arXiv:1201.5374v1 [astro-ph.CO] 25 Jan 2012

How to detect gravitational waves through the cross-correlation of the galaxy distribution with the CMB polarization

Esfandiar Alizadeh^{1, ∗} and Christopher M. Hirata^{1, †} 1Caltech M/C 350-17, Pasadena, CA 91125, USA (Dated: January 23, 2012)

Thompson scattering of cosmic microwave background (CMB) photons off of free electrons during the reionization epoch induces a correlation between the distribution of galaxies and the polarization pattern of the CMB, the magnitude of which is proportional to the quadrupole moment of radiation at the time of scattering. Since the quadrupole moment generated by gravitational waves (GWs) gives rise to a different polarization pattern than that produced by scalar modes, one can put interesting constraints on the strength of GWs on large scales by cross-correlating the small scale galaxy distribution and CMB polarization. We use this method together with Fisher analysis to predict how well future surveys can measure the tensor-to-scalar ratio r. We find that with a future CMB experiment with detector noise ΔP = 2 μK-arcmin and a beam width θFWHM = 2^′ and a future galaxy survey with limiting magnitude I < 25.6 one can measure the tensor-to-scalar ratio with an error σr ≃ 0.09. To measure r ≈ 0.01, however, one needs ΔP ≃ 0.5 μK-radian and θFWHM ≃ 1^′. We also investigate a few systematic effects, none of which turn out to add any biases to our estimators, but they increase the error bars by adding to the cosmic variance. The incomplete sky coverage has the most dramatic effect on our constraints on r for large sky cuts, with a reduction in signal-to-noise smaller than one would expect from the naive estimate (_S N )_2 ∝ f_{sky} . Specifically, we find a degradation factor of f_{deg} = 0.32 ± 0.01 for a sky cut of |b| > 10^∘ (f_{sky} = 0.83) and f_{deg} = 0.056 ± 0.004 for a sky cut of |b| > 20^∘ (f_{sky} = 0.66). Nonetheless, given that our method has different systematics than the more conventional method of observing the large scale B modes directly, it may be used as an important check in the case of a detection.

PACS numbers: 98.80.-k,98.70.Vc,95.85.Sz

I. INTRODUCTION

The possible detection of a primordial B mode signal in the polarization of the Cosmic Microwave Background (CMB) will certainly be of great importance for cosmologists and high energy physicists alike as it will provide us with information about physics at high energies that will not be accessible through terrestrial experiments in the foreseeable future (see e.g. [1]).

The leading mechanism for setting up the initial condition of the Universe is inflation [2–4], in which the quantum fluctuations of a scalar field, the inflaton, inside the horizon gets stretched out of the horizon during an almost exponentially expanding phase of the universe, generating the primordial seeds of structure in the Universe [5–7]. The predictions of this theory have so far passed all the existing observational tests (see e.g. [8]). However, little is known about the properties of the inflaton field(s) and its potential. A tremendous amount of insight will be gained if the primordial B pattern of the polarization of the CMB can be measured. This pattern can only be generated by primordial tensor perturbations, that is the gravitational waves (GWs) produced during the inflationary era [9, 10]. The spectrum of GWs is commonly expressed as Δ_h(k) = Δ_h(k_∗)(^k_{k∗} )^{nT} , where Δ_h is the power spectrum of the traceless-symmetric part of the metric, h_{ij} , per logarithmic interval in wavenumber, k, and k_∗ is an arbitrary pivot scale. Furthermore, the strength of the tensor modes is commonly quoted in terms of the “tensor-to-scalar ratio” r ≡^{Δh(k∗} Δ_R(k_∗) , where ΔR is the power per logarithmic interval in wavenumber in the curvature perturbations R. The

magnitude of r depends on the Hubble scale during inflation, which is in turn a function of the inflaton potential energy during inflation. Of special importance is the value of r ∼ 0.01 since this value corresponds to a GUT scale energy during inflation so a detection of the signal at this value would strongly suggest a relationship between inflation and GUT scale physics.

However, the signal in the B mode is very small and is peaked on large angular scales where the galactic foregrounds are most difficult to remove. In addition, the lensing of the CMB by large scale structure contaminates the signal by

∗Electronic address: ealizad@caltech.edu †Electronic address: chirata@tapir.caltech.edu

transferring power from the E mode to the B mode [37] . This contaminant can however be removed sufficiently by ”delensing” techniques [11, 12] to reach the critical accuracy of r ∼ 0.01 [13, 14].

Having different methods of measuring the GW signal with different systematic errors is very important to make sure that the detected signal is primordial, not an artifact of instrumental or foreground contaminants such as lensing. The aim of this paper is to propose a new method to measure (or put a bound on) the strength of GWs by using the correlation between the galaxy distribution and the CMB polarization fluctuations. That there should be a crosscorrelation is clear: Thompson scattering of CMB photons off of free electrons during the reionization era introduces anisotropies to the polarization pattern of the CMB [15]. The amplitude of these anisotropies is proportional to the number density of free electrons, which itself is correlated with the distribution of galaxies, hence the correlation between the galaxy distribution and the CMB polarization. Furthermore, these anisotropies are also proportional to the quadrupole moments of the CMB radiation at the time of scattering. The quadrupole moments that give rise to the B polarization pattern can only be generated by the tensor perturbation of the metric so by measuring the amplitude of the cross-correlation between galaxies and CMB polarization one get an estimate on the amplitude of GW signal.

The outline of the paper is as follows. In section II A we find an analytical formula for the cross-correlation between the CMB polarization patterns and the galaxy distribution. We will then use this result in section II B to find a quadratic estimator to construct the electric and magnetic type polarization moments, Ē^i_{lm} and B̄^i_{lm}, generated by a smooth electron density field at a given redshift bin i from the observed galaxy distribution and the CMB polarization fluctuations. The details of this calculation can be found in Appendix A. The noise and signal covariance matrices for detecting these average polarizations are presented in section II C and the derivation is presented in Appendix B. In section III we use the Fisher formalism to forecast the power of this method to constrain the tensor-to-scalar ratio r for futuristic CMB and galaxy surveys. Several possible systematic effects are considered in section IV. We conclude in section V.

WMAP5 parameters [16] are assumed throughout the paper.

II. FORMALISM

A. Polarization from inhomogeneous reionization

We define spin ±2 variables_{±2}P (n̂) on the sphere in terms of the Stokes parameters q and u as [10]

±2P (n̂) ≡ [q ± iu](n̂). (1)

These can be found from the integrals of the temperature quadrupole along the line of sight, see e.g. [17],

±2P (n̂) = √ 24π 10 ∫ dDg(Dn̂) 2∑ m=−2 Q^{(m)}(Dn̂)_{±2}Y_{2,m}(n̂), (2)

where D is the conformal distance in units of the Hubble distance today, and g is the visibility function.

If we only consider the polarization produced at a given redshift slice “i,” and further separate the visibility function at that slice into a smooth part and a part coming from the fluctuations in the electron number density we will have

g^i(Dn̂) = ḡ^i(D) ( 1 + δg^i(Dn̂) ḡ^i(D) ) = ḡ^i(D)(1 + Δ^i_b(Dn̂)) = ḡ^i(D) ( 1 + Δ^i_g (Dn̂) b^i ) . (3)

Here, Δ_b and Δ_g are the baryon and galaxy overdensities, respectively, and b is the galaxy bias with respect to the baryons. Similarly, the polarization generated at that redshift slice can be separated into a smooth part and overlying fluctuations. Then Eqs. (2) and (3) give

±P^i(n̂) =_±P̄^i(n̂) + δ_±P^i(n̂), (4)

where

±P̄^i(n̂) = √ 24π 10 ∫ dDḡ^i(D) 2∑ m=−2 Q^{(m)}(Dn̂)_{±2}Y_{2,m}(n̂) (5) and δ_±P^i(n̂) ≃_±P̄^i(n̂)Δ^i(n̂) 1 b^i . (6)

Here Δ^i is the projected overdensity of galaxies at that redshift bin

Δ^i(n̂) = 1 D^i_{high} − D^i_{low}

∫_Di_{high}

D^i_{low}

dDΔ^i_g (Dn̂). (7)

To find the E and B polarization modes coming from that redshift slice we expand all of the functions in terms of their multipole moments

Δ^i(n̂) = ∑ lm Δ^i_{lm} Y_{l,m}(n̂), ±P̄^i(n̂) = ∑ lm ±P̄^i_{lm} (_{±2}Y_{l,m}(n̂)) , δ_±P̄^i(n̂) = ∑ lm δ_±P̄^i_{lm} (_{±2} Y_{l,m}(n̂) ) . (8)

We also use the identities E_{lm} = 1 2 (_+P_{lm} +_−P_{lm}), B_{lm} = 1 2i (_+P_{lm} −_−P_{lm}). (9)

Then after a straightforward calculation we find δE^i_{lm} = ∑ l_1 m_1 ∑ l_2m_2

(−1)^m ( l l_1 l_2 −m m_1 m_2 ) F_{l1 ll2} (α_{l1 l2l}Ē^i_{l1m1} − γ_{l1 l2l}B̄^i_{l1m1} )

Δ^i_{l2 m2} b^i ,

δB^i_{lm} = ∑ l_1 m_1 ∑ l_2m_2

(−1)^m ( l l_1 l_2 −m m_1 m_2 ) F_{l1 ll2} (γ_{l1 l2l}Ē^i_{l1m1} + α_{l1 l2l}B̄^i_{l1m1} )

Δ^i_{l2 m2} b^i , (10)

where α, γ and F are defined as

α_{l1 l2l} = 1 2 ( 1 + (−1)^{l1+l2+l} ) , (11)

γ_{l1 l2l} = 1 2i ( 1 − (−1)^{l1+l2+l} ) , (12)

F_{l1 ll2} = √ (2l_1 + 1)(2l_2 + 1)(2l + 1) 4π ( l l_1 l_2 2 −2 0 ) . (13)

B. Estimators

As we can see from the results of the previous section the power in δE_{lm}/δB_{lm} modes at a given l comes from a quadratic sum of a range of multipoles in Ē_{l1 m1} /B̄_{l1m1} and Δ_{l2m2} , where l, l_1 and l_2 must satisfy the triangle inequalities. Since we are looking for large scale gravitational wave modes, i.e small l_1, and because the power in the galaxy distribution is large at small scales (large l_2), we realize that the triangles we are dealing with in l space are elongated with two long sides of length l and l_2 and one small side of length l_1. In other words, to find an estimate of the power of the CMB polarization anisotropies on large angular scales we can use the small scale power of the CMB polarization and the galaxy distribution.

We show in Appendix A that an unbiased, minimum variance, quadratic estimator for Ē^i/B̄^i can be found to be ^̄Ei_{LM} = Ai,E_L ∑ l_1m_1 ∑ l_2 m_2

(−1)^M ( l_1 l_2 L m_1 m_2 −M ) g^{i,E}_{l1l2} (L) ( α_{l1l2 L}E^{obs}_{l1 m1} − γ_{l1l2 L}B^{obs}_{l1 m1} ) Δ^{i,obs}_{l2 m2} , (14) ^̄Bi_{LM} = Ai,B_L ∑ l_1m_1 ∑ l_2 m_2

(−1)^M ( l_1 l_2 L m_1 m_2 −M ) g^{i,B}_{l1l2} (L) ( γ_{l1l2 L}E^{obs}_{l1 m1} + α_{l1l2 L}B^{obs}_{l1 m1} ) Δ^{i,obs}_{l2 m2} , (15) where g^{i,X}_{l1l2} (L) = f^i_{Ll1l2} M^X_{l1l2 L}C^{gi gi ,obs} l_2

, (16)

M^E_{l1l2 L} = ( |α_{Ll1l2} |^2 C^{EE,obs} l_1 + |γLl1l2 | 2 C^{BB,obs} l_1 ) , (17)

M^B_{l1l2 L} = ( |γ_{Ll1l2} |^2 C^{EE,obs} l_1 + |αLl1l2 | 2 C^{BB,obs} l_1 ) , (18) f^i_{Ll1l2} = F_{Ll1 l2} C^{gi gi}_{l2} b^i , (19)

A^{i,X}_L = (2L + 1) [ ∑ l_1l_2 f^i_{Ll1l2} g^{i,X}_{l1l2} (L) ]_{−1} . (20)

Here X can be either E or B and E^{obs}_{lm} , B^{obs}_{lm} and Δ^{obs}_{lm} are the observed quantities which can be decomposed as

X^{obs}_{lm} = X_{lm} + X^{noise}_{lm} = X^{recom}_{lm} + X^{reion}_{lm} + X^{lens}_{lm} + X^{p.s.}_{lm} + X^{gal}_{lm} + X^{noise}_{lm} , Δ^{i,obs}_{lm} = Δ^i_{lm} + Δ^{i,noise}_{lm} , (21)

where the superscripts are for recombination, reionization, lensing, polarized point sources, polarized galactic foregrounds and noise (detector noise in the case of polarization and Poisson noise for galaxy overdensities). A quantity without any superscript description represents all the sources that contribute to it except the noise. The polarization from the reionization epoch can be separated into the contribution from different redshifts,

X^{reion}_{lm} = ∑ i (¯ X^i_{lm} + δX^i_{lm} ) , (22)

as are calculated above. The power spectra in the above equations are defined as ⟨Δ^{i∗}_{lm}Δ^i_l′_m′ ⟩ = C^{gi gi}_l δ_{ll}′ δ_{mm}′ , ⟨Δ^{i,obs∗}_{lm} Δ^{i,obs}_l′_m′ ⟩ = C^{gi gi ,obs}_l δ_{ll}′ δ_{mm}′ = ( C^{gi gi}_l + N^{gigi}_l ) δ_{ll}′ δ_{mm}′ , ⟨X^{obs∗}_{lm} X^{obs}_l′_m′ ⟩ = C^{XX,obs}_l δ_{ll}′ δ_{mm}′ = ( C^{XX}_l + N^{XX}_l ) δ_{ll}′ δ_{mm}′ . (23) The noise power spectrum for the galaxy-galaxy correlation is simply the Poisson noise, N^{gi gi}_l = 1 n^i_g , (24)

where n^i_g is the mean projected number density of galaxies at redshift bin “i” in units of sr^{−1}.

The instrumental noise power spectrum for either E or B mode polarization can be written as [18]:

N^{XX}_l = ( Δ_P T_{CMB}

)_2

e^{l(l+1)θ2FWHM/8ln2}, (25)

where Δ_P is the detector noise in units of μK-radian, T_{CMB} = 2.725 × 10^6 μK and θ_{FWHM} is the width of the beam in units of radians.

C. Signal and Noise covariance matrices for ^̄E^i_{LM} and ^̄B^i_{LM}

The covariance matrices of our estimators for the average polarization generated at a given redshift bin can be written as ⟨ ^̄X^{i∗}_{LM} ^̄X^{′j}_L′_M ′ ⟩ = ( C^{X̄ iX̄ ′j} L + N^{X̄ iX̄ ′j}_L ) δ_{LL}′ δ_{MM} ′ , (26) where C^{X̄ iX̄ ′j}_L and N^{X̄ iX̄ ′j}_L are the signal and the noise covariance matrices, respectively. The noise covariance can be calculated to be N^{X̄ iX̄ j} L = A^{i,X}_L A^{j,X}_L 2L + 1 ∑ l_1 l_2 g^{i,X}_{l1l2} g^{j,X}_{l1l2} M^X_{l1l2L}C^{gi gj}_{l2} . (27)

Since we are looking at the small scale galaxy distribution it is justified to ignore the correlation between the galaxy distributions at different redshifts, i.e. C^{gi gj}_l = C^{gi gi}_l δ_{ij} . The formula for the noise covariance matrix then simplifies to N^{X̄ iX̄ j} L = A^{i,X}_L δ_{ij} . (28) Parity consideration or a direct calculation shows

N^{B̄iĒj}_L = 0. (29)

The signal covariance matrix, C^{X̄ iX̄ j}_L , for E and B type polarization can be written as C^{ĒiĒj}_L = C^{ĒiĒj}_{L,S} + C^{ĒiĒj}_{L,T} , (30) C^{B̄iB̄j}_L = C^{B̄iB̄j}_{L,T} , (31) where the subscripts S and T mean scalar and tensor, respectively. There is no contribution to the B polarization from scalar perturbations. It is worth mentioning that C^{ĒiĒj}_{L,S} actually acts as a source of noise for the purpose of detecting GWs even though it is the main contributer to Ē^j_{lm}.

We show in appendix B that the tensor terms in the above equations can be calculated as C^{X̄ iX̄ j} l,T = 4 3π ∫ dk k^2S^{i,X}_l (k) S^{j,X}_l (k)P_h(k), (32) where S^{j,X}_l (k) is given in Eq. (B12). We follow reference [16] in writing the power spectrum of GWs as

Δ^2_h(k) ≡ k^3P_h(k)

2π^2

= Δ^2_h(k_0) ( k k_0 )_{nt} (33)

for k_0 = 0.002 Mpc^{−1}. For the purpose of this paper we take the tensor spectral tilt to be zero, n_t = 0. Furthermore, the amplitude of the GW spectrum can be parametrized in terms of the tensor-to-scaler ratio, r, as r ≡ Δ^2_h(k_0) Δ^2_R(k_0)

, (34)

where Δ_R(k) is the curvature perturbation spectrum. We fix Δ^2_R(k_0) = 2.41 × 10^{−9}. The tensor-to-scalar ratio, r, is then the only parameter in this paper that we try to constrain and the rest of the parameters are fixed to their fiducial values.

To present the results of this section in a coherent way we show in Fig. 1 the steps one needs to take to estimate cosmological parameters using our method.

III. SENSITIVITY TO GRAVITATIONAL WAVES

In the absence of appropriate data we use the Fisher information method to forecast the capacity of a few futuristic surveys to detect GWs using our method.

So far we have found expressions for the covariance matrices of the signal and noise. From them we define the total covariance matrix as C_{iLM;i}′_L′_M ′ ≡ (λ_L)_{ii}′ δ_{LL}′ δ_{MM} ′ , (λ_L)_{ii}′ ≡ C^{B̄iB̄i′}_L + N^{B̄iB̄i′}_L . (35)

FIG. 1: An schematic plot showing how our method can be used as a parameters estimation tool.

Then assuming that both signal and noise are Gaussian random variables, the Fisher matrix can be written as F_{ab} = 1 2 Tr [ C_{,a}C^{−1}C_{,b}C^{−1} ] , (36)

where the derivatives a and b are with respect to the parameters we wish to constrain. The inverse of C can be written as

(C^{−1})_{iLM;i}′_L′_M ′ = (λ^{−1}_L )_{ii}′ δ_{LL}′ δ_{MM} ′ . (37)

Using this in Eq. (36) and performing the sums over the L and M indices we find F_{ab} = ∑ L 2L + 1 2 Tr [ (λ_L)_{,a}(λ^{−1}_L )(λ_L)_{,b}(λ^{−1}_L ) ] . (38)

The 1-sigma error bars on the parameter a marginalized over the other unknown parameters is √ (F^{−1})_{aa}, but assuming perfect knowledge of the other parameters this error is 1/ √ (F_{aa}). In our analysis we find constraints on the tensor-to-scalar ratio, r, by fixing all other cosmological parameters to their fiducial values so our Fisher matrix has only one entry and σ_r = 1/ √ F_{rr} . To calculate the noise covariance matrix from Eqs. 16–20 we need the polarization power spectra, C^{XX}_l , the instrumental noise spectrum, N^{XX}_l , the power spectra of the galaxy distribution at different redshifts, C^{gi gi}_l , their noise spectra N^{gi gi}_l and the bias b^i. We calculate them as follows:

We use the publicly available code CAMB [38] to calculate C^{XX}_l including lensing. We use Eq. 25 to calculate N^{XX}_l for several choices of detector noise Δ_p and beam width θ_{FWHM}. These power spectra are shown in the left panel of figure 2. The noise power spectrum corresponds to a futuristic experiment with Δ_p = 2 μK-arcmin and θ_{FWHM} = 2^′ (for comparison, the detector noise for the ACTPol Deep survey [19] is Δ_P = 4 μK-arcmin at ν = 150 GHz and that of SPTpol survey [20] is Δ_p =

√_{2Ωtot}

N_{det} t_{obs} NEQ = 9 μK-arcmin at 90 GHz. These are achieved over a

small area but the technology is advancing rapidly and wide sky coverage could be feasible in the near future). The tensor-to-scalar ratio is put to its fiducial value of zero here, so the B mode is exclusively from the weak lensing of the primordial E mode.

The noise in the galaxy power spectrum is N^{gi gi}_l = 1/n^i_g, where n^i_g is the mean number of observed galaxies per steradian in the i^{th} redshift bin. To find it we assume a survey similar to that of LSST with limiting magnitude of I < 25.6 together with a northern counterpart to have a full sky coverage. Our slices in redshift are in the range

FIG. 2: [Left] The polarization power spectra for EE (solid red) and BB (dashed green) modes from recombination + reionization + lensing as computed by CAMB. The gravitational waves are not included so all the B modes are coming from the lensing of the primordial E modes. The noise power spectrum for a future experiment with Δp = 5μK-arcmin and θFWHM = 2 arcmin is also shown (dotted blue). [Right] Projected galaxy-galaxy signal and noise power spectra for a future survey with limiting magnitude of I < 25.6, shown for the first and last redshift bins centered at z = 0.5 and z = 4.1, respectively, both with a width of Δz = 0.2.

0.4 < z < 4.2 with a width of Δz = 0.2. We show the noise power spectrum for the first and last redshift bins in the right panel of Fig. 2 together with the signals at the corresponding redshifts. The signals are calculated from the dark matter power spectrum by using the bias for the star forming galaxies

b(z) = 0.9 + 0.4 z, (39)

which is a fit to the results of Ref. [21]. We assume baryons trace the dark matter distribution on large scales, so that the same equation for the bias can be used in Eq. 19.

Given the above specifications we can calculate the one sigma error bars on r, σ_r = √ 1/F_{rr}. We show in Fig. 3 the constraints one gets by constructing either the average magnetic type polarization at each redshift, ^̄B^i_{LM} , (red circles) or constructing the electric type polarization, ^̄E^i_{LM} , (green crosses) as a function of L. As expected, the B modes are more sensitive to the GWs since here the signal is not swamped by the scalar modes (see Eq. 30). Also, since the signal drops rapidly with increasing L (see right panel of Fig. 6) most of the information about the GWs is contained in its lowest moment, i.e. the quadrupole.

From Fig. 2 it can be seen that the signal goes below the noise at different values of l for the E or B polarization modes and similarly for the galaxy power spectra at different redshift bins. An interesting question then arises: at what angular scales is most of the signal in determining B̄_{LM} coming from? To find out, we have plotted in Fig. 4 the 1-sigma error bars on r as a function of the maximum l_2 in the sum in Eq. 20 (the maximum l_1 will automatically be determined from the triangle inequality and the value of L). We can see that σ_r decreases like a power law with increasing l^{max}_2 until l^{max}_2 ∼ 4000 where it starts to level off.

To explore the dependence of σ_r on the specifications of a future CMB and galaxy survey, we show in Fig. 5 a contour plot of σ_r as a function of detector noise and beam width for two different redshift surveys. The contours are for σ_r = 0.1, 0.05, 0.01 and 0.001 from right to left, respectively. The left panel is for a galaxy survey with I < 25.6 and 0.4 < z < 4.2 and the right panel is for a “toy” galaxy survey capable of observing 10^{−3} galaxies per (Mpc/h)^3 in the range 4.2 < z < 8.0. Comparing these plots we see that the former survey does a better job of constraining r but the difference between these surveys diminishes for smaller values of Δ_p. We conclude that surveys that can observe higher density of galaxies are preferable to the ones that go to the larger redshifts but observe relatively low galaxy surface density. We can also see from these plots that the contours of constant σ_r become steep at small Δ_p so that a small improvement in the detectors sensitivity goes a longer way towards detecting GWs than does decreasing the beam width.

FIG. 3: The error bars for measuring the tensor-to-scalar ratio r by constructing either ^̄B^i_{LM} (red circles) or ^̄E^i_{LM} (green crosses). The galaxy survey has the specification Imax = 25.6 and 0.4 < z < 4.2. The B polarization is more powerful because it is not contaminated by scalar modes.

FIG. 4: To find out how the signal for detecting r is distributed in multipole space we have plotted the error on measuring the tensor-to-scale ratio versus the maximum l2 in the sum in Eq. 20 . We see that up to the l^{max}_2 ∼ 4000 the signal increases with increasing l^{max}_2 after which it levels off.

IV. SYSTEMATIC EFFECTS

An understanding of systematic effects is crucial to properly interpret any data set. Biases can be introduced to our parameter estimations either by unaccounted for instrumental errors or by contaminating signals, such as residual foregrounds. One way of finding the extent to which the data has been contaminated by systematic effects is by identifying general properties that the data must satisfy, e.g. invariance under parity, where breakdown of any of these properties is considered a strong indication of an spurious signal. Another way of quantifying the biases is by

FIG. 5: Contour plot of the estimated error in the tensor-to-scalar ratio, σr , as a function of detector noise and beam width of a CMB probe. The contours from right to left are for σr = 0.1, 0.05, 0.01 and 0.001, respectively. The left panel is for a galaxy survey with maximum limiting magnitude in the I band of Imax = 25.6 and redshift range of 0.4 < z < 4.2. The right panel is for a survey capable of observing a constant density of 10^{−3} galaxies per (Mpc/h)^3 from redshift z = 0.4 up to z = 8. The latter survey has a smaller number density at low redshifts (z ≲ 3.5) than the former survey but it has a non-negligible surface density of ∼ 10^6 galaxies per square radian up to the highest redshifts.

calculating their effects on parameter estimations, either analytically or by running a suite of Monte-Carlo simulations.

In this section we estimate biases from the gravitational lensing of the CMB, polarized point sources, and incomplete sky coverage. These effects bias our estimators because all of them can introduce correlations between the observed CMB polarization and large scale structure for non-equal values of l. This correlation is exactly what we have exploited in our method to estimate the GW signal, so the extra correlation from lensing and point sources, if unaccounted for, can be incorrectly interpreted as a GW signal. It will be shown that these foregrounds will not add any bias to our estimator for r and only increase the error bars by adding to the cosmic variance. In the case of incomplete sky coverage we notice that it is no longer possible to work in multipole space as the E and B modes are non-local functions of the polarization on the sky and therefore cannot be calculated unambiguously. Given that most of our signal comes from very large angular scales (L = 2) the cuts will have a dramatic effect on our estimates of r. Here we set out to calculate these effects quantitatively.

A. Weak lensing of the CMB

As mentioned before, the observed CMB polarization, X^{obs}_{lm} , where X can be either B or E, can be written as a sum of the polarization produced around the time of recombination, X^{recom}_{lm} , during the reionization era, X^{reion}_{lm} , from the gravitational lensing of the primordial polarization, X^{lens}_{lm} , from the polarized point sources, X^{p.s.}_{lm} , from polarized galactic emission, X^{gal}_{lm} , and finally from detector noise X^{noise}_{lm} :

X^{obs}_{lm} = X^{recom}_{lm} + X^{reion}_{lm} + X^{lens}_{lm} + X^{p.s.}_{lm} + X^{gal}_{lm} + X^{noise}_{lm} . (40)

The polarization produced by the gravitational lensing of the primordial polarization can be written as [22]:

E^{lens}_{lm} = ∑ l_5 m_5 ∑ l_6m_6

ϕ_{l5 m5} (−1)^{m1} ( l_1 l_6 l_5 m_1 −m_6 −m_5 ) ,_2F^{lens}_{l1 l5 l6} α_{l1 l5l6} E^{recom}_{l6m6} ,

B^{lens}_{lm} = ∑ l_5 m_5 ∑ l_6m_6

ϕ_{l5 m5} (−1)^{m1} ( l_1 l_6 l_5 m_1 −m_6 −m_5 ) 2F^{lens}_{l1 l5 l6} γ_{l1l5 l6} E^{recom}_{l6 m6} , (41) where we have ignored the primordial B mode polarization. Here_2F^{lens}_{l1 l5 l6} is defined as

2F^{lens}_{l1 l5l6} = [l_5(l_5 + 1) + l_6(l_6 + 1) − l_1(l_1 + 1)] √ (2l_1 + 1)(2l_5 + 1)(2l_6 + 1) 16π ( l_1 l_5 l_6 2 0 −2 ) (42)

and ϕ is the lensing potential, which can be written as a weighted line of sight integral of the gravitational potential, Ψ, ϕ(n̂) = −2 ∫_{η0} η_{ls} dη D_A(η − η_{ls}) D_A(η_{ls})D_A(η)

Ψ(D_A(η)n̂, η), (43)

where η_0 is the conformal time now and η_{ls} that at the last scattering surface.

The bias added to our estimator from the weak lensing of the CMB can then be found by calculating ⟨ ^̄Bi_{LM} ⟩ . A straightforward calculation gives: ⟨ ^̄Bi_{LM} (lens) ⟩ = A^{i,B}_L ∑ l_1m_1 ∑ l_2 m_2

(−1)^M ( l_1 l_2 L m_1 m_2 −M ) g^{i,B}_{l1l2} (L) ( γ_{l1l2 L} ⟨ E^{lens}_{l1 m1} Δ^i_{l2 m2} ⟩ + α_{l1 l2L} ⟨ B^{lens}_{l1m1} Δ^i_{l2m2} ⟩)

= 0. (44)

Therefore, the lensing does not add any biases to our estimator. However, lensing acts as a source of noise by contributing to the background covariance matrix ⟨ ^̄Bi∗_{LM} ^̄Bj_{L′M ′} ⟩ , i.e. it adds to the cosmic variance. To calculate this noise,

we need to find ensemble averages of the form ⟨X^{obs∗}_{l1 m1} Δ^{i∗}_{l2 m2} X^{′obs}_{l3m3} Δ^j_{l4m4} ⟩. Ignoring non-Gaussianities, this ensemble average can be expanded into three terms. The noise coming from the terms of the form ⟨X^{obs∗}_{l1m1} X^{′obs}_{l3 m3} ⟩⟨Δ^{i∗}_{l2 m2} Δ^j_{l4m4} ⟩ have already been taken into account by using the total C^{EE,obs}_l and C^{BB,obs}_l , including lensing, in our formulas for the noise covariance matrix (see Eqs. 16-20). The extra noise coming from the other two contractions is:

⟨ ^̄B^{i∗}_{LM} ^̄B^j_L′_M ′ ⟩(lens − lens) = δ_{LL}′ δ_{MM} ′ A^{i,B}_L A^{j,B}_L 2L + 1 [ ∑ l_1 ∑ l_2 ∑ l_3 ∑ l_4 ∑ l_5

(−1)^{l1+l3} g^{i,B}_{l1l2} (L)g^{j,B}_{l3l4} (L)_2F^{lens}_{l1 l4l5 2}F^{lens}_{l3l2 l5} < l_2l_4l_5L > { l_3 l_4 L l_1 l_2 l_5 } C^{EE,recom} l_5 C ϕj l_4 C ϕi l_2 ] , (45)

where { } is the Wigner 6-J symbol, and < l_2l_4l_5L >= 1 when l_2 + l_4 + l_5 + L =odd and zero otherwise. The

correlation between the lensing potential and the galaxy distribution at redshift slice i is defined as ⟨ϕ^∗_{lm}Δ^i_l′_m′ ⟩ = C^{ϕi}_l δ_{ll}′ δ_{mm}′ . However, this term is subdominant compared to the term we have already considered.

To find out to what extent weak lensing of the CMB contaminates the signal we have computed the expected errors on r assuming no lensing of the CMB. Even though this is an unrealistic assumption it will serve to illustrate the degradation in the signal caused by the gravitational lensing of the CMB. We find that the error on r reduces to σ_r ≃ 0.04 for complete cleaning of the lensing, compared to σ_r ≃ 0.09 for no lensing cleaning, so at best the signal can be improved by a factor of ∼ 2.

B. Polarized Point Sources

Since the distribution of polarized point sources follows that of dark matter they can add spurious signal to our estimate of r, if uncleaned, by correlating the galaxy distribution and the CMB polarization fluctuations. In this section we quantify this effect by calculating the bias and noise introduced to our estimator of the tensor-to-scalar ratio by polarized point sources .

The E/B polarization multipoles for point sources can be found to be: E^{p.s.}_{lm} ± iB^{p.s.}_{lm} = ∫ d^2n̂_{±2}Y^∗_{l,m}(n̂) [Q^{p.s.}(n̂) ± iU^{p.s.}(n̂)] = ∫ d^2n̂_{±2}Y^∗_{l,m}(n̂) [ ∑ i S_ie^{±2ωi} δ_D(n̂ − n̂_i) ]

= ∑ i ±2Y^∗_{l,m}(n̂_i)S_ie^{±2ωi} . (46)

Here S_i is the polarized flux of the ith point source, n̂_i is its direction on the sky, and ω_i is the direction of its polarization with respect to the ê_θ unit vector on the sphere.

Similar to the lensing case, to find the bias introduced to our estimator from point sources we need to calculate the contribution to our estimator ⟨ ^̄Bi_{LM} ⟩ from point sources, where now the ensemble average also includes averaging

over S_i, n̂_i, and ω_i. This average is trivially zero because ⟨e^{±2ωi} ⟩_{ωi} = 0. So the polarized point sources do not add any bias to our estimator.

Calculation of the noise contributed by point sources is a bit more involved. The final result is: ⟨ ^̄B^{i∗}_{LM} ^̄B^j_L′_M ′ ⟩(p.s. − p.s.) = δ_{LL}′ δ_{MM} ′ A^{i,B}_L A^{j,B}_L 2L + 1 ⟨ ∑ p S^2_p ⟩ 4 [ ∑ l_1 ∑ l_2 ∑ l_3 ∑ l_4 ∑ l_5 (−1)^{l3+l4 +l5} g^{i,B}_{l1l2} (L)g^{j,B}_{l3l4} (L)γ_{l1 l2L}γ_{l3l4 L}B^{ij}_{l2 l5l4} ( l_1 l_3 l_5 −2 2 0 ) { l_4 l_3 L l_1 l_2 l_5 } ] , (47)

where the bispectrum B is defined as:

⟨Δ^i_{l2 m2} Δ^{p.s.}_{l5 m5} Δ^j_{l4m4} ⟩_{LSS} = ( l_2 l_5 l_4 m_2 m_5 m_4 ) B^{ij}_{l2l5 l4} . (48)

Here Δ^{p.s.} is the projected overdensity of point sources on the sky.

C. Incomplete Sky Coverage

A real CMB×LSS cross-correlation will have only partial sky coverage, due at the very least to the Galactic Plane, and possibly to additional observing constraints (e.g. hemispherical). This is troublesome for our method because most of the signal comes from large angular scales (see Fig. 3). Even though it is possible to clean these foregrounds by, for example, using the frequency dependence of synchrotron and dust emission, this procedure might introduce unwanted correlations in the residual polarization maps, which in turn can be mistaken for a signal in our estimator. In this paper we take a more approach whereby we completely cut a portion of sky that is most severely contaminated by polarized galactic emission. However, by doing this we can no longer use our estimators, written in multipole space, since the E_{lm} and B_{lm} coefficients are nonlocal functions of the polarization in real space and for a given l they cannot be reliably estimated for all possible m. Consequently, our estimators for ^̄E_{LM} ^̄B_{LM} are not applicable in this situation.

Here we outline the procedure to overcome this issue and refer the interested reader to Appendix C for details. To solve this problem, one needs to work in configuration space. We first find an estimator for the average polarization generated at a given redshift bin “i” coming from a given direction n on the sky, ^̄χ^i(n), where χ stands for the Stokes parameters Q or U. We then compute the 2N_zN_{pix} × 2N_zN_{pix} covariance matrix C^{ij}_{χA χB} = ⟨ ^̄χ^{i∗}_A (n_A) ^̄χ^j_B (n_B ) ⟩ for data consisting of Q̄^i(n) and Ū^i(n) measured in N_{pix} pixels and N_z redshift bins. This covariance matrix consists of a part proportional to r coming from gravitational waves and a part from all other sources. In a Fisher analysis these modes can be projected out by giving them formally infinite power. Finally, we calculate the error bars on r by computing the Fisher matrix using a Monte Carlo code.

We report our results in terms of a “degradation factor” f_{deg} defined as the ratio of σ_r for a cut sky to its value for complete sky coverage. We have computed f_{deg} using the Monte Carlo trace code of Ref. [23]. Computations were done pixelized at HEALPix resolution 8, which has 786 432 pixels [24], although convergence was found at resolution 7. We chose for the E-mode projection a Gaussian prior λ_ℓ = 50e^{−ℓ(ℓ+1)σ2/2} with σ = 0.079 rad = 4.5 deg; the important point is for the low ℓs to have λ_ℓ ≫ 1. A total of 200 Monte Carlo trace realizations were run for each sky cut. We find a degradation factor of f_{deg} = 0.32 ± 0.01 for a sky cut of |b| > 10^∘ (f_{sky} = 0.83) and f_{deg} = 0.056 ± 0.004 for a sky cut of |b| > 20^∘ (f_{sky} = 0.66). Note in particular that f_{deg} < f_{sky} for these cases, and that f_{deg} ≈ f_{sky} is a poor approximation.

V. DISCUSSION AND CONCLUSION

Part of the polarization pattern of the CMB is generated by the Thompson scattering of photons off of free electrons. The strength of this effect is proportional to the local quadrupole moment of the radiation and the number density of free electrons. The polarization that is generated during the reionization era is therefore modulated on small angular scales by the varying electron number density. This variation in electron number density itself is correlated with the distribution of galaxies. So, by looking for correlations between the small scale CMB polarization fluctuations with the galaxy number density at a given redshift one can determine the local quadrupole moment of the CMB at that redshift. These quadrupoles at different patches of the sky and at different redshifts then provide us with a map of the quadrupole moments during the reionization era [39]. A small part of this quadrupole pattern can be produced by the tensor modes of fluctuations, i.e. gravitational waves. Therefore, the correlation between galaxy distribution and the CMB polarization anisotropies can be used to constrain the strength of the primordial GWs, which are of the utmost importance for physicists. They provide us with information about the physical processes at work in the early Universe with energies way beyond the reach of any terrestrial experiment.

In this paper we have investigated the prospect of using this method to measure the tensor-to-scalar ratio r, which is a measure of the strength of the GWs. We have constructed a full sky estimator for measuring the average B and E polarization generated at any given redshift bin during the reionization era by using the observed distribution of galaxies at that redshift and the observed CMB polarization pattern. The result of this exercise was then used, together with linearized perturbation theory and Fisher formalism, to predict the prospects of detecting a GW signal from future experiments. We have found that a CMB experiment with noise parameters of Δ_P = 2μK-arcmin and θ_{FWHM} = 2 arcmin, together with a LSST-like galaxy survey [40] with a limiting magnitude of I < 25.6 and a similar northern component [41] can be used to constrain r to σ_r ≃ 0.09. Even though these are photometric redshift surveys the small fraction of incorrect redshift determination will not be a source of problem for our method because it cannot produce spurious B modes in P̄ .

To reach this level of accuracy many obstacles need to be overcome, including the proper handling of the systematic effects. Here, we investigated two of these effects: the polarization induced by the weak gravitational lensing of the CMB and polarized point sources. We found that neither of these contaminants adds a bias to our estimator. However, they increase the error bars on r by increasing the cosmic variance by adding to the observed CMB power C^{BB,obs} l and C^{EE,obs}_l . We showed that lensing increases σ_r by a factor of ∼ 2, so lensing cleaning techniques might partially help to improve the signal. The most important factor, however, turns out to be the incomplete sky coverage where the degradation in signal to noise is more severe than the naive estimate (_S N )_2 ∝ f_{sky}. For example, for a sky cut of |b| > 10^∘ (f_{sky} = 0.83)) the depredation factor is f_{deg} = 0.32 and for |b| > 20^∘ (f_{sky} = 0.66) it is f_{deg} = 0.056.

Acknowledgments

E.A. and C.H. were supported by the U.S. Department of Energy (DE-FG03-92-ER40701). C.H. is also supported by the National Science Foundation (AST-0807337) and David & Lucile Packard Foundation. E.A. acknowledges support from the National Science Foundation (grant AST 07-08849) during part of this work. He thanks Laura Book and Ben Wandelt for their help and Avi Loeb and John Kovac for useful conversations.

Appendix A: Derivation of the quadratic estimator

In this section we derive formula 14 for the Ē^i estimator. The derivation for B̄^i is similar. This calculation closely resembles the lensing reconstruction method of Ref. [12].

We start from a general quadratic estimator of the form ^̄Ei_{LM} = Ai,E_L ∑ l_1m_1 ∑ l_2m_2

(−1)^M ( l_1 l_2 L m_1 m_2 −M ) ( g^{i,EE}_{l1l2} (L)E^{obs}_{l1 m1} + g^{i,EB}_{l1l2} (L)B^{obs}_{l1 m1} ) Δ^{i,obs}_{l2m2} (A1)

and our goal is to find the unknowns A_L, g^{EE} and g^{EB} . To find them we use two common criteria for a good estimator, that is that it should be unbiased and have minimum variance.

For the estimator to be unbiased we need ⟨ ^̄E^i_{LM} ⟩ | | |_{small angles} = Ē^i_{LM} , (A2)

that is the ensemble average of the estimator over different realizations of the small angular scales of the polarization and galaxy distribution should be equal to its true value. We must then have A^{i,E}_L ∑ l_1m_1 ∑ l_2 m_2

(−1)^M ( l_1 l_2 L m_1 m_2 −M ) ( g^{i,EE}_{l1l2} (L)⟨E^{obs}_{l1 m1} Δ^{i,obs}_{l2m2} ⟩ + g^{i,EB}_{l1l2} (L)⟨B^{obs}_{l1m1} Δ^{i,obs}_{l2m2} ⟩ ) = Ē^i_{LM} . (A3)

The correlations between the observed galaxy and polarization distributions can be calculated using Eqs. (22-23)

⟨E^{obs}_{lm} Δ^{i,obs}_l′_m′ ⟩ = ⟨δE^i_{lm}Δ^i_l′_m′ ⟩ = ∑ l_1 m_1 ∑ l_2m_2

(−1)^m ( l l_1 l_2 −m m_1 m_2 ) F_{l1 ll2} (α_{l1 l2l}Ē^i_{l1m1} − γ_{l1 l2l}B̄^i_{l1 m1} ) C^{gi gi}_l′ b^i δ_{l2 ,l}′ δ_{m2 ,−m}′ (−1)^{m′}

= ∑ l_1 m_1 (−1)^{m+m′} ( l l_1 l^′ −m m_1 −m^′ ) F_{l1ll}′ (α_{l1ll}′ Ē^i_{l1m1} − γ_{l1 ll}′B̄^i_{l1m1} ) C^{gi gi}_l′ b^i . (A4)

Using the identity ( l_1 l_2 l_3 −m_1 −m_2 −m_3 ) = (−1)^{l1+l2+l3} ( l_1 l_2 l_3 m_1 m_2 m_3 ) , the fact that an odd permutation of columns

of the 3-j symbol introduces a similar factor of (−1)^{l1+l2 +l3} , the fact that for the 3-j symbol to be non-zero we must have m_1 + m_2 + m_3 = 0, and changing the indices from (l_1, m_1) to (L, M), we finally find

⟨E^{obs}_{lm} Δ^{i,obs}_l′_m′ ⟩ | | |_{small angles} = ∑ LM (−1)^M ( l l^′ L m m^′ −M ) f^i_{Lll}′ ( α_{Lll}′Ē^i_{LM} − γ_{Lll}′B̄^i_{LM} ) ,

f^i_{Lll}′ ≡ F_{Lll}′ C^{gi gi}_l′ b^i . (A5)

A similar calculation gives

⟨B^{obs}_{lm} Δ^{i,obs}_l′_m′ ⟩ | | |_{small angles} = ∑ LM (−1)^M ( l l^′ L m m^′ −M ) f^i_{Lll}′ ( γ_{Lll}′Ē^i_{LM} + α_{Lll}′B̄^i_{LM} ) . (A6)

Plugging these results into Eq. (A3) we find a relation between the unknown coefficients of the form g^{i,EE}_{l1l2} (L) α_{Ll1l2} = − g^{i,EB}_{l1l2} (L) γ_{Ll1l2} ≡ g^{i,E}_{l1l2} (L),

A^{i,E}_L = (2L + 1) { ∑ l_1 l_2 f^i_{Ll1l2} g^{i,E}_{l1l2} (L) }_{−1} . (A7)

Using these relations, the only unknown coefficients are g^{i,E}_{l1l2} (L). To find them we demand that the estimator have minimum variance ∂⟨ ^̄E^{i,∗}_{LM} ^̄E^i_{LM} ⟩ ∂g^{i,E}_l′_l′′ (L) = 0, (A8)

where the variance can be calculated to be ⟨ ^̄E^{i,∗}_{LM} ^̄E^i_{LM} ⟩ = C^{ĒiĒi}_L + (A^{i,E} )^2 2L + 1 ∑ l_1l_2

(g^{i,E}_{l1l2} (L))^2M^E_{Ll1l2} C^{gi gi,obs}_{l2} , (A9)

M^E_{l1l2 L} = ( |α_{Ll1l2} |^2 C^{EE,obs} l_1 + |γLl1l2 | 2 C^{BB,obs} l_1 ) . (A10)

Using this in Eq. (A8) we finally obtain g^{i,E}_{l1l2} (L) = f^i_{Ll1l2} M^E_{l1l2L}C^{gi gi ,obs} l_2

. (A11)

Appendix B: Signal covariance matrix

In this section we calculate the signal covariance matrix C^{ĒiĒj}_l . We start from the line of sight solution to the Boltzmann equation for E-type polarization, see e.g. [25],

Ē^i_{lm}(k) ≡ Ē^i_{lm}(η = η_0, k) = − √ 6(2l + 1) ∫_{ηi +Δηi} η_i dηḡ(η)P_m(η, k)ϵ_{lm}(k(η_0 − η)). (B1)

In coordinates where ẑ ‖ k, m = 0, 1, 2 correspond to the scalar, vector, and tensor modes, respectively. The projection functions for scalar and tensor modes are

ϵ_{l,0}(x) = √ 3 8 (l + 2)! (l − 2)! j_l(x) x^2 , ϵ_{l,2}(x) = 1 4 [ −j_l(x) + j^{′′}_l (x) +

2j_l(x)

x^2 + 4j^′_l (x) x ] , (B2)

and the source functions are

P_m = 1 10 [ Θ_{2,m} − √ 6E_{2,m} ] ≃ 1 10 Θ_{2,m}, (B3)

where we have ignored the polarization term in the source equation above compared to the temperature term. The temperature multipoles themselves can also be found as line of sight integrals Θ_{l,0}(η, k) 2l + 1 = ∫_η 0 dη^′e^{−τ (η,η′)} [ (τ̇ Θ_{0,0} + τ̇Ψ + Ψ̇ − Φ̇)j_{l,0,0} + τ̇ v^B_0 j_{l,1,0} + τ̇ P_0j_{l,2,0} ] , Θ_{l,2}(η, k) 2l + 1 = ∫_η 0 dη^′e^{−τ} [ τ̇ P_2(η^′, k) − Ḣ^{(+2)}(η^′, k) ] j_{l,2,2}(k(η − η^′), (B4) for the scalar and tensor modes, respectively. Here the optical depth is τ(η, η^′) = ∫_η η^′ τ̇(η ′′)dη^{′′} and H^{(+2)} is the amplitude of the right handed gravitational wave. The projection functions are

j_{l,0,0}(x) = j_l(x), j_{l,1,0} = j^′_l (x), j_{l,2,0}(x) = 1 2 [3j^{′′}_l (x) + j_l(x)] , j_{l,2,2}(x) = √ 3 8 (l + 2)! (l − 2)! j_l(x) x^2

. (B5)

Assuming that recombination occurred instantaneously at η = η_∗, neglecting the scattering source term τ̇ P_2 compared to redshifting Ḣ, and writing the metric perturbation in terms of the intial metric perturbation and the transfer function H^{(+2)}(η, k) = T (ηk)H^{(+2)}_{in} (k), we find for the temperature quadrupole coming from right-handed gravitational waves

Θ_{2,2}(η, k) = −5H^{(+2)}_{in} (k) [I(kη) − I(kη_∗)] , (B6) I(x) ≡ ∫_x dx^′ T (x^′) dx^′ j_{2,2,2}(x − x^′). (B7)

The transfer function in the matter dominated universe is

T (x) =

3j_1(x) x . (B8)

We show a plot of I(x) in Fig. 6. To find C^{ĒiĒj}_l we notice that the multipoles Ē^i_{lm}(k) in equation B1 are different from the Ē^i_{lm}(k) we used in our calculation in the main text because instead of_{±2}Y_{l,m}(n̂) they are expanded in terms of (−i)^l √ 4π 2l + 1^{±2}

Y_{l,m}(n̂). (B9)

Correcting for this normalization and assuming equal amounts of left and right circularly polarized waves, the power spectrum of the tensor modes can be found as C^{ĒiĒj}_{l,T} = 4 π(2l + 1)^2 ∫ dkk^2P^{ĒiĒj}_{l,2} (k), (B10) where P^{ĒiĒj}_{l,2} (k) is defined as

⟨Ē^{i∗}_{l,2}(k)Ē^j_{l,2}(k^′)⟩ = (2π)^3P^{ĒiĒj}_{l,2} (k)δ^3(k − k^′). (B11)

FIG. 6: [Left] The evolution of the temperature quadrupole generated by the gravitational waves. [Right] Transfer function S^{i,B}_L vs wavenumber k, shown for different choices of multipoles L and of redshift bins “i”.

Using equations B1, B3, B6, B10 and B11 one finally finds

C^{ĒiĒj}_{l,T} = 4 π ∫ dkk^2S^{i,E}_l (k)S^{j,E}_l (k)P_H(+2)_{in} (k), S^{i,E}_l (k) = √ 6 2 ∫ i dηḡ(η)ϵ_{l,2}(k(η_0 − η)) (I(kη) − I(kη_∗)) , (B12) where P_H(+2)_{in} is the power spectrum of the initial right handed GWs. To make a connection to the definition of P_h in

reference [16] we notice that H^{(+2)} = −^1_2

√_2 3 (h̃_+ − ih̃_×) and therefore

P_H(+2)_{in} (k) = 1 6 (⟨|h̃_+|^2⟩ + ⟨|h̃_×|^2⟩) = 1 3 ⟨|h̃|^2⟩ = P_h(k) 12 . (B13)

An equation similar to Eq. B12 can be found for C^{B̄iB̄j}_{l,T} by substituting ϵ_{l,2} → β_{l,2} where

β_{l,2}(x) = 1 2 [ j^′_l (x) + 2 j_l(x) x ] . (B14)

In the right panel of Fig. 6 we show the transfer function S(k) for the quadrupole moment of the B̄ polarization generated at the first redshift bin.

Appendix C: Sky Cuts

Here we present the detailed calculation the degradation in our estimation for the tensor-to-scalar ratio caused by the sky cuts. As mentioned before, these cuts are troublesome for a multipole-space based estimator because E and B modes cannot be found unambiguously in this case. Fortunately, the reconstruction of the mean polarization field in the i^{th} redshift slice, P̄^i(n̂), is a “local” operation in the sense that it only depends on information within a few degrees of n̂ (see below and Ref. [23]). However, this still leaves us with the problem of computing the large-scale power spectrum C^{BB ij}_ℓ and forecasting its errors in the presence of a cut sky. This is the same problem that occurs in the context of the CMB power spectrum and many works have been devoted to the problem [26–29].

If we define the filtered fields

±P^F (n̂) ≡ ∑ l_1m_1 ( E^{obs}_{l1m1} C^{EE,obs} l_1 ± i B^{obs}_{l1m1} C^{BB,obs} l_1 ) ±2Y_{l1 ,m1} (n̂),

Δ^{F,i}(n̂) ≡ ∑ l_2m_2 C^{gi gi}_{l2} b_iC^{gi gi,obs} l_2

Δ^{i,obs}_{l2 m2} Y_{l2 ,m2} (n̂), (C1) then one can prove that ± ^̄P F,i(n̂) ≡_±P F (n̂)ΔF,i(n̂) = ∑ LM ^̄Ei_{LM} ± i ^̄Bi_{LM} A^{i,B}_L^{±2} Y_{L,M} (n̂). (C2)

We have then accomplished our goal of constructing an estimator for the average polarization generated at a given redshift bin that is not affected by the eliminated portions of the sky, since the quantities_±P^F (n̂) and Δ^{F,i}(n̂) are local in configuration space. We can further simplify the analysis by noting that the A^{i,B}_L are very nearly independent of scale for small L, where most of the signal comes from. Thus we can pull this factor out of the sum and find an estimator for the non-filtered average polarization generated at the redshift bin “i” ± ^̄P i(n̂) ≡ ∑ LM ( ^̄Ei_{LM} ± i ^̄Bi_{LM} ) ±2Y_{L,M} (n̂) = A^{i,B}_{2 ±} ^̄P^{F,i}(n̂). (C3)

The estimators for the Stokes parameters, ^̄Q^i(n̂) and ^̄U^i(n̂), can then be found as

^̄Qi(n̂) =^+

^̄P i(n̂) +_− ^̄P i(n̂) 2 = ∑ LM ^̄Ei_{LM} Y E_{LM} (n̂, Q) + ^̄Bi_{LM} Y B_{LM} (n̂, Q),

^̄U i(n̂) =^+

^̄P i(n̂) −_− ^̄P i(n̂) 2i = ∑ LM ^̄Ei_{LM} Y E_{LM} (n̂, U) + ^̄Bi_{LM} Y B_{LM} (n̂, U), (C4)

where we have defined

Y^E_{LM} (n̂, Q) = Y^B_{LM} (n̂, U) = 1 2 (_2

Y_{L,M} (n̂) +_{−2}Y_{L,M} (n̂) ) , Y^B_{LM} (n̂, Q) = −Y^E_{LM} (n̂, U) = i 2 (_2

Y_{L,M} (n̂) −_{−2}Y_{L,M} (n̂) ) . (C5)

We write down a vector x consisting of the mean polarization Q̄^i(n̂_A) and Ū^i(n̂_A) in the A^{th} pixel, of length 2N_zN_{pix}. Then x has a 2N_zN_{pix} × 2N_zN_{pix} covariance matrix

C^{ij}_{χA χB} (n̂_A, n̂_B ), (C6)

where χ_A indicates a choice of Stokes parameter (Q or U). This contains a contribution C_0 arising from all sources other than gravitational waves (including the scalar post-reionization scattering signal and noise), as well as a contribution associated with tensor modes,

C = C_0 + rC_r . (C7)

If it is desired to remove certain modes from the data (e.g. E-modes), then they can be incorporated in C_0 by introducing such modes with formally infinite power. (This is a common foreground template projection method in CMB data analysis, e.g. [30].)

Under the null hypothesis of no primordial gravitational waves, and assuming Gaussian signal and noise, one can write down the Fisher information, F_{rr} = 1 2 Tr ( C^{−1}_0 C_rC^{−1}_0 C_r ) , (C8)

and forecast an uncertainty σ_r = F^{−1/2}_{rr} . The assumption of Gaussian signal and noise is expected to be valid in this case: the signal (primordial gravitational waves) are Gaussian and feed linearly into P̄^i(n̂). The noise (associated with the product of primary CMB and large scale structure) is not Gaussian, but its average in a large patch of sky (tens of degrees) contains contributions from many arcminute-scale patches, so we expect the noise contribution to P̄ i(n̂) to be Gaussianized by the central limit theorem.

The actual computation of F_{rr} is simplified if we consider only the B-mode quadrupole, ℓ = 2, and note that the noise power spectrum is white at low ℓ (i.e. it becomes independent of ℓ and equal for E and B modes). In this case, the matrices have the form

[C_r]^{ij}_{χAχB} (n̂_A, n̂_B ) = C^{B̄iB̄j}_2 2∑ m=−2 Y^{B∗}_{2m} (n̂_A, χ_A)Y^B_{2m}(n̂_B , χ_B ), (C9) where Y^B_{2m}(n̂, χ) denotes the χ component of the B-mode tensor spherical harmonic [9] evaluated at n̂ (see Eq. C5). If we insist on projecting out all E-mode signals (so that there is no possible contamination from the scalar reionization signal), then the zero-tensor covariance matrix is

[C_0]^{ij}_{χA χB} (n̂_A, n̂_B ) = N^{ij} δ_{χA χB} δ^{(2)}(n̂_A − n̂_B ) + ℓ_{max}∑

ℓ=2 λ_ℓδ^{ij} ℓ∑ m=−ℓ Y^{E∗}_{2m} (n̂_A, χ_A)Y^E_{2m}(n̂_B , χ_B ), (C10)

where N^{ij} is the white noise level (still a matrix because it depends on the redshift slices), and the second term projects out E-mode signals. The projection parameters λ_ℓ should formally be taken to ∞.

Under the above assumptions, the matrix inversions and trace factor into pieces that depend on the sky coverage, and pieces that depend on the signal and noise power spectra (C^{B̄iB̄j}_2 and N^{ij} ): F_{rr} = 1 2 Tr ( N^{−1}C^{B̄B̄}_2 N^{−1}C^{B̄B̄}_2 ) Tr ( K^{−1}SK^{−1}S ) , (C11)

where the first trace is of a product of N_z × N_z matrices, and the second trace is of a product of the 2N_{pix} × 2N_{pix} matrices:

K_{χAχB} (n̂_A, n̂_B ) = δ_{χAχB} δ^{(2)}(n̂_A − n̂_B ) +

ℓ_{max}∑

ℓ=2 λ_ℓ ℓ∑ m=−ℓ Y^{E∗}_{2m} (n̂_A, χ_A)Y^E_{2m}(n̂_B , χ_B ) (C12)

(again, valid only in the λ_ℓ → ∞ limit) and

S_{χAχB} (n̂_A, n̂_B ) = 2∑ m=−2 Y^{B∗}_{2m} (n̂_A, χ_A)Y^B_{2m}(n̂_B , χ_B ). (C13)

In Eq. (C11), the first trace depends on detailed galaxy and CMB properties and has been computed in the main paper. The second trace enables us to define a “degradation factor:”

f_{deg} ≡ Tr ( K^{−1}SK^{−1}S ) (true) Tr (K^{−1}SK^{−1}S) (all sky)

. (C14)

It is f_{deg} that this appendix aims to compute. For a cut sky, the uncertainty on r increases by a factor of f^{−1/2}_{deg} . The analytic expectation is that in the harmonic basis and on the full sky, K becomes a diagonal matrix with 1s in the B-mode positions and ∞s in the E-mode positions (because of the formally infinite E-mode terms added); S should have 1s in the diagonal ℓ = 2 B-mode positions and 0s elsewhere. Thus the denominator should simply be the number of ℓ = 2 B-modes, i.e. 5. We find that numerically this is indeed the case.

[1] D. Baumann et al., Probing Inflation with CMB Polarization, in American Institute of Physics Conference Series, edited by S. Dodelson, D. Baumann, A. Cooray, J. Dunkley, A. Fraisse, M. G. Jackson, A. Kogut, L. Krauss, M. Zaldarriaga, & K. Smith , , American Institute of Physics Conference Series Vol. 1141, pp. 10–120, 2009, 0811.3919.

[2] A. H. Guth, Phys. Rev. D23, 347 (1981). [3] A. D. Linde, Physics Letters B 108, 389 (1982).

[4] A. Albrecht and P. J. Steinhardt, Physical Review Letters 48, 1220 (1982).

[5] V. F. Mukhanov and G. V. Chibisov, Soviet Journal of Experimental and Theoretical Physics Letters 33, 532 (1981). [6] S. W. Hawking, Physics Letters B 115, 295 (1982). [7] A. A. Starobinsky, Physics Letters B 117, 175 (1982). [8] E. Komatsu et al., ApJS192, 18 (2011), 1001.4538.

[9] M. Kamionkowski, A. Kosowsky, and A. Stebbins, Phys. Rev. D55, 7368 (1997), arXiv:astro-ph/9611125. [10] M. Zaldarriaga and U. Seljak, Phys. Rev. D55, 1830 (1997), arXiv:astro-ph/9609170. [11] W. Hu and T. Okamoto, ApJ574, 566 (2002), arXiv:astro-ph/0111606. [12] T. Okamoto and W. Hu, Phys. Rev. D67, 083002 (2003), arXiv:astro-ph/0301031.

[13] M. Kesden, A. Cooray, and M. Kamionkowski, Physical Review Letters 89, 011304 (2002), arXiv:astro-ph/0202434. [14] L. Knox and Y.-S. Song, Physical Review Letters 89, 011303 (2002), arXiv:astro-ph/0202286. [15] J. R. Bond and G. Efstathiou, MNRAS226, 655 (1987).

[16] E. Komatsu et al., ApJS180, 330 (2009), 0803.0547. [17] W. Hu, ApJ529, 12 (2000), arXiv:astro-ph/9907103. [18] L. Knox, Phys. Rev. D52, 4307 (1995), arXiv:astro-ph/9504054.

[19] M. D. Niemack et al., ACTPol: a polarization-sensitive receiver for the Atacama Cosmology Telescope, in Society of Photo-Optical Instrumentation Engineers (SPIE) Conference Series, , Society of Photo-Optical Instrumentation Engineers (SPIE) Conference Series Vol. 7741, 2010, 1006.5049.

[20] J. J. McMahon et al., SPTpol: an instrument for CMB polarization, in American Institute of Physics Conference Series, edited by B. Young, B. Cabrera, & A. Miller, , American Institute of Physics Conference Series Vol. 1185, pp. 511–514, 2009.

[21] A. Orsi et al., MNRAS405, 1006 (2010), 0911.0669. [22] W. Hu, Phys. Rev. D62, 043007 (2000), arXiv:astro-ph/0001303.

[23] C. M. Hirata, N. Padmanabhan, U. Seljak, D. Schlegel, and J. Brinkmann, Phys. Rev. D70, 103501 (2004), arXiv:astroph/0406004.

[24] K. M. Górski et al., ApJ622, 759 (2005), arXiv:astro-ph/0409513. [25] W. Hu and M. White, Phys. Rev. D56, 596 (1997), arXiv:astro-ph/9702170. [26] A. J. S. Hamilton, MNRAS289, 285 (1997), arXiv:astro-ph/9701008. [27] A. J. S. Hamilton, MNRAS289, 295 (1997), arXiv:astro-ph/9701009. [28] M. Tegmark, Phys. Rev. D55, 5895 (1997), arXiv:astro-ph/9611174.

[29] N. Padmanabhan, U. Seljak, and U. L. Pen, New Astronomy 8, 581 (2003), arXiv:astro-ph/0210478. [30] A. Slosar, U. Seljak, and A. Makarov, Phys. Rev. D69, 123003 (2004), arXiv:astro-ph/0403073. [31] M. Kamionkowski and A. Loeb, Phys. Rev. D56, 4511 (1997), arXiv:astro-ph/9703118. [32] A. Cooray and D. Baumann, Phys. Rev. D67, 063505 (2003), arXiv:astro-ph/0211095. [33] O. Doré, G. P. Holder, and A. Loeb, ApJ612, 81 (2004), arXiv:astro-ph/0309281. [34] C. Skordis and J. Silk, ArXiv Astrophysics e-prints (2004), arXiv:astro-ph/0402474. [35] J. Portsmouth, Phys. Rev. D70, 063504 (2004), arXiv:astro-ph/0402173. [36] E. F. Bunn, Phys. Rev. D73, 123517 (2006), arXiv:astro-ph/0603271.

[37] Although lensing is a source of noise for detecting GWs, it can be used to strengthen the constraints on cosmological parameters that determine the late time properties of the universe, e.g. the equation of state of the dark energy or neutrino masses [38] http://camb.info/ [39] In this sense our method is similar to the one proposed in Ref. [31]. However, those authors suggest the use of a handful of clusters to reconstruct the quadrupole moments at their locations but our method uses a random field of galaxies to reconstruct the quadrupole field. See also Refs. [32–36] [40] http://www.lsst.org [41] A northern component could in principle be done with HyperSuprimeCam/HSC (http://oir.asiaa.sinica.edu.tw/hsc.php) but this is not planned.