arXiv:1201.3389v2 [quant-ph] 20 Jan 2012

Canonical quantization of the Dirac oscillator field in (1+1) and (3+1) dimensions

C. J. Quimbay^{∗†} and R. A. Hernandez^‡ Departamento de Física, Universidad Nacional de Colombia.

Ciudad Universitaria, Bogotá D.C., Colombia.

Y. F. Pérez^§ Escuela de Física, Universidad Pedagógica y Tecnológica de Colombia, Tunja, Colombia (Dated: January 23, 2012)

Abstract

The main goal of this work is to study the Dirac oscillator as a quantum field using the canonical formalism of quantum field theory and to develop the canonical quantization procedure for this system in (1 + 1) and (3 + 1) dimensions. This is possible because the Dirac oscillator is characterized by the absence of the Klein paradox and by the completeness of its eigenfunctions. We show that the Dirac oscillator field can be seen as constituted by infinite degrees of freedom which are identified as decoupled quantum linear harmonic oscillators. We observe that while for the free Dirac field the energy quanta of the infinite harmonic oscillators are the relativistic energies of free particles, for the Dirac oscillator field the quanta are the energies of relativistic linear harmonic oscillators.

Keywords: Quantum field theory, Dirac oscillator, canonical quantization formalism, relativistic harmonic oscillators.

PACS Codes: 11.10.Wx, 11.15.Ex, 14.70.Fm.

∗ Associate researcher of Centro Internacional de Física, Bogotá D.C., Colombia. †Electronic address: cjquimbayh@unal.edu.co ‡Electronic address: rahernandezm@unal.edu.co §Electronic address: yuber.perez@uptc.edu.co

I. INTRODUCTION

Quantum states of a relativistic massive fermion are described by four-components wave functions called Dirac spinors. These wave functions, which are solutions of the Dirac equation, describe states of positive and negative energy. For the case where fermions carry the electric charge q, the electromagnetic interaction of fermions can be included by means of the electromagnetic fourpotential A^μ, which is introduced in the Dirac equation through the so called minimal substitution, changing the fourmomentum such as p^μ → p^μ − qA^μ. It is also possible to introduce a linear harmonic potential in the Dirac equation by substituting ⃗p → ⃗p − imωβ⃗r, where m is the fermion mass, ω represents an oscillator frequency, r is the distance of the fermion respects to the origin of the linear potential and β = γ^0 corresponds to the diagonal Dirac matrix.

The Dirac equation including the linear harmonic potential was initially studied by Itô et al. [1], Cook [2] and Ui et al. [3]. This system was latterly called by Moshinsky and Szczepaniak as Dirac oscillator [4], because it behaves as an harmonic oscillator with a strong spin-orbit coupling in the non-relativistic limit. As a relativistic quantum mechanical system, the Dirac oscillator has been widely studied. Several properties from this system have been considered in (1+1), (2+1), (3+1) dimensions [5]-[28]. Specifically, for the Dirac oscillator have been studied several properties as its covariance [6], its energy spectrum, its corresponding eigenfunctions and the form of the electromagnetic potential associated with its interaction in (3+1) dimensions [7], its Lie Algebra symmetries [8], the conditions for the existence of bound states [9], its connection with supersymmetric (non-relativistic) quantum mechanics [10], the absence of the Klein paradox in this system [11], its conformal invariance [12], its complete energy spectrum and its corresponding eigenfunctions in (2+1) dimensions [13], the existence of a physical picture for its interaction [14]. For this system, other aspects have been also studied as the completeness of its eigenfunctions in (1+1) and (3+1) dimensions [15], its thermodynamic properties in (1+1) dimensions [16], the characteristics of its two-point Green functions [17], its energy spectrum in the presence of the Aharonov-Bohm effect [18], the momenta representation of its exact solutions [19], the Lorenz deformed covariant algebra for the Dirac oscillator in (1+1) dimension [20], the properties of its propagator in (1+1) dimensions using the supersymmetric path integral formalism [21], its exact mapping onto a Jaynes-Cummings model [22], its nonrelativistic limit in (2+1) dimensions interpreted in terms of a Ramsey-interferometry effect [23], the existence of a chiral phase transition for this system in (2+1) dimensions in presence of a constant magnetic field [24], a new representation for its solutions using the Clifford algebra [25], its dynamics in presence of a two-component external field

[26], the relativistic Landau levels for this system in presence of a external magnetic field in (2+1) dimensions [27] and its relationship with (Anti)-Jaynes-Cummings models in a (2+1) dimensional noncommutative space [28].

Some possible applications of the Dirac oscillator have been developed. For instance, the hadronic spectrum has been studied using the two-body Dirac oscillator in [5, 29] and the references therein. The Dirac oscillator in (2+1) dimension has been used as a framework to study some condensed matter physical phenomena such as the study of electrons in two dimensional materials, which can be applied to study some aspects of the physics of graphene [30]. This system has also been used in quantum optics to describe the interaction of atoms with electromagnetic fields in cavities (the Jaynes-Cummings model) [30].

The standard point of view of the Quantum Field Theory (QFT) establishes that an excitation of one of the infinite degrees of freedom that constitute the free Dirac quantum field can be interpreted as a free relativistic massive fermion [31]. The free Dirac quantum field which describes the quantum dynamics of a non-interacting relativistic massive fermion can be seen as constituted by infinite decoupled quantum harmonic oscillators. In this scheme a non-interacting relativistic massive fermion is described as an excitation of a degree of freedom of the free Dirac quantum field [31]. For the free Dirac field the energy quanta of the infinite harmonic oscillators are relativistic energies of free fermions or antifermions. An analogous situation is presented in the description of a non-interacting relativistic boson as an excitation of one of the infinite degrees of freedom (harmonic oscillators) that constitute a free bosonic quantum field [31]. For the free Boson field the energy quanta of the infinite harmonic oscillators are relativistic energies of free bosons.

On the other hand, the Dirac oscillator, which describes the interacting system constituted by a relativistic massive fermion under the action of a linear harmonic potential, has not been studied as a quantum field up to now. In this direction, we show that it is possible to study consistently the Dirac oscillator as a QFT system. The main goal of this work is to consider the Dirac oscillator as a field and perform the canonical quantization procedure of the Dirac oscillator field in (1+1) and (3+1) dimensions. We can do it, in the first place, because the Dirac oscillator is characterized by the absence of the Klein paradox [11], that allows to distinguish between positive and negative energy states [32]. In the second place, the Dirac oscillator is an interacting system in which there exist bound states that are defined by means of specific quantum numbers. This aspect means that the solution of the Dirac oscillator equation leads to both a well-known energy spectrum and an eigenfunction set which satisfies the completeness and orthonormality conditions in (1+1) and (3+1) dimensions [15]. Thus the Dirac oscillator field can be consistently treated as a quantum field because it can be written in terms of a Fourier expansion of that eigenfunction set. We observe that after the canonical quantization procedure, the Dirac oscillator field can be seen as constituted by infinite relativistic decoupled quantum linear harmonic oscillators.

The canonical quantization procedure for the Dirac oscillator field starts from writing the Hamiltonian operator for this system in terms of annihilation and creation operators satisfying the usual anticommutation relations. This procedure allow us to obtain the Feynman propagator for the Dirac oscillator field. Thus we are able to study the differences between the Dirac oscillator field and the free Dirac field. We note that while for the free Dirac field the energy quanta of the infinite harmonic oscillators are relativistic energies of free particles, for the Dirac oscillator quantum field the quanta are energies of relativistic linear harmonic oscillators.

This work is presented as follows: First, in section 2 we introduce the notation used in this paper presenting the relevant aspects of the standard canonical quantization procedure for the free Dirac field in 3+1 dimensions. Next, in section 3 we study the Dirac oscillator system in 1+1 dimensions from a point of view of quantum relativistic mechanics; additionally we describe some aspects of the Dirac’s sea picture for this system and we develop the canonical quantization procedure for the Dirac oscillator field in 1+1 dimensions. Posteriorly, in section 4 we study the canonical quantization procedure for the Dirac oscillator field in 3+1 dimensions. Finally, in section 5 we present some conclusions of this work.

II. CANONICAL QUANTIZATION FOR THE FREE DIRAC FIELD

In this section we present the main steps of the standard canonical quantization procedure of the free Dirac field following the procedure developed in [31]. The equation of motion for a free relativistic fermion of mass m is given by the Dirac equation (iγ^μ∂_μ − m)ψ(⃗r, t) = 0, (1) where we have taken ℏ = c = 1. In this equation γ^μ represents the Dirac matrices obeying the Clifford algebra {γ^μ, γ^ν } = 2g^{μν} and ψ(⃗r, t) represents the four-component spinor wave functions. The four linearly independent solutions from the Dirac equation are plane waves of the form ψ^r_{⃗p}(⃗r, t) = (2π)^{−3/2} √_m E_{⃗p} wr(⃗p)e −iϵ_r (E_{⃗p}t−⃗p·⃗r), where E ⃗p is given by E_{⃗p} = + √ ⃗p^2 + m^2. The two solutions of relativistic free-particle positive energy are described by r = 1, 2 while the two solutions of relativistic free-particle negative energy are described by r = 3, 4. The sign function ϵ_r takes the value ϵ_r = 1, for r = 1, 2, and ϵ_r = −1, for r = 3, 4. Additionally, the spinors w_r(⃗p) obey the equation (γ_μp^μ − ϵ_rm)w_r(⃗p) = 0.

In a quantum field theory treatment, ψ(⃗r, t) is the free Dirac field. The Hamiltonian associated to this field is H = ∫ d^3xψ^†(−iα · ∇ + mβ)ψ, where the matrices α, β are defined as α_i = γ^0γ^i, β = γ^0. The canonical quantization procedure of the free Dirac field starts by replacing the fields ψ(⃗r, t) and ψ^†(⃗r, t) with the fields operators ψ̂(⃗r, t) and ψ̂^†(⃗r, t) which obey the usual commutation relations of the Jordan-Wigner type [31]. The Fourier expansion of the free Dirac field operator ψ̂(⃗r, t), in terms of the plane waves functions, is written as ψ̂(⃗r, t) =^4 ∑ r=1 ∫ d^3p (2π)^{3/2} √ m E_{⃗p} â(⃗p, r)w_r(⃗p)e^{−iϵr p·x}, (2) where p · x ≡ p_μx^μ = E_{⃗p}t − ⃗p ·⃗r and â(⃗p, r) is an operator. The operators â(⃗p, r) and its conjugated â^†(⃗p, r) satisfy the usual anticommutation relations. The Hamiltonian operator Ĥ associated to this system is defined in terms of the Dirac field operators ψ̂(⃗r, t) and ψ̂^†(⃗r, t). Using the Fourier expansion of the free Dirac field operator, Ĥ can be written as Ĥ = ∫ d^3pE_{⃗p} [∑_2 r=1 n̂_{⃗p,⃗r} + ∑_4 r=3 ^̄n_{⃗p,⃗r} ] , where n̂_{⃗p,⃗r} = â^†(⃗p, r)â(⃗p, r) is the particle-number operator and ^̄n_{⃗p,⃗r} = â(⃗p, r)â^†(⃗p, r) is the antiparticle-number operator. In this Hamiltonian operator, which is positively defined, the Dirac’s see picture has been used and the zero-point energy contribution has been subtracted [31].

Now it is possible to introduced the following canonical transformations over the annihilation and creation operators that allow to differentiate between operators associated to particles and antiparticles: ĉ(⃗p, +s) = â(⃗p, 1), ĉ(⃗p, −s) = â(⃗p, 2), d̂^†(⃗p, +s) = â(⃗p, 3), d̂^†(⃗p, −s) = â(⃗p, 4). With these transformations, the following identifications are possible: ĉ(⃗p, s) and ĉ^†(⃗p, s) represent the annihilation and the creation operators of particles, respectively; d̂(⃗p, s) and d̂^†(⃗p, s) represent the annihilation and the creation operators of antiparticles, respectively. Using the operators ĉ(⃗p, s), ĉ^†(⃗p, s), d̂(⃗p, s) and d̂^†(⃗p, s), the Hamiltonian operator of the free Dirac field can be written as [31] Ĥ = ∑ s ∫ d^3p E_{⃗p} ( n̂^{(c)}_{⃗p,s} + n̂^{(d)}_{⃗p,s} ) , (3)

where n̂^{(c)}_{⃗p,s} = ĉ^†(⃗p, s)ĉ(⃗p, s) represents the fermion-number operator and n̂^{(d)}_{⃗p,s} = d̂^†(⃗p, s)d̂(⃗p, s) represents the antifermion-number operator. It is possible to observe that ĉ^†(⃗p, s) creates a fermion of mass m having energy E_{⃗p}, momentum ⃗p, charge +e and projection of spin +s, whereas d̂^†(⃗p, s) creates an antifermion of the same mass having the same energy, the same momentum, charge −e and projection of spin −s. In this scheme, a free relativistic massive fermion is described as an excitation from a degree of freedom of the free Dirac quantum field. For the free Dirac field, the energy quanta of the infinite harmonic oscillators are the relativistic energies E_{⃗p} of free fermions or antifermions.

Finally, the Feynman propagator S^F_{αβ} (x − y) of the free Dirac field is defined as iS^F_{αβ} (x − y) = ⟨0| T̂ ( ψ̂_α(x) ^̄ψ_β (y) ) |0⟩. By using the plane wave expansion, this propagator can be re-written as iS^F_{αβ} (x − y) = (iγ^μ∂_μ − m)δ_{αβ} iΔ_F (x − y), where iΔ_F (x − y) represents the Feynman propagator of a scalar field.

III. DIRAC OSCILLATOR IN THE (1+1) DIMENSIONAL CASE

One of the most important and well studied systems in non-relativistic quantum mechanics is the harmonic oscillator. This system is characterized by its simplicity and usefulness. The harmonic oscillator is a simple system due to the fact that its Hamiltonian operator is quadratic both in coordinates and momenta. An analogous system in relativistic quantum mechanics is given by a linear interaction term introduced in the Dirac equation. In fact the Dirac equation corresponds to the linearization of relativistic Schrödinger equation. So the harmonic potential must be introduced in the Dirac equation as the quadratic root of the quadratic potential, i. e. the potential must be linear. The interacting system constituted by a relativistic massive fermion under the action of a linear potential is known as the Dirac oscillator [4]-[29].

In this section we will consider the Dirac oscillator in the (1+1) dimensional case. Initially we will obtain the energy spectrum and the wave functions describing the quantum states of this system. Next we develop the canonical quantization procedure for the Dirac oscillator field in 1+1 dimensions.

A. Spectrum and wave functions in (1+1) dimensions

The linear interaction over a relativistic fermion of mass m that moves in one-dimension over the z axis is introduced into the Dirac equation [4, 7, 14] by substituting the momentum p_z as p̂_z → p̂_z −imωγ^0ẑ, where ω is the frequency associated to the oscillator. Thus, the one-dimensional Dirac oscillator equation takes the form (ℏ = c = 1) i ∂ ∂t |ψ⟩ = (α_3 · (p̂_z − imωβẑ) + βm) |ψ⟩ . (4) The solution of equation (4) allows to obtain both the energy spectrum and the wave functions describing the quantum states of this system. As we will show furtherly, these wave functions will be used in the canonical quantization procedure of this system. Given that the interaction does not mix positive and negative energies, it can be possible to rewrite the four-component spinor state in eq. (4) as

|ψ⟩ = |ϕ⟩ |χ⟩ , (5)

where |ϕ⟩ and |χ⟩ are spinors. If we use the standard representation of the Dirac matrices, the

time independent Hamiltonian equation takes the form

m σ^3 · (p̂^z + imωẑ) σ_3 · (p̂_z − imωẑ) −m |ϕ⟩ |χ⟩ = E |ϕ⟩ |χ⟩ , (6) which leads to the following coupled equations (E − m) |ϕ⟩ = σ_3 · (p̂_z + imωẑ) |χ⟩ , (7a) (E + m) |χ⟩ = σ_3 · (p̂_z − imωẑ) |ϕ⟩ . (7b) Starting from (7a) and (7b), we obtain that ( p̂^2_z + (mω)^2ẑ^2 ) |ψ⟩ = ( (E^2 − m^2)I+ mωβ ) |ψ⟩ , (8) where the commutation relations between the operators p̂_z and ẑ have been taken into account. In

the last equation, I is the identity matrix 4 × 4 and β is the Dirac matrix γ^0. Using the following

reparametrization [7]

ζ̂ = (mω)^1_2 ẑ, (9a)

p̂_ζ = (mω)^{− 12} p̂_z, (9b)

it is possible to write the last equation as ( p̂^2_ζ + ζ̂^2 ) |ψ⟩ = η_± |ψ⟩ , (10) where

η_± =

E^2 − m^2 mω ± 1. (11)

We note that the equations (7a) and (7b), for the states |ϕ⟩ and |χ⟩, allow to the equation (10)

that has the form of a harmonic oscillator equation. This result suggests us that we can introduce

the creation and annihilation operators given by

â^† = 1 √ 2 ( ζ̂ − ip̂_ζ ) , â = 1 √ 2 ( ζ̂ + ip̂_ζ ) , (12) with the purpose to obtain the eigenvalues of the system. In this way, using these operators, the equations (7a) and (7b) have the form |ϕ⟩ = i √ 2mω E − m σ_3â^† |χ⟩ , (13a) |χ⟩ = −i √ 2mω E + m σ_3â |ϕ⟩ . (13b)

Substituting again (13a) into (13b), it is possible to find the following equation for the state |ϕ⟩ |ϕ⟩ = 2mω E^2_n − m^2 N̂ |ϕ⟩ , (14) while the state |χ⟩ satisfies |χ⟩ = 2mω E^2_n′_{+1} − m^2

(N̂ + 1) |χ⟩ , (15)

where N̂ = â^†â is the occupation number operator of the state. Since N̂ determines the energy level of the state where the particle (antiparticle) is, then the energy spectrum can be deduced from (14) and (15). Therefore we have

• From (13a), the energy spectrum for positive energy states is

E^2_n = 2nmω + m^2. (16)

• From (13b), the energy spectrum for negative energy states is

E^2_n′_{+1} = 2(n^′ + 1)mω + m^2. (17)

These energy spectrums for fermions and antifermions can be written simultaneously if we impose the following quantum number condition

n^′ = n − 1, with n ≠ 0, (18)

thus the total spectrum can be written as [15]

E_n = ± ( 2 |n| mω + m^2 ) 1_2

, con n ∈ Z. (19)

The upper sign in this expression is taken for n ≥ 0, while the lower sign is for n < 0 [15], therefore E_{−n} = −E_n (for n ≠ 0), i. e. the negative quantum numbers correspond to the negative energy states. We observe from (19), that the lower positive energy state whose energy value is m corresponds to the state with n = 0, while the greater negative energy state whose energy value is

− ( 2mω + m^2

) 1_2 corresponds to the state n = −1. Additionally, we observe that if ω ≪ m, then the energy difference between the states ϕ_0 and χ_{−1} is ΔE = 2m+ω. For ω = 0, i. e. the harmonic potential vanishes into eq. (4), then ΔE = 2m, which is a well known result obtained from the Dirac equation in the free case.

By using the previous results, the states of the system can be written as

|ψ_n⟩ = |ϕ^n⟩ |χ_n⟩ , (20)

where the quantum number n, which is an integer number, can describe positive and negative energy states. Using the expression (13b), we can write that

|ψ_n⟩ = |ϕ^n⟩ −i √ 2mω E+m σ_3â |ϕ_n⟩ . (21)

If we apply the occupation number operator N̂ over the state of a system described by |ψ_n⟩, we obtain N̂ |ψ_n⟩ = |n| |ϕ_n⟩ (|n| − 1) |χ_n⟩ , (22)

where we have assumed that the state |ϕ_n⟩ has an occupation number given by |n| and where we have used the relation (13b) and the properties of the creation and annihilation operators. For the last expression, we realize that the lowest spinor |χ_n⟩ has associated the occupation number given by |n| − 1. Thus the states |ϕ_n⟩ and |χ_n⟩ can be written as

|ϕ_n⟩ = |n⟩ ξ^1_n, (23a) |χ_n⟩ = |n − 1⟩ ξ^2_n, (23b)

where ξ^{1,2}_n represent the two-component spinors and |n⟩ represents a state with occupation number |n|. In consequence, the states of the system are rewritten as

|ψ_n⟩ = |n⟩ ξ^1_n |n − 1⟩ ξ^2_n . (24)

Taking into account that the creation â^† and annihilation â operators satisfy that â^† |n⟩ = √ |n| + 1 |n + 1⟩, â |n⟩ = √ |n| |n − 1⟩, then these operators acting on the state |ψ_n⟩ allow to â^† |ψ_n⟩ = √ |n| + 1 |n + 1⟩ ξ^1_{n+1} √ |n| |n⟩ ξ^2_{n+1} , for n ≠ −1, (25a)

â |ψ_n⟩ = √ |n| |n − 1⟩ ξ^1_{n−1} √ |n − 1| |n − 2⟩ ξ^2_{n−1} , for n ≠ 0, (25b)

whereas these operators acting on the states |ψ_0⟩ y |ψ_{−1}⟩, which have associate the occupation numbers n = 0, −1, respectively, allow to

â |ψ_0⟩ = 1 2 (1 − β) |ψ_{−1}⟩ , (26a) â^† |ψ_{−1}⟩ = √ 2 |ψ_0⟩ . (26b)

In figure 1 we have schematically represented the action of the creation and annihilation operators on the positive and negative energy states. We observe that the effect of the annihilation operator on the state |ψ_0⟩, which corresponds to the lowest positive energy state, is such that it does not annihilate the state but it drives it to the state |ψ_{−1}⟩, which corresponds to the greater negative energy state. Likewise, the effect of applying the creation operator on the state |ψ_{−1}⟩ is such that it does not annihilate that state, but drives it to the state |ψ_0⟩. Therefore, we observe that the appearing of the negative energy states generates the well known problem of the Dirac theory: a minimal energy state does not exist, then it is possible to obtain an infinite energy amount from this system. In order to give a solution to this problem, it is necessary to introduce the Dirac’s sea picture for the Dirac oscillator which will be performed by means of the canonical quantization for this system.

After calculating the energy spectrum of the one-dimensional Dirac oscillator, we proceed to obtain the wave functions. We substitute (5) into (10), then we obtain the following differential equation for the wave function associated to the bispinor |ϕ⟩ [ d^2 dζ^2 + ( η_+ − ζ^2 )] ϕ(ζ) = 0, (27)

where we have used the coordinate representation of the wave function given by ϕ(ζ) = ⟨ζ| |ϕ⟩. The differential equation (27) corresponds to the one of a relativistic harmonic oscillator, whose solution is [15]

ϕ_n(ζ) = N_{|n|}H_{|n|}(ζ)e^{− ζ22} ξ^1_n. (28)

E

m

-m

E_0

E_1

E_2

E_3

E_{−1} E_{−2} E_{−3} â^† â â^† â

â^† |ψ_{−1}⟩ â |ψ_0⟩

Figure 1: Energy spectrum of the one-dimensional Dirac oscillator and the action of the creation and annihilation operator on some system states.

Likewise the solution to the differential equation associated to the wave function χ_n(ζ) = ⟨ζ| |χ_n⟩ has the form

χ_n(ζ) = N_{|n|−1}H_{|n|−1}(ζ)e^{− ζ22} ξ^2_n. (29)

In the expressions for ϕ_n(ζ) and χ_n(ζ), H_n(ζ) represent the Hermite polynomials. Now, from the expression (13b) we can obtain the following relation between the spinors ξ^1_n and ξ^2_n

ξ^2_n = −i √ E_n − m E_n + m σ_3 ξ^1_n, (30)

where we have used the properties of the creation and annihilation operators and the definitions given by (23). Now it is possible to write

ξ^1_n = √_{En+m} 2E_n 0 , (31a)

ξ^2_n = −i √_{En−m} 2E_n 0 . (31b)

We observe that the spinor ξ^2_n is annihilated for the case n = 0, which implies |χ_0⟩ ≡ 0. So the most general solution for the one-dimensional Dirac oscillator equation (4) is given by [15, 21]

ψ_n(z, t) = √ mω ϕ^n(z)ξ^{1n} χ_n(z)ξ^2_n e^{−iE}n^t, (32) where the normalization for the wave functions has been performed and n = 0, ±1, ±2, . . .. Finally, we can write the one-dimensional Dirac oscillator equation (4) in its explicit covariant form [7, 14]

(iγ^μ∂_μ − m + σ^{μν} F_{μν} )ψ = 0, (33)

where σ^{μν} =^i_2 [γ^μ, γ^ν ] and the field-strength tensor F_{μν} associated to the harmonic interaction presents in this system is given by

F_{μν} = ∂_μA_ν − ∂_ν A_μ, (34)

where we have defined the fourpotential associated to the interaction as

A_μ = 1 4 ( 2(u · x)x_μ − x^2u_μ ) . (35)

In the last expression u_μ = (mω,⃗0) is a fourvector that depends on the reference frame. In the references [7, 14], two different physical pictures for the interaction of the Dirac oscillator have been considered.

B. Canonical quantization procedure in (1+1) dimensions

By means of the previously defined quantities, we introduce the Lagrangian density of the system as L = ψ̄(iγ^μ∂_μ − m)ψ + ψ̄σ^{μν} ψ F_{μν} , (36) which, by using the Euler-Lagrange motion equation, gives the one-dimensional Dirac oscillator equation (33). As the Lagrangian density has an explicit dependence on the position coordinate x, it is not possible to determine the energy-momentum tensor of the system [33]. However, it can be found that the Hamiltonian density is H = ψ^†(−iα_3 · (∂_z + mωβz) + βm)ψ. (37) To follow the standard canonical quantization procedure [31], we initially impose the following commutation relations of the Jordan-Wigner type for the fermion fields { ψ̂_α(z, t), ψ̂^†_β (z^′, t) } = δ_{αβ} δ(z − z^′), (38) { ψ̂_α(z, t), ψ̂_β (z^′, t) } = 0, (39) { ψ̂^†_α(z, t), ψ̂^†_β (z^′, t) } = 0. (40)

Using these relations, we obtain the Hamiltonian operator for the Dirac oscillator field operator ψ̂ in the form Ĥ = ∫ dz ψ̂^†(−iα_3 · (∂_z + mωβz) + βm)ψ̂. (41) Considering that the Heisenberg equation for the field operator ψ̂ is given by ^̇ψ(z, t) = −i[ψ̂(z, t), Ĥ], then we can obtain that the motion equation for the Dirac oscillator field operator is i ^̇ψ(z, t) = (−iα_3 · (∂_z + mωβz) + βm) ψ̂(z, t). (42) Now we write the Dirac oscillator field operator using the wave functions of the Dirac oscillator (32) as the base of the expansion. These wave functions are written in terms of the Hermite polynomials which represent a complete set of orthonormal polynomials. Thus, the Fourier serie expansion for the Dirac oscillator field operator can be written as ψ̂(z, t) =^∞ ∑ n=−∞ b̂_nψ_n(z, t)e^{−iE}n^t

= ∞∑ n=0 b̂_nu_n(z)e^{−iE}n^t +^∞ ∑ n=1 b̂_{−n}ν_n(z)e^{iE}n^t

= ψ̂_+(z, t) + ψ̂_−(z, t), (43) where the positive and negative energy contributions have been separated ψ̂_±(z, t) and the spinors u_n(z) and ν_n(z) have been defined as

u_n(z) = ϕ^n(z)ξ^{1n} χ_n(z)ξ^2_n , ν_n(z) = ϕ^{−n}(z)ξ^{1−n} χ_{−n}(z)ξ^1_{−n} . (44) If we make use of the anticommutation relations for the fields (38), (39) and (40), we can verify that creation b̂^†_n and annihilation b̂_n operators of positive (for n ≥ 0) and negative (for n < 0) energy particles satisfy the following anticommutation relations { b̂_n, b̂^†_m } = δ_{n,m}, (45) { b̂_n, b̂_m } = 0, (46) { b̂^†_n, b̂^†_m } = 0. (47) Using these anticommutation relations, we can find that the Hamiltonian operator is now given by Ĥ =^∞ ∑ n=−∞ E_nb̂^†_nb̂_n

= ∞∑ n=0 E_nb̂^†_nb̂_n − ∞∑ n=1 E_nb̂^†_{−n}b̂_{−n}, (48) where we have also used the expansion of the field operator (43) and the properties of the Hermite polynomials. We can observe that the eigenvalues of this Hamiltonian operator can take negative values without restriction at all, because it is possible the creation of negative energy particles. To solve this problem we take the Dirac’s sea picture for this system, so we impose that all the negative energy states are occupied by negative energy particles. This configuration is called the vacuum state of the Dirac oscillator field |0⟩ that is written as [34] |0⟩ = ∞∏ n=1 b̂^†_{−n} |0_D⟩ , (49)

where |0_D⟩ is the Dirac vacuum state which is characterized for not been occupied by fermions of positive or negative energy. We observe that if we apply the creation operator of negative energy particle b̂^†_{−m} |0⟩ on the vacuum state |0⟩ we obtain b̂^†_{−m} |0⟩ =^∞ ∏ n=1 b̂^†_{−m}b̂^†_{−n} |0_D⟩ = 0, (50)

which implies that it is not possible to create a new negative energy fermion because all the negative energy states are occupied. On the other hand, it is possible that a negative energy state can be annihilated and then a hole can be originated in the Dirac’s sea. This hole represents an antiparticle with negative energy. If we use the anticommutation relations (45), (46) and (47) into (48), we find that the Hamiltonian operator takes the form

Ĥ = ∞∑ n=0 E_nb̂^†_nb̂_n + ∞∑ n=1 E_n ( b̂_{−n}b̂^†_{−n} − 1 ) . (51)

If the divergent energy of the vacuum ∑_∞ n=1 E_n is subtracted, the Hamiltonian operator can be reduced to

Ĥ =^∞ ∑ n=0 E_nb̂^†_nb̂_n + ∞∑ n=1 E_nb̂_{−n}b̂^†_{−n}. (52)

We note that now this Hamiltonian operator does not have the problem observed before because it has been positively defined. Finally, we perform the following canonical transformations to clearly differentiate between the operators associated to particles and antiparticles [31]

b̂^†_n = ĉ^†_n, (53a) b̂_n = ĉ_n, (53b) b̂_{−n} = d̂^†_n, (53c) b̂^†_{−n} = d̂_n, (53d) where it is possible to identify d̂_n and d̂^†_n as the annihilation and the creation operators of antiparticles, respectively. These operators satisfy the anticommutation relation { d̂_n, d̂^†_m } = δ_{n,m}. These transformations imply that now the application of the annihilation operator of negative energy particle on the vacuum state can be understood as the application of a creation operator of antiparticle. Using this notation, the Fourier serie expansion for the Dirac oscillator field (43) has now the form ψ̂(z, t) =^∞ ∑ n=0 ĉ_nu_n(z)e^{−iEnt} + ∞∑ n=1 d̂^†_nv_n(z)e^{iE}n^t. (54)

Now the Hamiltonian operator for the Dirac oscillator field can be written as

Ĥ =^∞ ∑ n=0 E_nĉ^†_nĉ_n + ∞∑ n=1 E_nd̂^†_nd̂_n = ∞∑ n=0 E_nn̂^{(c)}_n + ∞∑ n=1 E_nn̂^{(d)}_n , (55)

where n̂^{(c)}_n represents the number operator for fermions and n̂^{(d)}_n represents the number operator for antifermions. It is possible to observe that ĉ^†_n acting on |0⟩ creates a fermion having energy E_n and charge +e, whereas d̂^†_n creates antifermion having energy E_n and charge −e. In this scheme, an interacting relativistic massive fermion is described as an excitation from a degree of freedom of the Dirac oscillator quantum field. For the Dirac oscillator field the energy quanta E_n are the energies of linear harmonic oscillators. We observe that, in this sense, the Hamiltonian operator (55) is analogous to the Hamiltonian operator for the free Dirac field in three dimensions given by (3).

Using the Fourier expansion (54) it is possible to determine other relevant physical quantities. For instance, the charge operator Q̂ = e ∫ dz ψ̂^†ψ̂ [31] can be written as Q̂ = e ∞∑ n=0 ( b̂^†_nb̂_n − ĉ^†_nĉ_n ) , (56)

where the non-observable charge of the vacuum has been removed. Likewise, the momentum operator P̂ = −i ∫ dz ψ̂^†∇ψ̂ [31] can be also written in an explicit form using the expansion of the Dirac oscillator field.

The Feynman propagator for the Dirac oscillator field in the coordinate space is defined as [31? ] iS^F_{αβ} (z − z^′, t − t^′) = ⟨0| T̂ ( ψ̂_α(z, t) ^̄ψ_β (z^′, t^′) ) |0⟩ . (57)

Substituting (43) into (57) and taking into account the definition of the time-ordered operator T̂ , we obtain iS^F_{αβ} (z − z^′, t − t^′) = Θ(t − t^′) ∞∑ n=0 u_{α,n}(z)ū_{β,n}(z^′)e^{−iEn(t−t′ )}

− Θ(t^′ − t) ∞∑ n=1 ν_{α,n}(z)ν̄_{β,n}(z^′)e^{iEn(t−t′)}. (58) Now we will obtain the Feynman propagator in the momenta space. To do it, we consider firstly that the Fourier transformation for the Hermite polynomials can be written as F { e^{− x22} H_n(x) } = (−i)^ne^{− k22} H_n(k), (59)

and secondly, that the contour integral for the energy eigenvalues is written as [21] i ∮ C dp_o 2π e^{−ipo(t−t′)} p^2_0 − p^2_n

= Θ(t − t^′) e^{−iEn(t−t′ )} 2E_n + Θ(t^′ − t) e^{iEn(t−t′ )} 2E_n , (60) where p^2_n = 2 |n| mω + m^2 and E_n is given by (19). Then we find that S^F_{αβ} (z − z^′, t − t^′) = ∮ C dp_o dp_z dp_z′ (2π)^3 S^F_{αβ}(p_o, p_z, p_z′ )e^{−i(pzz+pz′ z′)}, (61) where the Feynman propagator in the momenta space for the one-dimensional Dirac oscillator field is given by S^F_{αβ} (p_o, p_z, p_z′ ) = ∞∑ n=0 (−1)^n p^2_0 − p^2_n [u_{α,n}(p_z)ū_{β,n}(p_z′ ) − v_{α,n−1}(p_z)v̄_{β,n−1}(p_z′ )] . (62) This result is in agreement with the presented in [21], where the Feynman propagator of the onedimensional Dirac oscillator was obtained using the path integral formalism and working with a different representation of the Dirac matrices.

IV. DIRAC OSCILLATOR IN THE (3+1) DIMENSIONAL CASE

In this section we will consider the Dirac oscillator in (3+1) dimensions. Initially we will obtain the energy spectrum and the wave functions describing the quantum states of this system. Next we develop the canonical quantization procedure for the Dirac oscillator field in the 3+1 dimensional case.

A. Spectrum and wave functions in (3+1) dimensions

In order to obtain the Dirac oscillator equation in the (3+1) dimensional case, we perform the following substitution which is analogous to the minimal substitution [4, 7, 14] p̂ → p̂ − imωγ^0r̂, (63) where p̂ = (p̂_x, p̂_y, p̂_z) and r̂ = (x̂, ŷ, ẑ). The Dirac oscillator equation has the form i ∂ ∂t |ψ⟩ = ( α · ( p̂ − imωγ^0r̂ ) + βm ) |ψ⟩ . (64) The solutions of the Dirac oscillator equations are described by the spinor states |ψ⟩, that can be written as

|ψ⟩ = |φ⟩ |χ⟩ , (65)

where |φ⟩ and |χ⟩ are bispinors. The bispinors obey the following equations ( p̂^2 + (mω)^2r̂^2 ) |φ⟩ = (E^2 − m^2 + (3 + 4ŝ · L̂)mω) |φ⟩ , (66a) ( p̂^2 + (mω)^2r̂^2 ) |χ⟩ = (E^2 − m^2 − (3 + 4ŝ · L̂)mω) |χ⟩ . (66b)

From these equations, it is evident that the Dirac oscillator in the (3+1) dimensional case presents a strong spin-orbit coupling term [7, 14]. It has been demonstrated that the Dirac oscillator is a system where the angular momentum is conserved [7, 14], thus the quantum numbers of full angular momentum j and parity are good quantum numbers. Therefore, it is convenient to separate the energy eigenfunctions in two parts: radial and angular. The spatial coordinate representation of the states (65) allows to the spinor wave functions given by

ψ_{n,κ,g}(⃗r) = 1 r F_{n,κ}(r)Y_{κ,g}(θ, ϕ) iG_{n,κ}(r)Y_{−κ,g}(θ, ϕ) , (67)

where n is the principal quantum number, κ is a quantum number related with the angular momentum and parity, and g is a quantum number related to the projection of the angular momentum in the z axis. The quantum number κ is defined as [35]

κ = ∓ ( j + 1 2 ) = −(l + 1), if j = l +^1_2 , l, if j = l −^1_2 .

(68)

The full angular momentum j takes values j = l ±^1_2 , where l is the angular momentum and^1_2 is the spin of the fermion. The angular momentum l^′ associated to the upper and lower components is [35]

l^′ = 2j − l = l + 1, if j = l +^1_2 , l − 1, if j = l −^1_2 ,

(69)

The spinorial spherical harmonics Y_{κ,g}(θ, ϕ) and Y_{−κ,g}(θ, ϕ) are given by [35]

Y_{κ,g}(θ, ϕ) = √_{j+g} 2j Y_{l,g−} 1_2 (θ, ϕ) √_{j−g} 2j Y_{l,g+} 1_2 (θ, ϕ)

, (70a)

Y_{−κ,g}(θ, ϕ) = − √_{j−g+1} 2j+2 Yl^′,g−^1_2 (θ, ϕ) √_{j+g+1} 2j+2 Yl^′,g+^1_2 (θ, ϕ)

. (70b)

Substituting (67) into the Dirac equation (64) represented in coordinate space, we can find the following coupled equation system for the radial functions F_{n,κ}(r) and G_{n,κ}(r) [15] [ d dr + κ + mωr^2 r ] F_{n,κ}(r) = (E + m)G_{n,κ}(r), (71a) [ − d dr + κ + mωr^2 r ] G_{n,κ}(r) = (E − m)F_{n,κ}(r). (71b) The solutions of this equation system are [7, 14, 15] F_{n,κ}(r) = A[ √ mωr]^{l+1}e^{− mωr22} L^{l+ 12}_n (mωr^2), (72a)

G_{n,κ}(r) = ±sgn(κ)A^′[ √ mωr]^{l′+1}e^{− mωr22} L^{l′+ 12}_n (mωr^2), (72b)

where L^l_n(x) are the Laguerre associated polynomials and A, A^′ are normalization constants given by A = [√ mω |n|! (E_{n,κ} + m) Γ(|n| + l + 3/2)E_{n,κ} ] 1_2 , (73a)

A^′ = [ √ mω |n^′|! (E_{n,κ} − m) Γ(|n^′| + l^′ + 3/2)E_{n,κ} ] 1_2

, (73b)

where the quantum number |n^′| takes the following values | n^′ | = |n| − 1, for κ < 0 |n| , for κ > 0 . (74)

The radial functions F (r) and G(r) obtained here have the same radial structure as the one associated to the non-relativistic three-dimensional harmonic oscillator. On the other hand, the energy spectrum for this case depends on the κ value. It is possible obtain that the energy eigenvalues are [15]

• For κ < 0 E_{n,κ} = ± √ m^2 + 4 |n| mω, (75)

where the quantum number n can take the values n = 0, ±1, ±2, . . ., and the positive sign is chosen for n ≥ 0, meanwhile the negative sign is chosen for n < 0.

• For κ > 0 E_{n,κ} = ± √ m^2 + 4 ( |n| + l + 1 2 ) mω, (76) where n = ±0, ±1, ±2, . . . and the sign is chosen as was mentioned in the before item. Moreover, the energy spectrum satisfies the following symmetry condition E_{−n,κ} = −E_{n,κ}, except for n = 0 which means κ < 0. For this case, it is necessary to differentiate between the quantum numbers n = +0 and n = −0 [15].

With the purpose of implementing the canonical quantization procedure for the Dirac oscillator in (3+1) dimension, we observe that the spinorial wave functions (65) satisfy the following orthonormality and completeness relations [15] ∞∑ κ=−∞ κ≠0

|κ|−^1_2∑

g=−|κ|+^1_2 ∞∑ n=−∞ ψ_{n,κ,g}(⃗r)ψ^†_{n,κ,g}(⃗r^′) = δ^3(⃗r − ⃗r^′)I_4, (77a) ∫ d^3r ψ^†_{n,κ,g}(⃗r)ψ_n′_{,κ}′_{,g}′ (⃗r) = δ_{n,n}′ δ_{κ,κ}′ δ_{g,g}′ , (77b) respectively. Finally, we note that the covariant Dirac oscillator equation for the (3+1) dimensional case has the same form as the equation (33) for the (1+1) dimensional case.

B. Canonical quantization in (3+1) dimensions

To proceed with the canonical quantization for the Dirac oscillator field in the (3+1) dimensional case, we observe that the form of the Lagrangian density for this case is similar to the one in the (1+1) dimensional case and it is given by L = ψ̄(iγ^μ∂_μ − m)ψ + ψ̄σ^{μν} ψ F_{μν} . (78) As in the (1+1) dimensional case, the Lagrangian density depends explicitly on the spatial coordinates and then it is not possible to obtain the energy-momentum tensor of the system. However, by means of a Legendre transformation, we can obtain the following Hamiltonian density H = ψ^†(−iα · (⃗∇ + mωβ⃗r) + βm)ψ. Thus, the Hamiltonian of the field is H = ∫ d^3r ψ^†(−iα · (⃗∇ + mωβ⃗r) + βm)ψ. (79)

To perform the canonical quantization for this case, as is usual, the fields are considered as field

operators. Then we establish the following Jordan-Wigner commutation relations { ψ̂_α(⃗r, t), ψ̂^†_β (⃗r^′, t) } = δ_{αβ} δ^3(⃗r − ⃗r^′), (80) { ψ̂_α(⃗r, t), ψ̂_β (⃗r^′, t) } = 0, (81) { ψ̂^†_α(⃗r, t), ψ̂^†_β (⃗r^′, t) } = 0, (82)

that allow us to write the Hamiltonian operator as

Ĥ = ∫ d^3r ψ̂^†(−iα · (⃗∇ + mωβ⃗r) + βm)ψ̂. (83) Now we can expand the field operator ψ̂(⃗r, t), using the spinor wave functions (65), as follows

ψ̂(⃗r, t) =^∞ ∑ κ=−∞ κ≠0

|κ|−^1_2∑

g=−|κ|+^1_2 ∞∑ n=−∞ b̂_{n,κ,g}ψ_{n,κ,g}(⃗r)e^{−iE}n,κ^t, (84)

where the operators b̂_{n,κ,g} and b̂^†_{n,κ,g}, respectively, annihilates and creates fermions in a state defined

by the quantum numbers n, κ and g. These operators obey the following anticommutation relations { b̂_{n,κ,g}, b̂^†_{n′κ′g′} } = δ_{n,n}′ δ_{κ,κ}′ δ_{g,g}′ , (85) { b̂_{n,κ,g}, b̂_{n′κ′g′} } = 0, (86) { b̂^†_{n,κ,g}, b̂^†_{n′κ′g′} } = 0, (87)

Using the properties of the energy eigenfunctions (77a) and (77b) into the Hamiltonian operator

(84), we can obtain

Ĥ = ∞∑ κ=−∞ κ≠0

|κ|−^1_2∑

g=−|κ|+^1_2 ∞∑ n=−∞ E_{n,κ}b̂^†_{n,κ,g}b̂_{n,κ,g}. (88)

This operator can be rewritten by splitting the positive and negative energy contributions and

taking into account the two types of spectrum depending on the κ value. In this way, we obtain

Ĥ =^∞ ∑ κ=1 ∑ g ∞∑ n=0 E_{n,κ}b̂^†_{n,κ,g}b̂_{n,κ,g} − ∞∑ κ=1 ∑ g ∞∑ n=0 E_{n,κ}b̂^†_{−n,κ,g}b̂_{−n,κ,g}

+ ∞∑ κ=1 ∑ g ∞∑ n=0 E_{n,−κ}b̂^†_{n,−κ,g}b̂_{n,−κ,g} − ∞∑ κ=1 ∑ g ∞∑ n=1 E_{n,−κ}b̂^†_{−n,−κ,g}b̂_{−n,−κ,g}, (89) where we have used the convention E_{n,−κ} ≡ E_{n,κ}, for κ < 0, and we have omitted the limits of the

sum over g. It is evident that this Hamiltonian is not defined positively as happened in the (1+1) dimensional case. Again we use the picture of the Dirac’s sea in order to solve this problem. To do it we take the vacuum state in an analogous way as it was defined in (49) |0⟩ = ∞∏ κ=−∞ κ≠0 ∏ g ∞∏ n=0 b̂^†_{−n,κ,g} |0_D⟩ . (90)

Therefore we can rewrite the Hamiltonian operator without considering the vacuum energy in the following way Ĥ^′ =^∞ ∑ κ=1 ∑ g ∞∑ n=0 E_{n,κ}b̂^†_{n,κ,g}b̂_{n,κ,g} + ∞∑ κ=1 ∑ g ∞∑ n=0 E_{n,κ}b̂_{−n,κ,g}b̂^†_{−n,κ,g}

+ ∞∑ κ=1 ∑ g ∞∑ n=0 E_{n,−κ}b̂^†_{n,−κ,g}b̂_{n,−κ,g} ∞∑ κ=1 ∑ g ∞∑ n=1 E_{n,−κ}b̂_{−n,−κ,g}b̂^†_{−n,−κ,g}. (91) We observe that this Hamiltonian operator describes two different types of particles and antiparticles, because particles and antiparticles have different energy spectrums depending on the sign of the κ value. This value depends explicitly on the full angular momentum j due to the value of j is based on the spin state of the fermion. In this way, we perform the following canonical transformations b̂^†_{n,κ,g} = b̂^†_{n,κ,g}, (92a) b̂_{−n,κ,g} = ĉ^†_{n,κ,g}, (92b) b̂^†_{n,−κ,g} = d̂^†_{n,κ,g}, (92c) b̂_{−n,−κ,g} = f̂^†_{n,κ,g}, (92d) where b̂^†_{n,κ,g} is the creation operator of particles with full angular momentum j = l −^1_2 , i. e. particles with κ > 0 [32]; ĉ^†_{n,κ,g} is the creation operator of antiparticles with full angular momentum j = l −^1_2 , i. e. antiparticles with κ > 0 [32]; d̂^†_{n,κ,g} is the creation operator of particles with full angular momentum j = l +^1_2 , i. e. particles with κ < 0 [32]; f̂^†_{n,κ,g} is the creation operator of antiparticles with full angular momentum j = l +^1_2 , i. e. antiparticles with κ < 0 [32].

Finally, we can obtain that the field operator for this case can be written by means of the expansion ψ̂(⃗r, t) =^∞ ∑ κ=1 ∑ g ∞∑ n=0 b̂_{n,κ,g}ψ_{n,κ,g}(⃗r)e^{−iE}n,κ^t +^∞ ∑ κ=1 ∑ g ∞∑ n=0 ĉ^†_{n,κ,g}ψ_{−n,κ,g}(⃗r)e^{iEn,κt}

+ ∞∑ κ=1 ∑ g ∞∑ n=0 d̂_{n,κ,g}ψ_{n,−κ,g}(⃗r)e^{−iE}n,−κ^t +^∞ ∑ κ=1 ∑ g ∞∑ n=1 f̂^†_{n,κ,g}ψ_{−n,−κ,g}(⃗r)e^{iE}n,−κ^t. (93) In an analogous way as was showed for the (1+1) dimensional case, starting from the expansion for the field operator (93), it is possible to obtain the different relevant physical quantities associated to the Dirac oscillator field in (3+1) dimensions.

V. CONCLUSIONS

In this work we have performed the canonical quantization of the Dirac oscillator field in (1+1) and (3+1) dimensions. This quantization has been possible because the solutions of the Dirac oscillator equation do not present the Klein paradox [11]. If this fact would not have satisfy, then it had not been possible to distinguish between positive and negative energy states [33], which had restricted the possibility to perform a Fourier expansion of the field operator. The Dirac oscillator field has been quantized following a similar procedure as if this field were free [31]. However, this procedure implies differences with respect to the Dirac free field quantization. For instance, the Dirac oscillator is an interacting system in which there exist bound states define with specific quantum numbers [9]. In this case the field operators create and annihilate fermions with well determined energy values in contrast to what happens in the free field case where the states have a well defined momentum [22]. Moreover, for this case, the momentum operator depends explicitly on the time thus the fermions created do not have a determined momentum. We have found that for the Dirac oscillator field it has been impossible to obtain the energy-momentum tensor due to the fact that the Lagrangian density has an explicit dependence on the spatial coordinates. Nevertheless, this problem could be solved by the introduction in the system of an additional field which describes the interaction. We have also obtained the Feynman propagator in the (1+1) dimensional case in agreement with the result obtained in the literature by using an functional procedure [21]. We note that for the Dirac oscillator field in the (3+1) dimensional case, we have found that there exist two types of particles and antiparticles because there are two possible values for the full angular momentum. Finally, we have found that while for the free Dirac field the energy quanta of the infinite harmonic oscillators are relativistic energies of free particles, for the Dirac oscillator quantum field the quanta are energies of relativistic linear harmonic oscillators. The canonical quantization procedure for the Dirac oscillator field in (2+1) dimensions is an exercise to develop explicitly. We consider that the possibility to study the Dirac oscillator as a quantum field opens the doors to future applications in different areas of the Physics.

Acknowledgments

We thank Maurizio De Sanctis and Antonio Sánchez for stimulating discussions and suggestions about some aspects presented in this paper. C. J. Quimbay thanks Vicerrectoría de Investigaciones of Universidad Nacional de Colombia by the financial support received through the research grant

”Teoría de Campos Cuánticos aplicada a sistemas de la Física de Partículas, de la Física de la Materia Condensada y a la descripción de propiedades del grafeno”.

[1] D. Ito, K. Mori, E. Carriere, An example of dynamical systems with linear trajectory, Nuovo Cimento A 51 (1967) 1119-1121.

[2] P.A. Cook, Relativistic harmonic oscillators with intrinsic spin structure, Lett. Nuovo Cimento 1 (1971) 419-426.

[3] H. Ui, G. Takeda, Does accidental degeneracy imply a symmetry group?, Prog. Theor. Phys. 72 (1984) 266-284.

[4] M. Moshinsky, A. Szczepaniak, The Dirac Oscillator, J. Phys. A 22 (1989) L817-L819. [5] M. Moshinski, V. Smirnov, The Harmonic Oscillator in Modern Physics, Harwood Academic Publishers, Amsterdam, 1996.

[6] M. Moreno, A. Zentella, Covariance, CPT and the Foldy-Wouthuysen transformation for the Dirac oscillator, J. Phys. A 22 (1989) L821-L825.

[7] J. Benítez, R.P. Martínez y Romero, H.N. Núñez-Yépez, A.L. Salas-Brito, Solution and hidden supersimmetry of a Dirac oscillator, Phys. Rev. Lett. 64 (1990) 1643-1645.

[8] C. Quesne, M. Moshinsky, Symmetry Lie algebra of the Dirac oscillator, J. Phys. A 22 (1990) 2263-2272. [9] F. Domínguez-Adame and M. A. González, Solvable linear potentials in the Dirac equation, Europhys.

Lett. 13 (1990) 193-198.

[10] J. Beckers and N. Debergh, Supersymmetry, Foldy-Wouthuysen transformations, and relativistic oscillators, Phys. Rev. D 42 (1990) 1255-1259.

[11] F. Domínguez-Adame, A relativistic interaction without Klein paradox, Phys. Lett. A 162 (1992) 18-20. [12] R.P. Martínez-Romero, A.L. Salas-Brito, Conformal invariance in a Dirac oscillator J. Math. Phys. 33 (1992) 1831-1836.

[13] V.M. Villalba, Exact solution of the two-dimensional Dirac oscillator, Phys. Rev. A 49 (1994) 586-587. [14] R.P. Martínez-y-Romero, H.N. Núñez-Yépez, A.L. Salas-Brito, Relativistic quantum mechanics of a Dirac oscillator, Eur. J. Phys. 16 (1995) 135-141.

[15] R. Szmytkowski, M. Gruchowski, Completeness of the Dirac oscillator eigenfunctions, J. Phys. A 34 (2001) 4991-4997.

[16] M.H. Pacheco, R.R. Landim, C.A.S. Almeida, One-dimensional Dirac oscillator in a thermal bath, Phy.

Lett. A 311 (2003) 93-96.

[17] A.D. Alhaidari, The Dirac-Oscillator Green’s Function, Int. J. Theor. Phys. 43 (2004) 939-946. [18] N. Ferkous, A. Bounames, Energy spectrum of a 2D Dirac oscillator in the presence of the Aharonov- Bohm effect, Phys. Lett. A 325 (2004) 21-29.

[19] C. Quesne, V.M. Tkachuk, Dirac oscillator with nonzero minimal uncertainty in position, J. Phys. A

38 (2005) 1747-1765.

[20] C. Quesne, V.M. Tkachuk, Lorentz-covariant deformed algebra with minimal length and application to the (1 + 1)-dimensional Dirac oscillator, J. Phys. A 39 (2006) 10909-10922.

[21] R. Rekioua, T. Boudjedaa, Path integral for one-dimensional Dirac oscillator, Eur. Phys. J. C 49 (2007) 1091-1098.

[22] A. Bermudez, M.A. Martin-Delgado, E. Solano, Exact mapping of the 2+1 Dirac oscillator onto the Jaynes-Cummings model: Ion-trap experimental proposal, Phys. Rev. A 76 (2007) 041801(R) [23] A. Bermudez, M. A. Martin-Delgado, A. Luis, Nonrelativistic limit in the 2+1 Dirac oscillator: A Ramsey-interferometry effect, Phys. Rev. A 77 (2008) 033832 [24] A. Bermudez, M.A. Martin-Delgado, A. Luis, Chirality quantum phase transition in the Dirac oscillator, Phys. Rev. A 77 (2008) 063815 [25] R. de Lima Rodrigues, On the Dirac oscillator, Phys. Lett. A 372 (2008) 2587-2591. [26] E. Sadurní, J.M. Torres, T.H. Seligman, Dynamics of a Dirac oscillator coupled to an external field: a new class of solvable problems, J. Phys. A 43 (2010) 285204 [27] B.P. Mandal, S. Verma, Dirac oscillator in an external magnetic field, Phys. Lett. A 374 (2010) 1021- 1023.

[28] Y. Luo, Y. Cui, Z. Long, J. Jing, 2+1 dimensional noncommutative Dirac oscillator and (anti)-Jaynes- Cummings models, Int. J. Theor. Phys. 50 (2011) 2992-3000.

[29] M. Moshinski, G. Loyola, Barut equation for the particle-antiparticle system with a Dirac oscillator interaction, Found. Phys. 23 (1993) 197-210.

[30] E. Sadurní, The Dirac-Moshinsky oscillator: Theory and applications, arXiv:1101.3011 [quant-ph]. [31] W. Greiner, J. Reinhardt, Field Quantization (Theoretical Physics: No. 5), Heidelberg: Springer- Verlag, Berlín, 1996.

[32] V. B. Berestetskii, E. M. Lifshitz, L. P. Pitavskii, Quantum Electrodynamics (Course of Theoretical Physics: No. 4), Pergamon Press, Moscow, 1982.

[33] L. H. Ryder, Quantum Field Theory, Cambridge University Press, Cambridge, 1996. [34] S. Colin, W. Struyve, A Dirac sea pilot-wave model for quantum field theory, J. Phys. A 40 (2007) 7309-7341.

[35] W. Greiner, Relativistic Quantum Mechanics (Theoretical Physics. No. 4), Heidelberg: Springer-Verlag, Berlín, 2000.