arXiv:1201.3366v1 [nucl-th] 16 Jan 2012

Collective perspective on advances in Dyson-Schwinger Equation QCD

Adnan Bashir,^{1, 2, 3} Lei Chang,^2 Ian C. Cloët,^4 Bruno El-Bennich,^{5, 6} Yu-xin Liu,^{7, 8} Craig D. Roberts,^{2, 7, 9, 10} and Peter C. Tandy^3 1Instituto de Física y Matemáticas, Universidad Michoacana de San Nicolás de Hidalgo, Edificio C-3, Ciudad Universitaria, Morelia, Michoacán 58040, México.

2Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA 3Center for Nuclear Research, Department of Physics, Kent State University, Kent OH 44242, USA 4CSSM and CoEPP, School of Chemistry and Physics University of Adelaide, Adelaide SA 5005, Australia 5Laboratorio de Física Teórica e Computação Científica, Universidade Cruzeiro do Sul, 01506-000 São Paulo, SP, Brazil 6Instituto de Física Teórica, Universidade Estadual Paulista, 01140-070 São Paulo, SP, Brazil 7Department of Physics, Center for High Energy Physics and State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing 100871, China 8Center of Theoretical Nuclear Physics, National Laboratory of Heavy Ion Accelerator, Lanzhou 730000, China 9Institut für Kernphysik, Forschungszentrum Jülich, D-52425 Jülich, Germany 10Department of Physics, Illinois Institute of Technology, Chicago, Illinois 60616-3793, USA

We survey contemporary studies of hadrons and strongly interacting quarks using QCD’s Dyson- Schwinger equations, addressing: aspects of confinement and dynamical chiral symmetry breaking; the hadron spectrum; hadron elastic and transition form factors, from small- to large-Q^2; parton distribution functions; the physics of hadrons containing one or more heavy quarks; and properties of the quark gluon plasma.

Keywords: confinement, dynamical chiral symmetry breaking, Dyson-Schwinger equations, hadron spectrum, hadron elastic and transition form factors, heavy mesons, in-hadron condensates, parton distribution functions, quark gluon plasma, UA(1)-problem

PACS numbers: 12.38.Aw, 11.15.Tk, 11.30.Rd, 11.10.St, 13.40.-f, 13.40.Gp; 14.20.Dh, 14.20.Gk; 14.40.Be, 14.40.Lb, 14.40.Nd, 14.40.Pq, 11.10.Wx, 25.75.Nq, 24.85.+p

CONTENTS

I. Introduction 1

II. Hadron Physics 2

III. Confinement 4

IV. Gap and Bethe-Salpeter Equations 5

V. Nonperturbative Truncation 6 A. Pseudoscalar meson mass formula 6 B. Condensates are confined within hadrons 8 C. Flavourless pseudoscalar mesons 10

VI. Many Facets of DCSB 13 A. DCSB in the Bethe-Salpeter kernel 13 B. Quark anomalous magnetic moments 16 C. a_1-ρ mass splitting 19

VII. Pion Electromagnetic Form Factors 21 A. Charged pion 21 B. Neutral pion 24

VIII. Pion and kaon valence-quark distributions 25

IX. Charm and Beauty mesons 27 A. CP violation and strong phases 27 B. Flavourful hadrons 28 C. Quarkonia 28

D. Heavy-light mesons 30 E. Flavoured form factors and couplings 31

X. Describing Baryons and Mesons

Simultaneously 34 A. Faddeev equation 34 B. Diquark and meson elastic and transition Form Factors 37 C. Nucleon form factors 41 D. Valence-quark distributions at x = 1 43

XI. Strongly-Coupled Quarks In-Medium 44 A. Critical endpoint and phase coexistence 44 B. Quark spectral density and a sQGP 47

XII. Epilogue 51

Acknowledgments 52

References 52

I. INTRODUCTION

A hundred years and more of fundamental research in atomic and nuclear physics has shown that all matter is corpuscular, with the atoms that comprise us, themselves containing a dense nuclear core. This core is composed of protons and neutrons, referred to collectively as nucleons, which are members of a broader class of femtometre-scale particles, called hadrons. In working toward an understanding of hadrons, we have discovered that they are complicated bound-states of quarks and gluons. These quarks and gluons are elementary, pointlike excitations, whose interactions are described by a Poincaré invariant quantum non-Abelian gauge field theory; namely, quantum chromodynamics (QCD). The goal of hadron physics is the provision of a quantitative explanation of the properties of hadrons through a solution of QCD.

Quantum chromodynamics is the strong-interaction part of the Standard Model of Particle Physics and solving QCD presents a fundamental problem that is unique in the history of science. Never before have we been confronted by a theory whose elementary excitations are not those degrees-of-freedom readily accessible via experiment; i.e., whose elementary excitations are confined. Moreover, there are numerous reasons to believe that QCD generates forces which are so strong that less-than 2% of a nucleon’s mass can be attributed to the so-called current-quark masses that appear in QCD’s Lagrangian; viz., forces capable of generating mass from nothing, a phenomenon known as dynamical chiral symmetry breaking (DCSB).

Neither confinement nor DCSB is apparent in QCD’s Lagrangian and yet they play the dominant role in determining the observable characteristics of real-world QCD. The physics of hadrons is ruled by emergent phenomena such as these, which can only be elucidated through the use of nonperturbative methods in quantum field theory. This is both the greatest novelty and the greatest challenge within the Standard Model. We must find essentially new ways and means to explain precisely via mathematics the observable content of QCD.

The complex of Dyson-Schwinger equations (DSEs) is a powerful tool, which has been employed with marked success to study confinement and DCSB, and their impact on hadron observables. This will be emphasised and exemplified in this synopsis of the KITPC lecture series, which describes selected progress in the study of mesons and baryons, and strongly coupled quarks in-medium. Our compilation complements and extends earlier and other reviews [1–13].

II. HADRON PHYSICS

The basic problem of hadron physics is to solve QCD. This inspiring goal will only be achieved through a joint effort from experiment and theory because it is the feedback between them that leads most rapidly to improvements in understanding. The hadron physics community now has a range of major facilities that are accumulating data, of unprecedented accuracy and precision, which pose important challenges for theory. The opportunities for researchers in hadron physics promise to expand with the use of extant accelerators, and upgraded and new machines and detectors that will appear on a five-to-ten-year time-scale, in China, Germany,

Japan, Switzerland and the USA. A short list of facilities may readily be compiled: Beijing’s electron-positron collider; in Germany – COSY (Jülich Cooler Synchrotron), ELSA (Bonn Electron Stretcher and Accelerator), MAMI (Mainz Microtron), and FAIR (Facility for Antiproton and Ion Research) under construction near Darmstadt; in Japan – J-PARC (Japan Proton Accelerator Research Complex) under construction in Tokai-Mura, 150km NE of Tokyo, and KEK, Tsukuba; in Switzerland, the AL- ICE and COMPASS detectors at CERN; and in the USA, both the Thomas Jefferson National Accelerator Facility (JLab), currently being upgraded, with new generation experiments expected in 2016, and RHIC (Relativistic Heavy Ion Collider) at Brookhaven National Laboratory.

Asymptotic coloured states have not been observed, but is it a cardinal fact that they cannot? No solution to QCD will be complete if it does not explain confinement. This means confinement in the real world, which contains quarks with light current-quark masses. This is distinct from the artificial universe of pure-gauge QCD without dynamical quarks, studies of which tend merely to focus on achieving an area law for a Wilson loop and hence are irrelevant to the question of light-quark confinement.

In stepping toward an answer to the question of confinement, it will likely be necessary to map out the longrange behaviour of the interaction between light-quarks; namely, QCD’s β-function at infrared momenta. In this connection it is noteworthy that the spectrum of meson and baryon excited states, hadron elastic and transition form factors, and the phase structure of dense and hot QCD, all contribute information that is critical to elucidating the long-range interaction between light-quarks. In addition, by studying such quantities one may expose the distribution of a hadron’s characterising properties – such as mass and momentum, linear and angular – amongst its QCD constituents; and illuminate strong interaction properties that were critical in the universe’s evolution. The upgraded and promised future facilities will provide data that should guide the charting process. However, to make full use of that data, it will be necessary to have Poincaré covariant theoretical tools that enable the reliable study of hadrons in the mass range 1- 2 GeV and in the vicinity of phase boundaries. Crucially, on these domains both confinement and DCSB are germane.

It is known that DCSB; namely, the generation of mass from nothing, does take place in QCD. It arises primarily because a dense cloud of gluons comes to clothe a low-momentum quark [17]. This is readily seen by solving the DSE for the dressed-quark propagator; i.e., the gap equation, Eq. (IV.1),^1 which yields the result illustrated in Fig. II.1. However, the origin of the interaction

1 In our Euclidean metric: {γ_μ, γ_ν } = 2δ_{μν} ; γ^†_μ = γ_μ; γ_5 = γ_4γ_1γ_2γ_3, tr[γ_4γ_μγ_ν γ_ργ_σ ] = −4ϵ_{μνρσ} ; σ_{μν} = (i/2)[γ_μ , γ_ν ]; a · b = ∑_4 i=1 a_ib_i; and P_μ timelike ⇒ P^2 < 0. More information is available, e.g., in App. A of Ref. [5].

FIG. II.1. Dressed-quark mass function, M(p) in Eq. (IV.2): solid curves – DSE results, explained in Refs. [14, 15], “data” – numerical simulations of lattice-QCD [16]. (NB. m = 70 MeV is the uppermost curve and current-quark mass decreases from top to bottom.) One observes the current-quark of perturbative QCD evolving into a constituent-quark as its momentum becomes smaller. The constituent-quark mass arises from a cloud of low-momentum gluons attaching themselves to the current-quark. This is dynamical chiral symmetry breaking (DCSB): an essentially nonperturbative effect that generates a quark mass from nothing; namely, it occurs even in the chiral limit.

strength at infrared momenta, which guarantees DCSB through the gap equation, is currently unknown. This relationship ties confinement to DCSB. The reality of DCSB means that the Higgs mechanism is largely irrelevant to the bulk of normal matter in the universe. Instead the single most important mass generating mechanism for light-quark hadrons is the strong interaction effect of DCSB;^2 e.g., one can identify it as being responsible for 98% of a proton’s mass [18, 19].

There is a caveat; namely, as so often, the pion is exceptional. Its mass is given by the simple product of two terms, one of which is the ratio of two order parameters for DCSB whilst the other is determined by the current-quark mass (Sec. V A). Hence the pion would be massless in the absence of a mechanism that can generate a current-mass for at least one light-quark. The impact of a massless, strongly-interacting particle on the physics of the Universe would be dramatic.

2 In announcing hints for the Higgs boson at CERN, the following observations was made: “The Higgs field is often said to give mass to everything. That is wrong. The Higgs field only gives mass to some very simple particles. The field accounts for only one or two percent of the mass of more complex things like atoms, molecules and everyday objects, from your mobile phone to your pet llama. The vast majority of mass comes from the energy needed to hold quarks together inside atoms.” This recognises the fundamental role of confinement and dynamical chiral symmetry breaking, key emergent phenomena within the strongly interacting part of the Standard Model.

It is natural to ask whether the connection between confinement and DCSB is accidental or causal. There are models with DCSB but not confinement, however, an in-vacuum model with confinement but lacking DCSB has not yet been identified (see, e.g., Secs. 2.1 and 2.2 of Ref. [7]). This leads to a conjecture that DCSB is a necessary consequence of confinement. It is interesting that there are numerous models and theories which exhibit both confinement and DCSB, and possess an external control parameter such that deconfinement and chiral symmetry restoration occur simultaneously at some critical value of this parameter; e.g., quantum electrodynamics in three dimensions with N_f electrons [20–22], and models of QCD at nonzero temperature and chemical potential [23–32]. Whether this simultaneity is a property possessed by QCD, and/or some broader class of theories, in response to changes in: the number of lightquark flavours; temperature; or chemical potential, is a longstanding question.

The momentum-dependence of the quark mass, illustrated in Fig. II.1, is an essentially quantum field theoretic effect, unrealisable in quantum mechanics, and a fundamental feature of QCD. This single curve connects the infrared and ultraviolet regimes of the theory, and establishes that the constituent-quark and current-quark masses are simply two connected points separated by a large momentum interval. The curve shows that QCD’s dressed-quark behaves as a constituent-quark, a currentquark, or something in between, depending on the momentum of the probe which explores the bound-state containing the dressed-quark. It follows that calculations addressing momentum transfers Q^2 ∼> M^2, where M is the mass of the hadron involved, require a Poincaré-covariant approach that can veraciously realise quantum field theoretical effects [33]. Owing to the vector-exchange character of QCD, covariance also guarantees the existence of nonzero quark orbital angular momentum in a hadron’s rest-frame [8, 34–36].

The dressed-quark mass function has a remarkable capacity to correlate and to contribute significantly in explaining a wide range of diverse phenomena. This brings urgency to the need to understand the relationship between parton properties in the light-front frame, whose peculiar properties simplify some theoretical analyses, and the structure of hadrons as measured in the rest frame or other smoothly related frames. This is a problem because, e.g., DCSB, an established keystone of low-energy QCD, has not explicitly been realised in the light-front formulation. The obstacle is the constraint k^+ := k^0 + k^3 > 0 for massive quanta on the light front [37]. It is therefore impossible to make zero momentum Fock states that contain particles and hence the vacuum is “trivial”. On the other hand, it is conceivable that DCSB is inextricably tied with the formation and structure of Goldstone modes and not otherwise a measurable property of the vacuum. This conjecture is being explored [38–41] and is something about which more will be written herein (Sec. V B). In addition, parton distribution functions, which have a probability interpretation in the infinite momentum frame, must be calculated in order to comprehend their content: parametrisation is insufficient. It would be very interesting to know, e.g., how, if at all, the distribution functions of a Goldstone mode differ from those of other hadrons [9].

III. CONFINEMENT

It is worth stating plainly that the potential between infinitely-heavy quarks measured in numerical simulations of quenched lattice-regularised QCD – the so-called static potential – is simply irrelevant to the question of confinement in the real world, in which light quarks are ubiquitous. In fact, it is a basic feature of QCD that light-particle creation and annihilation effects are essentially nonperturbative and therefore it is impossible in principle to compute a potential between two light quarks [42, 43].

Drawing on a long list of sources; e.g., Refs. [44–47], a perspective on confinement was laid out in Ref. [48]. Confinement can be related to the analytic properties of QCD’s Schwinger functions, which are often called Euclidean-space Green functions. For example, it can be read from the reconstruction theorem [49, 50] that the only Schwinger functions which can be associated with expectation values in the Hilbert space of observables; namely, the set of measurable expectation values, are those that satisfy the axiom of reflection positivity. This is an extremely tight constraint. It can be shown to require as a necessary condition that the Fourier transform of the momentum-space Schwinger function is a positivedefinite function of its arguments. This condition suggests a practical confinement test, which can be used with numerical solutions of the DSEs (see, e.g., Sec. III.C of Ref. [51] and Sec. IV of Ref. [52]). The implications and use of reflection positivity are discussed and illustrated in Sec. 2 of Ref. [8].

It is noteworthy that any 2-point Schwinger function with an inflexion point at p^2 > 0 must breach the axiom of reflection positivity, so that a violation of positivity can be determined by inspection of the pointwise behaviour of the Schwinger function in momentum space (Sec. IV.B of Ref. [20]). Consider then Δ(k^2), which is the single scalar function that describes the dressing of a Landau-gauge gluon propagator. A large body of work has focused on exposing the behaviour of Δ(k^2) in the pure Yang-Mills sector of QCD. These studies are reviewed in Ref. [13]. A connection with the expression and nature of confinement in the Yang-Mills sector is indicated in Fig. III.1. The appearance of an inflexion point in the two-point function generated by the gluon’s momentum-dependent massfunction is impossible to overlook. Hence this gluon cannot appear in the Hilbert space of observable states. The inflexion point possessed by M(p^2), visible in Fig. II.1, conveys the same properties on the dressed-quark propagator.

FIG. III.1. Δ(k^2), the function that describes dressing of a Landau-gauge gluon propagator, plotted for three distinct cases. A bare gluon is described by Δ(k^2) = 1/k^2 (the dashed line), which is plainly convex on k^2 ∈ (0, ∞). Such a propagator has a representation in terms of a non-negative spectral density. In some theories, interactions generate a mass in the transverse part of the gauge-boson propagator, so that Δ(k^2) = 1/(k^2 + m^2_g ), which can also be represented in terms of a non-negative spectral density. In QCD, however, selfinteractions generate a momentum-dependent mass for the gluon, which is large at infrared momenta but vanishes in the ultraviolet [13]. This is illustrated by the curve labelled “IRmassive but UV-massless.” With the generation of a massfunction, Δ(k^2) exhibits an inflexion point and hence cannot be expressed in terms of a non-negative spectral density.

Numerical simulations of lattice-QCD confirm the appearance of an inflexion point in both the dressed-gluon and -quark propagators; e.g., see Fig. II.1 and Ref. [13]. The signal is clearest for the gluon owing to the greater simplicity of simulations in the pure Yang-Mills sector [53–55]. We emphasise that this sense of confinement is essentially quantum field theoretical in nature. Amongst its many consequences is that light-quark confinement in QCD cannot veraciously be represented in potential models.

From the perspective that confinement can be related to the analytic properties of QCD’s Schwinger functions, the question of light-quark confinement can be translated into the challenge of charting the infrared behavior of QCD’s universal β-function. (Although this function may depend on the scheme chosen to renormalise the theory, it is unique within a given scheme [56]. Of course, the behaviour of the β-function on the perturbative domain is well known.) This is a well-posed problem whose solution is an elemental goal of modern hadron physics (e.g., Refs. [57–59]) and which can be addressed in any framework enabling the nonperturbative evaluation of renormalisation constants. It is the β-function that is responsible for the behaviour evident in Fig. II.1 and Fig. III.2, below; and one of the more interesting of contemporary questions is whether it is possible to reconstruct the β-function, or at least constrain it tightly, given empirical information on the gluon and quark mass functions.

In this connection we note that the DSEs connect the

FIG. III.2. Upper panel – Rainbow-ladder gluon runningmass; and lower panel – rainbow-ladder effective runningcoupling. Matching related curves in each panel (solid to solid or dashed to dashed) gives an equivalent description of observables within the rainbow-ladder truncation.

β-function to experimental observables. Hence, comparison between DSE computations and observations of the hadron mass spectrum, and elastic and transition form factors, can be used to chart β-function’s long-range behaviour. Extant studies show that the properties of hadron excited states are a great deal more sensitive to the long-range behaviour of the β-function than those of ground states. This is illustrated in Refs. [57, 60], which through a study of ground-state, radially-excited and exotic scalar-, vector- and flavoured-pseudoscalar-mesons in rainbow-ladder truncation, which is leading order in the most widely used nonperturbative scheme [61, 62], produced the effective coupling and running gluon mass depicted in Fig. III.2.

IV. GAP AND BETHE-SALPETER EQUATIONS

In order to proceed it is necessary to describe explicitly the best known and simplest DSE. The Dyson or gap equation determines how quark propagation is influenced by interactions; viz., for a quark of flavour f,

S_f (p)^{−1} = Z_2 (iγ · p + m^{bm}_f )

+Z_1

∫_Λ q g^2D_{μν} (p − q) λ^a 2 γ_μS_f (q) λ^a 2 Γ^f_ν (q, p), (IV.1) where: D_{μν} is the gluon propagator; Γ^f_ν , the quark-gluon vertex;

∫_Λ q , a symbol that represents a Poincaré invariant regularization of the four-dimensional Euclidean integral, with Λ the regularization mass-scale; m^{bm}_f (Λ), the current-quark bare mass; and Z_{1,2}(ζ^2, Λ^2), respectively, the vertex and quark wave-function renormalisation constants, with ζ the renormalisation point – dependence upon which is not usually made explicit.

The gap equation’s solution is the dressed-quark propagator,

S(p) = −iγ · p σ_V (p^2, ζ^2) + σ_S (p^2, ζ^2) , (IV.2a) = 1 iγ · p A(p^2, ζ^2) + B(p^2, ζ^2)

(IV.2b) = Z(p^2, ζ^2) iγ · p + M(p^2) , (IV.2c)

which is obtained from Eq. (IV.1) augmented by a renormalisation condition. A mass-independent scheme is a useful choice and can be implemented by fixing all renormalisation constants in the chiral limit.^3

The mass function, M(p^2) = B(p^2, ζ^2)/A(p^2, ζ^2), is independent of the renormalisation point, ζ; and the renormalised current-quark mass,

m^ζ_f = Z_m(ζ, Λ) m^{bm}(Λ) = Z^{−1}_4 Z_2 m^{bm}_f , (IV.3)

wherein Z_4 is the renormalisation constant associated with the Lagrangian’s mass-term. Like the running coupling constant, this “running mass” is familiar from textbooks. However, it is not commonly appreciated that m^ζ is simply the dressed-quark mass function evaluated at one particular deep spacelike point; viz,

m^ζ_f = M_f (ζ^2) . (IV.4)

The renormalisation-group invariant current-quark mass may be inferred via

m̂_f = lim_{p2→∞} [ 1 2 ln p^2 Λ^2_{QCD} ]_{γm} M_f (p^2) , (IV.5)

where γ_m = 12/(33 − 2N_f ): N_f is the number of quark flavours employed in computing the running coupling; and Λ_{QCD} is QCD’s dynamically-generated renormalisation-group-invariant mass-scale. The chiral limit is expressed by

m̂_f = 0 . (IV.6)

Moreover,

∀ζ ≫ Λ_{QCD}, m^ζ_{f1} m^ζ_{f2} = m̂_{f1} m̂_{f2} . (IV.7)

3 See, e.g., Ref. [63] and references therein; or Ref. [64] for a detailed discussion of renormalisation.

However, we would like to emphasise that in the presence of DCSB the ratio m^{ζ=p2}_{f1} m^{ζ=p2}_{f2} = M_{f1} (p^2) M_{f2} (p^2)

(IV.8)

is not independent of p^2: in the infrared; i.e., ∀p^2 ≲ Λ^2_{QCD}, it then expresses a ratio of constituent-like quark masses, which, for light quarks, are two orders-of-magnitude larger than their current-masses and nonlinearly related to them [18, 19].

The gap equation illustrates the features and flaws of each DSE. It is a nonlinear integral equation for the dressed-quark propagator and hence can yield muchneeded nonperturbative information. However, the kernel involves the two-point function D_{μν} and the threepoint function Γ^f_ν . The gap equation is therefore coupled to the DSEs satisfied by these functions, which in turn involve higher n-point functions. Hence the DSEs are a tower of coupled integral equations, with a tractable problem obtained only once a truncation scheme is specified. It is unsurprising that the best known truncation scheme is the weak coupling expansion, which reproduces every diagram in perturbation theory. This scheme is systematic and valuable in the analysis of large momentum transfer phenomena because QCD is asymptotically free but it precludes any possibility of obtaining nonperturbative information.

Given the importance of DCSB in QCD, it is significant that the dressed-quark propagator features in the axialvector Ward-Takahashi identity, which expresses chiral symmetry and its breaking pattern:^4

P_μΓ^{f g}_{5μ}(k; P ) + i [m_f (ζ) + m_g (ζ)] Γ^{f g}_5 (k; P )

= S^{−1}_f (k_+)iγ_5 + iγ_5S^{−1}_g (k_−) , (IV.9)

where P = p_1 + p_2 is the total-momentum entering the vertex and k is the relative-momentum between the amputated quark legs.^5 In this equation, Γ^{f g}_{5μ} and Γ^{f g}_5 are, respectively, the amputated axial-vector and pseudoscalar vertices. They are both obtained from an inhomogeneous Bethe-Salpeter equation (BSE), which is exemplified here using a textbook expression [65]:

[Γ_{5μ}(k; P )]_{tu} = Z_2[γ_5γ_μ]_{tu} + ∫_Λ q [S(q_+)Γ_{5μ}(q; P )S(q_−)]_{sr}K^{rs}_{tu} (q, k; P ), (IV.10)

in which K is the fully-amputated quark-antiquark scattering kernel, and the colour-, Dirac- and flavour-matrix

4 Section V C discusses the important differences encountered in treating flavourless pseudoscalar mesons.

5 To be explicit, k = (1 − η)p_1 + ηp_2, with η ∈ [0, 1], and hence k_+ = p_1 = k + ηP , k_− = p_2 = k − (1 − η)P . In a Poincaré covariant approach, such as presented by a proper use of DSEs, no observable can depend on η; i.e., the definition of the relative momentum.

structure of the elements in the equation is denoted by the indices r, s, t, u. N.B. By definition, K does not contain quark-antiquark to single gauge-boson annihilation diagrams, nor diagrams that become disconnected by cutting one quark and one antiquark line.

The Ward-Takahashi identity, Eq. (IV.9), entails that an intimate relation exists between the kernel in the gap equation and that in the BSE. (This is another example of the coupling between DSEs.) Therefore an understanding of chiral symmetry and its dynamical breaking can only be obtained with a truncation scheme that preserves this relation, and hence guarantees Eq. (IV.9) without a fine-tuning of model-dependent parameters.

V. NONPERTURBATIVE TRUNCATION

Through the gap and Bethe-Salpeter equations the pointwise behaviour of the β-function determines the pattern of chiral symmetry breaking; e.g., the behaviour in Fig. II.1. Moreover, the fact that these and other DSEs connect the β-function to experimental observables entails that comparison between computations and observations of the hadron mass spectrum, and hadron elastic and transition form factors, can be used to constrain the β-function’s long-range behaviour.

In order to realise this goal, a nonperturbative symmetry-preserving DSE truncation is necessary. Steady quantitative progress can be made with a scheme that is systematically improvable [61, 62]. In fact, the mere existence of such a scheme has enabled the proof of exact nonperturbative results in QCD.

Before describing a number of these in some detail, it is worth explicating the range of applications. For example, there are: veracious statements about the pion σ-term [18], radially-excited and hybrid pseudoscalar mesons [66, 67], heavy-light [68] and heavy-heavy mesons [34] novel results for the pion susceptibility obtained via analysis of the isovector-pseudoscalar vacuum polarisation [69], which bear upon the essential content of the socalled “Mexican hat” potential, which is used in building models for QCD; and a derivation [70] of the Weinberg sum rule [71].

A. Pseudoscalar meson mass formula

Turning now to a fuller illustration, the first of the results was introduced in Ref. [72]; namely, a mass formula that is exact for flavour non-diagonal pseudoscalar mesons:

f_{H0−} m^2_{H0−} = (m^ζ_{f1} + m^ζ_{f2} )ρ^ζ_{H0−} , (V.1) where: m^ζ_{fi} are the current-masses of the quarks constituting the meson; and

f_{H0−} P_μ = ⟨0|q̄_{f2} γ_5γ_μq_{f1} |H_0− ⟩ (V.2)

= Z_2 tr_{CD}

∫_Λ q iγ_5γ_μS_{f1} (q_+)Γ_{H0−} (q; P )S_{f2} (q_−) , (V.3)

iρ_{H0−} = −⟨0|q̄_{f2} iγ_5q_{f1} |H_0− ⟩ (V.4)

= Z_4 tr_{CD}

∫_Λ q γ_5S_{f1} (q_+)Γ_{H0−} (q; P )S_{f2} (q_−) , (V.5)

where Γ_{H0−} is the pseudoscalar meson’s bound-state Bethe-Salpeter amplitude:

Γ_{H0−} (k; P ) = γ_5 [ iE_{H0−} (k; P ) + γ · P F_{H0−} (k; P ) +γ · k G_{H0−} (k; P ) − σ_{μν} k_μP_ν H_{H0−} (k; P ) ] , (V.6)

which is determined from the associated homogeneous BSE. N.B. An analogous formula for scalar mesons is presented in Ref. [40].

It is worth emphasising that the quark wavefunction and Lagrangian mass renormalisation constants, Z_{2,4}(ζ, Λ), respectively, depend on the gauge parameter in precisely the manner needed to ensure that the right-hand sides of Eqs. (V.3), (V.5) are gauge-invariant. Moreover, Z_2(ζ, Λ) ensures that the right-hand side of Eq. (V.3) is independent of both ζ and Λ, so that f_{H0−} is truly an observable; and Z_4(ζ, Λ) ensures that ρ^ζ_{H0−} is independent of Λ and evolves with ζ in just the way necessary to guarantee that the product m^ζ ρ^ζ_{H0−} is renormalisation-point-independent. In addition, it should be noted that Eq. (V.1) is valid for every pseudoscalar meson and for any value of the current-quark masses; viz., m̂_{fi} ∈ [0, ∞), i = 1, 2. This includes arbitrarily large values and also the chiral limit, in whose neighbourhood Eq. (V.1) can be shown [72] to reproduce the familiar Gell-Mann–Oakes–Renner relation.

The axial-vector Ward-Takahashi identity, Eq. (IV.9), is a crucial bridge to Eqs. (V.1) – (V.5); and on the way one can also prove the following Goldberger-Treiman-like relations [72]:

f^0_{H0−} E_{H0−} (k; 0) = B^0(k^2) , (V.7)

F_R(k; 0) + 2f^0_{H0−} F_{H0−} (k; 0) = A^0(k^2) , (V.8)

G_R(k; 0) + 2f^0_{H0−} G_{H0−} (k; 0) = d dk^2 A^0(k^2) , (V.9)

H_R(k; 0) + 2f^0_{H0−} H_{H0−} (k; 0) = 0 , (V.10)

wherein the superscript indicates that the associated quantity is evaluated in the chiral limit, and F_R, G_R, H_R are analogues in the inhomogeneous axial-vector vertex of the scalar functions in the H_0− -meson’s Bethe-Salpeter amplitude.

These identities are of critical importance in QCD. The first, Eq. (V.7), can be used to prove that a massless pseudoscalar meson appears in the chiral-limit spectrum if, and only if, chiral symmetry is dynamically broken.

Moreover, it exposes the fascinating consequence that the solution of the two-body pseudoscalar bound-state problem is almost completely known once the one-body problem is solved for the dressed-quark propagator, with the relative momentum within the bound-state identified unambiguously with the momentum of the dressed-quark. This latter emphasises that Goldstone’s theorem has a pointwise expression in QCD. The remaining three identities are also important because they show that a pseudoscalar meson must contain components of pseudovector origin. This result overturned a misapprehension of twenty-years standing; namely, that only E_{H0−} (k; 0) is nonzero [73]. These pseudovector components materially influence the observable properties of pseudoscalar mesons [74–78], Sec. VII, as do their analogues in other mesons [79–81].

It is natural to reiterate here a prediction for the properties of non-ground-state pseudoscalar mesons, which follows from the exact results described above; namely, in the chiral limit [66, 67]

f_{πn} ≡ 0 , ∀n ≥ 1 , (V.11)

where n is a state label and n = 0 denotes the ground state. This is the statement that Goldstone modes are the only pseudoscalar mesons to possess a nonzero leptonic decay constant in the chiral limit when chiral symmetry is dynamically broken. The decay constants of all other pseudoscalar mesons on this trajectory, e.g., radial excitations, vanish. On the other hand, in the absence of DCSB the leptonic decay constant of each such pseudoscalar meson vanishes in the chiral limit; i.e, Eq. (V.11) is true ∀n ≥ 0.

From the perspective of quantum mechanics, Eq. (V.11) is a surprising fact. The leptonic decay constant for S-wave states is typically proportional to the wave-function at the origin. Compared with the ground state, this is smaller for an excited state because the wave-function is broader in configuration space and wave-functions are normalised. However, it is a modest effect. For example, consider the e^+e^− decay of vector mesons. A calculation in relativistic quantum mechanics based on light-front dynamics [83] yields |f_{ρ1} /f_{ρ0} | = 0.5, consistent with the value inferred from experiment and DSEs in rainbow-ladder truncation [57]: |f_{ρ1} /f_{ρ0} | = 0.45. Thus, it is not uncommon for Eq. (V.11) to be perceived as “remarkable” or “unbelievable.” Notwithstanding this, in connection with the pion’s first radial excitation, the value of f_{π1} = −2 MeV predicted in Ref. [66] is consistent with experiment [84] and simulations of lattice-QCD [82], as illustrated in Fig. V.1. It is now recognised that the suppression of f_{π1} is a useful benchmark, which can be used to tune and validate lattice QCD techniques that try to determine the properties of excited states mesons.

FIG. V.1. Lattice-QCD results for the ratio of the decay constants for the first-excited- and ground-state pseudoscalar mesons as a function of the pion mass squared. (Lattice parameters: volume = 16^3 × 32; β = 5.2, spacing a ≃ 0.1 fm, two flavours of degenerate sea quarks; Wilson gauge action and clover fermions.) The “not improved” results were obtained from a fermion action with poor chiral symmetry properties. In this case |fπ_1 /fπ_0 | ≈ 0.4, consistent with expectations based on quantum mechanics. The “improved” results were obtained through implementation of the full ALPHA method for the nonperturbative improvement of the fermion action, which greatly improves the simulation’s chiral symmetry properties. In this case, |fπ_1 /fπ_0 | ≈ 0.01. (NB. The sign of the ratio was not determined in the simulation but must be negative on general grounds [66]. Figure adapted from Ref. [82].)

B. Condensates are confined within hadrons

Dynamical chiral symmetry breaking and its connection with the generation of hadron masses was first considered in Ref. [85]. The effect was represented as a vacuum phenomenon. Two essentially inequivalent classes of ground-state were identified in the mean-field treatment of a meson-nucleon field theory: symmetry preserving (Wigner phase); and symmetry breaking (Nambu phase). Notably, within the symmetry breaking class, each of an uncountable infinity of distinct configurations is related to every other by a chiral rotation. This is arguably the origin of the concept that strongly-interacting quantum field theories possess a nontrivial vacuum.

With the introduction of the parton model for the description of deep inelastic scattering (DIS), this notion was challenged via an argument [86] that DCSB can be realised as an intrinsic property of hadrons, instead of through a nontrivial vacuum exterior to the observable degrees of freedom. Such a perspective is tenable because the essential ingredient required for dynamical symmetry breaking in a composite system is the existence of a divergent number of constituents and DIS provided evidence for the existence within every hadron of a sea of low-momentum partons. This view has, however, received scant attention. On the contrary, the introduction

FIG. V.2. Physics theories of the late 19th century postulated that, just as water waves must have a medium to move across (water), and audible sound waves require a medium to move through (such as air or water), so also light waves require a medium, the “luminiferous aether.” This was apparently unassailable logic until, of course, one of the most famous failed experiments in the history of science to date [87].

of QCD sum rules as a theoretical artifice to estimate nonperturbative strong-interaction matrix elements entrenched the belief that the QCD vacuum is characterised by numerous distinct, spacetime-independent condensates. Faith in empirical vacuum condensates might be compared with an earlier misguided conviction that the universe was filled with a luminiferous aether, Fig. V.2.

Notwithstanding the prevalence of the belief in empirical vacuum condensates, it does lead to problems; e.g., entailing, as explained below, a cosmological constant that is 10^{46}-times greater than that which is observed [39, 88]. This unwelcome consequence is partly responsible for reconsideration of the possibility that the socalled vacuum condensates are in fact an intrinsic property of hadrons. Namely, in a confining theory – and confinement is essential to this view – condensates are not constant, physical mass-scales that fill all spacetime; instead, they are merely mass-dimensioned parameters that serve a practical purpose in some theoretical truncation schemes but otherwise do not have an existence independent of hadrons [38–41, 89, 90].

To account for the gross overestimate, recall that the expansion of the universe is accelerating [88]. One piece of evidence is provided by the observations of type Ia supernovae reported in Refs. [91, 92]; and another by measurements of the composition of the universe, which point to a missing energy component with negative pressure. To explain the latter, the curvature of the universe may be characterised by a mass-energy density, ρ_U . There is a critical value of this density for which the universe is flat: ρ_F . Observations of the cosmic microwave background’s power spectrum, e.g., Ref. [93], indicate that Ω_0 = ρ_U /ρ_F = 1 ± 0.04. In a flat universe, the matter density, Ω_M , and the energy density must sum to the critical density. However, matter only contributes about one-third of the critical density, Ω_M = 0.33 ± 0.04. Thus two-thirds of the critical density is missing.

In order to have escaped detection, the missing energy must be smoothly distributed. In order not to interfere with the formation of structure (by inhibiting the growth of density perturbations) the energy density in this component must change more slowly than matter (so that it was subdominant in the past). The universe’s accelerated expansion can be accommodated in general relativity through the cosmological constant, Λ, and observations determine an associated density, ρ^{obs}_Λ . (Recall that Einstein introduced the repulsive effect of the cosmological constant in order to balance the attractive gravity of matter so that a static universe was possible. However, he promptly discarded it after the discovery of the expansion of the Universe.)

It has been suggested that the advent of quantum field theory makes consideration of the cosmological constant obligatory not optional [88]. Indeed, the only possible covariant form for the energy of the (quantum) vacuum; viz.,

T^{VAC}_{μν} = ρ_{VAC} δ_{μν} (V.12)

is mathematically equivalent to the cosmological constant. The vacuum is [88] “. . . a perfect fluid and precisely spatially uniform . . . ” so that “Vacuum energy is almost the perfect candidate for dark energy.” Now, if the ground state of QCD is truly expressed in a nonzero spacetime-independent expectation value ⟨q̄q⟩, then the energy difference between the symmetric and broken phases is of order M_{QCD} ∼ 0.3 GeV, as indicated by Fig. II.1. One obtains therefrom:

ρ^{QCD}_Λ = 10^{46}ρ^{obs}_Λ . (V.13)

In fact, the discrepancy is far greater if the Higgs vacuum expectation value is treated in a similar manner.

This mismatch has been called “the greatest embarrassment in theoretical physics.” However, it vanishes if one discards the notion that condensates have a physical existence, which is independent of the hadrons that express QCD’s asymptotically realisable degrees of freedom [39]; namely, if one accepts that such condensates are merely mass-dimensioned parameters in one or another theoretical truncation scheme. This appears mandatory in a confining theory [38, 40], a perspective one may embed in a broader context by considering just what is observable in quantum field theory [94]: “. . . although individual quantum field theories have of course a good deal of content, quantum field theory itself has no content beyond analyticity, unitarity, cluster decomposition and symmetry.” If QCD is a confining theory, then the principle of cluster decomposition is only realised for colour singlet states [48] and all observable consequences of the theory, including its ground state, can be expressed via an hadronic basis. This is quark-hadron duality.

It is worthwhile to recapitulate upon the arguments in Refs. [38, 40]. To begin, note that Eq. (V.3) is the exact expression in QCD for the leptonic decay constant of a pseudoscalar meson. It is a property of the pion and, as consideration of the integral expression reveals, it can be described as the pseudovector projection of the pion’s Bethe-Salpeter wave-function onto the origin in configuration space. Note that the product ψ = SΓS is called the Bethe-Salpeter wave-function because, when a nonrelativistic limit can validly be performed, the quantity ψ at fixed time becomes the quantum mechanical wavefunction for the system under consideration. (N.B. In the neighborhood of the chiral limit, a value for f_{H0−} can be estimated via either of two approximation formulae [95– 97]. These formulae both illustrate and emphasize the role of f_{H0−} as an order parameter for DCSB.)

If chiral symmetry were not dynamically broken, then in the neighborhood of the chiral limit f_{H0−} ∝ m̂ [66]. Of course, chiral symmetry is dynamically broken in QCD [14–17] and so for the ground-state pseudoscalar

lim_{m̂→0} f_{H0−} (m̂) = f^0_{H0−} ≠ 0 . (V.14)

Taken together, these last two observations express the fact that f_{H0−} , which is an intrinsic property of the pseudoscalar meson, is a bona fide order parameter for DCSB. An analysis within chiral perturbation theory [98] suggests that the chiral limit value, f^0_{H0−} , is ∼ 5% below the measured value of 92.4 MeV; and efficacious DSE studies give a 3% chiral-limit reduction [99].

Now, Eq. (V.5) is kindred to Eq. (V.3); it is the expression in quantum field theory which describes the pseudoscalar projection of the pseudoscalar meson’s Bethe- Salpeter wave-function onto the origin in configuration space. It is thus truly just another type of pseudoscalar meson decay constant.

In this connection it is therefore notable that one may rigorously define an “in-meson” condensate; viz. [72, 99]:

− ⟨q̄_{f2} q_{f1} ⟩^ζ_{H0−} ≡ −f_{H0−} ⟨0|q̄_{f2} γ_5q_{f1} |H_0− ⟩ (V.15)

= f_{H0−} ρ^ζ_{H0−} =: κ^ζ_{H0−} (m̂) . (V.16)

Now, using Eq. (V.7), one finds [72]

lim_{m̂→0} κ^ζ_{H0−} (m̂) = Z_4 tr_{CD} ∫_{Λd4q} (2π)^4

S^0(q; ζ) = −⟨q̄q⟩^0_ζ .

(V.17) Hence the so-called vacuum quark condensate is, in fact, the chiral-limit value of the in-meson condensate; i.e., it describes a property of the chiral-limit pseudoscalar meson. One can therefore argue that this condensate is no more a property of the “vacuum” than the pseudoscalar meson’s chiral-limit leptonic decay constant. Moreover, Ref. [100] establishes the equivalence of all three definitions of the so-called vacuum quark condensate: a constant in the operator product expansion [101, 102]; via the Banks-Casher formula [103]; and the trace of the chiral-limit dressed-quark propagator. Hence, they are all related to the in-meson condensate via Eq. (V.17) and none is defined essentially in connection with the vacuum.

It is worth remarking that in the presence of confinement it is impossible to write a valid nonperturbative definition of a single quark or gluon annihilation operator; and therefore impossible to rigorously define a second quantised vacuum (ground state) for QCD upon a foundation of gluon and quark (quasiparticle) operators. To do so would be to answer the question: What is the state that is annihilated by an operator which is - as appears at present - unknowable? However, with the assumptions that confinement is absolute and that it entails quarkhadron duality, the question changes completely. In this case, the nonperturbative Hamiltonian of observable phenomena in QCD is diagonalised by colour-singlet states alone. The ground state of this nonperturbative stronginteraction Hamiltonian is the state with zero hadrons. One may picture the creation and annihilation operators for such states as rigorously defined via smeared sources on a spacetime lattice. The ground-state is defined with reference to such operators, employing, e.g., the Gell- Mann - Low theorem [104], which is applicable in this case because there are well-defined asymptotic states and associated annihilation and creation operators.

In learning that the so-called vacuum quark condensate is actually the chiral-limit value of an in-pion property, some respond as follows. The electromagnetic radius of any hadron which couples to pseudoscalar mesons must diverge in the chiral limit. This long-known effect arises because the propagation of massless on-shell colour-singlet pseudoscalar mesons is undamped [105– 108]. Therefore, does not each pion grow to fill the universe; so that, in this limit, the in-pion condensate reproduces the conventional paradigm?

Confinement, again, vitiates this objection. Both DSEand lattice-QCD studies indicate that confinement entails dynamical mass generation for both gluons and quarks, see Sec. III. The dynamical gluon and quark masses remain large in the limit of vanishing currentquark mass. In fact, the dynamical masses are almost independent of the current-quark mass in the neighbourhood of the chiral limit. It follows that for any hadron the quark-gluon containment-radius does not diverge in the chiral limit. Instead, it is almost insensitive to the magnitude of the current-quark mass because the dynamical masses of the hadron’s constituents are frozen at large values; viz., 2 − 3 Λ_{QCD}. These considerations show that the divergence of the electromagnetic radius does not correspond to expansion of a condensate from within the pion but rather to the copious production and subsequent propagation of composite pions, each of which contains a condensate whose value is essentially unchanged from its nonzero current-quark mass value within a containmentdomain whose size is similarly unaffected.

There is more to be said in connection with the definition and consequences of a chiral limit. Plainly, the existence of strongly-interacting massless composites would have an enormous impact on the evolution of the universe; and it is naive to imagine that one can simply set m̂_{u,d} = 0 and consider a circumscribed range of manageable consequences whilst ignoring the wider implications for hadrons, the Standard Model and beyond. For example, with all else held constant, Big Bang Nucleosynthesis is very sensitive to the value of the pion-mass [109]. We are fortunate that the absence of quarks with zero current-quark mass has produced a universe in which we exist so that we may carefully ponder the alternative.

The discussion of Ref. [38] was restricted to pseudoscalar mesons. It is expanded in Ref. [40] via a demonstration that the in-pseudoscalar-meson condensate can be represented through the pseudoscalar-meson’s scalar form factor at zero momentum transfer. With the aid of a mass formula for scalar mesons, revealed therein, the analogue was shown to be true for in-scalar-meson condensates. As argued, the concept is readily extended to all hadrons so that, via the zero momentum transfer value of any hadron’s scalar form factor, one can readily extract the value for a quark condensate in that hadron which is a measure of dynamical chiral symmetry breaking.

Given that quark condensates are an intrinsic property of hadrons, one arrives at a new paradigm, as observed in the popular science press [110]: “EMPTY space may really be empty. Though quantum theory suggests that a vacuum should be fizzing with particle activity, it turns out that this paradoxical picture of nothingness may not be needed. A calmer view of the vacuum would also help resolve a nagging inconsistency with dark energy, the elusive force thought to be speeding up the expansion of the universe.” In connection with the cosmological constant, putting QCD condensates back into hadrons reduces the mismatch between experiment and theory by a factor of 10^{46}. If technicolour-like theories are the correct scheme for extending the Standard Model [111], then the impact of the notion of in-hadron condensates is far greater still.

C. Flavourless pseudoscalar mesons

In connection with electric-charge-neutral pseudoscalar mesons, Eq. (V.1) is strongly modified owing to the non-Abelian anomaly. This entails that whilst the classical action associated with QCD is invariant under U_A(N_f ) (non-Abelian axial transformations generated by λ_0γ_5, where λ_0 ∝ diag[1, . . . , 1_{Nf} ]), the quantum field theory is not. The modification is particularly important to properties of η and η^′ mesons. The latter is obviously a peculiar pseudoscalar meson because its mass is far greater than that of any other light-quark pseudoscalar meson; e.g., m_η′ = 1.75 m_η. We note that the diagram depicted in Fig. V.3 is often cited as central to a solution of the η-η^′ puzzle. However, as will become clear below, whilst it does contribute to flavour-mixing, the process is immaterial in resolving the η-η^′ conundrum, as is any collection of processes for which the figure may serve as a skeleton diagram.

The correct mass formula for flavourless pseudoscalars follows from consideration of the complete U_A(N_f ) Ward-

FIG. V.3. This simple flavour-mixing diagram is immaterial to the resolution of the η-η^′ conundrum, as is any collection of processes for which the figure may serve as a skeleton diagram. (Straight lines denote quarks and springs denote gluons.)

Takahashi identity:

P_μΓ^a_{5μ}(k; P ) = S^{−1}(k_+)iγ_5F^a + iγ_5F^aS^{−1}(k_−)

−2iM^{ab}Γ^b_5(k; P ) − A^a(k; P ) , (V.18)

which generalises Eq. (IV.9). In Eq. (V.18), {F^a| a = 0, . . . , N^2_f − 1} are the generators of U(N_f ) in the fundamental representation, orthonormalised according to trF^aF^b =^1_2 δ^{ab}; the dressed-quark propagator S = diag[S_u, S_d, S_s, S_c, S_b, . . .] is matrix-valued; and

M^{ab} = tr_F [ {F^a, M^ζ }F^b ] , (V.19)

where M^ζ is a matrix of renormalised current-quark masses and the trace is over flavour indices.

The final term in the last line of Eq. (V.18) expresses the non-Abelian axial anomaly. It can be written

A^a(k; P ) = S^{−1}(k_+) δ^{a0} A_U (k; P )S^{−1}(k_−) , (V.20)

with

A_U (k; P ) = ∫ d^4xd^4y e^{i(k+·x−k−·y)}N_f ⟨ F^0 q(x) Q (0) q̄(y) ⟩ , (V.21) and since A^{a=0}(k; P ) is a pseudoscalar, it has the general form

A^0(k; P ) = F^0γ_5 [iE_A (k; P ) + γ · P F_A (k; P ) + γ · k k · P G_A (k; P ) + σ_{μν} k_μP_ν H_A (k; P )] . (V.22)

The matrix element in Eq. (V.21) represents an operator expectation value in full QCD; the operation in Eq. (V.20) amputates the external quark lines; and

Q (x) = i α^s 4π tr_C [ϵ_{μνρσ} F_{μν} F_{ρσ} (x)] = ∂_μK_μ(x) (V.23)

is the topological charge density operator, where the trace is over colour indices and F_{μν} =^1_2 λ^aF^a_{μν} is the matrix-valued gluon field strength tensor. It is plain and important that only A^{a=0} is nonzero. NB. While Q (x) is gauge invariant, the associated Chern-Simons current, K_μ, is not. Thus in QCD no physical state can couple to K_μ and hence no state which appears in the observable spectrum can contribute to a resolution of the so-called U_A(1)-problem; i.e., physical states cannot play any role in ensuring that the η^′ is not a Goldstone mode.

As described in Sec. V A, if one imagines there are N_f massless quarks, then DCSB is a necessary and sufficient condition for the a ≠ 0 components of Eq. (V.18) to guarantee the existence of N^2_f − 1 massless bound-states of a dressed-quark and -antiquark. However, owing to Eq. (V.20), a = 0 in Eq. (V.18) requires special consideration. One case is easily covered; viz., it is clear that if A^0 ≡ 0, then the a = 0 component of Eq. (V.18) is no different to the others and there is an additional massless bound-state in the chiral limit.

On the other hand, the large disparity between the mass of the η^′-meson and the octet pseudoscalars suggests that A^0 ≠ 0 in real-world QCD. If one carefully considers that possibility, then the Goldberger-Treiman relations in Eqs. (V.7) – (V.10) become [112]

2f^0_{H0−} E_{BS} (k; 0) = 2B^0(k^2) − E_A (k; 0),

(V.24) F^0_R(k; 0) + 2f^0_{H0−} F_{BS} (k; 0) = A^0(k^2) − F_A (k; 0),

(V.25)

G^0_R(k; 0) + 2f^0_{H0−} G_{BS} (k; 0) = 2 d dk^2 A^0(k^2) − G_A (k; 0),

(V.26) H^0_R(k; 0) + 2f^0_{H0−} H_{BS} (k; 0) = −H_A (k; 0), (V.27)

It follows that the relationship

E_A (k; 0) = 2B^0(k^2) , (V.28)

is necessary and sufficient to guarantee that Γ^0_{5μ}(k; P ), the flavourless pseudoscalar vertex, does not possess a massless pole in the chiral limit; i.e., that there are only N^2_f − 1 massless Goldstone bosons. Now, in the chiral limit, B^0(k^2) ≠ 0 if, and only if, chiral symmetry is dynamically broken. Hence, the absence of an additional massless bound-state is only assured through the existence of an intimate connection between DCSB and an expectation value involving the topological charge density.

This critical connection is further highlighted by the following result, obtained through a few straightforward manipulations of Eqs. (V.18), (V.20) and (V.21):

⟨q̄q⟩^0_ζ = − lim_{m̂→0} κ^ζ_{H0−} (m̂) (V.29)

= − lim_{Λ→∞} Z_4(ζ^2, Λ^2) tr_{CD}

∫_Λ q S^0(q, ζ) (V.30)

=^{Nf}_2 ∫ d^4x ⟨q̄(x)iγ_5q(x)Q (0)⟩^0. (V.31)

The absence of a Goldstone boson in the a = 0 channel is only guaranteed if this explicit identity between the chiral-limit in-meson condensate and a mixed vacuum polarisation involving the topological charge density is satisfied.

Mass formulae valid for all pseudoscalar mesons have also been obtained [112]

f^a_{H0−} m^2_{H0−} = 2 M^{ab}ρ^b_{H0−} + δ^{a0} n_{H0−} , (V.32)

FIG. V.4. An illustration of the nature of the contribution to the Bethe-Salpeter kernel associated with the non-Abelian anomaly. All terms have the “hairpin” structure illustrated in the lower panel. No finite sum of such intermediate states is sufficient. (Straight lines denote quarks, with f1 and f2 independent, and springs denote gluons.)

where

f^a_{H0−} P_μ = Z_2 tr

∫_Λ q F^aγ_5γ_μ χ_{H0−} (q; P ) , (V.33)

iρ^a_{H0−}(ζ) = Z_4 tr

∫_Λ q F^aγ_5 χ_{H0−} (q; P ) , (V.34)

n_{H0−} = √ N_f 2 ν_{H0−} , ν_{H0−} = ⟨0|Q |H_0− ⟩ . (V.35)

For charged pseudoscalar mesons, Eq. (V.32) is equivalent to Eq. (V.1), but the novelty of Eq. (V.32) is what it expresses for flavourless pseudoscalars. To illustrate, consider the case of a U(N_f = 3)-symmetric mass matrix, in which all N_f = 3 current-quark masses assume the single value m^ζ , then this formula yields:

m^2_η′ f^0_η′ = n_η′ + 2m^ζ ρ^{0ζ}_η′ . (V.36)

Plainly, the η^′ is split from the Goldstone modes so long as n_η′ ≠ 0. Numerical simulations of lattice-QCD have confirmed this identity [113, 114].

It is important to elucidate the physical content of n_η′ . Returning to the definition; viz., ν_η′ = √ 3 2 ⟨0|Q |η^′⟩ , (V.37)

it is readily seen to be another type of in-meson condensate. It is analogous to those discussed in Sec. V B but in this case the hadron-to-vacuum transition amplitude measures the topological content of the η^′. One may therefore state that the η^′ is split from the Goldstone modes so long as its wavefunction possesses nonzero topological content. This is plainly very different to requiring the QCD vacuum be topologically nontrivial.

Within QCD the properties of the η^′ can be computed via the BSE, just like other mesons. A nonzero value of n_η′ can be achieved with a Bethe-Salpeter kernel that contains the contribution depicted in Fig. V.4 because one may argue from Eqs. (V.21) and (V.23) that an anomaly-related contribution to a meson’s Bethe- Salpeter kernel cannot contain external quark or antiquark lines that are connected to the incoming lines: purely gluonic configurations must mediate, as illustrated in Fig. V.4. Furthermore, it is straightforward to see that no finite sum of gluon exchanges can serve this purpose. Indeed, consider any one such single contribution in the chiral limit. It will be proportional to the total momentum and hence vanish for P = 0, in conflict with Eq. (V.36). This lies behind the need for something like the Kogut-Susskind ghost; i.e., the coupling of a massless axial-vector gauge-like field to the Chern-Simons current, which does not appear in the particle spectrum of QCD because the current is not gauge invariant. (See Ref. [115] and Sec. 5.1 of Ref. [116].)

It is argued [117, 118] that in QCD with N_c colours, n_η′ ∼ 1 √ N_c , (V.38)

and it can be seen to follow from the gap equation, the homogeneous BSE and Eqs. (V.33), (V.34) that

f^0_η′ ∼ √ N_c ∼ ρ^0_η′ (ζ) . (V.39)

One thus obtains

m^2_η′ = n_η′ f^0_η′

+ 2m(ζ) ρ^0_η′ (ζ) f^0_η′

. (V.40)

The first term vanishes in the limit N_c → ∞ while the second remains finite. Subsequently taking the chiral limit, the η^′ mass approaches zero in the manner characteristic of all Goldstone modes. (N.B. One must take the limit N_c → ∞ before the chiral limit because the procedures do not commute [119].) These results are realised in the effective Lagrangian of Ref. [120] in a fashion that is consistent with all the constraints of the anomalous Ward identity. N.B. This is not true of the so-called ’t Hooft determinant [116, 121, 122].

Implications of the mass formula in Eq. (V.32) were exemplified in Ref. [112] using an elementary dynamical model that includes a one-parameter Ansatz for that part of the Bethe-Salpeter kernel related to the non- Abelian anomaly, an illustration of which is provided in Fig. V.4. The study compares ground-state pseudoscalarand vector-mesons constituted from all known quarks, excluding the t-quark. Amongst the notable results is a prediction for the mixing angles between neutral mesons; e.g.,

θ_η = −15.4^∘ , θ_η′ = −15.7^∘ . (V.41)

N.B. There are necessarily two mixing angles, with each determined at the appropriate pole position in the inhomogeneous vertex. It is interesting that the angles are approximately equal and compare well with the value inferred from a single mixing angle analysis [123] θ = −13.3^∘ ± 1.0^∘.

It is worth explicating the nature of the flavour-induced difference between the π^0 and π^± masses. If one ignores mixing with mesons containing other than u, d-quarks; viz., works solely within SU(N_f = 2), then m_π0 −m_π+ = −0.04 MeV. On the other hand, the full calculation yields m_π0 − m_π+ = −0.4 MeV, a factor of ten greater, and one obtains a π^0-η mixing angle, whose value at the neutral pion mass shell is

θ_{πη}(m^2_π0 ) = 1.2^∘. (V.42)

For comparison, Ref. [124] infers a mixing angle of 0.6^∘ ± 0.3^∘ from a K-matrix analysis of the process p d → 3He π^0. Plainly, mixing with the η-meson is the dominant non-electromagnetic contribution to the π^±-π^0 mass splitting. The analogous angle at the η mass-shell is

θ_{πη}(m^2_η ) = 1.3^∘. (V.43)

The angles in Eq. (V.41) correspond to |π^0⟩ ∼ 0.72 ūu − 0.69 d̄d − 0.013 s̄s , (V.44) |η⟩ ∼ 0.53 ūu + 0.57 d̄d − 0.63 s̄s , (V.45) |η^′⟩ ∼ 0.44 ūu + 0.45 d̄d + 0.78 s̄s . (V.46)

Evidently, in the presence of a sensible amount of isospin breaking, the π^0 is still predominantly characterised by F^3 but there is a small admixture of s̄s. It is found in Ref. [112] that mixing with the π^0 has a similarly modest impact on the flavour content of the η and η^′. It’s effect on their masses is far less.

VI. MANY FACETS OF DCSB

The importance and interconnection of confinement and DCSB are summarised in Secs. III, IV; and some of the profound implications of DCSB for pseudoscalar mesons are detailed in Sec. V. The latter could be proved owing to the existence of at least one systematic nonperturbative symmetry-preserving DSE truncation scheme [61, 62]. On the other hand, the practical application of this particular scheme has numerous shortcomings. For example, at leading-order (rainbowladder) the truncation is accurate for ground-state vector- and electrically-charged pseudoscalar-mesons because corrections in these channels largely cancel, owing to parameter-free preservation of the Ward-Takahashi identities. However, they do not cancel in other channels [125–128]. Hence studies based on the rainbowladder truncation, or low-order improvements thereof, have usually provided poor results for scalar- and axialvector-mesons [36, 129–133], produced masses for exotic states that are too low in comparison with other estimates [36, 57, 60, 129, 133], and exhibit gross sensitivity to model parameters for tensor-mesons [134] and excited states [57, 60, 66, 135]. In these circumstances one must conclude that physics important to these states is omitted. One anticipates therefore that significant qualitative advances in understanding the essence of QCD could be made with symmetry-preserving kernel Ansätze that express important additional nonperturbative effects, which are impossible to capture in any finite sum of contributions. Such an approach has recently become available [97] and will be summarised below.

A. DCSB in the Bethe-Salpeter kernel

In order to illustrate the decisive importance of DCSB in the Bethe-Salpeter kernel, consider, e.g., flavoured pseudoscalar and axial-vector mesons, which appear as poles in the inhomogeneous BSE for the axial-vector vertex, Γ^{f g}_{5μ}, where f, g are flavour labels. An exact form of that equation is (k, q are relative momenta, P is the total momentum flowing into the vertex, and q_± = q ± P/2, etc.)

Γ^{f g}_{5μ}(k; P ) = Z_2γ_5γ_μ −

∫_Λ q g^2D_{αβ}(k − q) × λ^a 2 γ_αS_f (q_+)Γ^{f g}_{5μ}(q; P )S_g (q_−) λ^a 2 Γ^g_β(q_−, k_−) + ∫_Λ q g^2D_{αβ}(k − q) λ^a 2 γ_αS_f (q_+) λ^a 2 Λ^{f g}_{5μβ} (k, q; P ), (VI.1)

where Λ^{f g}_{5μβ} is a 4-point Schwinger function. [The pseudoscalar vertex satisfies an analogue of Eq. (VI.1).] This form of the BSE was first written in Ref. [127] and is illustrated in the lower-panel of Fig. VI.1. The diagrammatic content of the right-hand-side is completely equivalent to that of Eq. (IV.10), which is depicted in the upper-panel of the figure. However, in striking qualitative opposition to that textbook equation, Eq. (VI.1) partly embeds the solution vertex in the four-point function, Λ, whilst simultaneously explicating a part of the effect of the dressed-quark-gluon vertex. This has the invaluable consequence of enabling the derivation of both an integral equation for the new Bethe-Salpeter kernel, Λ, in which the driving term is the dressed-quark-gluon vertex [127], and a Ward-Takahashi identity relating Λ to that vertex [97]. No similar equations have yet been found for K and hence the textbook form of the BSE, whilst tidy, is very limited in its capacity to expose the effects of DCSB in bound-state physics.

As emphasised above, no study of light-quark hadrons is dependable if it fails to comply with the axial-vector Ward-Takahashi identity, Eq. (IV.9). The condition

P_μΛ^{f g}_{5μβ} (k, q; P ) + i[m_f (ζ) + m_g (ζ)]Λ^{f g}_{5β} (k, q; P )

= Γ^f_β (q_+, k_+) iγ_5 + iγ_5 Γ^g_β (q_−, k_−) , (VI.2)

where Λ^{f g}_{5β} is the analogue of Λ^{f g}_{5μβ} in the pseudoscalar equation, is necessary and sufficient to ensure the Ward-Takahashi identity is satisfied by the solution of Eqs. (IV.1) and (VI.1) [97].

FIG. VI.1. Omitting the inhomogeneity, the upper panel illustrates the textbook form of the Bethe-Salpeter equation, Eq. (IV.10), whereas the lower panel depicts the form expressed in Eq. (VI.1). The reversal of the total-momentum’s flow is immaterial here. N.B. In any symmetry-preserving truncation, beyond the leading-order identified in Ref. [62]; i.e., rainbow-ladder, the Bethe-Salpeter kernel is nonplanar even if the vertex in the gap equation is planar [127].

Consider Eq. (VI.2). Rainbow-ladder is the leadingorder term in the systematic DSE truncation scheme of Refs. [61, 62]. It corresponds to Γ^f_ν = γ_ν , in which case Eq. (VI.2) is solved by Λ^{f g}_{5μβ} ≡ 0 ≡ Λ^{f g}_{5β} . This is the solution that indeed provides the rainbow-ladder forms of Eq. (VI.1). Such consistency will be apparent in any valid systematic term-by-term improvement of the rainbowladder truncation.

However, since the two-point functions of elementary excitations are strongly modified in the infrared, one must accept that the same is generally true for threepoint functions; i.e., the vertices. Hence the bare vertex will be a poor approximation to the complete result unless there are extenuating circumstances. This is readily made apparent, for with a dressed-quark propagator of the form in Eq. (IV.2), one finds immediately that the Ward-Takahashi identity is breached; viz.,

P_μiγ_μ ≠ S^{−1}(k + P/2) − S^{−1}(k − P/2) , (VI.3)

and the violation is significant whenever and wherever the mass function in Fig. II.1 is large. This was actually realised early on, with studies of the fermion–gaugeboson vertex in Abelian gauge theories [136] that have inspired numerous ensuing analyses. The importance of this dressing to the reliable computation of hadron physics observables was exposed in Refs. [137, 138], insights from which have subsequently been exploited effectively; e.g., Refs. [12, 33, 72, 81, 139–143].

The most important feature of the perturbative or bare vertex is that it cannot cause spin-flip transitions; namely, it is an helicity conserving interaction. However, one must expect that DCSB introduces nonperturbatively generated structures that very strongly break helicity conservation. These contributions will be large when the dressed-quark mass-function is large. Conversely, they will vanish in the ultraviolet; i.e., on the perturbative domain. The exact form of the vertex contributions is still the subject of study but their existence is model-independent.

Critical now is a realisation that Eq. (VI.2) is far more than just a device for checking a truncation’s consistency. For, just as the vector Ward-Takahashi identity has long been used to build Ansätze for the dressed-quark-photon vertex [1, 136, 144, 145], Eq. (VI.2) provides a tool for constructing a symmetry-preserving kernel of the BSE that is matched to any reasonable form for the dressedquark-gluon vertex which appears in the gap equation. With this powerful capacity, Eq. (VI.2) achieves a goal that has been sought ever since the Bethe-Salpeter equation was introduced [65]. As will become apparent, it produces a symmetry-preserving kernel that promises to enable the first reliable Poincaré invariant calculation of the spectrum of mesons with masses larger than 1 GeV.

The utility of Eq. (VI.2) was illustrated in Ref. [97] through an application to ground state pseudoscalar and scalar mesons composed of equal-mass u- and d-quarks. To this end, it was supposed that in Eq. (IV.1) one employs an Ansatz for the quark-gluon vertex which satisfies

P_μiΓ^f_μ(k_+, k_−) = B(P^2) [ S^{−1}_f (k_+) − S^{−1}_f (k_−) ] , (VI.4)

with B flavour-independent. (N.B. While the true quarkgluon vertex does not satisfy this identity, owing to the form of the Slavnov-Taylor identity which it does satisfy, it is plausible that a solution of Eq. (VI.4) can provide a reasonable pointwise approximation to the true vertex [146].) Given Eq. (VI.4), then Eq. (VI.2) entails (l = q − k) il_βΛ^{f g}_{5β} (k, q; P ) = B(l^2) [ Γ^{f g}_5 (q; P ) − Γ^{f g}_5 (k; P ) ] , (VI.5)

with an analogous equation for P_μl_β iΛ^{f g}_{5μβ}(k, q; P ). This identity can be solved to obtain

Λ^{f g}_{5β} (k, q; P ) := B((k − q)^2) γ_5 Λ^{f g}_β (k, q; P ) , (VI.6)

with, using an obvious analogue of Eq. (V.6),

Λ^{f g}_β (k, q; P ) = 2ℓ_β [iΔ_{E5} (q, k; P ) + γ · P Δ_{F5} (q, k; P )] + γ_β Σ_{G5} (q, k; P ) + 2ℓ_β γ · ℓ Δ_{G5} (q, k; P ) + [γ_β, γ · P ] ×Σ_{H5} (q, k; P ) + 2ℓ_β[γ · ℓ, γ · P ]Δ_{H5} (q, k; P ) , (VI.7)

where ℓ = (q + k)/2, Σ_Φ(q, k; P ) = [Φ(q; P ) + Φ(k; P )]/2 and Δ_Φ(q, k; P ) = [Φ(q; P ) − Φ(k; P )]/[q^2 − k^2].

Now, given any Ansatz for the quark-gluon vertex that satisfies Eq. (VI.4), then the pseudoscalar analogue of Eq. (VI.1), and Eqs. (IV.1), (VI.6), (VI.7) provide a symmetry-preserving closed system whose solution predicts the properties of pseudoscalar mesons. The relevant scalar meson equations are readily derived. With these systems one can anticipate, elucidate and understand the influence on hadron properties of the rich nonperturbative structure expected of the fully-dressed quark-gluon vertex in QCD: in particular, that of the dynamically generated dressed-quark mass function, whose impact is

FIG. VI.2. Dependence of pseudoscalar (upper panel) and scalar (lower) meson masses on the current-quark mass, m. The Ball-Chiu vertex (BC) result is compared with the rainbow-ladder (RL) result. (Figure adapted from Ref. [97].)

quashed at any finite order in the truncation scheme of Ref. [62], or any kindred scheme.

To proceed one need only specify the gap equation’s kernel because, as noted above, the BSEs are completely defined therefrom. To complete the illustration [97] a simplified form of the effective interaction in Ref. [99] was employed and two vertex Ansätze were compared; viz., the bare vertex Γ^g_μ = γ_μ, which defines the rainbowladder truncation of the DSEs and omits vertex dressing; and the Ball-Chiu (BC) vertex [136], which nonperturbatively incorporates some of the vertex dressing associated with DCSB:

iΓ^g_μ(q, k) = iΣ_Ag (q^2, k^2) γ_μ

+ 2ℓ_μ [ iγ · ℓ Δ_Ag (q^2, k^2) + Δ_Bg (q^2, k^2) ] . (VI.8)

A particular novelty of the study is that one can calculate the current-quark-mass-dependence of meson masses using a symmetry-preserving DSE truncation whose diagrammatic content is unknown. That dependence is depicted in Fig. VI.2 and compared with the rainbow-ladder result. The m-dependence of the pseudoscalar meson’s mass provides numerical confirmation of the algebraic fact that the axial-vector Ward-Takahashi identity is preserved by both the rainbow-ladder truncation and the

FIG. VI.3. In constituent-quark-like models, pseudoscalar mesons are^1S0 states – constituent spins antiparallel and zero orbital angular momentum; and scalar mesons are^3P0 states – constituent spins parallel and one unit of orbital angular momentum. Hence a scalar is a spin and orbital excitation of a pseudoscalar meson.

BC-consistent Ansatz for the Bethe-Salpeter kernel. The figure also shows that the axial-vector Ward-Takahashi identity and DCSB conspire to shield the pion’s mass from material variation in response to dressing the quarkgluon vertex [7, 127, 128].

As noted in Ref. [97], a rainbow-ladder kernel with realistic interaction strength yields

ε^{RL}_σ := 2M(0) − m_σ 2M(0)_{RL}

= (0.3 ± 0.1) , (VI.9)

which can be contrasted with the value obtained using the BC-consistent Bethe-Salpeter kernel; viz.,

ε^{BC}_σ ≲ 0.1 . (VI.10)

Plainly, significant additional repulsion is present in the BC-consistent truncation of the scalar BSE.

Scalar mesons are commonly identified as^3P_0 states, see Fig. VI.3. This assignment expresses a constituentquark-model perspective, from which a J^{P C} = 0^{++} fermion-antifermion bound-state must have the constituents’ spins aligned and one unit of constituent orbital angular momentum. Hence a scalar is a spin and orbital excitation of a pseudoscalar meson. Of course, no constituent-quark-model can be connected systematically with QCD. Nevertheless, the presence of orbital angular momentum in a hadron’s rest frame is a necessary consequence of Poincaré covariance and the momentum-dependent vector-boson-exchange character of QCD [8, 34, 35], so there is a realisation in QCD of the quark-model anticipation.

Extant studies of realistic corrections to the rainbowladder truncation show that they reduce hyperfine splitting [128]. Hence, with the comparison between Eqs. (VI.9) and (VI.10) one has a clear indication that in a Poincaré covariant treatment the BC-consistent truncation magnifies spin-orbit splitting, an effect which can be attributed to the influence of the quark’s dynamicallyenhanced scalar self-energy [8] in the Bethe-Salpeter kernel.

B. Quark anomalous magnetic moments

It was conjectured in Ref. [97] that a full realisation of DCSB in the Bethe-Salpeter kernel will have a big impact on mesons with mass greater than 1 GeV. Moreover, that it can overcome a longstanding failure of theoretical hadron physics. Namely, no extant continuum hadron spectrum calculation is believable because all symmetry preserving studies produce a splitting between vector and axial-vector mesons that is far too small: just one-quarter of the experimental value (see, e.g., Refs. [36, 130–132]). Significant developments have followed that conjecture [140, 142] and will now be related.

In Dirac’s relativistic quantum mechanics, a fermion with charge q and mass m, interacting with an electromagnetic field, has a magnetic moment μ = q/[2m] [147]. For the electron, this prediction held true for twenty years, until improvements in experimental techniques enabled the discovery of a small deviation [148], with the moment increased by a multiplicative factor: 1.00119 ± 0.00005. This correction was explained by the first systematic computation using renormalised quantum electrodynamics (QED) [149]: q 2m → ( 1 + α 2π ) q 2m , (VI.11)

where α is QED’s fine structure constant. The agreement with experiment established quantum electrodynamics as a valid tool. The correction defines the electron’s anomalous magnetic moment, which is now known with extraordinary precision and agrees with theory at O(α^5) [150].

The fermion-photon coupling in QED is described by: ∫ d^4x iq ψ̄(x)γ_μψ(x) A_μ(x) , (VI.12)

where ψ(x), ψ̄(x) describe the fermion field and A_μ(x) describes the photon. This interaction generates the following electromagnetic current for an on-shell Dirac fermion (k = p_f − p_i), iq ū(p_f ) [ γ_μF_1(k^2) + 1 2m σ_{μν} k_ν F_2(k^2) ] u(p_i) , (VI.13)

where: F_1(k^2), F_2(k^2) are form factors; and u(p), ū(p) are electron spinors. Using their Euclidean space definition, one can derive a Gordon-identity; viz., with 2ℓ = p_f + p_i,

2m ū(p_f )iγ_μu(p_i) = ū(p_f ) [2ℓ_μ + iσ_{μν} k_ν ] u(p_i) . (VI.14)

With this rearrangement one sees that for massive fermions the interaction can be decomposed into two terms: the first describes the spin-independent part of the fermion-photon interaction, and is common to spinzero and spin-half particles, whilst the second expresses the spin-dependent, helicity flipping part. Moreover, one reads from Eqs. (VI.13) and (VI.14) that a point-particle in the absence of radiative corrections has F_1 ≡ 1 and

F_2 ≡ 0, and hence Dirac’s value for the magnetic moment. The anomalous magnetic moment in Eq. (VI.11) corresponds to F_2(0) = α/2π.

One infers from Eq. (VI.14) that an anomalous contribution to the magnetic moment can be associated with an additional interaction term: ∫ d^4x^1_2 q ψ̄(x)σ_{μν} ψ(x)F_{μν} (x) , (VI.15)

where F_{μν} (x) is the gauge-boson field strength tensor. This term is invariant under local U(1) gauge transformations but is not generated by minimal substitution in the action for a free Dirac field.

Consider the effect of the global chiral transformation ψ(x) → exp(iθγ_5)ψ(x). The term in Eq. (VI.12) is invariant. However, the interaction of Eq. (VI.15) is not. These observations facilitate the understanding of a general result: F_2 ≡ 0 for a massless fermion in a quantum field theory with chiral symmetry realized in the Wigner mode; i.e., when the symmetry is not dynamically broken. A firmer conclusion can be drawn. For m = 0 it follows from Eq. (VI.14) that Eq. (VI.12) does not mix with the helicity-flipping interaction of Eq. (VI.15) and hence a massless fermion does not possess a measurable magnetic moment.

A reconsideration of Ref. [149] reveals no manifest conflict with these facts. The perturbative expression for F_2(0) contains a multiplicative numerator factor of m and the usual analysis of the denominator involves steps that are only valid for m ≠ 0. Fundamentally, there is no conundrum because QED is not an asymptotically free theory and hence alone does not have a well-defined nonperturbative chiral limit. (N.B. Four-fermion operators become relevant in strong-coupling QED and must be included in order to obtain a well-defined continuum limit [151, 152].)

On the other hand, in QCD the chiral limit is rigorously defined nonperturbatively [99]. (It remains to be seen whether the theory thus obtained is meaningful, as indicated in the antepenultimate paragraph of Sec. V B.) The analogue of Schwinger’s one-loop calculation can then be carried out to find an anomalous chromo-magnetic moment for the quark. There are two diagrams in this case: one similar in form to that in QED; and another owing to the gluon self-interaction. One reads from Ref. [153] that the perturbative result vanishes in the chiral limit. However, Fig. II.1 demonstrates that chiral symmetry is dynamically broken in QCD and one must therefore ask whether this affects the chromomagnetic moment.

Of course, it does; and it is now known that this is signalled by the appearance of Δ_Bg in Eq. (VI.8). If one writes the quark-gluon vertex as

iΓ_μ(p_f , p_i; k) = λ_1(p_f , p_i; k) iγ_μ (VI.16)

+ 2ℓ_μ [ iγ · ℓ λ_2(p_f , p_i; k) + λ_3(p_f , p_i; k) ] + . . . , then contemporary simulations of lattice-regularised

FIG. VI.4. Direct anomalous chromomagnetic moment contribution to the dressed-quark-gluon vertex computed in quenched-QCD with current-quark mass m ∼ 100 MeV [154]. The one-loop perturbative result is shown for comparison. Plainly, the nonperturbative result is two orders-of-magnitude larger than the perturbative computation. This level of magnification is typical of DCSB; e.g., with a current-quark mass of 4 MeV, one obtains M(p^2 = 0) ∼ 400 MeV. (Figure adapted from Ref. [154].)

QCD [154] and DSE studies [146] agree that

λ_3(p, p; 0) ≈ d dp^2 B(p^2, ζ) (VI.17)

and also on the form of λ_1(p, p; 0), which is functionally similar to A(p^2, ζ). However, owing to non-orthogonality of the tensors accompanying λ_1 and λ_2, it is difficult to obtain a lattice signal for λ_2. One must therefore consider the DSE prediction for λ_2 in Ref. [146] more reliable.

As pointed out above, perturbative massless-QCD conserves helicity so the quark-gluon vertex cannot perturbatively have a term with the helicity-flipping characteristics of λ_3. Equation (VI.17) is thus remarkable, showing that the dressed-quark-gluon vertex contains at least one chirally-asymmetric component whose origin and size owe solely to DCSB; and Sec. VI A illustrates that λ_3 has a material impact on the hadron spectrum.

This reasoning is extended in Ref. [140]: massless fermions in gauge field theories cannot possess an anomalous chromo/electro-magnetic moment because the term that describes it couples left- and right-handed fermions; however, if chiral symmetry is strongly broken dynamically, then the fermions should also posses large anomalous magnetic moments. Such an effect is expressed in the dressed-quark-gluon vertex via a term

Γ^{acm5}_μ (p_f , p_i; k) = σ_{μν} k_ν τ_5(p_f , p_i, k) . (VI.18)

That QCD generates a strongly momentum-dependent chromomagnetic form factor in the quark-gluon vertex, τ_5, with a large DCSB-component, is confirmed in Ref. [154]. Only a particular kinematic arrangement was readily accessible in that lattice simulation but this is enough to learn that, at the current-quark mass considered: τ_5 is roughly two orders-of-magnitude larger than the perturbative form (see Fig. VI.4); and

∀p^2 > 0 : |τ_5(p, −p; 2p)| ≳ |λ_3(p, p; 0)| . (VI.19)

The magnitude of the lattice result is consistent with instanton-liquid model estimates [155, 156].

This large chromomagnetic moment is likely to have a broad impact on the properties of light-quark systems [156, 157]. In particular, as will be illustrated in Sec. VI C, it can explain the longstanding puzzle of the mass splitting between the a_1- and ρ-mesons in the hadron spectrum [142]. Here a different novelty will be elucidated; viz., the manner in which the quark’s chromomagnetic moment generates a quark anomalous electromagnetic moment. This demonstration is only possible now that the method of Ref. [97] is available. It was accomplished [140] using the same simplification of the effective interaction in Ref. [99] that produced Figs. VI.2.

In order to understand the vertex Ansatz used in Ref. [140], it is necessary to return to perturbation theory. As mentioned above Eq. (VI.17), one can determine from Ref. [153] that at leading-order in the coupling, α_s, the three-gluon vertex does not contribute to the QCD analogue of Eq. (VI.11) and the Abelian-like diagram produces the finite and negative correction (−α_s/[12π]). The complete cancellation of ultraviolet divergences occurs only because of the dynamical generation of another term in the transverse part of the quark-gluon vertex; namely,

Γ^{acm4}_μ (p_f , p_i) = [ℓ^T_μ γ ·k +iγ^T_μ σ_{νρ}ℓ_ν k_ρ]τ_4(p_f , p_i) , (VI.20)

with T_{μν} = δ_{μν} − k_μk_ν /k^2, a^T_μ := T_{μν} a_ν . (N.B. The tensor denominated Γ^4_μ here is labelled T^8 in Refs. [144, 145].) Cognisant of this, one may use a simple Ansatz to express the dynamical generation of an anomalous chromomagnetic moment via the dressed-quark gluon vertex; viz.,

Γ̃_μ(p_f , p_i) = Γ^{BC}_μ (p_f , p_i) + Γ^{acm}_μ (p_f , p_i) , (VI.21)

Γ^{acm}_μ (p_f , p_i) = Γ^{acm4}_μ (p_f , p_i) + Γ^{acm5}_μ (p_f , p_i) , (VI.22)

with τ_5(p_f , p_i) = (−7/4)Δ_B(p^2_f , p^2_i ) and

τ_4(p_f , p_i) = F (z) [ 1 − 2η M_E Δ_B (p^2_f , p^2_i ) − Δ_A(p^2_f , p^2_i ) ] . (VI.23) The damping factor F (z) = (1 − exp(−z))/z, z = (p^2_i + p^2_f − 2M^2_E )/Λ^2_F , Λ_F = 1 GeV, simplifies numerical analysis but is otherwise irrelevant; and M_E = {p|p > 0, p^2 = M^2(p^2)} is the Euclidean constituent-quark mass. A confined quark does not possess a mass-shell (Sec. III). Hence, one cannot unambiguously assign a single value to its anomalous magnetic moment. One can nonetheless compute a magnetic moment distribution. At each value of p^2, spinors can be defined to satisfy the free-particle Euclidean Dirac equation with mass m → M(p^2) =: ς, so that

ū(p_f ; ς) Γ_μ(p_f , p_i; k) u(p_i; ς)

= ū(p_f )[F_1(k^2)γ_μ + 1 2ς σ_{μν} k_ν F_2(k^2)]u(p_i) (VI.24)

and then, from Eqs. (VI.21) – (VI.23),

κ^{acm}(ς) = −2ς ηδ^ς_B σ^ς_A − 2ς^2δ^ς_A + 2ςδ^ς_B

, (VI.25)

where σ^ς_A = Σ_A(ς, ς), δ^ς_A = Δ_A(ς, ς), etc. The numerator’s simplicity owes to a premeditated cancellation between τ_4 and τ_5, which replicates the one at leading-order in perturbation theory. Where a comparison of terms is possible, this vertex Ansatz is semi-quantitatively in agreement with Refs. [146, 154]. However, the presence and understanding of the role of Γ^{acm4}_μ is a novel contribution by Ref. [140]. N.B. It is apparent from Eq. (VI.25) that κ^{acm} ∝ m^2 in the absence of DCSB, so that κ^{acm}/[2m] → 0 in the chiral limit.

The BSE for the quark-photon vertex can be written following the method of Ref. [97]. Since the method guarantees preservation of the Ward-Takahashi identities, the general form of the solution is

Γ^γ_μ(p_f , p_i) = Γ^{BC}_μ (p_f , p_i) + Γ^T_μ (p_f , p_i) , (VI.26)

Γ^T_μ (p_f , p_i) = γ^T_μ F̂_1 + σ_{μν} k_νF̂_2 + T_{μρ}σ_{ρν} ℓ_ν ℓ · k F̂_3

+[ℓ^T_μ γ · k + iγ^T_μ σ_{νρ}ℓ_ν k_ρ]F̂_4 − iℓ^T_μ F̂_5

+ ℓ^T_μ γ · k ℓ · k F̂_6 − ℓ^T_μ γ · ℓ F̂_7

+ℓ^T_μ σ_{νρ}ℓ_ν k_ρF̂_8 , (VI.27)

where {F̂_i|i = 1, . . . , 8} are scalar functions of Lorentzinvariants constructed from p_f , p_i, k. The Ward- Takahashi identity is plainly satisfied; viz.,

k_μiΓ_μ(p_f , p_i) = k_μiΓ^{BC}_μ (p_f , p_i) = S^{−1}(p_f ) − S^{−1}(p_i) . (VI.28) Figure VI.5 depicts the results obtained for the quark’s anomalous electromagnetic moment form factor

f_γ (p) := lim_{pf →p} −1 12 k^2 tr σ_{μν} k_μΓ^γ_ν (p_f , p) = F̂_2 + 1 3 p^2F̂_8 .

(VI.29) The result is evidently sizable. It is worth reiterating that f_γ is completely nonperturbative: in the chiral limit, at any finite order in perturbation theory, f_γ ≡ 0. For contrast the figure also displays the result computed in the rainbow-ladder truncation of QCD’s DSEs. As the leading-order in a systematic but stepwise symmetrypreserving scheme [62], this truncation only partially expresses DCSB: it is exhibited by the dressed-quark propagator but not present in the quark-gluon vertex. In this case f_γ is nonzero but small. These are artefacts of the truncation that cannot be remedied at any finite order of the procedure in Ref. [62] or a kindred scheme.

Employing Eq. (VI.24), in connection with the dressedquark-photon vertex, one can write an expression for the

FIG. VI.5. Left panel – fγ (GeV^{−1}) in Eq. (VI.29) cf. (−7/4)ΔB (p^2, p^2), both computed using Eq. (VI.21) and the same simplification of the interaction in Ref. [99]. Right panel – Anomalous chromo- and electro-magnetic moment distributions for a dressed-quark, computed using Eq. (VI.30). The dashed-curve in both panels is the rainbow-ladder (RL) truncation result.

quark’s anomalous electromagnetic moment distribution κ(ς) = 2ςF̂_2 + 2ς^2F̂_4 + Λ_κ(ς) σ^ς_A + F̂_1 − Λ_κ(ς)

, (VI.30)

where: Λ_κ(ς) = 2ς^2δ^ς_A − 2ςδ^ς_B − ςF̂_5 − ς^2F̂_7; and the F̂_i are evaluated at p2_f = p2_i = M(p2_f )2 =: ς 2, k2 = 0. Plainly, κ(ς) ≡ 0 in the chiral limit when chiral symmetry is not dynamically broken. Moreover, as a consequence of asymptotic freedom, κ(ς) → 0 rapidly with increasing momentum. The computed distribution is depicted in Fig. VI.5. It yields Euclidean mass-shell values:

M^E_{full} = 0.44 GeV, κ^{acm}_{full} = −0.22 , κ^{aem}_{full} = 0.45

cf. M^E_{RL} = 0.35 GeV, κ^{acm}_{RL} = 0 , κ^{aem}_{RL} = 0.048. (VI.31) It is thus apparent that DCSB produces a dressed lightquark with a momentum-dependent anomalous chromomagnetic moment, which is large at infrared momenta. Significant amongst the consequences is the generation of an anomalous electromagnetic moment for the dressed light-quark with commensurate size but opposite sign. (N.B. This result was anticipated in Ref. [158], which argued that DCSB usually triggers the generation of a measurable anomalous magnetic moment for lightquarks.) The infrared dimension of both moments is determined by the Euclidean constituent-quark mass. This is two orders-of-magnitude greater than the physical light-quark current-mass, which sets the scale of the perturbative result for both these quantities.

There are two more notable features; namely, the rainbow-ladder truncation, and low-order stepwise improvements thereof, underestimate these effects by an order of magnitude; and both the τ_4 and τ_5 terms in the dressed-quark-gluon vertex are indispensable for a realistic description of hadron phenomena. Whilst a simple interaction was used to illustrate these outcomes, they are robust.

These results are stimulating a reanalysis of hadron elastic and transition electromagnetic form factors [143, 159], and the hadron spectrum, results of which will be described below. Furthermore, given the magnitude of the muon “g_μ − 2 anomaly” and its assumed importance as an harbinger of physics beyond the Standard Model [160], it might also be worthwhile to make a quantitative estimate of the contribution to g_μ − 2 from the quark’s DCSB-induced anomalous moments following, e.g., the computational pattern for the hadronic lightby-light scattering component of the photon polarization tensor indicated in Ref. [161].

C. a1-ρ mass splitting

The analysis in Ref. [97] enables one to construct a symmetry-preserving kernel for the BSE given any form for Γ_μ. Owing to the importance of symmetries in forming the spectrum of a quantum field theory, this is a pivotal advance. One may now use all information available, from any reliable source, to construct the best possible vertex Ansatz. The last two subsections illustrated that this enables one to incorporate crucial nonperturbative effects, which any finite sum of contributions is incapable of capturing, and thereby prove that DCSB generates material, momentum-dependent anomalous chromo- and electro-magnetic moments for dressed light-quarks.

The vertex described in Sec. VI B contains a great deal of information about DCSB. It is the best motivated Ansatz to date, has stimulated a detailed reanalysis of the quark-photon coupling [145], and may be used in the calculation of the masses of ground-state spin-zero and -one light-quark mesons in order to illuminate the impact of DCSB on the hadron spectrum. This analysis expands significantly on the discussion of scalar and pseudoscalar mesons in Sec. VI A.

Given a vertex, a prediction for the spectrum follows once the gap equation’s kernel is specified and the Ward-Identity solved for Λ^{f g}_{5μβ} . In the pseudoscalar and

FIG. VI.6. Illustration of the procedure used to determine meson masses, which is fully described in Ref. [162] and analogous to the method used in lattice-QCD. Solid curve – a1- meson, nonperturbative kernel; dot-dash-dash – a1, kernel derived from Eq. (VI.8) only (Ball-Chiu, BC); and dash – a1, kernel derived from just the first term in Eq. (VI.8) (1BC, a minimal renormalization improvement [163] of the leadingorder – RL, rainbow-ladder – kernel [62]). Dot-dash curve – ρmeson, nonperturbative kernel; Dot-dash-dot – ρ, BC-kernel; and dotted – ρ, 1BC-kernel. Points – values of 1/Γ(k = 0; P^2) in the given channel computed with the kernel described. Padé approximants are constructed in each case; and the location of the zero is identified with (−m^2_{meson}).

axial-vector channels the Ward-Takahashi identity for the Bethe-Salpeter kernel is solved by

2Λ_{5β(μ)} = [Γ̃_β(q_+, k_+) + γ_5Γ̃_β (q_−, k_−)γ_5] × 1 S^{−1}(k_+) + S^{−1}(−k_−)

Γ_{5(μ)}(k; P )

+ Γ_{5(μ)}(q; P ) 1 S^{−1}(−q_+) + S^{−1}(q_−)

×[γ_5Γ̃_β (q_+, k_+)γ_5 + Γ̃_β(q_−, k_−)], (VI.32)

where Γ̃ is the chosen Ansatz for the quark-gluon vertex. Kernels for other channels are readily constructed.

Reference [142] computes ground-state masses using the interaction described in Ref. [57], which produced Fig. III.2; the vertex model explicated in Sec. VI B; and the method for solving the inhomogeneous Bethe- Salpeter equation that is detailed in Ref. [162], which ensures one need only solve the gap and Bethe-Salpeter equations at spacelike momenta. This simplifies the numerical problem. To explain, the inhomogeneous BSE is solved for the complete Bethe-Salpeter amplitude in a particular channel on a domain of spacelike totalmomenta, P^2 > 0. Any bound-state in that channel appears as a pole in the solution at P^2 = −m^2_{meson}. Denoting the leading Chebyshev moment of the amplitude’s dominant Dirac structure by Γ(k; P ), where k is the relative momentum, then 1/Γ(k = 0; P^2) exhibits a zero at (−m^2_{meson}). The location of that zero is determined via extrapolation of a Padé approximant to the spacelikebehavior of 1/Γ(k = 0; P^2). This is illustrated for the ρ-

TABLE VI.1. Col. 1: Spectrum obtained with the full nonperturbative Bethe-Salpeter kernels described herein, which express effects of DCSB. The method of Ref. [162] was used: the error reveals the sensitivity to varying the order of Padé approximant. Col. 2 – Experimental values; computed, except mσ, from isospin mass-squared averages [168]. Col. 3 – Masses determined from the inhomogeneous BSE at leading-order in the DSE truncation scheme of Ref. [62] using the interaction in Ref. [97] (with this simple kernel, the Padé error is negligible); and Col. 4 – results in Ref. [169], obtained directly from the homogeneous BSE at the same order of truncation.

Ref. [142] Expt. RL-Padé RL-direct mπ 0.138 0.138 0.138 0.137 mρ 0.817 ± 0.016 0.777 0.754 0.758 mσ 0.90 ± 0.05 0.4 – 1.2 0.645 0.645 ma_1 1.30 ± 0.11 1.24 ± 0.04 0.938 0.927 m_{b1} 1.15 ± 0.07 1.21 ± 0.02 0.904 0.912 ma_1 − mρ 0.48 ± 0.12 0.46 ± 0.04 0.18 0.17 m_{b1} − mρ 0.33 ± 0.09 0.43 ± 0.02 0.15 0.15

and a_1-channels in Fig. VI.6.

A full set of results is listed in Table VI.1, wherein the level of agreement between Cols. 3 and 4 illustrates the efficacy of the method used to compute masses: no difference is greater than 1%. Next consider m_σ and compare Cols. 1–3. It is an algebraic result that in the RL-truncation of QCD’s DSEs, m_σ ≈ 2M, where M is a constituent-like quark mass [164]. On the other hand, incorporating the quark mass function into the Bethe- Salpeter kernel via Γ^{BC}_μ generates a strong spin-orbit interaction, which significantly boosts m_σ [97]. This feature is evidently unaffected by the inclusion of Γ^{acm}_μ ; i.e., those terms associated with a dressed-quark anomalous chromomagnetic moment. Since terms associated with pion final-state interactions were deliberately omitted from the nonperturbative kernel derived in Ref. [142], it is noteworthy that m_σ in Col. 1 matches estimates for the mass of the dressed-quark-core component of the σmeson obtained using unitarised chiral perturbation theory [165, 166]. N.B. In addition to providing a width, such final-state interactions necessarily reduce the real part of the mass [19, 43, 167].

Now compare the entries in Rows 2, 4–6. The ρand a_1-mesons have been known for more than thirty years and are typically judged to be parity-partners; i.e., they would be degenerate if chiral symmetry were manifest in QCD. Plainly, they are not, being split by roughly 450 MeV (i.e., > m_ρ/2). It is suspected that this large splitting owes to DCSB. Hitherto, however, no symmetry-preserving bound-state treatment could explain it. This is illustrated by Cols. 3, 4, which show that whilst a good estimate of m_ρ is readily obtained at leading-order in the systematic DSE truncation scheme of Ref. [62], the axial-vector masses are much underestimated. The flaw persists at next-to-leading-order

[130, 132].

The analysis in Ref. [142] points to a remedy for this longstanding failure. Using the Poincaré-covariant, symmetry preserving formulation of the meson bound-state problem enabled by Ref. [97], with nonperturbative kernels for the gap and Bethe-Salpeter equations, which incorporate effects of DCSB that are impossible to capture in any step-by-step procedure for improving upon the rainbow-ladder truncation, it provides realistic estimates of axial-vector meson masses. In obtaining these results, Ref. [142] showed that the vertex Ansatz used most widely in studies of DCSB, Γ^{BC}_μ , is inadequate as a tool in hadron physics. Used alone, it increases both m_ρ and m_{a1} but yields m_{a1} − m_ρ = 0.21 GeV, qualitatively unchanged from the rainbow-ladder-like result (see Fig. VI.6). A good description of axial-vector mesons is only achieved by including interactions derived from Γ^{acm}_μ ; i.e., connected with the dressed-quark anomalous chromomagnetic moment [140]. Moreover, used alone, neither term in Γ^{acm}_μ , Eq. (VI.22), can produce a satisfactory result. The full vertex Ansatz and the associated gap and Bethe-Salpeter kernels described in Sec. VI B are the minimum required.

Row 5 contains additional information. The leadingcovariant in the b_1-meson channel is γ_5k_μ. The appearance of k_μ suggests that dressed-quark orbital angular momentum will play a significant role in this meson’s structure, even more so than in the a_1-channel for which the dominant covariant is γ_5γ_μ. (N.B. In a simple quarkmodel, constituent spins are parallel within the a_1 but antiparallel within the b_1. Constituents of the b_1 may therefore become closer, so that spin-orbit repulsion can exert a greater influence.) This expectation is borne out by the following: with the full kernel, m_{b1} is far more sensitive to the interaction’s momentum-space range parameter than any other state, decreasing rapidly as the interaction’s spatial-variation is increasingly suppressed.

The results reviewed in this subsection rest on an Ansatz for the quark-gluon vertex and whilst the best available information was used in its construction, improvement is nonetheless possible. That will involve elucidating the role of Dirac covariants in the quarkgluon vertex which have not yet been considered, as in Ref. [145], and of resonant contributions; viz., meson loop effects that give widths to some of the states considered. In cases for which empirical width-to-mass ratios are ≲ 25%, one might judge that such contributions can reliably be obtained via bound-state perturbation theory [170]. Contemporary studies indicate that these effects reduce bound-state masses but the reduction can uniformly be compensated by a modest inflation of the interaction’s mass-scale [164, 171], so that the masses in Table VI.1 are semiquantitatively unchanged. The case of the σ-meson is more complicated. However, the prediction of a large mass for this meson’s dressed-quark core leaves sufficient room for a strong reduction by resonant contributions [165, 166].

This section reviewed a continuum framework for computing and explaining the meson spectrum, which combines a veracious description of pion properties with estimates for masses of light-quark mesons heavier than m_ρ. (A contemporary lattice-QCD perspective on this problem may be drawn from Refs. [172, 173].) The method therefore offers the promise of a first reliable Poincaréinvariant, symmetry-preserving computation of the spectrum of light-quark hybrids and exotics; i.e., those putative states which are impossible to construct in a quantum mechanics based upon constituent-quark degrees-of-freedom. So long as the promise is promptly fulfilled, the approach will provide predictions to guide the forthcoming generation of facilities.

VII. PION ELECTROMAGNETIC FORM FACTORS

In charting the long-range interaction between lightquarks via the feedback between experiment and theory, hadron elastic and transition form factors can provide unique information, beyond that obtained through studies of the hadron spectrum.

A. Charged pion

This is demonstrated very clearly by an analysis of the electromagnetic pion form factor, F^{em}_π (Q^2), because the pion has a unique place in the Standard Model. It is a bound-state of a dressed-quark and -antiquark, and also that almost-massless collective excitation which is the Goldstone mode arising from the dynamical breaking of chiral symmetry. This dichotomy can only be understood through the symmetry-preserving analysis of twobody bound-states [72]. Furthermore, the possibility that this dichotomous nature could have wide-ranging effects on pion properties has made the empirical investigation of these properties highly desirable, despite the difficulty in preparing a system that can act as a pion target and the concomitant complexities in the interpretation of the experiments; e.g., [174–177].

The merit of using F^{em}_π (Q^2) to elucidate the potential of an interplay between experiment and nonperturbative theory as a means of constraining the long-range behaviour of QCD’s β-function is amplified by the existence of a prediction that Q^2F_π(Q^2) ≈ constant for Q^2 ≫ m^2_π in a theory whose interaction is mediated by massless vector-bosons. To be explicit [178–180]:

Q^2F_π(Q^2)^Q 2≫m^2_π ≃ 16πf^2_πα(Q^2), (VII.1)

which takes the value 0.13 GeV^2 at Q^2 = 10 GeV^2 if one uses the one-loop result α(Q^2 = 10 GeV^2) ≈ 0.3. The verification of this prediction is a strong motivation for modern experiment [174–176], which can also be viewed as an attempt to constrain and map experimentally the pointwise behaviour of the exchange interaction that binds the pion.

TABLE VII.1. Results obtained with [77] αIR/π = 0.93 in Eq. (VII.2), and (in GeV): m = 0.007, Λir = 0.24 , Λuv = 0.905 in Eq. (VII.3). (Dimensioned quantities are listed in GeV.) m Eπ Fπ Eρ M κ^{1/3}_π mπ mρ fπ fρ 0 3.568 0.459 1.520 0.358 0.241 0 0.919 0.100 0.130 0.007 3.639 0.481 1.531 0.368 0.243 0.140 0.928 0.101 0.129

Section V A details some extraordinary consequences of DCSB, amongst them the Goldberger-Treiman relations of Eqs. (V.7) – (V.10). Of these, Eqs. (V.8) and (V.9) entail that the pion possesses components of pseudovector origin which alter the asymptotic form of F^{em}_π (Q^2) by a multiplicative factor of Q^2 cf. the result obtained in their absence [74].

QCD-based DSE calculations of F^{em}_π (Q^2) exist [74, 81], the most systematic of which [81] predicted the measured form factor [174]. Germane to this discourse, however, is an elucidation of the sensitivity of F^{em}_π (Q^2) to the pointwise behaviour of the interaction between quarks. We therefore recapitulate on Refs. [75, 77], which explored how predictions for pion properties change if quarks interact not via massless vector-boson exchange but instead through a contact interaction; viz., g^2D_{μν} (p − q) = δ_{μν} 1 m^2_G = δ_{μν} 4πα_{IR} m^2_G

, (VII.2)

wherein m_G = 0.8 GeV is a gluon mass-scale (such a scale is generated dynamically in QCD [13, 181]) and α_{IR} is a parameter that specifies the interaction strength, and proceeded by embedding this interaction in a rainbowladder truncation of the DSEs.

In this case, using a confining regularisation scheme [182], the gap equation, which determines this interaction’s momentum-independent dressed-quark mass, can be written M = m + M 4α_{IR} 3πm^2_G C (M^2; τ_{ir}, τ_{uv}) , (VII.3)

where m is the current-quark mass, τ_{ir} = 1/Λ_{ir}, τ_{uv} = 1/Λ_{uv}, and

C (M^2; τ_{ir}, τ_{uv}) = M^2[Γ(−1, M^2τ^2_{uv}) − Γ(−1, M^2τ^2_{ir})], (VII.4) with Γ(α, y) being the incomplete gamma-function. Results are presented in Table VII.1.

With a symmetry-preserving regularisation of the interaction in Eq. (VII.2), the Bethe-Salpeter amplitude cannot depend on relative momentum. Hence Eq. (V.6) becomes

Γ_π(P ) = γ_5 [ iE_π(P ) + 1 M γ · P F_π(P ) ] (VII.5) and the explicit form of the model’s ladder BSE is [ E_π(P ) F_π(P ) ] = 4α_{IR} 3πm^2_G [ K_{EE} K_{EF} K_{F E} K_{F F} ] [ E_π(P ) F_π(P ) ] , (VII.6) where, with m = 0 = P^2, anticipating the Goldstone character of the pion,

K_{EE} = C (M^2; τ^2_{ir}, τ^2_{uv}) , K_{EF} = 0 , 2K_{F E} = C_1(M^2; τ^2_{ir}, τ^2_{uv}) , K_{F F} = −2K_{F E} ,

(VII.7)

and C_1(z) = −zC^′(z), where we have suppressed the dependence on τ_{ir,uv}. The solution of Eq. (VII.6) gives the pion’s chiral-limit Bethe-Salpeter amplitude, which, for the computation of observables, should be normalised canonically; viz.,

P_μ = N_c tr ∫ d^4q (2π)^4

Γ_π(−P ) ∂ ∂P_μ S(q + P ) Γ_π(P ) S(q) .

(VII.8) Hence, in the chiral limit, 1 = N_c 4π^2 1 M^2

C_1(M^2; τ^2_{ir}, τ^2_{uv})E_π[E_π − 2F_π], (VII.9)

and the pion’s leptonic decay constant is

f^0_π = N_c 4π^2 1 M C_1(M^2; τ^2_{ir}, τ^2_{uv})[E_π − 2F_π] . (VII.10)

If one has preserved Eq. (IV.9), then, for m = 0 in the neighbourhood of P^2 = 0, the solution of the axial-vector BSE has the form:

Γ_{5μ}(k_+, k) = P_μ P^2

2f^0_π Γ_π(P ) + γ_5γ_μF_R(P ) (VII.11)

and the following subset of Eqs. (V.7) – (V.10) will hold:

f^0_π E_π = M , 2 F_π E_π + F_R = 1 . (VII.12)

Hence F_π(P ) is necessarily nonzero in a vector exchange theory, irrespective of the pointwise behaviour of the interaction. It has a measurable impact on the value of f_π and on the form factor, as we shall see.

Based upon these results, one can proceed to compute the electromagnetic pion form factor in the generalised impulse approximation [75, 77]; i.e., at leadingorder in a symmetry-preserving DSE truncation scheme [74, 81, 138]. Namely, for an incoming pion with momentum p_1 = K − Q/2, which absorbs a photon with space-like momentum Q, so that the outgoing pion has momentum p_2 = K + Q/2,

2K_μF^{em}_π (Q^2) = 2N_c ∫ d^4t (2π)^4 tr_D [ iΓ_π(−p_2)S(t + p_2)

× iγ_μP_T(Q^2)S(t + p_1) iΓ_π(p_1) S(t) ] , (VII.13)

FIG. VII.1. Dressing function for the transverse piece of the quark-photon vertex, computed using the parameter values described in connection with Table VII.1. The pole associated with the ground-state vector meson is clear.

where P_T(Q^2), depicted in Fig. VII.1, describes the full extent of dressing on the quark-photon vertex produced by a contact interaction in the rainbow-ladder truncation [77]. The form factor is expressible as follows:

F^{em}_π (Q^2) = P_T(Q^2) F^{em}_{π,ρ̸}(Q^2), (VII.14)

F^{em}_{π,ρ̸}(Q^2) = F^{em}_{π,EE} + F^{em}_{π,EF} + F^{em}_{π,F F} , (VII.15)

= E^c_π E^c_πT^π_{EE} (Q^2) + E^c_πF^c_π T^π_{EF} (Q^2) +F^c_π F^c_πT^π_{F F} (Q^2), (VII.16)

where F^{em}_{π,ρ̸}(Q^2) is that part of the form factor produced by the undressed quark-photon vertex and the functions T^π have simple algebraic forms in this calculation [77].

In the upper panel of Fig. VII.2 we present F^{em}_{π,ρ̸}(Q^2) and the three separate contributions defined in Eq. (VII.16). It is evident that, in magnitude, F^{em}_{π,EF} contributes roughly one-third of the pion’s unit charge. This could have been anticipated from Eq. (VII.9). More dramatically, perhaps: the interaction in Eq. (VII.2) generates

F^{em}_π (Q^2 → ∞) = constant. (VII.17)

Both results originate in the nonzero value of F_π (P ), which is a straightforward consequence of the symmetrypreserving treatment of a vector exchange theory [72]. Equation (VII.17) should not come as a surprise: with a symmetry-preserving regularisation of the interaction in Eq. (VII.2), the pion’s Bethe-Salpeter amplitude cannot depend on the constituent’s relative momentum. This is characteristic of a pointlike particle, which must have a hard form factor. The lower panel of the figure illustrates that the necessary inclusion of P_T(Q^2) is critical in the timelike region and has a measurable quantitative impact for a significant range of spacelike momenta. It does not, however, affect the truly ultraviolet behaviour.

In Fig. VII.3 we compare the form factor computed from Eq. (VII.2) with contemporary experimental data

FIG. VII.2. Upper panel. F^{em}_{π,ρ̸}(Q^2) and the separate contributions introduced in Eq. (VII.16). F^{em}_π (Q^2 = 0) = 1, without fine-tuning, because a symmetry-preserving regularisation of the interaction in Eq. (VII.2) was implemented. Lower panel. F^{em}_π (Q^2) computed in rainbow-ladder truncation from the interaction in Eq. (VII.2): solid curve – fully consistent, i.e., with a dressed-quark-photon vertex so that the ρ-pole appears; and dashed curve – computed using a bare quarkphoton vertex, namely, F^{em}_{π,ρ̸}(Q^2). Dotted curve – fit to the result in Ref. [81], which also included a consistently-dressed quark-photon vertex and serves to illustrate the trend of contemporary data.

[174–176] and a QCD-based DSE prediction [81]. Both the QCD-based result and that obtained from the momentum-independent interaction yield the same values for the pion’s static properties [75–77]. However, for Q^2 > 0 the form factor computed using ∼ 1/k^2-vectorboson exchange is immediately distinguishable empirically from that produced by a momentum-independent interaction. Indeed, the figure shows that for F^{em}_π , existing experiments can already distinguish between different possibilities for the quark-quark interaction.

Combining Figs. VII.2 and VII.3 it becomes apparent that F^{em}_{π,EE} is only a good approximation to the net pion form factor for Q^2 ∼< M^2. F^{em}_{π,EE} and F^{em}_{π,EF} evolve with equal rapidity – there is no reason for this to be otherwise, as they are determined by the same mass-scales – but a nonzero constant comes quickly to dominate over a form factor that falls swiftly to zero.

FIG. VII.3. Solid curve: Q^2F_{π,ρ̸}(Q^2) obtained with Eq. (VII.2). Dashed curve: DSE prediction [81], which employed a momentum-dependent renormalisation-group-improved gluon exchange interaction. For Q^2 > 0.17 GeV^2 ≈ M^2, marked by the vertical dotted line, the contact interaction result for F^{em}_{π,ρ̸}(Q^2) differs from that in Ref. [81] by more than 20%. The data are from Refs. [174–176].

It is plain now that when a momentum-independent vector-exchange interaction is regularised in a symmetrypreserving manner, the results are directly comparable with experiment, computations based on well-defined and systematically-improvable truncations of QCD’s DSEs [81], and perturbative QCD. In this context it will be apparent that a contact interaction, whilst capable of describing pion static properties well, Table VII.1, generates a form factor whose evolution with Q^2 deviates markedly from experiment for Q^2 > 0.17 GeV^2 ≈ M^2 and produces asymptotic power-law behaviour, Eq. (VII.17), in serious conflict with QCD [178–180].

In that connection Fig. II.1 and Eqs. (V.7) – (V.10) are relevant again. In the electromagnetic elastic scattering process, the momentum transfer, Q, is primarily shared equally between the pion’s constituents because the bound-state Bethe-Salpeter amplitude is peaked at zero relative momentum. Thus, one can consider k ∼ Q/2. The Goldberger-Treiman-like relations express a mapping between the relative momentum of the pion’s constituents and the one-body momentum of dressedquark; and the momentum dependence of the dressedquark mass function is well-described by perturbation theory when k^2 > 2 GeV^2. Hence, one should expect a perturbative-QCD analysis of the pion form factor to be valid for k^2 = Q^2/4 ≳ 2 GeV^2; i.e.,

F^{em}_π (Q^2) ≈ F^{em pQCD} π (Q^2) for Q^2 ≳ 8 GeV^2. (VII.18)

This explains the result in Ref. [74]. A similar argument for baryons suggests that the nucleon form factors should be perturbative for Q^2 ≳ 18 GeV^2.

It is worth reiterating that the contact interaction produces a momentum-independent dressed-quark mass function, in contrast to QCD-based DSE studies [8, 15] and lattice-QCD [16]. This is fundamentally the origin of the marked discrepancy between the form factor it produces and extant experiment. Hence Refs. [75–77] highlight that form factor observables, measured at an upgraded JLab, e.g., are capable of mapping the running of the dressed-quark mass function. Efforts are underway to establish the signals of the running mass in baryon elastic and transition form factors. They are reviewed in Sec. X.

B. Neutral pion

The process γ^∗γ → π^0 is also of great interest because in order to explain the associated transition form factor within the Standard Model on the full domain of momentum transfer, one must combine, using a single internallyconsistent framework, an explanation of the essentially nonperturbative Abelian anomaly with the features of perturbative QCD. The case for attempting this received a significant boost with the publication of data from the BaBar Collaboration [183] because, while they agree with earlier experiments on their common domain of squaredmomentum-transfer [184, 185], the BaBar data are unexpectedly far above the prediction of perturbative QCD at larger values of Q^2.

This so-called “Babar anomaly” was considered in Ref. [76], wherein it is argued that in fully-self-consistent treatments of pion: static properties; and elastic and transition form factors, the asymptotic limit of the product Q^2G_γ∗_{γπ}0 (Q^2), which is determined a priori by the interaction employed, is not exceeded at any finite value of spacelike momentum transfer: the product is a monotonically-increasing concave function. A consistent approach is one in which: a given quark-quark scattering kernel is specified and solved in a well-defined, symmetrypreserving truncation scheme; the interaction’s parameter(s) are fixed by requiring a uniformly good description of the pion’s static properties; and relationships between computed quantities are faithfully maintained.

Within such an approach it is nevertheless possible for Q^2F^{em}_π (Q^2) to exceed its perturbative-QCD asymptotic limit because the leading-order matrix-element involves two Bethe-Salpeter amplitudes. This permits an interference between dynamically-generated infrared mass-scales in the computation. Moreover, for F^{em}_π (Q^2) the perturbative QCD limit is more than an order-of-magnitude smaller than m^2_ρ. Owing to the proximity of the ρ-meson pole to Q^2 = 0, the latter mass-scale must provide a fair first-estimate for the small-Q^2 evolution of F^{em}_π (Q^2). A monopole based on this mass-scale exceeds the pQCD limit ∀Q^2 > 0. For the transition form factor, however, the opposite is true because m^2_ρ is less-than the pQCD limit; viz. [180], lim Q^2→∞ Q^22G(Q^2) = 8π^2f^2_π . (VII.19)

The vector current-current contact-interaction canvassed in this Section may be described as a vector-boson

FIG. VII.4. Q^2-weighted γ^∗γ → π^0 transition form factor. Data: red circles, Ref. [183]; green diamonds, Ref. [184]; and blue squares, Ref.[185]. Solid curve – Q^2G(Q^2) computed using the symmetry-preserving, fully-self-consistent rainbowladder treatment of the contact interaction in Eq. (VII.2), which produces a pion distribution amplitude ϕπ (x) = constant; and dot-dashed curve – fit to the γ^∗γ → π^0 transition form factor computed in a QCD-based rainbow-ladder-truncation DSE study [186]. Both curves have been divided by (2π^2fπ ) in order to match the data’s normalisation.

exchange theory with vector-field propagator (1/k^2)^κ, κ = 0. It was shown [76] that the consistent treatment of such an interaction produces a γ^∗γ → π^0 transition form factor that disagrees with all available data. On the other hand, precisely the same treatment of an interaction which preserves the one-loop renormalisation group behaviour of QCD, produces a form factor in good agreement with all but the large-Q^2 data from the BaBar Collaboration [183]. These points are illustrated in Fig. VII.4.

Studies exist which interpret the BaBar data as an indication that the pion’s distribution amplitude, ϕ_π(x), deviates dramatically from its QCD asymptotic form, indeed, that ϕ_π (x) = constant, or is at least flat and nonvanishing at x = 0, 1 [187, 188]. However, it has often been explained [9, 75–77, 189] that such a distribution amplitude characterises an essentially-pointlike pion; and, as we have seen, when used in a fully-consistent treatment, it produces results for pion elastic and transition form factors that are in striking disagreement with experiment. Reiterating, a bound-state pion with a pointlike component will produce the hardest possible form factors; i.e., form factors which become constant at large-Q^2.

On the other hand, QCD-based studies produce soft pions, a valence-quark distribution amplitude for the pion that vanishes as ∼ (1 − x)^2 for x ∼ 1, and results that agree well with the bulk of existing data. We will return to this in the next section.

The analysis in Ref. [76] shows that the large-Q^2 BaBar data is inconsistent with QCD and also inconsistent with a vector current-current contact interaction. It supports a conclusion that the large-Q^2 data reported by BaBar is not a true representation of the γ^∗γ → π^0 transition form factor, a perspective also developed elsewhere [190– 193]. There is experimental evidence in support of this view; namely, the γ^∗ → ηγ and γ^∗ → η^′γ transition form factors have also been measured by the BaBar Collaboration [194], at Q^2 = 112 GeV^2, and in these cases the results from CLEO [185] and BaBar are fully consistent with perturbative-QCD expectations.

VIII. PION AND KAON VALENCE-QUARK DISTRIBUTIONS

Quarks were discovered in deep inelastic scattering (DIS) experiments at SLAC, performed during the period 1966-1978. DIS is completely different to elastic scattering. In this process, one disintegrates the target instead of keeping only those events in which it remains intact. On a well-defined kinematic domain; namely, the Bjorken limit:

q^2 → ∞ , P · q → −∞ , x_{Bjorken} := − q^2 2P · q = fixed,

(VIII.1) where P is the target’s four-momentum and q is the momentum transfer, the cross-section can rigorously be interpreted as a measurement of the momentum-fraction probability distribution for quarks and gluons within the target hadron: q(x), g(x). These quantities describe the probability that a quark/gluon within the target will carry a fraction x of the bound-state’s momentum, as defined in the infinite-momentum or light-front frame. (The light-front formulation of quantum field theory is built upon Dirac’s front form of relativistic quantum dynamics [195].)

The past forty years have seen a tremendous effort to deduce the parton distribution functions (PDFs) of the most accessible hadrons – the proton, neutron and pion. There are many reasons for this long sustained and thriving interest [9] but in large part it is motivated by the suspected process-independence of the usual parton distribution functions and hence an ability to unify many hadronic processes through their computation. In connection with uncovering the essence of the strong interaction, the behaviour of the valence-quark distribution functions at large Bjorken-x is most relevant. Furthermore, an accurate determination of the behavior of distribution functions in the valence region is also important to high-energy physics. Particle discovery experiments and Standard Model tests with colliders are only possible if the QCD background is completely understood. QCD evolution, apparent in the so-called scaling violations by

FIG. VIII.1. πN Drell-Yan process, in which, e.g., a valence antiquark from the pion annihilates with a valence quark in the nucleon to produce a μ^+μ^− pair.

parton distribution functions,^6 entails that with increasing center-of-mass energy, the support at large-x in the distributions evolves to small-x and thereby contributes materially to the collider background. N.B. The nucleon PDFs are now fairly well determined for x ≲ 0.8 but the pion and kaon PDFs remain poorly known on the entire domain of x.

Owing to the dichotomous nature of Goldstone bosons, understanding the valence-quark distribution functions in the pion and kaon is of great importance. Moreover, given the large value of the ratio of s-to-u current-quark masses, a comparison between the pion and kaon structure functions offers the chance to chart effects of explicit chiral symmetry breaking on the structure of would-be Goldstone modes. There is also the prediction [196, 197] that a theory in which the quarks interact via 1/k^2- vector-boson exchange will produce valence-quark distribution functions for which

q_v(x) ∝ (1 − x)^{2+γ} , x ≳ 0.85 , (VIII.2)

where γ ≳ 0 is an anomalous dimension that grows with increasing momentum transfer. (See Sec.VI.B.3 of Ref. [9] for a detailed discussion.)

Owing to the absence of pseudoscalar meson targets, experimental knowledge of the parton structure of the pion and kaon arises primarily from pionic or kaonic Drell-Yan processes, illustrated in Fig. VIII.1, involving nucleons in heavy nuclei [177, 198–201]. Theoretically, given that DCSB plays a crucial role in connection with pseudoscalar mesons, one must employ an approach that realistically expresses this phenomenon. The DSEs therefore provide a natural framework: studies of the pion and kaon exist and will be reviewed here. The first [189] computed pion PDFs, using efficacious parametrisations of both the Bethe-Salpeter amplitude and dressedquark propagators [138, 202, 203]. The second [78] employed direct, numerical DSE solutions in the computation of the pion and kaon PDFs, adapting the approach employed in successful predictions of electromagnetic form factors [67, 80, 81, 186]; and also studied the

6 DGLAP evolution is described in Sec.IID of Ref. [9]. The evolution equations are derived in perturbative QCD and determine the rate of change of parton densities when the energy-scale chosen for their definition is varied.

FIG. VIII.2. Pion valence quark distribution function evolved to (5.2 GeV)^2. Solid curve – full DSE calculation [78]; dot-dashed curve – semi-phenomenological DSE-based calculation in Ref. [189]; filled circles – experimental data from Ref. [201], at scale (4.05 GeV)^2; dashed curve – NLO reanalysis of the experimental data [177]; and dot-dot-dashed curve – NLO reanalysis of experimental data with inclusion of softgluon resummation [204].

ratio u_K (x)/u_π(x) in order to elucidate aspects of the influence of an hadronic environment.

In rainbow-ladder truncation, one obtains the pion’s valence-quark distribution from

u_π(x) = − 1 2 ∫ d^4ℓ (2π)^4 tr_{cd} [Γ_π(ℓ, −P )

× S_u(ℓ) Γ^n(ℓ; x) S_u(ℓ) Γ_π(ℓ, P ) S_d(ℓ − P )] , (VIII.3)

wherein the Bethe-Salpeter amplitudes and dressedquark propagators are discussed above and Γ^n(ℓ; x) is a generalization of the dressed-quark-photon vertex, describing a dressed-quark scattering from a zero momentum photon. It satisfies a BSE (here with a rainbowladder kernel) with the inhomogeneous term iγ · n δ(ℓ · n − xP · n). In Eq. (VIII.3), n_μ is a light-like vector satisfying n^2 = 0. In choosing rainbow-ladder truncation one implements a precise parallel to the symmetrypreserving treatment of the pion charge form factor at Q^2 = 0, wherein the vector current is conserved by use of ladder dynamics at all three vertices and rainbow dynamics for all three quark propagators [74, 80, 81, 138]. Equation (VIII.3) ensures automatically that

⟨x^0_f ⟩ :=

∫_1 0 dx q^v_f (x) = 1 for f = u, d̄ , (VIII.4)

since ∫ dx Γ^n(ℓ; x) gives the Ward-identity vertex and the Bethe-Salpeter amplitudes are canonically normalised.

Figure VIII.2 displays the DSE results for the pion’s valence u-quark distribution, evolved from a resolving scale Q^2_0 = (0.6 GeV)^2 to Q^2 = (5.2 GeV)^2 using leadingorder DGLAP evolution (Sec.IID of Ref. [9]), and a comparison with πN Drell-Yan data [201] at a scale Q^2 ∼ (4.05 GeV)^2, inferred via a leading-order analysis. The computation’s resolving scale, Q_0, was fixed by matching the ⟨x^n⟩^π moments for n = 1, 2, 3 to an experimental analysis at (2 GeV)^2 [205].

It is notable that at Q_0 the DSE results yield

2 ⟨x⟩^π_{Q0} = 0.7 , 2 ⟨x⟩^K_{Q0} = 0.8 . (VIII.5)

(For comparison, the parametrised valence-like pion parton distributions of Ref. [206] yield a gluon momentum fraction of ⟨x_g ⟩^π_{Q0=0.51} = 0.3.) In each case the remainder of the hadron’s momentum is carried by gluons, which effect binding of the meson bound state and are invisible to the electromagnetic probe. Some fraction of the hadron’s momentum is carried by gluons at all resolving scales unless the hadron is a point particle [9]. Indeed, it is a simple algebraic exercise to demonstrate that the only non-increasing, convex function which can produce ⟨x^0⟩ = 1 and ⟨x⟩ =^1_2 , is the distribution u(x) = 1, which is uniquely connected with a pointlike meson; viz., a meson whose Bethe-Salpeter amplitude is momentumindependent. Thus Eqs. (VIII.5) are an essential consequence of momentum conservation.

Whilst the DSE results in Fig. VIII.2 are both consistent with Eq. (VIII.2); i.e., they produce algebraically the precise behaviour predicted by perturbative QCD, on the valence-quark domain – which is uniquely sensitive to the behaviour of the dressed-quark mass-function, M(p^2) – it is evident that they disagree markedly with the Drell-Yan data reported in Ref. [201]. This tension was long seen as a crucial mystery for a QCD description of the lightest and subtlest hadron [9]. Its re-emergence with Ref. [189] motivated a NLO reanalysis of the Drell-Yan data [177], the result of which is also displayed in Fig. VIII.2. At NLO the extracted PDF is softer at high-x but the discrepancy nevertheless remains. To be precise, Ref. [177] determined a high-x exponent of β ≃ 1.5 whereas the exponents produced by the DSE studies [78, 189] are, respectively, 2.1 and 2.4 at the common model scale. They do not allow much room for a harder PDF at high-x.

Following the highlighting of this discrepancy in Ref. [9], a resolution of the conflict between data and well-constrained theory was proposed. In Ref. [204] a long-overlooked effect was incorporated; namely, “softgluon resummation.” With the inclusion of this next-to-leading-logarithmic threshold resummation effect in the calculation of the Drell-Yan cross section, a considerably softer valence-quark distribution was obtained at high-x. This is readily understood. The Drell-Yan cross-section factorises into two pieces: one hard and the other soft. The soft piece involves the PDF and the hard piece is calculable in perturbation theory. Adding additional interactions to the latter, which are important at large-x; viz., soft gluons, provides greater strength in the hard piece on the valence-quark domain. Hence a description of the data is obtained with a softer PDF. Indeed, the distribution obtained thereby matches precisely the expectations based on perturbative-QCD and obtained using DSEs. This is evident in a comparison between the dash-dot and dash-dot-dot curves in Fig. VIII.2. This outcome again

FIG. VIII.3. DSE prediction for the ratio of u-quark distributions in the kaon and pion [9, 78]. The full Bethe-Salpeter amplitude produces the solid curve; a reduced BSE vertex produces the dashed curve. The reduced amplitude retains only the invariants and amplitudes involving pseudoscalar and axial vector Dirac matrices, and ignores dependence on the variable q · P . These are part of the reductions that occur in a pointlike treatment of pseudoscalar mesons. The experimental data is from [198, 199].

emphasises the predictive power and strength of using a single internally-consistent, well-constrained framework to correlate and unify the description of hadron observables.

The ratio u_K /u_π measures the effect of the local hadronic environment. In the kaon, the u-quark is bound with a heavier partner than in the pion (m_s ≈ 25m_d) and this should cause u_K (x) to peak at lower-x than u_π(x). In fact, one finds that the s-quark distribution peaks at a value of x which is just 15% larger than that of the u-quark. Hence, even though DIS is a high-Q^2 process, constituent-quark-like mass-scales explain this shift: M_s/M_u ≈ 1.25. The DSE prediction of u_K /u_π [9, 78] is shown in Fig. VIII.3 along with available Drell-Yan data [198, 199]. The parameter-free DSE result agrees well with the data. We note that

u_K (0) u_π(0)

DGLAP:Q^2 →∞

→ 1 ; (VIII.6)

viz, the ratio approaches one under evolution to larger resolving scales owing to the increasingly large population of sea-quarks produced thereby [207]. On the other hand, the value at x = 1 is a fixed-point under evolution: ∀Q^2_1 > Q^2_0,

u_K (1) u_π(1)_{Q21}

= DGLAP_Q2_{1 ←Q}2_0 [ u_K (1) u_π(1) ] Q^2_0

(VIII.7)

= u_K (1) u_π(1)_{Q20}

(VIII.8)

i.e., it is the same at every value of the resolving scale Q^2, and is therefore a persistent probe of nonperturbative dynamics [9].

With Ref. [78] a significant milestone was achieved; viz., unification of the computation of distribution functions that arise in analyses of deep inelastic scattering with that of numerous other properties of pseudoscalar mesons, including meson-meson scattering [208, 209] and the successful prediction of electromagnetic elastic and transition form factors. The results confirm the largex behavior of distribution functions predicted by the QCD parton model; provide a good account of the π-N Drell-Yan data for u_π(x); and a parameter-free prediction for the ratio u_K (x)/u_π (x) that agrees with extant data, showing a strong environment-dependence of the u-quark distribution. The new Drell-Yan experiment running at FNAL is capable of validating this comparison, as is the COMPASS II experiment at CERN. Such an experiment should be done so that complete understanding of QCD’s Goldstone modes can be claimed.

IX. CHARM AND BEAUTY MESONS

A. CP violation and strong phases

The past two decades have brought important advances in flavour physics and in particular the understanding of weak decays of heavy-mesons. From the first observation of a B meson by the CLEO Collaboration in 1981 at the Cornell Electron Storage Ring [210], to the dedicated B-physics facilities at SLAC in California and KEK in Japan, much progress has been made. Although B physics was the main focus of the Belle and BaBar Collaborations at KEK and SLAC, respectively, and of the CDF experiment at Fermilab, considerable efforts have also been devoted to studies of D-meson decays, charmonium and τ physics.

The driving force is the confirmation of the electroweak sector of the Standard Model, which has established itself as the foremost paradigm to describe CP violation in terms of the Cabibbo-Kobayashi-Maskawa (CKM) mechanism. The aim of experimental data analyses of branching fractions, polarisations or CP -violating amplitudes in, today, a large variety of decay channels, is determination of the precise area of the “CKM triangle” and the weak CP violating phase encoded within its angles.

From a theoretical perspective, heavy mesons can be used to test simultaneously all manifestations of the Standard Model, namely the interplay between electroweak and strong interactions. It is noteworthy that no CP - violating amplitude can be generated without relative strong phases, i.e. a single strong phase is insufficient to produce a CP asymmetry. This can be understood as follows: suppose a heavy-meson decays, H → M, where M = M_1, M_2... denotes the final-state mesons, and that the Lagrangian of the Standard Model contributes two terms (e.g., two Feynman diagrams) to this process. The decay amplitude and its corresponding CP conjugate are, most generally,

A(H → M) = λ_1A_1e^{iφ1} + λ_2A_2e^{iφ2} (IX.1) Ā(H̄ → M̄) = λ^∗_1A_1e^{iφ}1 + λ^∗_2A_2e^{iφ}2 . (IX.2)

The weak coupling λ_i is a combination of possibly complex CKM matrix elements and A_j e^{iφ} denote the strong component of the transition amplitude. We emphasise that they, too, can have both a real part, or magnitude, and a phase, or absorptive part, owing to final rescattering of quarks and mesons. These CP -related intermediate states must contribute the same absorptive part to the two decays, therefore the strong phases φ_i are the same in Eqs. (IX.1) and (IX.2). The difference of the absolute squares, known as direct CP violation, is given by |A|^2 − |Ā|^2 = 2A_1A_2 Im(λ_1λ^∗_2) sin(φ_1 − φ_2) . (IX.3)

It is plain that CP violation, |Ā/A| ≠ 1, cannot occur if all weak couplings are real or if the decay amplitude contains no relative strong phases. Thus, it is crucial to evaluate reliably any strong contributions to the decay in order to extract weak CKM phases with precision.

B. Flavourful hadrons

Heavy mesons also provide an excellent opportunity to reassess the nonperturbative features of QCD discussed above for light hadrons. A daunting challenge, however, is presented by the widely disparate energy scales involved in heavy-meson decays. Not surprisingly, factorisation theorems, which allow for a disentanglement of short-distance or hard physics from long-distance or soft physics, are a central aspect of heavy-meson phenomenology.

Soft matrix elements, commonly expressed as hadronic form factors, couplings or decay constants, usually consist of multiple Green functions between two or more physical mass states, with one Green function describing the propagation of the heavy quark. These matrix elements are formally obtained via the same expedients introduced for the flavoured light mesons: Eqs. (V.3) to (V.5) yield the heavy-pseudoscalar’s mass formula and weak decay constant and, likewise, the related Bethe- Salpeter amplitude of a heavy pseudoscalar meson is given by Eq. (V.6).

To this end, the extension of the dynamical dressedquark mass-function, M(p^2), to heavy flavours via solutions of Eq. (IV.2) is necessary [68, 211, 212]. This is depicted in Fig. IX.1 for different current quark masses and the chiral limit. It is clear from this figure that whilst DCSB is at the origin of a rapid increase of a light quarks’s mass-function to the order of several hundred MeV in the infrared, the effect of dressing the c quark is modest and barely noticeable for the b quark, whose large current-quark mass almost entirely suppresses momentum-dependent dressing. Thus, M_b(p^2)

FIG. IX.1. Dynamical quark mass function obtained in rainbow-ladder truncation for the flavours q_f = u, d, s, c, b and in the chiral limit. See, for example, Refs. [7, 68] for details.

is nearly constant on a large domain. This is true to a lesser extent for the charm quark.

This can also be appreciated from the definition of a single quantitative measure, namely the renormalisationpoint invariant ratio ς_f := σ_f /M^E_f , where σ_f is a constituent-quark σ-term [19],

σ_f := m_f (ζ) ∂M^E_f ∂m_f (ζ) , (IX.4)

which probes the impact of explicit chiral symmetry breaking on the mass function. The Euclidean constituent-quark mass is defined via

(M^E )^2 := {s|s > 0, s = M^2(s)}. (IX.5)

For the solutions depicted in Fig. IX.1, one finds: f chiral u, d s c b M^E_f /GeV 0.42 0.42 0.56 1.57 4.68 ς_f 0 0.02 0.23 0.65 0.8

(IX.6)

The ratio ς_f quantifies the effect of explicit chiral symmetry breaking on the dressed-quark mass-function compared with the sum of the effects of explicit and dynamical chiral symmetry breaking. Its values are readily understood. In the neighbourhood of the chiral limit, ς_f is small because the magnitude of the light-quark constituent-mass owes primarily to DCSB, whilst ς_f approaches unity for heavy quarks because explicit chiral symmetry breaking becomes the dominant source of their mass.

C. Quarkonia

We first review some aspects of heavy equal-mass, Q̄Q, pairs before discussing heavy-light flavoured mesons, in the following section, for which DCSB is decisively more relevant. First explorations for mass-symmetric Q̄Q states combining a consistent use of the rainbowladder truncation in the kernels of the gap- and Bethe- Salpeter-equations were undertaken for c̄c bound states in Refs. [34, 211], with extrapolations to the b̄b systems in Ref. [212]. A full numerical solution for flavour-singlet pseudoscalar mesons yielded charmonium and bottonium masses and decay constants in very good agreement with experimental data; predictions for states with exotic quantum numbers were also made [131, 133]. The effect of the quark-gluon interaction in the gap equation and the vertex-consistent Bethe-Salpeter kernel was investigated in Ref. [128]. (This is discussed further in Sec. IX D.)

For a quark flavour Q, a constituent-quark spectrummass may be defined through

M^S_Q = M_Q(p^2 = ζ^2_{H0} ), ζ^2_{H0} = −^1_4 M^2_{H0} , (IX.7)

where M_Q(p^2) is the renormalisation-point-invariant dressed-quark mass-function in Eq. (IV.2), obtained as the solution of Eq. (IV.1) when a heavy-quark currentmass is used via Eq. (IV.3). As the renormalisation-group invariant current-quark mass, m̂_Q in Eq. (IV.5), is increased, M^S_Q becomes equivalent to the so-called polemass in non-relativistic QCD (NRQCD). For 0^− quarkonia one can prove [34] M^{Q̄Q}_{Hn} = 2M^S_Q [ 1 + ϵ^{Q̄Q}_{Hn} /M^S_Q ] , (IX.8)

where ϵ^{Q̄Q}_πn is a binding-energy that does not grow with M^S_Q. Here H_0 denotes the lowest-mass pseudoscalar and increasing n labels bound-states of increasing mass.

Using the renormalisation-group-invariance of the product m(ζ^2)ρ_{Hn} (ζ^2), Eq. (V.3) predicts ρ^{Q̄Q}_{Hn}^{m̂Q→∞}= f^{Q̄Q}_{Hn} M^{Q̄Q}_{Hn} , (IX.9) which establishes an identity between the pseudoscalar and pseudovector projections of the meson’s Bethe- Salpeter wave function at the origin in configuration space. The elements in Eq. (IX.9) are each gauge invariant and renormalisation point independent. In case of heavy-light systems it can be shown algebraically [68, 213, 214] that Eq. (IX.9) is realised via ρ^{Q̄q}_{Hn} ∝ √ M^{Q̄q}_{Hn} ; f^{Q̄q}_{Hn} ∝ 1/ √ M^{Q̄q}_{Hn} , (IX.10)

which follows from the expansion in ϵ^{Q̄q}_{Hn} /M^S_Q and

w^{Q̄q}_{Hn} /M^S_Q of the integrands in Eqs. (V.3) to (V.5). Here,

w^{Q̄q}_{Hn} is the width of the meson’s Bethe-Salpeter wave function defined as the value of the relative momentum, k, whereat the first Chebyshev moment of the amplitude E^{Q̄q}_{Hn} falls to one-half of its maximum value. In heavylight mesons, k ∼ w^{Q̄q}_{Hn} is the typical momentum of the

FIG. IX.2. Evolution of the spatial size, r^{Q̄Q}_{Hn} , with 1/M^S_Q. Circles – r^{Q̄Q}_{H0} calculated using the interaction model of Ref. [215]; solid curve, as described by Eq. (IX.11); dashed curve – linear fit to calculated result in neighbourhood of M^S_c . Dashed vertical lines mark, from left, 1/M^S_b and 1/M^S_c . Note that as M^S_Q → ∞, r^{Q̄Q}_{Hn} → 0.

light-quark. A remarkable feature is that w^{Q̄q}_{Hn} reaches a finite nonzero value in the limit M^S_Q → ∞ which implies that a heavy-light meson always has a nonzero spatial extent.

As shown in Ref. [215], this is not the case for Q̄Q systems. Figure IX.2 depicts the evolution of the heavyheavy meson’s spatial size as a function of the inverse constituent-quark spectrum-mass, M^S_Q.^7 The curve in Fig. IX.2 is the function r^{Q̄Q}_{Hn} = γ_M M^S_Q ln [ τ_M + M^E Λ_{QCD} ] ; γ_M = 0.68, τ_M = 8.56,

(IX.11) with Λ_{QCD} = 0.234 GeV. One deduces that with increasing constituent-quark mass, the heavy-heavy system becomes “point-like” in configuration space and hence delocalised in momentum space.

Consequently, the evolution with M^S_Q of an observable

like the decay constant, f^{Q̄Q}_{Hn} , is sensitive to the Q̄Q interaction over a wide range of momentum scales and therefore a useful probe of that interaction. In this connection we note that NRQCD predicts the matrix elements for various spin states of a given quarkonium system are equal up to corrections of order v^2_Q ≈ (w^{Q̄Q}_{πn} /M^S_Q)^2, where k ∼ w^{Q̄Q}_{πn} is the typical magnitude of the heavyconstituent’s three-momentum in the meson’s rest frame [216]. In this picture, 0^{−+} and 1^{−−} mesons, which differ because spins are anti-aligned in the pseudoscalar and

7 The evolution was computed using the renormalisation-group-improved rainbow-ladder DSE truncation and the interaction model in Ref. [215]. As shown, e.g., in Ref. [128], all corrections to this truncation vanish in the heavy-heavy limit.

TABLE IX.1. Calculated masses and electroweak decay constants for ground state pseudoscalar and vector heavy-light mesons compared with respective experimental data when available [168], except for fB_s for which the most recent numerical value from lattice-QCD is indicated by a dagger [218] (all values are GeV). In the rows labelled “R.L.”, the heavy quark in the rainbow-ladder truncation is described by a constituent-quark mass, which is fit to the lightest pseudoscalar (the D and B mesons). In the rows labelled “kmin”, the heavy quark is dressed through the DSE with an infrared suppression of the gluon momentum as described in the text. No such infrared suppression is applied to the dressing of the light quark or the binding kernel. (Adapted from Ref. [217].) M^{Q̄q}_{0−(1− )} D D^∗ Ds D^∗_s B B^∗ Bs B^∗_s Bc B^∗_c Exp. 1.86 2.01 1.97 2.11 5.28 5.33 5.37 5.41 6.29 – R.L. 1.85 2.04 1.97 2.17 5.27 5.32 5.38 5.42 6.36 6.44 kmin 1.88 – 1.90 – 5.15 – 4.75 – 5.83 – f^{Q̄q}_{0− (1−)} D D^∗ Ds D^∗_s B B^∗ Bs B^∗_s Bc B^∗_c Exp. 0.22 – 0.29 – 0.18 – 0.23^† – – – R.L. 0.15 0.16 0.20 0.18 0.11 0.18 0.14 0.20 0.21 0.18 kmin 0.26 – 0.28 – 0.27 – 0.16 – 0.45 –

aligned in the vector, become degenerate in the limit M^S_Q → ∞ and their leptonic decay constants become identical; i.e., f^{Q̄Q}_{ρn} = f^{Q̄Q}_{πn} . It is noteworthy, however, that Eq. (IX.11) gives v^2_c ≈ 0.27 and v^2_b ≈ 0.18. Moreover, v^2_Q falls only as α^2_s (M^S_Q). Hence a quantitative discrepancy between f^{Q̄Q}_{ρn} and f^{Q̄Q}_{πn} can conceivably exist until rather large quark masses.

D. Heavy-light mesons

The mass asymmetry in flavoured Q̄q mesons leads to a diverse array of energy scales, a feature that leads to difficulties in DSE studies not encountered in the calculation of either light or heavy equal-mass systems within the rainbow-ladder truncation. For illustration, Table IX.1 unmistakably states that while masses of flavoured pseudoscalar mesons, such as D_{(s)} and B_{(s)} mesons, are in good agreement with experimental data, this is not so for their respective weak decay constants [212, 217].

More precisely, if the masses and decay constants of heavy-light ground state pseudoscalars and vectors involving a c- or b-quark are calculated using DSE solutions for the dressed light-quarks and a constituentquark propagator for the heavy quark, the various meson masses are readily reproduced (see values in the row labelled R.L.). This is expected since, as we saw in Sec. IX B, heavy quarks, and in particular the b quark, have mass functions whose momentum dependence is nearly constant on a large domain. However, the weak decay constants obtained from the constituent-like mass approximation are 30-50% below the experimental values.

Using fully-dressed quark propagators, both heavy and light, in the rainbow-ladder model does not much improve the situation. Indeed, within the context of fullydressed propagators, it was numerically shown [212] that for small current-quark masses, weak decay constants of pseudoscalar and vector heavy-heavy and heavy-light mesons increase with the quark mass, yet tend to level off between the s- and c-quark mass. This behaviour is consistent with the heavy-quark limit; namely, a decrease of the decay constant with increasing meson mass like f^{Q̄q}_{Hn} ∝ 1/ √ m^{Q̄q}_{Hn} , Eq. (IX.10). This asymptotic behaviour might occur as low as Q = c for the Q̄u mesons. However, as in the case of constituent-quark propagators, f_D and f_{Ds} are about 20% below their experimental values [212]. Since a Q̄q decay constant depends on the norm of the Bethe-Salpeter amplitude, which in turn depends on the derivative of the quark propagators, it might be anticipated that the decay constants are more sensitive to details of the model than meson masses and are thus better indicators of deficiencies in the modelling.

These observations suggest strongly that the rainbowladder truncation is not a reliable tool for the study of heavy-light mesons the charm-quark region (or larger), despite the fact that experimental meson masses are well reproduced. In fact, in such systems cancellations, which largely mask the effect of dressing the quark-gluon vertices in light-light mesons, are blocked by the dressedpropagator asymmetry.

In this context, as discussed in Ref. [128], Fig. IX.3 is instructive: it shows the evolution with current-quark mass of the difference between the q̄q meson mass calculated in the rainbow-ladder truncation and the value obtained using a completely resummed dressed-quark-gluon vertex in the gap equation and vertex-consistent Bethe- Salpeter kernel. With growing current-quark mass, the rainbow-ladder truncation provides an increasingly reliable estimate of the meson masses. The accuracy is best for pseudoscalar q̄q mesons; e.g., the absolute difference reaches its peak of ≈ 60 MeV at m ∼ 4m_s whereat the relative error is only 3%. This behaviour in the pseudoscalar sector is fundamentally important because it expresses Goldstone’s theorem: no truncation is valid unless it guarantees that the axial-vector Ward-Takahashi identity be preserved, something which guarantees a massless pseudoscalar meson in the chiral limit. Of signficance here is the observation that for large currentquark masses, say m ∼ m_b, the contributions from vertex corrections, which produce nonplanar diagrams in the Bethe-Salpeter kernel, are suppressed. Nonetheless, Fig. IX.3 emphasises that the rainbow-ladder truncation is not appropriate for charmed mesons; moreover, even for heavier mesons, corrections to that truncation ought to be included in precision spectroscopic calculations.

An ad hoc approach to alter the infrared sector of the model kernel was recently devised [217]. In essence it suppresses infrared contributions from a quark-gluon-vertex model originally introduced for light quarks. This intro-

FIG. IX.3. Evolution with current-quark mass of the difference between the meson mass calculated in the rainbow-ladder truncation and the exact value; namely, that obtained using the completely resummed dressed-quark-gluon vertex in the gap equation and the vertex-consistent Bethe-Salpeter kernel. The upper panel depicts the absolute error and the lower panel, the relative error. Solid lines: vector meson trajectories; and dashed-lines; pseudoscalar meson trajectories. The dotted vertical lines mark the m_{u,d}, ms, mc and m_b currentquark masses.

duces a sharp cut-off, k_{min}, for the gluon momentum in the DSE kernel of the heavy quark, while the original kernel is kept for the dressing of the light quark and the binding. The results are displayed in the rows of Table IX.1 labelled by “k_{min}”. The decay constant values for pseudoscalar mesons (vector mesons were not investigated in this scheme) increase dramatically for the D, D_s and B meson, and are somewhat closer to experiment than the values obtained with the constituent-mass approximation. The expedient has a somewhat detrimental effect on the computed masses.

To summarise, it has become clear that realistic calculations of heavy-light Bethe-Salpeter amplitudes must involve a truncation that goes beyond rainbow-ladder. The exact form of the Bethe-Salpeter equation developed in Ref. [97] might provide the advance needed.

E. Flavoured form factors and couplings

As a corollary of Eq. (IX.3), complex weak phases are a necessary but not sufficient condition for CP -violating amplitudes. Any decay must involve non-vanishing relative strong phases. Their contributions may originate at any stage of the heavy-meson decay and can arise through: hard radiative corrections to dimension-six and higher operators in heavy quark effective theory (HQET); hadronic transition matrix elements between initial- and final-state mesons; as well as final-state interactions between daughter hadrons [219–222]. The development of perturbative QCD factorization [223–227] provides a means of simplifying this problem by enabling a systematic approximation for a given process in terms of products of soft and hard matrix elements.

Transition form factors that characterise the decays of B-mesons into light pseudoscalar and vector mesons are basic to an understanding of B-meson exclusive nonleptonic, semi-leptonic and rare radiative decays. An understanding of the entirety of decay processes is essential to the reliable determination of CKM matrix elements, which is also meant to provide a means of searching for non Standard Model effects and CP violation. Considering all these factors, it is not surprising that heavy-light form factors are the subject of much experimental and theoretical scrutiny.

An immediate consequence of QCD-factorisation theorems for B → M_1M_2 decays, m_b ≫ Λ_{QCD}, is the emergence of two hadronic matrix elements, ⟨M_1M_2|O_i|B⟩ = ⟨M_1|j_1|B⟩⟨M_2|j_2|0⟩ × [ 1 + ∑ n r_nα^n_s + O(Λ_{QCD}/m_b) ] , (IX.12)

where j_1 and j_2 are bilinear currents. This factorisation has been verified to leading order in α_s [223, 227] and including the one-loop correction, α^2_s, to tree-diagram scattering between the emitted meson and the one containing the spectator- (light-) quark in the B-meson [228]. It is evident from Eq. (IX.12) that higher orders in α_s violate the factorisation but the corrections can systematically be included. The analogy with perturbative factorisation for exclusive processes in QCD at large-momentum transfer is not accidental [180]. Of course, semi-leptonic decays are much cleaner and, in the absence of interactions with a second meson, the transition form factor ⟨M_1|O_i|B⟩ completely describes the decay amplitude.

References [68, 213, 229] compute heavy-to-light transition amplitudes, ⟨M(p_2)|q̄ Γ_I h|H(p_1)⟩, in generalised impulse approximation, which is the leading-order in the systematic, nonperturbative and symmetry-preserving DSE truncation scheme of Refs. [61, 62]. The transition amplitude is given by

A(p_1, p_2) = tr_{CD} ∫ d^4k (2π)^4

Γ̄^{(μ)}_M (k; −p_2)S_q(k + p_2)

× Γ_I (p_1, p_2)S_Q(k + p_1)Γ_H (k; p_1)S_q′ (k), (IX.13) where: S(p) are dressed quark propagators, Q = c, b, q = q^′ = u, d, s; and M = S, P, V, A, with the index μ indicating a possible vector structure in the final-state BSA. Γ_I is the interaction vertex whose Lorentz structure depends on the operator O_i in the HQET and Γ_H is the heavy meson BSA. The trace is over Dirac and colour indices. For M = P, V and Γ_I = γ_μ(1 − γ_5), σ_{μα}q^α, the amplitude A(p_1, p_2) can be decomposed into Lorentz vectors and tensors as follows (q_l = u, d, s, c),

⟨P (p_2)|q̄_lγ_μb|B⟩ = F_+(q^2)P_μ + F_−(q^2)q_μ, (IX.14) ⟨P (p_2)|q̄_lσ_{μα}q_αb|B⟩ = i F_T (q^2) m_1 + m_2 {q^2P_μ − q · P q_μ}, (IX.15)

⟨V (p_2, ϵ_2)|q̄_lγ_μ(1 − γ_5)b|B⟩ = i m_1 + m_2 ϵ^{†ν}_2 × {−δ_{μν} P ·qA_0(q^2) + P_μP_ν A_+(q^2) (IX.16)

+ q_μP_ν A_−(q^2) + ε_{μναβ} P^αq^β V (q^2) } , which defines the heavy-to-light transition form factors F_±(q^2), F_T (q^2), A_0(q^2), A_±(q^2) and V (q^2), and where P = p_1 + p_2, q = p_1 − p_2, ϵ^ν_2 is the polarisation vector of the vector meson, and m_1, m_2 are the respective initial- and final-state meson masses. Similar decompositions hold for M = S, A and other four-quark interaction operators Γ_I ; see, e.g. Ref. [229].

As noted in Sec. IX B, the ratio ς_b indicates that the mass function of the b quark varies little on a large momentum-squared domain, whilst the alteration for the c quark is modest. It is therefore sensible to replace solutions for the dressed quark propagators from DSEs by constituent-mass propagators whose dressed mass is constant: S_{Q=c,b} ≈ 1 iγ · p + M̂_Q . (IX.17)

Furthermore, in Sec. IX D we discussed obstacles to defining a realistic symmetry-preserving truncation scheme for the interaction kernel of heavy-light mesons, which has so far impeded efforts to build adequate Bethe-Salpeter amplitudes for heavy-light 0^{−+} and 1^{−−} mesons. Calculations are for now limited to Bethe-Salpeter amplitude Ansätze with a single width parameter that is fixed by a fit to extant hadronic data. Nonetheless, the form factors calculated with such a DSE-based model are obtained for the entire physical momentum domain without any extrapolations and the chiral limit is directly accessible [229, 230]. Predictions for the B → π, B → K and B → ρ transition form factors using Eqs. (IX.13), (IX.14), (IX.15) and (IX.16) are shown in Figs. IX.4 and IX.5.

To make contact with HQET, the heavy-quark limit has also been investigated. In this limit, the heavyquark carries all the momentum of the heavy meson, which constrains the momentum of the light-quark in the Bethe-Salpeter amplitude. The heavy-meson momentum is P_μ = (M̂_Q + E)v_μ, where E ≡ M_H − M̂_Q, M_H is the

FIG. IX.4. Results for the form factors F±(q^2) in Eq. (IX.14) and FT (q^2) in Eq. (IX.15). Top panel, B → π; and bottom panel, B → K: solid F+, dot-dashed F−, dashed FT .

mass of the heavy meson and v_μ is a time-like unit vector, v^2 = −1. A heavy quark has four-momentum P_μ + k_μ, where the residual momentum k ≈ Λ_{QCD} is associated with motion of the light-quark within the bound-state. In the limit M̂_Q → ∞, the expansion of the propagator in Eq. (IX.17) in powers of 1/M̂_Q yields

S_Q(k + P ) = 1 2 1 − iγ · v k · v − E + O ( |k| M̂_Q , E M̂_Q ) , (IX.18)

given that |k|/M̂_Q ≪ 1. If we employ a twocovariant Ansatz for the heavy pseudoscalar meson’s Bethe-Salpeter amplitude; viz.,

Γ_{H0−} (k; P ) = γ_5 ( 1 −^1_2 i γ · v ) 1 N_H φ(k^2) , (IX.19)

where N_H is the canonical normalisation constant, then the weak decay constant, Eq. (V.3), becomes, with z =

FIG. IX.5. Results for the B → ρ form factors A0(q^2), A±(q^2) and V (q^2) in Eq. (IX.16): solid curve, A0; dashed, A+; dotdashed, A−; and dotted V .

u − 2E √ u: f_{H0−} = κ_f √ M_H N_c 8π^2 ∫_∞ 0 du (√ u − E ) φ^2(z) × [ σ^f_S (z) +^1_2 √ u σ^f_V (z) ] . (IX.20)

Here we have introduced the M_H -independent canonical normalisation, κ_f , in order to make explicit the previously mentioned relation, Eq. (IX.10): f_{H0−} √ M_H = constant.

Similarly, at leading order in 1/M̂_Q, the B → P transition form factors in Eq. (IX.14) are

F_±(q^2) = 1 2 M_P ± M_B √ M_P M_B ξ(w); (IX.21)

i.e. the form factors depend on a single universal function (the so-called Isgur-Wise function):

ξ(w) = κ^2_f N_c 32π^2

∫_1 0 dτ 1 W ∫_∞ 0 du φ^2(z_w) × [ σ^f_S (z) + √ u W σ^f_V (z) ] , (IX.22)

with W = 1 + 2τ(1 − τ)(w − 1), z_W = u − 2E √ u/W and w = −v_B · v_P = (M^2_B + M^2_P − q^2)/(2M_BM_P ). Owing to the canonical normalisation of the Bethe-Salpeter amplitudes, ξ(w = 1) = 1.

The DSEs plainly reproduce the results of heavy-quark symmetry and, in addition, provide a means by which to examine the fidelity of the formulae obtained in the heavy-quark limit. In other words: one may pose and answer the question: under which conditions is heavyquark symmetry applicable? Based on the analysis in Ref. [68], which presents a unified and uniformly accurate description of a broad range of light- and heavy-meson observables, one concludes that corrections to the heavyquark symmetry limit of ≲ 30% are encountered in b → c transitions but that these corrections can be as large as a factor of 2 in c → d transitions.

Radiative and strong decay amplitudes have also been calculated in the impulse approximation, and their heavy-quark limits exposed [68, 230]. The amplitude for the decay H^∗(p_1) → H(p_2)γ(k), with p^2_1 = −M^2_H∗ , p^2_1 = −M^2_H and k^2 = 0, is given by

A(H^∗ → Hγ) = ϵ^{λH∗}_μ (p_1)ϵ^{λγ}_ν (k) × [ e_QM^Q_{μν} (p_1, p_2) + e_{qf} M^{qf}_{μν} (p_1, p_2) ] , (IX.23)

where e_{Q,qf} is the fractional charge of the active quark in units of the positron charge. The sum indicates that the decay occurs via a spin-flip transition by either the heavy or light quark. The hadronic tensors in Eq. (IX.23) are:

M^Q_{μν} (p_1, p_2) = tr_{CD} ∫ d^4ℓ (2π)^4

Γ̄^H (ℓ; −p_2)S_Q(ℓ_2)

× iΓ^Q_ν (ℓ_2, ℓ_1)S_Q(ℓ_1)Γ^{H∗}_μ (ℓ; p_1)S_{qf} (ℓ) (IX.24)

M^{qf}μν (p_1, p_2) = tr_{CD} ∫ d^4ℓ (2π)^4

Γ̄^H (ℓ; −p_2)S_Q(ℓ_1)

× Γ^{H∗}_μ (ℓ; p_1)S_{qf} (ℓ) iΓ^q_ν (ℓ, ℓ + k)S_{qf} (ℓ + k) , (IX.25)

where Q = c, b, q_f = u, s and ℓ_{1,2} = ℓ + p_{1,2}. Γ^f_ν (ℓ_1, ℓ_2) is the dressed-quark-photon vertex, for which the BC Ansatz , Eq. (VI.8), was used because it satisfies the vector Ward-Takahashi identity and thus ensures current conservation. In numerical calculations it is helpful that, in case of a heavy constituent, Γ^f_ν (ℓ_1, ℓ_2) = γ_ν owing to Eq. (IX.17): A_Q = 1 and B_Q = M̂_Q.

Likewise, in the impulse approximation, the strong decay H^∗(p_1) → H(p_2)π(q) is described by the invariant amplitude, A(H^∗ → Hπ) = ϵ^{λH∗}_μ (p_1)M^{H∗ Hπ}_{μν} := ϵ^{λH∗}_μ (p_1) p_{2μ} g_H∗_{Hπ} . (IX.26)

The dimensionless coupling g_H∗_{Hπ} , which can in principle be determined via the decay width Γ_H∗_{Hπ} , is related to the putative universal strong coupling, ĝ, between heavy-light-vector and -pseudoscalar mesons in a heavy-meson chiral Lagrangian [231]. At tree level, the couplings g_H∗_{Hπ} and ĝ are related as, g_H∗_{Hπ} = √ m_H m_H∗ f_π ĝ . (IX.27)

Practically, the matrix element in Eq. (IX.26) describes the physical process D^∗ → Dπ, with both the final pseudoscalar mesons on-shell. It also serves to compute the unphysical soft-pion emission amplitude B^∗ → Bπ in the chiral limit (m_B∗ − m_B < m_π), which defines g_B∗_{Bπ}. A comparison between these two couplings is an indication of the degree to which notions of heavy-quark symmetry can be applied in the charm sector. This was done in Ref. [232], wherein it was demonstrated that the difference in either extracting ĝ from g_D∗_{Dπ} or g_B∗_{Bπ} is material:

g_D∗_{Dπ} = 15.8 ⇒ ĝ = 0.53 , (IX.28) g_B∗_{Bπ} = 30.0 ⇒ ĝ = 0.37 . (IX.29)

Here again, the results emphasise that when the c-quark is a system’s heaviest constituent, Λ_{QCD}/m_c-corrections are not well controlled. Since the DSE approach lends itself to the calculation of other amplitudes involving light and heavy mesons; e.g., couplings of phenomenological interest for charmonium production and D-mesic nuclei [203], it should help to overcome the limitations of an expansion in 1/M̂_c.

X. DESCRIBING BARYONS AND MESONS SIMULTANEOUSLY

While a symmetry-preserving description of mesons is essential, it is only part of the physics that nonperturbative QCD must describe because Nature also presents us with baryons: light-quarks in three-particle composites. An explanation of the spectrum of baryons and the nature of interactions between them is basic to understanding the Standard Model. The present and planned experimental programmes at JLab, and other facilities worldwide, are critical elements in this effort.

No approach to QCD is comprehensive if it cannot provide a unified explanation of both mesons and baryons. We have explained that DCSB is a keystone of the Standard Model, which is evident in the momentum-dependence of the dressed-quark mass function – Fig. II.1: it is just as important to baryons as it is to mesons. Since constituent-quark-like models cannot incorporate the momentum-dependent dressed-quark mass-function, they are not a viable tool for use in this programme. The DSEs furnish the only extant continuum framework that can simultaneously connect both meson and baryon observables with this basic feature of QCD, having provided, e.g., a direct correlation of meson and baryon properties via a single interaction kernel, which preserves QCD’s one-loop renormalisation group behaviour and can systematically be improved. This is evident in the preceding sections and their combination with Refs. [139, 141, 171, 233].

In order to illustrate this programme, we will review the computation of baryon masses, and nucleon elastic and transition electromagnetic form factors. In this connection, we recall that, for a structureless or simply-structured fermion F_1(Q^2) ≡ 1 and F_2(Q^2) ≡ 0 [see after Eq. (VI.14)], so that G_E (Q^2) ≡ G_M (Q^2) and the distribution of charge and magnetisation is identical within that composite. This was believed to be the case for the proton until 1999. In that year, enabled by the high luminosity of the accelerator at JLab, a new method was employed to measure the ratio G^p_E (Q^2)/G^p_M (Q^2) [234]. The result astonished the community: whilst G^p_E (Q^2)/G^p_M (Q^2) ≈ 1 for Q^2 < 1 GeV^2, G^p_E (Q^2)/G^p_M (Q^2) is a rapidly decreasing function for Q^2 > 1 GeV^2 (see Fig. X.12). As one of the highlights herein, we will indicate how this may be understood.

A. Faddeev equation

In quantum field theory a baryon appears as a pole in a six-point quark Green function. The residue is proportional to the baryon’s Faddeev amplitude, which is obtained from a Poincaré covariant Faddeev equation that sums all possible exchanges and interactions that can take place between three dressed-quarks. A tractable Faddeev equation for baryons [235] is founded on the observation that an interaction which describes coloursinglet mesons also generates nonpointlike quark-quark (diquark) correlations in the colour-¯3 (antitriplet) channel [236]. The dominant correlations for ground state octet and decuplet baryons are scalar (0^+) and axialvector (1^+) diquarks because, for example, the associated mass-scales are smaller than the baryons’ masses [129, 237] and their parity matches that of these baryons. It follows that only they need be retained in approximating the quark-quark scattering matrix which appears as part of the Faddeev equation [33, 139, 164]. On the other hand, pseudoscalar (0^−) and vector (1^−) diquarks dominate in the parity-partners of ground state octet and decuplet baryons [164]. The DSE approach treats mesons and baryons on the same footing and, in particular, enables the impact of DCSB to be expressed in the prediction of baryon properties.

In quantum field theory a baryon appears as a pole in a six-point quark Green function. The residue is proportional to the baryon’s Faddeev amplitude, which is obtained from a Poincaré covariant Faddeev equation that sums all possible exchanges and interactions that can take place between three dressed-quarks. A tractable Faddeev equation for baryons [235] is founded on the observation that an interaction which describes coloursinglet mesons also generates nonpointlike quark-quark (diquark) correlations in the colour-¯3 (antitriplet) channel [236]. The dominant correlations for ground state octet and decuplet baryons are scalar (0^+) and axialvector (1^+) diquarks because, for example, the associated mass-scales are smaller than the baryons’ masses [129, 237] and their parity matches that of these baryons. It follows that only they need be retained in approximating the quark-quark scattering matrix which appears as part of the Faddeev equation [33, 139, 164]. On the other hand, pseudoscalar (0^−) and vector (1^−) diquarks dominate in the parity-partners of ground state octet and decuplet baryons [164]. The DSE approach treats mesons and baryons on the same footing and, in particular, en-

FIG. X.1. Diagrammatic representation of a Poincaré covariant Faddeev equation for a baryon. Ψ is the Faddeev amplitude for a baryon of total momentum P = pq +p_d. It expresses the relative momentum correlation between the dressed-quark and -diquarks within the baryon. The shaded region demarcates the kernel of the Faddeev equation, in which: the single line denotes the dressed-quark propagator, Γ is the diquark Bethe-Salpeter amplitude; and the double line is the diquark propagator.

ables the impact of DCSB to be expressed in the prediction of baryon properties.

It is important to appreciate that diquarks do not appear in the strong interaction spectrum [62, 128]. However, the attraction between quarks in this channel justifies a picture of baryons in which two quarks within a baryon are always correlated as a colour-¯3 diquark pseudoparticle, and binding is effected by the iterated exchange of roles between the bystander and diquarkparticipant quarks. Here it is important to emphasise strongly that QCD supports nonpointlike diquark correlations [77, 238], as we shall see in Sec. X B. Hence models that employ pointlike diquark degrees of freedom have little connection with QCD.

The Faddeev equation, illustrated in Fig. X.1, is a linear homogeneous matrix equation, in many respects similar to a Bethe-Salpeter equation. Its solution is the nucleon’s Poincaré-covariant Faddeev amplitude, which describes quark-diquark relative motion within the nucleon. The composite nature of the diquark correlations, and their dynamical breakup and reformation through dressed-quark exchange, pictured in Fig. X.1, is crucial to maintaining fermion statistics for the nucleon boundstate. Furthermore, owing to the critical importance of both scalar- and axial-vector-diquark correlations, the nucleon’s rest-frame wave-function possesses S-, P - and D-wave correlations; i.e., a nucleon should a priori be expected to contain significant dressed-quark orbital angular momentum. This is verified in Ref. [36], which shows that in the nucleon’s rest frame just 37% of the total spin of the nucleon is contained within components of the Faddeev amplitude which possess zero quark orbital angular momentum.

It is worthwhile expressing one Faddeev equation concretely and we choose that for the Δ-resonance, a J = 3/2 bound-state of three valence light-quarks. It is possible to obtain a simple yet extremely informative equation if one employs the interaction presented in Eq. (VII.2) and an additional simplification; i.e., representing the quark exchanged between the diquarks as

S^T(k) → g^2_Δ M , (X.1)

where g_Δ = 1.56 [164]. This is a variant of the so-called “static approximation,” which itself was introduced in Ref. [239] and has subsequently been used in studying a range of nucleon properties [240]. In combination with diquark correlations generated by Eq. (VII.2), whose Bethe-Salpeter amplitudes are momentum-independent, Eq. (X.1) generates Faddeev equation kernels which themselves are independent of the external relative momentum variable. The dramatic simplifications which this produces are the merit of Eq. (X.1).

Following this through, one derives [164]

1 = 8 g^2_Δ M E^2_{qq1+} m^2_{qq1+} ∫ d^4ℓ^′ (2π)^4

∫_1 0 dα

× (m^2_{qq1+} + (1 − α)^2m^2_Δ)(αm_Δ + M)

[ℓ^{′2} + σ_Δ(α, M, m_{qq1+} , m_Δ)]^2

(X.2) = g^2_Δ M E^2_{qq1+}

m^2_{qq1+} 1 2π^2

∫_1 0 dα (m^2_{qq1+} + (1 − α)^2m^2_Δ)

×(αm_Δ + M)C^{iu}_1 (σ_Δ(α, M, m_{qq1+} , m_Δ)), (X.3)

where E_{qq1+} is the canonically-normalised axial-vector diquark Bethe-Salpeter amplitude, m_{qq1+} is the computed mass for this correlation,

σ_Δ(α, M, m_{qq1+} , m_Δ)

= (1 − α) M^2 + α m_{qq1+} − α(1 − α) m^2_Δ, (X.4)

C^{iu}_1 (z) = C_1(z)/z, with C^{iu}_1 (z) = −z(d/dz)C^{iu}(z) and C^{iu}(z) defined in Eq. (VII.4). Equation (X.3) is an eigenvalue problem whose solution yields the mass for the dressed-quark-core of the Δ-resonance, m_Δ. It is one dimensional because only the axial-vector diquark correlation contributes to the structure of the Δ. (The nucleon, on the other hand, is constituted from scalarand axial-vector-diquarks and presents a five-dimensional eigenvalue problem.)

With experience, one can look at Eq. (X.3) and see that increasing the current-quark mass will boost the mass of the bound-state. This is just one of the Faddeev equations in Ref. [164]. In fact, building on lessons from meson studies [12], a unified spectrum of u, d-quark hadrons was obtained therein using the symmetry-preserving regularization of a vector × vector contact interaction that we have briefly described herein. Reference [164] reports a study that simultaneously correlates the masses of meson and baryon ground- and excited-states within a single framework. In comparison with relevant quantities, the computation produces rms=13%, where rms is the root-mean-square-relative-error/degree-of freedom. As evident in Fig. X.2, the prediction uniformly overestimates the PDG values of meson and baryon masses [168]. Given that the employed truncation deliberately omitted

FIG. X.2. Comparison between DSE-computed hadron masses (filled circles) and: bare baryon masses from Ref. [241] (filled diamonds) and Ref. [242] (filled triangles); and experiment [168], filled-squares. For the coupled-channels models a symbol at the lower extremity indicates that no associated state is found in the analysis, whilst a symbol at the upper extremity indicates that the analysis reports a dynamicallygenerated resonance with no corresponding bare-baryon state. In connection with Ω-baryons the open-circles represent a shift downward in the computed results by 100 MeV. This is an estimate of the effect produced by pseudoscalar-meson loop corrections in Δ-like systems at a s-quark current-mass.

meson-cloud effects in the Faddeev kernel, this is a good outcome, since inclusion of such contributions acts to reduce the computed masses.

Following this line of reasoning, a striking result is agreement between the DSE-computed baryon masses [164] and the bare masses employed in modern coupledchannels models of pion-nucleon reactions [241, 242], see Fig. X.2 and also Ref. [143]. The Roper resonance is very interesting. The DSE study [164] produces an excitation of the nucleon at 1.82 ± 0.07 GeV. This state is predominantly a radial excitation of the quark-diquark system, with both the scalar- and axial-vector diquark correlations in their ground state. Its predicted mass lies precisely at the value determined in the analysis of Ref. [241]. This is significant because for almost 50 years the “Roper resonance” has defied understanding. Discovered in 1963, it appears to be an exact copy of the proton except that its mass is 50% greater. The mass was the problem: hitherto it could not be explained by any symmetry-preserving QCD-based tool. That has now changed. Combined, see Fig. X.3, Refs. [164, 241] demonstrate that the Roper resonance is indeed the proton’s first radial excitation, and that its mass is far lighter than normal for such an excitation because the Roper obscures its dressed-quark-core with a dense cloud of pions and other mesons. Such feedback between QCD-based theory and reaction models is critical now and for the foreseeable future, especially since analyses of experimental data on nucleon-resonance electrocouplings suggest strongly that this structure is typical; i.e., most low-lying N^∗-states can best be understood as an internal quark-core dressed additionally by a meson cloud [243, 244].

Additional analysis [143] suggests a fascinating new feature of the Roper. To elucidate, we focus first on the nucleon, whose Faddeev amplitude describes a ground-

FIG. X.3. The Excited Baryon Analysis Center (EBAC) examined the P11-channel and found that the two poles associated with the Roper resonance and the next higher resonance were all associated with the same seed dressed-quark state. Coupling to the continuum of meson-baryon final states induces multiple observed resonances from the same bare state. In EBAC’s analysis, all PDG-identified resonances were found to consist of a core state plus meson-baryon components. (Adapted from Ref. [241].)

state that is dominated by its scalar diquark component (78%). The axial-vector component is significantly smaller but nevertheless important. This heavy weighting of the scalar diquark component persists in solutions obtained with more sophisticated Faddeev equation kernels (see, e.g., Table 2 in Ref. [33]). From a perspective provided by the nucleon’s parity partner and the radial excitation of that state, in which the scalar and axialvector diquark probabilities are [245] 51%-49% and 43%- 57%, respectively, the scalar diquark component of the ground-state nucleon actually appears to be unnaturally large.

One can nevertheless understand the structure of the nucleon. As with so much else, the composition of the nucleon is intimately connected with dynamical chiral symmetry breaking. In a two-color version of QCD, the scalar diquark is a Goldstone mode, just like the pion [125]. (This is a long-known result of Pauli-Gürsey symmetry [246, 247].) A memory of this persists in the three-color theory and is evident in many ways. Amongst them, through a large value of the canonically normalized Bethe-Salpeter amplitude and hence a strong quark+quark−diquark coupling within the nucleon. (A qualitatively identical effect explains the large value of the πN coupling constant.) There is no such enhancement mechanism associated with the axial-vector diquark. Therefore the scalar diquark dominates the nucleon.

With the Faddeev equation treatment described herein, the effect on the Roper is dramatic: orthogonality of the ground- and excited-states forces the Roper to be

FIG. X.4. Vertex which ensures a conserved current for onshell nucleons described by the Faddeev amplitudes, Ψ_{i,f} , obtained from the equation depicted in Fig. X.1. The photon probing the nucleon introduces momentum Q and is represented by the wiggly line; the single line represents S(p), the dressed-quark propagator, and the double line, the diquark propagator; and Γ is the diquark Bethe-Salpeter amplitude. The vertex in Diagram 4 (second row, right column) represents an electromagnetically induced transition between the scalar and axial-vector diquarks; and the vertices in row 3 are “seagull terms,” which appear as partners to Diagram 3 and arise because binding in the nucleons’ Faddeev equations is, in general, effected by the exchange of a momentumcarrying dressed-quark between nonpointlike diquark correlations [248].

constituted almost entirely (81%) from the axial-vector diquark correlation. It is important to check whether this outcome survives with a Faddeev equation kernel built from a momentum-dependent interaction.

With masses and Faddeev amplitudes in hand, it is possible to compute baryon electromagnetic form factors. For the nucleon, studies of the Faddeev equation exist that are based on the one-loop renormalisation-group-improved interaction that was used efficaciously in the study of mesons [33, 139]. These studies retain the scalar and axial-vector diquark correlations, for the reasons explained in Sec. X A.

A nonpointlike composite nucleon must interact with the photon via a sophisticated current, whose form is constrained by vector Ward-Takahashi identities. This continues a thread that pervades these notes. For the boundstate described by the Faddeev equation in Fig. X.1 that current is described in Ref. [248] and depicted in Fig. X.4: Diagrams 4–6 represent eight-dimensional integrals, which can be evaluated using Monte-Carlo techniques.

The pattern of the computation should now be clear. In principle, one specifies an interaction kernel for the gap equation and solves for the dressed-quark propagator. This completes the specification of the Bethe-Salpeter kernel, so one may compute the masses and amplitudes for the diquark correlations. With all these quantities determined, the Faddeev equation is defined and can be solved for a baryon’s mass and amplitude. In combination with the current, Fig. X.4, it is a straightforward numerical task to compute the form factors. That is, at least, once one has information about the diquark electromagnetic couplings which appear in the current.

B. Diquark and meson elastic and transition Form Factors

ρ-meson elastic form factors This is an ideal place to detail the properties of nonpointlike diquarks, At leading-order in a symmetry preserving truncation of the DSEs [61, 62], simple changes in the equations describing π- and ρ mesons yield expressions that provide detailed information about the scalar and axial-vector diquarks; e.g., their masses [129, 164, 236, 237, 249, 250], and electromagnetic elastic [238] and transition form factors, which are critical elements in the computation of a baryon’s kindred properties via the current in Fig. X.4. It is therefore natural to elucidate concurrently the properties of π- and ρ-mesons and those of the scalar and axial-vector diquark correlations because it opens the way to a unified, symmetrypreserving explanation of meson and baryon properties as they are predicted by a single interaction. The potential of this approach is apparent in Refs. [139, 171] but it has yet to be fully realised. For the present the best connection is provided by the less rigorous approach of Ref. [33], which uses more parameters to express features of QCD but also predicts and describes simultaneously a larger array of phenomena [251–253].

A wide-ranging study of u/d-quark meson and diquark form factors, using the contact interaction explained in Sec. VII, is described in Ref. [77]. Here we recapitulate on some interesting points that are relevant to the study of baryons. To begin, we note that in analogy with Eq. (VII.5), one has the following general form of the Bethe-Salpeter amplitude for the ρ-meson obtained with a symmetry-preserving regularisation of a contactinteraction:

Γ^ρ_μ(P ) = γ^T_μ E_ρ(P ) + 1 M σ_{μν} P_ν F_ρ(P ) . (X.5)

However, as a peculiar consequence of the rainbow-ladder truncation:

F_ρ(P )^{ladder}≡ 0 . (X.6)

One has F_ρ(P ) ≠ 0 in any symmetry-preserving truncation that goes beyond this leading-order [62]. The accident expressed in Eq. (X.6) has material consequences.

Owing to the connection between properties of vector mesons and axial-vector diquarks, a computation of the ρ-meson elastic electromagnetic form factors is an important step along the way to diquark form factors. The J^{P C} = 1^{−−} ρ-meson has three elastic form factors and we follow Ref. [35] in defining them. Denoting the incoming photon momentum by Q, and the incoming and outgoing ρ-meson momenta by p^i = K − Q/2 and p^f = K + Q/2, then K · Q = 0, K^2 + Q^2/4 = −m^2_ρ and the ρ-γ-ρ vertex can be expressed: Λ_{λ,μν} (K, Q) = 3∑ j=1 T^j_{λ,μν} (K, Q) F_j (Q^2) , (X.7)

T^1_{λ,μν} (K, Q) = 2K_λ P^T_{μα}(p^i) P^T_{αν} (p^f ) , (X.8) T^2_{λ,μν} (K, Q) = [ Q_μ − p^i_μ Q^2 2m^2_ρ ] P^T_{λν} (p^f ) − [ Q_ν + p^f_ν

Q^2 2m^2_ρ ] P^T_{λμ}(p^i) , (X.9) T^3_{λ,μν} (K, Q) = K_λ m^2_ρ [ Q_μ − p^i_μ Q^2 2m^2_ρ ] [ Q_ν + p^f_ν

Q^2 2m^2_ρ ] , (X.10)

where P^T_{μν} (p) = δ_{μν} − p_μp_ν /p^2. A symmetry-preserving regularisation scheme is essential so that the following Ward-Takahashi identities are preserved throughout the analysis:

Q_λΛ_{λ,μν} (K, Q) = 0, (X.11)

p^i_μΛ_{λ,μν} (K, Q) = 0 = p^f_ν Λ_{λ,μν} (K, Q) . (X.12)

The electric, magnetic and quadrupole form factors are constructed as follows:

G_E (Q^2) = F_1(Q^2) + 2 3 ηG_Q(Q^2) , (X.13)

G_M (Q^2) = −F_2(Q^2) , (X.14) G_Q(Q^2) = F_1(Q^2) + F_2(Q^2) + [1 + η] F_3(Q^2) , (X.15)

where η = Q^2/[4m^2_ρ]. In the limit Q^2 → 0, these form factors define the charge, and magnetic and quadrupole moments of the ρ-meson; viz.,

G^ρ_E (Q^2 = 0) = 1 , (X.16) G^ρ_M (Q^2 = 0) = μ_ρ , G^ρ_Q(Q^2 = 0) = Q_ρ . (X.17)

It is readily seen that Eq. (X.16) is a symmetry constraint. One has G_E (Q^2 = 0) = F_1(Q^2 = 0) and

Λ(K, Q)^{Q2 →0}= 2K_λ P^T_{μα}(K) P^T_{αν} (K) F_1(0) . (X.18)

Using the vector WTI for the quark-photon vertex and the explicit form for P_T (Q^2), Fig. VII.1, this becomes

K_λ P^T_{μν} (K)F_1(0)

= N_cE^2_ρ tr_D ∫ d^4q (2π^4) iγ_ν ∂ ∂K_λ S(ℓ + K)iγ_μ S(ℓ) . (X.19)

The right-hand-side (rhs) is simply the analogue of Eq. (VII.8) for the rainbow-ladder vector meson. Hence, when the Bethe-Salpeter amplitude is canonicallynormalised and so long as one employs a symmetrypreserving regularisation procedure, the rhs is equal to K_λ P^T_{μν} (K) and thus F_1(0) = 1.

TABLE X.1. Row 1 : Form factor radii (in fm), and magnetic and quadrupole moments for the ρ-meson, G^ρ_M (Q^2 = 0) and G^ρ_Q(Q^2 = 0) respectively, computed with the parameter values in Table VII.1 For a structureless vector meson, μ = 2 and Q = −1. Experimentally, rπ = 0.672 ± 0.008 fm [168]. Row 2 : Results for the scalar and axial-vector diquark correlations. Here the magnetic and quadrupole moments should be multiplied by the relevant charge factor; viz., e_{{uu}} =^4_3 , e_{{ud}} =^1_3 and e_{{dd}} = −^2_3 . rπ r^E_ρ r^M_ρ r^E_ρ μρ Qρ 0.45 0.56 0.51 0.51 2.11 -0.85 r_0+ r^E_{1+} r^M_{1+} r^E_{1+} μ_1+ Q_1+ 0.49 0.55 0.51 0.51 2.13 -0.81

Table X.1 reports computed form factor radii, and the magnetic and quadrupole moments. An interpretation of the ratio r_π/r_ρ = 0.80 determined from the Table is complicated by the fact that rainbow-ladder truncation was used consistently; but in this case alone F_ρ(P ) = 0, whereas F_π(P ) ≠ 0 always and F_ρ(P ) ≠ 0 in all other truncations. It is useful, therefore, to observe that r_π = 0.51 fm if one artificially sets F_π (P ) = 0, in which case r_π/r_ρ = 0.92. Moreover, the DSE computation in Ref. [35], which employs a QCD-based interaction, produces r_π /r_ρ = 0.90; and in combination, the more phenomenological DSE studies of Refs. [202, 254] yield r_π/r_ρ = 0.92.

The computed ρ-meson electric form factor is plotted in Fig. X.5. It displays a zero at Q^2 = 5.0 GeV^2 and remains negative thereafter. Given that the deuteron is a weakly-bound J = 1 system, constituted from two fermions, and its electric form factor possesses a zero [255], it is unsurprising that G^ρ_E (Q^2) exhibits a zero. It is notable in addition that the deuteron’s zero is located at z^D_Q := √ Q^2 = 0.8 GeV, so that

z^D_Qr_D ≈ z^ρ_Qr^E_ρ , (X.20)

where r_D is the deuteron’s radius. An interpolation valid on Q^2 ∈ [−m^2_ρ, 10 GeV^2] is

G^ρ_E (Q^2)^{interpolation}=

1 − 0.20 Q^2 1 + 1.15 Q^2 − 0.013 Q^4

. (X.21)

Figure X.5 also depicts the magnetic and quadrupole form factors of the ρ-meson, both normalised by their values Q^2 = 0. Notably, neither of these two form factors change sign: for Q^2 > −m^2_ρ, G^ρ_M (Q^2) is positive definite and G^ρ_E (Q^2) is negative definite. Furthermore, over this entire domain of Q^2, these form factors exhibit a very similar Q^2-dependence, which is made especially apparent via the dotted-curve in Fig. X.5. Interpolations

FIG. X.5. Solid curve – ρ-meson electric form factor, G^ρ_E (Q^2), which exhibits a zero at Q^2 = 5.0 GeV^2. (It is notable that 1 −^2_3 η = 0 for Q^2 = 6m^2_ρ = 5.2 GeV^2.) The dashed curve, G^ρ_M (Q^2)/μρ, and dot-dashed curve, G^ρ_Q(Q^2)/Qρ, are almost indistinguishable, as emphasised by the dotted curve, [G^ρ_M (Q^2)/μρ]/[G^ρ_Q (Q^2)/Qρ]. The charge radii, and magnetic and quadrupole moments are given in Table X.1. NB. All form factors exhibit a pole at Q^2 = −m^2_ρ because the quarkphoton vertex is dressed as described in Sec. VII.

valid on Q^2 ∈ [−m^2_ρ, 10 GeV^2] are

G^ρ_M (Q^2)^{interp.}=

2.11 + 0.021 Q^2 1 + 1.15 Q^2 − 0.015 Q^4

, (X.22)

G^ρ_Q(Q^2)^{interp.}= −

0.85 + 0.038 Q^2 1 + 1.17 Q^2 + 0.014 Q^4

. (X.23)

The similar momentum-dependence of G^ρ_M and G^ρ_Q recalls a prediction in Ref. [256]; namely,

G_E (Q^2) : G_M (Q^2) : G_Q(Q^2)^{Q2→∞}= 1 − 2 3 η : 2 : −1

(X.24) in theories with a vector-vector interaction mediated via bosons propagating as 1/k^2 at large-k^2. The computed ratio r_{M/Q} := G^ρ_M (Q^2)/G^ρ_Q(Q^2) conforms approximately with this prediction on a large domain of Q^2; e.g.,

Q^2 0 10 10^2 10^3 r_{M/Q} −2.48 −2.54 −2.38 −2.17 . (X.25)

However, at Q^2 = 10^4 GeV^2, r_{M/Q} = −1.28. Moreover, the remaining two ratios are always in conflict with the prediction; and closer inspection reveals that even the apparent agreement for G^ρ_M (Q^2)/G^ρ_Q(Q^2) is accidental, since Eqs. (X.24) are true if, and only if,

F_1(Q^2) : F_2(Q^2) : Q^2F_3(Q^2)^{Q2→∞}= 1 : −2 : 0 ; (X.26)

and none of these predictions are satisfied in this computation.

The mismatch originates, of course, with Eq. (VII.2) and the concomitant need for a regularisation procedure in which the ultraviolet cutoff plays a dynamical role. If

FIG. X.6. Solid curve – the full result for G^{πγρ}(Q^2); and dashed curve – G^{πγρ}(Q^2) obtained with Fπ (P ) ≡ 0. Experimentally [168], the partial width for ρ^+ → π^+γ is 68 ± 7 keV, which corresponds to [186] gπγρ = (0.74 ± 0.05) mρ. This is in fair agreement with the computed result; viz., gπγρ = 0.63 mρ.

one carefully removes Λ_{uv} → ∞, Eqs. (X.26) are recovered but at the cost of a logarithmic divergence in the individual form factors. One concludes therefore that a vector-vector contact interaction cannot reasonably be regularised in a manner consistent with Eq. (X.24).

In closing this subsection it is worth reiterating that it is only in the rainbow-ladder truncation that F_ρ(P ) ≡ 0. Therefore in connection with the ρ-meson’s form factors, material changes should be anticipated when proceeding beyond this leading-order truncation.

ρ-π transition form factor This transition is closely related to the γ^∗πγ transition form factor, whose behaviour in connection with Eq. (VII.2) was analysed in Ref. [76]. The corresponding interaction vertex defines a single form factor; viz.,

T^{πγρ}_{μν} (k_1, k_2) = g_{πγρ} m_ρ ϵ_{μναβ} k_{1α}k_{2β} G^{πγρ}(Q^2) , (X.27)

where k^2_1 = Q^2, k^2 = −m^2_ρ. The coupling constant, g_{πγρ}, is defined such that G^{πγρ}(Q^2 = 0) = 1.

The contact-interaction result for the form factor [77] is depicted in Fig. X.6. Naturally, because the quarkphoton vertex is dressed (see Fig. VII.1), the transition form factor exhibits a pole at Q^2 = −m^2_ρ, which is not displayed. An interpolation valid on Q^2 ∈ [−m^2_ρ, 10 GeV^2] is G^{πγρ}(Q^2)^{interp.}=

1 + 0.37 Q^2 + 0.024Q^4 1 + 1.29 Q^2 + 0.015 Q^4

. (X.28)

In the neighbourhood of Q^2 = 0, the form factor is characterised by a radius-like length-scale; viz.,

r^2_{πγρ} := −6 d dQ^2 G^{πγρ}(Q^2) | | | Q^2 =0

= (0.46 fm)^2, (X.29)

which is almost indistinguishable from both r_π = 0.45 fm in Table X.1 and the anomaly interaction radius defined

FIG. X.7. Solid curve – full result for scalar-diquark elastic electromagnetic form factor; and dashed curve – result obtained without dressing the quark-photon vertex. The computed mass of the diquark is mqq_{0+} = 0.776 GeV and the charge radius is given in Table X.1.

in Ref. [76]; viz., r^∗_{π0} = 0.48 fm. On the other hand lim Q^2→∞ G^{πγρ}(Q^2) = 0.11 , (X.30)

owing to the presence of the pion’s pseudovector component, a result in keeping with the pointlike nature of bound-states generated by a contact-interaction [75, 76].

Scalar-diquark elastic form factor In the context of the interaction in Eq. (VII.2), a detailed discussion of the relationship between pseudoscalar- and vector-mesons and scalar- and axialvector-diquark correlations may be found in Ref. [164]. Using the information provided therein, it is straightforward to show that in rainbow-ladder truncation the electromagnetic form factor of a scalar diquark is readily obtained from the expression for F^{em}_π (Q^2). Namely,

F^{em}_0+ (Q^2) = 1 3 F^{em}_π (Q^2) | |^{(Eπ ,Fπ )→} √_{23 (Eqq} 0+ ,F_{qq0+} ) m_π →m_{qq0+} , (X.31) where the scalar-diquark Bethe-Salpeter amplitude is expressed via (C = γ_2γ_4 is the charge-conjugation matrix)

Γ_{qq0+} (P )C^† = γ_5 [ iE_{qq0+} (P ) + 1 M γ · P F_{qq0+} (P ) ] . (X.32) The result for the scalar diquark elastic electromagnetic form factor is presented in Fig. X.7. An interpolation valid on Q^2 ∈ [−m^2_ρ, 10 GeV^2] is

F^{em}_0+ (Q^2)^{interp.}= 1 3 1 + 0.25 Q^2 + 0.027 Q^4 1 + 1.27Q^2 + 0.13 Q^4

. (X.33)

The normalisation is different but the momentumdependence is similar to that of F^{em}_π . This is indicated, too, by the ratio of charge radii; viz., r_0+ /r_π = 1.08, which may be compared to the value of 1.09 obtained in Ref. [238] and contrasted with the value of 0.8 in [257].

FIG. X.8. Solid curve – Pseudovector-diquark electric form factor, G^{1+}_E (Q^2), which exhibits a zero at Q^2 = 6.5 GeV^2. (In this case 1 −^2_3 η = 0 for Q^2 = 6m^2_{1+} = 6.7 GeV^2, given the computed mass of 1.06 GeV.) The dashed curve, G^{1+}_M (Q^2)/μ_1+ , and dot-dashed curve, G^{1+}_Q (Q^2)/Q_1+ , are almost indistinguishable, as emphasised by the dotted curve, [G^{1+}_M (Q^2)/μρ]/[G^{1+}_Q (Q^2)/Q_1+ ]. The charge radii, and magnetic and quadrupole moments are given in Table X.1. NB. All form factors exhibit a pole at Q^2 = −m^2_ρ because the quark-photon vertex is dressed as described in Sec. VII.

In the absence of the scalar-diquark Bethe-Salpeter amplitude’s pseudovector component, F_{qq0+} ≡ 0, we find r_0+ = 0.51 fm; i.e., an increase of 6%.

Pseudovector-diquark elastic form factors From the above observations it will be apparent that the rainbow-ladder results for the {ud} axial-vector diquark elastic form factors may be obtained directly from those of the ρ-meson through the substitutions

F^{em}_1+_{{ud},j} (Q^2) = 1 3 F_j (Q^2) | |^{Eρ→} √_{23 Eqq} 1+ m_π →m_{qq1+} . (X.34)

The momentum-dependence of the form factors for the {uu} and {dd} correlations is identical but in these cases the normalisations are, respectively,^4_3 and −^2_3 .

The axial-vector diquark form factors are depicted in Fig. X.8. They are similar to but distinguishable from those of the ρ-meson, falling-off a little less rapidly owing to the larger mass of the axial-vector diquark. Interpolations valid on Q^2 ∈ [−m^2_ρ, 10 GeV^2] are

G^{1+}_E (Q^2)^{interp.}=

1 − 0.16 Q^2 1 + 1.17 Q^2 + 0.012 Q^4

, (X.35)

G^{1+}_M (Q^2)^{interp.}=

2.13 − 0.19 Q^2 1 + 1.07 Q^2 − 0.10 Q^4

, (X.36)

G^{1+}_Q (Q^2)^{interp.}= −

0.81 − 0.029 Q^2 1 + 1.11 Q^2 − 0.054 Q^4

, (X.37)

from which the particular pseudovector diquark form factors are obtained after multiplication by the appropriate charge factors, listed in Table X.1.

FIG. X.9. Solid curve – momentum-dependence of full result for axial-vector–scalar-diquark transition form factor, G^{0+γ1+} (Q^2); and dashed curve – result for G^{πγρ}(Q^2) in Fig. X.6. The different rates of evolution are typical of meson cf. diquark form factors. Note that e_{{ud}}g_0+_{γ1}+ mqq_{1+} = e_{{ud}}0.74 = 0.25.

1^+-0^+ diquark transition form factor Owing to the flavour structure of the scalar diquark, this transition can only involve the {ud} axial-vector diquark. It is described by a single form factor, which can be introduced through

T^{0+γ1+} μν (k_1, k_2) = 1 3 g_0+_{γ1}+ m_{qq1+} ϵ_{μναβ} k_{1α}k_{2β} G^{0+ γ1+} (Q^2) ,

(X.38) and one may readily determine that in rainbow-ladder truncation

G^{0+ γ1+} (Q^2)

= G^{πγρ}(Q^2) | |^{(Eπ ,Fπ ,Eρ)→} √_{23 (Eqq} 0+ ,F_{qq0+} ,E_{qq1+} ) m_π →m_{qq0+} ,m_ρ→m_{qq1+} . (X.39)

The computed result for the transition form factor [77] is depicted in Fig. X.9. An interpolation valid on Q^2 ∈ [−m^2_ρ, 10 GeV^2] is

G^{0+γ1+} (Q^2)^{interp.}=

1 + 0.10 Q^2 1 + 1.073 Q^2

. (X.40)

The associated transition radius is

r_0+_{γ1}+ = 0.48 fm, (X.41)

which is 5% larger than r_{πγρ} in Eq. (X.29), and lim Q^2→∞ G^{0+γ1+} (Q^2) = 0.049 , (X.42)

just under one-half of the value in Eq. (X.30).

C. Nucleon form factors

As we have seen in connection with the properties of mesons including at least one heavy quark, Sec. IX,

FIG. X.10. Proton Dirac (upper panel) and Pauli (lower panel) form factors, as a function of x = Q^2/m^2_N . Solid curve – result obtained [143] using the contact-interaction, Eq. (VII.2), and hence a dressed-quark mass-function and diquark Bethe-Salpeter amplitudes that are momentumindependent; dashed curve – result obtained in Ref. [33], which employed QCD-like momentum-dependence for the dressed-quark propagators and diquark Bethe-Salpeter amplitudes in solving the Faddeev equation; dot-dashed curve – a parametrisation of experimental data [258].

the computation of form factors can often be simplified by employing algebraic parametrisations of one or more elements (propagators and/or amplitudes). Such parametrisations, based upon numerical solutions of the gap- and Bethe-Salpeter equations, have long been employed efficaciously [138, 202, 259]. Following that path, Ref. [33] produced a comprehensive survey of nucleon electromagnetic form factors, the quality of which is characterised by the results depicted in Fig. X.10. With these results, Ref. [33] unified the computation of meson and nucleon form factors, and also their valence-quark distribution functions (see Sec. X D).

Figure X.10 also depicts nucleon form factors obtained [143] with a symmetry-preserving DSE-treatment of the contact interaction in Eq. (VII.2) and hence the diquark form factors described in Sec. X B. These form factors characterise a nucleon that is constructed from diquarks whose Bethe-Salpeter amplitudes are momentumindependent and dressed-quarks with a momentumindependent mass-function, which inputs to the Faddeev equation yield a bound-state described by a momentum-

FIG. X.11. Neutron Dirac (upper panel) and Pauli (lower panel) form factors, as a function of x = Q^2/m^2_N . Solid curve – result obtained [143] using the contact-interaction, Eq. (VII.2), and hence a dressed-quark mass-function and diquark Bethe-Salpeter amplitudes that are momentumindependent; dashed curve – result obtained in Ref. [33], which employed QCD-like momentum-dependence for the dressed-quark propagators and diquark Bethe-Salpeter amplitudes in solving the Faddeev equation; dot-dashed curve – a parametrisation of experimental data [258].

independent Faddeev amplitude. This last is the hallmark of a pointlike composite particle and explains the hardness of the computed form factors, which is evident in Figs. X.10. The hardness contrasts starkly with results obtained from a momentum-dependent Faddeev amplitude produced by dressed-quark propagators and diquark Bethe-Salpeter amplitudes with QCD-like momentumdependence; and with experiment. As we have remarked above, evidence for a connection between the momentumdependence of each of these elements and the behaviour of QCD’s β-function is accumulating; e.g., Refs. [35, 75– 77, 81, 139, 141]. The comparisons in Figs. X.10 add to this evidence, in connection here with readily accessible observables, and support the view, presented herein, that experiment is a sensitive probe of the running of the βfunction to infrared momenta.

This returns us to the ratio G^p_E (Q^2)/G^p_M (Q^2) described in the introduction to this section and depicted in Fig. X.12. One observes that, independent of the nature of the interaction, computations of this ratio exhibit a zero. Its location, however, is very sensitive to the interaction, although not to the electromagnetic size of the

FIG. X.12. Upper panel: Normalised ratio of proton Pauli and Dirac form factors. Solid curve – contact interaction [143]; long-dashed curve – result from Ref. [159], which employed QCD-like momentum-dependence for the dressed-quark propagators and diquark Bethe-Salpeter amplitudes; long-dash-dotted curve – drawn from parametrisation of experimental data in Ref. [258]; and dotted curve – softened contactinteraction result, described in connection with Eq. (X.43). Lower panel: Normalised ratio of proton Sachs electric and magnetic form factors. Solid curve and long-dashed curve, as above; dot-dashed curve – linear fit to data in Refs. [234, 252, 260–262], constrained to one at Q^2 = 0; shortdashed curve – [1, 1]-Padé fit to that data; and dotted curve – softened contact-interaction result, described in connection with Eq. (X.43). In addition, we have represented a selection of data explicitly: filled-squares [260]; circles [262]; uptriangles [252]; and open-squares [263].

diquark correlations [33]. (We note that the DSE prediction of the same ratio for the neutron has been confirmed by recent experiments [253], as also is the trend of the nucleon’s flavour separated Dirac and Pauli form factors [143, 253, 264].)

In order to assist in explaining the origin and location of a zero in the Sachs form factor ratio, in the top panel of Fig. X.12 we depict the ratio of Pauli and Dirac form factors: both the actual contact-interaction result and that obtained when the Pauli form factor is artificially “softened;” viz.,

F_{2p}(Q^2) →

F_{2p}(Q^2) 1 + Q^2/(4m^2_N )

. (X.43)

As observed in Ref. [265], a softening of the proton’s Pauli form factor has the effect of shifting the zero to larger values of Q^2. In fact, if F_{2p} becomes soft quickly enough, then the zero disappears completely.

The Pauli form factor is a gauge of the distribution of magnetisation within the proton. Ultimately, this magnetisation is carried by the dressed-quarks and influenced by correlations amongst them, which are expressed in the Faddeev wave-function. If the dressedquarks are described by a momentum-independent massfunction, then they behave as Dirac particles with constant Dirac values for their magnetic moments and produce a hard Pauli form factor. Alternatively, suppose that the dressed-quarks possess a momentum-dependent mass-function, which is large at infrared momenta but vanishes as their momentum increases. At small momenta they will then behave as constituent-like particles with a large magnetic moment, but their mass and magnetic moment will drop toward zero as the probe momentum grows. (N.B. As described in Sec. VI B, massless fermions do not possess a measurable magnetic moment.) Such dressed-quarks will produce a proton Pauli form factor that is large for Q^2 ∼ 0 but drops rapidly on the domain of transition between nonperturbative and perturbative QCD, to give a very small result at large-Q^2. The precise form of the Q^2-dependence will depend on the evolving nature of the angular momentum correlations between the dressed-quarks. From this perspective, existence, and location if so, of the zero in μ_pG_{Ep}(Q^2)/G_{Mp}(Q^2) are a fairly direct measure of the location and width of the transition region between the nonperturbative and perturbative domains of QCD as expressed in the momentum-dependence of the dressedquark mass-function.

One may expect that a mass-function which rapidly becomes partonic – namely, is very soft – will not produce a zero; has seen that a constant mass-function produces a zero at a small value of Q^2, and knows that a massfunction which resembles that obtained in the best available DSE studies [15, 57] and via lattice-QCD simulations [16], produces a zero at a location that is consistent with extant data. There is plainly an opportunity here for very constructive feedback between future experiments and theory. It is anticipated that experiments at JLab in the 12 GeV era will establish conclusively whether or not this ratio possesses a zero. The result will assist greatly in refining understanding of the dressed-quark mass function and therefrom QCD’s β-function.

D. Valence-quark distributions at x = 1

Before closing this section we would like to exploit a connection between the Q^2 = 0 values of elastic form factors and the Bjorken-x = 1 values of the dimensionless structure functions of deep inelastic scattering, F^{n,p}_2 (x). First recall that the x = 1 value of a structure function is invariant under the evolution equations, Sec. VIII. Hence the value of d_v(x) u_v(x) | | | |_{x→1}, where d_v (x) u_v(x) = 4^{F n2 (x)}

F^p_2 (x) − 1

4 −^{F n2 (x)}_F p_{2 (x)}

, (X.44)

is a scale-invariant feature of QCD and a discriminator between models. Next, when Bjorken-x is unity, then Q^2 + 2P · Q = 0; i.e., one is dealing with elastic scattering. Therefore, in the neighbourhood of x = 1 the structure functions are determined by the target’s elastic form factors. The ratio in Eq. (X.44) expresses the relative probability of finding a d-quark carrying all the proton’s light-front momentum compared with that of a u-quark doing the same or, equally, owing to invariance under evolution, the relative probability that a Q^2 = 0 probe either scatters from a d-quark or a u-quark; viz.,

d_v (x) u_v(x) | | |_{x→1} = P^{p,d}_1 P^{p,u}_1 . (X.45)

In constituent-quark models with SU(6)-symmetric spin-flavour wave-functions the right-hand-side of Eq. (X.45) is 1/2 because there is nothing to distinguish between the wave-functions of u- and d-quarks, and the proton is constituted from u-quarks and one d-quark. On the other hand, when a Poincaré-covariant Faddeev equation is employed to describe the nucleon, P^{p,d}_1 P^{p,u}_1 = 2 3 P^{p,a}_1 +^1_3 P^{p,m}_1 P^{p,s}_1 +^1_3 P^{p,a}_1 +^2_3 P^{p,m}_1

, (X.46)

where we have used the notation of Ref. [33]. Namely, P^{p,s}_1 = F^s_{1p}(Q^2 = 0) is the contribution to the proton’s charge arising from diagrams with a scalar diquark component in both the initial and final state: u[ud]⊗γ⊗u[ud]. The diquark-photon interaction is far softer than the quark-photon interaction and hence this diagram contributes solely to u_v at x = 1. P^{p,a}_1 = F^a_{1p}(Q^2 = 0), is the kindred axial-vector diquark contribution; viz., 2d{uu} ⊗ γ ⊗ d{uu} + u{ud} ⊗ γ ⊗ u{ud}. At x = 1 this contributes twice as much to d_v as it does to u_v. P^{p,m}_1 = F^m_{1p} (Q^2 = 0), is the contribution to the proton’s charge arising from diagrams with a different diquark component in the initial and final state. The existence of this contribution relies on the exchange of a quark between the diquark correlations and hence it contributes twice as much to u_v as it does to d_v. If one uses the “static approximation” to the nucleon form factor, Eq. (X.1), as with the treatment of the contactinteraction in Ref. [143], then P^{p,m}_1 ≡ 0. It is plain from Eq. (X.46) that d_v/u_v = 0 in the absence of axial-vector diquark correlations; i.e., in scalar-diquark-only models of the nucleon, which were once common and, despite their weaknesses, still too often employed.

Using the probabilities presented in Refs. [33, 143], respectively, one obtains:

P^{p,s}_1 P^{p,a}_1 P^{p,m}_1^{dv}_{uv}^{F n2}_F p_2

M(p^2) 0.60 0.25 0.15 0.28 0.49 M=constant 0.78 0.22 0 0.18 0.41

, (X.47)

Both rows in Eq. (X.47) are consistent with d_v /u_v = 0.23 ± 0.09 (90% confidence level, F^n_2 /F^p_2 = 0.45 ± 0.08) inferred recently via consideration of electron-nucleus scattering at x > 1 [266]. On the other hand, this is also true of the result obtained through a naive consideration of the isospin and helicity structure of a proton’s light-front quark wave function at x ∼ 1, which leads one to expect that d-quarks are five-times less likely than uquarks to possess the same helicity as the proton they comprise; viz., d_v /u_v = 0.2 [197]. Plainly, contemporary experiment-based analyses do not provide a particularly discriminating constraint. Future experiments with a tritium target should help [267], emphasising again the critical interplay between experiment and theory in elucidating the nature of the strong interaction.

XI. STRONGLY-COUPLED QUARKS IN-MEDIUM

In this section we review a small selection of the recent progress made using the DSEs on QCD’s phase transitions at nonzero temperature (T ) and chemical potential (μ), transitions which are the focus of much experimental and theoretical attention [268]. In this regard, owing to the absence of a probability measure at μ ≠ 0 in lattice- QCD; i.e., the fermion sign problem [269], the DSEs are a valuable tool because of their ability to connect confinement and DCSB in the continuum [2, 270].

A. Critical endpoint and phase coexistence

Concerning the phase diagram in terms of temperature (T ) and chemical potential (μ), besides the general phase separation line, there are some other interesting possibilities, such as: a domain of color superconductivity; and the existence of a critical endpoint (CEP) and an associated coexistence region. In the chiral-limit theory, a CEP marks the end of a line of second-order chiral-symmetry-restoring (and possibly deconfining) transitions, originating on the temperature axis in the (μ, T )-plane, and the beginning of a line of first-order transitions. Such a critical endpoint would have observable consequences [271, 272], so it is imperative to demonstrate its existence, determine its location and demarcate the subsequent domain of phase coexistence.

Despite the fermion sign problem, attempts have been made with lattice-QCD, using mathematical devices to extrapolate from μ = 0. They yield [273, 274]: μ^E/T_c = 0.73 – 1.06 and T^E/T_c ≈ 0.95, and a signal for a material phase coexistence region [274]. However, it is not yet certain whether the existence of a CEP survives in simulations with lattice parameters that more closely resemble the physical world [275].

A wide variety of models have also been used to search for a CEP. The Nambu–Jona-Lasinio (NJL) type yield [276, 277]: μ^E/T_c ≈ 1.7, T^E/T_c ≈ 0.4; their Polyakovloop extensions produce [278–281]: μ^E/T_c = 1.5 – 1.8, T^E/T_c = 0.3 – 0.8; and a chiral quark model gives [282] (μ^E, T^E)/T_c = (2.0, 0.4). On the other hand, by adding six- and eight-fermion interactions to the NJL model, one can obtain (μ^E, T^E)/T_c = (1.1, 0.8), which is similar to the result produced by a Polyakov-loop-augmented chiral quark model [283] (μ^E, T^E)/T_c = (0.9, 0.8). The former, mutually consistent results for the CEP’s location conflict markedly with those obtained from lattice-QCD: μ^E/T_c is significantly larger and T^E/T_c, much smaller. If they are nevertheless correct, then finding the CEP in experiment will be difficult because modern colliders are restricted to exploration of the small-μ domain. Given this observation, it is unsurprising that an analysis of flow data from the relativistic heavy ion collider leads to the estimate [284]: μ^E/T_c ≳ 1.0 and T^E/T_c ≲ 1.0.

Simple DSE truncations have also been applied to the CEP problem. A confining zero-width momentum-space interaction, the antithesis of the NJL-model, produces [24] μ^E/T_c = 0, T^E/T_c = 1; and a separable-interaction [285]: μ^E/T_c = 1.09, T^E/T_c = 0.78. However, neither study described a region of coexisting phases. Notwithstanding that, in this chain of remarks about the model results, there is a hint that the length-scale characterising confinement in the quark-antiquark interaction markedly influences the location of the CEP. Another notable feature of the studies is that the size of the coexistence regions associated with the CEP is very model dependent.

A novel principle for locating the CEP and demarcating the coexistence region was introduced in Ref. [28]. The basic tools are the chiral susceptibility and the gap equation. As we have seen, the gap equation’s kernel is defined by a contraction of the dressed-gluon-propagator and -quark-gluon-vertex. In order to exemplify the method, Ref. [28] used a propagator that can interpolate between models of the non-confining NJL-type and the confining interactions used in efficacious DSE studies of hadron observables [3, 7, 9, 12], whilst always providing a super-renormalisable interaction. For the vertex, the studied used either the rainbow-truncation; i.e., the leading-order term in a symmetry-preserving scheme [62], or a dressed-vertex Ansatz. The capacity to draw the phase diagram derived from an arbitrary dressed-vertex is an essentially new feature of the method.

At T ≠ 0 ≠ μ, the gap equation is (ω̃_n = ω_n + iμ)

S(⃗p, ω̃_n)^{−1} = i⃗γ · ⃗p + iγ_4ω̃_n + m + Σ(⃗p, ω̃_n) , (XI.1) Σ(⃗p, ω̃_n) = T ∞∑ l=−∞ ∫ d^3q (2π)^3 g^2D_{μν} (⃗p − ⃗q, Ω_{nl}; T, μ) × λ^a 2 γ_μS(⃗q, ω̃_l) λ^a 2 Γ_ν (⃗q, ω̃_l, ⃗p, ω̃_n) , (XI.2)

where: ω_n = (2n + 1)πT is the fermion Matsubara frequency; Ω_{nl} = ω_n − ω_l; D_{μν} is the dressed-gluon propagator; and Γ_ν is the dressed-quark-gluon vertex. (As an ultraviolet-finite model is employed, renormalisation is unnecessary and m = 0 in Eq. (XI.1) defines the chiral limit.)

In-medium, the gap equation’s solution can be expressed as S(⃗p, ω̃_n)^{−1} = i⃗γ · ⃗p A(⃗p^2, ω̃^2_n) + iγ_4ω̃_nC(⃗p^2, ω̃^2_n) + B(⃗p^2, ω̃^2_n) , (XI.3)

with, e.g., B(⃗p^2, ω̃^2_n)^∗ = B(⃗p^2, ω̃^2_{−n−1}). The dressedgluon propagator has the form

g^2D_{μν} (⃗k, Ω_{nl}) = P^T_{μν} D_T (⃗k^2, Ω^2_{nl}) + P^L_{μν} D_L(⃗k^2, Ω^2_{nl}) , (XI.4) where P^{T,L}_{μν} are, respectively, transverse and longitudinal projection operators, Eq. (XI.23). Whilst for T ≠ 0 ≠ μ it is generally true that D_T ≠ D_L, there are indications [286] that for T < 0.2 GeV, the domain relevant here, it is a good approximation to treat D_T = D_L =: D_0. For the in-vacuum interaction, a simplified form of the interaction in Ref. [99] was used; viz., with κ = ⃗k^2 + Ω^2_{nl},

D_0(κ) = D

4π^2 σ^6 κ e^{−κ/σ2} . (XI.5)

The parameters in Eq. (XI.5) are D and σ but it has long been known that they are not independent: a change in D can be compensated by an alteration of σ [215]. For σ ∈ [0.3, 0.5] GeV, using Eq. (XI.6) below, ground-state pseudoscalar and vector-meson observables are roughly constant if σD = (0.8 GeV)^3. A value of σ = 0.5 GeV was usually employed in Ref. [28]. N.B. Eq. (XI.5) was used for illustrative simplicity, not out of necessity. The most up-to-date interaction is described in Ref. [57] and the status of propagator and vertex studies can be tracked from Ref. [8].

As explained above, the gap equation is complete once the vertex is specified. Here results obtained using the rainbow-truncation:

Γ_ν (⃗q, ω̃_l, ⃗p, ω̃_n) = γ_ν , (XI.6)

the first term in a symmetry-preserving scheme [62], are compared with those produced by the Ball-Chiu (BC) Ansatz [136, 287, 288]: iΓ_μ(⃗q, ω̃_l, ⃗p, ω̃_n) = iγ^T_μ Σ_A + iγ^L_μ Σ_C + (p̃_n + q̃_l)_μ [ i 2 γ^T_α (p̃_n + q̃_l)_αΔ_A + i 2 γ^L_α (p̃_n + q̃_l)_αΔ_C + Δ_B ] , (XI.7)

p̃_n = (⃗p, ω_n + iμ), q̃_l = (⃗q, ω_l + iμ), with (F = A, B, C)

Σ_F (⃗q^2, ω^2_l , ⃗p^2, ω^2_n) = 1 2 [F (⃗q^2, ω^2_l ) + F (⃗p^2, ω^2_n)], (XI.8)

Δ_F (⃗q^2, ω_l, ⃗p^2, ω_n) =

F (⃗q^2, ω^2_l ) − F (⃗p^2, ω^2_n) q̃^2_l − p̃^2_n

, (XI.9)

where, defining u = (0, 0, 0, 1), γ^T_μ = γ_μ − u_μγ_αu_α, γ^L_μ = u_μγ_αu_α. The comparison is natural because vertices of the type in Eq. (XI.6) have widely been used in studies of hadron observables [3, 7, 9, 12], and the BC Ansatz

FIG. XI.1. Panel (a) – Temperature dependence of the chiralsymmetry order parameter in Eq. (XI.11). Chiral susceptibility computed in the Wigner phase – Panel (b), and in the Nambu phase – Panel (c). In all panels: the Ball-Chiu vertex was used, Eq. (XI.7); and μ = 0, D = 0.5 GeV^2, m = 0.

provides a semi-quantitatively accurate representation of lattice-QCD results for important terms in Γ_μ at T = 0 = μ (see Sec. VI B). (It is plain from Eq. (XI.2) that with the BC vertex the effective interaction strength is D̂ = DA(0, 0). In contrast, owing to Eq. (XI.6), D̂ = D in rainbow-ladder truncation.)

The gap equation formulated above is readily solved and in Fig. XI.1 we depict the T -dependence of a chiral susceptibility [289] and a chiral-symmetry order parameter [38]

χ(0, ω_0) = ∂ ∂m B(⃗0, ω^2_0 ) , (XI.10) −⟨q̄q⟩^0 = N_cT ∞∑ n=−∞ tr_D ∫ d^3p (2π)^3

S_{m=0}(⃗p, ω_n) . (XI.11)

For T < T^E the behaviour of the order parameter is typical of models without long-range correlations in the gap equation’s kernel [289]. Namely, initially slow evolution from its T = 0 value: ⟨q̄q⟩^0 = (−0.258 GeV)^3, which signals chiral symmetry realised in the Nambu mode; i.e., dynamically broken chiral symmetry, and this followed by a mean-field transition to a phase with chiral symmetry restored; i.e., realised in the Wigner mode. In the Wigner phase the dressed-quarks are not confined.

The lower panels in Fig. XI.1 show the chiral susceptibility of the Wigner and Nambu phases, which correspond to gap equation solutions that are, respectively, within the domain of attraction of the B = 0 or B ≠ 0 solution [290]. A phase is unstable in response to fluctuations if the susceptibility is negative, but stable and realisable otherwise. With μ = 0, one sees the Nambu phase completely replaced by the Wigner phase at T = 124 MeV.

This should be contrasted with the behaviour in Fig. XI.2. At T = 0 the order parameter remains con-

FIG. XI.2. Analogue of Fig. XI.1, displaying evolution with chemical potential at T = 0.

stant with increasing μ until μ_a = 0.30 GeV, which is the upper bound on the domain of analyticity for this gap equation’s kernel [26]. On a small domain beyond this; viz., μ ∈ (μ_a, μ^N_c ), with μ^N_c = 0.314 GeV, the order parameter diminishes smoothly, an effect that may be denominated a partial restoration of chiral symmetry. For μ > μ^N_c the order parameter vanishes so that chiral symmetry is completely restored via a first-order transition.

The lower panels of Fig. XI.2 provide extra information. For μ < μ^W_c = 0.286 GeV, the Wigner phase is unstable. That changes at μ^W_c , when χ_W switches sign and thereafter, on the domain μ^W_c < μ < μ^N_c , both the Wigner- and Nambu-phase susceptibilities are positive. This is the domain of phase coexistence, with a metastable Wigner phase for μ^W_c < μ < μ_a and a metastable Nambu phase for μ_a < μ < μ^N_c . The pressure of the phases is equal at μ = μ_a; and the Nambu phase is completely displaced by the Wigner phase for μ > μ^N_c . Notably, with an Ansatz for the dressed-quark gluon vertex, the diagrammatic content of the gap equation’s kernel is generally unknown. However, owing to the insights provided in Ref. [291], one can draw these conclusions despite being unable to calculate an explicit expression for the thermodynamic pressure.

At the onset of the coexistence domain one can expect pockets of deconfined, chirally symmetric quark matter to appear in the confining Nambu medium. Their number and average volume will increase with μ. The opposite situation occurs at the termination of the domain; i.e., it is the Nambu phase which exists only in pockets. For μ ∈ (μ_a, μ^N_c ), which is the domain of Nambu-phase metastability, the properties of observed hadrons will be affected by the partial restoration of chiral symmetry. The coexistence domain is not of a quarkyonic nature [270].

The computed phase diagrams [28] are drawn in Fig. XI.3. The upper panel was obtained with the rain-

FIG. XI.3. Chiral-limit phase diagram in the temperature/chemical-potential plane for strongly-interacting quarks. The critical endpoint (CEP) is marked explicitly. Upper panel – rainbow vertex, Eq. (XI.6), with D = 1.0 GeV^2, σ = 0.5 GeV. The μ = 0 critical temperature is T^0_c = 0.133 GeV. Lower panel – Ball-Chiu vertex, Eq. (XI.7), with D = 0.5 GeV^2, σ = 0.5 GeV. The μ = 0 critical temperature is T^0_c = 0.124 GeV.

bow truncation, Eq. (XI.6), in which case the diagrammatic content of the gap equation’s kernel is known and one can thus compute the dressed-quark component of the pressure. It is given by the auxiliary-field effective action evaluated at its extrema [1, 2]. Within the domain (μ < μ^E, T > T^E) the system exhibits a mean-field transition, which is signalled both by: equality of the Wignerand Nambu-phase pressures; and coincident singularities in the Wigner- and Nambu-phase chiral susceptibilities. The curve tracking the singularity location in the Wigner and Nambu susceptibilities bifurcates at the CEP, with a domain of phase coexistence opening. Naturally, the curve of equal thermodynamic pressure lies within this domain.

The lower panel in Fig. XI.3 was obtained using the dressed vertex, Eq. (XI.7). Its features are similar to those displayed in the upper panel but the domain of phase coexistence is smaller. Here, one cannot derive a form for the dressed-quark pressure. Thus it is only an appreciation of the information contained in the chiral susceptibilities that enables a phase diagram to be drawn.

As explained in Sec. III, confinement is expressed in

TABLE XI.1. Parameter- and vertex-dependence of the critical endpoint and coexistence region. ΔC is the width of the coexistence region on the μ-axis. Each parameter set produces similar results for the in-vacuum values of the so-called vacuum quark condensate ⟨q̄q⟩^0 and the pion’s leptonic decay constant fπ [97]. Lattice-QCD suggests (μ_E, T_E)/Tc = (0.73 – 1.06, 0.95). (Dimensioned quantities in GeV.)

model result vertex D̂^{1/2} σ Tc ΔC (μ_E,T_E)/Tc μ_E/T_E BC 0.7 0.50 0.124 0.026 (1.13, 0.89) 1.27 BC ” 0.45 0.128 0.048 (0.69, 0.92) 0.75 BC ” 0.40 0.139 0.076 (0.16, 0.96) 0.17 Bare 1.0 0.50 0.133 0.220 (0.98, 0.90) 1.08 Bare ” 0.45 0.136 0.280 (0.81, 0.89) 0.91 Bare ” 0.40 0.148 0.360 (0.17, 0.95) 0.18

the analytic structure of the dressed-quark propagator. Measured in this way, it is significant that the models considered in this subsection are members of a class in which chiral symmetry restoration is accompanied by a coincident dressed-quark deconfinement transition in the chiral limit.

Table XI.1 illustrates the response of the CEP’s location to changing the vertex or the parameters. Defining a confinement length-scale r_σ = 1/σ, it is apparent that the CEP rotates toward the temperature axis as r_σ is increased. The extreme case is r_σ = ∞, which was computed in Ref. [24] and reported above: (μ_E, T_E)/T_c = (0, 1). Models of the NJL-type, as they have usually been used in the current context, represent the opposite limiting case: they are expressed via a gap equation in which the confinement length-scale vanishes. From this perspective, it is unsurprising that they produce a CEP whose angular separation from the μ-axis is significantly smaller.

This subsection reviews a method, based on the chiral susceptibility, which enables one to draw a phase diagram in the chemical-potential/temperature plane for quarks whose interactions are described by any sensiblyconstructed gap equation. Thus, in attempting to chart the phase structure of QCD using the methods of continuum quantum field theory, one is no longer restricted to the simplest class of mean-field kernels: sophisticated quark-gluon vertices can be used. The method is general and potentially useful in all branches of physics that explore the properties of dense fermionic systems.

A class of models that successfully describes in-vacuum properties of π- and ρ-mesons, exhibits a critical endpoint (CEP) in the neighbourhood (μ^E, T^E) ∼ (1.0, 0.9)T_c. The CEP’s angular separation from the temperature axis is a measure of the confinement length-scale: the separation decreases as the confinement length-scale increases. Furthermore, a domain of phase coexistence opens at the CEP. It’s size depends on the structure of the gap equation’s kernel but, other aspects being equal, it increases in area as the confinement length-scale increases. We are hopeful that illumination of the CEP and its consequences is within the reach of modern colliders.

B. Quark spectral density and a sQGP

It is believed that a primordial state of matter has been recreated by the relativistic heavy-ion collider (RHIC) [292]. This substance appears to behave as a nearlyperfect fluid on some domain of temperature, T , above that required for its creation, T_c [293]. An ideal fluid has zero shear-viscosity: η = 0, and hence no resistance to the appearance and growth of transverse velocity gradients. A perfect fluid with near-zero viscosity is the best achievable approximation to that ideal. Graphene might provide a room temperature example [294]. From Newton’s law for viscous fluid flow; viz., dv/dz = (1/η)(F/A), it is apparent that in near-perfect fluids a macroscopic velocity gradient is achieved from a microscopically small pressure. Strong interactions between particles constituting the fluid are necessary to achieve this outcome. Hence the primordial state of matter is described as a strongly-coupled quark gluon plasma (sQGP).

We have explained that at T = 0, QCD is characterised by confinement and dynamical chiral symmetry breaking (DCSB). These phenomena are represented by a range of order parameters which all vanish in the sQGP. Understanding the sQGP therefore requires elucidation of the behaviour and properties of quarks and gluons within this state. Perturbative techniques have been developed for use far above T_c; viz., the hard thermal loop (HTL) expansion [295, 296], which has enabled the computation of gluon and quark thermal masses m_T ∼ gT and damping rates γ_T ∼ g^2T , with g = g(T ) being the strong running coupling. It also suggests the existence of a collective plasmino or “abnormal” branch to the dressed-quark dispersion relation, which is characterised by antiparticlelike evolution at small momenta [297].

Owing to asymptotic freedom, the running coupling in QCD increases as T → T^+_c . Therefore, a simple interpretation of the HTL results suggests the plasmino should disappear before T_c is reached because γ_T increases more rapidly than m_T and γ_T /m_T ∼ 1 invalidates a quasiparticle picture. On the other hand, lattice-regularised quenched-QCD suggests that the plasmino branch persists in the vicinity of T_c [298]. It is necessary to resolve the active degrees of freedom in the neighbourhood of T_c because the spectral properties of the dressed-quark propagator are intimately linked with light-quark confinement (Sec. III) and it is the long-range modes which might produce strong correlations.

We saw in the preceding section that below T_c dressedgluons and -quarks are confined and chiral symmetry is dynamically broken; and beyond T_c, deconfinement and chiral symmetry restoration occur via coincident secondorder phase transitions. The sQGP seems to occur in the neighbourhood of T_c, so in this section we review how the gap equation may be used to elucidate the active fermion quasiparticles for T ≳ T_c [29].

On the domain T > T_c the chiral-limit dressed-quark propagator can be written S(iω_n, ⃗p) = −i⃗γ · ⃗p σ_A(ω_n, ⃗p^2) − iγ_4ω_nσ_C (ω_n, ⃗p^2) . (XI.12) There is no Dirac-scalar part because chiral symmetry is realised in the Wigner mode but this does not mean that nonperturbative phenomena are excluded, as is apparent, for example, in the discussion of novel Wigner-mode solutions to the gap equation in Refs. [290, 299]. The retarded real-time propagator is found by analytic continuation S^R(ω, ⃗p) = S(iω_n, ⃗p)|_{iωn→ω+iη}+ (XI.13) and from this one obtains the spectral density ρ(ω, ⃗p) = −2ℑ S^R(ω, ⃗p) . (XI.14) Equations (XI.13) and (XI.14) are equivalent to the statement: S(iω_n, ⃗p) = 1 2π ∫_{+∞} −∞ dω^′ ρ(ω^′, ⃗p) ω^′ − iω_n . (XI.15)

NB. If one requires a nonnegative spectral density, then Eq. (XI.15) is only valid for T > T_c; i.e., on the deconfined domain (Sec. III). Furthermore, including a light current-quark mass has no material impact on the primary conclusions of Ref. [29].

For an unconfined dressed-quark propagator of the form in Eq. (XI.12), the spectral density can be expressed

ρ(ω, ⃗p) = ρ_+(ω, ⃗p^2)P_+ + ρ_−(ω, ⃗p^2)P_− , (XI.16)

where P_± = (γ_4 ± i⃗γ · ⃗u_p)/2, ⃗u_p · ⃗p = |⃗p|, are operators which project onto spinors with a positive or negative value for the ratio H := helicity/chirality: H = 1 for a free positive-energy fermion. The spectral density is interesting and expressive because it reveals the manner by which interactions distribute the single-particle spectral strength over momentum modes; and the behaviour at T ≠ 0 shows how that is altered by a heat bath. As with many useful quantities, however, it is nontrivial to evaluate ρ(ω, |⃗p|). Nonetheless, if one has at hand a precise numerical determination of the dressed-quark propagator in Eq. (XI.3), then it is possible to obtain an accurate approximation to the spectral density via the maximum entropy method (MEM) [300, 301].

In the MEM the entropy functional of the spectral function is defined as S[ρ] = ∫_{+∞} −∞ dω [ ρ(ω) − m(ω) − ρ(ω) log ρ(ω) m(ω) ] , (XI.17) where m(ω) is the “default model” of the spectral function. One typically adopts a simple form; viz.,

m(ω) = m_0 θ(Λ^2 − ω^2) , (XI.18)

FIG. XI.4. Dependence of the spectral density on the cutoff, Λ, in the default MEM model, Eq. (XI.18), at T = 1.1 Tc (upper panel) and T = 3.0 Tc (lower panel), where Tc is discussed in Eq. (XI.26).

which is a uniform distribution with no a priori structure assumption. It should be borne in mind that one can only claim a reliable result from the MEM if the spectral function produced is insensitive to m_0 and Λ. The sensitivity to m_0 is uniformly weak in Ref. [29]. However, on a material domain, the sensitivity to Λ is strong. Nevertheless, for any given temperature, it was found that there is always a value Λ above which a stable spectral function is obtained. This is illustrated in Fig. XI.4.

In this instance one is interested in the chiral-limit dressed-quark propagator, which is obtained from (F = A, C) S(iω_n, ⃗p)^{−1} = Z^A_2 i⃗γ · ⃗p + Z_2iγ_4ω_n + Σ^′(iω_n, ⃗p) , (XI.19) Σ^′(iω_n, ⃗p) = i⃗γ · ⃗p Σ^′_A(iω_n, ⃗p) + iγ_4ω_n Σ^′_C (iω_n, ⃗p) , (XI.20) Σ^′_F (iω_n, ⃗p) = T ∑ l ∫ d^3q (2π)^3 g^2D_{μν} (ω_n −ω_l, ⃗p−⃗q) × 1 3 tr_DP_F γ_μS(iω_l, ⃗q)Γ_ν (ω_n, ω_l, ⃗p, ⃗q), (XI.21)

where: P_A = −Z^A_1 i⃗γ · ⃗p/⃗p^2, P_C = −Z_1iγ_4/ω_n; and Z_{1,2}, Z^A_{1,2} are, respectively, the vertex and quark wave function renormalisation constants. The regularisation and renormalisation procedures of Refs. [23, 287] are followed.

Reference [29] used the rainbow-ladder truncation and the phenomenologically-efficacious one-loop renormalisation-group-improved interaction of Ref. [287]. Namely: g^2D_{μν} (ω_n − ω_l, ⃗p − ⃗q)Γ_ν (ω_n, ω_l, ⃗p, ⃗q) = [P^{μν}_T (k_Ω)D_T (k_Ω) + P^{μν}_L (k_Ω)D_L(k_Ω)]γ_ν , (XI.22)

where k_Ω := (Ω, ⃗k) = (ω_n − ω_l, ⃗p − ⃗q);

P^{μν}_T (k_Ω) =

0, μ and/or ν = 4 , δ_{ij} − k_ik_j k^2 , μ, ν = 1, 2, 3 , (XI.23)

with P^{μν}_L + P^{μν}_T = δ_{μν} − k^μ_Ωk^ν_Ω/k^2_Ω; and

D_T (k_Ω) = D(k^2_Ω, 0), D_L(k_Ω) = D(k^2_Ω, m^2_g ) , (XI.24)

D(k^2_Ω, m^2_g) = 4π^2D s^Ω ω^6 e^{−sΩ/ω2} + 8π^2γ_m ln[τ +(1+s_Ω/Λ^2_{QCD})^2]

F (s_Ω) , (XI.25)

with F (s_Ω) = (1−exp(−s_Ω/4m^2_t )/s_Ω, s_Ω = Ω^2+⃗k^2+m^2_g, τ = e^2 − 1, m_t = 0.5 GeV, γ_m = 12/25, and Λ^{Nf =4}_{QCD} = 0.234 GeV. For pseudoscalar and vector mesons with masses ≲ 1 GeV, this interaction provides a uniformly good description of their T = 0 properties [3] when ω = 0.4 GeV, D = (0.96 GeV)^2. In generalising to T ≠ 0, Ref. [29] have followed perturbation theory and included a Debye mass in the longitudinal part of the gluon propagator: m^2_g = (16/5)T^2. This kernel produces coincident second-order deconfinement and chiral symmetry restoring transitions for two massless flavors at

T_c = 0.14 GeV , (XI.26)

which is 10% smaller than that obtained in Ref. [302]. (As mentioned above, this interaction has only recently been superseded [57].)

One insufficiency of the interaction defined above is that D, the parameter expressing its infrared strength, is assumed to be T -independent. Since the nonperturbative part of the interaction should be screened for T ≳ T_c, one may remedy that by writing D → D(T ) with

D(T ) = D , T < T_p , a b + ln[T/Λ_{QCD}] , T ≥ T_p , (XI.27)

where T_p is a “persistence” temperature; i.e., a scale below which nonperturbative effects associated with confinement and dynamical chiral symmetry breaking are not materially influenced by thermal screening. Logarithmic screening is typical of QCD and with a = 0.028, b = 0.56 the modified interaction yields m_T = 0.8 T for T ≳ 2 T_c; viz., a thermal quark mass consistent with lattice-QCD [298]. Unless stated otherwise, T_p = T_c herein.

The spectral density can be obtained by employing the MEM in connection with the solution of our gap equation. Notably, the behaviour changes qualitatively at

FIG. XI.5. Left panel – Temperature-dependence of the dressed-quark thermal masses. Notably, spectral strength is associated with a massless-mode. Right panel – T -dependence of the residue associated with that zero mode.

T_c. Indeed, employing a straightforward generalisation of the inflexion point criterion introduced in Refs. [8, 20], one can readily determine that reflection positivity is violated for T < T_c. This signals confinement. On the other hand, the spectral function is nonnegative for T > T_c.

Figure XI.5 depicts the T > T_c-dependence of the locations of the poles in ρ(ω, ⃗p = 0); i.e., the thermal masses. As conventionally anticipated, spectral strength is located at ω_+(⃗p = 0) and ω_−(⃗p = 0) = −ω_+(⃗p = 0), corresponding to the fermion’s normal and plasmino modes at nonzero temperature. However, it is striking that on a measurable T -domain, spectral strength is also associated with a quasiparticle excitation described by ω_0(⃗p = 0) = 0. The appearance of this zero mode is an essentially nonperturbative effect. It is an outgrowth of the evolution in-medium of the gap equation’s T = 0 Wigner-mode solution and analogous to this solution’s persistence at nonzero current-quark mass in vacuum [290]. This feature is stable for sufficiently-large Λ in Eq. (XI.18), as evident in Fig. XI.4.

The spectral density possesses support associated with this zero mode on T ∈ [0, T_s]. In fact: all the Wignerphase spectral strength is located within this mode at T = 0; it is the dominant contribution for T ≳ T_c; and, while it is dominant, it is the system’s longest wavelength collective mode. On the other hand, as evident in the right panel of Fig. XI.5, the mode’s spectral strength diminishes uniformly with increasing T and finally vanishes at T_s ≈ 1.35 T_c. Then, for T > T_s the quark’s normal and plasmino modes exhibit behavior that is broadly consistent with HTL calculations. This is apparent in Fig. XI.5 and in a comparison between the upper and lower panels of Fig. XI.6. Given these observations, one may reasonably argue that the system should be considered a sQGP for T ∈ [T_c, T_s], whereupon it contains a long-range collective mode.

It should be noted that the HTL approach is perturbative and only applicable for T ≫ T_c. Hence it could not have predicted the zero mode’s existence. Numerical simulations of lattice-QCD, on the other hand, are nonperturbative. However, it is practically impossible

FIG. XI.6. Upper panel, left – Quasiparticle dispersion relations, ω±,0(p), at temperature T = 1.1Tc. The diagonal dotted line is the free-fermion dispersion relation at this T . Upper panel, right – The residues associated with these quasiparticle poles. Lower panel – Same information for T = 3Tc, whereat the zero mode has vanished.

in contemporary computations to exactly preserve chiral symmetry. This can plausibly explain the absence of the zero mode in lattice simulations because any source of explicit chiral symmetry breaking heavily suppresses the mode [290].

The upper-left panel of Fig. XI.6 depicts the dispersion relations for all dressed-quark modes that exist for T < T_s and the behavior of their associated residues. On this sQGP domain the dispersion relations are atypical, with ω_±(|⃗p|)^{p∼0}= m_T −0.2 |⃗p| , +0.3 |⃗p| , (XI.28a)

ω_0(|⃗p|)^{p∼0}= 0.80 |⃗p| . (XI.28b)

Notwithstanding this, all realise free-particle behaviour for |⃗p| ≫ T . Moreover, the usual spectral sum rules are satisfied. Indeed, the identity ⟨ω⟩ := Z^2_2 Z^A_2 ∫_∞ −∞ dω^′ 2π ω^′ρ_±(ω^′, |⃗p|) = |⃗p| (XI.29) assists in understanding the momentum-dependence in the upper-left panel of Fig. XI.6. The upper-right panel displays the momentum-dependence of the pole residues: spectral support is located completely in the normal mode for |⃗p| ≫ T ; i.e., on the perturbative domain.

The lower panel of Fig. XI.6 characterises the behaviour of ρ(ω, |⃗p|) on the high-T domain. In agreement with HTL analysis [296], expected to be valid thereupon,

FIG. XI.7. Numerical check of the momentum sum rule in Eq. (XI.29): the curves would be indistinguishable with a perfect reconstruction of the spectral density.

one finds only normal and plasmino modes, with ω_±(|⃗p|)^{p∼0}= m_T ± 0.33|⃗p| . (XI.30) The plasmino dispersion law exhibits the expected minimum, in this case at |⃗p|/T ≃ 1; and both ω_±(|⃗p|) approach free-particle behaviour at |⃗p| ≫ T , with that of the plasmino approaching this limit from below. The lower-right panel shows that the contribution to the spectral density from the plasmino is strongly damped and contributes little for p > 2T . These results are in-line with those obtained via simulations of lattice-QCD [298].

It is anticipated from HTL analyses that T ≠ 0 propagators exhibit branch cuts whose appearance can be attributed to the opening of scattering channels that are absent at T = 0 [303]. However, such branch cuts do not materially contribute to the nonperturbativelydetermined spectral density described herein. This is plausible because a branch point is a lower-order nonanalyticity than a pole; i.e., in numerical studies, poles are features with large height, small width and significant spectral strength, whilst branch points are low, broad features with lesser spectral strength. Thus, compared with poles, branch points can be invisible to a numerical procedure. Uncovering them requires fine tuning within the MEM, or any other method.

One should nevertheless check whether the numerical result omits significant spectral strength, and this was done in Ref. [29]; e.g., it was verified that, to a high degree of accuracy, the spectral density satisfies the textbook relation:

Z_2 ∫_{+∞} −∞ dω^′ 2π ρ_±(ω^′, p) ≈ Z_2 ∑ Q=0,+,− Z_Q ≈ 1 (XI.31)

where Z_Q are the quasiparticle residues. Other, more demanding sum rules, such as that in Eq. (XI.29), were also checked with the result depicted in Fig. XI.7. These tests indicate that no significant contribution to the dressedquark’s spectral strength was overlooked in applying the MEM.

Equation (XI.27) is a model and it is natural to enquire after its influence. None of the results in this subsection are qualitatively altered by varying T_p but, as one would expect, the width of the sQGP domain expands slowly with increasing T_p; e.g., a 50% increase in T_p produces a 30% increase in T_s.

The appearance of a third and long-wavelength mode in the dressed-fermion spectral density on a material temperature domain above T_c has also been observed in one-loop computations of the fermion self-energy, irrespective of the nature of the boson which dresses the fermion [304, 305]. This mode appears for T > m_G, where m_G is an infrared mass-scale associated with the boson, and persists for fermion bare masses ≲ 0.2m_G [306]. (NB. In the present case, m_G ≈ 0.17 GeV, hence 0.2 m_G ≈ 34 MeV, appreciably greater than the lightquark current-masses.) Where a comparison is possible, the dependence of the spectral density described in this subsection on (ω, |⃗p|, T ) is similar to that seen in the one-loop analyses of model gap equations. In analogy with a similar effect in high-temperature superconductivity [307], that behaviour has been attributed to Landau damping, an interference phenomenon known from plasma physics. Indeed, Landau damping is typical of in-medium self-energy corrections when the thermal energy of the fermion is commensurate with the mass-scale which characterises the dispersion law of the dressing boson.

A feature that unifies Ref. [29] and Refs. [304, 306] is the strictly nonperturbative phenomenon of DCSB. Whilst Refs. [304, 306] extract spectral densities via oneloop estimates in Nambu–Jona-Lasinio- or Yukawa-like models, the couplings are tuned to mimic a world in which chiral symmetry is dynamically broken. In this connection we re-emphasise that the zero mode appears only when the strength of the interaction is capable of producing DCSB in-vacuum; viz., when the gap equation’s T = 0 kernel has sufficient support at infrared momenta. Hence, it is an essentially nonperturbative phenomenon. Furthermore, given the qualitative differences between Refs. [304, 306] and Ref. [29], the similarity between results suggests the possibility that the appearance of zero modes is model-independent.

It is notable that a coupling to meson-like correlations in the gap equation is not a precondition for the appearance of the zero mode because such correlations are absent in the rainbow truncation [289]. On the other hand, the kernel of the gap equation used in this subsection is characterised by an interaction that features an infrared mass-scale m_G ≳ T_c and supports dynamical chiral symmetry breaking at T = 0. We anticipate that the zero mode will markedly affect colour-singlet vacuum polarisations on T ∈ [T_c, T_s]. This could be explicated using the methods of Refs. [63].

Experiment has presented us with the fascinating possibility that a near-perfect fluid might have been a key platform in the universe’s evolution. This subsection reviews the possibility that a zero mode exists just above the critical temperature associated with the strong phase transition, T_c. The mode contains the bulk of the spectral strength for T ≳ T_c and so long this mode persists, the system may reasonably be described as a stronglyinteracting state of matter. If the existence of this longwavelength mode is model-independent, then it is natural to anticipate that a strongly-interacting state of matter should precede the QCD phase transition.

XII. EPILOGUE

QCD is the most interesting part of the Standard Model and Nature’s only example of an essentially nonperturbative fundamental theory. Whilst confinement remains a puzzle, it is recognised that dynamical chiral symmetry breaking (DCSB) is a fact in QCD. It is manifest in dressed-propagators and vertices, and, amongst other things, it is responsible for: the transformation of the light current-quarks in QCD’s Lagrangian into heavy constituent-like quarks, in terms of which order was first brought to the hadron spectrum; the unnaturally small values of the masses of light-quark pseudoscalar mesons and the η-η^′ splitting; the unnaturally strong coupling of pseudoscalar mesons to light-quarks – g_{πq̄q} ≈ 4.3; and the unnaturally strong coupling of pseudoscalar mesons to the lightest baryons – g_π¯_{NN} ≈ 12.8 ≈ 3g_{πq̄q} .

Herein we have illustrated the dramatic impact that DCSB has upon observables in hadron physics. A “smoking gun” for DCSB is the behaviour of the dressed-quark mass function. The momentum dependence manifest in Fig. II.1 is an essentially quantum field theoretical effect. Exposing and elucidating its consequences therefore requires a nonperturbative and symmetry-preserving approach, where the latter means preserving Poincaré covariance, chiral and electromagnetic current-conservation, etc. The Dyson-Schwinger equations (DSEs) provide such a framework. We have explained the nature of some of the experimental and theoretical studies that are underway which can potentially identify observable signals of M(p^2) and thereby confirm and explain the mechanism responsible for the vast bulk of visible mass in the Universe.

Along the way we have described a number of exact results proved in QCD using the DSEs, amongst them:

• Light-quark confinement is a dynamical phenomenon, which cannot in principle be expressed via a potential;

• Goldstone’s theorem is fundamentally an expression of equivalence between the one-body problem and the two-body problem in the pseudoscalar channel;

• quarks are not Dirac particles – they possess anomalous chromo- and electro-magnetic moments which are large at infrared momenta;

• and gluons are nonperturbatively massive, being described by a mass-function which is large in the infrared but diminishes with power-law behaviour in the ultraviolet.

Numerous items could be added to this list, some of which are described above.

There are many reasons why this is an exciting time in hadron physics. These lecture notes emphasise one. Namely, through the DSEs, one is unifying phenomena as apparently diverse as: the hadron spectrum; hadron elastic and transition form factors, from small- to large- Q^2; parton distribution functions; the physics of hadrons containing one or more heavy quarks; and properties of the quark gluon plasma. The key is an understanding of both the fundamental origin of visible mass and the far-reaching consequences of the mechanism responsible; namely, DCSB. Through continuing feedback between experiment and theory, these studies should lead us to an explanation of confinement, the phenomenon that makes nonperturbative QCD the most interesting piece of the Standard Model. They might also provide an understanding of nonperturbative physics that enables the formulation of a realistic extension of that model.

ACKNOWLEDGMENTS

We are grateful to the organisers for the opportunity to be involved in this well conceived and executed conference on AdS/CFT and Novel Approaches to Hadron and Heavy Ion Physics, for financial support from the Kavli Institute for Theoretical Physics China (KITPC), at the Chinese Academy of Sciences, which enabled our participation and, above all, for the kindness and hospitality of the KITPC staff. We acknowledge valuable input from L. X. Gutiérrez-Guerrero, V. Mokeev, M. A. Ivanov, A. Kızılersü, S.-x. Qin, J. Rodriguez- Quintero, S. M. Schmidt and D. J. Wilson. This work was supported by: the Project of Knowledge Innovation Program of the Chinese Academy of Sciences, grant no. KJCX2.YW.W10; Sistema Nacional de Investigadores; CONACyT grant 46614-F; the University of Adelaide and the Australian Research Council through grant no. FL0992247; Coordinación de la Investigación Científica (UMSNH) grant 4.10; the U. S. Department of Energy, Office of Nuclear Physics, contract no. DE-AC02- 06CH11357; Fundação de Amparo à Pesquisa do Estado de São Paulo, grant nos. 2009/51296-1 and 2010/05772-3; the National Natural Science Foundation of China, under contract nos. 10425521, 10675002, 10705002, 10935001 and 11075052; the Major State Basic Research Development Program, under contract no. G2007CB815000; Forschungszentrum Jülich GmbH; and the U. S. National Science Foundation, under grant no. PHY-0903991, in conjunction with a CONACyT Mexico-USA collaboration grant.

[1] C. D. Roberts and A. G. Williams, Prog. Part. Nucl.

Phys. 33, 477 (1994).

[2] C. D. Roberts and S. M. Schmidt, Prog. Part. Nucl.

Phys. 45, S1 (2000).

[3] P. Maris and C. D. Roberts, Int. J. Mod. Phys. E12, 297 (2003).

[4] M. R. Pennington, J. Phys. Conf. Ser. 18, 1 (2005). [5] A. Höll, C. D. Roberts and S. V. Wright, (nucl-th/0601071).

[6] C. S. Fischer, J. Phys. G32, R253 (2006). [7] C. D. Roberts, M. S. Bhagwat, A. Höll and S. V. Wright, Eur. Phys. J. ST 140, 53 (2007).

[8] C. D. Roberts, Prog. Part. Nucl. Phys. 61, 50 (2008). [9] R. J. Holt and C. D. Roberts, Rev. Mod. Phys. 82, 2991 (2010).

[10] L. Chang and C. D. Roberts, AIP Conf. Proc. 1361, 91 (2011).

[11] E. S. Swanson, AIP Conf. Proc. 1296, 75 (2010). [12] L. Chang, C. D. Roberts and P. C. Tandy, Chin. J.

Phys. 49, 955 (2011).

[13] P. Boucaud et al., (arXiv:1109.1936 [hep-ph]). [14] M. Bhagwat, M. Pichowsky, C. Roberts and P. Tandy, Phys.Rev. C68, 015203 (2003).

[15] M. S. Bhagwat and P. C. Tandy, AIP Conf. Proc. 842, 225 (2006).

[16] P. O. Bowman et al., Phys. Rev. D71, 054507 (2005). [17] M. S. Bhagwat, I. C. Cloët and C. D. Roberts,

(arXiv:0710.2059 [nucl-th]), in Proceedings of the Workshop on Exclusive Reactions at High Momentum Transfer, Newport News, Virginia, 21-24 May 2007, Eds. A. Radyushkin and P. Stoler (World Scientific, Singapore, 2007).

[18] V. V. Flambaum, A. Holl, P. Jaikumar, C. D. Roberts and S. V. Wright, Few Body Syst. 38, 31 (2006).

[19] A. Höll, P. Maris, C. D. Roberts and S. V. Wright, Nucl.

Phys. Proc. Suppl. 161, 87 (2006).

[20] A. Bashir, A. Raya, I. C. Cloët and C. D. Roberts, Phys.

Rev. C78, 055201 (2008).

[21] A. Bashir, A. Raya, S. Sanchez-Madrigal and C. D.

Roberts, Few Body Syst. 46, 229 (2009).

[22] C. P. Hofmann, A. Raya and S. S. Madrigal, Phys. Rev.

D82, 096011 (2010).

[23] A. Bender, D. Blaschke, Y. Kalinovsky and C. D.

Roberts, Phys. Rev. Lett. 77, 3724 (1996).

[24] D. Blaschke, C. D. Roberts and S. M. Schmidt, Phys.

Lett. B425, 232 (1998).

[25] A. Bender, G. I. Poulis, C. D. Roberts, S. M. Schmidt and A. W. Thomas, Phys. Lett. B431, 263 (1998).

[26] H. Chen et al., Phys. Rev. D78, 116015 (2008). [27] C. S. Fischer and J. A. Mueller, Phys. Rev. D80, 074029 (2009).

[28] S.-x. Qin, L. Chang, H. Chen, Y.-x. Liu and C. D.

Roberts, Phys. Rev. Lett. 106, 172301 (2011). [29] S.-x. Qin, L. Chang, Y.-x. Liu and C. D. Roberts, Phys.

Rev. D84, 014017 (2011).

[30] Y.-x. Liu, S.-x. Qin, L. Chang and C. D. Roberts, AIP Conf. Proc. 1354, 91 (2011).

[31] S.-X. Qin, L. Chang, Y.-X. Liu and C. D. Roberts, AIP Conf. Proc. 1354, 220 (2011).

[32] A. Ayala et al., Phys. Rev. D84, 056004 (2011). [33] I. C. Cloët, G. Eichmann, B. El-Bennich, T. Klähn and C. D. Roberts, Few Body Syst. 46, 1 (2009).

[34] M. S. Bhagwat, A. Krassnigg, P. Maris and C. D.

Roberts, Eur. Phys. J. A31, 630 (2007).

[35] M. S. Bhagwat and P. Maris, Phys. Rev. C77, 025203 (2008).

[36] I. C. Cloët, A. Krassnigg and C. D. Roberts, (arXiv:0710.5746 [nucl-th]), In Proceedings of 11th International Conference on Meson-Nucleon Physics and the Structure of the Nucleon (MENU 2007), Jülich, Germany, 10-14 Sep 2007, eds. H. Machner and S. Krewald, paper 125.

[37] S. J. Brodsky and H. C. Pauli, Lect. Notes Phys. 396, 51 (1991).

[38] S. J. Brodsky, C. D. Roberts, R. Shrock and P. C.

Tandy, Phys. Rev. C82, 022201 (2010).

[39] S. J. Brodsky and R. Shrock, Proc. Nat. Acad. Sci. 108, 45 (2011).

[40] L. Chang, C. D. Roberts and P. C. Tandy, (arXiv:1109.2903 [nucl-th]).

[41] S. D. Glazek, Acta Phys. Polon. B42, 1933 (2011). [42] SESAM, G. S. Bali, H. Neff, T. Duessel, T. Lippert and K. Schilling, Phys. Rev. D71, 114513 (2005).

[43] L. Chang, I. C. Cloët, B. El-Bennich, T. Klahn and C. D. Roberts, Chin. Phys. C33, 1189 (2009).

[44] V. N. Gribov, Eur. Phys. J. C10, 91 (1999). [45] H. J. Munczek and A. M. Nemirovsky, Phys. Rev. D28, 181 (1983).

[46] M. Stingl, Phys. Rev. D29, 2105 (1984). [47] R. T. Cahill, Austral. J. Phys. 42, 171 (1989). [48] C. D. Roberts, A. G. Williams and G. Krein, Int. J.

Mod. Phys. A7, 5607 (1992).

[49] R. F. Streater and A. S. Wightman, PCT, Spin and Statistics, and All That, 3rd ed. (Addison-Wesley, Reading, Mass, 1980).

[50] J. Glimm and A. Jaffee, Quantum Physics. A Functional Point of View (Springer-Verlag, New York, 1981).

[51] F. T. Hawes, C. D. Roberts and A. G. Williams, Phys.

Rev. D49, 4683 (1994).

[52] P. Maris, Phys. Rev. D52, 6087 (1995).

[53] F. D. R. Bonnet, P. O. Bowman, D. B. Leinweber and A. G. Williams, Phys. Rev. D62, 051501 (2000).

[54] J. I. Skullerud and A. G. Williams, Phys. Rev. D63, 054508 (2001).

[55] W. Kamleh, P. O. Bowman, D. B. Leinweber, A. G.

Williams and J. Zhang, Phys. Rev. D76, 094501 (2007). [56] W. Celmaster and R. J. Gonsalves, Phys. Rev. D20, 1420 (1979).

[57] S.-x. Qin, L. Chang, Y.-x. Liu, C. D. Roberts and D. J.

Wilson, Phys. Rev. C84, 042202(R) (2011).

[58] S. J. Brodsky, G. F. de Teramond and A. Deur, Phys.

Rev. D81, 096010 (2010).

[59] A. C. Aguilar, D. Binosi and J. Papavassiliou, JHEP 07, 002 (2010).

[60] S.-x. Qin, L. Chang, Y.-x. Liu, C. D. Roberts and D. J.

Wilson, (arXiv:1109.3459 [nucl-th]).

[61] H. J. Munczek, Phys. Rev. D52, 4736 (1995). [62] A. Bender, C. D. Roberts and L. Von Smekal, Phys.

Lett. B380, 7 (1996).

[63] L. Chang et al., Phys. Rev. C79, 035209 (2009). [64] P. Pascual and R. Tarrach, QCD: Renormalization for the Practitioner (Springer-Verlag, Berlin, 1984), Lecture Notes in Physics 194.

[65] E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951).

[66] A. Höll, A. Krassnigg and C. D. Roberts, Phys. Rev.

C70, 042203 (2004).

[67] A. Höll, A. Krassnigg, P. Maris, C. D. Roberts and S. V.

Wright, Phys. Rev. C71, 065204 (2005).

[68] M. A. Ivanov, Y. L. Kalinovsky and C. D. Roberts, Phys. Rev. D60, 034018 (1999).

[69] L. Chang et al., Phys. Rev. C81, 032201 (2010). [70] L. Chang, Y.-x. Liu, W.-m. Sun and H.-s. Zong, Phys.

Lett. B669, 327 (2008).

[71] S. Weinberg, Phys. Rev. Lett. 18, 507 (1967). [72] P. Maris, C. D. Roberts and P. C. Tandy, Phys. Lett.

B420, 267 (1998).

[73] R. Delbourgo and M. D. Scadron, J. Phys. G5, 1621 (1979).

[74] P. Maris and C. D. Roberts, Phys. Rev. C58, 3659 (1998).

[75] L. X. Gutiérrez-Guerrero, A. Bashir, I. C. Cloët and C. D. Roberts, Phys. Rev. C81, 065202 (2010).

[76] H. L. L. Roberts, C. D. Roberts, A. Bashir, L. X.

Gutiérrez-Guerrero and P. C. Tandy, Phys. Rev. C82, 065202 (2010).

[77] H. L. L. Roberts, A. Bashir, L. X. Gutiérrez-Guerrero, C. D. Roberts and D. J. Wilson, Phys. Rev. C83, 065206 (2011).

[78] T. Nguyen, A. Bashir, C. D. Roberts and P. C. Tandy, Phys. Rev. C83, 062201(R) (2011).

[79] P. Maris and P. C. Tandy, Phys. Rev. C60, 055214 (1999).

[80] P. Maris and P. C. Tandy, Phys. Rev. C61, 045202 (2000).

[81] P. Maris and P. C. Tandy, Phys. Rev. C62, 055204 (2000).

[82] UKQCD, C. McNeile and C. Michael, Phys. Lett. B642, 244 (2006).

[83] J. P. B. C. de Melo, T. Frederico, E. Pace and G. Salme, Phys. Rev. D73, 074013 (2006).

[84] M. Diehl and G. Hiller, JHEP 06, 067 (2001). [85] Y. Nambu and G. Jona-Lasinio, Phys.Rev. 122, 345 (1961).

[86] A. Casher and L. Susskind, Phys. Rev. D9, 436 (1974). [87] A. A. Michelson and E. W. Morley, American Journal of Science 34, 333 (1887).

[88] M. S. Turner, (astro-ph/0108103). [89] M. Burkardt, Phys. Rev. D58, 096015 (1998). [90] S. J. Brodsky and R. Shrock, Phys. Lett. B666, 95 (2008).

[91] A. G. Riess et al., The Astronomical Journal 116, 1009 (1998).

[92] S. Perlmutter et al., The Astrophysical Journal 517, 565 (1999).

[93] Boomerang, C. B. Netterfield et al., Astrophys. J. 571, 604 (2002).

[94] S. Weinberg, Physica A96, 327 (1979).

[95] R. T. Cahill and C. D. Roberts, Phys. Rev. D32, 2419 (1985).

[96] H. Pagels and S. Stokar, Phys. Rev. D20, 2947 (1979). [97] L. Chang and C. D. Roberts, Phys. Rev. Lett. 103,

081601 (2009).

[98] J. Bijnens, Prog. Part. Nucl. Phys. 58, 521 (2007). [99] P. Maris and C. D. Roberts, Phys. Rev. C56, 3369 (1997).

[100] K. Langfeld, H. Markum, R. Pullirsch, C. D. Roberts and S. M. Schmidt, Phys. Rev. C67, 065206 (2003).

[101] K. D. Lane, Phys. Rev. D10, 2605 (1974). [102] H. D. Politzer, Nucl. Phys. B117, 397 (1976). [103] T. Banks and A. Casher, Nucl. Phys. B169, 103 (1980). [104] M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). [105] M. A. B. Beg and A. Zepeda, Phys. Rev. D6, 2912 (1972).

[106] V. N. Pervushin and M. K. Volkov, Sov. J. Nucl. Phys.

20, 408 (1975), [Yad.Fiz.20:762-774,1974].

[107] J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984).

[108] R. Alkofer, A. Bender and C. D. Roberts, Int. J. Mod.

Phys. A10, 3319 (1995).

[109] V. V. Flambaum and R. B. Wiringa, Phys. Rev. C76, 054002 (2007).

[110] R. Courtland, New Sci. 207N2776, 10 (2010). [111] J. R. Andersen et al., Eur. Phys. J. Plus 126, 81 (2011). [112] M. S. Bhagwat, L. Chang, Y.-X. Liu, C. D. Roberts and P. C. Tandy, Phys. Rev. C76, 045203 (2007).

[113] W. A. Bardeen, A. Duncan, E. Eichten and H. Thacker, Phys. Rev. D62, 114505 (2000).

[114] S. Ahmad, J. T. Lenaghan and H. B. Thacker, Phys.

Rev. D72, 114511 (2005).

[115] J. B. Kogut and L. Susskind, Phys. Rev. D11, 3594 (1975).

[116] G. A. Christos, Phys. Rept. 116, 251 (1984). [117] E. Witten, Nucl. Phys. B156, 269 (1979). [118] G. Veneziano, Nucl. Phys. B159, 213 (1979). [119] R. Narayanan and H. Neuberger, Nucl. Phys. B696, 107 (2004).

[120] P. Di Vecchia, Phys. Lett. B85, 357 (1979). [121] R. J. Crewther, Phys. Lett. B70, 349 (1977). [122] R. J. Crewther, Acta Phys. Austriaca Suppl. 19, 47 (1978).

[123] C. Bini, Eur. Phys. J. A31, 446 (2007). [124] A. M. Green and S. Wycech, Phys. Rev. C68, 061601 (2003).

[125] C. D. Roberts, in Como 1996, Quark confinement and the hadron spectrum II (World Scientific, Singapore, 1996), chap. Confinement, diquarks and Goldstone’s theorem, pp. 224–230, nucl-th/9609039, Eds. N. Brambilla and G. M. Prosperi.

[126] C. D. Roberts, Phys. Part. Nucl. 30, 223 (1999). [127] A. Bender, W. Detmold, C. D. Roberts and A. W.

Thomas, Phys. Rev. C65, 065203 (2002).

[128] M. S. Bhagwat, A. Höll, A. Krassnigg, C. D. Roberts and P. C. Tandy, Phys. Rev. C70, 035205 (2004).

[129] C. J. Burden, L. Qian, C. D. Roberts, P. C. Tandy and M. J. Thomson, Phys. Rev. C55, 2649 (1997).

[130] P. Watson, W. Cassing and P. C. Tandy, Few Body Syst. 35, 129 (2004).

[131] P. Maris, AIP Conf. Proc. 892, 65 (2007). [132] C. S. Fischer and R. Williams, Phys. Rev. Lett. 103, 122001 (2009).

[133] A. Krassnigg, Phys. Rev. D80, 114010 (2009). [134] A. Krassnigg and M. Blank, Phys. Rev. D83, 096006 (2011).

[135] A. Höll, A. Krassnigg, C. D. Roberts and S. V. Wright, Int. J. Mod. Phys. A20, 1778 (2005).

[136] J. S. Ball and T.-W. Chiu, Phys. Rev. D22, 2542 (1980). [137] M. R. Frank, Phys. Rev. C51, 987 (1995). [138] C. D. Roberts, Nucl. Phys. A605, 475 (1996). [139] G. Eichmann, I. C. Cloët, R. Alkofer, A. Krassnigg and C. D. Roberts, Phys. Rev. C79, 012202 (2009).

[140] L. Chang, Y.-X. Liu and C. D. Roberts, Phys. Rev.

Lett. 106, 072001 (2011).

[141] G. Eichmann, Phys. Rev. D84, 014014 (2011). [142] L. Chang and C. D. Roberts, (arXiv:1104.4821 [nuclth]), Tracing masses of ground-state light-quark mesons.

[143] D. J. Wilson, I. C. Cloët, L. Chang and C. D. Roberts, (arXiv:1112.2212 [nucl-th]), Nucleon and Roper electromagnetic elastic and transition form factors.

[144] A. Kızılersü and M. R. Pennington, Phys. Rev. D79, 125020 (2009).

[145] A. Bashir, R. Bermudez, L. Chang and C. D. Roberts, (arXiv:1112.4847 [nucl-th]).

[146] M. S. Bhagwat and P. C. Tandy, Phys. Rev. D70, 094039 (2004).

[147] P. A. M. Dirac, Proc. Roy. Soc. Lond. A117, 610 (1928). [148] H. M. Foley and P. Kusch, Phys. Rev. 73, 412 (1948). [149] J. S. Schwinger, Phys. Rev. 73, 416 (1948). [150] P. J. Mohr, B. N. Taylor and D. B. Newell, Rev. Mod.

Phys. 80, 633 (2008).

[151] P. E. L. Rakow, Nucl. Phys. B356, 27 (1991). [152] M. Reenders, Phys. Rev. D62, 025001 (2000). [153] A. I. Davydychev, P. Osland and L. Saks, Phys. Rev.

D63, 014022 (2001).

[154] J. I. Skullerud, P. O. Bowman, A. Kızılersü, D. B. Leinweber and A. G. Williams, JHEP 04, 047 (2003).

[155] N. I. Kochelev, Phys. Lett. B426, 149 (1998). [156] D. Diakonov, Prog. Part. Nucl. Phys. 51, 173 (2003). [157] D. Ebert, R. N. Faustov and V. O. Galkin, Eur. Phys.

J. C47, 745 (2006).

[158] P. J. A. Bicudo, J. E. F. T. Ribeiro and R. Fernandes, Phys. Rev. C59, 1107 (1999).

[159] L. Chang, I. C. Cloët, C. D. Roberts and H. L. L.

Roberts, AIP Conf. Proc. 1354, 110 (2011).

[160] F. Jegerlehner and A. Nyffeler, Phys. Rept. 477, 1 (2009).

[161] T. Goecke, C. S. Fischer and R. Williams, Phys. Lett.

B704, 211 (2011).

[162] M. S. Bhagwat, A. Hoell, A. Krassnigg, C. D. Roberts and S. V. Wright, Few Body Syst. 40, 209 (2007).

[163] J. C. R. Bloch, Phys. Rev. D66, 034032 (2002). [164] H. L. L. Roberts, L. Chang, I. C. Cloët and C. D.

Roberts, Few Body Syst. 51, 1 (2011).

[165] J. R. Pelaez and G. Rios, Phys. Rev. Lett. 97, 242002 (2006).

[166] J. Ruiz de Elvira, J. R. Pelaez, M. R. Pennington and D. J. Wilson, Phys. Rev. D84, 096006 (2011).

[167] I. C. Cloët and C. D. Roberts, PoS LC2008, 047 (2008). [168] K. Nakamura et al., J. Phys. G37, 075021 (2010). [169] R. Alkofer, P. Watson and H. Weigel, Phys. Rev. D65, 094026 (2002).

[170] M. A. Pichowsky, S. Walawalkar and S. Capstick, Phys.

Rev. D60, 054030 (1999).

[171] G. Eichmann, R. Alkofer, I. C. Cloët, A. Krassnigg and C. D. Roberts, Phys. Rev. C77, 042202 (2008).

[172] J. J. Dudek, Phys. Rev. D84, 074023 (2011). [173] G. P. Engel, C. B. Lang, M. Limmer, D. Mohler and A. Schaefer, (arXiv:1112.1601 [hep-lat]).

[174] The Jefferson Lab F(pi), J. Volmer et al., Phys. Rev.

Lett. 86, 1713 (2001).

[175] Jefferson Lab F(pi)-2, T. Horn et al., Phys. Rev. Lett.

97, 192001 (2006).

[176] Jefferson Lab F(pi), V. Tadevosyan et al., Phys. Rev.

C75, 055205 (2007).

[177] K. Wijesooriya, P. E. Reimer and R. J. Holt, Phys. Rev.

C72, 065203 (2005).

[178] G. R. Farrar and D. R. Jackson, Phys. Rev. Lett. 43, 246 (1979).

[179] A. V. Efremov and A. V. Radyushkin, Phys. Lett. B94, 245 (1980).

[180] G. P. Lepage and S. J. Brodsky, Phys. Rev. D22, 2157 (1980).

[181] P. O. Bowman, U. M. Heller, D. B. Leinweber, M. B.

Parappilly and A. G. Williams, Phys. Rev. D70, 034509 (2004).

[182] D. Ebert, T. Feldmann and H. Reinhardt, Phys. Lett.

B388, 154 (1996).

[183] The BABAR, B. Aubert et al., Phys. Rev. D80, 052002 (2009).

[184] CELLO, H. J. Behrend et al., Z. Phys. C49, 401 (1991). [185] CLEO, J. Gronberg et al., Phys. Rev. D57, 33 (1998). [186] P. Maris and P. C. Tandy, Phys. Rev. C65, 045211 (2002).

[187] A. V. Radyushkin, Phys. Rev. D80, 094009 (2009). [188] M. V. Polyakov, JETP Lett. 90, 228 (2009). [189] M. B. Hecht, C. D. Roberts and S. M. Schmidt, Phys.

Rev. C63, 025213 (2001).

[190] S. V. Mikhailov and N. G. Stefanis, Mod. Phys. Lett.

A24, 2858 (2009).

[191] S. J. Brodsky, F.-G. Cao and G. F. de Teramond, Phys.

Rev. D84, 033001 (2011).

[192] A. P. Bakulev, S. V. Mikhailov, A. V. Pimikov and N. G.

Stefanis, Phys. Rev. D84, 034014 (2011).

[193] S. J. Brodsky, F.-G. Cao and G. F. de Teramond, Phys.

Rev. D84, 075012 (2011).

[194] BABAR, B. Aubert et al., Phys. Rev. D74, 012002 (2006).

[195] P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949). [196] Z. F. Ezawa, Nuovo Cim. A23, 271 (1974). [197] G. R. Farrar and D. R. Jackson, Phys. Rev. Lett. 35, 1416 (1975).

[198] Saclay-CERN-College de France-Ecole Poly-Orsay, J. Badier et al., Phys. Lett. B93, 354 (1980).

[199] NA3, J. Badier et al., Z. Phys. C18, 281 (1983). [200] NA10, B. Betev et al., Z. Phys. C28, 15 (1985). [201] J. S. Conway et al., Phys. Rev. D39, 92 (1989). [202] C. J. Burden, C. D. Roberts and M. J. Thomson, Phys.

Lett. B371, 163 (1996).

[203] B. El-Bennich, G. Krein, L. Chang, C. D. Roberts and D. J. Wilson, Phys. Rev. D (2011), Rapid Comm., in press, arXiv:1111.364 [nucl-th].

[204] M. Aicher, A. Schafer and W. Vogelsang, Phys. Rev.

Lett. 105, 252003 (2010).

[205] P. J. Sutton, A. D. Martin, R. G. Roberts and W. J.

Stirling, Phys. Rev. D45, 2349 (1992).

[206] M. Gluck, E. Reya and A. Vogt, Eur. Phys. J. C5, 461 (1998).

[207] L. Chang and C. D. Roberts, AIP Conf. Proc. 1261, 25 (2010).

[208] P. Bicudo, (nucl-th/0110052).

[209] P. Bicudo et al., Phys. Rev. D65, 076008 (2002). [210] CLEO, C. Bebek et al., Phys. Rev. Lett. 46, 84 (1981). [211] A. Krassnigg and P. Maris, J. Phys. Conf. Ser. 9, 153 (2005).

[212] P. Maris and P. C. Tandy, Nucl. Phys. Proc. Suppl.

161, 136 (2006).

[213] M. A. Ivanov, Y. L. Kalinovsky, P. Maris and C. D.

Roberts, Phys. Rev. C57, 1991 (1998).

[214] M. A. Ivanov, Y. L. Kalinovsky, P. Maris and C. D.

Roberts, Phys. Lett. B416, 29 (1998).

[215] P. Maris, A. Raya, C. D. Roberts and S. M. Schmidt, Eur. Phys. J. A18, 231 (2003).

[216] G. T. Bodwin, E. Braaten and G. P. Lepage, Phys. Rev.

D51, 1125 (1995).

[217] T. Nguyen, N. A. Souchlas and P. C. Tandy, AIP Conf.

Proc. 1361, 142 (2011).

[218] HPQCD, E. Gamiz, C. T. H. Davies, G. P. Lepage, J. Shigemitsu and M. Wingate, Phys. Rev. D80, 014503 (2009).

[219] B. El-Bennich, A. Furman, R. Kaminski, L. Lesniak and B. Loiseau, Phys. Rev. D74, 114009 (2006).

[220] D. R. Boito, J. P. Dedonder, B. El-Bennich, O. Leitner and B. Loiseau, Phys. Rev. D79, 034020 (2009).

[221] B. El-Bennich et al., Phys. Rev. D79, 094005 (2009). [222] P. C. Magalhaes et al., Phys. Rev. D84, 094001 (2011). [223] M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, Phys. Rev. Lett. 83, 1914 (1999).

[224] M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, Nucl. Phys. B591, 313 (2000).

[225] C. W. Bauer, S. Fleming, D. Pirjol and I. W. Stewart, Phys. Rev. D63, 114020 (2001).

[226] M. Beneke, A. P. Chapovsky, M. Diehl and T. Feldmann, Nucl. Phys. B643, 431 (2002).

[227] C. W. Bauer, D. Pirjol, I. Z. Rothstein and I. W. Stewart, Phys. Rev. D70, 054015 (2004).

[228] M. Beneke and S. Jager, Nucl. Phys. B751, 160 (2006). [229] M. A. Ivanov, J. G. Korner, S. G. Kovalenko and C. D.

Roberts, Phys. Rev. D76, 034018 (2007).

[230] B. El-Bennich, M. A. Ivanov and C. D. Roberts, Nucl.

Phys. Proc. Suppl. 199, 184 (2010).

[231] R. Casalbuoni et al., Phys. Rept. 281, 145 (1997). [232] B. El-Bennich, M. A. Ivanov and C. D. Roberts, Phys.

Rev. C83, 025205 (2011).

[233] G. Eichmann, (arXiv:1112.4888 [hep-ph]). [234] Jefferson Lab Hall A, M. K. Jones et al., Phys. Rev.

Lett. 84, 1398 (2000).

[235] R. T. Cahill, C. D. Roberts and J. Praschifka, Austral.

J. Phys. 42, 129 (1989).

[236] R. T. Cahill, C. D. Roberts and J. Praschifka, Phys.

Rev. D36, 2804 (1987).

[237] P. Maris, Few Body Syst. 32, 41 (2002). [238] P. Maris, Few Body Syst. 35, 117 (2004). [239] A. Buck, R. Alkofer and H. Reinhardt, Phys. Lett.

B286, 29 (1992).

[240] W. Bentz, I. C. Cloët, T. Ito, A. W. Thomas and K. Yazaki, Prog. Part. Nucl. Phys. 61, 238 (2008).

[241] N. Suzuki et al., Phys. Rev. Lett. 104, 042302 (2010). [242] A. M. Gasparyan, J. Haidenbauer, C. Hanhart and J. Speth, Phys. Rev. C68, 045207 (2003).

[243] I. G. Aznauryan, V. D. Burkert and V. I. Mokeev, (arXiv:1108.1125 [nucl-ex]).

[244] R. W. Gothe, (arXiv:1108.4703 [nucl-ex]). [245] C. D. Roberts, I. C. Cloët, L. Chang and H. L. L.

Roberts, (arXiv:1108.1327 [nucl-th]). [246] W. Pauli, Nuovo Cim. 6, 204 (1957). [247] F. Gürsey, Nuovo Cim. 7, 411 (1958).

[248] M. Oettel, M. Pichowsky and L. von Smekal, Eur. Phys.

J. A8, 251 (2000).

[249] J. Praschifka, R. T. Cahill and C. D. Roberts, Int. J.

Mod. Phys. A4, 4929 (1989).

[250] H. L. L. Roberts, L. Chang, I. C. Cloet and C. D.

Roberts, arXiv:1007.3566 [nucl-th], “Exposing the dressed quark’s mass” in Proceedings of the 4th Workshop on Exclusive Reactions at High Momentum Transfer, 18-21 May 2010, Newport News, Virginia, ed. A.Radyushkin (World Scientific, Singapore, 2011).

[251] K. de Jager, Int. J. Mod. Phys. E19, 844 (2010). [252] A. J. R. Puckett et al., Phys. Rev. Lett. 104, 242301 (2010).

[253] S. Riordan et al., Phys. Rev. Lett. 105, 262302 (2010). [254] F. T. Hawes and M. A. Pichowsky, Phys. Rev. C59, 1743 (1999).

[255] M. Kohl, Nucl. Phys. A805, 361 (2008). [256] S. J. Brodsky and J. R. Hiller, Phys. Rev. D46, 2141 (1992).

[257] J. C. R. Bloch, C. D. Roberts, S. M. Schmidt, A. Bender and M. R. Frank, Phys. Rev. C60, 062201 (1999).

[258] J. J. Kelly, Phys. Rev. C70, 068202 (2004). [259] C. D. Roberts, R. T. Cahill, M. E. Sevior and N. Iannella, Phys. Rev. D49, 125 (1994).

[260] Jefferson Lab Hall A, O. Gayou et al., Phys. Rev. Lett.

88, 092301 (2002).

[261] I. A. Qattan et al., Phys. Rev. Lett. 94, 142301 (2005). [262] V. Punjabi et al., Phys. Rev. C71, 055202 (2005). [263] A. J. R. Puckett et al., (arXiv:1102.5737 [nucl-ex]). [264] G. D. Cates, C. W. de Jager, S. Riordan and B. Wojtsekhowski, Phys. Rev. Lett. 106, 252003 (2011).

[265] J. C. R. Bloch, A. Krassnigg and C. D. Roberts, Few Body Syst. 33, 219 (2003).

[266] O. Hen, A. Accardi, W. Melnitchouk and E. Piasetzky, (arXiv:1110.2419 [hep-ph]).

[267] R. J. Holt and J. R. Arrington, AIP Conf. Proc. 1261, 79 (2010).

[268] B. Muller and J. L. Nagle, Ann. Rev. Nucl. Part. Sci.

56, 93 (2006).

[269] O. Philipsen, Eur. Phys. J. ST 152, 29 (2007). [270] L. McLerran and R. D. Pisarski, Nucl. Phys. A796, 83 (2007).

[271] M. A. Stephanov, K. Rajagopal and E. V. Shuryak, Phys. Rev. Lett. 81, 4816 (1998).

[272] B. Mohanty, Nucl. Phys. A830, 899c (2009). [273] Z. Fodor and S. D. Katz, JHEP 04, 050 (2004). [274] P. de Forcrand and S. Kratochvila, Nucl. Phys. Proc.

Suppl. 153, 62 (2006).

[275] P. de Forcrand and O. Philipsen, JHEP 01, 077 (2007). [276] C. Sasaki, B. Friman and K. Redlich, Phys. Rev. D77, 034024 (2008).

[277] P. Costa, M. C. Ruivo and C. A. de Sousa, Phys. Rev.

D77, 096001 (2008).

[278] W.-j. Fu, Z. Zhang and Y.-x. Liu, Phys. Rev. D77,

014006 (2008).

[279] H. Abuki, R. Anglani, R. Gatto, G. Nardulli and M. Ruggieri, Phys. Rev. D78, 034034 (2008).

[280] B.-J. Schaefer and M. Wagner, Phys. Rev. D79, 014018 (2009).

[281] P. Costa, H. Hansen, M. C. Ruivo and C. A. de Sousa, Phys. Rev. D81, 016007 (2010).

[282] P. Kovacs and Z. Szep, Phys. Rev. D77, 065016 (2008). [283] B.-J. Schaefer, J. M. Pawlowski and J. Wambach, Phys.

Rev. D76, 074023 (2007).

[284] R. A. Lacey et al., arXiv:0708.3512 [nucl-ex], “An estimate for the location of QCD critical end point”.

[285] M. He, J.-F. Li, W.-M. Sun and H.-S. Zong, Phys. Rev.

D79, 036001 (2009).

[286] A. Cucchieri, A. Maas and T. Mendes, Phys. Rev. D75, 076003 (2007).

[287] P. Maris, C. D. Roberts, S. M. Schmidt and P. C. Tandy, Phys. Rev. C63, 025202 (2001).

[288] A. Ayala and A. Bashir, Phys.Rev. D64, 025015 (2001). [289] A. Höll, P. Maris and C. D. Roberts, Phys. Rev. C59, 1751 (1999).

[290] L. Chang, Y.-X. Liu, M. S. Bhagwat, C. D. Roberts and S. V. Wright, Phys. Rev. C75, 015201 (2007).

[291] Y. Zhao, L. Chang, W. Yuan and Y.-X. Liu, Eur. Phys.

J. C56, 483 (2008).

[292] Nucl. Phys. A 750, 1 (2005), Proceedings of the Workshop on New Discoveries at RHIC : The Current Case for the Strongly Interactive QGP, eds. D. Rischke and G. Levin.

[293] H. Song and U. W. Heinz, J. Phys. G36, 064033 (2009). [294] M. Müller, J. Schmalian and L. Fritz, Phys. Rev. Lett.

103, 025301 (2009).

[295] R. D. Pisarski, Phys. Rev. Lett. 63, 1129 (1989). [296] E. Braaten, R. D. Pisarski and T.-C. Yuan, Phys. Rev.

Lett. 64, 2242 (1990).

[297] J.-P. Blaizot and E. Iancu, Phys. Rept. 359, 355 (2002). [298] F. Karsch and M. Kitazawa, Phys. Rev. D80, 056001 (2009).

[299] R. Williams, C. S. Fischer and M. R. Pennington, Phys.

Lett. B645, 167 (2007).

[300] D. Nickel, Annals Phys. 322, 1949 (2007). [301] J. A. Mueller, C. S. Fischer and D. Nickel, Eur. Phys.

J. C70, 1037 (2010).

[302] Y. Aoki et al., JHEP 06, 088 (2009). [303] H. A. Weldon, Phys. Rev. D65, 076010 (2002). [304] M. Kitazawa, T. Kunihiro and Y. Nemoto, Phys. Lett.

B633, 269 (2006).

[305] M. Kitazawa, T. Kunihiro and Y. Nemoto, Prog. Theor.

Phys. 117, 103 (2007).

[306] M. Kitazawa, T. Kunihiro, K. Mitsutani and Y. Nemoto, Phys. Rev. D77, 045034 (2008).

[307] B. Janko, M. J. and K. Levin, Phys. Rev. B 56 (1997).