arXiv:1201.3279v2 [hep-ph] 25 Apr 2012

TFH Mixing Patterns, Large θ_{13} and Δ(96) Flavor Symmetry

Gui-Jun Ding^1

Department of Modern Physics, University of Science and Technology of China, Hefei, Anhui 230026, China

Abstract

We perform a comprehensive analysis of the Toorop-Feruglio-Hagedorn (TFH) mixing patterns within the family symmetry Δ(96). The general neutrino mass matrix for the TFH mixing and its symmetry properties are investigated. The possible realizations of the TFH mixing in Δ(96) are analyzed in the minimalist approach. We propose two dynamical models which produce the TFH mixing patterns at leading order. The full flavor symmetries are Δ(96) × Z_3 × Z_3 and Δ(96) × Z_5 × Z_2 respectively. The next to leading order terms introduce corrections of order λ^2_c to the three mixing angles in both models. The allowed mixing patterns are studied under the condition that the Klein four subgroups and the cyclic Z_N subgroups with N ≥ 3 are preserved in the neutrino and the charged lepton sector respectively. We suggest that the deformed tri-bimaximal mixing is a good leading order approximation to understanding a largish reactor angle.

1Email: dinggj@ustc.edu.cn

1 Introduction

In the past years, neutrino physics made great progress, neutrino oscillation and tiny neutrino masses have been established. The mass squared differences and the mixing angles are known with good accuracy. Recently the T2K [1] and MINOS [2] Collaborations reported the evidence for a relatively large θ_{13} at the level of 2.5σ and 1.7σ respectively. Combining the data from T2K, MINOS and other experiments, the global fit to the neutrino oscillation data indicates θ_{13} > 0 at 3σ confidence level [3,4], although the magnitude of θ_{13} still suffers from large uncertainties, and it yields

sin^2 θ_{13} = 0.013^{+0.007}_{−0.005}(0.016^{+0.008}_{−0.006}), at 1σ , (1)

where the result shown in parentheses corresponds to the inverted neutrino mass hierarchy. A non-zero θ_{13} is also verified by the first results from Double CHOOZ [5].

So far considerable efforts have been devoted to the well-known tri-bimaximal (TB) mixing [6], it is found that the TB mixing can be naturally produced via the spontaneous breaking of certain discrete flavor symmetries, and many beautiful models were constructed, please see Refs. [7–9] for review. The deviations from the TB mixing can arise due to the corrections from the higher-dimensional operators, and the three mixing angles generally receive corrections of the same order of magnitude except some special dynamics are introduced [10]. Therefore the reactor angle is expected to be at most of order λ^2_c , where λ_c is the Cabibbo angle, since the experimentally allowed departure of θ_{12} from its TB value sin^2 θ_{12} = 1/3 is of order λ^2_c . If it is confirmed that θ_{13} is close to its present central value in the near future, the TB mixing may not be a good leading order (LO) approximation any more. Many proposals have been put forward to accommodate a non-zero θ_{13} [11–13]. In fact, there were already some discussions [14, 15] about non-zero reactor mixing angle even before the T2K data. In general, there are two approaches to understanding a largish θ_{13}. The first one is starting from some textures which could be outside the current 3σ allowed range, and the sizable next to leading order (NLO) corrections would pull the three mixing angles into the experimentally preferred range. Ref. [16] is a typical realization of this approach, where the bimaximal mixing is derived as the LO mixing pattern, the solar and the reactor angles get corrections of order λ_c while the atmospheric angle keeps intact at NLO. The second one is to directly produce some LO approximation textures, which are in good agreement with the present data, then the NLO corrections should be mild in this case. By analyzing the symmetry breaking of the finite modular group Γ_N , Feruglio et al. proposed that two attractive mixing textures with sin^2 θ_{13} = (2− √ 3)/6, sin^2 θ_{12} = (8−2 √ 3)/13, sin^2 θ_{23} = (5+2 √ 3)/13, δ_{CP} = π and sin^2 θ_{13} = (2 − √ 3)/6, sin^2 θ_{12} = sin^2 θ_{23} = (8 − 2 √ 3)/13, δ_{CP} = 0 can be generated if we choose Δ(96) as the flavor symmetry and further break it into the Klein four (K_4) and Z_3 subgroups in the neutrino and charged lepton sectors respectively [11, 12]. Henceforth, we shall call these two mixing patterns as TFH1 and TFH2 textures respectively, where THF is the abbreviation of the author names Toorop-Feruglio-Hagedorn. They are denoted as M1 and M2 in Refs. [11,12]. Obviously TFH1 and TFH2 predict the same solar mixing angle θ_{12} and the reactor mixing angle θ_{13}, they only differ in the suggested value for the atmospheric mixing angle θ_{23}. Note that θ_{12} for TFH mixing is slightly below the 3σ upper limits of the two global fits in Refs. [3, 4], θ_{13} lies in the 3σ range of Ref. [4] nevertheless it is larger than the 3σ upper bound of Ref. [3]. For the TFH1 mixing, θ_{23} is marginally above the 3σ upper limit of Refs. [3, 4], while it is a bit larger (smaller) than the 3σ lower bound of Ref. [4] (Ref. [3]) in the case of TFH2 mixing.

Given the recent experimental evidences for a relatively large θ_{13} [1,2,5], it is interesting to investigate whether we can and how to consistently derive the TFH textures within the framework of Δ(96) family symmetry, this is the motivation of the present work. In this paper, we perform a comprehensive exploration of the THF textures based on Δ(96), two flavor models giving rise to TFH1 and TFH2 textures are built. In both models, the neutrino sector is invariant under a K_4 subgroup at LO while Δ(96) is broken completely in the charged lepton sector, and the hierarchies among the charged lepton masses are produced. Furthermore, we study all the possible mixing patterns and the generated groups if the flavor symmetry group Δ(96) is broken into the K_4 and Z_N (N ≥ 3) subgroups in the neutrino and charged lepton sectors respectively.

This article is organized as follows. In section 2, we discuss the symmetry properties of the general neutrino mass matrix which leads to the TFH mixing patterns in the flavor basis. Some basic features of Δ(96) group are recalled in section 3. We proceed to the model building in the so-called minimalist approach in section 4, where the different assignments of the involved fields are presented. The structures of the models for the TFH1 and TFH2 mixing are described in section 5 and section 6 respectively, where both the vacuum alignment and the next to leading order corrections are discussed in detail. In section 7, we explore the possible mixing patterns by requiring that the K_4 and Z_N (N ≥ 3) subgroup are preserved in the neutrino and charged lepton sectors respectively. Finally section 8 is devoted to our conclusions. We report the representation matrices for the group generators and the connection with the Escobar-Luhn basis in Appendix A. The collection of the Clebsch- Gordan coefficients is listed in Appendix B.

2 Neutrino mass matrices for the THF mixings

Given the mixing parameters sin^2 θ_{13} = (2 − √ 3)/6, sin^2 θ_{12} = (8 − 2 √ 3)/13, sin^2 θ_{23} = (5 + 2 √ 3)/13 and δ_{CP} = π for the THF1 mixing, in a particular phase convention, the corresponding Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix is given by

U_{T F H1} = 1 6 (3 + √ 3)^{1√}_3^1_6 (−3 + √ 3) 1 6 (−3 + √ 3)^{1√}_3^1_6 (3 + √ 3) −^{1√}_3^{1√}_3 −^{1√}_3 , (2) where we absorb the Majorana phases into the light neutrino mass eigenvalues. In the basis where the charged lepton mass matrix is diagonal, the TFH1 light neutrino mass matrix can be constructed by acting with U_{T F H1} on a generic diagonal neutrino mass matrix. m^{T F H1} ν = U^∗_{T F H1}diag(m_1, m_2, m_3)U^†_{T F H1} = m_1 6 2 + √ 3 −1 −1 − √ 3 −1 2 − √ 3 −1 + √ 3 −1 − √ 3 −1 + √ 3 2 + m^2 3 1 1 1 1 1 1 1 1 1 + m_3 6 2 − √ 3 −1 −1 + √ 3 −1 2 + √ 3 −1 − √ 3 −1 + √ 3 −1 − √ 3 2 , (3)

where m_{1,2,3} are the light neutrino masses, they are complex to account for the Majorana phases. We notice that the neutrino mass matrix m^{T F H1}_ν is characterized by the following relations

(m^{T F H1}_ν )_{23} + (m^{T F H1}_ν )_{13} = 2(m^{T F H1}_ν )_{12} 2(m^{T F H1}_ν )_{12} + (m^{T F H1}_ν )_{22} = (m^{T F H1}_ν )_{11} + 2(m^{T F H1}_ν )_{13} (m^{T F H1}_ν )_{12} + (m^{T F H1}_ν )_{33} = (m^{T F H1}_ν )_{11} + (m^{T F H1}_ν )_{13} . (4)

This means that there should be some underlying symmetries in m^{T F H1}_ν , i.e., G^T_ν m^{T F H1}_ν G_ν = m^{T F H1} ν . After some straightforward calculations, we find that, up to an overall sign, the symmetry transformation G_ν takes the following forms

G_1 = 1 3 −1 + √ 3 −1 −1 − √ 3 −1 −1 − √ 3 −1 + √ 3 −1 − √ 3 −1 + √ 3 −1

, G_2 = 1 3 −1 2 2 2 −1 2 2 2 −1

G_3 = 1 3 −1 − √ 3 −1 −1 + √ 3 −1 −1 + √ 3 −1 − √ 3 −1 + √ 3 −1 − √ 3 −1 , (5)

beside the identity transformation. It is easy to check that the above symmetry matrices satisfy the relations

G^2_i = 1, G_iG_j = G_jG_i = G_k with i ≠ j ≠ k . (6)

Consequently the symmetry group of the neutrino mass matrix m^{T F H1}_ν is K_4, this is a general result for the mass independent leptonic mixing patterns [20]. Conversely, if a light neutrino mass matrix is invariant under the unitary transformations shown in Eq.(5), it is exactly diagonalized by the TFH1 mixing matrix.

The TFH2 mixing matrix can be obtained by exchanging the second and third rows of the TFH1 texture,

U_{T F H2} = 1 6 (3 + √ 3)^{1√}_3^1_6 (−3 + √ 3) −^{1√}_3^{1√}_3 −^{1√}_3 1 6 (−3 + √ 3)^{1√}_3^1_6 (3 + √ 3) , (7)

which leads to the mixing angles sin^2 θ_{13} = (2 − √ 3)/6 and sin^2 θ_{12} = sin^2 θ_{23} = (8 − 2 √ 3)/13 together with δ_{CP} = 0. In the flavor basis, the general neutrino mass matrix diagonalized by U_{T F H2}, is of the following form m^{T F H2} ν = m_1 6 2 + √ 3 −1 − √ 3 −1 −1 − √ 3 2 −1 + √ 3 −1 −1 + √ 3 2 − √ 3 + m^2 3 1 1 1 1 1 1 1 1 1 + m_3 6 2 − √ 3 −1 + √ 3 −1 −1 + √ 3 2 −1 − √ 3 −1 −1 − √ 3 2 + √ 3 . (8)

We note that m^{T F H2}_ν is related with m^{T F H1}_ν by permutating the second and third rows and columns simultaneously: m^{T F H2} ν = T_{23}m^{T F H1}_ν T_{23} , (9) where

T_{23} =

1 0 0 0 0 1 0 1 0 . (10) A symmetric matrix has 6 independent elements in general, whereas there are only 3 parameters m_1, m_2 and m_3 in the mass matrix m^{T F H2}_ν . As a result, 3 additional constraints should be satisfied between the elements of m^{T F H2}_ν .

(m^{T F H2}_ν )_{12} + (m^{T F H2}_ν )_{23} = 2(m^{T F H2}_ν )_{13} (m^{T F H2}_ν )_{13} + (m^{T F H2}_ν )_{22} = (m^{T F H2}_ν )_{11} + (m^{T F H2}_ν )_{12} 2(m^{T F H2}_ν )_{13} + (m^{T F H2}_ν )_{33} = (m^{T F H2}_ν )_{11} + 2(m^{T F H2}_ν )_{12} . (11)

Following the same procedure as above, we find that m^{T F H2}_ν is invariant under the action of the following three unitary transformations

G^′_1 = 1 3 −1 + √ 3 −1 − √ 3 −1 −1 − √ 3 −1 −1 + √ 3 −1 −1 + √ 3 −1 − √ 3 , G^′_2 = 1 3 −1 2 2 2 −1 2 2 2 −1 ,

G^′_3 = 1 3 −1 − √ 3 −1 + √ 3 −1 −1 + √ 3 −1 −1 − √ 3 −1 −1 − √ 3 −1 + √ 3 . (12)

These symmetry matrices G^′_{1,2,3} satisfy the relations given in Eq.(6), they form a K_4 group as well. It is interesting to note that G^′_2 = G_2, the reason is that (1, 1, 1)^T / √ 3 is the second column of both U_{T F H1} and U_{T F H2}.

3 The Δ(96) group

Δ(96) belongs to the group series Δ(6n^2) with n = 4, the mathematical aspects of the groups of type Δ(6n^2) have been worked out in detail [18]. In the case of n = 2, Δ(24) is isomorphic to the widely studied family symmetry S_4. The Δ(96) is a non-abelian finite subgroup of SU(3) of order 96, it is isomorphic to (Z_4 × Z_4) ⋊ S_3, and it can be conveniently defined by four generators a, b, c and d obeying the relations:

a^3 = b^2 = (ab)^2 = c^4 = d^4 = 1 cd = dc aca^{−1} = c^{−1}d^{−1}, ada^{−1} = c bcb^{−1} = d^{−1}, bdb^{−1} = c^{−1} . (13)

Note that the generator d is not independent, it can be expressed in terms of the generators b and c. The 96 group elements are divided into 10 conjugate classes as follows:

C_1 : 1 C_2 : cd^2, cd^3, c^2d^3 C_3 : c^2, d^2, c^2d^2 C_4 : c^2d, c^3d, c^3d^2 C_5 : c, d, cd, c^3, d^3, c^3d^3 C_6 : a, ac, ac^2, ac^3, ad, ad^2, ad^3, acd, acd^2, acd^3, ac^2d, ac^2d^2, ac^2d^3, ac^3d, ac^3d^2, ac^3d^3, a^2, a^2c, a^2c^2, a^2c^3, a^2d, a^2d^2, a^2d^3, a^2cd, a^2cd^2, a^2cd^3, a^2c^2d, a^2c^2d^2, a^2c^2d^3, a^2c^3d, a^2c^3d^2, a^2c^3d^3 C_7 : ab, abc, abc^2, abc^3, a^2b, a^2bd, a^2bd^2, a^2bd^3, b, bcd, bc^2d^2, bc^3d^3 C_8 : abd, abcd, abc^2d, abc^3d, a^2bc^3, a^2bc^3d, a^2bc^3d^2, a^2bc^3d^3, bc, bc^2d, bc^3d^2, bd^3 C_9 : abd^2, abcd^2, abc^2d^2, abc^3d^2, a^2bc^2, a^2bc^2d, a^2bc^2d^2, a^2bc^2d^3, bc^2, bc^3d, bd^2, bcd^3 C_{10} : abd^3, abcd^3, abc^2d^3, abc^3d^3, a^2bc, a^2bcd, a^2bcd^2, a^2bcd^3, bc^3, bd, bcd^2, bc^2d^3 (14)

Since the number of the un-equivalent irreducible representation is equal to the number of class, Δ(96) group has 10 irreducible representations: two singlets 1 and 1^′, one doublet 2, six triplets 3_1, 3^′_1, 3_1, 3^′_1, 3_2 and 3^′_2, one sextet 6. We note that 3_1 and 3^′_1 are the complex conjugate representations of 3_1 and 3^′_1 respectively, and the representations 3_1, 3^′_1, 3_1, 3^′_1 and 6 are the faithful representations of the group, while 3_2 and 3^′_2 are not. The character table of Δ(96) is shown in Table 1, then the Kronecker product rules for two Δ(96) irreducible representations follow immediately:

1^′ ⊗ 2 = 2, 1^′ ⊗ 3_1 = 3^′_1, 1^′ ⊗ 3^′_1 = 3_1, 1^′ ⊗ 3_1 = 3^′_1, 1^′ ⊗ 3^′_1 = 3_1, 1^′ ⊗ 3_2 = 3^′_2, 1^′ ⊗ 3^′_2 = 3_2, 1^′ ⊗ 6 = 6, 2 ⊗ 2 = 1 ⊕ 1^′ ⊕ 2, 2 ⊗ 3_1 = 3_1 ⊕ 3^′_1, 2 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1, 2 ⊗ 3_1 = 3_1 ⊕ 3^′_1, 2 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1, 2 ⊗ 3_2 = 3_2 ⊕ 3^′_2, 2 ⊗ 3^′_2 = 3_2 ⊕ 3^′_2, 2 ⊗ 6 = 6_1 ⊕ 6_2, 3_1 ⊗ 3_1 = 3_1 ⊕ 3^′_1 ⊕ 3^′_2, 3_1 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1 ⊕ 3_2, 3_1 ⊗ 3_1 = 1 ⊕ 2 ⊕ 6, 3_1 ⊗ 3^′_1 = 1^′ ⊕ 2 ⊕ 6, 3_1 ⊗ 3_2 = 3^′_1 ⊕ 6, 3_1 ⊗ 3^′_2 = 3_1 ⊕ 6, 3_1 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6, 3^′_1 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1 ⊕ 3^′_2, 3^′_1 ⊗ 3_1 = 1^′ ⊕ 2 ⊕ 6, 3^′_1 ⊗ 3^′_1 = 1 ⊕ 2 ⊕ 6, 3^′_1 ⊗ 3_2 = 3_1 ⊕ 6, 3^′_1 ⊗ 3^′_2 = 3^′_1 ⊕ 6, 3^′_1 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6, 3_1 ⊗ 3_1 = 3_1 ⊕ 3^′_1 ⊕ 3^′_2, 3_1 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1 ⊕ 3_2, 3_1 ⊗ 3_2 = 3^′_1 ⊕ 6, 3_1 ⊗ 3^′_2 = 3_1 ⊕ 6, 3_1 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6, 3^′_1 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1 ⊕ 3^′_2, 3^′_1 ⊗ 3_2 = 3_1 ⊕ 6, 3^′_1 ⊗ 3^′_2 = 3^′_1 ⊕ 6, 3^′_1 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6, 3_2 ⊗ 3_2 = 1 ⊕ 2 ⊕ 3_2 ⊕ 3^′_2, 3_2 ⊗ 3^′_2 = 1^′ ⊕ 2 ⊕ 3_2 ⊕ 3^′_2, 3_2 ⊗ 6 = 3_1 ⊗ 3^′_1 ⊕ 3_1 ⊕ 3^′_1 ⊕ 6, 3^′_2 ⊗ 3^′_2 = 1 ⊕ 2 ⊕ 3_2 ⊕ 3^′_2, 3^′_2 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_1 ⊕ 3^′_1 ⊕ 6, 6 ⊗ 6 = 1 ⊕ 1^′ ⊕ 2_S ⊕ 2_A ⊕ 3_1 ⊕ 3^′_1 ⊕ 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6_S ⊕ 6_A , (15)

where the subscripts “S” and “A” indicate the symmetric and antisymmetric properties of the corresponding representation respectively. The product between the singlet 1 and any representation R gives R. The explicit representation matrices for the generators have been presented in the Escobar-Luhn basis [18], they are rather simple. However, the resulting charged lepton mass matrix is non-diagonal for the TFH mixing patterns. We find useful to work in the basis where the representation matrix of the element a^2cd is always diagonal for various representations. The representation matrices for the generators a, b, c and d in our basis are listed in Appendix A, and the relation with the Escobar-Luhn basis is discussed. The Clebsch-Gordan coefficients for the decomposition of the representation products in our basis are reported in Appendix B.

Conjugate Classes

C_1 C_2 C_3 C_4 C_5 C_6 C_7 C_8 C_9 C_{10} n_{Ci} 1 3 3 3 6 32 12 12 12 12 h_{Ci} 1 4 2 4 4 3 2 8 4 8 1 1 1 1 1 1 1 1 1 1 1 1^′ 1 1 1 1 1 1 −1 −1 −1 −1 2 2 2 2 2 2 −1 0 0 0 0 3_1 3 −1 + 2i −1 −1 − 2i 1 0 −1 i 1 −i 3^′_1 3 −1 + 2i −1 −1 − 2i 1 0 1 −i −1 i 3_1 3 −1 − 2i −1 −1 + 2i 1 0 −1 −i 1 i 3^′_1 3 −1 − 2i −1 −1 + 2i 1 0 1 i −1 −i 3_2 3 −1 3 −1 −1 0 −1 1 −1 1 3^′_2 3 −1 3 −1 −1 0 1 −1 1 −1 6 6 2 −2 2 −2 0 0 0 0 0

Table 1: Character table of the Δ(96) group, where n_{Ci} denotes the number of the elements contained in the class C_i, and h_{Ci} is the order of the elements of C_i.

4 Pathway to TFH mixing within Δ(96) in effective the- ory Since the order of Δ(96) is somewhat larger, it is more complex than the popular flavor symmetries A_4, S_4 etc. As a result, there are numerous ways to produce the TFH mixing within Δ(96). In this section, we adopt an effective field theory approach within the so-called minimalist framework [19], where the charged lepton masses are generated by the operator of the following form O_ℓ = E^cℓh_dϕ_ℓ , (16)

where E^c is the right-handed charged lepton field, ℓ is the lepton doublet field, h_d is the down-type Higgs doublet, and ϕ_ℓ is the flavon field which breaks the flavor symmetry Δ(96) in the charged lepton sector at LO. Neutrino masses are generated by the high-dimensional Weinberg operator O_ν = ℓh_uℓh_uϕ_ν , (17)

where h_u is the up-type Higgs doublet, and ϕ_ν is the flavon field in the neutrino sector. In order to constrain our systematic search, we choose the Higgs fields h_{u,d} are Δ(96) singlet 1, further assume that there is no coupling between the flavon field in the charged lepton sector and that in the neutrino sector at LO, this requirement can be satisfied by imposing an auxiliary Z_n symmetry. We note that the three generation lepton doublets have to transform as a triplet irreducible representation [20]. If we assign all of them to singlet, the resulting PMNS matrix would be block-diagonal, consequently only two of the three leptons can mix. For the assignment of one doublet plus a singlet, the PMNS matrix would be block-diagonal or has a zero entry. As in the standard procedure, we assign the fields E^c, ℓ, ϕ_ℓ and ϕ_ν to various representations of Δ(96), then write down all the flavor symmetry allowed forms of the operators O_ℓ and O_ν . The possible assignments leading to TFH1 mixing are listed in Table 2, it is remarkable that the lepton doublet ℓ can not be assigned to the triplet 3_2 or 3^′_2. To generate TFH mixing, the vacuum expectation value (VEV) of ϕ_ℓ should be aligned as follows: ⟨ϕ_ℓ⟩ = { (0, 0, v), ϕ_ℓ ∼ 3_1, 3^′_1, 3_1, 3^′_1, 3_2, 3^′_2 (0, 0, v_3, 0, 0, v_6), ϕ_ℓ ∼ 6 .

(18)

The vacuum configuration of ϕ_ν is ⟨ϕ_ν⟩ = { (1, 1, 1)u, ϕ_ν ∼ 3^′_1, 3^′_1 (u_1, u_2, (u_1 + u_2)/2), ϕ_ν ∼ 3^′_2

(19)

We note that the above vacuum of ϕ_ℓ breaks Δ(96) into the Z_3 subgroup generated by a^2cd, and the VEV of ϕ_ν breaks Δ(96) into the K_4 subgroup generated by the elements a^2bd and d^2. Due to the existence of these residual symmetries, the required vacuum alignment could be consistently realized by the now-standard supersymmetric driving field method 2 [21]. All the possible assignments shown in Table 2 lead to a diagonal charged lepton mass matrix, and the neutrino mass matrix is exactly diagonalized by the TFH1 mixing matrix in Eq.(2). As a result, the statements of Feruglio et al. in Refs. [11, 12] are confirmed. In these realizations, the three charged lepton masses are given in terms of three independent parameters. However, in order to match the observed masses m_e, m_μ and m_τ , we need tuning the parameters such that some sort of cancellation between them happens. Further fine tuning is required if subleading corrections are included. The same situation is encountered

2We omit the related vacuum alignment issue here because of the fine-tuning needed to obtain the phenomenologically acceptable charged lepton mass hierarchies.

ℓ E^c ϕ_ℓ ϕ_ν

3_1 τ^c ∼ 1, (μ^c, e^c) ∼ 2 3_1, 3^′_1

3^′_1 , 3^′_2 τ^c ∼ 1^′, (μ^c, e^c) ∼ 2 3_1, 3^′_1 (μ^c, e^c, τ^c) ∼ 3_1 3_1, 3^′_1, 3^′_2 (μ^c, e^c, τ^c) ∼ 3^′_1 3_1, 3^′_1, 3_2 (e^c, μ^c, τ^c) ∼ 3_1 1, 6 (e^c, μ^c, τ^c) ∼ 3^′_1 1^′, 6 (μ^c, e^c, τ^c) ∼ 3_2 3^′_1, 6 (μ^c, e^c, τ^c) ∼ 3^′_2 3_1, 6

3^′_1 τ^c ∼ 1, (μ^c, e^c) ∼ 2 3_1, 3^′_1

3^′_1 , 3^′_2 τ^c ∼ 1^′, (μ^c, e^c) ∼ 2 3_1, 3^′_1 (μ^c, e^c, τ^c) ∼ 3_1 3_1, 3^′_1, 3_2 (μ^c, e^c, τ^c) ∼ 3^′_1 3_1, 3^′_1, 3^′_2 (e^c, μ^c, τ^c) ∼ 3_1 1^′, 6 (e^c, μ^c, τ^c) ∼ 3^′_1 1, 6 (μ^c, e^c, τ^c) ∼ 3_2 3_1, 6 (μ^c, e^c, τ^c) ∼ 3^′_2 3^′_1, 6

3_1 τ^c ∼ 1, (e^c, μ^c) ∼ 2 3_1, 3^′_1

3^′_1 , 3^′_2 τ^c ∼ 1^′, (e^c, μ^c) ∼ 2 3_1, 3^′_1 (e^c, μ^c, τ^c) ∼ 3_1 1, 6 (e^c, μ^c, τ^c) ∼ 3^′_1 1^′, 6 (μ^c, e^c, τ^c) ∼ 3_1 3_1, 3^′_1, 3^′_2 (μ^c, e^c, τ^c) ∼ 3^′_1 3_1, 3^′_1, 3_2 (e^c, μ^c, τ^c) ∼ 3_2 3^′_1, 6 (e^c, μ^c, τ^c) ∼ 3^′_2 3_1, 6

3^′_1 τ^c ∼ 1, (e^c, μ^c) ∼ 2 3_1, 3^′_1

3^′_1 , 3^′_2 τ^c ∼ 1^′, (e^c, μ^c) ∼ 2 3_1, 3^′_1 (e^c, μ^c, τ^c) ∼ 3_1 1^′, 6 (e^c, μ^c, τ^c) ∼ 3^′_1 1, 6 (μ^c, e^c, τ^c) ∼ 3_1 3_1, 3^′_1, 3_2 (μ^c, e^c, τ^c) ∼ 3^′_1 3_1, 3^′_1, 3^′_2 (e^c, μ^c, τ^c) ∼ 3_2 3_1, 6 (e^c, μ^c, τ^c) ∼ 3^′_2 3^′_1, 6

Table 2: Possible assignments of the fields E^c, ℓ, ϕ_ℓ and ϕ_ν for the TFH1 mixing, where ℓ = (ℓ_1, ℓ_2, ℓ_3) is the lepton doublet field.

in the A_5 model building [22]. To overcome this defect, we should further break the remnant Z_3 symmetry in the charged lepton sector. For the TFH2 mixing, we only need to exchange both the position of μ^c and τ^c and the position of the second and third generation lepton doublets, then the assignments in Table 2 still work. Finally we comment on the situation in which ℓ transforms as triplet and E^c are Δ(96) singlets, we need to introduce three triplet flavons with the vacuum alignment along (1, 0, 0), (0, 1, 0) and (0, 0, 1) in the charged lepton sector. This type of alignment breaks Δ(96) completely, therefore it is not easy to be realized consistently.

5 Model for THF1 mixing

Fields ℓ e^c μ^c τ^c ν^c h_{u,d} χ ϕ η ξ ρ φ ψ σ^0 ζ^0 χ^0 ϕ^0 ρ^0 φ^0 Δ(96) 3_1 1 1^′ 1 3_1 1 3_1 3_1 2 3^′_1 2 3^′_1 3^′_2 1 2 3_1 3^′_2 2 3_1 Z_3 0 2 2 2 0 0 1 1 0 0 0 0 0 0 1 2 1 0 0 Z_3 0 1 2 0 0 0 0 0 1 1 0 0 0 1 0 2 0 0 0

Table 3: The transformation properties of the matter fields, the electroweak Higgs doublets, the flavon fields and the driving fields under the flavor symmetry Δ(96) × Z_3 × Z_3.

As has been demonstrated in the previous section, the TFH1 mixing can be achieved without fine-tuning. However, these models have a drawback in that a separate fine-tuning of the charged lepton mass parameters is needed at leading order to yield the phenomenologically acceptable mass hierarchies, and further fine tuning is required if the subleading corrections are included. To improve upon this situation, we constructed a Δ(96) model which overcomes this defect by breaking the residual Z_3 symmetry in the charged lepton sector. We formulate our model in the framework of type I see-saw mechanism [23], and supersymmetry (SUSY) is introduced to simplify the discussion of the vacuum alignment. Obviously this model doesn’t belong to the possible realizations of TFH mixing listed in Table 2. We assign the three generations of left-handed (LH) lepton doublets ℓ and of righthanded (RH) neutrinos ν^c to Δ(96) triplets 3_1 and 3_1, while the RH charged leptons e^c, μ^c and τ^c transform as 1, 1^′ and 1 respectively. The flavon sector consists of two set of fields: χ ∼ 3_1, ϕ ∼ 3_1, η ∼ 2 and ξ ∼ 3^′_1 which couple to the charged leptons at LO, and ρ ∼ 2, φ ∼ 3^′_1 and ψ ∼ 3^′_2 which couple to the neutrino sector. Additional symmetries are needed, in general, to prevent unwanted couplings, to ensure the needed vacuum alignment and to reproduce the observed charged lepton mass hierarchies. In our model, the full flavor symmetry is Δ(96) × Z_3 × Z_3. The fields in the model and their classifications under the flavor symmetry are summarized in Table 3. A U(1)_R symmetry related to R−parity and the presence of driving fields in the flavon superpotential are common features of supersymmetric formulations. The flavon and Higgs fields are uncharged under U(1)_R, the matter fields have R = 1, the so-called driving fields carry 2 units of R charge. Consequently the driving fields enter linearly into the superpotential. The suitable driving fields and their transformation properties are shown in Table 3. The LO driving superpotential w_d, which is linear in the driving fields and invariant under the flavor symmetry Δ(96) × Z_3 × Z_3, is given by

w_d = f_1σ^0(ηη) + f_2(ζ^0(χϕ)_2) + f_3(χ^0(ηϕ)_{31} ) + f_4(χ^0(χξ)_{31} ) + f_5(ϕ^0(χχ)_3′_2 ) +f_6(ϕ^0(ϕϕ)_3′_2 ) + M_ρ(ρ^0ρ) + g_1(ρ^0(ρρ)_2) + g_2(ρ^0(ψψ)_2) + g_3(φ^0(ρφ)_{31} ) , (20)

where we indicate with (. . .) the singlet 1 contraction, with (. . .)^′ the singlet 1^′ and with (. . .)_R (R = 2, 3_1, 3^′_1 etc.) the representation R. The charge assignments in Table 3 allow us to separate the above driving superpotential w_d into two decoupled sets: one is associated with the fields χ, ϕ, η and ξ which are relevant to the charged lepton sector, and another one is associated with ρ, φ and ψ which are relevant to the neutrino masses. In the SUSY limit, the vacuum configuration is determined by the vanishing of the F term associated with each component of the driving fields. In the charged lepton sector, the minimization conditions are as follows, ∂w_d ∂σ^0 = 2f_1η_1η_2 = 0 ∂w_d ∂ζ^0_1

= ωf_2(χ_1ϕ_2 + χ_2ϕ_3 + χ_3ϕ_1) = 0 ∂w_d ∂ζ^0_2

= f_2(χ_1ϕ_3 + χ_2ϕ_1 + χ_3ϕ_2) = 0 ∂w_d ∂χ^0_1

= f_3(η_1ϕ_2 + ω^2η_2ϕ_3) + f_4(−2χ_1ξ_1 + χ_2ξ_3 + χ_3ξ_2) = 0 ∂w_d ∂χ^0_2

= f_3(η_1ϕ_3 + ω^2η_2ϕ_1) + f_4(χ_1ξ_3 − 2χ_2ξ_2 + χ_3ξ_1) = 0 ∂w_d ∂χ^0_3

= f_3(η_1ϕ_1 + ω^2η_2ϕ_2) + f_4(χ_1ξ_2 + χ_2ξ_1 − 2χ_3ξ_3) = 0 ∂w_d ∂ϕ^0_1

= f_5(χ^2_1 + 2χ_2χ_3) + f_6(ϕ^2 + 2ϕ_1ϕ_3) = 0 ∂w_d ∂ϕ^0_2

= f_5(χ^2 + 2χ_1χ_3) + f_6(ϕ^2_1 + 2ϕ_2ϕ_3) = 0 ∂w_d ∂ϕ^0_3

= f_5(χ^2_3 + 2χ_1χ_2) + f_6(ϕ^2_3 + 2ϕ_1ϕ_2) = 0 , (21)

where ω = e^{2πi/3} is the cube root of unit. This set of equations admit the solution ⟨χ⟩ = (0, 0, v_χ), ⟨ϕ⟩ = (0, 0, v_ϕ), ⟨η⟩ = (v_η, 0), ⟨ξ⟩ = (v_ξ, 0, 0) , (22) where the VEVs obey the relations

v^2_χ = − f_6 f_5 v^2_ϕ, v^2_ξ = − f^2_3 f_5 f^2_4 f_6 v^2_η , (23)

with v_ϕ and v_η undetermined. We note that the VEVs of χ and ϕ are invariant under the action of a^2cd, they break the Δ(96) flavor symmetry into Z_3, while the VEVs of η and ξ break Δ(96) completely. The vacuum configuration of ρ, φ and ψ, which gives rise to TFH1 mixing in the neutrino sector, is determined by the following minimization equations ∂w_d ∂ρ^0_1

= M_ρρ_2 + g_1ρ^2_1 + ωg_2(ψ^2_1 + 2ψ_2ψ_3) = 0 ∂w_d ∂ρ^0_2

= M_ρρ_1 + g_1ρ^2 + g_2(ψ^2 + 2ψ_1ψ_3) = 0 ∂w_d ∂φ^0_1

= g_3(ρ_1φ_2 − ω^2ρ_2φ_3) = 0 ∂w_d ∂φ^0_2

= g_3(ρ_1φ_3 − ω^2ρ_2φ_1) = 0 ∂w_d ∂φ^0_3

= g_3(ρ_1φ_1 − ω^2ρ_2φ_2) = 0 (24)

The non-trivial solution to the above equations is ⟨ρ⟩ = (1, ω)v_ρ, ⟨φ⟩ = (1, 1, 1)v_φ, ⟨ψ⟩ = (v_1, v_2, (v_1 + v_2)/2) (25) with the condition M_ρv_ρ + ω^2g_1v^2_ρ + g_2(v^2_1 + v^2 + v_1v_2) = 0 (26) The non-vanishing VEVs of ρ, φ and ψ in Eq.(25) is the most general vacuum configuration invariant under the K_4 subgroup comprised of a^2bd, d^2, a^2bd^3 and 1. Starting from the field configurations of Eq.(22) and Eq.(25) and acting on them with elements of the flavor symmetry group Δ(96), we can generate other minima of the scalar potential. However, these new minima are physically equivalent to the original one, they all lead to the same physics, i.e., lepton masses and flavor mixing. Without loss of generality, we can analyze the model by choosing the vacuum in Eq.(22) and Eq.(25) as the local minimum. It is important to check the stability of this LO vacuum configuration, if we introduce small perturbations to the VEVs of the flavon fields as follows, ⟨χ⟩ = (δχ_1, δχ_2, v_χ + δχ_3), ⟨ϕ⟩ = (δϕ_1, δϕ_2, v_ϕ), ⟨η⟩ = (v_η, δη_2), ⟨ξ⟩ = (v_ξ + δξ_1, δξ_2, δξ_3), ⟨ρ⟩ = (v_ρ + δρ_1, ωv_ρ + δρ_2), ⟨φ⟩ = (v_φ + δφ_1, v_φ + δφ_2, v_φ), ⟨ψ⟩ = (v_1, v_2, v_1/2 + v_2/2 + δψ_3) . (27)

After some straightforward algebra, we find that the only solution to the minimization equations is

δχ_1 = δχ_2 = δχ_3 = 0, δϕ_1 = δϕ_2 = 0, δη_2 = 0, δξ_1 = δξ_2 = δξ_3 = 0, δρ_1 = δρ_2 = 0, δφ_1 = δφ_2 = 0, δψ_3 = 0 (28)

Therefore the above LO vacuum alignment is stable. We turn now to the Yukawa superpotential for the charged leptons, which is given by

w_ℓ = y_τ Λ τ^c(ℓϕ)h_d + y_{μ1} Λ^2 μ^c(ℓ(χξ)_3′_1 )^′h_d + y_{μ2} Λ^2 μ^c(ℓ(ηϕ)_3′_1 )^′h_d + y_{e1} Λ^3 e^c(ℓϕ)(ηη)h_d + y_{e2} Λ^3 e^c(ℓ((ηη)_2ϕ)_{31} )h_d + y_{e3} Λ^3 e^c(ℓ(χ(ηξ)_{31} )_{31} )h_d + y_{e4} Λ^3 e^c(ℓ(χ(ηξ)_3′_1 )_{31} )h_d + y_{e5} Λ^3 e^c(ℓ(χ(ξξ)_3′_2 )_{31} )h_d + . . . , (29)

where dots stand for higher-dimensional operators which will be discussed later. It is remarkable that the electron, muon and tau mass terms are suppressed by 1/Λ, 1/Λ^2 and 1/Λ^3 respectively. At LO, only the tau mass is generated, the flavor symmetry Δ(96) is broken into Z_3 by the VEV of ϕ, the remaining terms further break this Z_3 symmetry completely. With the vacuum alignment in Eq.(22), w_ℓ leads to a diagonal charged lepton mass matrix:

m_ℓ = ω^2y_{e2}^{v2η vϕ}_{Λ3} + (y_{e4} − y_{e3} )^{vη vξ vχ}_{Λ3} + y_{e5}^{v2ξ vχ}_{Λ3} 0 0 0 y_{μ1}^{vξ vχ}_{Λ2} + y_{μ2}^{vη vϕ}_{Λ2} 0 0 0 y_τ^{vϕ}_Λ v_d , (30)

where v_d = ⟨h_d⟩. Clearly the mass hierarchies of the charged leptons are naturally recovered if the VEVs v_χ/Λ, v_ϕ/Λ, v_η/Λ and v_ξ/Λ are of order λ^2_c . We note that the mass hierarchies are determined by the flavor symmetry itself without invoking the Froggatt-Nielsen mechanism [24]. The superpotential for the neutrino sector can be written as

w_ν = y(ν^cℓ)h_u + x_{ν1} ((ν^cν^c)_3′_1 φ) + x_{ν2} ((ν^cν^c)_3′_2 ψ) + . . . (31)

The Dirac neutrino mass matrix as obtained from the first term of Eq. (31) is given by

m_D = yv_u1 , (32) with v_u = ⟨h_u⟩. Given the flavon VEVs of Eq.(25), the remaining two terms in Eq.(31) give rise to the Majorana neutrino mass matrix as follows

m_M =

−4x_{ν1} v_φ + 2x_{ν2} v_2 2x_{ν1} v_φ + x_{ν2} (v_1 + v_2) 2x_{ν1} v_φ + 2x_{ν2} v_1 2x_{ν1} v_φ + x_{ν2} (v_1 + v_2) −4x_{ν1} v_φ + 2x_{ν2} v_1 2x_{ν1} v_φ + 2x_{ν2} v_2 2x_{ν1} v_φ + 2x_{ν2} v_1 2x_{ν1} v_φ + 2x_{ν2} v_2 −4x_{ν1} v_φ + x_{ν2} (v_1 + v_2) . (33)

Integrating out the heavy degrees of freedom, we obtain the light neutrino mass matrix, which is given by the see-saw formula

m_ν = −m^T_Dm^{−1}_M m_D = U_{T F H1}diag(m_1, m_2, m_3)U^T_{T F H1} (34)

and the light neutrino masses are

m_1 = y^2v^2_u 6x_{ν1} v_φ + √ 3 x_{ν2} (v_1 − v_2)

, m_2 = − y^2v^2_u 3x_{ν2} (v_1 + v_2)

, m_3 = y^2v^2_u 6x_{ν1} v_φ − √ 3 x_{ν2} (v_1 − v_2)

(35)

There are no special relations among the above three light neutrino masses, thus we have no prediction for the neutrino mass spectrum, which can be both normal and inverted order hierarchy.

5.1 Beyond the leading order

In this section, we address the next-to-leading corrections to the LO results presented above. The NLO corrections are indicated by the subleading higher-dimensional operators in the 1/Λ expansion, which are compatible with the symmetries of the model. We start with the corrections to w_d which is modified into

w_d = w^0_d + δw_d , (36)

where w^0_d is the leading order contribution given in Eq.(20), and δw_d denotes the NLO terms, it is suppressed by one additional power of 1/Λ with respect to w^0_d. The correction terms included in δw_d consist of the most general quartic, Δ(96) × Z_3 × Z_3 invariant polynomial linear in the driving fields. Since the flavons ρ, φ and ψ are neutral under the auxiliary symmetry Z_3 × Z_3, we can insert one of them into the LO terms. Concretely, δw_d can be written as : δw_d = 1 Λ 3∑ i=1 s_iI^{σ0}_i + 1 Λ 6∑ i=1 z_iI^{ζ0}_i + 1 Λ 9∑ i=1 k_iI^{χ0}_i + 1 Λ 8∑ i=1 p_iI^{ϕ0}_i + 1 Λ 22∑ i=1 r_iI^{ρ0}_i + 1 Λ 19∑ i=1 w_iI^{φ0}_i (37)

where s_i, z_i, k_i, p_i, r_i and w_i are complex coefficients with absolute value of order 1, I^{σ0}_i , I^{ζ0}_i , I^{χ0}_i , I^{ϕ0}_i , I^{ρ0}_i and I^{φ0}_i denote a basis of independent quartic invariants:

I^{σ0}_1 = σ^0((ηη)_2ρ), I^{σ0}_2 = σ^0((ξξ)_3′_2 ψ), I^{σ0}_3 = σ^0((ηξ)_3′_1 φ) (38)

I^{ζ0}_1 = (ζ^0((ϕϕ)_{31} φ)_2), I^{ζ0}_2 = (ζ^0((ϕϕ)_3′_1 φ)_2), I^{ζ0}_3 = (ζ^0((ϕϕ)_3′_2 ψ)_2), I^{ζ0}_4 = (ζ^0((χχ)_3′_2 ψ)_2), I^{ζ0}_5 = (ζ^0ρ)(χϕ), I^{ζ0}_6 = (ζ^0((χϕ)_2ρ)_2)

(39)

I^{χ0}_1 = (χ^0((ηχ)_{31} ψ)_{31} ), I^{χ0}_2 = (χ^0(ρ(ηϕ)_{31} )_{31} ), I^{χ0}_3 = (χ^0(ρ(χξ)_{31} )_{31} ), I^{χ0}_4 = (χ^0(ρ(ηϕ)_3′_1 )_{31} ), I^{χ0}_5 = (χ^0(ρ(χξ)_3′_1 )_{31} ), I^{χ0}_6 = (χ^0φ)^′(ξϕ)^′, I^{χ0}_7 = (χ^0((ξϕ)_2φ)_{31} ), I^{χ0}_8 = (χ^0(φ(ξϕ)_6)_{31} ), I^{χ0}_9 = (χ^0(ψ(ξϕ)_6)_{31} )

(40)

I^{ϕ0}_1 = (ϕ^0ψ)(χϕ), I^{ϕ0}_2 = (ϕ^0((χϕ)_2ψ)_3′_2 ), I^{ϕ0}_3 = (ϕ^0((χχ)_3′_1 φ)_3′_2 ), I^{ϕ0}_4 = (ϕ^0(ρ(χχ)_3′_2 )_3′_2 ), I^{ϕ0}_5 = (ϕ^0(ρ(ϕϕ)_3′_2 )_3′_2 ), I^{ϕ0}_6 = (ϕ^0(ψ(χχ)_3′_2 )_3′_2 ), I^{ϕ0}_7 = (ϕ^0(ψ(ϕϕ)_3′_2 )_3′_2 ), I^{ϕ0}_8 = (ϕ^0(φ(χϕ)_6)_3′_2 )

(41)

I^{ρ0}_1 = (ρ^0ρ)(ρρ), I^{ρ0}_2 = (ρ^0ρ)(ψψ), I^{ρ0}_3 = (ρ^0ρ)^′(ρρ)^′, I^{ρ0}_4 = (ρ^0(ρ(ρρ)_2)_2), I^{ρ0}_5 = (ρ^0(ρ(ψψ)_2)_2), I^{ρ0}_6 = (ρ^0((φφ)_{31} φ)_2), I^{ρ0}_7 = (ρ^0((φφ)_3′_1 φ)_2), I^{ρ0}_8 = (ρ^0((φψ)_3′_1 φ)_2), I^{ρ0}_9 = (ρ^0((ψψ)_{32} ψ)_2), I^{ρ0}_{10} = (ρ^0((ρψ)_{32} ψ)_2), I^{ρ0}_{11} = (ρ^0((φφ)_3′_2 ψ)_2), I^{ρ0}_{12} = (ρ^0((ψψ)_3′_2 ψ)_2), I^{ρ0}_{13} = (ρ^0((ρψ)_3′_2 ψ)_2), I^{ρ0}_{14} = (ρ^0(χ(χχ)_{31} )_2), I^{ρ0}_{15} = (ρ^0(χ(χχ)_3′_1 )_2), I^{ρ0}_{16} = (ρ^0((ϕϕ)_{31} ϕ)_2), I^{ρ0}_{17} = (ρ^0((ϕϕ)_3′_1 ϕ)_2), I^{ρ0}_{18} = (ρ^0η)(ηη), I^{ρ0}_{19} = (ρ^0η)^′(ηη)^′, I^{ρ0}_{20} = (ρ^0(η(ηη)_2)_2), I^{ρ0}_{21} = (ρ^0(ξ(ξξ)_{31} )_2), I^{ρ0}_{22} = (ρ^0(ξ(ξξ)_3′_1 )_2)

(42)

I^{φ0}_1 = (φ^0(ρ(ρφ)_{31} )_{31} ), I^{φ0}_2 = (φ^0(ρ(ρφ)_3′_1 )_{31} ), I^{φ0}_3 = (φ^0φ)^′(ρρ)^′, I^{φ0}_4 = (φ^0((ρρ)_2φ)_{31} ), I^{φ0}_5 = (φ^0((ψψ)_2φ)_{31} ), I^{φ0}_6 = (φ^0(φ(φψ)_6)_{31} ), I^{φ0}_7 = (φ^0((φφ)_{31} ψ)_{31} ), I^{φ0}_8 = (φ^0(ψ(φψ)_6)_{31} ), I^{φ0}_9 = (φ^0(χ(ϕϕ)_{31} )_{31} ), I^{φ0}_{10} = (φ^0(χ(ϕϕ)_3′_1 )_{31} ), I^{φ0}_{11} = (φ^0(χ(χχ)_3′_2 )_{31} ), I^{φ0}_{12} = (φ^0(χ(ϕϕ)_3′_2 )_{31} ), I^{φ0}_{13} = (φ^0ϕ)(χϕ), I^{φ0}_{14} = (φ^0((χϕ)_2ϕ)_{31} ), I^{φ0}_{15} = (φ^0(ϕ(χϕ)_6)_{31} ), I^{φ0}_{16} = (φ^0(η(ξξ)_{31} )_{31} ), I^{φ0}_{17} = (φ^0(η(ξξ)_3′_1 )_{31} ), I^{φ0}_{18} = (φ^0((ηξ)_{31} ξ)_{31} ), I^{φ0}_{19} = (φ^0((ηξ)_3′_1 ξ)_{31} )

(43)

The new vacuum configuration is obtained by imposing the vanishing of the first derivative of w^0_d + δw_d with respect to the driving fields. We seek a solution that perturbs the LO minima in Eq.(22) and Eq.(25) to first order in 1/Λ. After lengthy and straightforward algebra, we find that the LO vacuum is modified into ⟨χ⟩ = (δv_{χ1} , δv_{χ2} , v_χ + δv_{χ3} ), ⟨ϕ⟩ = (δv_{ϕ1} , δv_{ϕ2} , v_ϕ), ⟨η⟩ = (v_η, δv_{η2} ), ⟨ξ⟩ = (v_ξ + δv_{ξ1} , δv_{ξ2} , δv_{ξ3} ), ⟨ρ⟩ = (v_ρ + δv_{ρ1} , ωv_ρ + δv_{ρ2} ), ⟨φ⟩ = (v_φ + δv_φ, v_φ − δv_φ, v_φ), ⟨ψ⟩ = (v_1, v_2, v_1/2 + v_2/2 + δv_{ψ3} ) . (44)

All the shifts can be expressed in terms of the coefficients s_i, z_i, k_i, p_i, r_i, w_i and VEVs of the flavon fields. We don’t present the exact form of these expressions which are overlong. Note that the shifts associated with the first and the second component of φ are equal except an overall sign. As is common in discrete flavor symmetry model building, we assume that all VEVs scaled by the cutoff Λ are approximately of the same order of magnitude about λ^2_c , we denote that ratio VEV/Λ by the small parameter ε. Then all the shifts are suppressed by the factor ε with respect to LO VEVs.

The LO predictions for the charged lepton and neutrino mass matrices are corrected by both the modified vacuum alignment and the subleading operators in the superpotentials w_ℓ and w_ν . The NLO operators contributing to charged lepton masses can be obtained by inserting ρ, φ or ψ in all possible ways into the LO operators. For convenience, we denote χ and ϕ with Φ_{ℓ1} , η and ξ with Φ_{ℓ2} , and ρ, φ and ψ with Φ_ν . The NLO operators take the form:

τ^c(ℓΦ_{ℓ1} Φ_ν )h_d/Λ^2, μ^c(ℓΦ_{ℓ1} Φ_{ℓ2} Φ_ν )^′h_d/Λ^3, e^c(ℓΦ_{ℓ1} Φ_{ℓ2} Φ_{ℓ2} Φ_ν )h_d/Λ^4 , (45)

where all possible contractions among fields are understood. With the LO vacuum in Eq.(22) and Eq.(25), we find that each element of charged lepton mass matrix gets a small correction.

Concretely the corrections to the e row, μ row and τ row are of order ε^4v_d, ε^3v_d and ε^2v_d respectively. As a result, the charged lepton mass matrix with subleading corrections can be parameterized as

m_ℓ = a^ℓ_{11}ε^2 a^ℓ_{12}ε^3 a^ℓ_{13}ε^3 a^ℓ_{21}ε^2 a^ℓ_{22}ε a^ℓ_{23}ε^2 a^ℓ_{31}ε a^ℓ_{32}ε a^ℓ_{33} εv_d , (46)

where the order one coefficients a^ℓ_{ij} (i, j = 1, 2, 3) are unconstrained by the family symmetry. Including the contributions originating from the LO superpotential w_ℓ evaluated with the NLO VEVs of Eq.(44), we see that this correction only amounts to a redefinition of the a_{ij} in Eq.(46). Therefore, the unitary matrix U_ℓ, which corresponds to the transformation of the charged leptons used to diagonalize the hermitian matrix m^†_ℓm_ℓ, is given by

U_ℓ ≈ 1 (^{aℓ21}_{aℓ22} ε)^∗ (^{aℓ31}_{aℓ33} ε)^∗

−^{aℓ21}_{aℓ22} ε 1 (^{aℓ32}_{aℓ33} ε)^∗

−^{aℓ31}_{aℓ33} ε −^{aℓ32}_{aℓ33} ε 1 . (47)

We note that the charged lepton masses are corrected by terms of relative order ε, thus the LO mass hierarchies are not spoiled. Then we move to consider the corrections to the neutrino masses. The NLO operators contributing to the neutrino masses are given by

δw_ν = x_{ν1} ((ν^cν^c)_3′_1 δφ) + x_{ν2} ((ν^cν^c)_3′_2 δψ) + ỹ_{ν1} Λ ((ν^cℓ)_2ρ)h_u + x̃_{ν3} Λ ((ν^cν^c)_3′_1 (ρφ)_3′_1 ) + x̃_{ν4} Λ ((ν^cν^c)_3′_2 (φφ)_3′_2 ) + x̃_{ν5} Λ ((ν^cν^c)_3′_2 (ρψ)_3′_2 ) + x̃_{ν6} Λ ((ν^cν^c)_3′_2 (ψψ)_3′_2 ) , (48)

where δφ and δψ denote the shifted vacuum of the flavons φ and ψ respectively. Taking into account the possibility of absorbing the corrections partly into the LO parameters, the corrections to the neutrino Dirac and Majorana mass matrices can be expressed as

δm_D = ỹ 0 1 1 1 0 1 1 1 0 εv_u, δm_M = −2x̃_1 x̃_2 −x̃_1 x̃_2 2x̃_1 x̃_1 −x̃_1 x̃_1 x̃_2 εv_φ , (49)

where ỹ = ωỹ_{ν1} v_ρ/(Λε), x̃_1 = 2x_{ν1} δv_φ/(εv_φ) and x̃_2 = 2x_{ν2} δv_{ψ3} /(εv_φ). The resulting light neutrino mass matrix m_ν is diagonalized by the unitary transformation

U_ν = U_{T F H1}U^′_ν , (50)

where U^′_ν is close to an identity matrix with small corrections on the off-diagonal elements, it of the form U^′_ν ≈ 1 (a^ν_1 ε)^∗ (a^ν_2 ε)^∗ −a^ν_1 ε 1 (a^ν_3 ε)^∗ −a^ν_2 ε −a^ν_3 ε 1 , (51) where the parameters a^ν_1 , a^ν_2 and a^ν_3 have order one magnitudes, and they can be reconstructed from the LO couplings in Eq.(31) and the NLO couplings in Eq.(48). The PMNS matrix is given by U_{P MNS} = U^†_ℓ U_ν , then the leptonic mixing angles are modified as

sin^2 θ_{13} = 2 − √ 3 6 + 1 6 [ (a^ℓ_1 − a^ν_2 )ε + (1 − √ 3)(a^ℓ_2 + a^ν_3 )ε + c.c. ]

sin^2 θ_{12} =

8 − 2 √ 3 13 + 1 169 [ (10 √ 3 − 66)a^ℓ_1ε − (18 + 28 √ 3)a^ℓ_2ε + 13(1 + 3 √ 3)a^ν_1 ε

+(16 √ 3 − 38)a^ν_2 ε + (11 √ 3 − 5)a^ν_3 ε + c.c. ]

sin^2 θ_{23} =

5 + 2 √ 3 13 + 1 169 [ (16 √ 3 − 38)a^ℓ_1ε + (5 − 11 √ 3)a^ℓ_2ε + 13(1 + 3 √ 3)a^ℓ_3ε

+(10 √ 3 − 66)a^ν_2 ε + (18 + 28 √ 3)a^ν_3 ε + c.c. ] , (52)

where we define a^ℓ_1 = a^ℓ_{21}/a^ℓ_{22}, a^ℓ_2 = a^ℓ_{31}/a^ℓ_{33} and a^ℓ_3 = a^ℓ_{32}/a^ℓ_{33}. Due to the presence of numerous unknown parameters of order one, we can not make quantitative predictions for the mixing angles. We perform a numerical analysis by treating all the LO and NLO coefficients as random complex numbers of absolute value between 1/3 and 3, the expansion parameter ε is fixed at the indicative value 0.04. The resulting scattering plots for sin^2 θ_{13} − sin^2 θ_{12} and sin^2 θ_{12} − sin^2 θ_{23} are shown in Fig. 1. We see that a considerable part of points fall into the region where the three mixing angles θ_{13}, θ_{12} and θ_{23} are in the 3σ interval, and a relatively large reactor angle can be accommodated.

Figure 1: The scatter plot of sin^2 θ_{12} against sin^2 θ_{13} and sin^2 θ_{23} against sin^2 θ_{12}. The horizontal and vertical lines correspond to the 3σ bounds on the mixing angles, which are taken from Ref. [3], the pentagram indicates the values predicted by the TFH1 mixing pattern.

6 Model for TFH2 mixing

In this section, we present another flavor model based on Δ(96), which naturally leads to the TFH2 mixing at LO. Both the left-handed lepton doublets and right-handed neutrinos are assigned to triplet 3_1 in this model, note that ℓ_2 and ℓ_3 are the third and second component of the triplet respectively. The full family symmetry is Δ(96) × Z_5 × Z_2, and the associated field content is given in Table 4. The LO driving superpotential takes the form

w_d = h_1σ^0(φφ) + h_2ξ^0(ξϕ)^′ + M_φ(φ^0φ) + h_3(φ^0(ξϕ)_2) + h_4(ϕ^0(ξξ)_3′_2 ) + h_5(ϕ^0(ϕϕ)_3′_2 ) +g_1(ζ^0(ζζ)_2) + g_2(ζ^0(ΔΔ)_2) + g_3(χ^0(ζχ)_{31} ) (53)

Fields ℓ e^c μ^c τ^c ν^c h_{u,d} φ ξ ϕ ζ χ Δ σ^0 ξ^0 φ^0 ϕ^0 ζ^0 χ^0 Δ(96) 3_1 1^′ 1^′ 1 3_1 1 2 3^′_1 3_1 2 3^′_1 3^′_2 1 1^′ 2 3^′_2 2 3_1 Z_5 1 4 1 3 1 0 2 1 1 3 3 3 1 3 3 3 4 4 Z_2 0 1 1 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0

Table 4: Fields and their transformation properties under the flavor symmetry Δ(96) × Z_5 × Z_2, where ℓ = (ℓ_1, ℓ_3, ℓ_2) is the left-handed lepton doublet field.

where the flavon fields φ and ϕ break the flavor symmetry in the charged lepton sector at LO, χ and Δ couple to the neutrino sector, their vacuum configurations are determined by the terms in the first line and the second line of Eq.(53) respectively, while the flavons ξ and ζ are present for consistent vacuum alignment and higher order corrections. The equations for the minimum of the scalar potential are given by ∂w_d ∂σ^0 = 2h_1φ_1φ_2 = 0 ∂w_d ∂ξ^0 = h_2(ξ_1ϕ_1 + ξ_2ϕ_2 + ξ_3ϕ_3) = 0 ∂w_d ∂φ^0_1

= M_φφ_2 − ωh_3(ξ_1ϕ_2 + ξ_2ϕ_3 + ξ_3ϕ_1) = 0 ∂w_d ∂φ^0_2

= M_φφ_1 + h_3(ξ_1ϕ_3 + ξ_2ϕ_1 + ξ_3ϕ_2) = 0 ∂w_d ∂ϕ^0_1

= h_4(ξ^2_1 + 2ξ_2ξ_3) + h_5(ϕ^2 + 2ϕ_1ϕ_3) = 0 ∂w_d ∂ϕ^0_2

= h_4(ξ^2 + 2ξ_1ξ_3) + h_5(ϕ^2_1 + 2ϕ_2ϕ_3) = 0 ∂w_d ∂ϕ^0_3

= h_4(ξ^2_3 + 2ξ_1ξ_2) + h_5(ϕ^2_3 + 2ϕ_1ϕ_2) = 0 . (54)

These equations are satisfied by the alignment ⟨φ⟩ = (0, v_φ), ⟨ξ⟩ = (v_ξ, 0, 0), ⟨ϕ⟩ = (0, v_ϕ, 0) , (55) with the relations v^2_ϕ = −h_4v^2_ξ /h_5, v_φ = ωh_3v_ξv_ϕ/M_φ, v_ξ undetermined . (56) Under the action of the element a^2cd, we have a^2cd⟨φ⟩ = ω⟨φ⟩, a^2cd⟨ξ⟩ = ω^2⟨ξ⟩ and a^2cd⟨ϕ⟩ = ω^2⟨ϕ⟩. The flavor symmetry Δ(96) is broken completely by the non-vanishing VEVs of φ, ξ and ϕ. For the neutrino sector, the vacuum of the flavons ζ, χ and Δ is determined by the following minimization equations ∂w_d ∂ζ^0_1

= g_1ζ^2_1 + ωg_2(Δ^2_1 + 2Δ_2Δ_3) = 0 ∂w_d ∂ζ^0_2

= g_1ζ^2_2 + g_2(Δ^2 + 2Δ_1Δ_3) = 0 ∂w_d ∂χ^0_1

= g_3(ζ_1χ_3 − ω^2ζ_2χ_2) = 0 ∂w_d ∂χ^0_2

= g_3(ζ_1χ_1 − ω^2ζ_2χ_3) = 0 ∂w_d ∂χ^0_3

= g_3(ζ_1χ_2 − ω^2ζ_2χ_1) = 0 , (57) which leads to the vacuum configuration

⟨χ⟩ = (1, 1, 1)v_χ, ⟨ζ⟩ = (1, ω)v_ζ, ⟨Δ⟩ = (v_1, v_2, (v_1 + v_2)/2) , (58)

where the various VEVs are related by

g_1v^2_ζ + ωg_2(v^2_1 + v^2 + v_1v_2) = 0 . (59)

The superpotential w_ℓ, which is responsible for the charged lepton masses, takes the form

w_ℓ = y_τ Λ τ^c(ℓϕ)h_d + y_μ Λ^2 μ^c(ℓ(φϕ)_3′_1 )^′h_d + y_e Λ^3 e^c(ℓ((φφ)_2ϕ)_3′_1 )^′h_d + . . . , (60)

where we omit the term e^c(φφ)^′(ℓϕ)h_d, which vanishes due to the antisymmetric property of the contraction (φφ)^′. After flavor and electroweak symmetry breaking, w_ℓ results in the following diagonal charged lepton mass matrix:

m_ℓ = y_ev_ϕv^2_φ/Λ^3 0 0

0 −ω^2y_μv_ϕv_φ/Λ^2 0 0 0 y_τ v_ϕ/Λ v_d . (61)

It is obvious that the electron, muon and tau masses are controlled by the first, second and third power of v_ϕ/Λ and v_φ/Λ respectively. Therefore the observed mass hierarchies among the charged leptons are naturally produced if v_ϕ/Λ and v_φ/Λ are of order λ^2_c . The neutrino masses are described by the superpotential w_ν as follows

w_ν = y_1 Λ ((ν^cℓ)_3′_1 χ)h_u + y_2 Λ ((ν^cℓ)_3′_2 Δ)h_u + x_1((ν^cν^c)_3′_1 χ) + x_2((ν^cν^c)_3′_2 Δ) + . . . (62)

As a consequence, the neutrino Dirac and Majorana mass matrices read as

m_D =

−2A + 2B A + 2C A + B + C A + B + C A + 2B −2A + 2C A + 2C −2A + B + C A + 2B v_u

m_M =

−2M_1 + 2M_2 M_1 + M_2 + M_3 M_1 + 2M_3 M_1 + M_2 + M_3 −2M_1 + 2M_3 M_1 + 2M_2 M_1 + 2M_3 M_1 + 2M_2 −2M_1 + M_2 + M_3 , (63)

where

A = y_1 v_χ Λ , B = y_2 v_1 2Λ , C = y_2 v_2 2Λ M_1 = 2x_1v_χ, M_2 = x_2v_1, M_3 = x_2v_2 . (64)

The light neutrino mass matrix is given by the see-saw relation m_ν = −m^T_Dm^{−1}_M m_D, which has the same structure as m^{T F H2}_ν in Eq.(8). Consequently it is diagonalized by the TFH2 mixing matrix and the eigenvalues are

m_1 = √ 3( √ 3A − B + C)^2v^2_u √ 3M_1 − M_2 + M_3

, m_2 = −

3(B + C)^2v^2_u M_2 + M_3

, m_3 = √ 3( √ 3A + B − C)^2v^2_u √ 3M_1 + M_2 − M_3

. (65)

We see that the light neutrino masses depend on six unrelated parameters, which offer more freedom to tune mass differences and then recover the phenomenology associated to neutrino oscillation. Note that no sum rule among light neutrino masses can be found in this case.

6.1 Next to leading order corrections

The vacuum alignment discussed in the previous section is modified by the higherdimensional operators allowed by the symmetry of the model. We denote the NLO corrections to the driving superpotential by δw_d, which is suppressed by one power of 1/Λ with respect to the leading order terms presented in Eq.(53). The full expression of δw_d is the following form: δw_d = 1 Λ (^6∑ i=1 s_iI^{σ0}_i + k_1ξ^0((φφ)_2ζ)^′ + 3∑ i=1 w_iI^{φ0}_i + 3∑ i=1 p_iI^{ϕ0}_i + 3∑ i=1 z_iI^{ζ0}_i ) , (66)

where s_i, k_1, w_i, p_i and z_i are order one coefficients, {I^{σ0}_i , I^{φ0}_i , I^{ϕ0}_i , I^{ζ0}_i } denote the complete set of subleading contractions invariant under Δ(96) × Z_5 × Z_2.

I^{σ0}_1 = σ^0(φ(ξϕ)_2), I^{σ0}_2 = σ^0(ζ(ζζ)_2), I^{σ0}_3 = σ^0(ζ(ΔΔ)_2), I^{σ0}_4 = σ^0(χ(χχ)_3′_1 ), I^{σ0}_5 = σ^0((χχ)_3′_2 Δ), I^{σ0}_6 = σ^0(Δ(ΔΔ)_3′_2 )

(67)

I^{φ0}_1 = (φ^0ζ)(φφ), I^{φ0}_2 = (φ^0ζ)^′(φφ)^′, I^{φ0}_3 = (φ^0(ζ(φφ)_2)_2) (68)

I^{ϕ0}_1 = (ϕ^0Δ)(φφ), I^{ϕ0}_2 = (ϕ^0Δ)^′(φφ)^′, I^{ϕ0}_3 = (ϕ^0((φφ)_2Δ)_3′_2 ) (69)

I^{ζ0}_1 = (ζ^0φ)(φφ), I^{ζ0}_2 = (ζ^0φ)^′(φφ)^′, I^{ζ0}_3 = (ζ^0(φ(φφ)_2)_2) . (70) Note that the corrections to the χ^0 relevant superpotential appear at the next to next to leading order (NNLO) due to the strong constraints of the flavor symmetry. The new vacuum is obtained as usual by solving the vanishing F −term constraints. After lengthy calculation, we find that the alignment of ζ, χ and Δ given in Eq.(58) is unchanged at this order. In the charged lepton sector, the vacuum configuration of the flavons φ, ξ and ϕ is given by ⟨φ⟩ = (δv_{φ1} , v_φ + δv_{φ2} ), ⟨ξ⟩ = (v_ξ, δv_{ξ2} , δv_{ξ3} ), ⟨ϕ⟩ = (δv_{ϕ1} , v_ϕ + δv_{ϕ2} , δv_{ϕ3} ) . (71) Concretely the shifts are as follows

δv_{φ1} = d_1v^3_ζ 2h_1Λv_φ , δv_{φ2} = ω^2w_3v_ζ v^3_φ h_3Λv_ξv_ϕ + p_3v_1v^3_φ 2h_5Λv^2_ϕ , δv_{ξ2} = ωk_1v_ζ v^2_φ 2h_2Λv_ϕ + p_3v_2v^2_φ 4h_4Λv_ξ , δv_{ξ3} = − ωd_1v_ξv^3_ζ 4h_1Λv^2_φ + p_3(v_1 + v_2)v^2_φ 8h_4Λv_ξ , δv_{ϕ2} = p_3v_1v^2_φ 2h_5Λv_ϕ , δv_{ϕ3} = − ωd_1v_ϕv^3_ζ 4h_1Λv^2_φ + p_3(v_1 + v_2)v^2_φ 8h_5Λv_ϕ

where the parameter d_1 is

d_1 = 2s_2 +2ωs_3(v^2_1 +v_1v_2 +v^2)/v^2_ζ +9s_5(v_1 +v_2)v^2_χ/(2v^3_ζ )−9s_6(v_1 +v_2)(v_1 −v_2)^2/(4v^3_ζ ) . (72)

Parametrizing the ratio of a generic flavon VEV to the cutoff scale Λ by the small quantity ϵ, we see that all the shifts are of order ϵ with respect to LO VEVs.

We move now to discuss the NLO corrections to the lepton masses and flavor mixing, we denote ξ and ϕ with Ψ_ℓ, and the flavons ζ, χ and Δ with Ψ_ν . In the neutrino sector, imposing the invariance under the flavor symmetry, the neutrino masses are corrected by the subleading operators of the structures (ν^cℓφΨ_ν Ψ_ν )h_u/Λ^3 and (ν^cν^cφΨ_ν Ψ_ν )/Λ^2, they are suppressed by 1/Λ^2 compared to the LO results, thus the corrections to the neutrino Dirac and Majorana mass matrices from the higher-dimensional operators in w_ν arise at NNLO.

As we have already observed above, the LO vacuum structure of the neutrino flavons ζ, χ and Δ are unchanged at NLO, the corrections to the neutrino mass from the shifted vacuum appear at NNLO as well. Therefore we conclude that the light neutrino mass matrix is still diagonalized by the TFH2 mixing matrix at NLO. In the charged lepton sector, inserting the NLO VEVs of Eq(71) into the LO superpotential w_ℓ of Eq.(60), we find that each entry of the charged lepton mass matrix is corrected, and all off-diagonal elements become nonvanishing and of the order of the diagonal term in each row multiplied by ϵ. In addition, the charged lepton masses are corrected by the following higher-dimensional operators

τ^c(ℓφΨ_ℓΨ_ν )h_d/Λ^3, μ^c(ℓΨ_ℓΨ_ℓΨ_ℓ)^′h_d/Λ^3, e^c(ℓφΨ_ℓΨ_ℓΨ_ℓ)^′h_d/Λ^4, e^c(ℓΨ_ℓΨ_ν Ψ_ν Ψ_ν )^′h_d/Λ^4 , (73)

where all possible contractions among fields should be considered. Note that the corrections to the τ^c row arise at NNLO. Given the LO vacuum alignment in Eq.(55) and Eq.(58), we find that the operators of types μ^c(ℓΨ_ℓΨ_ℓΨ_ℓ)^′h_d/Λ^3 and e^c(ℓφΨ_ℓΨ_ℓΨ_ℓ)^′h_d/Λ^4 only lead to corrections to the (22) and (11) entries of the charged lepton mass matrix respectively, while all the three entries of the e^c row are corrected by the operators of the structure e^c(ℓΨ_ℓΨ_ν Ψ_ν Ψ_ν )^′h_d/Λ^4. Combining the above two contributions from both the modified vacuum and the higher-dimensional Yukawa couplings, the corrected charged lepton mass matrix has the following structure

m_ℓ =

O(ϵ^2) O(ϵ^3) O(ϵ^3) O(ϵ^2) O(ϵ) O(ϵ^2) O(ϵ) O(ϵ) O(1) ϵv_d , (74)

where only the order of magnitude of each entry is reported. As a result, the unitary matrix U_ℓ diagonalizing m^†_ℓm_ℓ can be written as

U_ℓ ≃ 1 (b^ℓ_1ϵ)^∗ (b^ℓ_2ϵ)^∗ −b^ℓ_1ϵ 1 (b^ℓ_3ϵ)^∗ −b^ℓ_2ϵ −b^ℓ_3ϵ 1 , (75)

where the coefficients b^ℓ_{1,2,3} are of order one. Therefore the TFH2 mixing is violated by the corrections from U_ℓ at NLO, the lepton mixing angles are given by

sin^2 θ_{13} = 2 − √ 3 6 + 1 6 [ (1 − √ 3)b^ℓ_1ϵ + b^ℓ_2ϵ + c.c. ]

sin^2 θ_{12} =

8 − 2 √ 3 13 − 1 169 [ (18 + 28 √ 3)b^ℓ_1ϵ + (66 − 10 √ 3)b^ℓ_2ϵ + c.c. ]

sin^2 θ_{23} =

8 − 2 √ 3 13 + 1 169 [ (−5 + 11 √ 3)b^ℓ_1ϵ + (38 − 16 √ 3)b^ℓ_2ϵ + 13(1 + 3 √ 3)b^ℓ_3ϵ + c.c. ] .(76)

We see that all the three mixing angles receive corrections of order ϵ, which can pull the LO TFH2 mixing pattern into the experimentally allowed range. In order to not spoil the successful predictions for θ_{13} and θ_{12}, the parameter ϵ should not exceed a few percent. As in section 5, we perform a numerical simulation, the correlations between sin^2 θ_{12} and sin^2 θ_{13}, sin^2 θ_{23} and sin^2 θ_{12} are shown in Fig. 2.

As has been pointed out at the end of section 4 in effective theory, by exchanging the position of μ^c and τ^c and that of the second and third generation lepton doublets simultaneously, a model where the mixing TFH1(or TFH2) is derived, can be made into a model in which the other mixing TFH2(or TFH1) is present. When we apply this procedure to the model of section 5 which gives rise to TFH1 mixing, the TFH2 mixing can be reproduced,

Figure 2: The scatter plot of sin^2 θ_{12} against sin^2 θ_{13} and sin^2 θ_{23} against sin^2 θ_{12}. The horizontal and vertical lines correspond to the 3σ bounds on the mixing angles, which are taken from Ref. [3], the pentagram indicates the values predicted by the TFH2 mixing pattern.

and vice versa for the model of section 6. However, the predictions for the masses of muon and tau leptons are exchanged at the same time. As a result, the successful mass hierarchies between the charged leptons in both models would be spoiled. It is remarkable that we could keep the assignment of leptonic fields under Δ(96) and appropriately modify both the auxiliary symmetry and the flavon fields associated with charged leptons in section 5 so that the TFH2 mixing could be derived naturally, the same is true for the model of section 6. The construction of these scenarios will be reported elsewhere [28].

7 Possible mixing textures within Δ(96)

The basic idea of discrete flavor symmetry model building is that the matter fields transform non-trivially under the flavor symmetry at the high energy scale, then it is spontaneously broken by the flavon into G_ℓ and G_ν subgroups in the charged lepton and neutrino sectors. Generally the residual symmetry G_ℓ should be different from the G_ν group, this kind of mismatch between G_ℓ and G_ν , which results in the mismatch between the neutrino and charged lepton mass matrices, could leads to some interesting mass-independent textures. There is a direct group-theoretical connection between lepton mixing and the horizontal symmetry [25]. Given the whole flavor symmetry and the surviving subgroups G_ℓ and G_ν , one can carry out a purely group-theoretical analysis to obtain all the possible mixings, without the presence of flavon fields nor the help of the Lagrangian. As bas been demonstrated in section 2, the remnant symmetry of the left-handed neutrinos forms a K_4 group for the TFH mixing, if the neutrinos are Majorana particles. Consequently we choose G_ν to be the K_4 subgroups of Δ(96). G_ℓ is taken to be the cyclic Z_N subgroups of Δ(96) with N ≥ 3 in this work, since the resulting three charged lepton masses would be completely or partially degenerate if G_ℓ is some non-abelian subgroups. Moreover, G_ℓ can not be Z_2, otherwise at least two eigenvalues of G_ℓ are degenerate, then we can not distinguish among the three generations of charged leptons with the residual symmetry G_ℓ, therefore the lepton mixing matrix can not be predicted uniquely in this case. Δ(96) has seven K_4 subgroups, sixteen Z_3 subgroups, twelve Z_4 subgroups and six Z_8 subgroups. In terms of the generators a, b, c and d, they can be expressed as follows:

• K_4 subgroups

K^{(1)}_4 = {1, c^2, d^2, c^2d^2}, K^{(2)}_4 = {1, ab, c^2, abc^2}, K^{(3)}_4 = {1, abc, c^2, abc^3}, K^{(4)}_4 = {1, a^2b, d^2, a^2bd^2}, K^{(5)}_4 = {1, a^2bd, d^2, a^2bd^3}, K^{(6)}_4 = {1, b, c^2d^2, bc^2d^2}, K^{(7)}_4 = {1, bcd, c^2d^2, bc^3d^3}

• Z_3 subgroups

Z^{(1)}_3 = {1, a, a^2}, Z^{(2)}_3 = {1, ac, a^2cd}, Z^{(3)}_3 = {1, ac^2, a^2c^2d^2}, Z^{(4)}_3 = {1, ac^3, a^2c^3d^3}, Z^{(5)}_3 = {1, ad, a^2c^3}, Z^{(6)}_3 = {1, ad^2, a^2c^2}, Z^{(7)}_3 = {1, ad^3, a^2c}, Z^{(8)}_3 = {1, acd, a^2d}, Z^{(9)}_3 = {1, acd^2, a^2c^3d}, Z^{(10)}_3 = {1, acd^3, a^2c^2d}, Z^{(11)}_3 = {1, ac^2d, a^2cd^2}, Z^{(12)}_3 = {1, ac^2d^2, a^2d^2}, Z^{(13)}_3 = {1, ac^2d^3, a^2c^3d^2}, Z^{(14)}_3 = {1, ac^3d, a^2c^2d^3}, Z^{(15)}_3 = {1, ac^3d^2, a^2cd^3}, Z^{(16)}_3 = {1, ac^3d^3, a^2d^3}

• Z_4 subgroups

Z^{(1)}_4 = {1, cd^2, c^2, c^3d^2}, Z^{(2)}_4 = {1, cd^3, c^2d^2, c^3d}, Z^{(3)}_4 = {1, c^2d^3, d^2, c^2d}, Z^{(4)}_4 = {1, c, c^2, c^3}, Z^{(5)}_4 = {1, d, d^2, d^3}, Z^{(6)}_4 = {1, cd, c^2d^2, c^3d^3}, Z^{(7)}_4 = {1, abd^2, c^2, abc^2d^2}, Z^{(8)}_4 = {1, abcd^2, c^2, abc^3d^2}, Z^{(9)}_4 = {1, a^2bc^2, d^2, a^2bc^2d^2}, Z^{(10)}_4 = {1, a^2bc^2d, d^2, a^2bc^2d^3}, Z^{(11)}_4 = {1, bc^2, c^2d^2, bd^2}, Z^{(12)}_4 = {1, bc^3d, c^2d^2, bcd^3}

• Z_8 subgroups Z^{(1)}_8 = {1, abd, cd^2, abcd^3, c^2, abc^2d, c^3d^2, abc^3d^3}, Z^{(2)}_8 = {1, abcd, cd^2, abc^2d^3, c^2, abc^3d, c^3d^2, abd^3}, Z^{(3)}_8 = {1, a^2bc^3, c^2d^3, a^2bcd^3, d^2, a^2bc^3d^2, c^2d, a^2bcd}, Z^{(4)}_8 = {1, a^2bc^3d, c^2d^3, a^2bc, d^2, a^2bc^3d^3, c^2d, a^2bcd^2}, Z^{(5)}_8 = {1, bc, cd^3, bc^2d^3, c^2d^2, bc^3d^2, c^3d, bd}, Z^{(6)}_8 = {1, bc^2d, cd^3, bc^3, c^2d^2, bd^3, c^3d, bcd^2}

We embed the left-handed lepton doublets in the faithful three-dimensional irreducible representations of Δ(96), by considering the large number of combinatorial choices of G_ν and G_ℓ, all the possible lepton mixing matrices and the group structures generated by G_ν and G_ℓ are listed in Table 5 and Table 6, where the absolute values ||U_{P MNS}|| of the mixing matrix are shown since we are interested in the mixing angles. We note that the mixing matrix is determined only up to permutation of rows and columns, because we don’t predict the lepton masses in this approach. The generating elements of the Z_4 subgroups Z^{(1)}_4 , Z^{(2)}_4 and Z^{(3)}_4 have two degenerate eigenvalues, the lepton mixing matrix can not be determined exactly if the flavor symmetry Δ(96) in broken to Z^{(1)}_4 , Z^{(2)}_4 or Z^{(3)}_4 in the charged lepton sector. As a result, we don’t consider these cases in the work. This issue is overcame by extending the above mentioned Z_4 to the product of cyclic groups Z_2 × Z_4 or Z_4 × Z_4 in Ref. [12]. From Table 5 and Table 6, it is clear that seven mixing patterns including the tri-bimaximal, bimaximal and TFH mixings can be produced within Δ(96), where the ambiguity of the order of rows and columns certainly exists. If we require that the elements of G_ℓ and G_ν generate the full group Δ(96), only the TFH mixing patterns and the bimaximal mixing are admissible. For the former, G_ℓ belongs to the Z_3 subgroups, and G_ℓ is one of the Z_8 subgroups in the latter case. These results are consistent with those obtained in Ref. [12].

It is remarkable that the generating elements of all the Z_8 subgroups and the Z_4 subgroups Z^{(7)}_4 , . . . , Z^{(12)}_4 for the faithful irreducible triplets don’t have +1 eigenvalue, therefore there don’t exist exist some vacuum alignment which breaks Δ(96) into these subgroups. However, the flavor mixing is associated with the hermitian combination ~m_ℓ ≡ m^†_ℓm_ℓ, where m_ℓ is the charged lepton mass matrix. The VEV of the flavon field and its complex conjugate enter into ~m_ℓ simultaneously. The flavon’s VEV multiplying the complex conjugate could be invariant under the action of the Z_8 and Z_4 subgroups although the VEV is not, if we properly choose the flavon fields and their vacuum. Consequently the remnant Z_4 or Z_8 symmetries can be preserved indirectly, if we concentrate on the flavor mixing. A explicit realization of this scenario in A_4 is presented in Ref. [26].

It is worth noting that we are able to derive the tri-bimaximal mixing matrix, if the neutrino sector in invariant under the K_4 subgroup K^{(2)}_4 and the charged lepton sector invariant under Z^{(1)}_3 , one can refer to Table 5 for other possible choices of G_ℓ and G_ν . However, the group generated through the elements of Z^{(1)}_3 and K^{(2)}_4 are S_4 instead of Δ(96). This result is consistent with the claim that the minimal flavor symmetry capable of yielding the tri-bimaximal mixing without fine tuning is S_4 from group theory point of view [27].

By exchanging the rows and columns of the tri-bimaximal mixing matrix, we find another interesting mixing pattern,

||U_{P MNS}|| = 1√ 2 1√ 3 1√ 6 0^{1√}_3

√_2 3 1√ 2 1√ 3 1√ 6 . (77)

This texture will be called deformed tri-bimaximal (DTB) mixing, and the resulting mixing angles are sin^2 θ_{13} = 1 6 , sin^2 θ_{12} = 2 5 , sin^2 θ_{23} = 4 5 . (78)

In order to be compatible with experimental data, all the three mixing angles should undergo large corrections of order 0.1 ∼ 0.2, which is roughly the size of the Cabibbo angle. This mixing pattern is an interesting alternative for explaining largish θ_{13} besides the bimaximal mixing [16]. In the case of bimaximal mixing as the LO mixing pattern, we have to tactfully construct the model so that the solar and reactor mixing angles get sizable corrections while the atmospheric mixing angle is protected from too large corrections. In contrast, the three mixing angles require corrections of the same order of magnitude for the DTB mixing. As a result, the corresponding models should be more easily to be constructed. Obviously the appropriate framework to derive DTB mixing is the S_4 horizontal symmetry [28].

8 Summary and conclusions

The TFH mixing patterns, which are called M1 and M2 in Refs. [11, 12], are favored by the latest experimental results [1, 2, 5] and the global data fittings [3, 4]. In this work, we perform a comprehensive study of the lepton flavor model within the flavor symmetry Δ(96), where the TFH textures are naturally derived at leading order. The neutrino mass matrix diagonalized by the TFH mixing and its symmetry properties are examined in the charged lepton diagonal basis. Within the so-called minimalist framework, we study the possible ways to produce TFH mixing within Δ(96), the assignments of the matter fields under Δ(96) and the associated flavons are presented. In these realizations, the left-handed lepton

||U_{PMNS}|| Symmetry breaking Generated

group

I^{1√}_3

1 1 1

1 1 1

1 1 1

( Z^{(1)}_3 , K^{(1)}_4 ) , ( Z^{(2)}_3 , K^{(1)}_4 ) , ( Z^{(3)}_3 , K^{(1)}_4 ) , A_4 ( Z^{(4)}_3 , K^{(1)}_4 ) , ( Z^{(5)}_3 , K^{(1)}_4 ) , ( Z^{(6)}_3 , K^{(1)}_4 ) , ( Z^{(7)}_3 , K^{(1)}_4 ) , ( Z^{(8)}_3 , K^{(1)}_4 ) , ( Z^{(9)}_3 , K^{(1)}_4 ) , ( Z^{(10)}_3 , K^{(1)}_4 ) , ( Z^{(11)}_3 , K^{(1)}_4 ) , ( Z^{(12)}_3 , K^{(1)}_4 ) , ( Z^{(13)}_3 , K^{(1)}_4 ) , ( Z^{(14)}_3 , K^{(1)}_4 ) , ( Z^{(15)}_3 , K^{(1)}_4 ) , ( Z^{(16)}_3 , K^{(1)}_4 )

II √_2 3 1√ 3 0 1√ 6 1√ 3 1√ 2 1√ 6 1√ 3 1√ 2

( Z^{(1)}_3 , K^{(2)}_4 ) , ( Z^{(1)}_3 , K^{(4)}_4 ) , ( Z^{(1)}_3 , K^{(6)}_4 ) ,

S_4

( Z^{(2)}_3 , K^{(3)}_4 ) , ( Z^{(2)}_3 , K^{(4)}_4 ) , ( Z^{(2)}_3 , K^{(7)}_4 ) , ( Z^{(3)}_3 , K^{(2)}_4 ) , ( Z^{(3)}_3 , K^{(4)}_4 ) , ( Z^{(3)}_3 , K^{(6)}_4 ) , ( Z^{(4)}_3 , K^{(3)}_4 ) , ( Z^{(4)}_3 , K^{(4)}_4 ) , ( Z^{(4)}_3 , K^{(7)}_4 ) , ( Z^{(5)}_3 , K^{(3)}_4 ) , ( Z^{(5)}_3 , K^{(5)}_4 ) , ( Z^{(5)}_3 , K^{(6)}_4 ) , ( Z^{(6)}_3 , K^{(2)}_4 ) , ( Z^{(6)}_3 , K^{(4)}_4 ) , ( Z^{(6)}_3 , K^{(6)}_4 ) , ( Z^{(7)}_3 , K^{(3)}_4 ) , ( Z^{(7)}_3 , K^{(5)}_4 ) , ( Z^{(7)}_3 , K^{(6)}_4 ) , ( Z^{(8)}_3 , K^{(2)}_4 ) , ( Z^{(8)}_3 , K^{(5)}_4 ) , ( Z^{(8)}_3 , K^{(7)}_4 ) , ( Z^{(9)}_3 , K^{(3)}_4 ) , ( Z^{(9)}_3 , K^{(4)}_4 ) , ( Z^{(9)}_3 , K^{(7)}_4 ) , ( Z^{(10)}_3 , K^{(2)}_4 ) , ( Z^{(10)}_3 , K^{(5)}_4 ) , ( Z^{(10)}_3 , K^{(7)}_4 ) , ( Z^{(11)}_3 , K^{(3)}_4 ) , ( Z^{(11)}_3 , K^{(5)}_4 ) , ( Z^{(11)}_3 , K^{(6)}_4 ) , ( Z^{(12)}_3 , K^{(2)}_4 ) , ( Z^{(12)}_3 , K^{(4)}_4 ) , ( Z^{(12)}_3 , K^{(6)}_4 ) , ( Z^{(13)}_3 , K^{(3)}_4 ) , ( Z^{(13)}_3 , K^{(5)}_4 ) , ( Z^{(13)}_3 , K^{(6)}_4 ) , ( Z^{(14)}_3 , K^{(2)}_4 ) , ( Z^{(14)}_3 , K^{(5)}_4 ) , ( Z^{(14)}_3 , K^{(7)}_4 ) , ( Z^{(15)}_3 , K^{(3)}_4 ) , ( Z^{(15)}_3 , K^{(4)}_4 ) , ( Z^{(15)}_3 , K^{(7)}_4 ) , ( Z^{(16)}_3 , K^{(2)}_4 ) , ( Z^{(16)}_3 , K^{(5)}_4 ) , ( Z^{(16)}_3 , K^{(7)}_4 )

III 1 6 (3 + √ 3)^{1√}_3^1_6 (3 − √ 3) 1 6 (3 − √ 3)^{1√}_3^1_6 (3 + √ 3) 1√ 3 1√ 3 1√ 3

( Z^{(1)}_3 , K^{(3)}_4 ) , ( Z^{(1)}_3 , K^{(5)}_4 ) , ( Z^{(1)}_3 , K^{(7)}_4 ) ,

Δ(96)

( Z^{(2)}_3 , K^{(2)}_4 ) , ( Z^{(2)}_3 , K^{(5)}_4 ) , ( Z^{(2)}_3 , K^{(6)}_4 ) , ( Z^{(3)}_3 , K^{(3)}_4 ) , ( Z^{(3)}_3 , K^{(5)}_4 ) , ( Z^{(3)}_3 , K^{(7)}_4 ) , ( Z^{(4)}_3 , K^{(2)}_4 ) , ( Z^{(4)}_3 , K^{(5)}_4 ) , ( Z^{(4)}_3 , K^{(6)}_4 ) , ( Z^{(5)}_3 , K^{(2)}_4 ) , ( Z^{(5)}_3 , K^{(4)}_4 ) , ( Z^{(5)}_3 , K^{(7)}_4 ) , ( Z^{(6)}_3 , K^{(3)}_4 ) , ( Z^{(6)}_3 , K^{(5)}_4 ) , ( Z^{(6)}_3 , K^{(7)}_4 ) , ( Z^{(7)}_3 , K^{(2)}_4 ) , ( Z^{(7)}_3 , K^{(4)}_4 ) , ( Z^{(7)}_3 , K^{(7)}_4 ) , ( Z^{(8)}_3 , K^{(3)}_4 ) , ( Z^{(8)}_3 , K^{(4)}_4 ) , ( Z^{(8)}_3 , K^{(6)}_4 ) , ( Z^{(9)}_3 , K^{(2)}_4 ) , ( Z^{(9)}_3 , K^{(5)}_4 ) , ( Z^{(9)}_3 , K^{(6)}_4 ) , ( Z^{(10)}_3 , K^{(3)}_4 ) , ( Z^{(10)}_3 , K^{(4)}_4 ) , ( Z^{(10)}_3 , K^{(6)}_4 ) , ( Z^{(11)}_3 , K^{(2)}_4 ) , ( Z^{(11)}_3 , K^{(4)}_4 ) , ( Z^{(11)}_3 , K^{(7)}_4 ) , ( Z^{(12)}_3 , K^{(3)}_4 ) , ( Z^{(12)}_3 , K^{(5)}_4 ) , ( Z^{(12)}_3 , K^{(7)}_4 ) , ( Z^{(13)}_3 , K^{(2)}_4 ) , ( Z^{(13)}_3 , K^{(4)}_4 ) , ( Z^{(13)}_3 , K^{(7)}_4 ) , ( Z^{(14)}_3 , K^{(3)}_4 ) , ( Z^{(14)}_3 , K^{(4)}_4 ) , ( Z^{(14)}_3 , K^{(6)}_4 ) , ( Z^{(15)}_3 , K^{(2)}_4 ) , ( Z^{(15)}_3 , K^{(5)}_4 ) , ( Z^{(15)}_3 , K^{(6)}_4 ) , ( Z^{(16)}_3 , K^{(3)}_4 ) , ( Z^{(16)}_3 , K^{(4)}_4 ) , ( Z^{(16)}_3 , K^{(6)}_4 )

Table 5: The allowed leptonic mixing patterns and the generated group structures for the Δ(96) flavor

symmetry breaking into Z_3 and K_4 in the charged lepton and neutrino sectors respectively.

||U_{PMNS}|| Symmetry breaking Generated

group

IV 1 0 0

0 1 0

0 0 1

( Z^{(4)}_4 , K^{(1)}_4 ) , ( Z^{(5)}_4 , K^{(1)}_4 ) , ( Z^{(6)}_4 , K^{(1)}_4 ) , Z_2 × Z_4 ( Z^{(7)}_4 , K^{(3)}_4 ) , ( Z^{(8)}_4 , K^{(2)}_4 ) , ( Z^{(9)}_4 , K^{(5)}_4 ) , ( Z^{(10)}_4 , K^{(4)}_4 ) , ( Z^{(11)}_4 , K^{(7)}_4 ) , ( Z^{(12)}_4 , K^{(6)}_4 )

V 1 0 0

0^{1√}_2^{1√}_2

0^{1√}_2^{1√}_2

( Z^{(4)}_4 , K^{(2)}_4 ) , ( Z^{(4)}_4 , K^{(3)}_4 ) , ( Z^{(5)}_4 , K^{(4)}_4 ) , D_4 ( Z^{(5)}_4 , K^{(5)}_4 ) , ( Z^{(6)}_4 , K^{(6)}_4 ) , ( Z^{(6)}_4 , K^{(7)}_4 ) , ( Z^{(7)}_4 , K^{(1)}_4 ) , ( Z^{(7)}_4 , K^{(2)}_4 ) , ( Z^{(8)}_4 , K^{(1)}_4 ) , ( Z^{(8)}_4 , K^{(3)}_4 ) , ( Z^{(9)}_4 , K^{(1)}_4 ) , ( Z^{(9)}_4 , K^{(4)}_4 ) , ( Z^{(10)}_4 , K^{(1)}_4 ) , ( Z^{(10)}_4 , K^{(5)}_4 ) , ( Z^{(11)}_4 , K^{(1)}_4 ) , ( Z^{(11)}_4 , K^{(6)}_4 ) , ( Z^{(12)}_4 , K^{(1)}_4 ) , ( Z^{(12)}_4 , K^{(7)}_4 ) ( Z^{(4)}_4 , K^{(4)}_4 ) , ( Z^{(4)}_4 , K^{(5)}_4 ) , ( Z^{(4)}_4 , K^{(6)}_4 ) , (Z_4 × Z_4) ⋊ Z_2 ( Z^{(4)}_4 , K^{(7)}_4 ) , ( Z^{(5)}_4 , K^{(2)}_4 ) , ( Z^{(5)}_4 , K^{(3)}_4 ) , ( Z^{(5)}_4 , K^{(6)}_4 ) , ( Z^{(5)}_4 , K^{(7)}_4 ) , ( Z^{(6)}_4 , K^{(2)}_4 ) , ( Z^{(6)}_4 , K^{(3)}_4 ) , ( Z^{(6)}_4 , K^{(4)}_4 ) , ( Z^{(6)}_4 , K^{(5)}_4 ) , ( Z^{(1)}_8 , K^{(1)}_4 ) , ( Z^{(2)}_8 , K^{(1)}_4 ) , ( Z^{(3)}_8 , K^{(1)}_4 ) , Z_8 ⋊ Z_2 ( Z^{(4)}_8 , K^{(1)}_4 ) , ( Z^{(5)}_8 , K^{(1)}_4 ) , ( Z^{(6)}_8 , K^{(1)}_4 )

VI 1 0 0 0 √_{2−√2} 2 √_{2+√2} 2 0 √_{2+√2} 2 √_{2−√2} 2

( Z^{(1)}_8 , K^{(2)}_4 ) , ( Z^{(1)}_8 , K^{(3)}_4 ) , ( Z^{(2)}_8 , K^{(2)}_4 ) , (Z_4 × Z_4) ⋊ Z_2 ( Z^{(2)}_8 , K^{(3)}_4 ) , ( Z^{(3)}_8 , K^{(4)}_4 ) , ( Z^{(3)}_8 , K^{(5)}_4 ) , ( Z^{(4)}_8 , K^{(4)}_4 ) , ( Z^{(4)}_8 , K^{(5)}_4 ) , ( Z^{(5)}_8 , K^{(6)}_4 ) , ( Z^{(5)}_8 , K^{(7)}_4 ) , ( Z^{(6)}_8 , K^{(6)}_4 ) , ( Z^{(6)}_8 , K^{(7)}_4 )

VII 1√ 2 1√ 2 0 1 2 1 2 1√ 2 1 2 1 2 1√ 2

( Z^{(7)}_4 , K^{(4)}_4 ) , ( Z^{(7)}_4 , K^{(5)}_4 ) , ( Z^{(7)}_4 , K^{(6)}_4 ) ,

S_4

( Z^{(7)}_4 , K^{(7)}_4 ) , ( Z^{(8)}_4 , K^{(4)}_4 ) , ( Z^{(8)}_4 , K^{(5)}_4 ) , ( Z^{(8)}_4 , K^{(6)}_4 ) , ( Z^{(8)}_4 , K^{(7)}_4 ) , ( Z^{(9)}_4 , K^{(2)}_4 ) , ( Z^{(9)}_4 , K^{(3)}_4 ) , ( Z^{(9)}_4 , K^{(6)}_4 ) , ( Z^{(9)}_4 , K^{(7)}_4 ) , ( Z^{(10)}_4 , K^{(2)}_4 ) , ( Z^{(10)}_4 , K^{(3)}_4 ) , ( Z^{(10)}_4 , K^{(6)}_4 ) , ( Z^{(10)}_4 , K^{(7)}_4 ) , ( Z^{(11)}_4 , K^{(2)}_4 ) , ( Z^{(11)}_4 , K^{(3)}_4 ) , ( Z^{(11)}_4 , K^{(4)}_4 ) , ( Z^{(11)}_4 , K^{(5)}_4 ) , ( Z^{(12)}_4 , K^{(2)}_4 ) , ( Z^{(12)}_4 , K^{(3)}_4 ) , ( Z^{(12)}_4 , K^{(4)}_4 ) , ( Z^{(12)}_4 , K^{(5)}_4 ) , ( Z^{(1)}_8 , K^{(4)}_4 ) , ( Z^{(1)}_8 , K^{(5)}_4 ) , ( Z^{(1)}_8 , K^{(6)}_4 ) ,

Δ(96)

( Z^{(1)}_8 , K^{(7)}_4 ) , ( Z^{(2)}_8 , K^{(4)}_4 ) , ( Z^{(2)}_8 , K^{(5)}_4 ) , ( Z^{(2)}_8 , K^{(6)}_4 ) , ( Z^{(2)}_8 , K^{(7)}_4 ) , ( Z^{(3)}_8 , K^{(2)}_4 ) , ( Z^{(3)}_8 , K^{(3)}_4 ) , ( Z^{(3)}_8 , K^{(6)}_4 ) , ( Z^{(3)}_8 , K^{(7)}_4 ) , ( Z^{(4)}_8 , K^{(2)}_4 ) , ( Z^{(4)}_8 , K^{(3)}_4 ) , ( Z^{(4)}_8 , K^{(6)}_4 ) , ( Z^{(4)}_8 , K^{(7)}_4 ) , ( Z^{(5)}_8 , K^{(2)}_4 ) , ( Z^{(5)}_8 , K^{(3)}_4 ) , ( Z^{(5)}_8 , K^{(4)}_4 ) , ( Z^{(5)}_8 , K^{(5)}_4 ) , ( Z^{(6)}_8 , K^{(2)}_4 ) , ( Z^{(6)}_8 , K^{(3)}_4 ) , ( Z^{(6)}_8 , K^{(4)}_4 ) , ( Z^{(6)}_8 , K^{(5)}_4 ) Table 6: The allowed leptonic mixing patterns and the generated group structures for the Δ(96) flavor

symmetry breaking into Z_4 or Z_8 in the charged lepton sector, and into K_4 in the neutrino sector.

doublets are assigned to Δ(96) triplets 3_1, 3^′_1, 3_1 or 3^′_1, the TFH patterns can be naturally achieved if the flavor symmetry is broken into Z_3 in the charged lepton sector and K_4 in the neutrino sector. The claims of Feruglio et al. in Refs. [11, 12] are verified. There are three independent parameters in the charged lepton sector so that we can fit the three charged lepton masses. However, we need to tune the three parameters so that certain cancellation occurs to account for the tiny masses of electron and muon. This defect can be overcame by further breaking the remnant Z_3 symmetry of the charged lepton sector.

Two flavor models for TFH1 and TFH2 mixings are constructed, the family symmetries are Δ(96) × Z_3 × Z_3 and Δ(96) × Z_5 × Z_2 respectively. Both models embed the left-handed lepton doublets into the triplet 3_1, and the right-handed charged leptons are Δ(96) singlets, while the right-handed neutrinos transform as 3_1 in the TFH1 model and 3_1 in the TFH2 model. As regards to the spontaneous breaking of the flavor symmetry in the two models, the neutrino sector is invariant under the K_4 subgroup generated by a^2bd and d^2 at leading order, the family symmetry is broken completely in the charged lepton sector. The charged lepton mass hierarchies are determined by the flavor symmetry breaking without resorting to the Froggatt-Nielsen mechanism. Note that a residual Z_3 symmetry generated by a^2cd is preserved in the tau lepton mass term of the TFH1 model, nevertheless the electron and muon mass terms break the flavor symmetry Δ(96) completely. The next to leading order corrections induced by higher-dimensional operators are discussed in detail, we find that all the three lepton mixing angles receive correction of the same order of magnitude. Since the experimentally allowed departures of θ_{13} and θ_{12} from the TFH values sin^2 θ_{13} = (2 − √ 3)/6 and sin^2 θ_{12} = (8−2 √ 3)/13 are small, at most of order λ^2_c , the deviations of the mixing angles from the values predicted by TFH mixing are expected to be at most of order λ^2_c in these models. The mixing angles in the experimentally preferred range can be accommodated by our models, as is demonstrated by the numerical analysis.

We investigate the possible mixing patterns if the family symmetry Δ(96) is broken into K_4 in the neutrino sector and the cyclic group Z_N with N ≥ 3 in the charged lepton sector. Besides the tri-bimaximal and bimaximal patterns, the TFH mixing is found. If we impose the constraint that the residual symmetries K_4 and Z_N generate the whole group Δ(96) instead of its subgroups, only bimaximal and TFH mixings are acceptable. This conclusion is consistent with that in Refs. [11, 12]. By permutating the rows and columns of the tri-bimaximal matrix, we can obtain the DTB texture which suggests sin^2 θ_{13} = 1/6, sin^2 θ_{12} = 2/5 and sin^2 θ_{23} = 4/5. In order to be compatible with the experimental data in particular a sizable θ_{13} indicated by recent experiments, all the three mixing angles require corrections of order λ_c in the case of DTB mixing. If bimaximal mixing is the leading order approximation, both θ_{13} and θ_{23} need large corrections of order λ_c, while so large corrections to θ_{23} should be forbidden. As a result, it may be better to take DTB rather than bimaximal as the leading order mixing pattern. S_4 is the appropriate family symmetry to derive this DTB mixing.

It is remarkable that Δ(96) has doublet representation which can be utilized to describe the quark sector. Because of the heaviness of the top quark, we could assign the quarks to the doublet and singlet representations of Δ(96). It is interesting to extend the present framework to the quark sector to give a coherent description of both quark and lepton.

Acknowledgements

We are grateful to D.Meloni for his participation in the early stage of the work. This work is supported by the National Natural Science Foundation of China under Grant No. 10905053, Chinese Academy KJCX2-YW-N29 and the 973 project with Grant No. 2009CB825200.

Note added: Near the completion of this work, the work [12] appeared in the arXiv.

The paper [12] studied the lepton mixing patterns which can be derived from finite modular

group Γ_N by preserving the subgroups G_ν and G_ℓ in the neutrino and charged lepton sectors

respectively. Section 7 of our work overlaps with section 3.5 of Ref. [12]. We find the same

results: none choices of G_ν = K_4 and G_ℓ = Z_4 can generate the full group Δ(96), only

bimaximal mixing and TFH mixing are allowable if we require G_ν and G_ℓ generate Δ(96).

Our work contains many associated details in addition, all possible combinations of G_ν = K_4

and G_ℓ = Z_N (N ≥ 3) and the generated group structures are displayed in the present paper.

Appendix A: Representation matrices and other repre-

sentation of Δ(96)

We would like to work in the charged lepton diagonal basis, this scenario can be realized

by choosing the representation matrix of the element a^2cd to be diagonal for various irre-

ducible representations. To determine this basis, we start from the Escobar-Luhn (EL) basis

of Δ(96) [18], where the representation matrices for the generators c and d are diagonal. In

the EL basis, the representation matrices for the group generators are particularly simple,

their explicit forms are listed in Table 7, where a_{1,2} and c_{1,2} are 3 × 3 matrices,

a_1 =

0 1 0

0 0 1

1 0 0

, a_2 =

0 0 1

1 0 0

0 1 0 ,

c_1 = i 0 0

0 i 0

0 0 −1

, c_2 =

−1 0 0 0 −i 0 0 0 −i . (79)

Note that a^2cd is not diagonal in EL basis, we can diagonalize it via a unitary transfor-

mation U such that a = U^†a_{EL}U, b = U^†b_{EL}U, c = U^†c_{EL}U, d = U^†d_{EL}U (80) where a_{EL}, b_{EL}, c_{EL} and d_{EL} denote the representation matrices in the EL basis. For 1,

1^′ and 2, the representation matrices in our basis are exactly the same as those in the EL

basis, the unitary transformation is identity. For the 3_1, we have

a_{31} = 1 3 ω 1 + √ 3 ( 1 − √ 3 ) ω^2 1 − √ 3 ω^2 ( 1 + √ 3 ) ω ( 1 + √ 3 ) ω^2 (1 − √ 3)ω 1

b_{31} = 1 3 −1 − √ 3 −ω (√ 3 − 1 ) ω^2 −ω^2 √ 3 − 1 − ( 1 + √ 3 ) ω (√ 3 − 1 ) ω − ( 1 + √ 3 ) ω^2 −1

c_{31} = 1 3 1 ( 1 − √ 3 ) ω^2 ( 1 + √ 3 ) ω ( 1 + √ 3 ) ω 1 ( 1 − √ 3 ) ω^2 ( 1 − √ 3 ) ω^2 ( 1 + √ 3 ) ω 1 , (81)

with

U_{31} = 1 √ 3 −iω −iω −iω ω^2 1 ω

1 ω^2 ω , (82) a b c 1 1 1 1 1^′ 1 −1 1 2 ( ω 0 0 ω^2 ) ( 0 1 1 0 ) ( 1 0 0 1 )

3_1

0 1 0 0 0 1 1 0 0

0 0 −1 0 −1 0 −1 0 0 i 0 0 0 −i 0 0 0 1

3^′_1

0 1 0 0 0 1 1 0 0

0 0 1 0 1 0 1 0 0 i 0 0 0 −i 0 0 0 1

3_1

0 1 0 0 0 1 1 0 0

0 0 −1 0 −1 0 −1 0 0 −i 0 0 0 i 0 0 0 1

3^′_1

0 1 0 0 0 1 1 0 0

0 0 1 0 1 0 1 0 0 −i 0 0 0 i 0 0 0 1

3_2

0 1 0 0 0 1 1 0 0

0 0 −1 0 −1 0 −1 0 0

−1 0 0 0 −1 0 0 0 1

3^′_2

0 1 0 0 0 1 1 0 0

0 0 1 0 1 0 1 0 0

−1 0 0 0 −1 0 0 0 1 6 ( a_1 0 0 a_2 ) ( 0 1 1 0 ) ( c_1 0 0 c_2 )

Table 7: The representation matrices for the generators a, b and c in the EL basis. Here we omit the generator d, as it is not independent of a, b and c.

where ω ≡ e^{2πi/3} = −^1_2 + i^{√3}_2 is the cube root of unit. It is remarkable that the symmetry transformation of the light neutrino mass matrix given in Eq.(5) can be expressed as G_1 = a^2_{31} b_{31} d^3_1 , G_2 = d^2_{31} and G_3 = a^2_{31} b_{31} d_{31} . For the representations 3^′_1, 3_1 and 3^′_1, the results are a_3′_1 = a_{31} , b_3′_1 = −b_{31} , c_3′_1 = c_{31} , U_3′_1 = U_{31} a_{31} = a^∗_{31} , b_{31} = b^∗_{31} , c_{31} = c^∗_{31} , U_{31} = U^∗_{31} a_3′_1 = a^∗_{31} , b_3′_1 = −b^∗_{31} , c_3′_1 = c^∗_{31} , U_3′_1 = U^∗_{31} . (83)

In the case of 3_2 and 3^′_2, we have

a_{32} =^1_3

−ω 2 2ω^2 2 −ω^2 2ω 2ω^2 2ω −1

, b_{32} =^1_3 −2 ω −2ω^2 ω^2 −2 −2ω −2ω −2ω^2 1

, c_{32} =^1_3

−1 2ω^2 2ω 2ω −1 2ω^2 2ω^2 2ω −1 a_3′_2 = a_{32} , b_3′_2 = −b_{32} , c_3′_2 = c_{32} , U_3′_2 = U_{32} = diag(−i, 1, 1) · U_{31} . (84)

Finally, for the sextet 6 a = ( a_1 0 0 a_2 ) , b = ( 0 b_1 b_2 0 ) , c = ( c_1 0 0 c_2 ) , (85) where

a_1 = 1 3 (−1 − 2i)ω −1 + i (−1 + i)ω^2 −1 + i (−1 − 2i)ω^2 (−1 + i)ω (−1 + i)ω^2 (−1 + i)ω −1 − 2i

a_2 = 1 3 (−1 + 2i)ω −1 − i (−1 − i)ω^2 −1 − i (−1 + 2i)ω^2 (−1 − i)ω (−1 − i)ω^2 (−1 − i)ω −1 + 2i

b_1 = 1 3 (−1 + i)ω^2 −1 − 2i (−1 + i)ω (−1 − 2i)ω (−1 + i)ω^2 −1 + i −1 + i (−1 + i)ω (−1 − 2i)ω^2

b_2 = 1 3 (−1 − i)ω (−1 + 2i)ω^2 −1 − i −1 + 2i (−1 − i)ω (−1 − i)ω^2 (−1 − i)ω^2 −1 − i (−1 + 2i)ω

c_1 = 1 3 −1 + 2i (−1 − i)ω^2 (−1 − i)ω (−1 − i)ω −1 + 2i (−1 − i)ω^2 (−1 − i)ω^2 (−1 − i)ω −1 + 2i

c_2 = 1 3 −1 − 2i (−1 + i)ω^2 (−1 + i)ω (−1 + i)ω −1 − 2i (−1 + i)ω^2 (−1 + i)ω^2 (−1 + i)ω −1 − 2i . (86)

The unitary matrix U_6 is

U_6 = ( u_1 0 0 u_2 ) , (87)

with

u_1 = diag(i, −i, i) · U_{31}

u_2 = 1 √ 3 −iω^2 −iω −i iω iω^2 i 1 1 1 . (88) Appendix B: Clebsch-Gordan Coefficients of Δ(96)

We report here the complete list of the Clebsch-Gordan coefficients for our basis. In the following we use α_i to indicate the elements of the first representation of the product and β_i to denote those of the second representation.

• 1^′ ⊗ 2 = 2 2 ∼ ( α_1β_1 −α_1β_2 )

• 1^′ ⊗ 3_1 = 3^′_1

3^′_1 ∼ α_1β_1 α_1β_2 α_1β_3

• 1^′ ⊗ 3^′_1 = 3_1

3_1 ∼ α_1β_1 α_1β_2 α_1β_3

• 1^′ ⊗ 3_1 = 3^′_1

3^′_1 ∼ α_1β_1 α_1β_2 α_1β_3

• 1^′ ⊗ 3^′_1 = 3_1

3_1 ∼ α_1β_1 α_1β_2 α_1β_3

• 1^′ ⊗ 3_2 = 3^′_2

3^′_2 ∼ α_1β_1 α_1β_2 α_1β_3

• 1^′ ⊗ 3^′_2 = 3_2

3_2 ∼ α_1β_1 α_1β_2 α_1β_3

• 1^′ ⊗ 6 = 6

6 ∼ α_1β_1 α_1β_2 α_1β_3 −α_1β_4 −α_1β_5 −α_1β_6

• 2 ⊗ 2 = 1 ⊕ 1^′ ⊕ 2

1 ∼ α_1β_2 + α_2β_1

1^′ ∼ α_1β_2 − α_2β_1

2 ∼ ( α_2β_2 α_1β_1 )

• 2 ⊗ 3_1 = 3_1 ⊕ 3^′_1

3_1 ∼ α_1β_3 + ω^2α_2β_2 α_1β_1 + ω^2α_2β_3 α_1β_2 + ω^2α_2β_1

3^′_1 ∼ α_1β_3 − ω^2α_2β_2 α_1β_1 − ω^2α_2β_3 α_1β_2 − ω^2α_2β_1

• 2 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1

3_1 ∼ α_1β_3 − ω^2α_2β_2 α_1β_1 − ω^2α_2β_3 α_1β_2 − ω^2α_2β_1

3^′_1 ∼ α_1β_3 + ω^2α_2β_2 α_1β_1 + ω^2α_2β_3 α_1β_2 + ω^2α_2β_1

• 2 ⊗ 3_1 = 3_1 ⊕ 3^′_1

3_1 ∼ α_1β_2 + ω^2α_2β_3 α_1β_3 + ω^2α_2β_1 α_1β_1 + ω^2α_2β_2

3^′_1 ∼ α_1β_2 − ω^2α_2β_3 α_1β_3 − ω^2α_2β_1 α_1β_1 − ω^2α_2β_2

• 2 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1

3_1 ∼ α_1β_2 − ω^2α_2β_3 α_1β_3 − ω^2α_2β_1 α_1β_1 − ω^2α_2β_2

3^′_1 ∼ α_1β_2 + ω^2α_2β_3 α_1β_3 + ω^2α_2β_1 α_1β_1 + ω^2α_2β_2

• 2 ⊗ 3_2 = 3_2 ⊕ 3^′_2

3_2 ∼ α_1β_3 + ω^2α_2β_2 α_1β_1 + ω^2α_2β_3 α_1β_2 + ω^2α_2β_1

3^′_2 ∼ α_1β_3 − ω^2α_2β_2 α_1β_1 − ω^2α_2β_3 α_1β_2 − ω^2α_2β_1

• 2 ⊗ 3^′_2 = 3_2 ⊕ 3^′_2

3_2 ∼ α_1β_3 − ω^2α_2β_2 α_1β_1 − ω^2α_2β_3 α_1β_2 − ω^2α_2β_1

3^′_2 ∼ α_1β_3 + ω^2α_2β_2 α_1β_1 + ω^2α_2β_3 α_1β_2 + ω^2α_2β_1

• 2 ⊗ 6 = 6_1 ⊕ 6_2

6_1 ∼ α_2β_2 α_2β_3 α_2β_1 ωα_1β_6 ωα_1β_4 ωα_1β_5

6_2 ∼ α_1β_3 α_1β_1 α_1β_2 ω^2α_2β_5 ω^2α_2β_6 ω^2α_2β_4

• 3_1 ⊗ 3_1 = 3_1 ⊕ 3^′_1 ⊕ 3^′_2

3_1 ∼ α_2β_3 − α_3β_2 α_3β_1 − α_1β_3 α_1β_2 − α_2β_1

3^′_1 ∼

−2α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 − 2α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 − 2α_3β_3

3^′_2 ∼ α_1β_3 + α_2β_2 + α_3β_1 α_1β_1 + α_2β_3 + α_3β_2 α_1β_2 + α_2β_1 + α_3β_3

• 3_1 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1 ⊕ 3_2

3_1 ∼

−2α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 − 2α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 − 2α_3β_3

3^′_1 ∼ α_2β_3 − α_3β_2 α_3β_1 − α_1β_3 α_1β_2 − α_2β_1

3_2 ∼ α_1β_3 + α_2β_2 + α_3β_1 α_1β_1 + α_2β_3 + α_3β_2 α_1β_2 + α_2β_1 + α_3β_3

• 3_1 ⊗ 3_1 = 1 ⊕ 2 ⊕ 6

1 ∼ α_1β_1 + α_2β_2 + α_3β_3

2 ∼ ( α_1β_3 + α_2β_1 + α_3β_2 ω (α_1β_2 + α_2β_3 + α_3β_1) )

6 ∼ α_1β_3 + ωα_2β_1 + ω^2α_3β_2 ωα_1β_2 + ω^2α_2β_3 + α_3β_1 ω^2α_1β_1 + α_2β_2 + ωα_3β_3 α_1β_3 + ω^2α_2β_1 + ωα_3β_2 ω^2α_1β_2 + ωα_2β_3 + α_3β_1 ωα_1β_1 + α_2β_2 + ω^2α_3β_3

• 3_1 ⊗ 3^′_1 = 1^′ ⊕ 2 ⊕ 6

1^′ ∼ α_1β_1 + α_2β_2 + α_3β_3

2 ∼ ( α_1β_3 + α_2β_1 + α_3β_2 −ω (α_1β_2 + α_2β_3 + α_3β_1) )

6 ∼ α_1β_3 + ωα_2β_1 + ω^2α_3β_2 ωα_1β_2 + ω^2α_2β_3 + α_3β_1 ω^2α_1β_1 + α_2β_2 + ωα_3β_3 −α_1β_3 − ω^2α_2β_1 − ωα_3β_2 −ω^2α_1β_2 − ωα_2β_3 − α_3β_1 −ωα_1β_1 − α_2β_2 − ω^2α_3β_3

• 3_1 ⊗ 3_2 = 3^′_1 ⊕ 6

3^′_1 ∼ α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 + α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 + α_3β_3

6 ∼ α_1β_3 + ωα_2β_2 + ω^2α_3β_1 ω^2α_1β_1 + α_2β_3 + ωα_3β_2 ωα_1β_2 + ω^2α_2β_1 + α_3β_3 ωα_1β_3 + α_2β_2 + ω^2α_3β_1 ω^2α_1β_1 + ωα_2β_3 + α_3β_2 α_1β_2 + ω^2α_2β_1 + ωα_3β_3

• 3_1 ⊗ 3^′_2 = 3_1 ⊕ 6

3_1 ∼ α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 + α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 + α_3β_3

6 ∼ α_1β_3 + ωα_2β_2 + ω^2α_3β_1 ω^2α_1β_1 + α_2β_3 + ωα_3β_2 ωα_1β_2 + ω^2α_2β_1 + α_3β_3 −ωα_1β_3 − α_2β_2 − ω^2α_3β_1 −ω^2α_1β_1 − ωα_2β_3 − α_3β_2 −α_1β_2 − ω^2α_2β_1 − ωα_3β_3

• 3_1 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6

3_1 ∼ α_1β_3 + ωα_1β_6 + ωα_2β_2 + α_2β_5 + ω^2α_3β_1 + ω^2α_3β_4 ωα_1β_1 + α_1β_4 + ω^2α_2β_3 + ω^2α_2β_6 + α_3β_2 + ωα_3β_5 ω^2α_1β_2 + ω^2α_1β_5 + α_2β_1 + ωα_2β_4 + ωα_3β_3 + α_3β_6

3^′_1 ∼ α_1β_3 − ωα_1β_6 + ωα_2β_2 − α_2β_5 + ω^2α_3β_1 − ω^2α_3β_4 ωα_1β_1 − α_1β_4 + ω^2α_2β_3 − ω^2α_2β_6 + α_3β_2 − ωα_3β_5 ω^2α_1β_2 − ω^2α_1β_5 + α_2β_1 − ωα_2β_4 + ωα_3β_3 − α_3β_6

3_2 ∼ α_1β_3 + ωα_1β_6 + α_2β_2 + ωα_2β_5 + α_3β_1 + ωα_3β_4 ω^2α_1β_1 + ω^2α_1β_4 + ω^2α_2β_3 + ω^2α_2β_6 + ω^2α_3β_2 + ω^2α_3β_5 ωα_1β_2 + α_1β_5 + ωα_2β_1 + α_2β_4 + ωα_3β_3 + α_3β_6

3^′_2 ∼ α_1β_3 − ωα_1β_6 + α_2β_2 − ωα_2β_5 + α_3β_1 − ωα_3β_4 ω^2α_1β_1 − ω^2α_1β_4 + ω^2α_2β_3 − ω^2α_2β_6 + ω^2α_3β_2 − ω^2α_3β_5 ωα_1β_2 − α_1β_5 + ωα_2β_1 − α_2β_4 + ωα_3β_3 − α_3β_6

6 ∼ α_1β_3 + ω^2α_2β_2 + ωα_3β_1 ω^2α_1β_1 + ωα_2β_3 + α_3β_2 ωα_1β_2 + α_2β_1 + ω^2α_3β_3 −ωα_1β_6 − ω^2α_2β_5 − α_3β_4 −ω^2α_1β_4 − α_2β_6 − ωα_3β_5 −α_1β_5 − ωα_2β_4 − ω^2α_3β_6

• 3^′_1 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1 ⊕ 3^′_2

3_1 ∼ α_2β_3 − α_3β_2 α_3β_1 − α_1β_3 α_1β_2 − α_2β_1

3^′_1 ∼

−2α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 − 2α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 − 2α_3β_3

3^′_2 ∼ α_1β_3 + α_2β_2 + α_3β_1 α_1β_1 + α_2β_3 + α_3β_2 α_1β_2 + α_2β_1 + α_3β_3

• 3^′_1 ⊗ 3_1 = 1^′ ⊕ 2 ⊕ 6

1^′ ∼ α_1β_1 + α_2β_2 + α_3β_3

2 ∼ ( α_1β_3 + α_2β_1 + α_3β_2 −ω (α_1β_2 + α_2β_3 + α_3β_1) )

6 ∼ α_1β_3 + ωα_2β_1 + ω^2α_3β_2 ωα_1β_2 + ω^2α_2β_3 + α_3β_1 ω^2α_1β_1 + α_2β_2 + ωα_3β_3 −α_1β_3 − ω^2α_2β_1 − ωα_3β_2 −ω^2α_1β_2 − ωα_2β_3 − α_3β_1 −ωα_1β_1 − α_2β_2 − ω^2α_3β_3

• 3^′_1 ⊗ 3^′_1 = 1 ⊕ 2 ⊕ 6

1 ∼ α_1β_1 + α_2β_2 + α_3β_3

2 ∼ ( α_1β_3 + α_2β_1 + α_3β_2 ω (α_1β_2 + α_2β_3 + α_3β_1) )

6 ∼ α_1β_3 + ωα_2β_1 + ω^2α_3β_2 ωα_1β_2 + ω^2α_2β_3 + α_3β_1 ω^2α_1β_1 + α_2β_2 + ωα_3β_3 α_1β_3 + ω^2α_2β_1 + ωα_3β_2 ω^2α_1β_2 + ωα_2β_3 + α_3β_1 ωα_1β_1 + α_2β_2 + ω^2α_3β_3

• 3^′_1 ⊗ 3_2 = 3_1 ⊕ 6

3_1 ∼ α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 + α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 + α_3β_3

6 ∼ α_1β_3 + ωα_2β_2 + ω^2α_3β_1 ω^2α_1β_1 + α_2β_3 + ωα_3β_2 ωα_1β_2 + ω^2α_2β_1 + α_3β_3 −ωα_1β_3 − α_2β_2 − ω^2α_3β_1 −ω^2α_1β_1 − ωα_2β_3 − α_3β_2 −α_1β_2 − ω^2α_2β_1 − ωα_3β_3

• 3^′_1 ⊗ 3^′_2 = 3^′_1 ⊕ 6

3^′_1 ∼ α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 + α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 + α_3β_3

6 ∼ α_1β_3 + ωα_2β_2 + ω^2α_3β_1 ω^2α_1β_1 + α_2β_3 + ωα_3β_2 ωα_1β_2 + ω^2α_2β_1 + α_3β_3 ωα_1β_3 + α_2β_2 + ω^2α_3β_1 ω^2α_1β_1 + ωα_2β_3 + α_3β_2 α_1β_2 + ω^2α_2β_1 + ωα_3β_3

• 3^′_1 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6

3_1 ∼ α_1β_3 − ωα_1β_6 + ωα_2β_2 − α_2β_5 + ω^2α_3β_1 − ω^2α_3β_4 ωα_1β_1 − α_1β_4 + ω^2α_2β_3 − ω^2α_2β_6 + α_3β_2 − ωα_3β_5 ω^2α_1β_2 − ω^2α_1β_5 + α_2β_1 − ωα_2β_4 + ωα_3β_3 − α_3β_6

3^′_1 ∼ α_1β_3 + ωα_1β_6 + ωα_2β_2 + α_2β_5 + ω^2α_3β_1 + ω^2α_3β_4 ωα_1β_1 + α_1β_4 + ω^2α_2β_3 + ω^2α_2β_6 + α_3β_2 + ωα_3β_5 ω^2α_1β_2 + ω^2α_1β_5 + α_2β_1 + ωα_2β_4 + ωα_3β_3 + α_3β_6

3_2 ∼ α_1β_3 − ωα_1β_6 + α_2β_2 − ωα_2β_5 + α_3β_1 − ωα_3β_4 ω^2α_1β_1 − ω^2α_1β_4 + ω^2α_2β_3 − ω^2α_2β_6 + ω^2α_3β_2 − ω^2α_3β_5 ωα_1β_2 − α_1β_5 + ωα_2β_1 − α_2β_4 + ωα_3β_3 − α_3β_6

3^′_2 ∼ α_1β_3 + ωα_1β_6 + α_2β_2 + ωα_2β_5 + α_3β_1 + ωα_3β_4 ω^2α_1β_1 + ω^2α_1β_4 + ω^2α_2β_3 + ω^2α_2β_6 + ω^2α_3β_2 + ω^2α_3β_5 ωα_1β_2 + α_1β_5 + ωα_2β_1 + α_2β_4 + ωα_3β_3 + α_3β_6

6 ∼ α_1β_3 + ω^2α_2β_2 + ωα_3β_1 ω^2α_1β_1 + ωα_2β_3 + α_3β_2 ωα_1β_2 + α_2β_1 + ω^2α_3β_3 ωα_1β_6 + ω^2α_2β_5 + α_3β_4 ω^2α_1β_4 + α_2β_6 + ωα_3β_5 α_1β_5 + ωα_2β_4 + ω^2α_3β_6

• 3_1 ⊗ 3_1 = 3_1 ⊕ 3^′_1 ⊕ 3^′_2

3_1 ∼ α_2β_3 − α_3β_2 α_3β_1 − α_1β_3 α_1β_2 − α_2β_1

3^′_1 ∼

−2α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 − 2α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 − 2α_3β_3

3^′_2 ∼ α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 + α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 + α_3β_3

• 3_1 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1 ⊕ 3_2

3_1 ∼

−2α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 − 2α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 − 2α_3β_3

3^′_1 ∼ α_2β_3 − α_3β_2 α_3β_1 − α_1β_3 α_1β_2 − α_2β_1

3_2 ∼ α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 + α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 + α_3β_3

• 3_1 ⊗ 3_2 = 3^′_1 ⊕ 6

3^′_1 ∼ α_1β_2 + α_2β_3 + α_3β_1 α_1β_3 + α_2β_1 + α_3β_2 α_1β_1 + α_2β_2 + α_3β_3

6 ∼ α_1β_2 + ωα_2β_3 + ω^2α_3β_1 ωα_1β_3 + ω^2α_2β_1 + α_3β_2 ω^2α_1β_1 + α_2β_2 + ωα_3β_3 α_1β_2 + ω^2α_2β_3 + ωα_3β_1 ω^2α_1β_3 + ωα_2β_1 + α_3β_2 ωα_1β_1 + α_2β_2 + ω^2α_3β_3

• 3_1 ⊗ 3^′_2 = 3_1 ⊕ 6

3_1 ∼ α_1β_2 + α_2β_3 + α_3β_1 α_1β_3 + α_2β_1 + α_3β_2 α_1β_1 + α_2β_2 + α_3β_3

6 ∼ α_1β_2 + ωα_2β_3 + ω^2α_3β_1 ωα_1β_3 + ω^2α_2β_1 + α_3β_2 ω^2α_1β_1 + α_2β_2 + ωα_3β_3 −α_1β_2 − ω^2α_2β_3 − ωα_3β_1 −ω^2α_1β_3 − ωα_2β_1 − α_3β_2 −ωα_1β_1 − α_2β_2 − ω^2α_3β_3

• 3_1 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6

3_1 ∼ α_1β_3 + ωα_1β_6 + ωα_2β_1 + α_2β_4 + ω^2α_3β_2 + ω^2α_3β_5 ωα_1β_2 + α_1β_5 + ω^2α_2β_3 + ω^2α_2β_6 + α_3β_1 + ωα_3β_4 ω^2α_1β_1 + ω^2α_1β_4 + α_2β_2 + ωα_2β_5 + ωα_3β_3 + α_3β_6

3^′_1 ∼ α_1β_3 − ωα_1β_6 + ωα_2β_1 − α_2β_4 + ω^2α_3β_2 − ω^2α_3β_5 ωα_1β_2 − α_1β_5 + ω^2α_2β_3 − ω^2α_2β_6 + α_3β_1 − ωα_3β_4 ω^2α_1β_1 − ω^2α_1β_4 + α_2β_2 − ωα_2β_5 + ωα_3β_3 − α_3β_6

3_2 ∼ α_1β_2 + α_1β_5 + α_2β_3 + α_2β_6 + α_3β_1 + α_3β_4 ωα_1β_3 + ω^2α_1β_6 + ωα_2β_1 + ω^2α_2β_4 + ωα_3β_2 + ω^2α_3β_5 ω^2α_1β_1 + ωα_1β_4 + ω^2α_2β_2 + ωα_2β_5 + ω^2α_3β_3 + ωα_3β_6

3^′_2 ∼ α_1β_2 − α_1β_5 + α_2β_3 − α_2β_6 + α_3β_1 − α_3β_4 ωα_1β_3 − ω^2α_1β_6 + ωα_2β_1 − ω^2α_2β_4 + ωα_3β_2 − ω^2α_3β_5 ω^2α_1β_1 − ωα_1β_4 + ω^2α_2β_2 − ωα_2β_5 + ω^2α_3β_3 − ωα_3β_6

6 ∼ α_1β_2 + ω^2α_2β_3 + ωα_3β_1 ωα_1β_3 + α_2β_1 + ω^2α_3β_2 ω^2α_1β_1 + ωα_2β_2 + α_3β_3 −α_1β_5 − ωα_2β_6 − ω^2α_3β_4 −ω^2α_1β_6 − α_2β_4 − ωα_3β_5 −ωα_1β_4 − ω^2α_2β_5 − α_3β_6

• 3^′_1 ⊗ 3^′_1 = 3_1 ⊕ 3^′_1 ⊕ 3^′_2

3_1 ∼ α_2β_3 − α_3β_2 α_3β_1 − α_1β_3 α_1β_2 − α_2β_1

3^′_1 ∼

−2α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 − 2α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 − 2α_3β_3

3^′_2 ∼ α_1β_1 + α_2β_3 + α_3β_2 α_1β_3 + α_2β_2 + α_3β_1 α_1β_2 + α_2β_1 + α_3β_3

• 3^′_1 ⊗ 3_2 = 3_1 ⊕ 6

3_1 ∼ α_1β_2 + α_2β_3 + α_3β_1 α_1β_3 + α_2β_1 + α_3β_2 α_1β_1 + α_2β_2 + α_3β_3

6 ∼ α_1β_2 + ωα_2β_3 + ω^2α_3β_1 ωα_1β_3 + ω^2α_2β_1 + α_3β_2 ω^2α_1β_1 + α_2β_2 + ωα_3β_3 −α_1β_2 − ω^2α_2β_3 − ωα_3β_1 −ω^2α_1β_3 − ωα_2β_1 − α_3β_2 −ωα_1β_1 − α_2β_2 − ω^2α_3β_3

• 3^′_1 ⊗ 3^′_2 = 3^′_1 ⊕ 6

3^′_1 ∼ α_1β_2 + α_2β_3 + α_3β_1 α_1β_3 + α_2β_1 + α_3β_2 α_1β_1 + α_2β_2 + α_3β_3

6 ∼ α_1β_2 + ωα_2β_3 + ω^2α_3β_1 ωα_1β_3 + ω^2α_2β_1 + α_3β_2 ω^2α_1β_1 + α_2β_2 + ωα_3β_3 α_1β_2 + ω^2α_2β_3 + ωα_3β_1 ω^2α_1β_3 + ωα_2β_1 + α_3β_2 ωα_1β_1 + α_2β_2 + ω^2α_3β_3

• 3^′_1 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6

3_1 ∼ α_1β_3 − ωα_1β_6 + ωα_2β_1 − α_2β_4 + ω^2α_3β_2 − ω^2α_3β_5 ωα_1β_2 − α_1β_5 + ω^2α_2β_3 − ω^2α_2β_6 + α_3β_1 − ωα_3β_4 ω^2α_1β_1 − ω^2α_1β_4 + α_2β_2 − ωα_2β_5 + ωα_3β_3 − α_3β_6

3^′_1 ∼ α_1β_3 + ωα_1β_6 + ωα_2β_1 + α_2β_4 + ω^2α_3β_2 + ω^2α_3β_5 ωα_1β_2 + α_1β_5 + ω^2α_2β_3 + ω^2α_2β_6 + α_3β_1 + ωα_3β_4 ω^2α_1β_1 + ω^2α_1β_4 + α_2β_2 + ωα_2β_5 + ωα_3β_3 + α_3β_6

3_2 ∼ α_1β_2 − α_1β_5 + α_2β_3 − α_2β_6 + α_3β_1 − α_3β_4 ωα_1β_3 − ω^2α_1β_6 + ωα_2β_1 − ω^2α_2β_4 + ωα_3β_2 − ω^2α_3β_5 ω^2α_1β_1 − ωα_1β_4 + ω^2α_2β_2 − ωα_2β_5 + ω^2α_3β_3 − ωα_3β_6

3^′_2 ∼ α_1β_2 + α_1β_5 + α_2β_3 + α_2β_6 + α_3β_1 + α_3β_4 ωα_1β_3 + ω^2α_1β_6 + ωα_2β_1 + ω^2α_2β_4 + ωα_3β_2 + ω^2α_3β_5 ω^2α_1β_1 + ωα_1β_4 + ω^2α_2β_2 + ωα_2β_5 + ω^2α_3β_3 + ωα_3β_6

6 ∼ α_1β_2 + ω^2α_2β_3 + ωα_3β_1 ωα_1β_3 + α_2β_1 + ω^2α_3β_2 ω^2α_1β_1 + ωα_2β_2 + α_3β_3 α_1β_5 + ωα_2β_6 + ω^2α_3β_4 ω^2α_1β_6 + α_2β_4 + ωα_3β_5 ωα_1β_4 + ω^2α_2β_5 + α_3β_6

• 3_2 ⊗ 3_2 = 1 ⊕ 2 ⊕ 3_2 ⊕ 3^′_2

1 ∼ α_1β_2 + α_2β_1 + α_3β_3

2 ∼ ( α_1β_3 + α_2β_2 + α_3β_1 ω (α_1β_1 + α_2β_3 + α_3β_2) )

3_2 ∼ α_3β_1 − α_1β_3 α_2β_3 − α_3β_2 α_1β_2 − α_2β_1

3^′_2 ∼ α_1β_3 − 2α_2β_2 + α_3β_1 −2α_1β_1 + α_2β_3 + α_3β_2 α_1β_2 + α_2β_1 − 2α_3β_3

• 3_2 ⊗ 3^′_2 = 1^′ ⊕ 2 ⊕ 3_2 ⊕ 3^′_2

1^′ ∼ α_1β_2 + α_2β_1 + α_3β_3

2 ∼ ( α_1β_3 + α_2β_2 + α_3β_1 −ω (α_1β_1 + α_2β_3 + α_3β_2) )

3_2 ∼ α_1β_3 − 2α_2β_2 + α_3β_1 −2α_1β_1 + α_2β_3 + α_3β_2 α_1β_2 + α_2β_1 − 2α_3β_3

3^′_2 ∼ α_3β_1 − α_1β_3 α_2β_3 − α_3β_2 α_1β_2 − α_2β_1

• 3_2 ⊗ 6 = 3_1 ⊗ 3^′_1 ⊕ 3_1 ⊕ 3^′_1 ⊕ 6

3_1 ∼ α_1β_3 + ωα_1β_6 + ω^2α_2β_2 + ω^2α_2β_5 + ωα_3β_1 + α_3β_4 α_1β_1 + ωα_1β_4 + ω^2α_2β_3 + ω^2α_2β_6 + ωα_3β_2 + α_3β_5 α_1β_2 + ωα_1β_5 + ω^2α_2β_1 + ω^2α_2β_4 + ωα_3β_3 + α_3β_6

3^′_1 ∼ α_1β_3 − ωα_1β_6 + ω^2α_2β_2 − ω^2α_2β_5 + ωα_3β_1 − α_3β_4 α_1β_1 − ωα_1β_4 + ω^2α_2β_3 − ω^2α_2β_6 + ωα_3β_2 − α_3β_5 α_1β_2 − ωα_1β_5 + ω^2α_2β_1 − ω^2α_2β_4 + ωα_3β_3 − α_3β_6

3_1 ∼ α_1β_1 + α_1β_4 + ωα_2β_3 + ω^2α_2β_6 + ω^2α_3β_2 + ωα_3β_5 α_1β_3 + α_1β_6 + ωα_2β_2 + ω^2α_2β_5 + ω^2α_3β_1 + ωα_3β_4 α_1β_2 + α_1β_5 + ωα_2β_1 + ω^2α_2β_4 + ω^2α_3β_3 + ωα_3β_6

3^′_1 ∼ α_1β_1 − α_1β_4 + ωα_2β_3 − ω^2α_2β_6 + ω^2α_3β_2 − ωα_3β_5 α_1β_3 − α_1β_6 + ωα_2β_2 − ω^2α_2β_5 + ω^2α_3β_1 − ωα_3β_4 α_1β_2 − α_1β_5 + ωα_2β_1 − ω^2α_2β_4 + ω^2α_3β_3 − ωα_3β_6

6 ∼ α_1β_6 + α_2β_5 + α_3β_4 α_1β_4 + α_2β_6 + α_3β_5 α_1β_5 + α_2β_4 + α_3β_6 −ω^2 (α_1β_3 + α_2β_2 + α_3β_1) −ω^2 (α_1β_1 + α_2β_3 + α_3β_2) −ω^2 (α_1β_2 + α_2β_1 + α_3β_3)

• 3^′_2 ⊗ 3^′_2 = 1 ⊕ 2 ⊕ 3_2 ⊕ 3^′_2

1 ∼ α_1β_2 + α_2β_1 + α_3β_3

2 ∼ ( α_1β_3 + α_2β_2 + α_3β_1 ω (α_1β_1 + α_2β_3 + α_3β_2) )

3_2 ∼ α_3β_1 − α_1β_3 α_2β_3 − α_3β_2 α_1β_2 − α_2β_1

3^′_2 ∼ α_1β_3 − 2α_2β_2 + α_3β_1 −2α_1β_1 + α_2β_3 + α_3β_2 α_1β_2 + α_2β_1 − 2α_3β_3

• 3^′_2 ⊗ 6 = 3_1 ⊕ 3^′_1 ⊕ 3_1 ⊕ 3^′_1 ⊕ 6

3_1 ∼ α_1β_3 − ωα_1β_6 + ω^2α_2β_2 − ω^2α_2β_5 + ωα_3β_1 − α_3β_4 α_1β_1 − ωα_1β_4 + ω^2α_2β_3 − ω^2α_2β_6 + ωα_3β_2 − α_3β_5 α_1β_2 − ωα_1β_5 + ω^2α_2β_1 − ω^2α_2β_4 + ωα_3β_3 − α_3β_6

3^′_1 ∼ α_1β_3 + ωα_1β_6 + ω^2α_2β_2 + ω^2α_2β_5 + ωα_3β_1 + α_3β_4 α_1β_1 + ωα_1β_4 + ω^2α_2β_3 + ω^2α_2β_6 + ωα_3β_2 + α_3β_5 α_1β_2 + ωα_1β_5 + ω^2α_2β_1 + ω^2α_2β_4 + ωα_3β_3 + α_3β_6

3_1 ∼ α_1β_1 − α_1β_4 + ωα_2β_3 − ω^2α_2β_6 + ω^2α_3β_2 − ωα_3β_5 α_1β_3 − α_1β_6 + ωα_2β_2 − ω^2α_2β_5 + ω^2α_3β_1 − ωα_3β_4 α_1β_2 − α_1β_5 + ωα_2β_1 − ω^2α_2β_4 + ω^2α_3β_3 − ωα_3β_6

3^′_1 ∼ α_1β_1 + α_1β_4 + ωα_2β_3 + ω^2α_2β_6 + ω^2α_3β_2 + ωα_3β_5 α_1β_3 + α_1β_6 + ωα_2β_2 + ω^2α_2β_5 + ω^2α_3β_1 + ωα_3β_4 α_1β_2 + α_1β_5 + ωα_2β_1 + ω^2α_2β_4 + ω^2α_3β_3 + ωα_3β_6

6 ∼ α_1β_6 + α_2β_5 + α_3β_4 α_1β_4 + α_2β_6 + α_3β_5 α_1β_5 + α_2β_4 + α_3β_6 ω^2 (α_1β_3 + α_2β_2 + α_3β_1) ω^2 (α_1β_1 + α_2β_3 + α_3β_2) ω^2 (α_1β_2 + α_2β_1 + α_3β_3)

• 6 ⊗ 6 = 1 ⊕ 1^′ ⊕ 2_S ⊕ 2_A ⊕ 3_1 ⊕ 3^′_1 ⊕ 3_1 ⊕ 3^′_1 ⊕ 3_2 ⊕ 3^′_2 ⊕ 6_S ⊕ 6_A

1 ∼ α_1β_5 + α_2β_4 + α_3β_6 + α_4β_2 + α_5β_1 + α_6β_3

1^′ ∼ α_1β_5 + α_2β_4 + α_3β_6 − α_4β_2 − α_5β_1 − α_6β_3

2_S ∼ ( α_1β_6 + α_2β_5 + α_3β_4 + α_4β_3 + α_5β_2 + α_6β_1 ω (α_1β_4 + α_2β_6 + α_3β_5 + α_4β_1 + α_5β_3 + α_6β_2) )

2_A ∼ ( α_1β_6 + α_2β_5 + α_3β_4 − α_4β_3 − α_5β_2 − α_6β_1 −ω (α_1β_4 + α_2β_6 + α_3β_5 − α_4β_1 − α_5β_3 − α_6β_2) )

3_1 ∼ α_1β_6 + ωα_2β_5 + ω^2α_3β_4 − ω^2α_4β_3 − ωα_5β_2 − α_6β_1 ωα_1β_4 + ω^2α_2β_6 + α_3β_5 − ωα_4β_1 − α_5β_3 − ω^2α_6β_2 ω^2α_1β_5 + α_2β_4 + ωα_3β_6 − α_4β_2 − ω^2α_5β_1 − ωα_6β_3

3^′_1 ∼ α_1β_6 + ωα_2β_5 + ω^2α_3β_4 + ω^2α_4β_3 + ωα_5β_2 + α_6β_1 ωα_1β_4 + ω^2α_2β_6 + α_3β_5 + ωα_4β_1 + α_5β_3 + ω^2α_6β_2 ω^2α_1β_5 + α_2β_4 + ωα_3β_6 + α_4β_2 + ω^2α_5β_1 + ωα_6β_3

3_1 ∼ α_1β_4 + ω^2α_2β_6 + ωα_3β_5 − α_4β_1 − ωα_5β_3 − ω^2α_6β_2 ωα_1β_6 + α_2β_5 + ω^2α_3β_4 − ω^2α_4β_3 − α_5β_2 − ωα_6β_1 ω^2α_1β_5 + ωα_2β_4 + α_3β_6 − ωα_4β_2 − ω^2α_5β_1 − α_6β_3

3^′_1 ∼ α_1β_4 + ω^2α_2β_6 + ωα_3β_5 + α_4β_1 + ωα_5β_3 + ω^2α_6β_2 ωα_1β_6 + α_2β_5 + ω^2α_3β_4 + ω^2α_4β_3 + α_5β_2 + ωα_6β_1 ω^2α_1β_5 + ωα_2β_4 + α_3β_6 + ωα_4β_2 + ω^2α_5β_1 + α_6β_3

3_2 ∼ α_1β_3 + α_2β_2 + α_3β_1 − ωα_4β_6 − ωα_5β_5 − ωα_6β_4 α_1β_1 + α_2β_3 + α_3β_2 − ωα_4β_4 − ωα_5β_6 − ωα_6β_5 α_1β_2 + α_2β_1 + α_3β_3 − ωα_4β_5 − ωα_5β_4 − ωα_6β_6

3^′_2 ∼ α_1β_3 + α_2β_2 + α_3β_1 + ωα_4β_6 + ωα_5β_5 + ωα_6β_4 α_1β_1 + α_2β_3 + α_3β_2 + ωα_4β_4 + ωα_5β_6 + ωα_6β_5 α_1β_2 + α_2β_1 + α_3β_3 + ωα_4β_5 + ωα_5β_4 + ωα_6β_6

6_S ∼ α_4β_6 − 2α_5β_5 + α_6β_4 −2α_4β_4 + α_5β_6 + α_6β_5 α_4β_5 + α_5β_4 − 2α_6β_6 α_1β_3 − 2α_2β_2 + α_3β_1 −2α_1β_1 + α_2β_3 + α_3β_2 α_1β_2 + α_2β_1 − 2α_3β_3

6_A ∼ α_4β_6 − α_6β_4 α_6β_5 − α_5β_6 α_5β_4 − α_4β_5 α_3β_1 − α_1β_3 α_2β_3 − α_3β_2 α_1β_2 − α_2β_1

References

[1] K. Abe et al. [T2K Collaboration], Phys. Rev. Lett. 107, 041801 (2011) [arXiv:1106.2822 [hep-ex]].

[2] L. Whitehead [MINOS Collaboration], Recent results from MINOS, Joint Experimental- Theoretical Seminar (24 June 2011, Fermilab, USA), http://theory.fnal.gov/jetp/; P. Adamson et al. [MINOS Collaboration], Phys. Rev. Lett. 107 (2011) 181802 [arXiv:1108.0015 [hep-ex]]; A. Holin, arXiv:1201.3645 [hep-ex].

[3] T. Schwetz, M. Tortola and J. W. F. Valle, New J. Phys. 13, 109401 (2011) [arXiv:1108.1376 [hep-ph]].

[4] G. L. Fogli, E. Lisi, A. Marrone, A. Palazzo and A. M. Rotunno, Phys. Rev. D 84, 053007 (2011) [arXiv:1106.6028 [hep-ph]].

[5] Y. Abe, C. Aberle, T. Akiri, J. C. d. Anjos, F. Ardellier, A. F. Barbosa, A. Baxter and A. Bernstein et al., arXiv:1112.6353 [hep-ex].

[6] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002), hep-ph/0202074; P. F. Harrison and W. G. Scott, Phys. Lett. B 535, 163 (2002), hep-ph/0203209; Z. Z. Xing, Phys. Lett. B 533, 85 (2002), hep-ph/0204049; X. G. He and A. Zee, Phys. Lett. B 560, 87 (2003), hep-ph/0301092.

[7] G. Altarelli and F. Feruglio, Rev. Mod. Phys. 82, 2701 (2010) [arXiv:1002.0211 [hepph]].

[8] H. Ishimori, T. Kobayashi, H. Ohki, Y. Shimizu, H. Okada and M. Tanimoto, Prog.

Theor. Phys. Suppl. 183, 1 (2010) [arXiv:1003.3552 [hep-th]].

[9] W. Grimus and P. O. Ludl, arXiv:1110.6376 [hep-ph].

[10] Y. Lin, Nucl. Phys. B 824, 95 (2010) [arXiv:0905.3534 [hep-ph]].

[11] R. d. A. Toorop, F. Feruglio and C. Hagedorn, Phys. Lett. B 703, 447 (2011) [arXiv:1107.3486 [hep-ph]].

[12] R. de Adelhart Toorop, F. Feruglio and C. Hagedorn, [arXiv:1112.1340 [hep-ph]].

[13] H. -J. He and F. -R. Yin, Phys. Rev. D 84, 033009 (2011) [arXiv:1104.2654 [hepph]]; Y. Shimizu, M. Tanimoto and A. Watanabe, Prog. Theor. Phys. 126, 81 (2011) [arXiv:1105.2929 [hep-ph]]; J. -M. Chen, B. Wang and X. -Q. Li, Phys. Rev. D 84, 073002 (2011) [arXiv:1106.3133 [hep-ph]]; Z. -z. Xing, [arXiv:1106.3244 [hep-ph]]; E. Ma and D. Wegman, Phys. Rev. Lett. 107, 061803 (2011) [arXiv:1106.4269 [hep-ph]]; Y. - j. Zheng and B. -Q. Ma, [arXiv:1106.4040 [hep-ph]]; X. -G. He and A. Zee, Phys. Rev. D 84, 053004 (2011) [arXiv:1106.4359 [hep-ph]]; S. Zhou, Phys. Lett. B 704, 291 (2011) [arXiv:1106.4808 [hep-ph]]; T. Araki, Phys. Rev. D 84, 037301 (2011) [arXiv:1106.5211 [hep-ph]]; N. Haba and R. Takahashi, Phys. Lett. B 702, 388 (2011) [arXiv:1106.5926 [hep-ph]]; D. Meloni, JHEP 1110, 010 (2011) [arXiv:1107.0221 [hep-ph]]; S. Morisi, K. M. Patel and E. Peinado, Phys. Rev. D 84, 053002 (2011) [arXiv:1107.0696 [hepph]]; W. Chao and Y. -j. Zheng, arXiv:1107.0738 [hep-ph]; H. Zhang and S. Zhou, Phys. Lett. B 704, 296 (2011) [arXiv:1107.1097 [hep-ph]]; X. Chu, M. Dhen and T. Hambye, JHEP 1111, 106 (2011) [arXiv:1107.1589 [hep-ph]]; P. S. Bhupal Dev, R. N. Mohapatra and M. Severson, Phys. Rev. D 84, 053005 (2011) [arXiv:1107.2378 [hep-ph]]; S. Antusch and V. Maurer, Phys. Rev. D 84, 117301 (2011) [arXiv:1107.3728 [hep-ph]]; W. Rodejohann, H. Zhang and S. Zhou, Nucl. Phys. B 855, 592 (2012) [arXiv:1107.3970 [hep-ph]]; Y. H. Ahn, H. -Y. Cheng and S. Oh, [arXiv:1107.4549 [hep-ph]]; S. F. King and C. Luhn, JHEP 1109, 042 (2011) [arXiv:1107.5332 [hepph]]; Q. -H. Cao, S. Khalil, E. Ma and H. Okada, Phys. Rev. D 84, 071302 (2011) [arXiv:1108.0570 [hep-ph]]; D. Marzocca, S. T. Petcov, A. Romanino and M. Spinrath, JHEP 1111, 009 (2011) [arXiv:1108.0614 [hep-ph]]; S. -F. Ge, D. A. Dicus and W. W. Repko, [arXiv:1108.0964 [hep-ph]]; Riazuddin, arXiv:1108.1469 [hep-ph]; S. Kumar, Phys. Rev. D 84, 077301 (2011) [arXiv:1108.2137 [hep-ph]]; F. Bazzocchi, [arXiv:1108.2497 [hep-ph]]; T. Araki and C. -Q. Geng, JHEP 1109, 139 (2011) [arXiv:1108.3175 [hep-ph]]; S. Antusch, S. F. King, C. Luhn and M. Spinrath, Nucl. Phys. B 856, 328 (2012) [arXiv:1108.4278 [hep-ph]]; H. Fritzsch, Z. -z. Xing and S. Zhou, JHEP 1109, 083 (2011) [arXiv:1108.4534 [hep-ph]]; R. N. Mohapatra and M. K. Parida, Phys. Rev. D 84, 095021 (2011) [arXiv:1109.2188 [hep-ph]]; A. Rashed and A. Datta,

[arXiv:1109.2320 [hep-ph]]; P. O. Ludl, S. Morisi and E. Peinado, [arXiv:1109.3393 [hep-ph]]; N. Okada and Q. Shafi, arXiv:1109.4963 [hep-ph]; A. Aranda, C. Bonilla and A. D. Rojas, [arXiv:1110.1182 [hep-ph]]; G. -J. Ding, L. L. Everett and A. J. Stuart, Nucl. Phys. B 857, 219 (2012) [arXiv:1110.1688 [hep-ph]]; D. Meloni, arXiv:1110.5210 [hep-ph]; S. Dev, S. Gupta, R. R. Gautam and L. Singh, Phys. Lett. B 706, 168 (2011) [arXiv:1111.1300 [hep-ph]]; K. N. Deepthi, S. Gollu and R. Mohanta, arXiv:1111.2781 [hep-ph]; A. Rashed, arXiv:1111.3072 [hep-ph]; W. Buchmuller, V. Domcke and K. Schmitz, arXiv:1111.3872 [hep-ph]; I. d. M. Varzielas, arXiv:1111.3952 [hep-ph]; S. F. King and C. Luhn, arXiv:1112.1959 [hep-ph]; S. Gupta, A. S. Joshipura and K. M. Patel, arXiv:1112.6113 [hep-ph].

[14] Z. -z. Xing, Phys. Rev. D 78, 011301 (2008) [arXiv:0805.0416 [hep-ph]].

[15] S. F. King, Phys. Lett. B 675, 347 (2009) [arXiv:0903.3199 [hep-ph]].

[16] G. Altarelli, F. Feruglio and L. Merlo, JHEP 0905, 020 (2009) [arXiv:0903.1940 [hepph]].

[17] C. S. Lam, Phys. Lett. B 656, 193 (2007) [arXiv:0708.3665 [hep-ph]].

[18] W. M. Fairbairn, T. Fulton, and W. H. Klink, J. Math. Phys. 5 (1964) 1038; J. A. Escobar and C. Luhn, J. Math. Phys. 50 (2009) 013524 [arXiv:0809.0639 [hep-th]].

[19] A. Zee, Phys. Lett. B 630, 58 (2005) [hep-ph/0508278].

[20] C. S. Lam, Phys. Lett. B 656, 193 (2007) [arXiv:0708.3665 [hep-ph]].

[21] G. Altarelli and F. Feruglio, Nucl. Phys. B 741, 215 (2006) [hep-ph/0512103].

[22] G. -J. Ding, L. L. Everett and A. J. Stuart, Nucl. Phys. B 857, 219 (2012) [arXiv:1110.1688 [hep-ph]].

[23] P. Minkowski, Phys. Lett. B 67 421 (1977); T. Yanagida, in Proc. of Workshop on Unified Theory and Baryon number in the Universe, eds. O. Sawada and A. Sugamoto, KEK, Tsukuba, (1979) p.95; M. Gell-Mann, P. Ramond and R. Slansky, in Supergravity, eds P. van Niewenhuizen and D. Z. Freedman (North Holland, Amsterdam 1980) p.315; P. Ramond, Sanibel talk, retroprinted as hep-ph/9809459; S. L. Glashow, inQuarks and Leptons, Cargèse lectures, eds M. Lévy, (Plenum, 1980, New York) p. 707; R. N. Mohapatra and G. Senjanović, Phys. Rev. Lett. 44, 912 (1980); J. Schechter and J. W. F. Valle, Phys. Rev. D 22 (1980) 2227; Phys. Rev. D 25 (1982) 774.

[24] C. D. Froggatt and H. B. Nielsen, Nucl. Phys. B 147 (1979) 277.

[25] C. S. Lam, Phys. Rev. D 83, 113002 (2011) [arXiv:1104.0055 [hep-ph]].

[26] G. -J. Ding and D. Meloni, Nucl. Phys. B 855, 21 (2012) [arXiv:1108.2733 [hep-ph]].

[27] C. S. Lam, Phys. Rev. Lett. 101, 121602 (2008) [arXiv:0804.2622 [hep-ph]]; Phys. Rev.

D 78, 073015 (2008) [arXiv:0809.1185 [hep-ph]].

[28] Gui-Jun Ding, work in progress.