalar Y_T (as in the spherically symmetric case). For the shear however we have two equations (for the two independent components of the shear tensor). Introducing the variables:

σ_I ≡ σ_s + σ_k ; σ_{II} ≡ 2σ_s − σ_k , (72)

Y_I ≡ Y_s + Y_k ; Y_{II} ≡ 2Y_s − Y_k, (73)

(46) and (47) become (in the geodesic case) D_tσ_I = −Y_I − 1 9 (2σ^2_{II} − σ^2_I − 2σ_I σ_{II} ) − 2 3 Θσ_I (74)

D_tσ_{II} = −Y_{II} + 1 9 (2σ^2_I − 2σ_I σ_{II} − σ^2_{II} ) − 2 3 Θσ_{II} . (75)

The two equations above describe the evolution of the shear tensor, which is fully controlled by the scalars Y_I and Y_{II} (Y_s, Y_k). If we assume that the fluid is initially (t = 0) shearfree and scalars Y_I and Y_{II} vanish for a timelike interval (t_1 > t ≥ 0), then it follows at once from (74) and (75) that the fluid remains shearfree in that interval. However, even small deviations from the vanishing condition of the above mentioned scalars would produce deviations from the shearfree condition. In other words, all the information about the stability of the shearfree condition is encoded in Y_I and Y_{II} (for a discussion on this problem in the spherically symmetric case see [3]).

VII. THE LINK BETWEEN SHEARFREE CONDITION, DISSIPATIVE FLUX AND THE MAGNETIC PART OF THE WEYL TENSOR

We shall now try to extract some of the information contained in (48) and (49).

First of all observe that (48) implies that under the shearfree condition the inhomogeneity of the expansion scalar ∇Θ is controlled by Z_q . Also from (49) it follows at once that the shearfree condition implies that the magnetic part of the Weyl tensor vanishes, this last result was known for perfect fluids [56].

Now, the remaining relevant question is: what can we infer about the shear from the vanishing of H and q? We were unable to elucidate this question in the general case, therefore in what follows, we shall restrict to the geodesic case (a = 0). Under this latter condition a = A^′ A^2

= 0 ⇒ A = A(t). (76)

Then assuming q_α = H_{αβ} = 0, and taking into account (76), we obtain from (125) and (26) Ḃ′ B + Ċ′ C − Ȧ A ( B^′ B + C^′ C ) = 0, (77)

H = − 1 2A^2 [ Ḃ^′ B − Ċ^′ C + Ȧ A ( − B^′ B + C^′ C )] = 0. (78)

Combining and integrating the equations (77) and (78) we obtain B(t, r) = A(t)b(r) + α(t), (79) C(t, r) = A(t)c(r) + β(t), (80) where b, c, α, β are arbitrary functions of their argument.

Next, from the regularity condition C(t, 0) = 0 and redefining the function c(r) we may write C(t, r) = A(t)c(r). (81) From the above equation and (19) it follows that σ_k = 0, then (48) and (49) become

∇(2Θ + σ_s) + 3σ_s B^′ AB = 0, (82)

∇σ_s + σ_s B^′ AB = 0. (83)

Integrating (83) we obtain

σ_s = f(t) B . (84)

where f(t) is an arbitrary integration function. However since we have σ_s(t, 0) = 0 we must put f(t) = 0 implying that σ_s = 0 too. Also, from (82) ∇Θ = 0.

Inversely, if the fluid is shearfree and geodesic then it is necessarily nondissipative. Indeed, if the fluid is shearfree this condition can be integrated (in general, not only in the geodesic case) to obtain (see [14] for details)

B = Ab(r) and C = Ac(r). (85)

where b and c are arbitrary functions of r.

Then, feeding back the above expressions for B and C into (13) and taking into account (76) it follows that the expansion scalar is homogeneous (∇Θ = 0), implying because of (48) that geodesic shearfree fluid is necessarily non–dissipative.

Thus we have proved that for the geodesic fluid, q_α = H_{αβ} = 0 ⇔ σ_{αβ} = 0. Whereas in the general case we have stablished that σ_{αβ} = 0 ⇒^2_3 ∇Θ − κq = H_{αβ} = 0.

VIII. THE INHOMOGENEITY FACTOR AND ITS EVOLUTION

In the spherically symmetric case it has been shown that in the absence of dissipation the necessary and sufficient condition for the vanishing of the (invariantly defined) spatial derivative of the energy density is the vanishing of the scalar associated to the trace free part of X_{αβ} . For obvious reasons such a quantity was called the inhomogeneity factor. In other words, the inhomogeneity factor (say Ψ) is that combination of physical and geometric variables, such that its vanishing is a necessary and sufficient condition for the homogeneity of energy density (if dissipation is present then additional terms including dissipative flux appear [57]).

The extension of such a definition to situations where there is only one relevant spatial coordinate (as in the case considered here) is rather obvious:

Ψ = 0 ⇔ ∇μ = 0.

The two equations (50) and (51) determine the inhomogeneity factor, whereas (52) and (53) describes its evolution.

Nevertheless, in the present case the situation is much more complicated (than in the spherically symmetric case) due to the fact that not only the tensor X_{αβ} is expressed in terms of three structure scalars (instead of two in the spherically symmetric case) but also due to the fact that the magnetic part of Weyl tensor is in general not vanishing and appears as a possible source of energy density inhomogeneity.

Because of the above reasons, we were unable (in the general case) to identify explicitly the inhomogeneity factor. The very simplified cases where this was possible are not very interesting and therefore we shall not include them here.

IX. ALL STATIC ANISOTROPIC CYLINDERS

We shall show in this section that all possible solutions of the static case are completely determined by a triplet of structure scalars. This is a reminiscence of the spherically symmetric case, where all possible static solutions are determined by a couple of structure scalars [1].

In the static case the field equations read: − B^{′′} B − C^{′′} C + A^′ A ( B^′ B + C^′ C ) − B^′ B C^′ C = κμA^2, (86)

A^′ A ( B^′ B + C^′ C ) + B^′ B C^′ C = κP_rA^2, (87)

A^{′′} A + C^{′′} C − ( A^′ A )_2

= κP_z A^2, (88)

A^{′′} A + B^{′′} B − ( A^′ A )_2

= κP_ϕA^2. (89)

Then introducing the auxiliary variables ω = A^′ A , ξ = B^′ B , ζ = C^′ C , (90)

we can write the field equations as:

−ξ^′ − ξ^2 − ζ^′ − ζ^2 + ωξ + ωζ − ξζ = κμA^2, (91)

ωξ + ωζ + ξζ = κP_rA^2, (92)

ω^′ + ζ^′ + ζ^2 = κP_z A^2, (93)

ω^′ + ξ^′ + ξ^2 = κP_ϕA^2, (94) or, ω^′ + ωξ + ωζ = Y_T A^2, (95)

ω^′ + ξ^′ + ξ^2 − ωξ − ωζ − ξζ = κ(P_ϕ − P_r)A^2, (96)

ω^′ + ζ^′ + ζ^2 − ωξ − ωζ − ξζ = κ(P_z − P_r)A^2, (97)

ξ^′ + ξ^2 − ζ^′ − ζ^2 = κ(P_ϕ − P_z)A^2. (98)

The scalars E_s y E_k take the form

E_s = 1 2A^2 ( −ω^′ + ζ^′ + ζ^2 + ωξ − ωζ − ξζ ) , (99)

E_k = 1 2A^2 ( −ω^′ + ξ^′ + ξ^2 − ωξ + ωζ − ξζ ) . (100)

Then, using (32), (33), (96), (97), (99) and (100) we can write

Y_sA^2 = −ω^′ + ωξ, (101) Y_k A^2 = −ω^′ + ωζ. (102)

Integrating (101) we obtain

A = α exp ∫ B (∫ −Y_sA^2 B dr ) dr, (103) where α is a constant. Thus for any given Y_s, we obtain from (103) a relationship between A and B,

B = B(A) ⇒ ω = ω(ξ). (104)

Next, from (102)

A = γ exp ∫ C (∫ −Y_kA^2 C dr ) dr, (105) where γ is a constant. Therefore, giving Y_k we obtain a relationship between A and C,

C = C(A) ⇒ ω = ω(ζ). (106)

Then from (104) and (106) we can express any of (ω, ξ, ζ) in terms of the other two. Therefore in (98) we can express ξ and ζ in terms of ω, obtaining a differential equation for ω. This can be solved for a given P_ϕ − P_z and once ω is obtained, we can get ξ and ζ from (104) and (106).

Alternatively we may use (96) or (97) in which case we should provide either P_ϕ −P_r or P_z −P_r. Once the metric functions are found we can obtain physical variables from field equations.

Now, from (33) and (37) it follows

κ(P_ϕ − P_r) = −(Y_k + X_k), (107)

and from (32) and (36)

κ(P_z − P_r) = −(Y_s + X_s). (108)

Therefore any static anisotropic solution is determined by a triplet of scalars (Y_k, Y_s, X_k) or (Y_k, Y_s, X_s).

We shall next consider some special cases.

A. Isotropic cylinders

In this case P_r = P_z = P_ϕ = P and field equations (87)–(89) become:

A^′ A ( B^′ B + C^′ C ) + B^′ B C^′ C = κP A^2, (109) + A^{′′} A + C^{′′} C − ( A^′ A )_2

= κP A^2, (110) + A^{′′} A + B^{′′} B − ( A^′ A )_2

= κP A^2. (111)

Then, from (110) and (111) we obtain C^{′′} C = B^{′′} B , (112) which in terms of the auxialiary variables introduced before, read

ζ^′ + ζ^2 = ξ^′ + ξ^2, (113)

which is a Ricatti equation for ζ ( or ξ).

The general solution of (113) takes the form

ζ = ξ + 1 k(r) , (114)

with k(r) = e^{2 ∫ ξdr} (∫ e^{−2 ∫ ξdr}dr + α ) . (115)

Turning back to B and C we can integrate (114), to obtain C = βBe ∫_1

B2 (^{∫ dr}_B2^{+α})^{dr}, (116)

where β is a constant. From regularity conditions we must impose that C(t, 0) = 0 for any acceptable solution.

B. Conformally flat solutions

In the static case we obtain from (24)

E_s = 1 2A^2 [ A^′ A ( B^′ B + A^′ A − C^′ C ) − B^′ B C^′ C − A^{′′} A + C^{′′} C ] , (117)

E_k = − 1 2A^2 [ A^′ A ( B^′ B − A^′ A − C^′ C ) + B^′ B C^′ C + A^{′′} A − B^{′′} B ] . (118)

Then, defining two functions c(r) and b(r) such that C = Ac(r) and B = Ab(r) the conformal flatness condition

(E_s = E_k = 0) implies c^{′′} = b^′ b c^′, (119) and b^{′′} = c^′ c b^′. (120)

From (120) we get c^′ = γb^′ (where γ is a constant) and feeding this back into (119) we obtain

b(r) = β cos (ϵr), (121)

where ϵ and β are constants, and the regularity condition c(0) = 0 has been used.

In the isotropic case we obtain from (109–111) A = constant; μ = −3P = constant. (122) All these, conformally flat, solutions have been described in detail in [58], including the discussion on junction (Darmois) conditions on the boundary surface.

X. DISCUSSION AND SUMMARY OF RESULTS

A comprehensive study on cylindrically symmetric relativistic fluids by means of structure scalars have been carried out.

We have first defined the complete set of such scalars corresponding to our problem. It turns out that there are eight structure scalars (X_T , X_k, X_s, Y_T , Y_s, Y_k, Z_q, Z_H ) in contrast with the spherically symmetric case where there are only five. Besides, two scalars defining the shear tensor (σ_k, σ_s) and three scalars defining the electric and magnetic parts of Weyl tensor (E_k , E_s, H) were also introduced.

Next we have stablished a set of equations governing the structure and evolution of the system under consideration and brought out the role of structure scalars in those equations, in order to exhibit the physical relevance of the former.

We have first considered the dynamical equation (44) derived from conservation laws. We have next coupled the above mentioned equation with a transport equation derived from a causal dissipative therory. The resulting equation exhibits the decreasing of the effective inertial mass term due to thermal effects.

Next, we have brought out the relevance of structure scalars. Our main results in this respect can be summarized as follows:

• Three of them Z_q, Z_H and X_T , have an evident physical meaning, and therefore do not require further discussion.

• Y_T has been shown to control the evolution of the expansion scalar through the Raychaudhuri equation (45), whereas Y_s and Y_k control the evolution of the shear through (46) and (47).

• A very tight link between the shearfree condition, Z_q and Z_H appears from equations (48) and (49). Thus, it has been shown in the geodesic case that necessary and sufficient conditions for the fluid to be shearfree are Z_q = Z_H = 0. In the general case it has been shown that the shearfree condition implies the vanishing of the magnetic part of the Weyl tensor and a direct relationship between the inhomogeneity of the expansion scalar and the dissipative flux. The former result explains the absence of gravitational radiation in the shearfree case already commented in [14].

• The two equations (50) and (51) relates X_s, X_k, Y_s, Y_k with energy density inhomogeneity and therefore should provide a definition of the inhomogeneity factor(s) in terms of some structure scalars. In the same order of ideas equations (52) and (53) describe the evolution of such factor(s). Unfortunately, in the general case, we were unable to isolate them (it was possible only in very simplified situations).

• We have next considered the static case. The main result from this section is the obtained procedure allowing to determine any possible solution in terms of a triplet of structure scalars (Y_k, Y_s, X_k) or (Y_k , Y_s, X_s). Particular subcases such as isotropic or conformally flat cylinders were studied, obtaining specific restrictions about the existence of solutions satisfying regular conditions on the symmetry axis.

As expected, in a general study as the one presented here, a great deal of questions remains unanswered. Thus before ending we would like to present a partial list of issues that should be addressed in the future:

• From (42) it follows that the “gravitational” term vanishes not only if H = 0 but also if E_k = E_s. Why? What else does this latter condition imply?

• We have seen that the shearfree condition implies the vanishing of the magnetic part of the Weyl tensor. What are the implications on the shear of the vanishing of the magnetic part of the Weyl tensor in the general case?

• Are there purely magnetic solutions?

• Could it be possible to find the exact solution corresponding to nondissipative dust with shear (the analog of the Lemaitre–Tolman–Bondi solution)? Would this solution have a nonvanishing magnetic part of Weyl tensor?

• We have identified the subset of equations which should determine the inhomogeneity factor and its evolution, but we were unable to isolate such a factor in the general case. Is this possible?

ACKNOWLEDGMENTS

LH wishes to thank Fundación Empresas Polar for financial support and Departamento de Física Teórica e Historia de la Ciencia, Universidad del País Vasco, for financial support and hospitality. ADP acknowledges hospitality of the Departamento de Física Teórica e Historia de la Ciencia, Universidad del País Vasco. JO wishes to thank Universidad de Salamanca for financial support under grant No. FK10.

APPENDIX I

The nonzero components of the Einstein equations

G_{αβ} = κT_{αβ} , (123) are G_{00} = Ȧ A ( Ḃ B + Ċ C ) + Ḃ B Ċ C − B^{′′} B − C^{′′} C + A^′ A ( B^′ B + C^′ C ) − B^′ B C^′ C = κμA^2, (124)

G_{01} = − Ḃ′ B − Ċ′ C + Ȧ A ( B^′ B + C^′ C )

+ ( Ḃ B + Ċ C ) A^′ A = −κqA^2, (125)

G_{11} = − B̈ B − C̈ C + Ȧ A ( Ḃ B + Ċ C ) − Ḃ B Ċ C + A^′ A ( B^′ B + C^′ C ) + B^′ B C^′ C = κP_rA^2, (126)

G_{22} = ( B A )_2 − Ä A − C̈ C + ( Ȧ A )_2 + A^{′′} A + C^{′′} C − ( A^′ A )_2] = κP_zB^2, (127)

G_{33} = ( C A )_2 − Ä A − B̈ B + ( Ȧ A )_2 + A^{′′} A + B^{′′} B − ( A^′ A )_2] = κP_ϕC^2. (128)

APPENDIX II

The non null components of the Weyl tensor C_{αβγδ} for (1) are

C_{0101} = −

A^2 6 2 Ä A − B̈ B − C̈ C − 2 ( Ȧ A )_2 + 2 Ḃ B Ċ C − 2 A^{′′} A + B^{′′} B + C^{′′} C + 2 ( A^′ A )_2 − 2 B^′ B C^′ C = − ( A^2 BC )_2 C_{2323}, (129)

C_{0202} =

B^2 6 Ä A − 2B̈ B + C̈ C − ( Ȧ A )_2 + 3Ȧ A ( Ḃ B − Ċ C ) + Ḃ B Ċ C − A^{′′} A − B^{′′} B + 2C^{′′} C + ( A^′ A )_2 + 3A^′ A ( B^′ B − C^′ C ) − B^′ B C^′ C ]

= − ( B C )_2 C_{1313}, (130)

13

C_{0212} = −

B^2 2 [ Ḃ′ B − Ċ′ C − Ȧ A ( B^′ B − C^′ C ) − ( Ḃ B − Ċ C ) A^′ A ] = − ( B C )_2

C_{0313}, (131)

C_{0303} =

C^2 6 Ä A + B̈ B − 2 C̈ C − ( Ȧ A )_2 − 3 Ȧ A ( Ḃ B − Ċ C ) + Ḃ B Ċ C − A^{′′} A + 2 B^{′′} B − C^{′′} C + ( A^′ A )_2 − 3 A^′ A ( B^′ B − C^′ C ) − B^′ B C^′ C ]

= − ( C B )_2

C_{1212}. (132)

The two components of the Riemann tensor appearing in (56) are

R_{0202} = −B^2 ( B̈ B − Ȧ A Ḃ B − A^′ A B^′ B ) , (133)

R_{2323} = ( BC A )_2 (˙ B B Ċ C − B^′ B C^′ C ) . (134)

XI. APPENDIX III

From their definition it is not difficult to express structure scalars through metric functions and their derivatives, these expressionas are:

X_T = 1 A^2 ( ȦḂ AB + ȦĊ AC + ḂĊ BC − B^{′′} B − C^{′′} C + A^′B^′ AB + A^′C^′ AC − B^′C^′ BC ) , (135)

X_s = 1 A^2 ( ȦĊ AC − ḂĊ BC − C^{′′} C + A^′C^′ AC + B^′C^′ BC ) , (136)

X_k = 1 A^2 ( ȦḂ AB − ḂĊ BC − B^{′′} B + A^′B^′ AB + B^′C^′ BC ) , (137)

Y_T = 1 A^2 ( − Ä A − B̈ B − C̈ C + Ȧ2 A^2 + ȦḂ AB + ȦĊ AC + A^{′′} A − A^{′2} A^2 + A^′B^′ AB + A^′C^′ AC ) , (138)

Y_s = 1 A^2 ( Ä A − B̈ B − Ȧ2 A^2 + ȦḂ AB − A^{′′} A + A^{′2} A^2 + A^′B^′ AB ) , (139)

14

Y_k = 1 A^2 ( Ä A − C̈ C − Ȧ2 A^2 + ȦĊ AC − A^{′′} A + A^{′2} A^2 + A^′C^′ AC ) . (140)

[1] L. Herrera, J. Ospino, A. Di Prisco, E. Fuenmayor and O. Troconis Phys. Rev. D 79, 064025 (2009).

[2] L. Herrera, A. Di Prisco, J. Ospino and J. Carot Phys.

Rev.D 82, 024021 (2010).

[3] L. Herrera, A. Di Prisco and J. Ospino Gen.Rel. Grav.

42, 1585 (2010).

[4] L. Herrera, A. Di Prisco and J. Ibáñez Phys. Rev. D 84, 064036 (2011).

[5] L. Herrera, A. Di Prisco and J. Ibáñez Phys. Rev. D 84, 107501 (2011).

[6] K. S. Thorne Phy. Rev. 138, B251 (1965). [7] W. J. Cocke J. Math. Phys. 7, 1171 (1966). [8] T. A. Apostolatos and K. S. Thorne Phys. Rev. D 46, 2435 (1992).

[9] P. Tod and F. Mena Phys. Rev. D 70, 104028 (2004). [10] W. B. Bonnor Class. Quantum Grav. 22, 803 (2005). [11] D. Konkowski and T. Heliwell Gen. Rel. Grav. 38, 1069 (2006).

[12] A. Sobreira, G.de A.Marques, J. Fonseca-Neto and V.

Bezerra J.Math.Phys. 50, 052502 (2009).

[13] J. Ponce de León Mod. Phys. Lett. A 24,1659 (2009). [14] A. Di Prisco, L. Herrera, M. A. H. MacCallum and N.

O. Santos Phys. Rev.D 80, 064031 (2009).

[15] J. P. Krisch and E. N. Glass J. Math. Phys. 52,052503 (2011).

[16] M. A. H. MacCallum Gen.Rel.Grav. 43, 2297 (2011). [17] M. Sharif and G. Abbas Astrophys. Space. Sci. 335,515 (2011).

[18] C. S. Trendafilova and S. A. Fulling Eur. J. Phys. 32, 1663 (2011).

[19] M. Sharif and G. Abbas J. Phys. Soc. Jpn. 80, 104002 (2011).

[20] G. F. R. Ellis Relativistic Cosmology in: Proceedings of the International School of Physics “ Enrico Fermi”, Course 47: General Relativity and Cosmology. Ed. R. K. Sachs (Academic Press, New York and London) (1971).

[21] G. F. R. Ellis Gen. Rel. Grav. 41, 581 (2009). [22] J. Ehlers Gen. Rel. Grav. 25, 1225 (1993). [23] G. F. R. Ellis Cosmological Models ( Cargèse Lectures 1998) NATO Adv. Study Inst. Ser C Math. Phys. Sci. 541, 1 (1999).

[24] C. G. Tsagas, A. Challinor and R. Maartens Phys. Rep.

465, 61 (2008).

[25] L. Bel Ann. Inst. H Poincaré 17, 37 (1961). [26] A. García–Parrado Gómez Lobo Class. Quantum Grav.

25, 015006 (2008).

[27] H. van Elst and C. Uggla Class. Quantum Grav. 14, 2673 (1997).

[28] L. Herrera, N.O. Santos and J. Carot J. Math. Phys. 47, 052502 (2006).

[29] L. Herrera, W. Barreto, J. Carot and A. Di Prisco Class.

Quantum Grav. 24, 2645 (2007).

[30] L. Herrera, A. Di Prisco, J. Martín, J. Ospino, N. O.

Santos and O. Troconis Phys. Rev. D 69 084026 (2004). [31] I. Müller Z. Physik 198, 329 (1967). [32] W. Israel Ann. Phys. (NY) 100, 310 (1976). [33] W. Israel and J. Stewart Phys. Lett. A 58. 213 (1976). [34] W. Israel and J. Stewart Ann. Phys. (NY) 118, 341 (1979).

[35] D. Joseph and L. Preziosi Rev. Mod. Phys. 61, 41 (1989). [36] D. Jou, J. Casas-Vázquez and G. Lebon Rep. Prog. Phys.

51, 1105 (1988).

[37] R. Maartens astro-ph/9609119.

[38] L. Herrera and D. Pavón Physica A, 307, 121 (2002). [39] W. Hiscock and L. Lindblom Ann. Phys. (NY) 151, 466 (1983).

[40] C. Eckart Phys. Rev. 58, 919 (1940).

[41] L. Landau and E. Lifshitz Fluid Mechanics (Pergamon Press, London) (1959).

[42] D. Pavón, D. Jou and J. Casas-Vázquez Ann. Inst. H Poincaré A36, 79 (1982).

[43] B. Carter Journées Relativistes, ed. M Cahen, R Debever and J Geheniau, (Université Libre de Bruxelles) (1976).

[44] C. Cattaneo Atti Semin. Mat. Fis. Univ. Modena 3, 3 (1948).

[45] N. Andersson and C. Lopez-Monsalvo Class. Quantum Grav. 28, 195023 (2011).

[46] L. Herrera and N. O. Santos Mon. Not. R. Astr. Soc.

287, 161 (1997).

[47] L. Herrera, A. Di Prisco, J. Hernández-Pastora, J. Martín and J. Martínez Class. Quantum Grav. 14, 2239 (1997).

[48] L. Herrera Phys. Lett. A 300, 157 (2002). [49] L. Herrera and N.O. Santos Phys. Rev. D 70, 084004 (2004).

[50] L. Herrera, A. Di Prisco and W. Barreto Phys. Rev. D 73 , 024008 (2006).

[51] L. Herrera Int. J. of Mod. Phys. D 15, 2197 (2006). [52] A. Di Prisco, L. Herrera, G. Le Denmat, M. A. H. Mac- Callum and N.O. Santos Phys. Rev. D 76, 064017 (2007).

[53] L. Herrera, A. Di Prisco, E. Fuenmayor and O. Troconis Int. J. Mod. Phys. D 18, 129 (2009).

[54] M. Sharif and Z. Rehmat Gen. Rel. Grav 42, 1795 (2010). [55] M. Sharif and A. Siddiqa Gen. Rel. Grav 43, 73 (2011). [56] E. N. Glass J. Math. Phys. 16, 2361 (1975). [57] L. Herrera Int. J. Mod. Phys. D 20, 1689 (2011). [58] L. Herrera, G. Le Denmat, G. Marcilhacy and N.O. Santos Int. J. Mod. Phys. D 14, 657 (2005).