arXiv:1201.4595v2 [hep-th] 28 Jan 2012

ITEP/TH-02/12

Challenges of β-deformation

A.Morozov

ITEP, Moscow, Russia

ABSTRACT

A brief review of problems, arising in the study of the beta-deformation, also known as ”refinement”, which appears as a central difficult element in a number of related modern subjects: β ≠ 1 is responsible for deviation from free fermions in 2d conformal theories, from symmetric omega-backgrounds with ϵ_2 = −ϵ_1 in instanton sums in 4d SYM theories, from eigenvalue matrix models to betaensembles, from HOMFLY to super-polynomials in Chern-Simons theory, from quantum groups to elliptic and hyperbolic algebras etc. The main attention is paid to the context of AGT relation and its possible generalizations.

1 β-deformation

This paper is a brief summary of fresh results, concerning the new role of β-deformation – an old subject in the theory of matrix models and symmetric functions. Today β-deformation is attracting increasing attention because of its role in modern topics of theoretical physics, including AGT relation [1], AMM/EO topological recursion [2, 3], knot (Chern-Simons) theory [4]-[11] and matrix models [12]. In what follows only direct references to recent statements are given, all basic citations can be found in those papers.

The simplest example, explaining why β-deformation should naturally appear, comes from elementary combinatorics. Dedekind function counts Young diagrams with a given number of boxes: if_2#_k is a number of integer partitions of the number k, then ∑ k=0 2#_k q^k = 1 + q + 2q^2 + 3q^3 + 5q^4 + 7q^5 + 11q^6 + . . . = ∏ k=1 (1 − q^k)^{−1} (1)

Similarly McMahon formula counts the number of 3d Young diagrams: ∑ k=0 3#_k q^k = 1 + q + 3q^2 + . . . = ∏ k=1 (1 − q^k)^{−k} (2)

However, this formula does not look like describing a decomposition into elementary constituents, and it should be refined to ∏ i,j (1 − q^it^j )^{−1} (3)

Then McMahon formula arises at the special point t = q. Thus conversion to elementary constituents often requires introduction of an extra parameter in partition function – transition from single to double expansions, and in too many cases this happens in one-and-the-same group-theory-related manner, allowing one to speak about ”double quantization”. This class of similar looking examples, coming from a priori different subjects calls for development of a general theory of this peculiar ”β-deformation. Parameter β appears in (q, t) parametrization through t = q^β , and undeformed situation corresponds to β = 1. The limits β = 0 and β = ∞, as well as q → 0 with β fixed are non-trivial and always interesting.

In what follows we present various examples of how and where the β-deformation appears in modern studies and try to emphasize the common features of these examples and their intimate interrelations.

1.1 Group theory

The most effective is still the description of β-deformation in terms of symmetric functions. In this context one simply substitutes the Shur functions S_R{p_k}, which are characters of the GL(∞) algebra by MacDonald polynomials M_R{p_k} [13].

Shur functions are eigenfunctions of cut-and-join operators Ŵ (Δ), Ŵ (Δ)S_R = φ_R(Δ)S_R (4)

where Δ = {δ_1 ≥ δ_2 ≥ . . . ≥ 0} are integer partitions or Young diagrams. If infinitely many time variables {p_k} are expressed through the N × N matrix X by Miwa transformation p_k = tr X^k = kt_k, then Shur functions become GL(N) characters S_R[X] = s_R{p_k = tr X^k}, and

Ŵ (Δ) = : ∏ i tr ( X ∂ ∂X )_{δi} : (5)

(normal ordering implies that all X-derivatives are standing to the right of all X’s.

Likewise, MacDonald polynomials are eigenfunctions of the Ruijsenaars Hamiltonians [14].

1.2 Reductions

Ruijsenaars integrable system is a generalization of Calogero one, thus MacDonald polynomials are generalizations of the ordinary Shur functions, which are the eigenfunctions of Calogero Hamiltonians. On the way there are two important intermediate cases: Hall-Littlewood and Jack polynomials, arising from MacDonald for q = 0 and q = t = 0 with t = q^β respectively:

algebra Calogero (Shur fns) ↖^{β=1} quantum algebra ↑^{t=q} β − ensemble (Hall − Littlewood pols) (Jack pols) q=0 ↖ ↗_{t,q−→1} MacDonald pols

Ruijsenaars q, t = qβ ↓^{t=q} elem.symmetric pols m_R

1.3 Orthogonal polynomials

In matrix-model language this hierarchy of polynomials are associated with the hierarchy of measures:

Shur : ∮ ∏ i<j (x_i − x_j )^2 ∏ i dx_i x_i −→ Jack : ∮ ∏ i<j (x_i − x_j )^{2β} ∏ i dx_i x_i −→ MacDonald : ∮ ∏ i≠j ∏_{β−1} k=0 (x_i − q^kx_j ) ∏ i dx_i x_i (6)

Concrete role of these measures can be different, depending on the choice of integration contours: for some choices the polynomials are orthogonal, in more general case the linear and quadratic averages of polynomials are fully-factorized Selberg-like integrals [15].

1.4 Examples

The simplest MacDonald polynomials are:

M_1 = p_1 = Tr X = ∑ i x_i, M_{11} = 1 2 ( − p_2 + p^2_1 ) = ∑ i<j x_ix_j

M_2 = 1 2 ( (q − q^{−1})(t + t^{−1}) qt − (qt)^{−1} p_2 +

(q + q^{−1})(t − t^{−1}) qt − (qt)^{−1} p^2_1 )

. . .

Of special importance are MacDonald dimensions, M^∗_R = M_R{p = p^∗} the β-deformations of quantum dimensions:

p^∗_k = A^k − A^{−k} t^k − t^{−k} = {A^k} {t^k} , A = t^N

M^∗_1 = A − 1/A t − 1/t t=q −→ [N]_q^{q=1}−→ N M^∗_{11} = {A/t}{A} {t}{t^2} t=q −→ [N − 1]_q[N]_q [2]_q q=1 −→ (N − 1)N 2 M^∗_2 = {A}{Aq} {t}{qt} t=q −→ [N]_q [N + 1]_q [2]_q q=1 −→ N(N + 1) 2 . . . They are given by the hook formula: M^∗_R = ∏ (i,j)∈R {Aq^{i−1}/t^{j−1}} {q^kt^{l+1}}

i j X k l

where {z} = z − z^{−1}. They should look familiar for those, who know Nekrasov functions [16] or topological vertex formulas [17, 18]. At β ≠ 1 only M^∗_{11...1} are polynomials for A = t^N .

1.5 The role of β-deformation

Today β-deformation is finally in the mainstream: it is no longer a game of mind, it appears naturally in our theories. Just two examples:

• AGT [1, 19] The starting point is a 6d conformal field theory compactified on a Riemann surface: and it relates something 2d, what lives on the Riemann surface, with something in 4d, which lives in uncompactified dimensions. For example,

conformal blocks [20] = LMNS integrals [21]

c = (N − 1) { 1 − N(N + 1) (√ β − 1 √ β )_2} (7)

g_s = √ −ϵ_1ϵ_2 β = −ϵ_2/ϵ_1 = b^2

LMNS integral = ∑ R_1 ,...,R_N Nekrasov functions. Nekrasov functions have typical hook-product form, similar

to MacDonald dimensions

• 3d AGT This is still a hypothetical relation, looked for in different directions [22]. The most interesting version involves 3d Chern-Simons theory, and relates, for example, the S-duality (modular) transformations with knot invariants.

Wilson average in CS theory = HOMFLY polynomial of two variables: q = e^{2πi/(k+N)} and a = q^N

In Hikami representation through quantum dilogarithms [23] HOMFLY polynomials resemble Teshner’s formulas for modular transforms [24], but exact matching is somewhat problematic [25]

After β-deformation HOMFLY(a|q)^{β≠1}−→ superpolynomial P (A|q|t)

P_R[K](A|q|t) = ∑ Q⊢b[K] c^Q_R[K]M^∗_Q (8)

where K is a knot, t = q^β and only the β-quantum (MacDonald) dimensions M^∗_Q depend on A = t^N

In general expansion (8) is ambiguous, ambiguity is fixed by the quantum-R-matrix representation [26, 27]

After that (8) can be used to extend (super)polynomials to entire space of time-variables, by substituting M^∗_Q −→ M_Q{p} [28] Coefficients c^Q_R[K] depend on the knot, they are rational functions of q, t, and for toric knots are described by a simple W -representation.

1.6 What survives after β-deformation?

Everything, related to character calculus:

• Seiberg-Witten (SW) equations

a_i = ∮ A_i Ω

∂ log Z ∂a_i = ∮ B_i Ω (9)

(=⇒ quasiclassical integrability and WDVV equations)

• Virasoro constraints −→ AMM/EO topological recursion • W-representations • AGT relations • knot invariants

1.7 What is lost (modified) after β-deformation?

Everything, related to KP-integrability:

• Z = τ-function • determinantal representations • Harer-Zagier recursion • Kontsevich matrix models • Turaev-Reshetikhin construction

In all cases β-deformed modifications are supposed to exist, but are not yet available.

1.8 Are there nice and natural decompositions?

One of the puzzles with β-deformation is that for β ≠ 1 the natural quantities are no longer the ones with the most simple algebraic properties:

• AGT could be a Hubbard-Stratanovich (HS) duality, but Nekrasov functions are not the HS-duals of conformal blocks, moreover, they have extra poles [29].

• Naive link invariants for non-fundamental representations R ≠ [1^{|R|}] are not the colored superpolynomials [11].

natural quantities factorizable constituents Dotsenko − Fateev integral Selberg correlators Nekrasov functions link invariants superpolynomials MacDonald dimensions

2 Matrix Models

Matrix model τ-functions play especially important role on string theory, making them the most prominent candidates for the next generation of special functions [2].

Eigenvalue matrix models possess a number of different definitions [30]:

2.1 Multiple integrals (over eigenvalues) Z = (_N ∏ i=1 ∫ e^{V (xi)/gs} dx_i ) Δ^2{x} (10)

Exact evaluation of such integrals will one day be possible in the context of non-linear algebra [31]. The simplest available examples are integral discriminants [32]: ∫ ∫ dxdy e^{ax2+bxy+dy2} ∼ 1 √ 4ad − b^2 = D^{−1/2}_{2|2} ∫ ∫ dxdy e^{ax3+bx2y+cxy2+dy3} ∼ D^{−1/6}_{2|3} D_{2|3} = 27a^2d^2 − b^2c^2 − 18abcd + 4ac^3 + 4b^3d In general ordinary discriminants only control singularities of integral discriminants, but the answers are more involved.

While exact formulas of this type are not yet available in general, there are many other approaches, which reveal a lot of hidden structures.

2.2 Ward identities

They are also known as loop equations or Virasoro constraints [33]-[35]. These are recursion relations for correlators ( ∑ k kt_k ∂ ∂t_{k+n} + ∑ a+b=n ∂^2 ∂t_a ∂t_b ) Z = 0 (11)

They are preserved by β-deformation, only slightly modified [36].

2.3 Integrable structure

As a function of t_k in V (x) = ∑ k t_kx^k, the partition function Z{t} is a KP/Toda τ-function [37]

∂^2 ∂t^2_1 log Z_N = Z_{N+1}Z_{N−1} Z^2_N

(12)

It is broken (at least essentially modified) by the β-deformation.

2.4 Genus expansion Δ{x} = ∏ i≠j (x_i − x_j )^β

log Δ + ∑ i 1 g_s V (x_i) ∼ N^2 ⊕ N/g_s

F = g^2_s log Z = ∞∑ p=0 g^{2p}_s F_p(a) (13)

where a is the t’Hooft coupling constant a = Ng_s. If there are many different integration contours over different eigenvalues, then there are many parameters a_I instead of a single a.

In perturbation theory F_0 is a sum of planar diagrams and so on.

• Spectral curve Σ is defined at the genus-zero level, i.e. is hidden in F_0. It plays a prominent role in two places: resolvents and SW equations.

Resolvents are peculiar generating functions of correlators ρ^{(p|m)}(z_1, . . . , z_m) = ⟨_m ∏ i=1 Tr dz_i z_i − X ⟩ p = ∑ {k_i } 1 z^{k+1}_i ⟨ ∏ i TrX^{ki} ⟩ p (14)

Advantages of this definition are:

• Resolvents are meromorphic poly-differentials on Σ

• As a consequence of Virasoro constraints, they can be recursively reconstructed for a given Σ with a Seiberg-Witten differential Ω^{(0)} = ρ^{(0|1)} ∼ y(z)dz and Bergmann kernel ρ^{(2|0)} by the AMM/EO recursion [2, 3].

However, it also has a drawback:

• sum over genera diverges, in particular

Ω(z) = ρ^{(·|1)}(z) = ∑ p g^{2p}_s ρ^{(p|1)}(z) (15)

can not be restored from the AMM/EO recursion.

At the same time Ω(z) is really important: it is the SW differential for the free energy F (a) = ∑ p g^{2p}_s F_p(a), i.e. it enters the SW equations.

2.5 SW equations

This is a consistent system of equations

a_i = ∮ A_i Ω

∂ log Z ∂a_i = ∮ B_i Ω

(16)

which seems to be true both in matrix models and β-ensembles (this is generally believed, but not proved).

The simplest is the Gaussian example with β = 1 and the spectral curve Σ : y(z)^2 = z^2 − 4g_sN [?]

Z_N = 1 N! ∫ (x_i − x_j )^2e^{−x2i /2gs} dx_i ∼ g^{N 2/2}_s N−1∏ k=1 k!

∂ ∂N N−1∑ k=0 f(k) = ∑ k B_k k! ∂^kf(N) ∂ ∂N log Z_N = N(log g_sN − 1) + ∑ k B_{2k} k 1 N^{2k−1}

Ω(z) = − y(z) 2 + g^2_s y(z)^5 + 21g^4_s (z^2 + g_sN)

y(z)^{11} + . . . ∮ A Ω(z) = N, ∮ B Ω(z) = ∂ ∂N log Z_N

In Gaussian case with β = 1 these SW equations can be proved from integrability [1011.5629]. However, SW equations remain true for β ≠ 1, while integrability is broken or at least modified.

Generalization to non-Gaussian case is provided by the theory of Dijkgraaf-Vafa phases [38] in matrix models.

2.6 How to define ρ^{(·|1)}?

A possible key here is the Harer-Zagier recursion. In variance with AMM/EO recursion [2, 3], implied by the Virasoro constraints [35], this one rather follows from integrability [40] – and thus behave much worse under the β-deformation.

Gaussian model (V (x) = x^2/2): ρ(z) = ∑ k 1 z^{2k+1} ⟨ TrX^{2k} ⟩

ϕ(t) = ∑ k t^{2k} (2k − 1)!! ⟨ TrX^{2k} ⟩

e(s) = ∑ k s^{2k} (2k)! ⟨ TrX^{2k} ⟩ ⟨ TrX^{2k} ⟩_{N=1} ∼ (2k − 1)!! −→ ⟨ TrX^{2k} ⟩ 0 ∼ (2k − 1)!! (k + 1)!

(Catalan numbers)

ϕ(t|N) = 1 2t^2 (( 1 + t^2 1 − t^2 )_N − 1 )

• N −→ λ: ϕ̂(t|λ) =^∞ ∑ N=0 ϕ(t|N)λ^N = λ λ − 1 · 1 1 − λ − (1 + λ)t^2

• multi-point correlators:

ϕ̂_{odd}(t_1, t_2|λ) = λ (1 − λ)^{3/2} arctan^{t1 t2√1−λ}

√_{1−λ+(1+λ)(t21 +t2)} √ 1 − λ + (1 + λ)(t^2_1 + t^2)

• other generating functions: ê(s|λ) = λ (1 − λ)^2 e^{1+λ1−λ s2}

ρ̂(z|λ) = iλ (1 − λ) √ 1 − λ^2 erf ( iz √ 1 − λ 1 + λ ) =

= ∞∑ k=0 λ(1 + λ)^k (1 − λ)^{k+2}

(2k − 1)!!

z^{2k+1} =⇒ ρ(z) = z − y(z) 2 + N y^5(z) + 21N(z^2 + N)

y^{11}(z) + . . .

• β-deformation:

for β = 2, 1/2 – 1-point functions are still expressed through arctan for β = 3 – a differential equation can be written for the 1-point function.

2.7 W-representations [41]

Partition functions can be considered as a result of ”evolution”, driven by cut-and-join (W) operators from very simple ”initial conditions”

Z{p} = e^{gŴ} τ_0{p} (17)

If W ∈ UGL(∞), then KP/Toda-integrability is preserved

Ŵ_n = 1 2 ∑ a,b ( (a + b + n)p_ap_b ∂ ∂p_{a+b+n} + abp_{a+b−n} ∂^2 ∂p_a∂p_b ) (18)

• Hermitian matrix model Z_N = ∫ dXe^{∑k pkk TrX k} Z_N = e^{Ŵ−2} e^{Np0} (19)

• Kontsevich model [42] Z = ∫ dXe^{Tr( 13 X 3−L2X)}, p_k = TrL^{−k}

Z = e^{Ŵ K−1} · 1 (20)

where Ŵ^K_{−1} = 2 3 ∑ ( k + 1 2 ) τ_kL^K_{k−1} • Hurwitz model [43]

Z = e^{tŴ0} e^{p1} (21)

• Toric knots and links [44, 11] Z = q^{nm Ŵ0} ∏ link comps

χ̃_R (22)

These formulas might imply a striking relation between Hurwitz and torus-knot theories.

3 AGT relations [1, 19]

The main subjects in this story are:

• Dotsenko-Fateev matrix model [45] • Hubbard-Stratanovich duality [29] • Relation to integrable systems [46, 47] • Bohr-Sommerfeld integrals [48]

The main fact is that certain non-trivial quantities in four different classes of theories are currently known to be the same:

N = 2 SYM models^{AGT}←→ 2d CFT conformalblocks

↕ dictionary [1995 − 97] ↕

1d integrable systems^?←→ DF/Penner matrix model

Each of the entries can be used to label universality classes. Each type of theories implies certain ”natural” deformations and generalizations, and the question is what it corresponds to in the other corners of the table.

3.1 Quantization of integrable systems

The left vertical arrow is well known in the original Seiberg-Witten context [49]: the SW equations for the nonperturbative (instanton-induced) prepotential in N = 2 SYM theories are expressed through the action variables for classical 1d integrable systems [46].

When SYM theory is deformed by the Ω-background [21], with two parameters ϵ_1 and ϵ_2, integrable system is deformed.

The first natural guess is that the deformation is just the quantization of integrable system. The Shroedingerlike equations arise as Fourier transforms of the Baxter equations, and they are AGT-related to the equations for conformal correlators with insertions of degenerate states.

SW description appears through the Bohr-Sommerfeld integrals [48]: if the wave function Ψ(z) = exp ∫_z Ω, where Ω = P dz with a quantum-corrected momentum P (z), then^{∂F}_{∂a} = ∮ B Ω, a = ∮ A Ω.

But in fact this quantization of integrable system is associated with Nekrasov-Shatashvili (NS) limit ϵ_1 → 0, β → ∞. 3.2 Matrix-model representation of conformal blocks [45]

Conformal block is parameterized by the following data (the 4-point example):

V_{α1} (0)

V_{α2} (q) V_{α3} (1)

V_{α4} (∞) α

It is actually equal to ⟨ e^{α1ϕ(0)}e^{α2ϕ(q)}e^{α3ϕ(1)}e^{α4ϕ(∞)} N_1∏

i=1 ∫_q 0 e^{bϕ(xi)} N_2∏

j=1 ∫_1 0 e^{bϕ(yj )} ⟩ = (23)

α_1 + α_2 + bN_1 = α

α + α_3 + α_4 + bN_2 = 0

= ∫ dx_i ∫ dy_j (x_i − x_i′ )^{2β} (y_j − y_j′ )^{2β} (x_i − y_j )^{2β} (x_iy_j )^{2α1 b} ( (q − x_i)(q − y_j ) )_{2α2b}( (1 − x_i)(1 − y_j ) )_{2α3b} =

= ∫ dμ(x) ∫ dμ(y) ( Mixing term(x|y)

)_2 (24)

For β = 1 dμ(x) = ∏ i<i^′ (x_i − x_i′ )^2 ∏ i x^a_i (1 − x_i)^cdx_i (25)

is Selberg measure. Natural are Selberg averages of Shur functions, they are nicely factorized – and they are exactly the Nekrasov functions.

β deformation implies that the measure is changed for MacDonald one: ∫ Jackson β−1∏ k=0 ∏ i≠i^′ (x_i − q^kx_i′ ) (26)

q^β = t However, with this measure the averages of Jack and MacDonald polynomials are often not factorized, instead they linearly decompose into factorizable quantities (Nekrasov functions)

3.3 Pure gauge limit and BGW model

This limit – natural from the perspective of the SYM models – corresponds to breakdown of conformal invariance. In this ”pure gauge” limit the logarithmic β-ensemble turns into the BGW model (for β = 1 in involves unitary rather than Hermitian matrices!) [50].

Elliptic case, associated with the toric conformal blocks is supposedly related to double-cut BGW [51]. BGW model is an important building block in M-theory of matrix models [52].

3.4 Conformal block as average of characters

Continuing from (24), conformal block is equal to [53]

≈ ∫ dμ(x) ∫ dμ(y) exp 2β ∑ i,j log(1 − x_iy_j ) =

= ∫ dμ(x) ∫ dμ(y) exp ( 2β ∑ k p_kp̄_k k ) =

= ∫ dμ(x) ∫ dμ(y) ( ∑ A χ_A(X)χ_A(Y ) )( ∑ B χ_B (X)χ_B (Y ) ) =

= ∑ A,B (∫ dμ(x) χ_A(X)χ_B (X) ) (∫ dμ(y) χ_A(Y )χ_B (Y ) ) (27)

Here p_k = TrX^k, p̄_k = TrY^k and for arbitrary β the role of characters is played by MacDonald polynomials, arising from exp ∑ k [β]_qk p_kp̄_k k = ∑ A C_A C_A′ M_A(X)M_A(Y ) (28)

3.5 AGT as Hubbard-Stratanovich duality [29]

= χ_A(X)

χ_A(Y ) χ_B (X)

χ_B (Y ) χ_A(X)

χ_A(Y ) χ_B (X)

χ_B (Y ) 10

∑ X,Y ( ∑ A χ_A(X)χ_A(Y ) ) ( ∑ B χ_B (X)χ_B (Y ) ) = ∑ A,B ( ∑ X χ_A(X)χ_B (X) ) ( ∑ Y χ_A(Y )χ_B (Y ) ) (29)

Conformal block = ∑ A,B N_{A,B} (30)

∫ dμ(X) χ_A(X)χ_B (X) ∫ dμ(Y ) χ_A(Y )χ_B (Y )^?= N_{A,B} (31)

This relation is true for β = 1.

3.6 The extra poles problem for β ≠ 1 [29]

However, things are not so simple for β ≠ 1. Already in the simplest example,

< χ_{[1]} χ_• >< χ_{[1]} χ_• > + < χ_• χ_{[1]} >< χ_• χ_{[1]} > = = 1 (z − ϵ) 1 (z + ϵ) + 1 (z + ϵ) 1 (z − ϵ) = = 2 z^2 − ϵ^2 = 1 z(z − ϵ) + 1 z(z + ϵ) = N_{[1],•} + N_{•,[1]}

particular Nekrasov functions for ϵ ≠ 0 (β ≠ 1) have extra zeroes (at z = 0), not present in Kac determinant, i.e. not present in conformal blocks.

Instead Nekrasov functions are nicely factorized, while Selberg correlators for β ≠ 1 are not:

< χ_{[3]} χ_• >_{BGW} ∼ z^2 − (5ϵ_1 + 8ϵ_2)z + 6ϵ^2_1 + 23ϵ_1ϵ_2 + 19ϵ^2

ϵ_2=−ϵ_1

−→ z^2 + 3ϵ_1z + 2ϵ^2_1 = (z + ϵ_1)(z + 2ϵ_1) The natural quantities, e.g. the Selberg correlators (involved into duality relations) are non-trivial linear combinations of the nicely factorized functions (Nekrasov functions), which possess extra singularities Similar is the situation with knot invariants: superpolynomials for unknots (the natural quantities) are linear combinations of MacDonald dimensions (the nicely factorized quantities).

4 Knots

The story is not so much about knots – rather again about the averages of characters. Usually we are interested in the following chain of objects and quantities [28]:

knot −→ Wilson average K = ⟨ Pexp ∮ knot A ⟩ CS −→ K{p̄ | knot} = ∑ R K_R(knot)χ_R{p̄} ←→ τ{p̄ |G} Wilson average K is a polynomial of q and A = q^N (called HOMFLY polynomial), and τ at the end should be some kind of generalized τ-function and G – a point of the universal moduli space (universal Grassmannian). Situation should be similar to matrix models, where different models are labeled by different G. Likewise here different knots could also be labeled by different G. However, for this to work some still unknown modification of KP/Toda τ-function is needed.

4.1 ”Special” polynomials [11]

At q = 1 HOMFLY polynomials are reduced to

S_R(A) = ( S_{[1]}(A) )_{|R|} D_R (32)

Coefficients of these ”special” polynomials S(A) are Catalan-like numbers, counting the numbers of certain paths on 2d lattices. They satisfy Plücker relations and thus provide KP τ-functions τ{p} = ∑ R S_R(A)χ_R{p} (33) However, for q ≠ 0 this is no longer true and τ-function should be deformed away from KP (free-fermion) locus.

4.2 β-deformation of HOMFLY polynomials

For a given knot K and representation (Young diagram) R Superpolynomial P_R(A|q|t) ↙ t ≈ q ↘ A ≈ 1 CS −→ HOMFLY H_R(A|q) Heegard − Floer HF_R(q|t)

q = 1 ↙ N = 2 ↘ N = 0 ↙ t ≈ q Special S_R(A) Jones J_R(q) Alexander A_R(q)

Here A = t^N = q^{βN} q = exp^{2πi}_{k+N} , and A ∼ exp(t^′Hooft coupling) remains finite in the loop expansion.

4.3 Some objects, presumably associated with knots

Ideally one can look for at least the following mappings:

knot −→ point of the universal Grassmannian (a dream?)

vector in the Hilbert space, where modular operators S and T are acting vector in the space of characters (quantum or Macdonald dimensions) However, all of them still need to be accurately defined.

4.4 R-matrix representation of HOMFLY polynomials [26, 27]

In the gauge A_0 = 0 knot invariants are described in terms of knot diagrams, so that:

• knot is substituted by as a braid • Element of a braid group is a product of quantum R-matrices (somehow generalized after the β-deformation) • K = ”trace” of an element a braid group

4.5 Torus knots T [m.n]

Torus knots and links are made from a special braid element R_m:

R_5 :

H^{[m,n ]} R = Tr (R_m)^n where trace is defined so that

Tr_Q I^{⊗m} = tr_Q q^ρ = ∑ ⃗α∈Q q^{⃗ρ⃗α} = χ^∗_Q = quantum dimension of representation Q (34)

Original representation is decomposed into irreducible ones: R_1 ⊗ . . . ⊗ R_m = ⊕_{Q ⊢ (|R1|+...+|Rm|)} c^Q_R · Q (35) The crucial fact is that Q are eigenspaces of the product R_m with certain eigenvalues λ_Q. Therefore [44]

H^{[m,n ]} R (A|q) = ∑ Q c^Q_Rλ^{nm}_Q χ^∗_Q = e^{nm Ŵ0} ∑ Q c^Q_Rχ_Q{p} | | | | |_{p=p∗} (36)

4.6 MacDonald dimensions

MacDonald dimensions (β-deformations of the usual quantum ones) are defined as M^∗_R = M_R{p = p^∗} with

p^∗_k = A^k − A^{−k} t^k − t^{−k} = {A^k} {t^k} , A = t^N {z} = z − 1/z

M^∗_1 = A − 1/A t − t/t t=q −→ [N]_q^{q=1}−→ N M^∗_{11} = {A/t}{A} {t}{t^2} t=q −→ [N − 1]_q[N]_q

[2]_q q=1 −→ (N − 1)N 2 M^∗_2 = {A}{Aq} {t}{qt} t=q −→ [N]_q [N + 1]_q

[2]_q q=1 −→ N(N + 1) 2 . . .

4.7 W -representation of HOMFLY polynomials for torus knots

The relevant W -operator appears to be the simplest non-trivial cut-and-join operator

Ŵ_0 = Ŵ [2] = ∑ a,b≥1 ( (a + b)p_ap_b ∂ ∂p_{a+b} + abp_{a+b} ∂^2 ∂p_a∂p_b ) (37)

for which Shur functions

s_1{p} = p_1, s_2{p} = 1 2 (p_2 + p^2_1), s_{11}{p} = 1 2 (−p_2 + p^2_1), . . .

are the common eigenfunctions: Ŵ [2]s_Q{p} = κ_Qs_Q{p}, λ_Q = q^κQ (38) Eigenvalues of Ŵ [2] are especially simple

κ_Q = ∑ i q_i(q_i − 2i + 1) = ν_Q − ν_QT

ν_Q = ∑ i (i − 1)q_i (39)

For general theory of cut-and-join operators see [54]. In general eigenvalues depend on a pair of Young diagrams and are essentially the generic characters of symmetric group S(∞).

4.8 Initial conditions for the n-evolution

These ”initial conditions” are very simple, e.g.

H^{[m,n]}_1 = q^{nm Ŵ [2]} p_m | | |_{p=p∗} H^{[m,n]}_R = q^{nm Ŵ [2]} s_R{p_{mk}} | | |_{p=p∗} (40)

for mutually prime n and m, and H^{[m,mk]} R_1...R_m = q kŴ [2] s R_1 {pmk} . . . sR_m {pmk} | | |_{p=p∗} (41)

In the latter case (fully disconnected link) they simply follow from the fact that T [m, n] for n = 0 is a set of m unknots.

In the former case (connected knot) for n = 1 there is a single unknot, i.e. H^{[m,1]}_R ∼ s^∗_R.

H^{[m,n ]} R (A|q) = e^{nm Ŵ} ∑ Q c^Q_Rχ_Q{p} | | | | |_{p=p∗} = ∑ Q c^Q_Rq^{nm κQ} χ^∗_Q (42)

4.9 Reformulation in terms of Frobenius algebra

Frobenius algebra is a set of data: {linear space + multiplication + linear form}, and H^{[m,n ]} R (A = q^N |q) = ⟨ s_R[U^m] ⟩ = ∑ Q c^Q_R ⟨ s_Q[U] ⟩ (43)

⟨ s_Q[U] ⟩ ∼ q^{nm κQ} s^∗_Q (44)

Matrix-model realization of this linear form (q = e^ℏ) is [55] ⟨ F [U] ⟩ = ∫ du_ie^{u2i /ℏ} sinh √ n m u_i − u_j 2 sinh √ m n u_i − u_j 2 F [ exp (√ n m u_i )] (45)

4.10 Split W-representation for toric superpolynomials [11]

It is basically provided by straightforward deformation from Shur to MacDonald functions:

H^{[m,n ]} R (A|q) = ∑ Q c^Q_R q^{− nm (νQ−νQ′ )}s^∗_Q −→ P^{[m,n ]}_R (A|q|t) = ∑ Q c^Q_R q^{− nm νQ} t^{nm νQ′} M^∗_Q (46)

and have a form of a split (refined) W-representation

4.11 How to choose the coefficients c^Q_R [11]?

• They depend on the series T [m, mk + p], p = 0, 1, . . . , m − 1. • They satisfy ”initial conditions” at k = 0: T [m, p] = T [p, m], p < m. • They are such, that P^{[m,mk+p]}

R (A|q|t) is a polynomial in all its variables with positive coefficients for all k at once.

Initial condition would be sufficient, if imposed for all values of time-variables p_k. Actually it is imposed only on the subspace p_k = p^∗_k =^{Ak −A−k}_{tk −t−k} , and this is not sufficient for |Q| ≥ 4. The third condition should be used. It is tedious, but it works:

p_m = ∑ Q⊢m c̄^Q_{[1]}M_Q{p} c^Q_{[1]} = c̄^Q_{[1]} · γ^Q_{[1]}

γ^{[2]} =

1 + q^2 1 + q^2

= 1, γ^{[11]} =

1 + t^2 1 + q^2

γ^{[3]} =

1 + q^2 + q^2q^2 1 + q^2 + q^2q^2

= 1, γ^{[21]} =

1 + q^2 + q^2t^2 1 + q^2 + q^2q^2

, γ^{[111]} =

1 + t^2 + t^2t^2 1 + q^2 + q^2q^2

General formulas can be also worked out for other series, but they look better after additional structures are revealed, see the second paper in ref.[11].

4.12 Evidence in favor of the answer (46) for torus superpolynomials

• It is consistent with all known superpolynomials in all fundamental representations R = [1^{|R|}]

• Consistent with HOMFLY – Jones (N = 2) – Alexander (N = 0) reductions (by definition)

• Consistent with Heegard-Floer polynomials HF_R(q|t) [7]

• Consistent with superpolynomials, evaluated by the sums of paths on 2d lattices (q, t-Catalan numbers) [9]

• Reproduces P^{[2,3]}_{[2]} of [10], but does not reproduce Hopf link superpols P^{[2,2]}_{[2],[1s]} of [6] and [8] (because of the different choice of unknot superpolynomial)

4.13 Generalizations [11]

• Higher non-fundamental representations R ≠ [1^{|R|}]. The basic issue here is the choice of unknots:

if one takes MacDonald dimension M^∗_R as the answer, then already its simplest building block^{Aq−(Aq)−1}_{tq−(tq)−1} is not a polynomial, even if A = t^N .

• Link invariants:

Do superpolynomials exist at all for toric links? There are still different opinions on what can be sacrificed:

the best is to release the polynomiality condition, alternatively there are attempts to release the positivity condition [8].

Split W -evolution for torus links,

breaks both these conditions, does not reproduce the answers from [6], still it seems to be the right prescription.

Even if evolution originates from the modified unknots,

which are forced to be polynomial, the positivity condition is broken.

• Non-toric knots:

The main approach is outlined in sec.3.8 of [11] and [28], again one can use series of knots. Potentially successful example of this approach is provided by the lifting 5_2 −→ 10_{139}. Breakdown of positivity for evolution of 4_1 implies that the superpolynomials for the composite knots [28] do not possess the positivity property.

5 Conclusion

To conclude, β-deformation brings us into a completely new world, where familiar structures are non-trivially deformed, but final answers have absolutely straightforward generalizations: one can easily write them down and validate, without knowing the reasons for them to be true. This combination makes the subject so interesting and important for development of string theory methods. This development can prove to be rather technical at the algebraic (group-theory) side of the story, but it definitely looks conceptual at the geometric side.

Acknowledgements

I am indebted for discussions and help to my colleagues, collaborators and friends A.Alexandrov, V.Dolotin, P.Dunin-Barkovsky, D.Galakhov, E.Gorsky, S.Gukov, S.Kharchev, A.Marshakov, A.Mironov, And.Morozov, S.Natanzon, A.Popolitov, Sh.Shakirov, A.Sleptsov, A.Smirnov, A.Zabrodin, Y.Zenkevich and especially to Maxim Zabzine. My work is partly supported by the Ministry of Education and Science of the Russian Federation under contract 14.740.11.081, by RFBR grant 10-02-00499 and by the joint grants 11-02-90453-Ukr, 12-02-91000-ANF, 12-02-92108-Yaf-a, 11-01-92612-Royal Society.

References

[1] D.Gaiotto, arXiv:0904.2715; arXiv:0908.0307;

L.Alday, D.Gaiotto and Y.Tachikawa, Lett.Math.Phys. 91 (2010) 167-197, arXiv:0906.3219; N.Wyllard, JHEP 0911 (2009) 002, arXiv:0907.2189;

A.Mironov and A.Morozov, Nucl.Phys. B825 (2009) 1-37, arXiv:0908.2569

[2] A.Alexandrov, A.Mironov and A.Morozov, Int.J.Mod.Phys. A19 (2004) 4127, Theor.Math.Phys. 142 (2005) 349, hep-th/0310113;

A.Alexandrov, A.Mironov, A.Morozov and P.Putrov, Int.J.Mod.Phys.A24:4939-4998,2009, arXiv:0811.2825

[3] B.Eynard, JHEP 0411 (2004) 031, hep-th/0407261;

B.Eynard and N.Orantin, JHEP 0612 (2006) 026, math-ph/0504058; math-phys/0702045; L.Chekhov, B.Eynard, JHEP 0603 (2006) 014, hep-th/0504116; JHEP 0612 (2006) 026, math-ph/0604014; A.Alexandrov, A.Mironov and A.Morozov, Teor.Mat.Fiz.150:179-192,2007, hep-th/0605171; Physica D235: 126-167,2007, arXiv:hep-th/0608228;

B.Eynard, M.Mariño and N.Orantin, JHEP 0706 (2007) 058, hep-th/0702110; N.Orantin, arXiv:0808.0635; R. Dijkgraaf and H. Fuji, Fortsch.Phys. 57 (2009) 825-856, arXiv:0903.2084; I.Kostov and N.Orantin, arXiv:1006.2028; L.Chekhov, B.Eynard and O.Marchal, arXiv:1009.6007; R.Dijkgraaf, H.Fuji and M.Manabe, arXiv:1010.4542; V.Bouchard and P.Sulkowski, arXiv:1105.2052

[4] E.Witten, Comm.Math.Phys. 121 (1989) 351-399; arXiv:1001.2933; arXiv:1101.3216;

M. Khovanov, Duke Math. J. 101 (2000) 359-426;

S.Gukov, A.Schwarz and C.Vafa, Lett.Math.Phys. 74 (2005) 53-74, hep-th/0412243; D.Gaiotto and E.Witten, arXiv:1106.4789

[5] M.Khovanov and L.Rozhansky, Fund. Math. 199 (2008) 1, math.QA/0401268; Geom. Topol. 12 (2008) 1387, math.QA/0505056;

N.M.Dunfield, S.Gukov and J.Rasmussen, Experimental Math. 15 (2006) 129-159, math/0505662; S.Gukov and J.Walcher, hep-th/0512298; S.Gukov, arXiv:0706.2369;

T.Dimofte, S.Gukov and L.Hollands, arXiv:1006.0977; S.Gukov and P.Sulkowski, arXiv:1108.0002; N.Carqueville and D.Murfet, arXiv:1108.1081; I.Cherednik, arXiv:1111.6195; Sh.Shakirov, arXiv:1111.7035;

S.Gukov and M.Stosic, arXiv:1112.0030;

A.Oblomkov, J.Rasmussen and V.Shende, arXiv:1201.2115 (with an Appendix by E.Gorsky)

[6] S.Gukov, A.Iqbal, C.Kozcaz and C.Vafa, arXiv:0705.1368

[7] E.Gorsky, Journal of Singularities, 3 (2011), 48-82, arXiv:0807.0491

[8] H.Awata and H.Kanno, arXiv:0903.5383; arXiv:0910.0083

[9] E.Gorsky, arXiv:1003.0916

[10] M.Aganagic and Sh.Shakirov, arXiv: 1105.5117

[11] P.Dunin-Barkowski, A.Mironov, A.Morozov, A.Sleptsov and A.Smirnov, arXiv:1106.4305;

A. Mironov, A. Morozov, Sh. Shakirov, A. Sleptsov, arXiv:1201.3339

[12] A.Marshakov, A.Mironov, and A.Morozov, Phys.Lett. B265 (1991) 99;

P.Di Francesco, M.Gaudin, C.Itzykson, F.Lesage, Int.J.Mod.Phys. A9 (1994) 4257-4352, hep-th/9401163; H.Awata, Y.Matsuo, S.Odake and J.Shiraishi, Soryushiron Kenkyu 91 (1995) A69-A75, hep-th/9503028; A.Zabrodin, arXiv:0907.4929;

P.Sulkowski, JHEP 1004:063, 2010, arXiv:0912.5476; Sh. Shakirov, arXiv:0912.5520;

A.Morozov and Sh.Shakirov, arXiv:1004.2917; L.Chekhov, arXiv:1009.5940;

A.Mironov, A.Morozov and Sh.Shakirov, arXiv:1011.5629; see also [29] and [53]

[13] I.G.Macdonald, Symmetric functions and Hall polynomials, Second Edition, Oxford University Press, 1995;

see also Appendices in [29]

[14] S.N.M.Ruijsenaars and H.Schneider, Ann.Phys. (NY), 170 (1986) 370;

S.N.M.Ruijsenaars, Comm.Math.Phys., 110 (1987) 191-213; Comm.Math.Phys., 115 (1988) 127-165

[15] A.Selberg, Norsk. Mat. Tisdskr. 24 (1944) 71;

S.Iguri and T.Mansour, arXiv:0912.3507;

A. Mironov, Al. Morozov and And. Morozov, Nucl.Phys.B843:534-557,2011, arXiv:1003.5752

[16] N.Nekrasov, Adv.Theor.Math.Phys. 7 (2004) 831-864, hep-th/0206161;

R.Flume, and R.Poghossian, Int.J.Mod.Phys. A18 (2003) 2541, hep-th/0208176; S.Shadchin, JHEP0410:033,2004, hep-th/0408066; SIGMA 2:008,2006, hep-th/0601167; N.Nekrasov and A.Okounkov, hep-th/0306238;

A.Marshakov and N.Nekrasov, JHEP 0701 (2007) 104, arXiv: hep-th/0612019; B.Eynard, arXiv:0804.0381;

A.Klemm and P.Sulkowski, Nucl.Phys.B819:400-430,2009, arXiv:0810.4944; A.Mironov and A.Morozov, Phys.Lett.B680:188-194,2009, arXiv:0908.2190

[17] M.Aganagic, M.Mariño and C.Vafa, Commun. Math. Phys. 247 (2004) 467, hep-th/0206164;

M. Aganagic, A. Klemm, M. Mariño and C. Vafa, Commun. Math. Phys. 254 (2005) 425, hepth/0305132

[18] P.Sulkowski, Phys.Rev.D83:085021, 2011, arXiv:1012.3228; Adv.High En.Phys.(2011) 357016, arXiv:1106.4873 B.Eynard and C.Kozcaz, arXiv:1107.5181

[19] A.Marshakov, A.Mironov, A. Morozov, Theor.Math.Phys.164:831-852,2010, arXiv:0907.3946; Phys.Lett. B 682, 125-129 (2009), arXiv:0909.2052; JHEP 11, 048 (2009), arXiv:0909.3338 A.Mironov,S.Mironov,A.Morozov,And.Morozov, Theor.Math.Phys. 165 (2010) 1662-1698, arXiv:0908.2064; R.Poghossian, JHEP 0912 (2009) 038, arXiv:0909.3412; G. Bonelli and A. Tanzini, arXiv:0909.4031; H. Awata and Y. Yamada, arXiv:0910.4431;

L.Hadasz, Z.Jaskolski and P.Suchanek, arXiv:0911.2353; arXiv:1004.1841;

V.Alba and And.Morozov, JETP Lett. 90 (2009) 708-712 , arXiv:0911.0363; Nucl.Phys.B840 (2010) 441-468, arXiv:0912.2535 H.Itoyama, K.Maruyoshi and T.Oota, Prog.Theor.Phys. 123 (2010) 957-987, arXiv:0911.4244; T.Eguchi and K.Maruyoshi, arXiv:0911.4797; arXiv:1006.0828; R.Schiappa and N.Wyllard, arXiv:0911.5337;

V.Fateev and I.Litvinov, JHEP 1002 (2010) 014, arXiv:0912.0504;

V.Alba, V.Fateev, A.Litvinov and G.Tarnopolsky, Lett.Math.Phys.98:33-64,2011, arXiv:1012.1312; A. Belavin and V. Belavin, Nucl.Phys.B850:199-213,2011, arXiv:1102.0343; A.Belavin, M.Bershtein, B.Feigin, A.Litvinov and G.Tarnopolsky, arXiv:1111.2803

[20] A.Belavin, A.Polyakov, A.Zamolodchikov, Nucl.Phys., B241 (1984) 333-380;

Al.Zamolodchikov and A.Zamolodchikov, Conformal field theory and critical phenomena in 2d systems, 2009, 168 p. (in Russian);

V.Knizhnik and A.Zamolodchikov, Nucl.Phys. B247 (1984) 83-103; G.Moore and N.Seiberg, Comm.Math.Phys. 123 (1989) 177-254;

A.Gerasimov, A.Marshakov, A.Morozov, M.Olshanetsky and S. Shatashvili, Int.J.Mod.Phys. A5 (1990) 2495- 2589

[21] G.Moore, N.Nekrasov, S.Shatashvili, Nucl.Phys. B534 (1998) 549-611, hep-th/9711108; hep-th/9801061;

A.Losev, N.Nekrasov and S.Shatashvili, Commun.Math.Phys. 209 (2000) 97-121, hepth/ 9712241; ibid. 77-95, hep-th/9803265

[22] D. Gaiotto, G. Moore, A. Neitzke, arXiv:0907.3987;

T. Dimofte, S. Gukov, Y. Soibelman, Lett.Math.Phys. 95 (2011) 1-25, arXiv:0912.1346; M. Kontsevich and Y. Soibelman, 0811.2435;

V. Fock and A. Goncharov, Publ. Math. Inst. Hautes Etudes Sci. 103 (2006) 1-211, math/0311149; K. Hosomichi, S. Lee and J. Park, JHEP 1012 (2010) 079, arXiv:1009.0340; JHEP 1103 (2011) 127, arXiv:1012.3512; arXiv:1102.4716;

Yu.Terashima and M.Yamazaki, arXiv:1103.5748;

T.Dimofte, D.Gaiotto and S.Gukov, arXiv:1108.4389; arXiv:1112.5179

[23] K.Hikami, Int.J.Mod.Phys. A16 (2001) 3309-3333, math-ph/0105039; Int.J.Mod.Phys. B16 (2002) 1963- 1970;

J.Geom.Phys. 57 (2007) 1895-1940, math/0604094;

T. Dimofte, S. Gukov, J. Lenells, D. Zagier, Commun.Num.Theor.Phys. 3 (2009) 363-443, arXiv:0903.2472

[24] J. Teschner, Int.J.Mod.Phys. A19S2 (2004) 436-458, hep-th/0303150; hep-th/0308031

[25] D.Galakhov, A.Mironov, A.Morozov and A.Smirnov, arXiv:1104.2589;

P.Dunin-Barkowski, A.Sleptsov and A.Smirnov, arXiv:1112.5406; arXiv:1201.0025

[26] E. Guadagnini, M. Martellini and M. Mintchev, In Clausthal 1989, Proceedings, Quantum groups, 307-317;

Phys.Lett. B235 (1990) 275;

N.Yu.Reshetikhin and V.G.Turaev, Comm. Math. Phys. 127 (1990) 1-26; R.K.Kaul, P.Ramadevi, Commun.Math.Phys. 217 (2001) 295-314, hep-th/0005096; Zodinmawia, P.Ramadevi, arXiv:1107.3918

[27] A.Morozov and A.Smirnov, Nucl.Phys.B 835:284-313, 2010, arXiv:1001.2003;

A.Smirnov, hep-th/0910.5011, Proceedings of International School of Subnuclear Phys. Erice, Italy, 2009

[28] A.Mironov, A.Morozov and An.Morozov, arXiv:1112.5754; arXiv:1112.2654

[29] A.Mironov, A.Morozov and Sh.Shakirov, JHEP 1102:067,2011, arXiv:1012.3137;

A.Mironov, A.Morozov, Sh.Shakirov and A.Smirnov, Nuclear Physics B855 (2012) 128-151, arXiv:1105.0948

[30] A.Morozov, UFN 35 (1992) 671-714; 37 (1994) 1, hep-th/9303139; hep-th/9502091; hepth/0502010;

A.Mironov, Int.J.Mod.Phys. A9 (1994) 4355, hep-th/9312212; Phys.Part.Nucl. 33 (2002) 537; hepth/ 9409190; hep-th/9409190; Theor.Math.Phys. 114 (1998) 127, q-alg/9711006

[31] I.Gelfand, M.Kapranov and A.Zelevinsky, Discriminants, Resultants and Multidimensional Determinants, Birkhauser, 1994;

A.Morozov and V.Dolotin, Introduction to Non-Linear Algebra, World Scientific, 2007, hep-th/0609022; Universal Mandelbrot Set, Beginning of the Story, World Scientific, 2006, hep-th/0501235; Int.J.Mod.Phys.A23 (2008) 3613-3684, hep-th/0701234;

E.Akhmedov, V.Dolotin and A.Morozov, JETP Lett. 81 (2005) 639-643, hep-th/0504160; A. Morozov and M. Serbyn, Theor.Math.Phys. 154 (2008) 270-293, hep-th/0703258; V.Dolotin, A.Morozov and Sh.Shakirov, arXiv:0704.2609; Phys.Lett. B651 (2007) 71-73, arXiv:0704.2884; And.Morozov, JETP Lett. 86 (2007) 745-748, arXiv:0710.2315; A.Morozov and Sh.Shakirov, arXiv:0804.4632; arXiv:0807.4539; A.Anokhina, A.Morozov and Sh.Shakirov, arXiv:0812.5013

[32] V.Dolotin, alg-geom/9511010;

A.Morozov and Sh.Shakirov, JHEP 0912:002,2009, arXiv:0903.2595; arXiv:0911.5278; K.Fujii, SIGMA 7 (2011), 022, arXiv:0912.2135; K.Fujii, H.Oike, arXiv:1103.4428; U.Svensson, arXiv:0912.3172; A.Stoyanovsky, arXiv:1103.0514; J.Lasserre, arXiv:1110.6632

[33] A.A. Migdal, Phys.Rep. 102 (1983) 199;

J. Ambjorn, J. Jurkiewicz and Yu. Makeenko, Phys.Lett. B251 (1990) 517; Y.Makeenko, A.Marshakov, A.Mironov and A.Morozov, Nucl.Phys. B356 (1991) 574-628

[34] M.Fukuma, H.Kawai and R.Nakayama, Int.J.Mod.Phys. A6 (1991) 1385;

R.Digkgraaf, E.Verlinde and H.Verlinde, Nucl.Phys. B348 (1991) 565

[35] A. Mironov and A. Morozov, Phys.Lett. B252 (1990) 47-52;

F. David, Mod.Phys.Lett. A5 (1990) 1019;

J. Ambjorn and Yu. Makeenko, Mod.Phys.Lett. A5 (1990) 1753; H. Itoyama and Y. Matsuo, Phys.Lett. 255B (1991) 202; see also [30]

[36] A.Mironov, A.Morozov, A.Popolitov and Sh.Shakirov, arXiv:1103.5470

[37] A.Gerasimov, A.Marshakov, A.Mironov, A.Morozov and A.Orlov, Nucl.Phys. B357 (1991) 565-618

[38] R.Dijkgraaf and C.Vafa, Nucl.Phys. B644 (2002) 3, hep-th/0206255; hep-th/0208048;

L.Chekhov and A.Mironov, Phys.Lett. B552 (2003) 293, hep-th/0209085; A.Klemm, M.Marino and S.Theisen, JHEP 0303 (2003) 051, hep-th/0211216; V.Kazakov and A.Marshakov, J.Phys. A36 (2003) 3107, hep-th/0211236;

H.Itoyama, A.Morozov, Nucl.Phys.B657:53-78,2003, hep-th/0211245; Phys.Lett.B555 (2003) 287, hep-th/ 0211259; Prog.Theor.Phys. 109 (2003) 433, hep-th/0212032; Int.J.Mod.Phys.A18 (2003) 5889, hep-th/0301136; L.Chekhov, A.Marshakov, A.Mironov and D.Vasiliev, Phys.Lett. B562 (2003) 323, hep-th/0301071; Proc. Steklov Inst.Math. 251 (2005) 254, hep-th/0506075;

A.Alexandrov, A.Mironov and A.Morozov, Int.J.Mod.Phys. A21 (2006) 2481-2518, hep-th/0412099; Fortsch. Phys. 53 (2005) 512-521, hep-th/0412205;

A.Mironov, Theor.Math.Phys. 146 (2006) 63-72, hep-th/0506158

[39] J.Harer and D.Zagier, Invent.Math. 85 (1986) 457-485;

S.Lando and A.Zvonkin, Embedded graphs, Max-Plank-Institut fur Mathematik, Preprint Series 2001 (63)

[40] E.Akhmedov and Sh.Shakirov, arXiv:0712.2448;

A.Morozov and Sh.Shakirov, JHEP 0912:003,2009, arXiv:0906.0036; arXiv:1007.4100; see also sec.A2 in [36]

[41] A.Morozov and Sh.Shakirov, JHEP 0904 (2009) 064, arXiv:0902.2627; Mod.Phys.Lett. A24 (2009) 2659- 2666, arXiv:0906.2573;

G.Borot, B.Eynard, M.Mulase and B.Safnuk, arXiv:0906.1206

[42] A.Alexandrov, arXiv:1005.5715, arXiv:1009.4887

[43] V.Bouchard and M.Marino, arXiv:0709.1458;

A.Mironov and A.Morozov, JHEP 0902 (2009) 024, arXiv:0807.284; M.Kazarian, arXiv:0809.3263

[44] M.Rosso and V.F.R.Jones, J. Knot Theory Ramifications, 2 (1993) 97-112;

J.M.F.Labastida and M.Marino,J.Knot Theory Ramifications, 11 (2002) 173; X.-S.Lin and H.Zheng, Trans. Amer. Math. Soc. 362 (2010) 1-18 math/0601267; S.Stevan, Annales Henri Poincare, 11 (2010) 1201-1224, arXiv: 1003.2861; see also [55] and [11]

[45] Vl.Dotsenko and V.Fateev, Nucl.Phys. B240 (1984) 312-348; B 251 (1985) 691;

S.Kharchev, A.Marshakov, A.Mironov, A.Morozov, S.Pakuliak, Nucl.Phys. B404 (1993) 717, hep-th/9208044; R.Dijkgraaf and C.Vafa, arXiv:0909.2453;

H.Itoyama, K.Maruyoshi and T.Oota, Prog.Theor.Phys. 123 (2010) 957-987, arXiv:0911.4244; R.Schiappa and N.Wyllard, arXiv:0911.5337;

T.Eguchi and K.Maruyoshi, arXiv:0911.4797; arXiv:1006.0828;

A.Mironov, A.Morozov, Sh.Shakirov, JHEP 02 (2010) 030, arXiv:0911.5721; Int.J.Mod.Phys. A25 (2010) 3173- 3207, arXiv:1001.0563; J.Phys.A44:085401,2011, arXiv:1010.1734; K.Maruyoshi and F.Yagi, arXiv:1009.5553

[46] A.Gorsky, I.Krichever, A.Marshakov, A.Mironov, A.Morozov, Phys.Lett., B355 (1995) 466-477;

R.Donagi and E.Witten, Nucl.Phys., B460 (1996) 299-334

[47] N.Nekrasov and S.Shatashvili, arXiv:0901.4748

[48] A. Mironov, A. Morozov, JHEP 04 (2010) 040, arXiv:0910.5670; J.Phys.A43:195401,2010, arXiv:0911.2396;

A.Popolitov, arXiv:1001.1407;

Wei He, Yan-Gang Miao, Phys.Rev. D82 (2010) 025020, arXiv:1006.1214; K.Maruyoshi and M.Taki, arXiv:1006.4505;

A.Marshakov, A.Mironov and A.Morozov, Journal-ref: J.Geom.Phys.61:1203-1222,2011, arXiv:1011.4491; F.Fucito, J.F.Morales, R.Poghossian and D. Ricci Pacifici, arXiv:1103.4495; Y.Zenkevich, arXiv:1103.4843;

N.Dorey, T.J.Hollowood and S.Lee, arXiv:1103.5726

[49] N.Seiberg and E.Witten, Nucl.Phys., B426 (1994) 19-52; Nucl.Phys., B431 (1994) 484-550

[50] A.Mironov, A.Morozov and Sh.Shakirov, JHEP 1103:102,2011, arXiv:1011.3481

[51] R.Dijkgraaf and C.Vafa, Nucl.Phys. B644 (2002) 21-39; hep-th/0207106

[52] A.Alexandrov, A.Mironov and A.Morozov, JHEP 0912:053,2009, arXiv:0906.3305

[53] H.Itoyama and T.Oota, arXiv:1003.2929

[54] A.Mironov, A.Morozov and S.Natanzon, Theor.Math.Phys. 166 (2011) 1-22, arXiv:0904.4227; Journal of Geometry and Physics 62 (2012), pp. 148-155, arXiv:1012.0433

[55] R.Lawrence and L.Rozhansky, Comm.Math.Phys. 205 (1999) 287;

M.Mariño, Comm.Math.Phys. 254 (2004) 25-49, hep-th/0207096; C.Beasley and E.Witten, J.Diff.Geom. 70 (2005) 183-323, hep-th/0503126; Y.Dolivet and M.Tierz, J.Math.Phys. 48 (2007) 023507, hep-th/0609167; A.Brini, B.Eynard and M.Mariño, arXiv:1105.2012