arXiv:1201.4436v2 [hep-ph] 1 Mar 2012

KIAS-P12008

Non-zero θ_{13} linking to Dark Matter from Non-Abelian Discrete Flavor Model in Radiative Seesaw

Y. H. Ahn^∗ and Hiroshi Okada^† School of Physics, KIAS, Seoul 130-722, Korea (Dated: March 2, 2012)

Abstract

We propose a new scenario in a radiative seesaw model based on A_4 flavor symmetry. In this model, we explore a possibility of linking non-zero θ_{13} to dark matter. And we analyze the lepton sector to predict the observed neutrinos and mixings, especially obtaining a lower bound of θ_{13} ≳ 3.5^∘. We show that the non-zero θ_{13} is correlated with our heavy Majorana type of dark matter. Also we predict that the mass be O(1-10) TeV, as a result of analyzing the Wilkinson-Microwave- Anisotropy-Probe and lepton flavor violation.

PACS numbers:

∗ Email: yhahn@kias.re.kr † Email: hokada@kias.re.kr

I. INTRODUCTION

The large values of the solar (θ_{12}) and atmospheric (θ_{23}) mixing angles in the Pontecorvo- Maki-Nakagawa-Sakata (PMNS) matrix [1] may be telling us about some new symmetries of leptons not presented in the quark sector and may provide a clue to the nature of the quarklepton physics beyond the standard model (SM). If there exists such a flavor symmetry in Nature, the tribimaximal (TBM) [2] pattern, sin^2 θ_{12} = 1/3, sin^2 θ_{23} = 1/2, sin θ_{13} = 0, for the neutrino mixing will be a good zeroth order approximation to reality. A Non-Abelian discrete symmetry [3] could play an important role in predicting the mixing angles. For example, in a well-motivated extension of the SM through the inclusion of A_4 discrete symmetry, the TBM pattern comes out in a natural way in the work of [4–6]. Although such a flavor symmetry is realized in Nature leading to exact TBM, in general there may be some deviations from TBM [7, 8]. Recent data of the T2K, MINOS and Double Chooz [9] Collaborations imply that the unknown mixing angle, θ_{13}, can be relatively large, indicating a deviation from the exact TBM which leads to vanishing CP violation in neutrino oscillations. And, the analysis based on global fits [10–12] of neutrino oscillations enter into a new phase of precise measurements of the neutrino mixing angles and mass-squared differences, indicating that the TBM mixing for three flavors of leptons should be modified. Their current best-fit values in 1σ (3σ) ranges from neutrino oscillation experiments are given by [10]

θ_{12} = 34.0^{∘+1.0∘ (+2.9∘)}

−0.9^∘ (−2.7^∘) , θ23 = 46.1

∘+3.5^∘ (+7.0^∘) −4.0^∘ (−7.5^∘) , θ13 = 6.5

∘+1.6^∘ (+4.2^∘) −1.4^∘ (−4.7^∘) ,

Δm^2_1[10^{−5}eV^2] = 7.59^{+0.20 (+0.60)} −0.18 (−0.50) , Δm 2 31[10^{−3}eV^2] = 2.50^{+0.09 (+0.26)}

−0.16 (−0.36) , (1)

which corresponds to normal neutrino mass ordering^1. And we know nothing about all three CP -violating phases δ_{CP} , δ_1 and δ_2. Besides the mystery of the mixing pattern, tiny neutrino mass is one of the most challenging problem beyond SM. It suggests that neutrinos could be induced by a radiative correction or tiny couplings if a theory be within TeV scale. Several years ago, Ernest Ma introduced the so-called radiative seesaw mechanism [13] where the masses are generated through one-loop effects [14]. Moreover, since the existence of the flavor neutrino mixing for the three neutrinos ν_e, ν_μ, ν_τ implies that the individual lepton charges, L_α, (α = e, μ, τ), are not conserved [15], the observation of neutrino oscillation have the possibility of measurable branching ratio for charged lepton flavor violation (LFV)

1 See Ref. [10] for the data of inverted mass ordering.

decays such as μ → eγ, τ → eγ and τ → μγ, etc.. Experimental discovery of such lepton rare decay processes is one of smoking gun signals of physics beyond SM.

Our starting point is an effective Lagrangian obeying the discrete A_4 ×Z_2 symmetry which is spontaneously broken by the vacuum expectation value (VEV) of SU(2)_L × U(1)_Y singlet scalar fields at a scale higher than the electroweak scale. In addition, we assign a Z_2-odd quantum number to a new Higgs doublet and three right-handed singlet fermions while all SM particles are Z_2-even parity, in order to explain both the TBM at tree level Lagrangian and dark matter (DM). After electroweak symmetry breaking, the Z_2 symmetry is exactly conserved and a Z_2-odd doublet Higgs that does not have VEV, so called inert Higgs, while the standard Higgs boson get a VEV, which means the Yukawa coupling corresponding to Z_2-odd Higgs doublet will not generate the Dirac mass terms in neutrino sector. Thus, the usual seesaw mechanism does not work any more and we naturally have a good candidate of DM corresponding to the lightest Z_2-odd particle or Large Hadron Collider (LHC) signals through the standard gauge interactions in our scenario. The assigned leptonic flavor symmetry will lead us to a neutrino mass matrix through one-loop mediated by a new Higgs doublet and right-handed neutrinos having Z_2-odd parity, and indicating the deviations from TBM in lepton sector by dimension-5 effective operators driven by SU(2)_L × U(1)_Y singlet scalar fields with a cutoff scale Λ. Here we assume that CP is a good symmetry above the cut-off scale Λ in Lagrangian level. In this paper, we address the possibility of a linking between DM and a non-zero θ_{13} through the combination of WMAP results [16] with LFV μ → eγ decay. We analyze possible spectrums of light neutrinos and their flavor mixing angles. In order to investigate the relation between DM and a non-zero θ_{13}, we focus on a normal hierarchical mass spectrum of light neutrinos.

This paper is organized as follows. In section II, we show our model building for the lepton sector, in which we adopt A_4 group. In section III, we discuss the predictions for neutrinos coming from the flavor symmetry. In section IV, we show constraints of DM mass from WMAP and LFV; μ → eγ, τ → eγ, and τ → μγ processes. Section V is devoted to conclusions/discussions. We discuss the Higgs potential in the appendix.

II. FLAVOR A_4 SYMMETRY AND A DISCRETE SYMMETRY Z_2

In the absence of flavor symmetries, particle masses and mixings are generally undetermined in gauge theory. We work in the framework of the SM, extended to consist of the right-handed SU(2)_L-singlet Majorana neutrinos, N_R. The scalar sector, apart from the usual SM Higgs doublet Φ, is extended through the introduction of two types of scalar fields, χ and η, that are singlet and doublet under SU(2)_L × U(1)_Y , respectively: Φ = ( φ^+ φ^0 )_T , χ , η = ( η^+ η^0 )_T . (2)

Furthermore, to understand the present neutrino oscillation data we consider A_4 flavor symmetry for leptons, and simultaneously for both the existence of DM and TBM at treelevel Lagrangian to be explained we also introduce an auxiliary discrete symmetry Z_2 in a radiative seesaw [13]. Here we recall that A_4 is the symmetry group of the tetrahedron and the finite groups of the even permutation of four objects. Its irreducible representations contain one triplet 3 and three singlets 1, 1^′, 1^{′′} with the multiplication rules 3 ⊗ 3 = 3_s ⊕ 3_a ⊕ 1 ⊕ 1^′ ⊕ 1^{′′}, 1^′ ⊗ 1^{′′} = 1, 1^′ ⊗ 1^′ = 1^{′′} and 1^{′′} ⊗ 1^{′′} = 1^′. Let us denote (a_1, a_2, a_3) and (b_1, b_2, b_3) as two A_4 triplets, then we have

(a ⊗ b)_{3s} = (a_2b_3 + a_3b_2, a_3b_1 + a_1b_3, a_1b_2 + a_2b_1) , (a ⊗ b)_{3a} = (a_2b_3 − a_3b_2, a_3b_1 − a_1b_3, a_1b_2 − a_2b_1) , (a ⊗ b)_1 = a_1b_1 + a_2b_2 + a_3b_3 , (a ⊗ b)_1′ = a_1b_1 + ωa_2b_2 + ω^2a_3b_3 , (a ⊗ b)_1′′ = a_1b_1 + ω^2a_2b_2 + ωa_3b_3 , (3)

where ω = e^{i2π/3} is a complex cubic-root of unity.

The field contents under SU(2) × U(1) × A_4 × Z_2 of the model are assigned in Table I :

TABLE I: Representations of the fields under A_4 × Z_2 and SU(2)_L × U(1)_Y . Field L_L l_R, l^′_R, l^{′′}_R N_R χ Φ η A_4 3 1, 1^′,1^{′′} 3 3 3 1 Z_2 + + − + + − SU(2)_L × U(1)_Y (2, −1) (1, −2) (1, 0) (1, 0) (2, 1) (2, 1)

At the Lagrangian level, we shall assume the absence of CP violation in the Dirac neutrino sector and in charged lepton Yukawa interactions above the cutoff scale Λ, which for scales below Λ is expressed in terms of effective dimension-5 operators. With dimension-5 operators driven by χ fields the Yukawa interactions (d ≤ 5) in the neutrino and charged lepton sectors invariant under SU(2) × U(1) × A_4 × Z_2 can be written as

− L_{Yuk} = y_ν(L̄_LN_R)_1η̃ + 1 2 M(N^c_RN_R)_1 + 1 2 λ_χ(N^c_RN_R)_{3s} χ + y^s_N Λ [(L̄_LN_R)_{3s} χ]η̃ + y^a_N Λ [(L̄_LN_R)_{3a} χ]η̃ + y_e(L̄_LΦ)_1l_R + y_μ(L̄_LΦ)_1′ l^{′′}_R + y_τ (L̄_LΦ)_1′′ l^′_R + y^s_e Λ [(L̄_LΦ)_{3s} χ]l_R + y^s_μ Λ [(L̄_LΦ)_{3s} χ]_1′ l^{′′}_R + y^s_τ Λ [(L̄_LΦ)_{3s} χ]_1′′ l^′_R + y^a_e Λ [(L̄_LΦ)_{3a} χ]l_R + y^a_μ Λ [(L̄_LΦ)_{3a} χ]_1′ l^{′′}_R + y^a_τ Λ [(L̄_LΦ)_{3a} χ]_1′′ l^′_R + h.c , (4)

where η̃ ≡ iτ_2η^∗ and L_L = (ν_L, ℓ^−_L )^T are the Higgs doublet and the lepton doublet transforming as singlet 1 and triplet 3 under A_4, respectively, and here τ_2 is the Pauli matrix. In the above Lagrangian, heavy neutrinos acqiure a bare mass term M and a mass induced by the electroweak singlet χ scalar with 3 representation under A_4. By imposing an additional symmetry Z_2 as shown in Table I, the A_4 × SU(2)_L × U(1)_Y invariant Yukawa term ℓ̄_LN_RΦ is forbidden from the Lagrangian, and the neutral component of scalar doublet η will not generate a VEV,

⟨η^0⟩ ≡ υ_η = 0 . (5)

Therefore, the scalar field η can only couple to the standard gauge bosons as well as the Dirac neutrino mass terms are vanished, which means the usual seesaw does not operate anymore. However, the light neutrino Majorana neutrio mass matrix can be generated radiatively through one-loop with the help of the Yukawa interaction L̄_LN_Rη̃ and L̄_LN_Rχη̃/Λ in the Lagrangian, we will discuss it more detaily in Sec.III.

Taking the A_4 symmetry breaking scale above the electroweak scale in our scenario, that is, ⟨χ⟩ > ⟨Φ^0⟩, and assuming the vacuum alignment of fields ⟨χ_i⟩ as

⟨χ_1⟩ ≡ υ_χ ≠ 0, ⟨χ_2⟩ = ⟨χ_3⟩ = 0 , (6) then the right-handed neutrino Majorana mass terms are given by

M_R = M

1 0 0 0 1 κe^{iξ} 0 κe^{iξ} 1 , (7)

where κ = |λ^s_χυ_χ/M| with ⟨χ_i⟩ = υ_{χi} (i = 1, 2, 3). After the electroweak symmetry breaking ⟨η^0⟩ = υ with the VEV alignment in Eq. (6), the Yukawa interaction y_νL̄_LN_Rη̃, together with the terms^{ys,aN}_Λ [(L̄_LN_R)_{3s} χ] · η̃ can be written as υν_LY_ν N_R with the neutrino Yukawa coupling matrix Y_ν given by

Y_ν = e^{iρ}|y_ν| 1 0 0 0 1 y_1e^{iρ1} 0 y_2e^{iρ2} 1

, (8)

where y_1 = |y^s_N +y^a_N |υ_χ/|y_ν|Λ, y_2 = |y^s_N −y^a_N |υ_χ/|y_ν|Λ and ρ = arg(y_ν). Eq. (8) indicates that, once the VEV alignment in Eq. (6) is taken, the A_4 symmetry is spontaneously broken and its residual symmetry Z_2 [5, 7] is also explicitly broken by the higher dimensional operators. Therefore, we can expect a low energy CP violation responsible for the neutrino oscillation as well as high energy CP violation responsible for the leptogenesis in the neutrino sector, which could be generated by the off-diagonal terms of Yukawa neutrino coupling matrix [7, 17].

Assuming equally aligned VEVs of A_4 triplets, ⟨Φ^0⟩ = (υ, υ, υ), together with the VEV alignment in Eq. (6), the light charged lepton mass matrix can be explicitly expressed as

m_ℓ = U_ω √ 3 m^ℓ_{11} m^ℓ_{12} m^ℓ_{13} m^ℓ_{21} m^ℓ_{22} m^ℓ_{23} m^ℓ_{31} m^ℓ_{32} m^ℓ_{33}

, with U_ω = 1 √ 3 1 1 1 1 ω ω^2 1 ω^2 ω = U_ωV^ℓ_LDiag.(m_e, m_μ, m_τ )V^{ℓ†}_R , (9)

where U_ωV^ℓ_L and V^{ℓ†}_R indicate that the left and right-diagonalization matrices for the charged lepton sector, and the mass matrix elements are written as

m^ℓ_{11} = υ(y_{f1} + 2h_1/3), m^ℓ_{12} = 2υh_2/3, m^ℓ_{13} = 2υh_3/3 , m^ℓ_{21} = υ(g_1 − h_1)/3, m^ℓ_{22} = υ(y_{f2} + (g_2 − h_2)/3), m^ℓ_{23} = υ(g_3 − h_3)/3 , m^ℓ_{31} = −υ(g_1 + h_1)/3, m^ℓ_{32} = −υ(g_2 + h_2)/3, m^ℓ_{33} = υ(y_{f3} − (g_3 + h_3)/3) ,(10) with h_1 = υ_χy^s_{f1} /Λ, h_2 = υ_χy^s_{f2} /Λ, h_3 = υ_χy^s_{f3} /Λ, g_1 = −i √ 3υ_χy^a_{f1} /Λ, g_2 = −i √ 3υ_χy^a_{f2} /Λ, g_3 = −i √ 3υ_χy^a_{f3} /Λ. All of them are complex. The important point is that, taking the VEV alignment of ⟨χ_i⟩ in Eq. (6) together with the equal VEV alignment of ⟨Φ^0⟩, the A_4 symmetry is broken and its residual C_3 symmetry [5] is also broken through the dimension-5 operators. One of the most striking features in the charged lepton sector is that the mass spectra of charged leptons are strongly hierarchical, i.e. the third generation fermions are much heavier than the first and second generation fermions. From Eq. (9), for the most natural case of hierarchical charged lepton Yukawa couplings y_{f3} ≫ y_{f2} ≫ y_{f1} , the corrected off-diagonal terms which are from dimension-5 operators are not larger than the diagonal ones in size. Then, V^ℓ_L and V^ℓ_R can be obtained by diagonalizing the matrices U^†_ωm_ℓm^†_ℓU_ω and m^†_ℓm_ℓ, respectively, in Eq. (9). Especially, the mixing matrix V^ℓ_L takes part in PMNS mixing matrix. The matrix V^ℓ_L can be, in general, parametrized in terms of three mixing angles and six CP violating phases :

V^ℓ_L = c_2c_3 c_2s_3e^{iϕℓ3} s_2e^{iϕℓ2} −c_1s_3e^{−iϕℓ3} − s_1s_2c_3e^{i(ϕℓ1−ϕℓ2)} c_1c_3 − s_1s_2s_3e^{i(ϕℓ1 −ϕℓ2+ϕℓ3)} s_1c_2e^{iϕℓ1} s_1s_3e^{−i(ϕℓ1+ϕℓ3)} − c_1s_2c_3e^{−iϕℓ2} −s_1c_3e^{−iϕℓ1} − c_1s_2s_3e^{i(ϕℓ3−ϕℓ2)} c_1c_2

P_ℓ , (11)

where s_i ≡ sin θ_i, c_i ≡ cos θ_i and a diagonal phase matrix P_ℓ = Diag.(e^{iξ′1} , e^{iξ′2} , e^{iξ′3} ) which can be rotated away by redefinition of left-charged fermion fields. In the charged fermion (quarks and charged leptons) sector, there is a qualitative feature which distinguishes the neutrino sector from the charged fermion one. The mass spectrum of the charged leptons exhibits a similar hierarchical pattern as that of the down-type quarks, unlike that of the up-type quarks which shows a much stronger hierarchical pattern. For example, in terms of the Cabbibo angle λ ≡ sin θ_C ≈ |V_{us}|, the fermion masses scale as (m_e, m_μ) ≈ (λ^5, λ^2) m_τ , (m_d, m_s) ≈ (λ^4, λ^2) m_b and (m_u, m_c) ≈ (λ^8, λ^4) m_t. This may lead to two implications: (i) the Cabibbo-Kobayashi-Maskawa (CKM) matrix [18] is mainly governed by the down-type quark mixing matrix, and (ii) the charged lepton mixing matrix is similar to that of the down-type quark one. Therefore, we shall assume that (i) V_{CKM} = V^{d†}_L and V^u_L = I, where V^d_L (V^u_L ) is associated with the diagonalization of the down-type (up-type) quark mass matrix and I is a 3 × 3 unit matrix, and (ii) the charged lepton mixing matrix V^ℓ_L has the similar structure as the CKM matrix. Now, putting a reasonable assumption 1 ≫ |m^ℓ_{22}| |m^ℓ_{33}| ∼ |m^ℓ_{23}| |m^ℓ_{33}| ≫ |m^ℓ_{13}| |m^ℓ_{33}| ∼ |m^ℓ_{12}| |m^ℓ_{33}| ≫ |m^ℓ_{11}| |m^ℓ_{33}| ∼ |m^ℓ_{32}| |m^ℓ_{33}| ≫ |m^ℓ_{21}| |m^ℓ_{33}| ∼ |m^ℓ_{31}| |m^ℓ_{33}| (12) into Eq. (9), then the measured mass hierarchy of charged lepton is expressed as m_μ/m_τ ≈ |m^ℓ_{22}/m^ℓ_{33}| ≈ λ^2, m_e/m_τ ≈ |m^ℓ_{11}/m^ℓ_{33}| ≈ 0.6λ^5 and m_e/m_μ ≈ |m^ℓ_{11}/m^ℓ_{22}| ≈ 0.5λ^3. And the mixing angles and phases in Eq. (11) can be roughly expressed as

θ_1 ≃ |m^ℓ_{23}| |m^ℓ_{33}| , ϕ_1 ≃ 1 2 arg(m^ℓ_{22}m^{ℓ∗}_{32} + m^ℓ_{23}m^{ℓ∗}_{33}) ,

θ_2 ≃ |m^ℓ_{13}| |m^ℓ_{33}| , ϕ_2 ≃ 1 2 arg(m^ℓ_{11}m^{ℓ∗}_{31} + m^ℓ_{13}m^{ℓ∗}_{33}) ,

θ_3 ≃ |m^ℓ_{12}| |m^ℓ_{22}| , ϕ_3 ≃ 1 2 arg(m^ℓ_{11}m^{ℓ∗}_{21} + m^ℓ_{12}m^{ℓ∗}_{22}) . (13)

Now letting |(V^ℓ_L)_{12}| ≡ |c_2s_3| ≈ λ in similar to the case of quark sector [7], we obtain |(V^ℓ_L)_{12}| ≈ |m^ℓ_{12}|/|m^ℓ_{22}| ≈ λ^{−2}|m^ℓ_{12}|/|m^ℓ_{33}|, leading to |m^ℓ_{12}|/|m^ℓ_{33}| ≈ λ^3. Consequently, θ_1 ≃ |m^ℓ_{23}|/|m^ℓ_{33}| ≃ λ^2 and θ_2 ≃ |m^ℓ_{13}|/|m^ℓ_{33}| ≃ λ^3 are obtained from Eq. (12). Then, the mixing matrix V^ℓ_L in Eq. (11) can be written as

V^ℓ_L = 1 −^{λ2}_2 λe^{iϕℓ3} Aλ^3e^{iϕℓ2} −λe^{−iϕℓ3} 1 −^{λ2}_2 Bλ^2e^{iϕℓ1} −Aλ^3e^{−iϕℓ2} + Bλ^3e^{−i(ϕℓ1+ϕℓ3)} −Bλ^2e^{−iϕℓ1} 1 P_ℓ + O(λ^4) , (14)

where the coefficients A and B are real and positive coefficients, but less than one in magnitude.

The Yukawa interactions in Eq. (4) and the charged gauge interactions in a weak eigenstate basis can be written as − L = 1 2 N^c_RM_RN_R + ℓ_Lm_ℓℓ_R + ν_LY_ν N_Rη + g √ 2 W^−_μ ℓ_Lγ^μν_L + h.c . (15)

When dealing with lepton flavor violation and DM it is convenient to work in the basis where heavy Majorana neutriino and charged lepton mass matrices are diagonal. In order to go into the physical basis (mass basis) of the right-handed neutrino, performing basis rotations

L_L → V^{ℓ†}_L U^†_ωL_L , ℓ_R → V^†_Rℓ_R , N_R → U^†_RN_R (16)

where L_L = (ν_L, ℓ_L)^T , so that the Yukawa coupling matrix Y_ν gets modified to

Y_ν → Ỹ_ν = V^{ℓ†}_L U^†_ωY_ν U_R , (17)

and both the right-handed Majorana mass matrix M_R and the charged lepton matrix m_ℓ become diagonal by the unitary matrix U_R and U_ωV^ℓ_L, respectively;

m̂_ℓ = V^{ℓ†}_L U^†_ωm_ℓV^ℓ_R = Diag.(m_e, m_μ, m_τ ) , M̂_R = U^T_R M_RU_R = MDiag.(a, 1, b) (18)

FIG. 1: One-loop generation of light neutrino masses.

where a = √ 1 + κ^2 + 2κ cos ξ and b = √ 1 + κ^2 − 2κ cos ξ with real and positive mass eigenvalues, M_1 = Ma, M_2 = M and M_3 = Mb, and the diagonalizing matrix U_R is

U_R = 1 √ 2 0 √ 2 0 1 0 −1 1 0 1 e^{i ψ1}2 0 0 0 1 0 0 0 e^{i ψ2}2

, (19)

with the phases

ψ_1 = tan^{−1} ( κ sin ξ 1 + κ cos ξ ) and ψ_2 = tan^{−1} ( κ sin ξ κ cos ξ − 1 ) . (20)

III. LOW ENERGY OBSERVABLES

We now proceed to discuss the low energy neutrino observables. Due to the Z_2 symmetry, we can not get the Yukawa Dirac neutrino mass matrix and therefore the usual seesaw does not operate any more, however, similar to [19] the light neutrino mass matrix can be generated through one loop diagram in Fig. 1 due to the quartic scalar interactions. After electroweak symmetry breaking, i.e. ⟨Φ^0⟩ = vI, in a basis where charged lepton mass matrix is real diagonal the flavor neutrino masses can be written as

(m_ν )_{αβ} =

Δm^2_η 16π^2 ∑ i (Ỹ_ν)_{αi}(Ỹ_ν )_{βi} M_i f ( M^2_i m̄^2_η ) (21)

where

f(z_i) = z_i 1 − z_i [ 1 + z_i ln z_i 1 − z_i ] , Δm^2_η ≡ |m^2_R − m^2_I | = 6λ^{Φη}_3 v^2 (22) with z_i = M^2_i /m̄^2_η, if m_R(m_I ) is the mass of η^0_R(η^0_I ) and m^2_{R(I)} = m̄^2_η ± Δm^2_η /2 where the subscripts R(I) indicate real (imaginary) component^2, respectively. With M̃_R = Diag(M_{r1}, M_{r2}, M_{r3}) and M_{ri} ≡ M_if^{−1}(z_i), the above formula Eq. (21) can be expressed as m_ν =

Δm^2_η 16π^2

Ỹ_νM̃^{−1}_R Ỹ^T_ν

= V^{ℓ†}_L U^†_ωU_ν Diag.(m_1, m_2, m_3) U^T_ν U^∗_ωV^{ℓ∗}_L = m_0V^{ℓ†}_L U^†_ω f(z_2) 0 0 0 A G 0 G B U^∗_ωV^{ℓ∗}_L , (23)

where m_i(i = 1, 2, 3) are the light neutrino mass eigenvalues and

A = f(z_1)

(1 + y_1e^{iρ1} )^2e^{iψ1} 2a + f(z_3)

(1 − y_1e^{iρ1} )^2e^{iψ2} 2b , m_0 =

Δm^2_η|y_ν |^2 16π^2M , B = f(z_1)

(1 + y_2e^{iρ2} )^2e^{iψ1} 2a + f(z_3)

(1 − y_2e^{iρ2} )^2e^{iψ2} 2b , G = f(z_1)

(1 + y_1e^{iρ1} )(1 + y_2e^{iρ2} )e^{iψ1} 2a − f(z_3)

(1 − y_1e^{iρ1} )(1 − y_2e^{iρ2} )e^{iψ2} 2b . (24)

As can be seen in Eq. (23), the leptonic mixing matrix is given as

U_{PMNS} = V^{ℓ†}_L U^†_ωU_ν , (25)

with the additional mixing matrix U_ν which is given by

U_ν =

1 0 0 0 e^{iφ1} 0 0 0 e^{iφ2}

0 1 0 cos θ 0 sin θ − sin θ 0 cos θ

P_ν , (26)

where the phase matrix of Majorana particle P_ν = Diag.(e^{iζ1} , e^{iζ2} , e^{iζ3} ) can be absorbed into the neutrino mass eigenstates fields. The phase φ_{12} and the mixing angle θ are given by

φ_{12} ≡ φ_1 − φ_2 = arg {AG^∗ + GB^∗} , tan 2θ = 2|AG^∗ + GB^∗| |B|^2 − |A|^2 , (27)

indicating that, in the limit of y_{1,2} approaching to zero, the angle θ goes to π/4(−π/4) and the phase φ_{12} goes to π(0) for^{f 2(z1)}_{a2} <^{f 2(z3)}_{b2}

(_{f 2(z1)}

a^2 > f^2(z_3) b^2 ) , whose one-to-one correspondence comes from the constraint of mixing parameters presented in Eq. (37) with experimental data, especially see the parameter ε in Eq. (38).

2 See Appendix.

The light neutrino mass eigenvalues are given as

m^2_1 = m^2_0 ( |G|^2 + |A|^2 cos^2 θ + |B|^2 sin^2 θ − |AG^∗ + GB^∗| sin 2θ ) , m^2 = m^2_0f^2(z_2) , m^2_3 = m^2_0 ( |G|^2 + |A|^2 sin^2 θ + |B|^2 cos^2 θ + |AG^∗ + GB^∗| sin 2θ ) . (28)

Because of the observed hierarchy |Δm^2_{Atm}| ≫ Δm^2_{Sol} > 0, and the requirement of Mikheyev- Smirnov-Wolfenstein resonance for solar neutrinos, there are two possible neutrino mass spectrum: (i) m_1 < m_2 < m_3 (normal mass spectrum) which corresponds to θ = π/4 + δ and φ_{12} = π + δ^′, and (ii) m_3 < m_1 < m_2 (inverted mass spectrum) which corresponds to θ = −π/4 + δ and φ_{12} = δ^′, where |δ|, |δ^′| ≪ 1. The solar and atmospheric mass-squared differences are given by

Δm^2_{Sol} ≡ m^2 − m^2_1 = m^2_0 { f^2(z_2) − |G|^2 − |A|^2 cos^2 θ − |B|^2 sin^2 θ + |AG^∗ + GB^∗| sin 2θ } , Δm^2_{Atm} ≡ m^2_3 − m^2_1 = 2m^2_0 |AG^∗ + GB^∗| sin 2θ

, (29)

which are constrained by the neutrino oscillation experimental results. Note here that the parameter M_{ri} can be simplified in the following limit cases as

M_{ri} ≃ M_i [ln z_i − 1]^{−1} , for z_i ≫ 1 2M_i, for z_i → 1 m̄^2_η M^{−1}_i , for z_i ≪ 1 .

(30)

In this work we will focus on the case the lightest Z_2-odd neutral particle of N_i which is stable and can be a candidate of DM. As will be seen in section-IV, DM constraint (Br(μ → eγ)+WMAP analysis) gives m_η± ≈ M_{lightest} where M_{lightest} is the lightest of the heavy Majorana neutrinos. And, due to |λ^{Φη}_2 | ≲ 4π, one can obtain M_{lightest} ≈ m̄_η (see Appendix). From Eq. (18), depending on the hierarchy of the heavy Majorana neutrino masses M_1, M_2 and M_3, the relative size of the parameter κ consistent with the possible mass ordering of light neutrinos and hierarchy of Δm^2_{32} and Δm^2_1 can be classified as follows : (i) M_3 < M_2 < M_1 for ξ = 0:

• M_3 ≃ m̄_η ≪ M_2 < M_1 (or a > 1 ≫ b) : this case corresponds to the normal hierarchical mass spectrum with b → 0 i.e. κ ≃ 1 and a ≃ 2. Using f(z_1) ≃

2 ln(2/b) − 1 > f(z_2) ≃ −2 ln b − 1 ≫ f(z_3) ≃ 1/2, the condition Δm^2_1 > 0 is obtained for θ = +π/4, indicating the normal mass ordering of light neutrinos with Δm^2_{32} ≈ m^2_0 (f^2(z_3)/b^2 − f^2(z_1)/4) > 0. The ratio of the mass squared differences defined by R ≡ Δm^2_1/|Δm^2_{32}| is given by

R ≈ b^2(4f^2(z_2) − f^2(z_1)) , (31)

where the equality roughly is given under y_{1,2}, b ≪ 1. From Eq. (31) and the best-fit values of the solar and atmospheric mass squared differences (R ≃ 3 × 10^{−2}), one can determine the magnitude of the parameter b, roughly

b ≈ 0.01 . (32)

• M_3 ≃ m̄_η < M_2 < M_1 (or b < 1 < a) : this case gives a ≃ 1.4, b ≃ 0.6 with κ ≃ 0.4 and a ≃ 2.8, b ≃ 0.8 with κ ≃ 1.8 in numerical calculations, which corresponds to f(z_3)/b ≲ f(z_1)/a ≲ f(z_2) indicating a degenerate inverted orderings of light neutrinos.

(ii) M_1 ≃ m̄_η < M_2 < M_3 for ξ = π : this case a ≲ 1 < b corresponds to a degenerate inverted ordering of light neutrinos giving a ≃ 1 and b ≃ 3 with κ ≃ 2 in numerical calculations. Note that a case M_1 ≃ m̄_η ≪ M_2 < M_3 is not allowed, due to ε → 2 in Eq. (37), actually because it could not satisfy the experimental data of light neutrino of mixing angles.

(iii) M_2 ≃ m̄_η < M_1 < M_3 (1 < b < a) for ξ = 0 : this corresponds to f(z_1)/a ≲ f(z_2) < f(z_3)/b, giving a ≃ 4.7 and b ≃ 2.7 with κ ≃ 3.7 in numerical calculations. It gives a degenerate normal mass ordering of light neutrinos. Note that a case M_2 ≃ m̄_η ≪ M_1 ≃ M_3 for ξ ≃ π/2 or ξ ≃ 3π/2 is not allowed because it could not satisfy the ratio R ≃ 3 × 10^{−3}.

Note here that in our scenario the inverted hierarchical light neutrino mass spectrum is not allowed because the condition Δm^2_1 > 0 is not satisfied due to the mass ordering of heavy Majorana neutrinos Eq. (18) corresponding to light neutrino mass ordering.

From Eqs. (9), (14) and (26), the PMNS matrix in Eq. (25) can be expressed as

U_{PMNS} =

V^ℓ_{L11}V_{11} − V^ℓ_{L12}V_{21} + V^{ℓ∗}_{L31}V_{31}^{V ℓL11−V ℓL12 +V ℓ∗L31√}_3 V^ℓ_{L11}V_{13} − V^ℓ_{L12}V_{23} + V^{ℓ∗}_{L31}V_{33} V^ℓ_{L22}V_{21} − V^ℓ_{L23}V_{31} + V^{ℓ∗}_{L12}V_{11}^{V ℓL22−V ℓL23 +V ℓ∗L12√}_3 V^ℓ_{L22}V_{23} − V^ℓ_{L23}V_{33} + V^{ℓ∗}_{L12}V_{13} V^ℓ_{L31}V_{33} + V^{ℓ∗}_{L13}V_{11} + V^{ℓ∗}_{L23}V_{21}^{V ℓL33+V ℓ∗L13 +V ℓ∗L23√}_3 V^ℓ_{L33}V_{33} + V^{ℓ∗}_{L13}V_{13} + V^{ℓ∗}_{L23}V_{23}

P_ν ,(33) where V^ℓ_{Lij} is the (ij)-element of the mixing matrix V^ℓ_L, and V_{ij} is the (ij)-element of U^†_ωU_ν given by

V = U^†_ωU_ν = ce^{iφ1} −se^{iφ2} √ 3 1√ 3 ce^{iφ2} +se^{iφ1} √ 3 −^{cei(φ1+ π3 )−sei(φ2− π3 )} √ 3 1√ 3 −^{sei(φ1+ π3 )+cei(φ2− π3 )} √ 3 −^{cei(φ1− π3 )−sei(φ2+ π3 )} √ 3 1√ 3 −^{sei(φ1− π3 )+cei(φ2+ π3 )} √ 3 P_ν , (34)

where s ≡ sin θ and c ≡ cos θ. By recasting Eq. (33) with the transformations e → e e^{iα1} , μ → μ e^{iβ1} , τ → τ e^{iβ2} and ν_2 → ν_2 e^{i(α1 −α2)}, we can rewrite the PMNS matrix as

U_{PMNS} = |U_{e1}| |U_{e2}| U_{e3}e^{−iα1} U_{μ1}e^{−iβ1} U_{μ2}e^{i(α1−α2−β1)} |U_{μ3}| U_{τ 1}e^{−iβ2} U_{τ 2}e^{i(α1 −α2−β2)} |U_{τ 3}| P^′_ν (35)

which corresponds to the standard parametrization as in PDG [20]. From the above equation, the neutrino mixing parameters can be displayed as

sin^2 θ_{12} = |U_{e2}|^2 1 − |U_{e3}|^2

, sin^2 θ_{23} = |U_{μ3}|^2 1 − |U_{e3}|^2 , sin^2 θ_{13} = |U_{e3}|^2 , δ_{CP} = α_1 − α_3 , (36)

where α_1 = arg(U_{e1}), α_2 = arg(U_{e2}), α_3 = arg(U_{e3}), β_1 = arg(U_{μ3}) and β_2 = arg(U_{τ 3}). From the form of U_{PMNS} given in Eq. (34), the solar, atmospheric and reactor neutrino mixing angles θ_{12}, θ_{23} and θ_{13} can be approximated, up to order λ^3, as

sin^2 θ_{12} =

1 − 2λ cos ϕ^ℓ_3 + λ^3(cos ϕ^ℓ_3 − 2A cos ϕ^ℓ_2 + 2B cos ϕ̃^ℓ_{13}) 3 − ε − Ξλ + λ^2Ψ + Ωλ^3 , sin^2 θ_{23} =

1 − sin 2θ cos(φ_{12} − π/3) − Ξλ + λ^2Υ + λ^3Θ 3 − ε − Ξλ + λ^2Ψ + λ^3Ω , sin θ_{13} = 1 √ 3 √ ε + Ξλ − λ^2Ψ − λ^3Ω , (37)

where ϕ̃^ℓ_{ij} ≡ ϕ^ℓ_i + ϕ^ℓ_j and the parameters Ψ and Ω are defined as

ε = 1 + sin 2θ cos φ_{12} , Ψ = √ 3 sin 2θ cos(φ_{12} − π/6) ,

Ω = Θ + A [√ 3 cos 2θ sin ϕ^ℓ_2 − cos ϕ^ℓ_2(1 + 2 sin 2θ cos(φ_{12} − π/3)) ] , Ξ = cos ϕ^ℓ_3 + √ 3 sin ϕ^ℓ_3 cos 2θ + 2 sin 2θ cos ϕ^ℓ_3 cos ( φ_{12} + π 3 ) , Υ = Ψ + B [ cos ϕ^ℓ_1(1 − 2 cos φ_{12} sin 2θ) + √ 3 sin ϕ^ℓ_1 cos 2θ ] , (38) with Θ = Ξ 2 + B [ cos ϕ̃^ℓ_{13}(1 + 2 sin 2θ cos(φ_{12} − π/3)) − √ 3 cos 2θ sin ϕ̃^ℓ_{13} ] . (39)

In Eq. (37), if we turn off the higher dimensional operators in the Lagrangian, that is, if θ → ±π/4 and φ_{12} → π(0), and λ → 0, the TBM angles sin^2 θ_{12} = 1/3, sin^2 θ_{23} = 1/2 and sin θ_{13} = 0 are restored, as expected. In the limit of θ → π/4 and φ_{12} → π (normal hierarchy of the neutrino masses), or θ → −π/4 and φ_{12} → 0 (inverted hierarchy of the neutrino masses), the parameters behave as ε → 0, Ξ → 0, Ψ → −3/2, Ω → 0, Υ → −3/2−3B cos ϕ^ℓ_1 and Θ → 0. Then, the neutrino mixing angles can be simplified as

sin^2 θ_{12} ≈ 1 3 − 2λ cos ϕ^ℓ_3 3 , sin^2 θ_{23} ≈ 1 2 + ( cos ϕ^ℓ_1 − 1 4 ) λ^2, sin θ_{13} ≃ √ λ^2 2 + ε + Ξλ 3 , (40)

where A, B = 1 are used. Note here that in the limit of ε → 0 and Ξ → 0 the mixing parameter sin θ_{13} goes to the value λ/ √ 2. Leptonic CP violation at low energies can be detected through the neutrino oscillations which are sensitive to the Dirac CP-phase, but insensitive to the Majorana CP-phases in U_{PMNS} [21]: the Jarlskog invariant J_{CP} ≡ Im[U_{e1}U_{μ2}U^∗_{e2}U^∗_{μ1}], where U_{αj} is an element of the PMNS matrix in Eq. (33), with α = e, μ, τ corresponding to the lepton flavors and j = 1, 2, 3 corresponding to the light neutrino mass eigenstates. To see how both CP phases φ_{12} (coming from the neutrino sector) and ϕ^ℓ_{1,2,3} (coming from the charged lepton sector) are correlated with low energy CP violation measurable through the neutrino oscillations, let us consider the leptonic CP violation parameter J_{CP} : J_{CP} = cos 2θ 6 √ 3 − λ √ 3 9 sin 2θ sin ϕ^ℓ_3 cos(φ_{12} − π/6) − λ^2 3 √ 3 ( cos 2θ − B sin 2θ sin ϕ^ℓ_1 sin φ_{12} )

+ λ^3 √ 3 18 [ sin 2θ cos(φ_{12} − π/6) sin ϕ^ℓ_3 + 2A sin 2θ sin^ℓ_2 cos(φ_{12} + π/6) + B { 2 cos 2θ cos ϕ^ℓ_{12} + sin 2θ (√ 3 cos φ_{12} sin ϕ^ℓ_{13}

+ sin φ_{12}(cos ϕ^ℓ_3 sin ϕ^ℓ_1 + 3 sin ϕ^ℓ_3 cos ϕ^ℓ_1) )}] + O(λ^4) . (41)

Note that sin ϕ^ℓ_3 appears in the terms of the first order in λ, and its value is crucial to satisfy the neutrino data for the solar mixing angle. In particular, for θ → ±π/4 and φ_{12} → π (or 0), we obtain J_{CP} ≃ ±λ/6 for sin ϕ^ℓ_3 ≃ ±1.

In our numerical work, we use the five neutrino experimental data of Δm^2_{sol}, Δm^2_{atm}, θ_{12}, θ_{13} and θ_{23} at 3σ level given in Eq. (1) as inputs. On this work, we are going to

FIG. 2: Left-plot displays the allowed regions of the solar mixing angle θ_{12} versus the CP phase ϕ^ℓ_3, and right-plot displays the allowed regions of the atmospheric mixing angle θ_{23} versus the CP phase ϕ^ℓ_1. The horizontal dotted lines in both plots correspond to the upper and lower bounds, respectively, satisfying the 3σ experimental data in Eq. (1).

study the case M_3 ≪ M_2 < M_1 giving rise to a normal hierarchical mass ordering of light neutrinos, see Eq. (32). From Eqs. (22,24,28) we obtain

m_2 = m_0f(z_2) ≃

3v^2(−2 ln b − 1) 8π^2 λ^{Φη}_3 |y_ν |^2 M (42)

which should be order of O(0.01) eV, indicating λ^{Φη}_3 |y_ν|^2/M ≃ O(10^{−15}) GeV^{−1}. By using the relation m_0 = Δm^2_η |y_ν|^2/16π^2M with Eqs. (22,42) and the SM Higgs VEV v = 174 GeV and, for example, by taking the scale M = 10 TeV and λ^{Φη}_3 = 10^{−8}, the values of the relevant parameters satisfying the five neutrino experimental data are taken as

0.98 < κ < 1.02 , 0.032 < |y_ν| < 0.045 , 0.0001 < y_{1,2} < 0.47 , 0 ≤ ϕ^ℓ_{1,2,3} ≤ 2π , 0 ≤ ρ_{1,2} ≤ 2π . (43)

Without loss of generality, we take A = B = 1 appearing in the charged lepton mixing matrix V^ℓ_L, because they do not affect the leptonic mixing mixing parameters significantly. The left plot in Fig. 2 shows the allowed region of the solar mixing angle θ_{12} versus the CP phase ϕ^ℓ_3. As can be seen the simplified equation of sin^2 θ_{12} in Eq. (40), the mixing parameter θ_{12} is dominantly controlled by the phaseϕ^ℓ_3 allowing 55^∘ ≤ ϕ^ℓ_3 ≤ 100^∘ and 260^∘ ≤ ϕ^ℓ_3 ≤ 300^∘. And the mixing parameter θ_{23} is dominantly controlled by ϕ^ℓ_1 as can be seen in Eq. (40), and the right plot in Fig. 2 displays the allowed region of the atmospheric mixing angle θ_{23}

FIG. 3: Allowed values for the reactor angle θ_{13} in left-plot and J_{CP} in right-plot as a function of Ξ and θ_{13}, respectively. The horizontal and vertical dotted lines in the both figures correspond to the upper and lower bounds in 3σ of experimental data in Eq. (1).

versus the CP phase ϕ^ℓ_1. The left plot of Fig. 3 shows that the behavior of θ_{13} as a function of Ξ, where there is a lower bound θ_{13} ≳ 3.5^∘. Because ε ≥ 0, depending on the sign of Ξ, the second term in the squared-root of sin θ_{13} in Eq. (40) can increase or decrease the value of θ_{13} around the value λ/ √ 2. Furthermore, because the value of Ξ is bounded by as can be seen in Eq. (38), we expect that there is a lower bound on the possible value of θ_{13}. The parameter Ξ depends mainly on y_1 and y_2, defined in Eq. (8), which represent the effects of the dimension-5 operators. Thus, in our scenario the lower bound on the mixing angle θ_{13} is strongly dependent on the cutoff scale Λ, the A_4 symmetry breaking scale v_χ and the relevant couplings |y^{s,a}_N |, through y_1 and y_2. Since neutrino oscillation experiments are sensitive to the Dirac CP phase δ_{CP} , the Jarlskog invariant of the leptonic sector given in Eq. (41) would be a signal of CP violation. The right plot in Fig. 3 shows that allowed values for J_{CP} as a function of θ_{13}, showing |J_{CP} | ≈ 0.01 − 0.04 due to the sizable θ_{13}. This can be tested in the future experiments such as the upcoming long baseline neutrino oscillation ones. In the plots Fig. 2 and Fig. 3 the horizontal and vertical dotted lines in the both figures correspond to the upper and lower bounds in 3σ of experimental data in Eq. (1).

IV. DARK MATTER AND LEPTON FLAVOR VIOLATION

In this section, we study a fermionic DM analysis, that is, right-handed neutrinos. Especially, we are interested in a hierarchical case of heavy Majorana neutrino, M_3 ≪ M_2 < M_1 for ξ = 0, giving a hierarchical normal mass ordering of light neutrinos, as shown in section- III.

The existence of the flavor neutrino mixing implies that the individual lepton charges, L_α, α = e, μ, τ are not conserved [15] and processes like ℓ_α → ℓ_βγ should take place. Experimental discovery of lepton rare decay processes ℓ_α → ℓ_βγ is one of smoking gun signals of physics beyond the SM; thus several experiments have been developed to detect LFV processes. The present experimental upper bounds are given at 90% C.L. [22, 23] as

Br(μ → eγ) ≤ 2.4 × 10^{−12} , Br(τ → μγ) ≤ 4.4 × 10^{−8} , Br(τ → eγ) ≤ 3.3 × 10^{−8} . (44)

Assuming the lightest particle of N_i to be DM, we consider annihilation of N_i through Yukawa interaction Eq. (15) in the early Universe. The DM mass M_{lightest} = M_3 is constrained by the LFV processes, if the size of |y_ν | which is the overall scale of Y_ν is fixed through the DM relic density. For the given Yukawa interaction of the fermion singlet with SM particles, Ỹ_νℓ̄_LηN_i, its annihilation rate into the latter, as shown in Fig. 4, and its relic density Ω_d can be calculated and are related to each other by the thermal dynamics of the Universe within the standard big-bang cosmology [24]. Then in the WMAP analysis we find the thermally averaged cross section ⟨σv⟩ for the annihilation of two N_3’s from Fig. 4 in the limit of the vanishing final state lepton masses: ⟨σv⟩ ≃ |y_ν |^4r^2(1 − 2r + 2r^2) 48πm^2_{η±} , r = M^2_3 /(m^2_η± + M^2_3 ), (45)

where we assume m_η0 = m_η± . The thermally averaged cross section Eq.(45) does not contain s-wave contribution as a consequence of massless limit of the final state particles. Assuming this to be the dominant contribution to the DM relic density of the Universe, we need that the pair annihilation cross section must be of the order of

⟨σ_{eff} v_r⟩ ≃ 8.35 × 10^{−10} x_f √ g_∗ ( Ω_dh^2 0.11 )_{−1} GeV^{−2} , (46)

which is the thermally averaged annihilation cross section of a pair of fermion particles into SM particles and the relative speed of the fermion pair in their center-of-mass frame, where

FIG. 4: Annihilation diagrams of n for the cross section σv, where e_L and ν run over three families.

the decoupling temperature T_f of particles, x_f ≃ ln^{0.038MPlm⟨σeff |vr |⟩}√_{g∗xf} , the current Particle Data Group value for the DM density, Ω_dh^2 = 0.1123 ± 0.0035 [16], in which Ω_d is the cosmological parameter associated with DM, h is the normalized Hubble constant, and g_∗ is the number of relativistic degrees of freedom at the DM chemical coupling. From Eqs. (45,46), one can obtain for m_η± ≡ x_η GeV |y_ν| ≃ 4.3 × 10^{−2} √ x_η ( ⟨σv⟩ 3 × 10^{−9}GeV^{−2}

) 1_4 ( m_η± x_η GeV

) 1_2 , (47)

where r ≃ 1/2 is used. From Eq. (47) we see that the coupling depends on the scale of dark matter. For the weak coupling to be ensured, one needs |y_ν | ≲ 4π^3 which, in turn, indicates the upper bound on the DM mass must be roughly

M_3 ≲ 83 TeV . (48)

Now let us consider LFV, especially τ → μγ for a lower bound of DM and μ → eγ for a connection to the neutrino parameter θ_{13}. Fig. 5 depicts that one-loop diagrams to the one for neutrino masses contribute to the lepton flavor violating processes like ℓ_α → ℓ_βγ (α, β = e, μ, τ), whose branching ratio is estimated as [26]

Br(ℓ_α → ℓ_βγ) = 3α_e 64π(G_F m^2_{η±} )^2

|B_{αβ}|^2Br(ℓ_α → ℓ_βν̄_β ν_α) (49)

where α_e ≃ 1/137 and G_F is the Fermi constant, and B_{αβ} is given by B_{αβ} = 3∑ i=1 Ỹ_{αi}Ỹ^∗_{βi}F_2(x_i) , (50)

3 |y_ν | ≤ 1 case has been considered in Ref. [25].

FIG. 5: One-loop diagrams to the one for neutrino masses contribute to the lepton flavor violating processes like ℓ_α → ℓ_βγ (α, β = e, μ, τ).

in which F_2(x_i) is given by F_2(x_i) =

1 − 6x_i + 3x^2_i + 2x^3_i − 6x^2_i lnx_i 6(1 − x_i)^4

(51) with F_2(1) = 1/12 and x_i = M^2_i /m^2_{η±} . Note here that B_{αβ} does not depend on the phases ψ_{1,2} associated with heavy Majorana neutrino mass matrix. From Eq. (49) the LFV branching ratios can be simplified as Br(ℓ_α → ℓ_βγ) ≃ 8.0 × 10^5r_{αβ} |B_{αβ}|^2 m^4_{η±} GeV^4 , (52)

where r_{μe} = 1.0, r_{τ e} = 0.1784 and r_{τ μ} = 0.1736, which indicates that the LFV branching ratios depends on m_η± and on the neutrino parameters in a flavor dependent manner.

In the following we consider the case, M_3 ≃ m_η± ≪ M_2 < M_1, as shown in section-III. Taking the case M_1 ≃ 2M, M_2 ≃ M and M_3 ≃ 0.01M into account, the function F_2(x_i) can have the values 1/12 (x_3 = 1), 3.3×10^{−5}( x_2 = 10^4) and 8.3×10^{−6}( x_1 = 4×10^4), for N_1, N_2 and N_3, respectively, which indicates only the lightest heavy Majorana neutrino among the heavy neutrinos can contribute the branching ratio of LFV. Then, the expressions of |B_{αβ}|^2 relevant for τ → μγ, τ → eγ and μ → eγ, respectively, are approximately given as |B_{τ μ}|^2 = |y_ν|^4F^2_2 (x_3)Q_{τ μ} , |B_{τ e}|^2 ≃ |B_{μe}|^2 = |y_ν|^4F^2_2 (x_3)Q_{μe} , (53) where the quantities Q_{τ μ} and Q_{μe} are simply expressed up to order of λ^2 as Q_{τ μ} ≃ 1 4 − y_1 cos ρ_1 + y_2 cos ρ_2 2 − λ 2 √ 3 ( y_2 sin(ρ_2 − ϕ^ℓ_3) − y_1 sin(ρ_1 − ϕ^ℓ_3) ) − λ^2 4 , Q_{μe} ≃ (y_1 − y_2)^2 12 + y_1y_2 3 sin^2 ( ρ_1 − ρ_2 2 )

+ λ 2 √ 3 ( y_2 sin(ρ_2 − ϕ^ℓ_3) − y_1 sin(ρ_1 − ϕ^ℓ_3) ) + λ^2 4 . (54)

FIG. 6: The Q_{μe} ≲ x^2_η × 1.26 × 10^{−10} sensitivity to θ_{13}. Here the vertical dotted lines represent the upper and lower bounds in 3σ of Eq. (1)

From the constraint of the branching ratio of τ → μγ in Eq. (44) we can obtain a lower bound of DM mass by using Eqs. (47,52,54):

66 GeV ≲ M_3 ≲ 83 TeV , (55)

where the upper bound is from Eq. (48). Using Eq. (44), the branching ratio Eq. (52) can be expressed in terms of Q_{μe}, Q_{τ μ} and x_η as

Q_{μe} ≤ x^2_η × 1.26 × 10^{−10} , Q_{τ μ} ≤ x^2_η × 1.33 × 10^{−5} , (56)

indicating Q_{μe} is much more stringent than Q_{τ μ} in sensitivity. In Fig. 6, the allowed region between θ_{13} and Q_{μe} is described. It tells us that a rather large θ_{13} > 9^∘ is predicted for 12.6 TeV ≤ M_3 ≤ 14.6 TeV. For M_3 < 6.3 TeV, on the other hand, a rather smaller θ_{13} < 8^∘ is predicted. It might be able to detected by direct or indirect DM searches, though the mass sale is rather high.

Finally we mention the detectability at the LHC. We find that an inert charged Higgs, which decays into a muon and tauon (or a anti-muon and a anti-tauon) universally with a large missing energy in the limit of leading order, where the missing energy is carried away by our DM. It suggests that the clean signal will be obtained at the LHC.

V. CONCLUSION

We have analyzed the lepton masses and the mixings based on A_4 flavor symmetry. Especially, we obtained a lower bound of θ_{13} ≳ 3.5^∘ in hierarchical normal mass ordering. And, we found that the large θ_{13} can be correlated with the Majorana type of DM, and its mass be O(1-10) TeV, as a result of analyzing the WMAP and lepton flavor violation such as the μ → eγ experiment. Moreover, we could predict that a rather lager θ_{13}; 9^∘ < θ_{13} for 12.6 TeV ≤ M_3 ≤ 14.6 TeV, and a rather smaller θ_{13}; θ_{13} < 8^∘, for M_3 < 6.3 TeV. It implies that it might be able to detetected by direct or indirect DM searches as well as LHC at a rather high energy scale.

Appendix A: Higgs Potential and vacuum alignment

Since it is nontrivial to ensure that the different vacuum alignments of ⟨φ^0⟩ = (υ, υ, υ) and ⟨χ⟩ = (υ_χ, 0, 0) in Eq. (6) are preserved, we shall briefly discuss these vacuum alignments. There is a generic way to prohibit the problematic interaction terms by physically separating the fields χ and (Φ, η). Here we solve the vacuum alignment problem by extending the model with a spacial extra dimension y [6]. We assume that each field lives on the 4D brane either at y = 0 or at y = L, as shown in Fig. 7. The heavy neutrino masses arise from local operators at y = 0, while the charged fermion masses and the neutrino Yukawa interactions are realized by non-local effects involving both branes. A detailed explanation of this possibility is beyond the scope of this paper.

FIG. 7: Fifth dimension and locations of scalar and fermion fields.

Then, the most general renormalizable scalar potential of Φ, η and χ, invariant under

SU(2)_L × U(1)_Y × A_4 × Z_2, is given by

V_{y=L} = μ^2_Φ(Φ^†Φ)_1 + λ^Φ_1 (Φ^†Φ)_1(Φ^†Φ)_1 + λ^Φ_2 (Φ^†Φ)_1′ (Φ^†Φ)_1′′ + λ^Φ_3 (Φ^†Φ)_{3s} (Φ^†Φ)_{3s} + λ^Φ_4 (Φ^†Φ)_{3a} (Φ^†Φ)_{3a} + λ^Φ_5 (Φ^†Φ)_{3s} (Φ^†Φ)_{3a} + μ^2_η(η^†η) + λ^η(η^†η)^2 + λ^{Φη}_1 (Φ^†Φ)_1(η^†η) + λ^{Φη}_2 (Φ^†η)(η^†Φ) + λ^{Φη}_3 (Φ^†η)(Φ^†η) + λ^{Φη∗}_3 (η^†Φ)(η^†Φ) , (A1) V_{y=0} = μ^2_χ(χχ)_1 + ξ^χ(χχχ)_1 + λ^χ_1 (χχ)_1(χχ)_1 + λ^χ_2 (χχ)_1′ (χχ)_1′′ + λ^χ_3 (χχ)_3(χχ)_3 + κ_1 Λ (χχ)_1(χχ)_3χ + κ_2 Λ (χχ)_1′ (χχ)_3χ + κ_3 Λ (χχ)_1′′ (χχ)_3χ + κ_4 Λ (χχ)_3(χχ)_3χ,(A2)

where μ_Φ, μ_η, μ_χ and ξ^χ are of the mass dimension 1, while λ^Φ_{1,...,5}, λ^η, λ^χ_{1,...,3}, λ^{Φη}_{1,...,3} and κ_{1,...,4} are all dimensionless. Notice also here that there are no five dimensional terms in V_{y=L} and κ_2 = κ_3 = 0. Let us set φ^0_i ≡ v + φ_{Ri} + i φ_{Ii} (i = 1, 2, 3) and η^0 ≡ η^0_R + i η^0_R. Then masses of Φ_i, η, and χ_i are written as follows:

m^2_R ≡ m^2(Re(η)) = 1 2 μ^2_η + 3 2 v^2(λ^{Φη}_1 + λ^{Φη}_2 + 2λ^{Φη}_3 ) , (A3) m^2_I ≡ m^2(Im(η)) = 1 2 μ^2_η + 3 2 v^2(λ^{Φη}_1 + λ^{Φη}_2 − 2λ^{Φη}_3 ) , (A4) m^2_η± = 1 2 μ^2_η + 3 2 v^2λ^{Φη}_1 , (A5)

m^2_{Re(φ)i} =

2(λ^Φ_1 + λ^Φ_2 ) 2λ^Φ_1 − λ^Φ_2 + 4λ^Φ_3 2λ^Φ_1 − λ^Φ_2 + 4λ^Φ_3 2λ^Φ_1 − λ^Φ_2 + 4λ^Φ_3 2(λ^Φ_1 + λ^Φ_2 ) 2λ^Φ_1 − λ^Φ_2 + 4λ^Φ_3 2λ^Φ_1 − λ^Φ_2 + 4λ^Φ_3 2λ^Φ_1 − λ^Φ_2 + 4λ^Φ_3 2(λ^Φ_1 + λ^Φ_2 ) v^2, (A6)

m^2_{Im(φ)i} = 2

−2(λ^Φ_3 + λ^Φ_4 ) (λ^Φ_3 + λ^Φ_4 ) (λ^Φ_3 + λ^Φ_4 ) (λ^Φ_3 + λ^Φ_4 ) −2(λ^Φ_3 + λ^Φ_4 ) (λ^Φ_3 + λ^Φ_4 ) (λ^Φ_3 + λ^Φ_4 ) (λ^Φ_3 + λ^Φ_4 ) −2(λ^Φ_3 + λ^Φ_4 ) v^2, (A7)

m^2_{(φ}±_{)i} = 4

−2λ^Φ_3 λ^Φ_3 λ^Φ_3 λ^Φ_3 −2λ^Φ_3 λ^Φ_3 λ^Φ_3 λ^Φ_3 −2λ^Φ_3 v^2, (A8)

m^2_{[Re(φ)−Im(φ)]i} = 4

0 −λ^Φ_5 λ^Φ_5 λ^Φ_5 0 −λ^Φ_5 −λ^Φ_5 λ^Φ_5 0 v^2, (A9)

m^2_{(χ)i} = diag ( 2(λ^χ_1 + λ^χ_2 ) , λ^χ_1 − 1 2 λ^χ_2 + 2λ^χ_3 , λ^χ_1 − 1 2 λ^χ_2 + 2λ^χ_3 ) , (A10)

where we assume λ^{Φη}_3 is real to forbid the mixing term between Re(η) and Im(η), and also χ is real. Here we use stable conditions; μ^2_Φ = −(6λ^Φ_1 + 8λ^Φ_3 )v^2 and μ^2_χ = −2(λ^χ_1 + λ^χ_2 )v^2_χ.

[1] B. Pontecorvo, Sov. Phys. JETP 6 (1957) 429 [Zh. Eksp. Teor. Fiz. 33 (1957) 549]; Z. Maki, M. Nakagawa and S. Sakata, Prog. Theor. Phys. 28, 870 (1962).

[2] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002) [arXiv:hep-ph/0202074]; P. F. Harrison and W. G. Scott, Phys. Lett. B 535, 163 (2002) [arXiv:hep-ph/0203209].

[3] H. Ishimori, T. Kobayashi, H. Ohki, Y. Shimizu, H. Okada and M. Tanimoto, Prog. Theor.

Phys. Suppl. 183, 1 (2010) [arXiv:1003.3552 [hep-th]]; G. Altarelli and F. Feruglio, Rev. Mod. Phys. 82, 2701 (2010) [arXiv:1002.0211 [hep-ph]].

[4] E. Ma and G. Rajasekaran, Phys. Rev. D 64, 113012 (2001) [arXiv:hep-ph/0106291]. [5] X. G. He, Y. Y. Keum and R. R. Volkas, JHEP 0604, 039 (2006) [arXiv:hep-ph/0601001]. [6] G. Altarelli and F. Feruglio, Nucl. Phys. B 720, 64 (2005) [arXiv:hep-ph/0504165]. [7] Y. H. Ahn, H. Y. Cheng and S. Oh, Phys. Rev. D 83, 076012 (2011) [arXiv:1102.0879 [hep-ph]]. [8] Y. H. Ahn, H. Y. Cheng and S. Oh, arXiv:1105.4460 [hep-ph]; Y. H. Ahn, H. Y. Cheng and S. Oh, Phys. Rev. D 84, 113007 (2011) [arXiv:1107.4549 [hep-ph]]; D. Marzocca, S. T. Petcov, A. Romanino and M. Spinrath, JHEP 1111, 009 (2011) [arXiv:1108.0614 [hep-ph]]; G. J. Ding and D. Meloni, Nucl. Phys. B 855, 21 (2012) [arXiv:1108.2733 [hep-ph]]; G. Altarelli, arXiv:1111.6421 [hep-ph].

[9] K. Abe et al. [T2K Collaboration], Phys. Rev. Lett. 107, 041801 (2011) [arXiv:1106.2822 [hep-ex]]; P. Adamson et al. [MINOS Collaboration], Phys. Rev. Lett. 107, 181802 (2011) [arXiv:1108.0015 [hep-ex]]; H. De Kerret et al. [Double Chooz Collaboration], talk presented at the Sixth International Workshop on Low Energy Neutrino Physics, November 9-11, 2011 (Seoul, Korea).

[10] T. Schwetz, M. Tortola and J. W. F. Valle, New J. Phys. 13, 109401 (2011) [arXiv:1108.1376 [hep-ph]].

[11] M. C. Gonzalez-Garcia, M. Maltoni and J. Salvado, JHEP 1004, 056 (2010) [arXiv:1001.4524v3 [hep-ph]].

[12] G. L. Fogli, E. Lisi, A. Marrone, A. Palazzo and A. M. Rotunno, arXiv:1106.6028 [hep-ph]. [13] E. Ma, Phys. Rev. D 73, 077301 (2006) [hep-ph/0601225].

[14] T. Fukuyama, H. Sugiyama and K. Tsumura, Phys. Rev. D 83, 056016 (2011) [arXiv:1012.4886 [hep-ph]]; A. Adulpravitchai, M. Lindner and A. Merle, Phys. Rev. D 80, 055031 (2009) [arXiv:0907.2147 [hep-ph]].

[15] S. M. Bilenky and S. T. Petcov, Rev. Mod. Phys. 59, 671 (1987) [Erratum-ibid. 61, 169.1989 ERRAT,60,575 (1989 ERRAT,60,575-575.1988)].

[16] E. Komatsu et al. [WMAP Collaboration], Astrophys. J. Suppl. 192, 18 (2011) [arXiv:1001.4538 [astro-ph.CO]].

[17] Y. H. Ahn and C. S. Chen, Phys. Rev. D 81, 105013 (2010) [arXiv:1001.2869 [hep-ph]];

Y. H. Ahn, arXiv:1006.2953 [hep-ph].

[18] N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963); M. Kobayashi and T. Maskawa, Prog. Theor.

Phys. 49, 652 (1973).

[19] E. Ma, Mod. Phys. Lett. A 21, 1777 (2006) [arXiv:hep-ph/0605180]. [20] K. Nakamura et al. (Particle Data Group), J. Phys. G 37, 075021 (2010) [21] G. C. Branco, R. Gonzalez Felipe, F. R. Joaquim, I. Masina, M. N. Rebelo and C. A. Savoy, Phys. Rev. D 67, 073025 (2003) [arXiv:hep-ph/0211001].

[22] J. Adam et al. [MEG Collaboration], Phys. Rev. Lett. 107, 171801 (2011) [arXiv:1107.5547 [hep-ex]].

[23] K. Nakamura et al. (Particle Data Group), J. Phys. G 37, 075021 (2010) and 2011 partial update for the 2012 edition.

[24] E. W. Kolb and M. Turner, The early Universe (Westview, Boulder, 1990). [25] D. Aristizabal Sierra, J. Kubo, D. Restrepo, D. Suematsu and O. Zapata, “Radiative seesaw:

Warm dark matter, collider and lepton flavour violating signals,” Phys. Rev. D 79, 013011 (2009), [arXiv:0808.3340 [hep-ph]].

[26] E. Ma and M. Raidal, Phys. Rev. Lett. 87, 011802 (2001) [Erratum-ibid. 87, 159901 (2001)] [arXiv:hep-ph/0102255].