arXiv:1201.6040v1 [hep-th] 29 Jan 2012

ASPECTS OF EFFECTIVE SUPERSYMMETRIC THEORIES

A Dissertation Presented to the Faculty of the Graduate School of Cornell University in Partial Fulfillment of the Requirements for the Degree of Doctor of Philosophy

by Panteleimon Tziveloglou January 2011

© 2011 Panteleimon Tziveloglou ALL RIGHTS RESERVED

ASPECTS OF EFFECTIVE SUPERSYMMETRIC THEORIES Panteleimon Tziveloglou, Ph.D.

Cornell University 2011

This work consists of two parts. In the first part we construct the complete extension of the Minimal Supersymmetric Standard Model by higher dimensional effective operators and then study its phenomenology. These operators encapsulate the effects on LHC physics of any kind of new degrees of freedom at the multiTeV scale. The effective analysis includes the case where the multiTeV physics is the supersymmetry breaking sector itself. In that case the appropriate framework is nonlinear supersymmetry. We choose to realize the nonlinear symmetry by the method of constrained superfields. Beyond the new effective couplings, the analysis suggests an interpretation of the ‘little hierarchy problem’ as an indication of new physics at multiTeV scale.

In the second part we explore the power of constrained superfields in extended supersymmetry. It is known that in N = 2 supersymmetry the gauge kinetic function cannot depend on hypermultiplet scalars. However, it is also known that the low energy effective action of a D-brane in an N = 2 supersymmetric bulk includes the DBI action, where the gauge kinetic function does depend on the dilaton. We show how the nonlinearization of the second SUSY (imposed by the presence of the D-brane) opens this possibility, by constructing the global N = 1 linear + 1 nonlinear invariant coupling of a hypermultiplet with a gauge multiplet. The constructed theory enjoys interesting features, including a novel super-Higgs mechanism without gravity.

BIOGRAPHICAL SKETCH

Pantelis was born in Thessaloniki, Greece, on the 19th of December 1983. In 2001, he enrolled in the Physics department of Aristotle University of Thessaloniki. In 2005, after obtaining the physics degree, he was accepted to Cornell University for postgraduate studies in physics. His academic interests brought him in 2007 to CERN in order to conduct his doctoral research under the guidance of Prof. Ignatios Antoniadis. He stayed there for three years until the completion of his Ph.D. thesis. From October 2010 he is situated in Paris and École Polytechnique for postdoctoral research.

ACKNOWLEDGEMENTS

I had the great privilege of being guided throughout my Ph.D. by Ignatios Antoniadis. I want to express my gratitude for our excellent collaboration and for his kind support during these three years.

I am particularly grateful to my collaborators for the first part of this work, Emilian Dudas and Dumitru Ghilencea for a very fruitful collaboration from which I gained a lot. For the second part I was fortunate enough to work with Jean - Pierre Derendinger and Nicola Ambrosetti who I wanted to thank for our joyful collaboration.

I would like to thank Henry Tye and Csaba Csaki for giving me the permission to complete my Ph.D. studies at CERN. I am especially grateful to Ritchie Patterson who, as Director of Graduate Studies at the physics department of Cornell, provided the necessary support for my transfer to CERN. I perceive her attention as a genuine example of an academic that truly cares about the ambitions of her students.

My Ph.D. studies would never have been such an amazing experience if it hadn’t been for all the people I met, I shared apartments and offices, I experienced unforgettable moments of life. I want to thank them all and I hope that our paths will continue to cross in the future.

TABLE OF CONTENTS

Biographical Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

1 Introduction 1 1.1 The Importance of Supersymmetry . . . . . . . . . . . . . . . . . . 1 1.2 Effective and Nonlinear Field Theory in the Minimal Supersymmetric Standard Model . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.3 Dilaton - DBI couplings in N = 2 supersymmetry . . . . . . . . . . 8

I BEYOND THE MINIMAL SUPERSYMMETRIC STANDARD MODEL 13

2 Effective Field Theory 14 2.1 Physics is Effective . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.2 Effective Description of Supersymmetric Theories . . . . . . . . . 19 2.2.1 Integrating out Massive Superfields . . . . . . . . . . . . . 19 2.2.2 Gauge Interactions and Component Analysis . . . . . . . . 23 2.3 Nonlinear Realizations and Constrained Goldstino Superfield . . 27

3 MSSM_5 33 3.1 The Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.2 Keeping the essential: The irreducible Lagrangian . . . . . . . . . 36

4 Phenomenology of MSSM_5 43 4.1 Further Restrictions from Flavor Changing Neutral Currents . . . 43 4.2 Phenomenological Implications . . . . . . . . . . . . . . . . . . . . 46 4.3 The MSSM Higgs Sector with Mass Dimension Five Operators . . 51 4.4 Higgs Mass Corrections Beyond MSSM . . . . . . . . . . . . . . . 53 4.5 Including Loop Corrections . . . . . . . . . . . . . . . . . . . . . . 61

5 MSSM Higgs with Operators of Mass Dimension 5 and 6 63 5.1 The Relevant Operators . . . . . . . . . . . . . . . . . . . . . . . . 63 5.2 The Scalar Potential . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 5.3 Corrections to the MSSM Higgs Masses . . . . . . . . . . . . . . . 75 5.4 Analysis of the Leading Corrections and Effective Operators . . . 81

6 Nonlinear MSSM 86 6.1 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 6.2 New Couplings in the Lagrangian . . . . . . . . . . . . . . . . . . 89 6.3 Implications for the Higgs Masses . . . . . . . . . . . . . . . . . . 92

6.4 Other Phenomenological Implications . . . . . . . . . . . . . . . . 97 6.4.1 Fine Tuning of the Electroweak Scale . . . . . . . . . . . . . 97 6.4.2 Limiting Cases and Loop Corrections . . . . . . . . . . . . 98 6.4.3 Invisible Decays of Higgs and Z Bosons . . . . . . . . . . . 100

7 Summary of Results 107

II BRANE - BULK INTERACTIONS IN N = 2 GLOBAL AND LOCAL SUPERSYMMETRY 110

8 Preliminaries 111 8.1 The Dirac Born Infeld Action as the Effective Action of a D-brane 111 8.2 Quaternion-Kähler and Hyper-Kähler Manifolds . . . . . . . . . . 114 8.3 Superspace Conventions . . . . . . . . . . . . . . . . . . . . . . . . 116

9 The Linear N = 2 Maxwell-Dilaton System 119 9.1 The Single-Tensor Multiplet . . . . . . . . . . . . . . . . . . . . . . 119 9.2 The Maxwell Multiplet, Fayet-Iliopoulos Terms . . . . . . . . . . . 122 9.3 The Chern-Simons Interaction . . . . . . . . . . . . . . . . . . . . . 125 9.4 The Significance of V_1, X and Y . . . . . . . . . . . . . . . . . . . . 127 9.5 Chiral N = 2 Superspace . . . . . . . . . . . . . . . . . . . . . . . . 130 9.5.1 Chiral N = 2 Superfields . . . . . . . . . . . . . . . . . . . . 131 9.5.2 Electric-Magnetic Duality . . . . . . . . . . . . . . . . . . . 134

10 Nonlinear N = 2 Supersymmetry and the DBI Action 138 10.1 The N = 2 Super-Maxwell DBI Theory . . . . . . . . . . . . . . . . 138 10.2 Coupling the DBI Theory to a Single-Tensor Multiplet:

a Super-Higgs Mechanism without Gravity . . . . . . . . . . . . . 141 10.3 Hypermultiplet, Double-Tensor and Single-Tensor Dual Formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 10.4 The Magnetic Dual . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 10.4.1 The Bosonic Lagrangian . . . . . . . . . . . . . . . . . . . . 152 10.5 Double-Tensor Formulation and Connection with the String Fields 154 10.6 Nonlinear N = 2 QED . . . . . . . . . . . . . . . . . . . . . . . . . . 157

11 The Universal Hypermultiplet in Local and Global Supersymmetry 163 11.1 On the Heisenberg Algebra and Global Supersymmetry . . . . . . 163 11.1.1 Lagrangians . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 11.1.2 Hyper-Kähler Metrics with Heisenberg Symmetry . . . . . 168 11.2 The Universal Hypermultiplet in N = 2 Supergravity . . . . . . . 170 11.2.1 The Calderbank-Pedersen Metric with Heisenberg Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171 11.2.2 Coupling to N = 2 Supergravity . . . . . . . . . . . . . . . 174 11.2.3 Sp(2, 4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

11.2.4 The Heisenberg Subalgebra of SU(1, 2) and Sp(2, 4) . . . . 177 11.2.5 N = 2 Supergravity Scalar Lagrangian . . . . . . . . . . . . 179 11.2.6 Solving the Constraints . . . . . . . . . . . . . . . . . . . . 182 11.3 Zero-Curvature Hyper-Kähler Limit . . . . . . . . . . . . . . . . . 185

12 Summary of Results 191

A Coefficients for the Higgs Masses 194

B The Solution of the Quadratic Constraint 196

C Equivalent Descriptions of the Dilaton Multiplet 199 C.1 The Single Tensor Formulation . . . . . . . . . . . . . . . . . . . . 199 C.2 Hypermultiplet Formulation . . . . . . . . . . . . . . . . . . . . . 203 C.3 Two-Tensor Formulation . . . . . . . . . . . . . . . . . . . . . . . . 207

D Obtaining the Taub-NUT Metric from Conformal Supergravity 210 D.1 SU(2, 1)/SU(2) × U(1) and its Global Hyper-Kähler Limit . . . . . 210 D.2 Taub-NUT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

Bibliography 224

LIST OF FIGURES

6.1 The tree-level Higgs masses (in GeV) and expansion coefficients as functions of √ f (in GeV). In (a), (b) μ = 900 GeV, tan β = 50, m_A increases upwards from 90 to 150 GeV in steps of 10 GeV. Larger m_A has little impact on m_h for relevant √ f . In (c), (d), m_A = 150 GeV, and m_h increases as μ varies from 400 to 1200 GeV, in steps of 100 GeV. In (c) tan β = 50 while in (d) tan β = 5, showing a milder dependence on tan β than in MSSM. For tan β ≥ 10 there is little difference from (c). In (e), (f) the expansion coefficients are shown, for m_A = [90, 650] GeV with steps of 10 GeV, μ = 900 GeV, tan β = 50; they are less than unity (even at larger μ), as required for a convergent expansion. . . . . . . . . . . 94 6.2 The partial decay rate of h^0 → ψ_Xχ^0_1 for (a): tan β = 50, m_{λ1} = 70 GeV, m_{λ2} = 150 GeV, μ increases from 50 GeV (top curve) by a step 50 GeV, m_A = 150 GeV. Compare against Figure 6.1 (c) corresponding to a similar range for the parameters. At larger μ, m_h increases, but the partial decay rate decreases. Similar picture is obtained at low tan β ∼ 5. (b): As for (a) but with tan β = 5. Compare against Figure 6.1 (d). Note that the total SM decay rate, for m_h ∼ 114 GeV, is of order 10^{−3}, thus the branching ratio in the above cases becomes comparable to that of SM Higgs going into γγ (see Figure 2 in [105]). . . . . . . . . . . . . . . . 103

12.1 Web of dualities: double arrows indicate duality transformations preserving off-shell N = 2 supersymmetry, simple arrows are N = 1 off-shell dualities only, leading to theories with on-shell N = 2 supersymmetry. The N = 1 superfields and the related equations are indicated. . . . . . . . . . . . . . . . . . . . . . . . . 192

CHAPTER 1

INTRODUCTION

1.1 The Importance of Supersymmetry

Probably the most significant manifestation of the beauty of Supersymmetry is that this simple idea of a symmetry that relates fermions and bosons has proven to be one of the most fruitful proposals in theoretical high energy physics of the last forty years.

At the level of phenomenology, supersymmetry offers a complete or partial solution to almost all shortcomings of the Standard Model (SM). For example, the beautiful properties of SM under renormalization are based on the fact that it is a model of fermions and gauge bosons. However, its cornerstone, the Higgs mechanism, is bound to the existence of a scalar mode. The Higgs scalar seems very unnatural within the framework of the SM. It is the only scalar field and it doesn’t share the same renormalization properties with the others. More specifically, the natural value for its mass is at the Planck scale, which would obviously destroy the validity of the model. This puzzle comes with the name “hierarchy problem” and it’s believed to be one of the main reasons for leaving SM behind. The solution by supersymmetry is based on treating scalars on equal footing with all other fields. Not only it contains a variety of scalars, degrading them from the special role they enjoyed in SM, their normalization properties are also no different than all other fields. Their masses scale logarithmically with the cutoff scale which then offers a resolution to the hierarchy problem.

Another source of skepticism towards the SM comes from cosmology. There is a set of cosmological and astrophysical observations that lead to the same conclusion. The stable matter described by the SM, which is the matter that surrounds us, is nothing but a tiny fraction of the full matter content of the universe. ‘Out there’, stable particles exist that we have never observed and that are not described by the SM. The observations can also inform us about the basic properties of these particles. It comes out that they have to be massive and weakly interacting. Once again, supersymmetry has the answer. Supersymmetric models generically come with one stable particle that enjoys the desired properties.

We should also mention that supersymmetry seems to complete the program for unification of gauge interactions. The SM had the striking success of unifying the numerous processes between particles observed in colliders (and seeming extremely complicated in the early years of particle physics) into three fundamental gauge interactions parametrized by three independent coupling constants. The unification would be complete by further unifying into a single gauge group, which would then lead us to a “Grand Unified Theory”. Unfortunately it was calculated that the renormalization group (RG) equations of the SM don’t meet at a single point for unification to occur. New degrees of freedom are needed to shift the RG in a way they meet. It has been shown that the degrees of freedom brought by supersymmetry do the job and the predicted unification occurs at around 10^{16} GeV.

The above arguments favor supersymmetric models as a candidate for departure from the SM. It seems however that it doesn’t merely offer a model for a successful replacement of the SM but it’s basic concepts play a fundamental role in quantum field theory. This can be seen as follows. In a paper of 1967 by S. Coleman and J. Mandula [6] it was shown that the most general Lie algebra of symmetries of the S-matrix is the Poincaré algebra plus a number of Lorentz scalar generators that form the algebra of a compact Lie group. This was a conclusive no-go theorem about the allowed symmetries of the S-matrix and in particular about the impossibility of a nontrivial combination of a spacetime symmetry with an internal one. The Coleman-Mandula theorem was extremely powerful as it was based on generic assumptions that would apply to any quantum field theory. However, it was later discovered that the assumption that the algebras need to be Lie algebras was too restrictive as one could add fermionic generators forming what is called “graded Lie algebras”. In a paper by Haag, Sohnius and Lopuszanski seven years later, it was shown that the only graded Lie algebras that generate symmetries allowed by the generic assumptions of quantum field theory are the supersymmetric algebras [7]. In a few words, the exploration of the largest symmetry allowed by the S-matrix has inevitably led us to supersymmetry.

Last but definitely not least, supersymmetry opens a window for the holy grail of theoretical physics, the unification of gravity with the other three forces. The combination of the principle that gravity is the manifestation of the curvature of spacetime, coming from general relativity, and the fact that supersymmetry is a spacetime symmetry, coming from the Haag-Sohnius-Lopuszanski theorem above, implies that a theory with local supersymmetry is a theory of gravity. Such a theory is called “supergravity”. Supergravities themselves appear as the low energy effective theories of various settings of string theory, the only framework where gravity and the other forces are unified into a single and finite theory. In summary, following the path: Global Supersymmetry → Local Supersymmetry → String Theory we obtain, for the first time, a complete picture of how the unification of particles and interactions works. Furthermore, the principle of supersymmetry is built in string theory. The very first appearance of a symmetry that exchanges bosons and fermions first appeared in the context of dual models [8, 9], which is what was later reinterpreted as string theory. Without supersymmetry, string theory would not be a consistent theory. In a few words, the most basic ingredient of the only known path to a theory where matter and forces are unified, is supersymmetry.

This thesis touches upon both model building in supersymmetric theories and more formal aspects, especially related to string theory. It is then naturally devided in two parts which are weakly related to each other and can be read independently. It is based on publications [1, 2, 3, 4, 5].

1.2 Effective and Nonlinear Field Theory in the Minimal Supersymmetric Standard Model

In the first part we apply the techniques of Effective Field Theory (EFT) on the Minimal Supersymmetric Standard Model (MSSM) and study their phenomenological consequences. The MSSM is the minimal extension of the SM and is used as a prototype model for phenomenological studies of supersymmetry [10]. Our method involves the addition of higher mass dimension terms in the MSSM Lagrangian. From an EFT point of view, the appearance of such terms is not a sign that the model is sick but rather an indication that it is valid only up to the mass scale that suppresses those terms. Their purpose is to parametrize the effects of any kind of new physics that might exist at a scale that is not approachable by LHC and in the same time not too high, so in the range of a few TeV.

In a few lines, the method of our analysis is as follows. We construct the effective Lagrangian by adding to that of MSSM nonrenormalizable terms of higher mass dimension. These are terms that would appear in a low energy effective model of some UV renormalizable theory by integrating out degrees of freedom above a certain mass scale M. However, in a bottom-up point of view we don’t focus on the origin of these terms but rather on a generic analysis of their effects. To this purpose, we choose at a first level to add to MSSM all possible mass dimension five operators that are all allowed by the gauge symmetries and by R-parity. In this way, EFT allows us to draw conclusions that are completely model independent. For a more detailed discussion of supersymmetric EFT, see sec. 2.

Generally this constitutes a huge set of extra free parameters, limiting the predictability of the model. Nevertheless, many of these operators are actually redundant as they can be eliminated by proper field redefinitions. In our analysis, we perform such redefinitions reducing to a model with less parameters and thus more distinct phenomenology. We firstly focus on the Higgs sector because of its special importance in view of the little hierarchy problem and because its extension by effective terms is quite restricted, facilitating drawing clear conclusions. After that we pass on to other couplings and processes that may be interesting for LHC physics. Below we summarize the content of the chapters of part I.

In chapter 3, we focus on the most general set of R-parity conserving, mass dimension five operators that can exist in the MSSM [1]. We also employ spurion superfields to include any soft supersymmetry breaking effects that these operators parametrize. It turns out that not all of these operators are actually independent. We perform spurion dependent field redefinitions to remove the redundancy thus obtaining the minimal, irreducible set of dimension five operators within MSSM. By incorporating further constraints coming from flavor changing neutral currents (FCNC), we end up with the final model which we call “MSSM_5”.

In chapter 4, we go on to study the phenomenological consequences of MSSM_5 [1]. One consequence is the generation of new effective interactions of the type quark-quark-squark-squark with potentially large effects in squark production compared to those generated in the MSSM, especially for the top/stop quarks. This can be important for LHC supersymmetry searches by direct squark production. Additional “wrong” Higgs couplings, familiar in the MSSM at the loop level [11, 12, 13], are also generated with a coefficient that can be larger than the loop-generated MSSM one. Again, these are largest for the top and also bottom sector at large tan β. Furthermore, we study the effect of the new terms in the Higgs potential. It turns out that the mass of the Higgs can be shifted in a way that it alleviates the little hierarchy problem. This implies that we can obtain a novel point of view towards this apparent shortcoming of MSSM. Instead of considering it as a weakness of the theory, we can think of it as an indication for new massive particles at the energy range of few TeV.

Consideration about the stability of the effective potential as well as an observed tan β suppression of the correction to the Higgs mass by five dimensional operators leads to the inevitable inclusion of mass dimension six operators in the Higgs sector [2]. In chapter 5, we perform this analysis insisting on a generic approach, including all possible dimension six operators allowed by the symmetries of the model. In the large tan β region, these two classes of operators can have comparable contributions to the Higgs mass which implies a further alleviation of the little hierarchy.

In chapter 6, we move on to study a different type of EFT, this time realized by nonlinear supersymmetry [3]. In models of low energy SUSY breaking, the gravitino acquires a sub-eV mass and thus it cannot be excluded from the spectrum of the low energy model. If this model is MSSM, we have to study couplings of the gravitino to MSSM. The “equivalence theorem”, which states that in scenaria with very low gravitinos the latter can be effectively replaced by their goldstino component which dominates over the dynamics, greatly simplifies such studies [14]. Nonlinear supersymmetry offers then the most convenient formalism for studying goldstino self interactions and goldstino-matter couplings. We use the method of constrained superfields to realize the nonlinear SUSY algebra and study the most general couplings of the goldstino with MSSM fields.

An important effect of these couplings is the increase in the mass of the Higgs, which can be significant for a SUSY breaking scale at the range of few TeV. This offers one more way for alleviating the little hierarchy. The difference is that in this case we don’t even have to assume some kind of new physics at the high scale. The SUSY breaking mechanism itself brings the correction. In addition, we calculated the invisible decay of Higgs to neutralinos and goldstinos and found that it can be comparable with the standard MSSM decay rate of Higgs to photons. Finally, we found that, in the case that the mass of Z is larger than that of the lighest neutralino, there is a bound on the SUSY breaking scale at around 400 - 700 GeV coming from the invisible Z boson decay.

1.3 Dilaton - DBI couplings in N = 2 supersymmetry

In the second part of the thesis we turn towards aspects of supersymmetry closely related to supergravity and string theory. Our target now is to understand how the coupling of a D-brane to the bulk arises in field theory.

The stage that we choose to focus on is type II strings on R_{3,1} × CY_3. The geometry of the Calabi Yau manifold breaks SUSY, giving rise to a 4D N = 2 effective supergravity theory. Generically, the presence of a D-brane in such background spontaneously breaks half supersymmetry on its worldvolume giving rise to an N = 1 + 1 supersymmetric theory where the second supersymmetry is realized nonlinearly. The effective D-brane action is described by a Dirac- Born-Infeld (DBI) theory. It is an effective action for the gauge multiplets of the D-brane as well as for their coupling to the bulk fields. The latter can be described by hypermultiplets, single-tensor multiplets or double-tensor multiplets. All descriptions are Poicaré dual to each other.

Reproducing this action from field theory is the main aim of this second part. This task is nontrivial for two reasons. First, it is known that N = 2 linear supersymmetry, global or local, forbids a dependence of gauge kinetic terms on hypermultiplet scalars. For instance, in N = 2 supergravity, the scalar manifold is the product of a quaternion-Kähler manifold for hypermultiplet scalars

[15] and a Kähler manifold of a special type for vector multiplet scalars [16]. In global N = 2 supersymmetry, the quaternion-Kähler manifold of hypermultiplet scalars is replaced by a Ricci-flat hyper-Kähler space [17]. Second, consistency of compactification of type II strings with D-branes requires the presence of orientifolds necessary for tadpole cancellation. These objects break supersymmetry explicitly globally, although is still preserved locally around the Dbranes and away from the orientifold plane. It is then not clear if it is possible to construct from field theory the action that couples the bulk and brane multiplets, even those that would be truncated by the orientifold projection.

The DBI action appearing in D-brane dynamics suggests that the restrictions on the coupling between bulk and brane fields in N = 2 supersymmetry are expected to change if (at least) one of the supersymmetries is nonlinearly realized. This is the path that we follow. In chapter 10, we construct an N = 2 action for the coupling of a single tensor multiplet with a gauge multiplet. This coupling is essentially the supersymmetrization of the Chern-Simons B ∧ F coupling of the antisymmetric NSNS 2-form and the gauge field strength. We then impose nonlinear realization of the second SUSY by applying a supersymmetric constraint on the gauge multiplet. This is the generalization for N = 2 superspace of the constrained superfield method used in the first part of the thesis. The resulting action is invariant under N = 1 linear + 1 nonlinear SUSY and involves the Maxwell goldstino multiplet coupled to a single tensor multiplet [4]. If we remove this multiplet, the action reduces to the standard super-Maxwell DBI theory derived in the past [21, 22, 23].

We have chosen to group the bulk fields in a single tensor multiplet because it is the only one that admits a simple off shell superspace formulation. Hypermultiplets also can be formulated off-shell in the context of harmonic superspace but only in the expense of introducing infinite number of auxiliary fields [24]. In any case we can always switch between hyper-, single-tensor and double-tensor multiplets by performing Poicaré dualities.

By appropriate field redefinitions we obtain another equivalent description of the system, in terms of the Higgs phase of N = 1+1 QED [25, 26]. This basis reveals some very interesting features of the system. The goldstino multiplet combines with a chiral superfield to form a N = 1 massive vector multiplet while the other chiral superfield remains massless. This is a novel type of super-Higgs mechanism that does not require a gravitino (which would normally ‘eat’ the goldstino as in the standard super-Higgs mechanism). Also, at one point along the flat direction of the potential, the vector multiplet becomes massless and the U(1) gauge symmetry is restored. This is a known phenomenon from D-brane dynamics, where the U(1) world-volume field becomes generically massive due to the CS coupling.

Having constructed the N = 1 + 1 DBI action, the next step would be to identify its field content in terms of string fields. As already mentioned, the analog of this construction in string theory is that of type IIB strings compactified on a Calabi Yau and interacting with a D-brane. The bulk fields under consideration are the dilaton scalar (associated to the string coupling), the (Neveu-Schwarz) NS– NS antisymmetric tensor and the (Ramond) R–R scalar and two-form. Its natural basis is a double-tensor supermultiplet,^1 having three perturbative isometries associated to the two axionic shifts of the antisymmetric tensors and an extra shift of the R–R scalar. These isometries form a Heisenberg algebra, which

1This representation of N = 2 global supersymmetry has been only recently explicitly constructed [27]. See also ref. [28].

at the string tree-level is enhanced to the quaternion-Kähler and Kähler space S U(2, 1)/S U(2) × U(1). We can also use an equivalent formulation where the NS–NS and R–R 2-forms are replaced by their Poincaré dual scalars. In this formulation, the aforementioned isometries are realized on the scalar manifold of the four scalars which form a hypermutiplet called the “universal hypermultiplet”.

Therefore, we need to determine the proper ‘global supersymmetry’ limit of the universal hypermultiplet and match it with the hyperKähler scalar manifold of the global action. At the level of global N = 2, imposing the Heisenberg algebra of isometries determines a unique hyperkähler manifold of dimension four, depending on a single parameter. This is in close analogy with the local case of a quaternionic space where the corresponding parameter is associated to the one-loop correction [29]. These similar results suggest a correspondence between the local and global cases which could be studied using a Ricci-flat limit of the quaternion-Kähler manifold preserving the Heisenberg algebra.

Obtaining the global SUSY limit of the universal hypermultiplet is not a trivial task. In N = 2, the scalar curvature comes out to be proportional to the gravitational coupling k so in the global SUSY limit we unavoidably obtain a Ricci-flat manifold. However, if we naively send k to zero we reduce to the trivial case of a flat scalar manifold with canonical kinetic terms. To obtain a non-trivial space, an appropriate limit must be defined, involving a new mass scale that should remain finite as Planck mass goes to infinity. This mechanism has only been explicitly displayed for some particular cases, mostly using the quaternionic quotient method [31, 32]. In chapter 11, we use this procedure to obtain the one-loop effective supergravity of the dilaton hypermultiplet and to then describe the appropriate zero-curvature limit, using the perturbative Heisenberg symmetry as a guideline [5].

Part I

BEYOND THE MINIMAL SUPERSYMMETRIC STANDARD MODEL

CHAPTER 2

EFFECTIVE FIELD THEORY

2.1 Physics is Effective

The ultimate goal of physics is believed to be the formulation of the theory that will disclose all mysteries of nature. There is a lot of discussion about the kind of truths that will be unveiled to us, however physicists generally agree that this final “Theory of Everything” will provide an exact description of all physical phenomena that occur at any place and any time of the universe. Of course, we don’t have this theory yet. We rather have various theories each one being a good description for some class of physical phenomena while failing for others. “Good” here is used in the sense of being precise enough for our needs. If we want to think in terms of the “parameter space” of nature, where the parameters can be distance, energy, velocity et c., then we can say that our theories are valid in a certain parameter subspace but not outside. For example, in the study of a system that interacts gravitationally, Newtonian gravity is a good description if interactions are non-relativistic but needs replacement by General Relativity if they are relativistic.

Theories that are valid only in a certain region of the full parameter space are called “effective”. This definition might sound redundant since all physical theories would be effective. Nevertheless, this simple idea has an surprisingly rich structure in quantum field theory (QFT). The most relevant parameter here is distance. After almost a century of experiments in particle physics we have learned that, as we probe smaller distances, nature appears to reveal richer structure. In the context of QFT, this is expressed by the appearance of new degrees of freedom, describing new particles. These are invisible at longer distances either because they are unstable, decaying to known long lived particles, or because they are components of particles that at longer distances seem fundamental. This suggests that a QFT model with a given set of degrees of freedom is valid only at distance scales larger than the threshold for production of new particles, not included in the set. If we agree that the principles of QFT are valid beyond the threshold distance, we will need to exchange the old model with a new one, where the new particles (and the new interactions that they reveal) are included. This process essentially builds a ladder of effective field theory (EFT) models separated by the threshold distances where new particles appear. Various interesting questions arise: How to smoothly switch from one EFT to another, what is their behavior very close to the threshold et c. Another thing that makes EFT nontrivial is the need for regularization. Since regularization involves the behavior of a QFT model at high energies (short distances), it has to be treated with special care^1.

Let’s attempt a discussion motivated by the questions mentioned above. We focus on two neighbor theories, call them the ‘UV’ and the ‘IR’ theory, seperated by threshold energy M (we prefer to talk in terms of energy than distance). The UV theory contains all the modes of the IR plus those modes with mass of order M that do not appear in the IR. We expect that as we approach M from

1For a review, see [33].

below, the new physics that the heavy particles bring will become more and more apparent. The way to incorporate these effects in the IR is by integrating out the massive modes. This inevitably introduces a series of higher dimensional, nonrenormalizable operators in the Lagrangian of the IR, suppressed by the threshold scale. From the EFT point of view, the fact that they are nonrenormalizable is not an indication that the model is sick but simply that it is valid up to the threshold scale, as expected [34]. This point, even if it sounds obvious nowadays, was entirely disregarded in the early days of QFT when nonrenormalizable models were considered pathological. In the expansion of the operator series, we choose to cut off at some order in 1/M depending on the accuracy we want to achieve. The coefficients of the new terms are determined by matching the S-matrix elements of the UV and the IR models. One might ask why should we bother reducing to an effective IR theory when the full UV theory is known. The reason is that in many cases, calculations in the low energy regime are much simpler in the IR theory where the very massive modes do not appear explicitly.

There are many examples of EFT models. For some of them the UV completion is known while for others it isn’t. To mention a few, Fermi theory is an effective theory of weak interactions while chiral perturbation theory and nucleon effective theory are low energy effective descriptions of QCD. On the other hand, the Standard Model (SM) itself is an effective theory (it is renormalizable only when gravity is ignored) but its UV completion is still unknown. The same is true for General Relativity.

In order to elucidate the derivation of an effective theory from a known UV completion, we focus on the popular case of the Fermi theory as an effective theory for electroweak interactions. In the SM, consider the tree level exchange

of a massive Z gauge boson between charged fermions

L ⊃ i ψ γ^μ (∂_μ + igZ_μ) ψ −

M^2 2 Z_μ Z^μ (2.1)

By integrating out Z_μ we generate the higher dimensional operator

ΔL = g^2 2 M^2

(ψγ_μψ)^2 (2.2)

which is a nonrenormalizable four-fermion contact term. Similarly, for scalars H: L ⊃ |(∂_μ + ig Z_μ) H|^2 −

M^2 2 Z_μ Z^μ (2.3) and ΔL = g^2 M^2

(H^†∂_μ H)^2 (2.4)

It is also possible that the effective operator is a higher derivative one. Here,

we retrieve such operators by the kinetic mixing of light with heavy states, upon

integrating out the latter. For example, from L = 1 2 (∂_μϕ)^2 + 1 2 (∂_μχ)^2 + c ∂^μϕ ∂_μχ − 1 2 M^2χ^2 − 1 2 λ^′ϕ^2χ^2 (2.5)

one finds after integrating out the massive field χ: L = 1 2 (∂_μϕ)^2 + c^2 2 □ϕ 1 M^2 + □ + λ^′ϕ^2 □ϕ = 1 2 (∂_μϕ)^2 + c^2 2 M^2

(□ϕ)^2 + · · · (2.6)

which contains higher derivative terms [35, 36]. In both examples above, the UV

completion of the effective theory is known. EFT is then a practical reformula-

tion of the relevant degrees of freedom in the low energy regime. However,

does EFT have anything to offer when the UV side is unknown?

This answer is definitely positive. EFT has proved to be a very useful tool for exploring new physics in a bottom-up approach [37, 38, 39, 40]. Since the effects of inaccessible massive states can be incorporated into nonrenormalizable operators, we can simply add such terms in the IR Lagrangian without referring to a particular UV scheme. In a systematic analysis, we include all possible terms up to a given order in 1/M that are allowed by the symmetries of the theory, keeping the coefficients arbitrary. This constitutes a model independent way of exploring new physics beyond the validity of the pure IR model. Any possible UV candidate will essentially reduce to a subset of the nonrenormalizable terms with fixed values for the coefficients.

Even at first order in 1/M, there is usually a long list of terms allowed by the symmetries of the theory, introducing many new arbitrary parameters. Nevertheless, such set is in general highly reducible. This means that we can write the Lagrangian in a way that a smaller number of new operators appears but physics be the same. There are three different methods to perform such reduction. By setting the higher dimensional operators “on shell” [41, 42, 43], by performing field redefinitions [44, 45] and, if the operator is higher derivative, by applying the “unfolding” technique [46, 47]. Since we will be using the first two in the phenomenological analysis of the following chapters, we will briefly present them below in the relevant case of supersymmetric field theories. After restricting to an irreducible set of higher dimensional operators, one can further cut down the parameter space by comparing the model with low energy phenomenology. In the end, the hope is that the effective model will provide concrete testable predictions for the effects that very massive modes can have on low energy observables.

2.2 Effective Description of Supersymmetric Theories

EFT has a lot to offer in the yet unexplored territory of TeV physics. By popular belief, the most promising candidate theory for physics around that scale is supersymmetry. It is then reasonable to construct phenomenological supersymmetric models by means of EFT techniques and this is what we do in the following chapters. In order to familiarize with the concept and tools of EFT in the framework of supersymmetric theories, we present here some representative study cases.

2.2.1 Integrating out Massive Superfields

Consider the following Lagrangian of dimensionful scales M and m with M >> m: L = ∫ d^4θ [ Φ^†Φ + χ^†χ ] + { ∫ d^2θ [ M 2 χ^2 + m Φ χ + λ 3 Φ^3 ] + h.c. } (2.7)

We want to acquire an effective description by integrating out the heavier mode. We will follow two different paths; either diagonalize the mass matrix and then integrate or directly integrate. Then we will show that the resulting effective theories are all equivalent by using the “field redefinitions” method and the “on shell” method mentioned earlier.

In the first path, we perform the transformation Φ = (cos θ Φ_1 − sin θ Φ_2) and χ = (sin θ Φ_1 + cos θ Φ_2). In the diagonal basis of Φ_1 and Φ_2, one finds L = ∫ d^4θ [ Φ^†_1Φ_1 + Φ^†_2Φ_2 ]

+ { ∫ d^2θ

[m_1 2 Φ^2_1 + m_2 2 Φ^2 + λ 3 (cos θΦ_1 − sin θ Φ_2)^3 ] +h.c. } (2.8) where

m_1 = M 2 ( 1 − (1 + 4m^2/M^2)^{1/2} ) = − m^2 M ( 1 − m^2 M^2 ) + · · · ,

m_2 = M 2 ( 1 + (1 + 4m^2/M^2)^{1/2} ) = M ( 1 + m^2 M^2

+ · · · ) , (2.9)

so Φ_2 is the massive field. Then, we integrate out Φ_2 via its equation of motion

− 1 4 D^2Φ^†_2 + m_2 Φ_2 − λ sin θ (Φ_1 cos θ − Φ_2 sin θ)^2 = 0 , (2.10)

with solution

Φ_2 = λ m_2 cos^2 θ sin θ Φ^2_1 − λ^2 4m^2 sin^3 2θ Φ^3_1 + λ 4 m^2 cos^2 θ sin θ D^2Φ^{† 2}_1 + O(M^{−3}).(2.11)

The effective Lagrangian that we obtain is:

L^{e f f} = ∫ d^4θ Φ^†_1Φ_1 + { ∫ d^2θ

[−m_2 2M ZΦ^2_1 + λ 3 Z^{3/2}Φ^3_1 − m^2λ^2 2M^3

Φ^4_1 ] + h.c. } + O(M^{−4}) (2.12)

where

Z = 1 − m^2 M^2

+ O(1/M^4) . (2.13)

This is an effective description of (2.7) where only the light mode propagates.

Alternatively, one can choose to directly integrate out χ from eq. (2.7) with-

out firstly diagonalizing. Its e.o.m. is

D^2χ^† − 4 (M χ + m Φ) = 0 (2.14)

with an iterative solution χ = 1 M [ − m Φ − m 4M D^2Φ^† + 1 16 −m M^2

D^2 D^2Φ − m 64 M^3

D^2 D^2 D^2Φ^† + · · · ] . (2.15)

Plugging this back in (2.7), we find

L^{e f f} = ∫ d^4θ {[ 1 + m^2 M^2 ] Φ^†Φ + m^2 8 M^3 [ Φ D^2 Φ + h.c. ] + m^2 16 M^4

(D^2Φ^†) (D^2Φ) }

+ { ∫ d^2θ

[−m_2 2M Φ^2 + λ 3 Φ^3 ] + h.c. } + O(1/M^5) (2.16)

which, after an appropriate rescaling, is written as

L^{e f f} = ∫ d^4θ { Φ^†Φ + m^2 8 M^3 [ Φ D^2 Φ + h.c. ] + m^2 16 M^4

(D^2Φ^†) (D^2Φ) }

+ { ∫ d^2θ

[−m_2 2M Z Φ^2 + λ 3 Z^{3/2} Φ^3 ] + h.c. } + O(1/M^5) , (2.17)

where Z = 1/(1 + m^2/M^2). In this path, we obtained an effective Lagrangian with

higher derivative terms. Equations (2.12) and (2.17) look different, however, the

physics they describe is the same. We will demonstrate this in two ways.

In the first way, we set “on shell” the higher dimensional operator. By use of

the e.o.m.

D^2Φ^† = −

4m^2 M Φ + 4 λ Φ^2 + O(1/M^2) (2.18)

we can rewrite (2.17). The new Lagrangian will contain the term ΦΦ^{†2} which

can be removed by a suitable shift

Φ = Φ̃ − λ m^2 2 M^3

Φ̃^2 (2.19)

to find

L^{e f f} = ∫ d^4θ Φ̃^†Φ̃ (2.20)

+ { ∫ d^2θ [ − m^2 2M Z Φ̃^2 + λ 3 Φ̃^3 ( 1 − 3 2 m^2 M^2 ) − λ^2 m^2 2 M^3

Φ̃^4 ] +h.c. } + O ( 1 M^4 )

where Z = 1/(1 + m^2/M^2). It is obvious now that this Lagrangian coincides with

that of (2.12) in the approximation O(1/M^4). This confirms that setting the higher derivative operators “on shell” via equations of motion is a correct procedure, within the approximation considered. We obtained again a higher dimensional operator and a scale dependence acquired classically by the couplings of the low energy effective theory.

In the second way, we perform field redefinitions in eq. (2.17) so as to eliminate the ΦD^2Φ term. We use

Φ = Φ^′ + c D^2Φ^{′†} (2.21)

where the dimensionful coefficient c is such that the coefficient of ΦD^2Φ vanish in the new Lagrangian. This gives c = −m^2/(8M^3) and, after some calculations, the Lagrangian in (2.17) becomes

L^{e f f} = ∫ d^4θ [ Φ^{′†} Φ^′ + m^2 λ 2 M^3

(Φ^{′2} Φ^{′†} + h.c.) ]

+ {∫ d^2θ [ − m^2 2 M Z Φ^{′2} + λ 3 Z^{3/2} Φ^{′3} ] + h.c. } + O(1/M^4) (2.22)

By a final shift Φ^′ = Φ̃ − m^2 λ/(2 M^3) Φ̃^2 we obtain an effective Lagrangian identical to that in (2.12) and (2.20).

We have shown that the three apparently different paths to the reduced Lagrangian, leading to either eq. (2.12), (2.17) or (2.22), are actually different formulations of same physics at the expansion order studied. The correction at 1/M is solely a wavefunction renormalization while higher dimensional operators appeared only at higher order.

2.2.2 Gauge Interactions and Component Analysis

We proceed to study further examples of effective theories, now with gauge in-

teractions present. We will also verify the superfield analysis at the component

level. The effective operators that will be generated are the same with those

used in the phenomenological model of the subsequent chapters. Therefore,

the analysis here provides us intuition about the kind of UV physics that these

effective operators encapsulate.

Consider the Lagrangian of an N = 1 supersymmetric non-Abelian gauge

theory^2

L = ∫ d^4θ [ Φ^†_1 e^V Φ_1 + Φ^†_3 e^V Φ_3 + Φ_2 e^{−V} Φ^†_2 + Φ_4 e^{−V} Φ^†_4 + S^†S ]

+ ∫ d^4θ [ ν_1 Φ^†_1 e^V Φ_3 + ν_2 Φ_4 e^{−V} Φ^†_2 + h.c. ]

+ ∫ d^2θ [ μ Φ_1 Φ_2 + M Φ_3 Φ_4 + M 2 S^2 + λ S Φ_1Φ_2 ] + h.c. (2.23)

where M ≫ μ and V is the standard vector superfield in the Wess-Zumino

gauge. The equations of motion for the massive fields Φ_{3,4} and S give

− ν_1 4 D^2 ( Φ^†_1 e^V ) − 1 4 D^2 ( Φ^†_3 e^V ) + M Φ_4 = 0 − ν_2 4 D^2 ( e^{−V} Φ^†_2 ) − 1 4 D^2 ( e^{−V} Φ^†_4 ) + M Φ_3 = 0 − 1 4 D^2S^† + M S + λ Φ_1 Φ_2 = 0 (2.24)

As in the previous section, we use these equations to integrate out the massive

2For the link to the MSSM, replace V → V_1 ≡ g_2V^i_wσ^i − g_1V_Y with V_w, (V_Y ) the S U(2), (U(1)_Y ) gauge fields respectively; also Φ_2 → H^T_2 (iσ_2), Φ_1 → H_1 with Φ_3 (Φ_4) with same quantum numbers to Φ_1 (Φ_2) and (iσ_2) exp(−Λ) = exp(Λ^T ) (iσ_2), then Φ_2 e^{−V} Φ^†_2 → H^†_2 e^{V2} H_2, with V_2 ≡ g_2V^i_wσ^i + g_1V_Y .

fields Φ_{3,4} to find

L^{e f f} = ∫ d^4θ [ Φ^†_1 e^V Φ_1 + Φ_2 e^{−V} Φ^†_2 + ( ξ Φ^†_1 e^V D^2 e^{−V} Φ^†_2 + h.c. ) ]

+ ∫ d^2θ [ μ Φ_1 Φ_2 + ξ^′(Φ_1 Φ_2)^2 ] + h.c. + O(M^{−2}) (2.25)

where ξ =^{ν1 ν2}_{4M} , ξ^′ = −^{λ2}_{2M} and we ignored higher orders in M^{−1}. If the superpo-

tential in (2.23) also contains trilinear couplings of heavy doublets Φ_{3,4} to quarks

and leptons

ΔL = ∫ d^2θ [ Q σ_uU^c Φ_4 + Q σ_dD^c Φ_3 + L σ_eE^c Φ_3 ] + h.c. , (2.26)

then, following the same procedure, we would get the extra effective terms

ΔL^{e f f} = − 1 M ∫ d^4θ [ ν_1 Φ^†_1 e^V Q σ_uU^c + ν_2 (Q σ_d D^c) e^{−V} Φ^†_2 + ν_2 (L σ_eE^c) e^{−V} Φ^†_2 + h.c. ]

+ 1 M ∫ d^2θ [ (Qσ_uU^c)(Qσ_d D^c) + (Qσ_uU^c)(L σ_eE^c) ] + h.c. , (2.27)

where σ_{u,d,e} are 3x3 matrices in the families space.

Focusing on (2.25), let us set on shell the higher derivative operator by using

the equations of motion for Φ_{1,2}:

D^2 [ e^V Φ_1 ] = 4 μ Φ^†_2 , D^2 [ e^{−V} Φ^†_2 ] = 4 μ Φ_1 . (2.28)

We insert these in (2.25) and rescale Φ_i → Φ^′_i (1 − 2 μ ξ), i = 1, 2, to find:

L^{e f f} = ∫ d^4θ [ Φ^†_1 e^V Φ_1 + Φ_2 e^{−V} Φ^†_2 ]

+ ∫ d^2θ [ μ (1 − 4μ ξ) Φ_1 Φ_2 + ξ^′ (Φ_1 Φ_2)^2 ] + h.c. + O(M^{−2}) (2.29)

It is obvious that the specific operator, when put on shell, brings solely a wave-

function renormalization. We now go on to verify at the component level that both Lagrangians are equivalent. First, we expand (2.25)^3:

L^{e f f} = − ϕ^∗_1 D_μD^μϕ_1 + i ψ_1 σ^μ D_μ ψ_1 − 1 √ 2 [ ψ_1 λ ϕ_1 + h.c. ] + ϕ^∗_1 D 2 ϕ_1 + |F_1|^2

− ϕ_2 D_μD^μϕ^∗_2 + i ψ_2 σ^μ D_μ ψ_2 + 1 √ 2 [ ϕ_2 λ ψ_2 + h.c. ] − ϕ_2 D 2 ϕ^∗_2 + |F_2|^2

+ ξ^∗ { 4 [ F_2 D_μ D^μ ϕ_1 + ϕ_2 D_μ D^μ F_1 ] + 2 √ 2 i [ ψ_2 σ^μ ←−D_μ λ ϕ_1 + ϕ_2 λ σ^μ D_μ ψ_1 ]

+ 2 (ϕ_2 D F_1 − F_2 D ϕ_1) − 2 √ 2 [ ψ_2 λ F_1 − F_2 (λ ψ_1) ] − 2 ϕ_2 (λ λ) ϕ_1

− 4 ψ_2σ^ν σ^μ D_ν D_μψ_1 } + μ [ ϕ_1 F_2 + F_1 ϕ_2 − ψ_1 ψ_2 ]

+ ξ^′ [ − (ϕ_1ψ_2 + ψ_1ϕ_2)^2 + 2 (ϕ_1ϕ_2) (ϕ_1 F_2 + F_1ϕ_2 − ψ_1ψ_2) ]

+ h.c. + O(1/M^2) (2.30)

with

D_μ = ∂_μ + i

V_μ 2 , ←−D_μ = ←− ∂_μ − i

V_μ 2 , (2.31)

and the “h.c.” refers to all terms in the last four lines. Notice that in the off

shell component form of the Lagrangian we have an interesting tensor coupling

ψ_2 σ^ν σ^μ D_νD_μ ψ_1 in spite of the minimal gauge coupling in (2.23) (see also [48]).

This coupling could be relevant for tree level calculations of the Feynman dia-

grams. Next, we eliminate the auxiliary fields F_{1,2} using their e.o.m.

F^∗_1 = −ϕ_2 ( μ + 2 ξ^′ (ϕ_1 ϕ_2) ) + ξ^∗ ( − 4 ϕ_2←−D_μ←−D^μ − 4 ϕ_2 D 2 + 2 √ 2 ψ_2 λ )

F^∗_2 = −ϕ_1 ( μ + 2 ξ^′ (ϕ_1 ϕ_2) ) + ξ^∗ ( − 4 D_μD^μ ϕ_1 + 4 D 2 ϕ_1 − 2 √ 2 λ ψ_1 ) (2.32)

In the terms proportional to ξ in L^{e f f} we can replace the derivatives of the

fermions by their equations of motion, since the error would be of higher or-

3We use −4 ψ_2 D_μ D^μ ψ_1 = −4 ψ_2 [σ^ν σ^μ − 2 i σ^{μν}]D_ν D_μ ψ_1 = −4 ψ_2 σ^ν σ^μ D_ν D_μ ψ_1 + 4 ψ_2 σ^{μν} F_{μν} ψ_1 and the first term in the rhs is that entering the final expression of L. Here F_{μν} = ∂_μV_ν/2 − ∂_νV_μ/2 + i [V_μ/2, V_ν/2].

der. We use

i σ^μ D_μψ_1 = μ ψ_2 + 1 √ 2 λ ϕ_1 + O(ξ) ,

−i ψ_2 σ^μ ←−D_μ = μ ψ_1 − 1 √ 2 ϕ_2λ + O(ξ) . (2.33)

We then rescale the scalars and Weyl fermions and after neglecting terms O(ξ ξ^′)

we obtain the on shell Lagrangian

L = − ϕ^†_1 D^2 ϕ_1 + i ψ_1 σ^μ D_μ ψ_1 − 1 √ 2 [ ψ_1 λ ϕ_1 + h.c. ] + ϕ^†_1 D 2 ϕ_1

− ϕ_2 D^2 ϕ^†_2 + i ψ_2 σ^μ D_μψ_2 + 1 √ 2 [ ϕ_2 λ ψ_2 + h.c. ] − ϕ_2 D 2 ϕ^†_2

− μ^2 |1 − 4 μ ξ |^2 [ ϕ^†_1ϕ_1 + ϕ_2 ϕ^†_2 ] − μ [ (1 − 4 μ ξ ) ψ_1 ψ_2 + h.c. ]

− 2 ξ^′ μ [ (ϕ_1ϕ_2) + h.c. ] [ ϕ^†_1ϕ_1 + ϕ_2 ϕ^†_2 ] , D^2 = D^μ D_μ (2.34)

This Lagrangian is in agreement with that of (2.29), which shows that on shell

and in the absence of other interactions, only a wavefunction renormalisation

effect is present, giving a new μ^′ = μ (1 − 4 μ ξ). To conclude, integrating out

the massive superfields Φ_{3,4} generated a dimension-five operator Φ_2 e^{−V} D^2 e^V Φ_1

which however, brings only a (classical) wavefunction renormalisation, in the

absence of additional trilinear interactions. Thus this five dimensional opera-

tor doesn’t bring new physics in the absence of additional interactions. One

could ask if this conclusion remains valid when we include soft supersymme-

try breaking terms. Also, if additional trilinear interactions were present, other

five dimensional operators of type shown in (2.27) could also be generated. All

these issues are studied in the subsequent chapters.

2.3 Nonlinear Realizations and Constrained Goldstino Superfield

Consider a field theory invariant under the symmetry group G. The field content of the theory is divided between fields that are invariant and fields that transform under G. The latter can transform either linearly under all generators of G or linearly under a subgroup H and nonlinearly under the coset G/H. In the first case the theory is in its unbroken phase and the classification of all possible transformation laws for the fields is described by representation theory. In the second case the symmetry parametrized by the generators of G/H is broken with the breaking scale M_b sent to infinity. In other words, a theory with a nonlinear realization of a symmetry group can be seen as an effective description of the far IR limit of a theory where this group is broken spontaneously [49, 50]. The Goldstone fields that appear are in 1-1 correspondance with the generators of G/H.

If G is the super-Poincaré and H the Poincaré algebra, we have a nonlinear realization of the supersymmetry algebra and this would describe the far IR regime of a spontaneously broken supersymmetric theory. Since the broken generators are fermionic, the corresponding Goldstone mode has to be a fermion, too. To distinguish it from the standard Goldstone fields, we call it “goldstino”. It is quite surprising that Supersymmetry in four dimensions first appeared in its nonlinear version [51]. The nonlinear transformation of the goldstino λ_α(x) can be written as:

δλ_α = f η_α + i f (λσ^μη̄ − ησ^μλ̄)∂_μλ_α , (2.35)

where η is the supersymmetry transformation parameter and f is a parameter of mass dimension 2 characterizing the susy breaking scale ( √ f = M_b). The commutator of this transformation

[δ_η , δ_ξ]λ_α = 2i(ησ^μξ̄ − ξσ^μη̄)∂_μλ_α (2.36)

is a spacetime translation and proves that the above transformation closes off shell the super-Poincaré algebra.

In order to take advantage of nonlinear realizations we need to know how to construct Lagrangians describing interactions of the goldstino with itself and with other fields. Several strategies have been developed in the past. In the “geometric” method [51, 52, 53] the transformation (2.35) is interpreted as an extension of the standard superspace transformation

θ → θ + η , x^μ → x^μ + iθσ^μη̄ − iησ^μθ̄ , (2.37)

to the chiral goldstino field λ(x) by identifying θ with λ/ f . The same analogy between θ and λ can be extended to the superspace differentials dθ and dθ̄ leading to the construction of a volume element invariant (up to total derivative) under the nonlinear transformations. From this we can extract the Lagrangian density

L = − f^2 detA , with A^μ_ν = δ^μ_ν + i f^2

(λσ^μ∂_νλ − ∂_νλσ^μλ) . (2.38)

It is the Volkov-Akulov Lagrangian describing the dynamics of a single goldstino up to higher derivative terms. By nonlinearly realizing the algebra on matter fields ϕ as well,

δϕ = − i f (λσ^μη − ησ^μλ)∂_μϕ , (2.39)

we can construct goldstino-matter couplings (ϕ denotes any kind of field). For any operator O(ϕ, ∂_μϕ) we simply have to replace partial derivatives by appropriate covariant derivatives so that O transforms in the standard way:

δO = − i f (λσ^μη − ησ^μλ)∂_μO . (2.40)

Then any action of the type

S = − f^2 ∫ d^4 x det(A) O (2.41)

is invariant under nonlinear transformations. It can be easily shown that, in the geometric method, the lowest order couplings between goldstinos and matter are of the type: 1 f^2

T^{μν}t_{μν} , (2.42) where T_{μν} and t_{μν} are the stress energy tensors of the goldstino and matter field.

Another method for constructing goldstino-matter Lagrangians involves promoting the goldstino to a superfield Λ [54, 55, 56, 57, 58]. This is done in a way compliant with the nonlinear supersymmetry transformations of the goldstino so that in the end, the only physical degree of freedom in Λ is simply λ. Since the basic concepts of goldstino Lagrangians have been presented along with the geometric method, we will skip this method and go directly to the next, which is the one used extensively in chapters 6 and 10 (in its N = 2 generalization).

This is the method of constrained superfields [59, 60, 61, 62]. It draws inspiration from a similar technique applied in bosonic symmetries for example in the context of σ models. One starts from the full manifold made up from the linear symmetry transformations and then restrict to a certain submanifold by imposing constraints on the coordinates. This breaks the original symmetry down to the subgroup that is left invariant under the constraints. E.g. in an O(4) σ model of fields (σ, −→π ) (−→π is a vector of pions), we can break the symmetry down to O(3) by imposing the constraint σ^2 + −→π · −→π = f^2. It is the same manifold that we would obtain by starting from a vacuum state ( f, 0) and applying the elements of the coset space O(4)/O(3).

In the context of N = 1 supersymmetry, this technique is realized in the following way. We start from a standard chiral superfield that describes a full supersymmetric multiplet and impose a specific constraint on it. Using the constraint, we eliminate the scalar d.o.f. in favor of the fermion. In particular, the constraint X^2_{nl} = 0 , (2.43)

delivers

X_{nl} = ϕ_X + √ 2 θψ_X + θθ F_X, with ϕ_X = ψ_Xψ_X 2 F_X

. (2.44)

The simplest possible Lagrangian of X_{nl}: ∫ d^4θ X^†_{nl}X_{nl} + [∫ d^2θ f X_{nl} + h.c. ] =|∂_μϕ_X|^2 +F^†_X F_X + [ i 2 ψ_Xσ^μ∂_μψ_X + f F_X +h.c. ] (2.45)

reproduces the Volkov-Akulov Lagrangian upon integrating out the auxiliary F_X and identifying ψ_X with the goldstino.

The advantage of this method is the use of superfield formalism. For example, the couplings of goldstinos to matter are easily constructed by treating X_{nl} as any other superfield and following the standard rules of superspace. As a demonstration, consider a supersymmetric theory with chiral multiplets Φ_i ≡ (ϕ_i, ψ_i, F_i) and vector multiplets V ≡ (A^a_μ, λ^a, D^a) coupled in a general way to X_{nl}: L = ∫ d^4θ [ X^†_{nl}X_{nl} + Φ^†_i (e^V Φ)_i − (m^2_i / f^2) X^†_{nl}X_{nl}Φ^†_i (e^V Φ)_i ] + { ∫ d^2θ [ f X_{nl} + W(Φ_i) + B_{i j} 2 f X_{nl} Φ_iΦ_j +

A_{i jk} 6 f X_{nl}Φ_iΦ_jΦ_k + 1 4 ( 1 + 2 m_λ f X_{nl} ) Tr W^αW_α ] + h.c. } , (2.46) where m^2_i , B_{i j}, A_{i jk} are soft terms for the scalars and m_λ is the gaugino mass. From this, one can find the Goldstino (ψ_X) couplings to ordinary matter and gauge superfields.

Furthermore, this formalism seems to be more general than the geometric method since it can reproduce couplings that were missed by the latter [63, 64]. In particular, from the equivalence theorem of spontaneously broken theories [14], we know that for low energy SUSY breaking, the coupling of the gravitino to matter is dominated by the coupling of its goldstino component and has the form

(1/ f ) ∂^μψ_X J_μ = −(1/ f ) ψ_X ∂^μ J_μ + (total space-time derivative), (2.47)

Here J_μ is the supercurrent of the theory corresponding to that in (2.46) in which the goldstino is essentially replaced by the spurion, with the corresponding explicit soft breaking terms:

L^′ = ∫ d^4θ [ 1 − m^2_i θ^2θ^2 ] Φ^†_i (e^V Φ)_i + ∫ d^2θ [ W(Φ_i)−

B_{i j} 2 θ^2Φ_iΦ_j − A_{i jk} 6 θ^2 Φ_iΦ_jΦ_k + 1 4 (1 − 2m_λθ^2) Tr W^αW_α ] + h.c. . (2.48)

With this, eq. (2.47) shows that, on shell, all goldstino couplings are proportional to soft terms. Indeed, the supercurrent of (2.48) is given by (with D_{μ,i j} = δ_{i j} ∂_μ + i g A^a_μ T^a_{i j})

J^μ_α = −[σ^νσ^μψ_i]_α [D_{ν, i j}ϕ_j]^† + i [σ^μψ_i]_αF_i − 1 2 √ 2 [σ^νσ^ρ σ^μλ^a]_α F^a_{νρ} + i √ 2 D^a [σ^μλ^a]_α so ∂_μ J^μ_α = ψ_{i,α} (m^2_i ϕ^†_j + B_{i j}ϕ_j + (1/2)A_{i jk}ϕ_jϕ_k ) + m_λ √ 2 [ (σ^{μν})^β_α λ^a_βF^a_{μν} + D^a λ^a_α ] . (2.49)

From (2.47), (2.49) one then recovers the couplings with one goldstino that are missed in the geometric method.

Finally, in addition to usual SUSY and goldstino couplings, eq. (2.46) brings

new goldstino-independent couplings induced by eliminating F_X. Indeed, we get ( 1 − m^2_i f^2

|ϕ_i|^2 ) F^†_X = − ( f + B_{i j} 2 f ϕ_iϕ_j +

A_{i jk} 6 f ϕ_iϕ_jϕ_k + m_λ 2 f λλ + · · · ) . (2.50)

So |F_X|^2 generates new couplings in L, such as quartic scalar terms. As we will

see in chapter 6, when applied to MSSM, they bring new corrections to the Higgs

scalar potential.

CHAPTER 3

MSSM5

We apply the methods of EFT on the Minimal Supersymmetric Standard

Model (MSSM). Our aim is to study the phenomenological consequences of the

complete set of mass dimension five operators that obey the gauge symmetries

of MSSM and R-parity [66]. Since not all of them are physically relevant, we

will use spurion dependent superfield redefinitions to find the irreducible set of

operators. But before getting there, we need to provide the Lagrangian of the

model.

3.1 The Lagrangian

We denote the Lagrangian as:

L = L_{MS S M} + L^{(5)} (3.1)

L_{MS S M} is the standard Lagrangian of the MSSM. In particular:

L_{MS S M} = ∫ d^4θ [ Z_1 H^†_1 e^{V1} H_1 + Z_2 H^†_2 e^{V2} H_2 ] + L_K

+ { ∫ d^2θ [ − H_2 Q λ_U U^c − Q λ_D D^c H_1 − L λ_E E^c H_1 + μ H_1 H_2 ] + h.c. } (3.2)

Here L_K accounts for the gauge kinetic part and the kinetic terms of the quark and lepton superfields Q, U^c, D^c, L, E^c as well as their associated soft breaking terms obtained using the spurion field formalism. U^c, D^c and E^c denote anti-quark/lepton singlet chiral superfields of components f^c_R ≡ ( f^c)_L and f̃^∗_R , f = u, d, e, while Q and L denote the left-handed quark and lepton superfields doublets. Furthermore, since the hypercharge of H_1 is −1 and that of H_2 is +1, the vector superfields are V_1 ≡ g_2 V^i_W σ^i − g_1 V_Y and V_2 ≡ g_2 V^i_W σ_i + g_1 V_Y . V_Y and V_W are the vector superfields of U(1)_Y and S U(2)_L respectively with g_1 and g_2 being the corresponding couplings. All SUSY breaking terms are included by allowing spurion dependence in the quantities Z_i, μ and the 3×3 flavor matrices λ_{U,D,E}:

Z_i ≡ Z_i(S, S^†), μ ≡ μ(S ), λ_F ≡ λ_F(S ), F : U, D, E (3.3)

where S ≡ m_0 θ^2 is the spurion parametrising the soft supersymmetry breaking and m_0 is the supersymmetry breaking scale in the visible sector (e.g. if ‘ f ’ is the v.e.v. of the auxiliary field that breaks SUSY, m_0 in gravity mediation is f /M_{Planck} and in gauge mediation f /M_{messenger}). Since we assume a spontaneously broken effective Lagrangian, consistency of the integration procedure implies the restriction m_0 ≪ M . (3.4) L^5 denotes the complete set of mass dimension five operators that preserve Rparity^1:

L^{(5)} = 1 M { ∫ d^2θ [ Q U^c T_Q Q D^c + Q U^c T_L L E^c + λ_H(H_1H_2)^2 ] + h.c. }

+ 1 M ∫ d^4θ [ H^†_1 e^{V1} Q Y_U U^c + H^†_2 e^{V2} Q Y_D D^c + H^†_2 e^{V2} L Y_E E^c + h.c. ]

1 For a general discussion of D=5 operators with discrete symmetries see [65].

+ 1 M ∫ d^4θ [ A(S, S^†) D^α ( B(S, S^†) H_2 e^{−V1} ) D_α ( Γ(S, S^†) e^{V1} H_1 ) + h.c. ] (3.5)

The notation is such that

Q U^c T_Q Q D^c ≡ (Q U^c)^T (iσ_2) T_Q Q D^c

Similarly,

D^α[B(S, S^†)H_2e^{−V1} ]D_α[Γ(S, S^†)e^{V1} H_1] ≡ D^α[B(S, S^†)H^T_2 (iσ_2)e^{−V1} ]D_α[Γ(S, S^†)e^{V1} H_1].

T_{Q,L} are matrices of parameters both in the up and the down sector, thus they carry four indices. In addition, all SUSY breaking terms are parametrized in the usual way, with spurions:

T_Q ≡ T_Q(S ), T_L ≡ T_L(S ), λ_H ≡ λ_H(S ), Y_F ≡ Y_F (S, S^†), F : U, D, E (3.6)

M is the mass scale up to which the effective approach remains valid. It is associated with the mass of the heavy states that have been integrated out in order to obtain the effective operators.

The spurion dependence associated to these operators is the most general one can have. For the kinetic terms it is:

Z_1 = 1 + a_1S + a^∗_1 S^† + a_2S S^† , Z_2 = 1 + b_1S + b^∗_1 S^† + b_2S S^† . (3.7)

and for the higher derivative effective operator:

A(S, S^†) = α_0 + α_1 S + α_2 S^† + α_3 S S^† B(S, S^†) = β_0 + β_1 S + β_2 S^† + β_3 S S^† Γ(S, S^†) = γ_0 + γ_1 S + γ_2 S^† + γ_3 S S^† (3.8)

3.2 Keeping the essential: The irreducible Lagrangian

The parameter space of Lagrangian (3.1) is huge. However, big parts of it are redundant since they describe the same physics. We would like to simplify the Lagrangian by removing this redundancy. One way to do this is by performing appropriate field redefinitions. A familiar set of holomorphic superfield redefinitions is Φ_i → (1 − k_i S ) Φ_i , (3.9) which are commonly used in MSSM in order to restrict the so called “soft” breaking terms. We shall use this freedom later on. Less familiar are the following (super)field transformations^2

H_1 → H^′_1 = H_1 − 1 M D^2 [ Δ_1 H^†_2 e^{V2} (i σ_2)

]_T + 1 M Q ρ_U U^c

H_2 → H^′_2 = H_2 + 1 M D^2 [ Δ_2 H^†_1 e^{V1} (iσ_2)

]_T + 1 M Q ρ_D D^c + 1 M L ρ_E E^c (3.10)

where

ρ_F = ρ_F(S ); F : U, D, E, Δ_i = Δ_i(S, S^†) i = 1, 2 (3.11)

are arbitrary functions of the spurion. Also, ρ_F, F = U, D, E are 3 × 3 matrices. The coefficients of their Taylor expansion in S are free parameters. We are free to fix them in a way to eliminate redundant dimension-five operators. These coefficients should have values smaller than M. The expansion of Δ_i is:

Δ_1(S, S^†) = s_0 + s_1 S + s_2 S^† + s_3 S S^† Δ_2(S, S^†) = s^′_0 + s^′_1 S + s^′_2 S^† + s^′_3 S S^† (3.12)

2To avoid a complicated index notation, the transformations in (3.10) are written in matrix notation for the Higgs S U(2) doublets. For clarity, (iσ_2) appears explicitly even if it is implicit in the superpotential.

Notice that R-parity conservation does not allow for a similar set of transforma-

tions (3.10) on quark and lepton superfields. In addition, these field redefini-

tions, along with mixing operators from L_{MS S M} and L^{(5)}, generate operators of

the type 1 M^2 ∫ d^4θ D^2[H_2 e^{−V1} Δ^†_1] e^{V1} D̄^2[Δ_1 e^{−V1} H^†_2 ] (3.13)

plus a similar one for H_1. Since these operators are of higher-order in 1/M, their

effects are further suppressed with respect to the dimension-five operators con-

sidered and we shall neglect them for the time being.

One then finds that the original Lagrangian transforms into:

L = L_K + ∫ d^4θ [ Z^′_1 H^†_1 e^{V1} H_1 + Z^′_2 H^†_2 e^{V2} H_2 ]

+ ∫ d^2θ [ − H_2 Q λ^′_U U^c − Q λ^′_D D^c H_1 − L λ^′_E E^c H_1 + μ H_1 H_2 ] + h.c. + 1 M ∫ d^2θ [ Q U^c T^′_Q Q D^c + Q U^c T^′_L L E^c + λ_H (H_1 H_2)^2 ] + h.c. + 1 M ∫ d^4θ [ H^†_1 e^{V1} Q Y^′_U U^c + H^†_2 e^{V2} Q Y^′_D D^c + H^†_2 e^{V2} L Y^′_E E^c + h.c. ] + ΔL(3.14)

where

ΔL = 1 M ∫ d^4θ [ − Δ^†_1 H_2 e^{−V1} D^2(Z_1 e^{V1} H_1) − Z_2 H_2 e^{−V1} D^2(Δ^†_2 e^{V1} H_1) + h.c. ]

+ 1 M ∫ d^4θ [ A(S, S^†) D^α ( B(S, S^†) H_2 e^{−V1} ) D_α (Γ(S, S^†) e^{V1} H_1 ) + h.c. ] (3.15)

The relation between primed and unprimed fields is

λ^′_F(S ) = λ_F(S ) + μ(S ) M ρ_F(S ), F : U, D, E (3.16) also

Y^′_U (S, S^†) = Y_U (S, S^†) − 4 Δ_2(S, S^†) λ_U (S ) + Z_1(S, S^†) ρ_U (S )

Y^′_D(S, S^†) = Y_D(S, S^†) − 4 Δ_1(S, S^†) λ_D(S ) + Z_2(S, S^†) ρ_D(S )

Y^′_E(S, S^†) = Y_E(S, S^†) − 4 Δ_1(S, S^†) λ_E(S ) + Z_2(S, S^†) ρ_E(S ) (3.17) and T^′_Q(S ) = T_Q(S ) + λ_U (S ) ⊗ ρ_D(S ) + ρ_U (S ) ⊗ λ_D(S )

T^′_L(S ) = T_L(S ) + λ_U (S ) ⊗ ρ_E(S ) + ρ_U (S ) ⊗ λ_E(S ) . (3.18)

Finally,

Z^′_1(S, S^†) = Z_1(S, S^†) − 1 M ( 4 μ(S ) Δ_2(S, S^†) + h.c. ) , Z^′_2(S, S^†) = Z_2(S, S^†) − 1 M ( 4 μ(S ) Δ_1(S, S^†) + h.c. ) . (3.19)

We perform a second set of field redefinitions to canonically normalize the ki-

netic terms:

H_1 → 1 √ a^′_0

[1 − k_1 S ] H_1, H_2 → 1 √ b^′_0

[1 − k_2 S ] H_2, k_1 ≡ a^′_1 a^′_0

, k_2 ≡ b^′_1 b^′_0

(3.20)

with

a^′_0 ≡ Z^′_1 | |_{S,S †=0}, a^′_1 ≡ Z^′_1 | |_S , b^′_0 ≡ Z^′_2 | |_{S,S †=0}, b^′_1 ≡ Z^′_2 | |_S (3.21)

which can be directly computed using the definition of Z^′_{1,2}, Z_{1,2} and Δ_{1,2} given

above. The Lagrangian then becomes

L = L_K + ΔL + ∫ d^4θ [( 1 − m^2_1 m^2_0

S S^† ) H^†_1 e^{V1} H_1 + ( 1 − m^2 m^2_0

S S^† ) H^†_2 e^{V2} H_2 ]

+ ∫ d^2θ [ − H_2 Q λ^{′′}_U U^c − Q λ^{′′}_D D^c H_1 − L λ^{′′}_E E^c H_1 + μ^′ H_1 H_2 ] + h.c.

+ 1 M ∫ d^2θ [ Q U^c T^′_Q Q D^c + Q U^c T^′_L L E^c + λ^′_H (H_1 H_2)^2 ] + h.c.

+ 1 M ∫ d^4θ [ H^†_1 e^{V1} Q Y^{′′}_U U^c + H^†_2 e^{V2} Q Y^{′′}_D D^c + H^†_2 e^{V2} L Y^{′′}_E E^c + h.c. ] (3.22)

Double primed quantities are given by

λ^{′′}_U (S ) = 1 √ b^′_0

(1 − k_2 S ) λ^′_U (S ) = (1 − b_1 S ) λ_U (S ) + O(1/M),

λ^{′′}_F (S ) = 1 √ a^′_0

(1 − k_1 S ) λ^′_F (S ) = (1 − a_1 S ) λ_F(S ) + O(1/M), F ≡ D, E.

μ^′(S ) = 1 √ a^′_0 b^′_0

[1 − (k_1 + k_2)S ] μ(S ) = (1 − (a_1 + b_1) S ) μ(S ) + O(1/M). (3.23)

Since a^′_0, b^′_0 are M-dependent, the couplings λ^{′′}_{U,D,E}(S ) and also μ^′(S ) have ac-

quired, already at the classical level, a dependence on the scale M of the higher

dimensional operators. This is denoted above by O(1/M) and can be easily com-

puted using (3.19) and (3.21). Note that this O(1/M) correction is relevant for

the Lagrangian (3.22). Similar considerations apply to m_{1,2} that appear in the

same Lagrangian. Their exact expressions in terms of initial parameters can be

computed in a similar way. Further

λ^′_H(S ) = ( 1 − 2(a_1 + b_1) S ) λ_H(S ), Y^{′′}_U (S, S^†) = (1 − a^∗_1 S^† ) Y^′_U (S, S^†)

Y^{′′}_D (S, S^†) = (1 − b^∗_1 S^† ) Y^′_D(S, S^†), Y^{′′}_E (S, S^†) = (1 − b^∗_1 S^† ) Y^′_E(S, S^†) (3.24)

where we ignored terms which bring O(1/M^2) corrections to (3.22). Finally, ΔL

in (3.22) is that of (3.15) after applying transformations (3.20). Its component

expansion up to 1/M order is:

ΔL = − 1 M ∫ d^4θ t_0 H_2 e^{−V1} D^2 [ e^{V1} H_1 ]

+ m_0 M [ 4 [t_1 + t_2 + t_0(a_1 + b_1)] h_2 D_μD^μ h_1 − 2 [t_1 − t_2 + t_0(b_1 − a_1)] h_2 D_1 h_1 + 2 √ 2 (t_1 + b_1 t_0) h_2 λ_1 ψ_{h1} − 2 √ 2 (t_2 + a_1 t_0) ψ_{h2} λ_1 h_1 − 4 t_3 F_{h2} F_{h1} ]

+ m^2_0 M [ − 4 (t_4 − b_1 t_3) h_2 F_{h1} − 4 (t_5 − a_1 t_3) F_{h2} h_1 + 2 t_6 ψ_{h2} ψ_{h1} ]

+ m^3_0 M [ − 4 (t_7 − a_1 t_4 − b_1 t_5 + a_1 b_1 t_3) h_2h_1 ] + h.c. (3.25)

where D_1 and λ_1 are components of the vector superfield V_1 and we also used the component notation H_i = (h_i, ψ_{hi} , F_{hi} ). We also replaced k_1, (k_2) by a_1, (b_1) respectively, which is correct in the approximation of ignoring 1/M^2 terms in the Lagrangian. The coefficients t_i are given by

t_0 = α_0β_0γ_0 + s^∗_0 + s^{′∗}_0 , t_4 = d_4 − s^∗_3 − a^∗_1 s^∗_2 − b_2 s^{′∗}_0 − b_1 s^{′∗}_1 ,

t_1 = d_1 − s^∗_2 − b_1 s^{′∗}_0 , t_5 = d_5 − a_2 s^∗_0 − a_1 s^∗_1 − s^{′∗}_3 − b^∗_1 s^{′∗}_2 ,

t_2 = d_2 − a_1 s^∗_0 − s^{′∗}_2 , t_6 = d_6,

t_3 = d_3 − s^∗_1 − a^∗_1 s^∗_0 − s^{′∗}_1 − b^∗_1 s^{′∗}_0 , t_7 = d_7 − a_2 s^∗_2 − a_1 s^∗_3 − b_1 s^{′∗}_3 − b_2 s^{′∗}_2 (3.26) with d_i being combinations of input parameters α_i, β_i, γ_i of eq. (3.8)

d_1 ≡ −β_1 α_0 γ_0 − α_1 β_0 γ_0/2, d_4 ≡ −β_3 α_0 γ_0 − β_1 α_2 γ_0 − α_0β_1γ_2

d_2 ≡ −γ_1 β_0 α_0 − α_1 β_0 γ_0/2, d_5 ≡ −γ_3 β_0 α_0 − γ_1 α_2 β_0 − α_0β_2γ_1,

d_3 ≡ −α_2 β_0 γ_0 − α_0β_2γ_0 − α_0β_0γ_2, d_6 ≡ α_3 γ_0 β_0 + α_1β_2γ_0 + α_1β_0γ_2

d_7 ≡ −γ_3 β_1 α_0 − γ_1 β_3 α_0 − γ_1 β_1 α_2. (3.27)

A suitable choice of coefficients s_0, s^′_0, s^′_2, s_2 entering in transformation (3.10) allows us to set t_i = 0, i = 0, 1, 2, 3. (3.28)

This ensures that the nonstandard terms in the first, second and third lines of ΔL above are not present. The remaining terms proportional to m^2_0 and m^3_0 bring solely a renormalisation of soft terms, which are present anyway in Lagrangian (3.22) and can be ignored. Finally, the term t_6 ψ_{h2} ψ_{h1} brings a renormalisation of the supersymmetric μ^′ term (μ^′H_1H_2) of (3.22) and is invariant under the general field transformations (3.10). In principle one could set additional coefficients of the last two lines in ΔL to vanish by a suitable choice of remaining s_{1,3}, s^′_{1,3}; we choose not to do so and instead save these remaining coefficients for additional conditions that can be used to simplify the Lagrangian even further.

We have finally obtained the minimal set of dimension-five operators beyond the MSSM Lagrangian:

L = L_K + ∫ d^4θ [( 1 − m^2_1 m^2_0

S^†S ) H^†_1 e^{V1} H_1 + ( 1 − m^2 m^2_0

S^†S ) H^†_2 e^{V2} H_2 ]

+ ∫ d^2θ [ − H_2 Q λ^{′′}_U (S )U^c − Q λ^{′′}_D(S )D^cH_1 − L λ^{′′}_E(S )E^cH_1 + μ^{′′}(S ) H_1H_2 ] + h.c.

+ 1 M ∫ d^2θ [ Q U^c T^′_Q(S ) Q D^c + Q U^c T^′_L(S ) L E^c + λ^′_H(S ) (H_1 H_2)^2 ] + h.c.

+ 1 M ∫ d^4θ [ H^†_1 e^{V1} QY^{′′}_U (S, S^†)U^c + H^†_2 e^{V2} QY^{′′}_D (S, S^†) D^c + H^†_2 e^{V2} LY^{′′}_E (S, S^†)E^c + h.c. ] (3.29)

L_K stands for gauge kinetic terms and kinetic terms of MSSM fields other than H_{1,2}, together with their spurion dependence. Also, μ^{′′} here includes the renormalisation due to t_6 (not shown). As explained above, there is still some remaining freedom to further reduce the parameter space and we will use it in the next section. The couplings that appear are given in equations (3.16), (3.17), (3.18), (3.23) and (3.24) in terms of those in the original Lagrangian. The couplings λ^{′′}_{U,D,E}(S ) acquired a threshold correction O(1/M), which can be obtained from (3.23). The dimension-five operator that was present in the last line of (3.5) is completely “gauged away” in the new fields basis, up to effects which renormalised the soft terms or the supersymmetric μ term. Since physics is independent of the fields basis we choose, in this new basis it is manifest that the last operator in (3.5) cannot affect the relations among physical masses of the Higgs sector. We discuss this in detail in section 4.4.

CHAPTER 4

PHENOMENOLOGY OF MSSM5

4.1 Further Restrictions from Flavor Changing Neutral Currents

The couplings in Lagrangian (3.29) can have dramatic implications if the scale M is not too high, in particular due to FCNC effects. Indeed, if T^′_{Q,L} and Y^{′′}_{U,D,E} have arbitrary family dependent couplings, one expects stringent limits from FCNC bounds [67]. It is possible however, under some mild assumptions for the original L of (3.1), to remove the dangerous couplings in (3.29). For example, assume that the flavor matrices in (3.5) and the ρ_{U,D,E} in (3.10), (3.11) are proportional to the ordinary Yukawa couplings^1:

T_Q(S ) = c_Q(S ) λ_U (0) ⊗ λ_D(0) T_L(S ) = c_L(S ) λ_U (0) ⊗ λ_E(0) ρ_F(S ) = c_F(S ) λ_F(0), F : U, D, E (4.1)

and, as usual

λ_F(S ) = λ_F(0) (1 + A_F S ), F : U, D, E. (4.2)

1The ansatz is motivated by the discussion in subsection 2.2.2, eq. (2.27) where a similar structure of T_{Q,L} and ρ_F is generated by integrating out massive S U(2) superfields doublets.

Here c_{Q,L}(S ) are some arbitrary input functions of S ; λ_F(S ) are 3 × 3 matrices, while A_F are trilinear couplings. In the following c_F (S ) ≡ c^F_0 + S c^F_1 , F = U, D, E are considered free parameters which can be adjusted, together with the remaining s_{1,3}, s^′_{1,3}, to remove some of the couplings in (3.29). Indeed, if

c_U (S ) = −c_L(S ) − c_E(S ), c_D(S ) = −c_Q(S ) + c_L(S ) + c_E(S ) (4.3)

while c_E(S ) remains arbitrary, one obtains

T^′_Q(S ) = 0, T^′_L(S ) = 0 (4.4)

We can therefore remove the associated couplings in (3.29), that is the first two terms in the third line. Finally, let us assume that in (3.5) we also have

Y_F (S, S^†) = f_F(S, S^†) λ_F(0), F : U, D, E (4.5)

where f_F are spurion dependent but family independent functions of arbitrary coefficients:

f_F(S, S^†) = f^F_0 + S f^F_1 + S^† f^F_2 + S S^† f^F_3 (4.6)

Using (3.24), we find that the couplings in (3.29) are

Y^{′′}_F (S, S^†) = λ_F (0) [ x^F_0 + x^F_1 S + x^F_2 S^† + x^F_3 S S^† ] , F = U, D, E (4.7)

One finds

x^U_0 = f^U_0 − 4s^′_0 + c^U_0 x^U_1 = f^U_1 − 4 s^′_1 + c^U_1 + a_1 c^U_0 x^U_2 = f^U_2 − 4 s^′_2 + a^∗_1 c^U_0 − a^∗_1 x^U_0 x^U_3 = f^U_3 − 4 s^′_3 + a^∗_1 c^U_1 + a_2 c^U_0 − a^∗_1 x^U_1 (4.8)

Similar equations exist for the fields in the D and E multiplets. We just need to

replace U → D (or E), s^′_i → s_i and a_i → b_i.

Let us examine if the form of Y^{′′}_F (S, S^†) can be simplified using the free pa-

rameters that we are left with: these are s_{1,3}, s^′_{1,3} from general transformations

Δ_{1,2} and c_E(S ) = c^E_0 + S c^E_1 , a total of 6 free parameters. We can use s^′_{1,3} (s_{1,3}) to

eliminate S and S S^† parts of Y^{′′}_U (Y^{′′}_D ), respectively. Using c^E_0 and c^E_1 we can

also eliminate the S and S S^† of Y^{′′}_E . In conclusion, we used the remaining 6 free

parameters to bring Y^{′′}_F to the form

Y^{′′}_F (S^†) ≡ Y^{′′}_F (0, S^†) = λ_F(0) (x^F_0 + x^F_2 S^†), F : U, D, E (4.9)

The coefficients x^F_{0,2} depend on the arbitrary coefficients f^F_i , i = 0, 1, 2, 3, a_i, b_i, c_i

of the original Lagrangian (3.1). Other simplifications can occur if we ignore the

couplings Y of the first two families. With these considerations, the Lagrangian

in (3.29) takes the form

L = L_K + ∫ d^4θ [( 1 − m^2_1 m^2_0

S^†S ) H^†_1 e^{V1} H_1 + ( 1 − m^2 m^2_0

S^†S ) H^†_2 e^{V2} H_2 ]

+ ∫ d^2θ [ − H_2 Q λ^{′′}_U (S ) U^c − Qλ^{′′}_D(S )D^c H_1 − L λ^{′′}_E(S )E^cH_1 + μ^{′′}(S )H_1 H_2 ] + h.c. + 1 M ∫ d^4θ [ H^†_1 e^{V1} Q Y^{′′}_U (S^†) U^c + H^†_2 e^{V2} Q Y^{′′}_D (S^†) D^c + H^†_2 e^{V2} L Y^{′′}_E (S^†) E^c + h.c. ]

+ 1 M ∫ d^2θ λ^′_H(S ) (H_1 H_2)^2 + h.c. (4.10)

with couplings (4.9) and (3.23)^2. This Lagrangian defines MSSM_5; the extension

2 λ^{′′}_F (S ) acquired a threshold correction in M: λ^{′′}_U (0) = λ_U (0) [ 1 + 1/M ( μ(0) c_U (0) + 2 (μ(0) s_0 + μ^∗(0) s^∗_0) )] with similar relations for D, E obtained by s_0 → s^′_0 and U → D, (U → E). In terms of original parameters, s_0 = −[−4α^∗_0β^∗_0γ^∗_0 b_1 − 4 d^∗_3 + ( f^U_1 + f^D_1 + c^U_1 + c^D_1 + a_1 c^U_0 + b_1 c^D_0 )]/4 (a_1 − b_1) with d_3 as in (3.27); for the D, E sectors we use s^′_0 = −α^∗_0β^∗_0γ^∗_0 − s_0. Similar relations exist for non-supersymmetric counterparts, see (3.23), (3.24).

of MSSM by mass dimension five operators.

4.2 Phenomenological Implications

In the following we explore the new couplings that MSSM_5 brings with respect to standard MSSM [69, 70]. We begin with couplings proportional to m_0. Part of these are coming from the terms in the second-last line of (4.10). These include nonanalytic Yukawa couplings [12]

m_0 M x^U_2 (λ^U_0 )_{i j} (h^†_1 q_{L i}) u^c_{R j} + h.c.

m_0 M x^D_2 (λ^D_0 )_{i j} (h^†_2 q_{L i}) d^c_{R j} + h.c.

m_0 M x^E_2 (λ^E_0 )_{i j} (h^†_2 l_{L i}) e^c_{R j} + h.c., λ^F_0 ≡ λ_F(0), F : U, D, E. (4.11)

These couplings are not soft in the sense of [68], but “hard” supersymmetry breaking terms in the sense of [12, 13]. They are less suppressed than those listed in [12] where they were generated at order m^2_0/M^2. Such couplings can bring about a tan β enhancement of a prediction for a physical observable, such as the bottom quark mass relative to bottom quark Yukawa coupling [11, 71]. This effect is also present in the electroweak scale effective Lagrangian of the MSSM alone, after integrating out massive squarks at one loop level, with a result for bottom quark mass [11, 71, 72, 73, 74]

m_b = v cos β √ 2 ( λ_b + δλ_b + Δλ_b tan β ) (4.12)

where λ_b is the ordinary bottom quark Yukawa coupling, δλ_b its one loop correction and Δλ_b is a “wrong” Higgs bottom quark Yukawa coupling, generated by integrating out massive squarks. In our case, Δλ_b receives an additional contribution from the second line in (4.11). The size of this extra contribution due to higher dimensional operators, can be comparable and even substantially larger than the one generated in the MSSM at one loop level (for a suitable value for x^D_2 m_0/M - recall that x^D_2 is not fixed). Such contributions can bring a tan β enhanced correction of the Higgs decay rate to bottom quark pairs. Similar considerations apply to the U and E sectors.

Other similar couplings derived from (4.10) and proportional to m_0 are

m_0 M x^U_2 (λ^{U†}_0 λ^U_0 )_{i j} (h^†_1 h^†_2) ũ_{R i} ũ^∗_{R j} + h.c.

m_0 M x^U_2 (λ^U_0 λ^{U†}_0 )_{i j} (h^†_1 q̃_{L i}) (h^†_2 q̃^†_{L j}) + h.c. (4.13)

where we used that λ^{F′′}_0 and λ^F_0 are equal up to O(1/M) corrections, see (3.16) and (3.23). The above terms are strongly suppressed due to the square of the Yukawa coupling, in addition to m_0/M ≪ 1, so their effects are expected to be small, except for the third generation. Their counterparts in the down (D) sector are m_0 M x^D_2 (λ^{D†}_0 λ^D_0 )_{i j} (h^†_2 h^†_1) d̃_{R i} d̃^∗_{R j} + h.c.

m_0 M x^D_2 (λ^D_0 λ^{D†}_0 )_{i j} (h^†_2 q̃_{L i}) (h^†_1 q̃^†_{L j}) + h.c. (4.14)

In the lepton sector similar couplings are present, obtained from eq. (4.14) with Q → L, D → E. All the quartic couplings listed above are renormalisable, but naively they would seem to break supersymmetry in a hard way if inserted into loops with a cutoff larger than M. This, of course, is just an artifact of using a cutoff larger than the energy scale of the heavy states that we integrated out.

It is interesting to note that there is no “wrong” Higgs-gaugino-higgsino coupling generated [12], even though the original Lagrangian in eq. (3.5) included it, see eq. (3.25) where

m_0 M (ψ_{h2} λ_1 h_1 + h_2 λ_1 ψ_{h1} ) + h.c. (4.15)

was present. Such a coupling can be generated at one loop level [11] but in our case it was removed by the Higgs fields transformation (3.10). This shows that not all “wrong” Higgs couplings are actually independent (this may also apply when such couplings are generated at the loop level).

Note that in the MSSM_5 defined by eq. (4.10), couplings proportional to m_0 involving “wrong” Higgs A-terms are not present, given our ansatz (4.1) and (4.5) leading to (4.9). If this ansatz is not imposed on the third generation, then one could have such terms from (3.29)

m^2_0 M [ y_{u,3} h^†_1 q̃_{L,3} ũ^∗_{R,3} + y_{d,3} h^†_2 q̃_{L,3} d̃^∗_{R,3} + y_{e,3} h^†_2 l̃_{L,3} ẽ^∗_{R,3} ] (4.16)

where y_{f,3}, f = u, d, e are the coefficients of component S S^† of Y^{′′}(S, S^†) of third generation.

There are also new, and perhaps most important, supersymmetric couplings that affect the amplitude of processes like quark + quark → squark + squark or similar with (s)leptons. These are 1 M x^U_0 (λ^D_0 )_{i j} (λ^U_0 )_{kl} q̃_{L i} d̃^∗_{R j} q_{L k} u^c_{R l} + h.c. 1 M x^D_0 (λ^U_0 )_{i j} (λ^D_0 )_{kl} q̃_{L i} ũ^∗_{R j} q_{L k} d^c_{R l} + h.c. 1 M x^U_0 (λ^E_0 )_{i j} (λ^U_0 )_{kl} l̃_{L i} ẽ^∗_{R j} q_{L k} u^c_{R l} + (L ↔ Q, E ↔ U) + h.c. (4.17)

They can be important particularly for the third generation. The largest effect would be for squarks pair production from a pair of quarks; the process could be comparable to the MSSM tree level contribution to the amplitude of the same process [75]. Indeed, let us focus on the qq̄ → q̃q̃^∗ in MSSM generated by a tree-level gluon exchange. The MSSM amplitude behaves as

A_{qq̄→g→q̃q̃}∗ ∼ g^2_3 √ s , (4.18)

where s is the Mandelstam variable. On the other hand, the operators (4.17) generate a contact term contributing

A^{MS S M5}

qq̄→q̃q̃^∗ ∼

λ^U_0 λ^D_0 M . (4.19)

The dimension-five operator for the third generation has therefore a comparable contribution to the MSSM diagrams for energies E ≥ g^2_3 M, which can be in the TeV range. In MSSM there are other diagrams contributing to this process, in particular Higgs exchange. It can be checked however that at energies above the CP-even Higgs masses, the MSSM amplitude decreases in energy whereas the contact term coming from the dimension-five operators gives a constant contribution which is sizeable for high energy. Of course, at energies above M we should replace the contact term by the corresponding tree-level diagram with exchange of massive S U(2) doublets (or whatever other physics generates this effective operator).

Note that couplings similar to (4.17) could also be generated by the term ∫ d^2θ (QU) T_Q(QD) of (3.29). This term is not present in MSSM_5 of (4.10) due to our FCNC ansatz (4.1), (4.4); however, the ansatz could be relaxed for the third generation. Therefore the above process of squark production can have an even

larger amplitude from contributions in the third line of (3.29).

The Lagrangian (4.10) also contains other supersymmetric couplings involv-

ing gauge interactions which can be important for phenomenology. They arise

from any dimension-five D-term in (4.10) giving L ⊃ (λ^U_0 )_{i j} x^U_0 M [ − h^†_1 D_μD^μ (q̃_{L i} ũ^∗_{R j}) − 1 √ 2 h^†_1λ_1 ( q̃_{L i} u^c_{R j} + q_{L i} ũ^∗_{R j}) − 1 √ 2 ψ_{h1} λ_1 q̃_{L i} ũ^∗_{R j} + 1 2 h^†_1 D_1 q̃_{L i} ũ^∗_{R j} + iψ_{h1} σ^μ D_μ (q̃_{L i} u^c_{R j} + q_{L i} ũ^∗_{R j}) ]

+(U → D, H_1 → H_2, V_1 → V_2) + (Q → L, H_1 → H_2, V_1 → V_2, U → E) + h.c.(4.20)

where D_1, λ_1 are the auxiliary and gaugino components of V_1 vector superfield, and D_1 ≡ − g^2 2 [ h^†_1 ⃗σ h_1 + h^†_2 ⃗σ h_2 + q̃^†_{L i} ⃗σq̃_{L i} + l̃^†_{L i} ⃗σl̃_{L i} ]

+ g^2_1 2 [ − h^†_1h_1 + h^†_2h_2 + 1 3 q̃^†_{L i}q̃_{L i} − 4 3 ũ_{R i}ũ^∗_{R i} + 2 3 d̃_{R i}d̃^∗_{R i} − l̃^†_{L i} l̃_{L i} + 2 ẽ_{R i} ẽ^∗_{R i} ] (4.21)

Here D_μ is the covariant derivative, D_μ = ∂_μ + i/2 V_{1,μ}, where V_{1,μ} is the gauge

field of the vector superfield V_1 ≡ g_2 V^i_W σ^i − g_1 V_Y , introduced in eq. (3.2). Cou-

plings similar to those above are generated by the substitutions shown in (4.20).

Some of them can be phenomenologically important, e.g. those involving 2

particles and 2 sparticles such as Higgs-quark-squark-gaugino or gauge-quark-

higgsino-squark, arising from (4.20). Also, we notice a term with a “wrong”

Higgs-squark-squark derivative coupling.

Yukawa interactions also generate supersymmetric couplings of structure

similar to some of those in (4.20), involving 4 squarks and a higgs or 2 squarks and 3 higgses or 2 squarks, 2 sleptons and a higgs. However, these arise at order λ^3_F, where λ_F, F : U, D, E are Yukawa couplings entering (4.10). Therefore they are suppressed both by the scale M and, relative to the above gauge counterparts, by an extra Yukawa coupling. This is due to the presence of an extra Yukawa coupling in the third line of (4.10) relative to ordinary D-terms. The strength of these interactions is also sub-leading to other Yukawa interactions listed so far which also involved fewer (s)particles.

Finally, supersymmetric couplings with 3 higgses and 2 squarks or 2 sleptons arise from (H_1H_2)^2 of (4.10), suppressed by two Yukawa couplings and by the scale M. Also, there exist potentially larger couplings of 2 higgses and 2 higgsinos, being suppressed only by λ_H(0) and the scale M. In addition, there are non-supersymmetric couplings with 4 higgs fields whose effects are discussed in section 4.4. This concludes our discussion of all the new couplings generated by dimension-five operators in the MSSM_5.

4.3 The MSSM Higgs Sector with Mass Dimension Five Operators

In the following we restrict the analysis to the MSSM Higgs sector extended by mass dimension five operators and analyse their implications. In this sector there are in general two dimension-five operators that affect the Higgs fields masses, shown in eq. (4.22) below. According to our previous discussion the last operator in (4.22) is redundant and can be “gauged away”. However, in this section we choose to keep it, in order to show explicitly that it does not bring new physics of its own. The relevant part of MSSM Higgs Lagrangian with dimension-five operators is

L_1 = ∫ d^4θ [ Z_1(S, S^†) H^†_1 e^{V1} H_1 + Z_2(S, S^†) H^†_2 e^{V2} H_2 ] (4.22)

+ ∫ d^2θ [ μ̃ (1 + c_1 S ) H_1 H_2 + c_3 M (1 + c_2 S ) (H_1 H_2)^2 ] + h.c.

+ 1 M ∫ d^4θ { A(S, S^†) D^α [ B(S, S^†) H_2 e^{−V1} ] D_α [ Γ(S, S^†) e^{V1} H_1 ] + h.c. }

Additional spurion dependence arises from the dimension-five operators con-

sidered. For the definitions of A(S, S^†), B(S, S^†), Γ(S, S^†) see eq. (3.8). After elim-

ination of the auxiliary fields and a rescaling of scalar fields, the scalar part of

L_1 in (4.22) becomes:

L_{1,scalar} = − 1 8 (g^2_1 + g^2) (|h_1|^2 − |h_2|^2)^2 + m_0 M (g^2_1 + g^2) (|h_1|^2 − |h_2|^2) (δ_1 h_1 h_2 + h.c.) + 2 c_3 M (|h_1|^2 + |h_2|^2)(μ̃^∗ h_1 h_2 + h.c.) − m_0 M c_3 (δ_2 (h_1 h_2)^2 + h.c.) (4.23)

− (|μ̃|^2 + m^2_1)|h_1|^2 − (|μ̃|^2 + m^2)|h_2|^2 − (h_1 h_2Bm_0μ + h.c.) − h^∗_1D^2 h_1 − h^∗_2 D^2 h_2

where

m^2_1 = m^2_0 ( | a_1 |^2 − a_2 ) + O(m_0/M)

m^2 = m^2_0 ( | b_1 |^2 − b_2 ) + O(m_0/M)

Bm_0μ = μ̃ m_0 ( c_1 − a_1 − b_1 ) + O(m_0/M) (4.24)

The O(m_0/M) corrections in (4.24) are not shown explicitly since they only renor-

malise m_{1,2} and Bm_0μ which are anyway unknown parameters of the MSSM. We

denoted

δ_1 = −β_1 α_0 γ_0 + γ_1 β_0 α_0 − α_0β_0γ_0 (a_1 − b_1), δ_2 = c_2 + 2(a_1 + b_1), (4.25)

We notice the presence of three contributions in the scalar potential, introduced by our dimension-five operators. The contributions proportional to c_3 are due to (H_1H_2)^2 in (4.22) and were discussed in [76] (also [78, 79, 80, 81]; for a review see [82]). The one proportional to δ_1

(|h_1|^2 − |h_2|^2) (h_1 h_2 + h.c.), (4.26)

was introduced by the dimension-five operator in the last line of (4.22). This is a new contribution to the scalar potential, and is vanishing if α_0 = β_0 = γ_0. An interesting feature is that its one loop contribution to h_{1,2} self energy remains soft (no quadratic divergences) despite its higher dimensional origin.

4.4 Higgs Mass Corrections Beyond MSSM

Let us consider the implications of (4.23) for the Higgs masses. The scalar potential is

V = m̃^2_1 |h_1 |^2 + m̃^2 |h_2 |^2 + ( Bm_0μ h_1 h_2 + h.c. ) + g^2 8 ( | h_1 |^2 − | h_2 |^2

)_2

+ ( | h_1 |^2 − | h_2 |^2 ) ( η_1 h_1 h_2 + h.c. ) + ( | h_1 |^2 + | h_2 |^2 ) ( η_2 h_1 h_2 + h.c. )

+ 1 2 ( η_3 (h_1 h_2)^2 + h.c. ) (4.27)

where the definition of η_{1,2,3} ∼ 1/M can be read from eq. (4.23). We take for simplicity η_i real, and therefore η_3 ≥ 0, |η_2| ≤ η_3/4. Also

m̃^2_1 ≡ m^2_1 + |μ̃|^2, m̃^2 ≡ m^2 + | μ̃ |^2, g^2 ≡ g^2_1 + g^2 (4.28)

Consider quantum fluctuations of h_i around a vacuum expectation value

h_i = 1 √ 2 (v_i + h̃_i + iσ̃_i), i = 1, 2 (4.29)

From the two minimum conditions for the scalar potential V of eq. (4.27) one

can express m̃_{1,2} in terms of Bm_0μ, v_1, v_2 to find:

m̃^2_1 = −Bm_0μ v_2 v_1 − 1 8 g^2 (v^2_1 − v^2) − η_1 2 v_2 v_1

(3 v^2_1 − v^2) − η_2 2 v_2 v_1

(3 v^2_1 + v^2) − η_3 2 v_2^2

m̃^2 = −Bm_0μ v_1 v_2 + 1 8 g^2(v_1^2 − v_2^2) − η_1 2 v_1 v_2

(v^2_1 − 3 v^2) − η_2 2 v_1 v_2

(3 v^2 + v^2_1) − η_3 2 v^2_1(4.30)

which shall be used in the following. The mass matrix is

M_{i j} = 1 2 ∂^2V ∂h_i∂h_j | | |_{hi=vi/} √_{2, σ̃i=0} = X^{i j} + Z^{i j} (4.31)

where

X_{i j} = 1 2 2m̃^2_1 +^1_4 g^2 (3v^2_1 − v^2) 2Bm_0μ −^1_2 g^2v_1 v_2

2 Bm_0μ −^1_2 g^2 v_1 v_2 2m̃^2 −^1_4 g^2 (v^2_1 − 3 v^2)

(4.32)

and

Z_{i j} = 1 2 6 (η_1 + η_2) v_1 v_2 + η_3 v^2 3 (η_1 + η_2) v^2_1 + 3(η_2 − η_1) v^2 + 2η_3 v_1 v_2

3 (η_1 + η_2) v^2_1 + 3(η_2 − η_1) v^2 + 2η_3 v_1 v_2 6 (η_2 − η_1) v_1 v_2 + η_3 v^2_1

(4.33)

The mass eigenvalues m^2_{h,H} of M_{i j} are

m^2_{h,H} = M^2_{h,H} ∓

6η_1 √ w [ Bm_0μ (v^2_1 − v^2) + v_1v_2 ( m̃^2_1 − m̃^2 + g^2 4 (v^2_1 − v^2) )]

+ 3η_2 [ v_1v_2 ± 1 2 √ w (v^2_1 + v^2)(−4Bm_0μ + g^2 v_1v_2) ]

+ η_3 4 [ v^2_1 + v^2 ± 1 √ w ( 2(m̃^2_1 − m̃^2)(v^2_1 − v^2) + g^2(v^2_1 + v^2)^2

− 16Bm_0μv_1v_2 )] (4.34)

where upper (lower) signs correspond to the lighter m^2_h (heavier m^2_H) Higgs field

and M^2_{h,H} expresses the pure MSSM part:

M^2_{h,H} ≡ 1 2 [ m̃^2_1 + m̃^2 + g^2 4 (v^2_1 + v^2) ∓ 1 2 √ w ] (4.35)

Also,

w ≡ (4Bm_0μ − g^2v_1v_2)^2 + 4 ( m̃^2_1 − m̃^2 + g^2 2 (v^2_1 − v^2)

)_2 (4.36)

With the values of m̃_{1,2} expressed in terms of v_{1,2} and Bm_0μ from minimum con-

ditions (4.30), one can express m^2_{h,H} of (4.34) as follows

m^2_{h,H} = m^2_Z 2 − Bm_0μ(u^2 + 1) 2 u ∓ √ w^′ 2 + v^2 [ η_1 q^±_1 + η_2 q^±_2 + η_3 q^±_3 ] (4.37)

with

q^±_1 = u^2 − 1 4 u ± (u^2 − 1) 4u^2(1 + u^2)^2 √ w^′ [ m^2_Z u(1 − 6u^2 + u^4) + Bm_0μ (1 + u^2)(1 + 18u^2 + u^4) ]

q^±_2 = −

1 − 6u^2 + u^4 4 u (1 + u^2) ∓ m^2_Z u(1 − 14u^2 + u^4) + Bm_0μ(1 + u^2)(1 + 10u^2 + u^4) 4 u^2 (1 + u^2) √ w^′

q^±_3 = ∓ 2u (1 + u^2)^2 √ w^′ [ Bm_0μ(1 + u^2) − m^2_Z u ] (4.38)

where

w^′ ≡ m^4_Z + [Bm_0μ(1 + u^2)^3 + 2m^2_Zu(1 − 6u^2 + u^4)]

Bm_0μ u^2(1 + u^2)

(4.39)

and where we also used v_1 = v cos β, v_2 = v sin β, u = tan β, m^2_Z = g^2 v^2/4 and

Bm_0μ < 0.

Similar considerations apply for the pseudoscalar Higgs/Goldstone boson

sector. The mass matrix in this case is

N_{i j} =

∂^2V ∂σ̃_i∂σ̃_j | | |_{hi=vi/} √_{2, σ̃i=0} (4.40)

with entries

N_{11} = m̃^2_1 + g^2 8 (v^2_1 − v^2) + (η_1 + η_2)v_1v_2 − η_3 2 v^2

N_{12} = − η_1 2 (v^2_1 − v^2) − η_2 2 (v^2_1 + v^2) − η_3v_1v_2 − Re(Bm_0μ)

N_{22} = m̃^2 − g^2 8 (v^2_1 − v^2) + (η_2 − η_1)v_1v_2 − η_3 2 v^2_1 (4.41)

The eigenvalues of N are

m^2_{G,A} = 1 2 (m̃^2_1 + m̃^2) ∓ 1 8 √ κ ∓ 4η_1 √ κ [ Bm_0μ(v^2_1 − v^2) + v_1 v_2 ( m̃^2_1 − m̃^2 + g^2 4 (v^2_1 − v^2) )]

+ η_2 [ v_1v_2 ∓

4Bm_0μ √ κ (v^2_1 + v^2) ]

+ η_3 [ − 1 4 (v^2_1 + v^2) ∓ 1 √ κ ( 8Bm_0μv_1v_2 + (v^2_1 − v^2)(m̃^2_1 − m̃^2) + g^2 4 (v^2_1 − v^2)^2 )] (4.42)

with

κ = 16 [ 4(Bm_0μ)^2 + ( m̃^2_1 − m̃^2 + g^2 4 (v^2_1 − v^2)

)_2] (4.43)

where the upper sign corresponds to the Goldstone m_G and the lower sign to

m^2_A. One can use (4.30) to replace m̃_{1,2} in terms of v_{1,2} and m_A . Using (4.30) one

shows that m_G = 0 and

m^2_A = − v^2_1 + v^2

2v_1v_2 [ 2 Bm_0μ + η_1 (v^2_1 − v^2) + η_2 (v^2_1 + v^2) + 2η_3 v_1 v_2 ]

= − 1 + u^2 u Bm_0μ + u^2 − 1 2 u η_1 v^2 −

1 + u^2 2 u η_2 v^2 − η_3 v^2 (4.44)

By eliminating Bm_0μ between (4.37) and (4.44), one obtains the masses m_{h,H}:

m^2_{h,H} = 1 2 [ m^2_A + m^2_Z ∓ √ w^{′′} ] ∓ 4 m^2_A η_1 u (u^2 − 1) v^2

(1 + u^2)^2 √ w^{′′} + 2η_2 u v^2

1 + u^2 [ 1 ± m^2_A + m^2_Z √ w^{′′} ] + η_3 v^2 2 [ 1 ∓ (m^2_A − m^2_Z ) (u^2 − 1)^2 √ w^{′′} (1 + u^2)^2 ] (4.45)

where the upper (lower) signs correspond to h (H) respectively and

w^{′′} ≡ m^4_A + m^4_Z − 2 m^2_A m^2_Z

1 − 6u^2 + u^4

(1 + u^2)^2

= (m^2_A + m^2_Z )^2 − 4 m^2_A m^2_Z cos^2 2β (4.46)

Replacing u = tan β in m_{h,H} one obtains an equivalent form of m_{h,H}

m^2_{h,H} = 1 2 [ m^2_A + m^2_Z ∓ √ w^{′′} ] ± η_1 v^2 sin 4β m^2_A √ w^{′′}

+ η_2 v^2 sin 2β [ 1 ± m^2_A + m^2_Z √ w^{′′} ] + η_3 v^2 2 [ 1 ∓ (m^2_A − m^2_Z) cos^2 2β √ w^{′′} ] (4.47)

For η_2 = η_3 = 0 one finds from (4.47):

m^2_h + m^2_H = m^2_A + m^2_Z (4.48)

which is independent of η_1. Then η_1 does not affect the relation among physical masses which is consistent with the result of section 4.3, where the last term in (4.22), responsible for the η_1 term in V, could be removed by a suitable field

redefinition.

In the limit of large tan β with m_A fixed at a value m_A > m_Z one finds:

m^2_h = m^2_Z +

4m^2_A v^2 m^2_A − m^2_Z

(η_2 − η_1) cot β

− 4 m^2_A m^2_Z m^2_A − m^2_Z [ 1 − η_3 v^2 m^4_A + m^4_Z 2 m^2_A m^2_Z (m^2_A − m^2_Z) ] cot^2 β + O(cot^3 β) (4.49) and m^2_H = m^2_A + η_3 v^2 +

4 (m^2_A η_1 − m^2_Z η_2) v^2

m^2_A − m^2_Z cot β

+ 4 m^2_A m^2_Z m^2_A − m^2_Z [ 1 − η_3 v^2 m^4_A + m^4_Z 2 m^2_A m^2_Z (m^2_A − m^2_Z) ] cot^2 β + O(cot^3 β) (4.50)

Therefore

δm^2_h =

4 m^2_A v^2 m^2_A − m^2_Z

(η_2 − η_1) cot β + O(cot^2 β)

δm^2_H = η_3 v^2 +

4 (m^2_A η_1 − m^2_Z η_2) v^2

m^2_A − m^2_Z cot β + O(cot^2 β) (4.51) in agreement with [76] for η_1 = 0. The above expansions for large tan β should be regarded with due care since they are the result of a double series expansion in η_i and 1/ tan β. Assuming η_3 = 0 (then η_2 = 0, too), the term proportional to cot β in (4.49) is larger than the sub-leading one (cot^2 β), giving m^2_h − m^2_Z > 0 if |η_1/g^2| ≥ 1/(4 tan β). This bound is however outside the validity of the perturbative expansion in η_1 as we shall see shortly and then the large tan β expansion is not useful. If η_{1,2} = 0 and η_3 > 0 one could obtain m_h > m_Z if also the square bracket in (4.49) is negative, which is more easily satisfied (for a small η_3) if m_A is very close to m_Z, but then the above large tan β expansion is not reliable.

Let us therefore analyse the validity of the corrections to m^2_{h,H} from eq. (4.47) in the approximation used. For our perturbative expansion in η_i to be accurate we require that the η_i-dependent entries in the mass matrix M_{i j} (4.31) be much smaller than the corresponding values of these matrix elements in the MSSM case. From this condition one finds | | 3 (η_1 + η_2) v^2_1 + 3 (η_2 − η_1) v^2 + 2η_3 v_1 v_2 | | ≪ 1 2 g^2 v_1 v_2 | | 6 (η_2 − η_1) v_1 v_2 + η_3 v^2_1 | | ≪ 1 4 g^2 | | v^2_1 − 3 v^2 | | | | 6 (η_2 + η_1) v_1 v_2 + η_3 v^2 | | ≪ 1 4 g^2 | | 3 v^2_1 − v^2 | | (4.52)

Similar conditions are derived from the pseudoscalar Higgs mass matrix elements N_{i j} (4.40). One may find this condition too restrictive; in principle it may not be necessary to impose the leading η_i ∼ O(1/M) contribution to the mass matrix entries be suppressed relative to the MSSM zeroth order and that one should instead ask that the O(1/M) correction dominate over the higher order terms O(1/M^2) [83]. However, at the quantitative level this leads, for the present case, to results which are similar or even stronger (for example for η_3) than those derived here from comparing the MSSM zeroth order against the O(1/M) terms. From these one can obtain upper bounds for each η_i. Having imposed these bounds, we can examine if the dimension-five operators bring a significant contribution to the higgs mass and in particular if we can surpass the tree level bound m_h ≤ m_Z .

That would mean to also impose some lower bounds in order to achieve the desired increase. In the approximation considered, these bounds are derived from (4.45) with (4.52) and give ( √ ω + 1 − ρ) (1 + u^2)^2 √ ω 32 u (u^2 − 1) ≤ − η_1 g^2

≪ min { u 6(u^2 − 1) , 3 u^2 − 1 24u , |u^2 − 3| 24 u }

( √ ω + 1 − ρ) (1 + u^2)^2 √ ω 4 [(1 + u^2)^2 √ ω − (ρ − 1)(1 − u^2)^2] ≤ η_3 g^2

≪ min {1 4 , |u^2 − 3| 4 u^2 , u^2 − 1 4 u^2 , u^2 − 1 4 } (4.53)

with ω ≡ (ρ − 1)^2 + 16u^2ρ/(1 + u^2)^2 and ρ ≡ m^2_A/m^2_Z.

Assuming η_2 = 0, then m_h > m_Z is possible if one or both eqs in (4.53) are respected. On the other hand, it has no solution for η_1 within 1 ≤ tan β ≤ 50 and m_A/m_Z ≥ 1; η_1 alone cannot change the MSSM bound m_h ≤ m_Z within our approximation. If 1 ≤ m^2_A/m^2_Z ≤ 2.43 there is a somewhat “marginal” solution for η_3, with m_A/m_Z close to unity and large tan β preferred, to enforce the “≪” inequalities in (4.52) and (4.53). For example, if m_A = m_Z and tan β = 50, the lower bound on η_3/g^2 is η_3/g^2 ≥ 0.02 while η_3/g^2 ≪ 0.25 is also required. In this case, for tan β = 50 the increase of m^2_h relative to m^2_Z, δ_r = (m^2_h − m^2_Z )/m^2_Z equals δ_r = −100/2501 + 2 η_3/g^2. Therefore δ_r = 12% or m_h ≈ 102 GeV if η_3/g^2 = 0.08, corresponding to η_3 = 4.4 × 10^{−2}. Larger values for m_h should be regarded with care, since they would correspond to cases when “≪” of (4.53) is not comfortably respected; if η_3/g^2 ≈ 0.04 then δ_r ≈ 4% or m_h ≈ 95 GeV. Further, if we now increase m_A even by a small amount relative to m_Z , m^2_A = 1.5 m^2_Z and tan β = 50, the lower bound on η_3/g^2 is 0.118 which is difficult to comply by a good margin with an upper bound unchanged at η_3/g^2 ≪ 0.25. Even so, the relative difference would be only δ_r = 2 × 10^{−3}%, (η_3/g^2 = 0.118), therefore the increase of m_h is negligible. So far we took η_2 = 0. If we allow a non-zero value for η_2, which also requires non-zero η_3, their combined effect on increasing m_h is not larger and the above results remain valid. Note also that for large tan β regions 1/M^2-suppressed operators can be important and can affect the results [76].

From this analysis we see that η_1 alone cannot change the MSSM tree level bound m_h ≤m_Z within the approximation we discuss. This is consistent with section 4.3, where it was shown that the operator which induced the η_1 term could be removed by a general field redefinition of suitable coefficients^3. However, η_3 can increase m_h to values ≈ 95 − 100 GeV if m_A ≈ m_Z, with the higher values close to the limit of our approximation. Therefore it is the susy breaking term associated to (H_1 H_2)^2 that could relax the MSSM tree level bound. This increase brings a small improvement. To conclude, adding the quantum corrections is still needed [76] to bring m_h above the LEP II bound of 114 GeV [77].

These findings show that the MSSM Higgs sector is rather stable under the addition of dimension-five operators, in the approximation we considered (expansion in 1/M) of integrating out a massive singlet or a pair of massive S U(2) doublets which generated the η_{1,2,3} contributions. If M is low enough, the approximation used by integrating out these massive fields becomes unreliable, and one should recompute the full spectrum keeping all fields dynamical. Then the quartic interactions that the initial massive fields brought can be larger or of similar order to their MSSM counterparts and in principle they can change the

3To see this one can also start from (4.22) and perform a “smaller” version of redefinition (3.10), with ρ_F =0.

above conclusions.

4.5 Including Loop Corrections

It is worth mentioning the value of m_h in the presence of one loop corrections

from top - stop and dimension five operators [88], mentioned in the text:

m^2_h = 1 2 [ m^{′ 2}_A + m^2_Z − √ w̃^′ + ξ ]

+ (2ζ_{10}μ_0) v^2 sin 2β [ 1 + m^{′ 2}_A + m^2_Z √ w̃^′ ] + (−2 ζ_{11} m_0) v^2 2 [ 1 − (m^{′ 2}_A − m^2_Z) cos^2 2β √ w̃^′ ] (4.54)

where

w̃^′ ≡ [(m^{′ 2}_A − m^2_Z) cos 2β + ξ]^2 + sin^2 2β (m^{′ 2}_A + m^2_Z)^2

m^{′ 2}_A = m̃^2_1 + m̃^2 + ξ/2 + (2 ζ_{10}μ_0) v^2 sin 2β + ζ_{11} m_0 v^2; ξ ≡ δ m^2_Z sin^2 β (4.55)

where δ is the one-loop correction from top-stop Yukawa sector to λ^0_2 of (5.38)

which changes according to λ^0_2 → λ^0_2 (1 + δ) where [89, 92]

δ = 3 h^4_t g^2 π^2 [ ln M~_t m_t + X_t 4 + 1 32π^2 ( 3 h^2_t − 16 g^2_3 )( X_t + 2 ln

M~_t m_t ) ln M~_t m_t ] ,

X_t ≡

2 (A_t m_0 − μ cot β)^2 M^2_{t̃} [ 1 − (A_t m_0 − μ cot β)^2 12 M^2_{t̃} ] . (4.56)

with M^2_{t̃} ≡ m~_{t1} m~_{t2} , and g_3 the QCD coupling. The combined effect of d = 5 op-

erators and top Yukawa coupling h_t is that m_h can reach values of 130 GeV for

tan β ≤ 7 with a small fine-tuning [84, 85, 86, 87] Δ ≤ 10 [88] and with the su-

persymmetric coefficient ζ_{10} giving a larger effect than the non supersymmetric

one, ζ_{11}. Even for a modest increase of m_h from d = 5 operators alone of or-

der O(10GeV), their impact on the effective quartic coupling of the Higgs field is significant (due to the small value of the MSSM gauge couplings), and this explains the reduction of fine-tuning by the effective operators [90, 91].

CHAPTER 5

MSSM HIGGS WITH OPERATORS OF MASS DIMENSION 5 AND 6

We generally expect that corrections to observables from higher order operators will be subdominant to those from the leading, dimension five ones. Nevertheless, we saw in section 4.4 that in the limit of large tan β, the correction to the mass of the Higgs due to mass dimension five operators is tan β suppressed. In that limit, corrections from dimension six operators can become comparable to dimension five since 1/M^2 ∼ 1/(M tan β). Therefore, in order to complete the study of the leading Higgs mass corrections from effective operators, we need to include the contribution from dimension six operators. Since the latter is not tan β suppressed, the sequence ends here, as dimension seven or further will always be subdominant.

5.1 The Relevant Operators

We focus on the Higgs sector of the complete Lagrangian [93]. This is comprised of the MSSM higgs sector L_0 and the complete set of mass dimension-five and six operators. For L_0 we have

L_0 = ∫ d^4θ ∑ i=1,2

Z_i(S, S^†) H^†_i e^{Vi} H_i + { ∫ d^2θ μ (1 + B m_0 θθ) H_1 · H_2 + h.c. } (5.1) in standard notation. Here Z_i(S, S^†) = 1 − c_i m^2_0 θθθθ with i = 1, 2, c_i = O(1) and m_0 is the supersymmetry breaking scale as presented in the previous chapter.

We extend this Lagrangian by higher dimensional operators. In dimensionfive we have the usual contributions studied in the previous chapter:

L_1 = 1 M ∫ d^2θ ζ(S ) (H_2 · H_1)^2 +h.c.

= 2 ζ_{10} (h_2 · h_1)(h_2 · F_1 + F_2 · h_1) + ζ_{11} m_0 (h_2 · h_1)^2 + h.c, L_2 = 1 M ∫ d^4θ { A(S, S^†)D^α [ B(S, S^†) H_2 e^{−V1} ] D_α [ Γ(S, S^†) e^{V1} H_1 ] + h.c. } (5.2)

where^1 1 M ζ(S ) = ζ_{10} + ζ_{11} m_0 θθ, ζ_{10}, ζ_{11} ∼ 1/M, (5.3)

with S = θθm_0 the spurion superfield. We assume that

m_0 ≪ M (5.4)

so that the effective theory approach is reliable.

L_2 is eliminated by generalised, spurion-dependent field redefinitions as it was shown in detail in the previous chapter. For this reason we keep only L_1 for the discussion below. These redefinitions bring however a renormalisation of the usual MSSM soft terms and of the μ term as well as additional corrections of order 1/M^2. Since in the following we will write down and study the full set of d = 6 operators, the latter will be automatically included.

The list of d = 6 operators is [94]

O_j = 1 M^2 ∫ d^4θ Z_j(S, S^†) (H^†_j e^{V j} H_j)^2, j ≡ 1, 2.

1We switch to a notation best suited for the analysis here. The dictionary is: η_2 = 2ζ_{10}μ^∗, η_3 =−2 m_0ζ_{11}. With respect to the literature: In [88] η_2 →ζ_1, η_3 →ζ_2 and in [76] η_2 →2ϵ_{1r}, η_3 →2ϵ_{2r} .

O_3 = 1 M^2 ∫ d^4θ Z_3(S, S^†) (H^†_1 e^{V1} H_1) (H^†_2 e^{V2} H_2),

O_4 = 1 M^2 ∫ d^4θ Z_4(S, S^†) (H_2. H_1) (H_2. H_1)^†,

O_5 = 1 M^2 ∫ d^4θ Z_5(S, S^†) (H^†_1 e^{V1} H_1) H_2. H_1 + h.c.

O_6 = 1 M^2 ∫ d^4θ Z_6(S, S^†) (H^†_2 e^{V2} H_2) H_2. H_1 + h.c.

O_7 = 1 M^2 ∫ d^2θ Z_7(S, 0) 1 16 g^2 κ

Tr W^α W_α (H_2 H_1) + h.c.

O_8 = 1 M^2 ∫ d^4θ [ Z_8(S, S^†) (H_2 H_1)^2 + h.c. ] (5.5)

where W^α = (−1/4) D^2e^{−V} D^α e^V is the chiral field strength of S U(2)_L or U(1)_Y

vector superfields V_w and V_Y respectively. Also V_{1,2} = V^a_w(σ^a/2) ∓ 1/2 V_Y with the

upper sign for V_1. The remaining d = 6 operators are:

O_9 = 1 M^2 ∫ d^4θ Z_9(S, S^†) H^†_1 ∇^2 e^{V1} ∇^2 H_1

O_{10} = 1 M^2 ∫ d^4θ Z_{10}(S, S^†) H^†_2 ∇^2 e^{V2} ∇^2 H_2

O_{11} = 1 M^2 ∫ d^4θ Z_{11}(S, S^†) H^†_1 e^{V1} ∇^α W^{(1)}_α H_1

O_{12} = 1 M^2 ∫ d^4θ Z_{12}(S, S^†) H^†_2 e^{V2} ∇^α W^{(2)}_α H_2

O_{13} = 1 M^2 ∫ d^4θ Z_{13}(S, S^†) H^†_1 e^{V1} W^{(1)}_α ∇^α H_1

O_{14} = 1 M^2 ∫ d^4θ Z_{14}(S, S^†) H^†_2 e^{V2} W^{(2)}_α ∇^α H_2 (5.6)

Also ∇_α H_i = e^{−Vi} D_α e^{Vi} H_i and W^{(i)}_α is the field strength of V_i. In the most generic

case, the above operators should actually include spurion dependence of ar-

bitrary coefficients under any ∇_α, in order to include supersymmetry breaking

effects associated to them. The wavefunction coefficients introduced above have

the structure 1 M^2

Z_i(S, S^†) = α_{i0} + α_{i1} m_0 θθ + α^∗_{i1} m_0 θθ + α_{i2} m^2_0 θθθθ, α_{i j} ∼ 1/M^2. (5.7)

Regarding the origin of these operators: O_{1,2,3} can be generated in MSSM with an additional, massive U(1)^′ gauge boson or S U(2) triplets integrated out [76]. O_4 can be generated by a massive gauge singlet or S U(2) triplet while O_{5,6} can be generated by a combination of S U(2) doublets and massive gauge singlet. O_7 is essentially a threshold correction to the gauge coupling with a moduli field replaced by the Higgs. O_8 exists only in broken supersymmetry but is generated when redefining away the d = 5 derivative operator, thus we keep it.

Let us consider for a moment the operators O_{9,...14} in the exact supersymmetry case. We can use the equations of motion to set some of them on shell^2:

− 1 4 D^2 (H^†_2 e^{V2} ) + μ H^T_1 (iσ_2) = 0, 1 4 D^2 (H^†_1 e^{V1} ) + μ H^T_2 (iσ_2) = 0 (5.8)

We find that in the supersymmetric case^3:

O_9 ∼ ∫ d^4θ H^†_1 ∇^2 e^{V1} ∇^2 H_1 = 16 |μ|^2 ∫ d^4θ H^†_1 e^{V1} H_1 (5.9)

and similar for O_{10}. Regarding O_{11,12}, they vanish in the supersymmetric case, following the definition of ∇^α and an integration by parts. Furthermore, O_{13,14} are similar to O_{9,10} which can be seen by using the definition of W^{(i)}_α and the relation between ∇^2, (∇^2) and D^2, (D^2).

Summarizing, in the exact supersymmetry case the operators O_{9...14} give at most wavefunction renormalisations of operators already included. The supersymmetry breaking terms also bring simply soft terms and μ term renormalization. Since these terms are anyway renormalised by O_{1,...8}, where spurion

2 Superpotential convention: ∫ d^2θμ H_1.H_2 = ∫ d^2θ μ H^T_1 (iσ_2) H_2 ≡ ∫ d^2θ μ ϵ^{i j} H^i_1 H^j_2; ϵ^{12} = 1 = −ϵ^{21}._3

Also using (iσ_2) e^{−Λ} = e^{ΛT} (iσ_2); Λ ≡ Λ^a T^a; (iσ_2)^T = −(iσ_2); (iσ_2)^2 = −1_2

dependence is included with arbitrary coefficients, then for what follows there is no loss of generality in ignoring the supersymmetry breaking effects associated to O_{9,...14}. In other words, this discussion shows that O_{9,...,14} are not relevant for the analysis of the Higgs potential performed below. Finally, there can be an additional operator of d = 6 from the gauge sector, O_{15} = (1/M^2) ∫ d^2θ W^α□W_α which could affect the Higgs potential^4. Using the equations of motion for the gauge field it can be shown that O_{15} gives a renormalisation of O_{1,2,3}, so its effects are ultimately included, since the coefficients Z_{1,2,3} are arbitrary.

In conclusion, the list of d = 6 operators that remain for our study of the Higgs sector beyond MSSM is that of (5.5). Let us stress that not all these operators are necessarily present or generated in a detailed model. Symmetries and details of the “new physics” beyond the MSSM that generated them, may forbid or favour the presence of some of them. Therefore, we regard these remaining operators as independent of each other, although in specific models correlations may exist among their coefficients Z_i. It is important to keep all these operators in the analysis, for the purpose of identifying which of them has the largest individual contribution to the Higgs mass, one of the main interests of this analysis. Finally, some of the d = 6 operators can in principle be present even in the absence of the d = 5 operators, if these classes of operators are generated by integrating different “new physics”. In specific UV completions, one simply keeps the terms generated by the model and sets all the rest to zero.

4Its complete gauge invariant form is ∫ d^4θ T r e^V W^αe^{−V} D^2(e^V W_αe^{−V} ).

5.2 The Scalar Potential

Following the previous discussion, the overall Lagrangian of the model is

L_H = L_0 + L_1 + 8∑ i=1 O_i (5.10)

with the MSSM Higgs Lagrangian L_0 of eq. (5.1), L_1 of eq. (5.2) and O_{1,2,....,8} of

eq. (5.5).

In order to calculate the scalar potential we need the bosonic expansion of

the Lagrangian. For the dimension-six operators we have:

O_1 = 1 M^2 ∫ d^4θ Z_1(S, S^†) (H^†_1 e^{V1} H_1)^2

= 2α_{10} [ (h^†_1h_1) [ (D_μh_1)^† (D^μh_1) + h^†_1

D_1 2 h_1 + F^†_1 F_1 ] + | h^†_1F_1|^2 + (h^†_1D^μh_1)(h^†_1←−−D_μh_1) ] + [ 2 α_{11} m_0 (h^†_1h_1)(F^†_1 h_1) + h.c. ] + α_{12} m^2_0 (h^†_1h_1)^2 + fermionic part (5.11)

O_2 = 1 M^2 ∫ d^4θ Z_2(S, S^†) (H^†_2 e^{V2} H_2)^2

= 2α_{20} [ (h^†_2h_2) [ (D_μh_2)^† (D^μh_2) + h^†_2

D_2 2 h_2 + F^†_2 F_2 ] + |h^†_2F_2|^2 + (h^†_2D^μh_2)(h^†_2←−−D_μh_2) ] + [ 2 α_{21} m_0 (h^†_2h_2)(F^†_2 h_2) + h.c. ] + α_{22} m^2_0 (h^†_2h_2)^2 + fermionic part (5.12)

O_3 = 1 M^2 ∫ d^4θ Z_3(S, S^†) (H^†_1 e^{V1} H_1) (H^†_2 e^{V2} H_2),

= α_{30} { (h^†_1h_1) [ (D_μh_2)^† (D^μh_2) + h^†_2

D_2 2 h_2 + F^†_2 F_2 ] + (h^†_1F_1)(F^†_2 h_2) + (1 ↔ 2) } + α_{30} [ (h^†_1D_μh_1)(h^†_2←−D^μh_2) + h.c. ] + { α_{31} m_0 [ (h^†_1h_1)(F^†_2h_2) + (h^†_2h_2)(F^†_1 h_1) ] + h.c. } + α_{32} m^2_0 (h^†_1h_1)(h^†_2h_2) + fermionic part (5.13)

O_4 = 1 M^2 ∫ d^4θ Z_4(S, S^†) (H_2 . H_1) (H_2 . H_1)^†,

= α_{40} ∂_μ(h_2.h_1) ∂^μ(h_2.h_1)^† + [ α_{41} m_0 (h_2.h_1) (h_2.F_1 + F_2.h_1)^† + h.c. ] + α_{42} m^2_0 (h_2.h_1) (h_2.h_1)^† + α_{40} |h_2 · F_1 + F_2 · h_1|^2 + fermionic part (5.14)

O_5 = 1 M^2 ∫ d^4θ Z_5(S, S^†) (H^†_1 e^{V1} H_1) H_2. H_1 + h.c.

= α_{50} {[ (D_μh_1)^† (D^μh_1) + h^†_1

D_1 2 h_1 + F^†_1 F_1 ] (h_2.h_1) + (h^†_1←−D_μh_1) ∂^μ(h_2.h_1) } + [ α_{50} (F^†_1 h_1) + α^∗_{51} m_0 (h^†_1 h_1) ] (h_2.F_1 + F_2.h_1) + m_0 [ α_{51} (F^†_1 h_1) + α^∗_{51} (h^†_1F_1) ] (h_2.h_1)

+ α_{52} m^2_0 (h^†_1h_1) (h_2.h_1) + h.c. of all + fermionic part (5.15)

O_6 = 1 M^2 ∫ d^4θ Z_6(S, S^†) (H^†_2 e^{V2} H_2) H_2. H_1 + h.c.

= α_{60} {[ (D_μh_2)^† (D^μh_2) + h^†_2

D_2 2 h_2 + F^†_2 F_2 ] (h_2.h_1) + (h^†_2←−D_μh_2) ∂^μ(h_2.h_1) } + [ α_{60} (F^†_2 h_2) + α^∗_{61} m_0 (h^†_2 h_2) ] (h_2.F_1 + F_2.h_1) + m_0 [ α_{61} (F^†_2 h_2) + α^∗_{61} (h^†_2F_2) ] (h_2.h_1)

+ α_{62} m^2_0 (h^†_2h_2) (h_2.h_1) + h.c. of all + fermionic part (5.16)

O_7 = 1 M^2 1 16g^2κ ∫ d^2θ Z_7(S, 0) Tr W^α W_α (H_2 H_1) + h.c. = 1 2 (D^2_w + D^2_Y ) [ α_{70} (h_2.h_1) + α^∗_{70} (h_2.h_1)^† ] + fermionic part (5.17)

O_8 = 1 M^2 ∫ d^4θ [ Z_8(S, S^†) [(H_2 H_1)^2 + h.c.] ]

= 2 α^∗_{81} m_0 (h_2.h_1) (h_2.F_1 + F_2.h_1) + m^2_0 α_{82} (h_2 · h_1)^2 + h.c. + fermionic part(5.18)

The notation is as follows: D^μh_i = (∂^μ + i/2 V^μ_i ) h_i, h^†_i ←−D^μ = (D^μh_i)^†. Further,

D_1 ≡ ⃗D_w ⃗T + (−1/2) D_Y and D_2 ≡ ⃗D_w ⃗T + (1/2) D_Y , T^a = σ^a/2. Finally, one rescales

in all O_i (i � 7): V_w → 2 g_2 V_w, V_y → 2 g_1 V_y. Then V_{1,2} = 2 g_2 ⃗V_w ⃗T + 2 g_1 (∓1/2) V_y

with the upper sign (minus) for V_1, where V_{1,2} enter the definition of O_{1,2}. Other

notations used above: H_1 · H_2 = ϵ^{i j} H^i_1 H^j_2. Also |h_1 · h_2|^2 = |h^i_1 ϵ^{i j} h^j_2|^2 = |h_1|^2 |h_2|^2 −

|h^†_1 h_2|^2; ϵ^{i j} ϵ^{k j} = δ^{ik}; ϵ^{i j} ϵ^{kl} = δ^{ik} δ^{jl} − δ^{il} δ^{jk}, ϵ^{12} = 1, with

h_1 = h^0_1

h^−_1 ≡ h^1

h^2_1

, Y_{h1} = −1; h_2 = h^+_2

h^0_2 ≡ h^1_2

h^2

, Y_{h2} = +1 (5.19)

With these results we find the following contributions to the scalar potential:

V_F =

∂^2 K ∂ h_i ∂ h^∗_j

F_i F^∗_j = |F_1|^2 + |F_2|^2 +

∂^2 K_6 ∂ h_i ∂ h^∗_j

F_i F^∗_j (5.20) where K_6 is the contribution of O(1/M^2) to the Kähler potential due to O_{1,...8}. Also,

F^{∗q}_1 = −{ϵ^{qp} h^p_2 [μ + 2 ζ_{10} (h_1.h_2) + ρ_{11}] + h^{∗q}_1 ρ_{12}} F^{∗q}_2 = −{ϵ^{pq} h^p_1 [μ + 2 ζ_{10} (h_1.h_2) + ρ_{21}] + h^{∗q}_2 ρ_{22}} (5.21)

where ρ_{i j} are functions of h_{1,2}:

ρ_{11} = −(2α_{10} μ + α_{40}μ + α^∗_{51} m_0)|h_1|^2 − (α_{30} μ + α_{40}μ + α^∗_{61} m_0) |h_2|^2 −(α^∗_{41} m_0 + α^∗_{50} μ) (h_2.h_1)^∗ + [ (α_{60} + 2 α_{50}) μ + 2α^∗_{81} m_0] (h_1.h_2) ρ_{12} = (2α^∗_{11} m_0 + α^∗_{50} μ)|h_1|^2 + (α^∗_{31} m_0 + α^∗_{50} μ) |h_2|^2

−[(2α_{10} + α_{30}) μ + α^∗_{51} m_0] (h_1.h_2) + α^∗_{51} m_0 (h_2.h_1)^∗ (5.22)

ρ_{21} = −(2α_{20} μ + α_{40}μ + α^∗_{61} m_0)|h_2|^2 − (α_{30} μ + α_{40}μ + α^∗_{51} m_0) |h_1|^2 −(α^∗_{41} m_0 + α^∗_{60} μ) (h_2.h_1)^∗ + [ (α_{50} + 2 α_{60}) μ + 2α^∗_{81} m_0] (h_1.h_2) ρ_{22} = (2α^∗_{21} m_0 + α^∗_{60} μ)|h_2|^2 + (α^∗_{31} m_0 + α^∗_{60} μ) |h_1|^2

−[(2α_{20} + α_{30}) μ + α^∗_{61} m_0] (h_1.h_2) + α^∗_{61} m_0 (h_2.h_1)^∗ (5.23)

The first two terms in the rhs of (5.20) give (h_i denote S U(2)_L doublets, |h_i|^2 ≡ h^†_i h_i):

V_{F,1} ≡ |F_1|^2 + |F_2|^2 = |μ + 2 ζ_{10} h_1.h_2|^2 (|h_1|^2 + |h_2|^2) + [ μ^∗ ( |h_1|^2 ρ_{21} + |h_2|^2 ρ_{11} + (h_1.h_2)^† (ρ_{22} + ρ_{12}) ) + h.c. ] (5.24) The nontrivial field dependent Kähler metric gives for the last term in V_F of eq. (5.20):

V_{F,2} = |μ|^2 [ 2 (α_{10} + α_{20} + α_{40})|h_1|^2 |h_2|^2 + (α_{30} + α_{40}) (|h_1|^4 + |h_2|^4)

+ 2 (α_{10} + α_{20} + α_{30}) |h_1.h_2|^2 + (|h_1|^2 + 2 |h_2|^2)(α_{50} h_2.h_1 + h.c.)

+ (2|h_1|^2 + |h_2|^2)(α_{60} h_2.h_1 + h.c.) ] (5.25)

so that V_F = V_{F,1} + V_{F,2}. Furthermore, from the gauge part we have:

D^a_w = −g_2 [ h^†_1T^a h_1 (1 + ρ̃_1) + h^†_2 T^a h_2 (1 + ρ̃_2) ] , T^a = σ^a/2

D_Y = −g_1 [ h^†_1 −1 2 h_1 (1 + ρ̃_1) + h^†_2 1 2 h_2 (1 + ρ̃_2) ] (5.26)

with notation:

ρ̃_1(h_{1,2}) ≡ 2α_{10} |h_1|^2 + α_{30} |h_2|^2 + [(α_{50} − α_{70}) h_2.h_1 + h.c.]

ρ̃_2(h_{1,2}) ≡ 2α_{20} |h_2|^2 + α_{30} |h_1|^2 + [(α_{60} − α_{70}) h_2.h_1 + h.c.] (5.27)

This gives

D^a_w D^a_w = g^2 4 [ ((1 + ρ̃_1) |h_1|^2 − (1 + ρ̃_2) |h_2|^2)^2 + 4 (1 + ρ̃_1)(1 + ρ̃_2) |h^†_1 h_2|^2]

D^2_Y = g^2_1 4 ((1 + ρ̃_1) |h_1|^2 − (1 + ρ̃_2) |h_2|^2)^2 (5.28)

So the gauge part of the scalar potential is written as:

V_{gauge} = 1 2 (D^2_w + D^2_Y ) [1 + (α_{70} h_2.h_1 + h.c.)] = g^2_1 + g^2 8 (|h_1|^2 − |h_2|^2) [(1 + f_1(h_{1,2})) |h_1|^2 − (1 + f_2(h_{1,2})) |h_2|^2] + g^2 2 (1 + f_3(h_{1,2}))|h^†_1 h_2|^2 (5.29)

obtained with (5.26) and where f_{1,2,3} are functions of h_{1,2}:

f_1(h_{1,2}) ≡ 4 α_{10} |h_1|^2 + [ (2α_{50} − α_{70}) h_2.h_1 + h.c.)] f_2(h_{1,2}) ≡ 4 α_{20} |h_2|^2 + [ (2α_{60} − α_{70}) h_2.h_1 + h.c.)]

f_3(h_{1,2}) ≡ ρ̃_1 + ρ̃_2 + (α_{70} h_2.h_1 + h.c.) (5.30)

The scalar potential also has corrections V_{S S B} from supersymmetry breaking, due to spurion dependence in higher dimensional operators. In addition we also have the usual soft breaking term from the MSSM. As a result

V_{S S B} = −m^2_0 [ α_{12} |h_1|^4 + α_{22} |h_2|^4 + α_{32} |h_1|^2 |h_2|^2 + α_{42} |h_2.h_1|^2 (5.31) + (α_{52} |h_1|^2 (h_2.h_1) + h.c.) + (α_{62} |h_2|^2 (h_2.h_1) + h.c.) ]

− [ m^2_0 α_{82} (h_1.h_2)^2 + ζ_{11} m_0 (h_2.h_1)^2 + μ B m_0 (h_1.h_2)+h.c. ] +m^2_0 (c_1|h_1|^2 +c_2|h_2|^2)

Finally, in O_{1,...8} there are non standard kinetic terms that can contribute to V when the scalar singlet components (denoted h^0_i ) of h_i acquire a vev. The relevant terms are:

L_H ⊃ (δ_{i j}∗ + g_{i j}∗ ) ∂_μ h^0_i ∂^μh^{0∗}_j , i, j = 1, 2. (5.32)

where the field dependent metric is:

g_{11}∗ = 4 α_{10} |h^0_1|^2 + (α_{30} + α_{40}) |h^0_2|^2 − 2 (α_{50} h^0_1 h^0_2 + h.c.) g_{12}∗ = (α_{30} + α_{40}) h^{0∗}_1 h^0_2 − α^∗_{50} h^{0∗2}_1 − α_{60} h^{0 2}_2 , g_{21}∗ = g^∗_{12}∗ g_{22}∗ = 4 α_{20} |h^0_2|^2 + (α_{30} + α_{40}) |h^0_1|^2 − 2 (α_{60} h^0_1 h^0_2 + h.c.) (5.33)

For simplicity we only included the S U(2) higgs singlets contribution, that we actually need in the following, but the discussion can be extended to the general case. The metric g_{i j}∗ is expanded about a background value ⟨h^0_i ⟩ = v_i/ √ 2, then field redefinitions are performed to obtain canonical kinetic terms. They are:

h^0_1 → h^0_1 ( 1 − g̃_{11}∗ 2 ) − g̃_{21}∗ 2 h^0_2

h^0_2 → h^0_2 ( 1 − g̃_{22}∗ 2 ) − g̃_{12}∗ 2 h^0_1, g̃_{i j}∗ ≡ g_{i j}∗ | |_{h0}

i →v_i/ √ 2 (5.34)

These bring further corrections to the scalar potential.

Since the metric has corrections which are O(1/M^2), after (5.34) only the

MSSM soft breaking terms and the MSSM quartic terms are affected. The other

terms in the scalar potential, already suppressed by one or more powers of the

scale M are affected only beyond the approximation O(1/M^2) considered here.

Following (5.34) the correction terms O(1/M^2) induced by the MSSM quartic

terms and by soft breaking terms in V_{S S B} are:

V_{k.t.} = m̃^2_1 (−g̃^∗_{11}) | h^0_1 |^2 + m̃^2 (−g̃^∗_{22}) | h^0_2 |^2 − 1 2 (m̃^2_1 + m̃^2) (g̃_{21}∗ h^{0∗}_1 h^0_2 + h.c.) + 1 2 [ B m_0 μ ( (g̃_{11}∗ + g̃_{22}∗ ) h^0_1 h^0_2 + g̃_{12}∗ h^{0 2}_1 + g̃_{21}∗ h^{0 2}_2 ) + h.c. ]

− g^2 8 ( | h^0_1 |^2 − | h^0_2 |^2) (g̃_{11}∗ | h^0_1 |^2 − g̃_{22}∗ | h^0_2 |^2 + h.c.) (5.35)

Using equations (5.20), (5.29), (5.31) and (5.35), we find the full scalar potential.

With notation m̃^2_i ≡ c_im^2_0 + |μ|^2, i = 1, 2 one finally has:

V = V_{F,1} + V_{F,2} + V_G + V_{S S B} + V_{k.t.} (5.36)

= V_{k.t.} + m̃^2_1|h_1|^2 + m̃^2|h_2|^2 − [μ B m_0 h_1 · h_2 + h.c.] + λ_1 2 |h_1 |^4 + λ_2 2 |h_2 |^4 + λ_3 |h_1 |^2 |h_2 |^2 + λ_4 | h_1 · h_2 |^2 + ( λ_5 2 (h_1 · h_2)^2 + λ_6 | h_1 |^2 (h_1 · h_2) + λ_7 | h_2 |^2 (h_1 · h_2) + h.c. )

+ g^2 8 (|h_1|^2 − |h_2|^2)( f_1(h_{1,2}) |h_1|^2 − f_2(h_{1,2}) |h_2|^2) + 4 |ζ_{10}|^2|h_1.h_2|^2 (|h_1|^2 + |h_2|^2) + g^2 2 f_3(h_{1,2}) |h^†_1h_2|^2

where g^2 = g^2_1 + g^2, and f_{1,2,3}(h_{1,2}) are all quadratic in h_i, see eq. (5.30). Except V_{k.t.},

all other fields are in the SU(2) doublets notation. λ_i are given by λ_1/2 = λ^0_1/2 − |μ|^2 (α_{30} + α_{40}) − m^2_0 α_{12} − 2m_0 Re[α_{51} μ] (5.37) λ_2/2 = λ^0_2/2 − |μ|^2 (α_{30} + α_{40}) − m^2_0 α_{22} − 2m_0 Re[α_{61} μ]

λ_3 = λ^0_3 − 2 |μ|^2 (α_{10} + α_{20} + α_{40}) − m^2_0 α_{32} − 2m_0 Re[(α_{51} + α_{61}) μ] λ_4 = λ^0_4 − 2 |μ|^2 (α_{10} + α_{20} + α_{30}) − m^2_0 α_{42} − 2 m_0 Re[(α_{51} + α_{61}) μ] λ_5/2 = − m_0 μ (α_{51} + α_{61}) − m_0 ζ_{11} − m^2_0 α_{82}

λ_6 = |μ|^2 (α_{50} + 2 α_{60}) + m^2_0 α_{52} + m_0 μ (2 α_{11} + α_{31} + α_{41}) + 2 m_0 μ^∗ α^∗_{81} + 2 ζ_{10} μ^∗ λ_7 = |μ|^2 (α_{60} + 2 α_{50}) + m^2_0 α_{62} + m_0 μ (2 α_{21} + α_{31} + α_{41}) + 2 m_0 μ^∗ α^∗_{81} + 2 ζ_{10} μ^∗ where

λ^0_1/2 = 1 8 (g^2 + g^2_1), λ^0_2/2 = 1 8 (g^2 + g^2_1), λ^0_3 = 1 4 (g^2 − g^2_1), λ^0_4 = − 1 2 g^2, (5.38)

denote the pure MSSM contribution. One can include MSSM loop corrections by replacing λ^0_i with radiatively corrected values [92].

Equations (5.36) and (5.37) show the effects of various higher dimensional operators on the scalar potential. As a reminder, note that all α_{ik} ∼ O(1/M^2) while ζ_{11}, ζ_{10} ∼ O(1/M). In principle, the dimension-five pieces are the dominant. However, as we will see later, when tan β is large the effect on a physical observable of dimension-five and six terms can be of similar size. In specific models correlations exist among these coefficients. The above remarks apply to the case when the d = 5 and d = 6 operators considered are generated by the same “new physics” beyond the MSSM (i.e. are suppressed by the same scale). However, as mentioned earlier, this may not always be the case; in various models contributions from some d = 6 operators can be independent of those from d = 5 operators (and present even in the absence of the latter), if generated by different “new physics”. A case by case study is then needed for a thorough analysis of all possible scenarios beyond the MSSM higgs sector.

The overall sign of the h^6 terms depends on the relative size of α_{j0}, j = 1, 2, 5, 6, 7, and cannot be fixed even locally, in the absence of the exact values of these coefficients. ζ_{10} also contributes to the overall sign, however this alone cannot fix it. At large fields’ values higher and higher dimensional operators become relevant and contribute to it. We therefore do not impose that V be bounded from below at large fields. For a discussion of stability with d = 5 operators only see [95].

Eq. (5.36) is the main result of this section. For simplicity, one can take g̃_{12}∗ and g̃_{21}∗ to be real, possible if for example α_{50} and α_{60} are real and there is no vev for Imh_i. Bm_0μ can also be taken to be real. In the next section we shall adopt these simplifications.

5.3 Corrections to the MSSM Higgs Masses

Having obtained the general expression for the scalar potential, we proceed with the computation of the mass spectrum. The general expression for the mass of the CP-even Higgs fields h, H is:

m^2_{h,H} ≡ 1 2 ∂^2V ∂h^0_i ∂h^0_j | | |_{⟨hi⟩=vi/} √_{2,⟨ Im hi⟩=0} (5.39)

In the leading order O(1/M) one has (upper signs for m_h):

m^2_{h,H} = m^2_Z 2 + B m_0μ(u^2 + 1) 2 u ∓ √ w 2 + v^2 [ (2 ζ_{10} μ) q^±_1 + (−2 m_0 ζ_{11}) q^±_2 ] + δm^2_{h,H} (5.40)

with q^±_1 = 1 4 u^2 (1 + u^2) √ w × [ − (1 − 6u^2 + u^4) u √ w ∓ ( m^2_Zu(1 − 14u^2 + u^4) − B m_0μ(1 + u^2)(1 + 10u^2 + u^4) )]

q^±_2 = ∓ 2u (1 + u^2)^2 √ w [ − B m_0μ(1 + u^2) − m^2_Z u ] (5.41)

where

w ≡ m^4_Z + [ − B m_0 μ(1 + u^2)^3 + 2m^2_Zu(1 − 6u^2 + u^4)]

(−B m_0μ) u^2(1 + u^2)

, u ≡ tan β (5.42)

In eq. (5.40)

δm^2_{h,H} = O(1/M^2) (5.43)

and we also used that m_Z = g v/2. One also shows that the Goldstone mode has

m_G = 0 and the pseudoscalar A has a mass:

m^2_A =

1 + u^2 u B m_0 μ −

1 + u^2 u ζ_{10} μ v^2 + 2 m_0 ζ_{11} v^2 + δm^2_A, δm^2_A = O(1/M^2) (5.44)

These results agree with the independent calculation up to order O(1/M) of the

previous chapters.

Ignoring for the moment the corrections O(1/M^2), one eliminates Bm_0μ be-

tween (5.40) and (5.44) to obtain:

m^2_{h,H} = 1 2 [ m^2_A + m^2_Z ∓ √ w̃ ]

+ (2 ζ_{10} μ) v^2 sin 2β [ 1 ± m^2_A + m^2_Z √ w̃ ] + (−2 ζ_{11} m_0) v^2 2 [ 1 ∓ (m^2_A − m^2_Z) cos^2 2β √ w̃ ]

+ δ^′m^2_{h,H}, δ^′m^2_{h,H} = O(1/M^2) (5.45)

where the upper (lower) signs correspond to h (H) respectively and

w̃ ≡ (m^2_A + m^2_Z)^2 − 4 m^2_A m^2_Z cos^2 2β (5.46)

This is important if one considers m_A as an input; it is also needed if one considers the limit of large tan β at fixed m_A (see later).

The O(1/M^2) corrections δm^2_{h,H}, δm^2_A and δ^′m^2_{h,H} of equations (5.40), (5.44) and (5.45) in the general case of including all operators and their associated supersymmetry breaking, have a rather complicated form. For most purposes, an expansion in 1/ tan β is accurate enough. The reason for this is that it is only at large tan β that d = 6 operators bring corrections comparable to those of d = 5. The relative tan β enhancement of O(1/M^2) operators compensates for the extra suppression factor 1/M that these operators have relative to O(1/M) operators (which involve both h_1 and h_2 and thus are not enhanced in this limit).

If we neglect supersymmetry breaking effects of d = 6 operators (i.e. α_{j1} = α_{j2} = 0, α_{j0} � 0, j = 1, ..., 8) and with d = 5 operators contribution, one has^5 for the correction δm^2_{h,H} in eq. (5.40) (upper signs correspond to δm^2_h)

δm^2_{h,H} = 7∑ j=1 γ^±_j α_{j 0} + γ^±_x ζ_{10} ζ_{11} + γ^±_z ζ^2_{10} + γ^±_y ζ^2_{11} (5.47)

The expressions of the coefficients γ^± are provided in Appendix A and can be used for numerical studies. While these expressions are exact, they are complicated and not very transparent. It is then instructive to analyse an approximation of the O(1/M^2) correction as an expansion in 1/ tan β. We present in this limit the correction δm^2_{h,H} of eq. (5.40), which also includes all supersymmetry breaking effects associated with all d = 5, 6 operators, (i.e. α_{j1} � 0, α_{j2} � 0, ζ_{11} � 0, j = 1, ..8) in addition to the MSSM soft terms. This has a simple expression:

δm^2_h = −2 v^2 [ α_{22}m^2_0 + 2α_{61} m_0μ + (α_{30} + α_{40}) μ^2 − α_{20} m^2_Z ] 5In the case of including the supersymmetry breaking effects from effective operators, associated with coefficients α_{j1}, α_{j2} j = 1, 2, ..8, the exact formula is very long and is not included here.

+ v^2 tan β [ 4 α_{62} m^2_0 + 4μ m_0 (2α_{21} + α_{31} + α_{41} + 2α_{81}) + 4μ^2 (2α_{50} + α_{60}) − m^2_Z (2α_{60} − 3α_{70}) − v^2 (Bm_0μ)

(2ζ_{10} μ)^2 ] + O(1/ tan^2 β) (5.48)

which is obtained with Bm_0μ kept fixed. The result is dominated by the first line, including both SUSY and non-SUSY terms from the effective operators. This correction can be comparable to linear terms in ζ_{10}, ζ_{11} from d = 5 operators for (2 ζ_{10}μ) ≈ 1/ tan β (see later). Not all O_{1,2...8} are necessarily present, so in some models some α_{i j}, ζ_{10}, ζ_{11} could vanish. Also:

δm^2_H = − 1 4 (Bm_0μ) v^2 α_{60} tan^2 β + v^2 tan β 8 [ − 8Bm_0μ α_{20} − 4α_{62}m^2_0 − 4μ m_0(2α_{21} + α_{31} + α_{41} + 2α_{81}) − 4μ^2 (2α_{50} + α_{60}) + (2α_{60} − α_{70}) m^2_Z ] + 3 4 Bm_0μ v^2(α_{50} + α_{60}) + v^2 8 tan β [ − 8Bm_0μα_{10} + (12α_{52} − 16α_{62})m^2_0 − 4μm_0(−6α_{11} + 8α_{21} + α_{31} + α_{41} + 2α_{81}) − 4μ^2(5α_{50} − 2α_{60}) + (6α_{50} + 20α_{60} − 13α_{70}) m^2_Z +

8 v^2 Bm_0μ

(2 ζ_{10} μ)^2 ] + O(1/ tan^2 β) (5.49)

which is obtained for (Bm_0μ) fixed. Note the O(1/M^2) effects from d = 5 operators (ζ^2_{10}).

Similar expressions exist for the neutral pseudoscalar A. The results are simpler in this case and we present the exact expression of δm^2_A of (5.44) in the most general case, that includes all supersymmetry breaking effects from the operators of d = 5, 6 and from the MSSM. One finds

δm^2_A = v^2 8 tan^2 β (1 + tan^2 β) [ − 2 B m_0μ α_{50} + [ − (4α_{31} + 4α_{41} + 8α_{81} + 8α_{11}) m_0μ − 4α_{52}m^2_0 − 8Bm_0μα_{10} − 4 (α_{50} + 2α_{60})μ^2 + (2α_{50} − α_{70}) m^2_Z ] tan β + [2B m_0 μ (10α_{50} + 3α_{60}) + 16α_{82}m^2_0 + 16(α_{51} + α_{61})m_0 μ] tan^2 β + 2 [− 4B m_0μ(α_{10} + α_{20} + 2 α_{30} + 2 α_{40})− 6(α_{50} + α_{60}) μ^2 − (α_{50} + α_{60} − α_{70}) m^2_Z

− 2(α_{62} + α_{52}) m^2_0 − 4(α_{11} + α_{21} + α_{31} + α_{41} + 2α_{81}) m_0μ] tan^3 β + [2 B m_0 μ (3α_{50} + 10 α_{60}) + 16α_{82}m^2_0 + 16(α_{51} + α_{61}) m_0μ] tan^4 β − [8B m_0μ α_{20} + 4 (2α_{50} + α_{60}) μ^2 − (2α_{60} − α_{70}) m^2_Z + 4α_{62} m^2_0 + 4 (2α_{21} + α_{31} + α_{41} + 2α_{81}) m_0 μ] tan^5 β − 2 B m_0 μ α_{60} tan^6 β ] (5.50)

We also showed that δm_G = 0 so the Goldstone mode remains massless in O(1/M^2), which is a good consistency check. A result similar to that in eq. (5.48) is found from an expansion of (5.50) in the large tan β limit:

δm^2_A = − 1 4 (Bm_0μ) α_{60} v^2 tan^2 β + tan β 8 v^2 [ − 8Bm_0μα_{20} − 4α_{62}m^2_0 − (8α_{21} + 4α_{31} + 4α_{41} + 8α_{81}) m_0μ − (8α_{50} + 4α_{60})μ^2 + 2α_{60} m^2_Z − α_{70} m^2_Z ] + v^2 4 [ Bm_0μ(3α_{50} + 11α_{60}) + 8m^2_0α_{82} + 8m_0μ(α_{51} + α_{61}) ]

+ v^2 8 tan β [ − 8Bm_0μ (α_{10} + 2α_{30} + 2α_{40}) − 4 (2α_{11} + α_{31} + α_{41} + 2α_{81}) m_0μ − 4α_{52} m^2_0 − (4α_{50} + 8α_{60})μ^2 − (2α_{50} + 4α_{60} − 3α_{70})m^2_Z ] + O(1/ tan^2 β) (5.51)

We emphasise that the large tan β limits presented so far were done with (B m_0μ) fixed. While this is certainly an interesting case, a more natural expression to consider at large tan β is that in which one keeps m_A fixed and Bm_0μ arbitrary. We present below the correction O(1/M^2) to m^2_{h,H} for the case m_A is kept fixed to an appropriate value. The result is (assuming m_A > m_Z , otherwise δ^′m^2_h and δ^′m^2_H are exchanged):

δ^′m^2_h = −2 v^2 [ α_{22} m^2_0 + (α_{30} + α_{40})μ^2 + 2α_{61} m_0 μ − α_{20} m^2_Z ] − (2 ζ_{10} μ)^2 v^4 m^2_A − m^2_Z + v^2 tan β [ 1 (m^2_A − m^2_Z) ( 4 m^2_A ( (2α_{21} +α_{31} +α_{41} +2α_{81}) m_0 μ+(2α_{50} +α_{60}) μ^2 + α_{62} m^2_0)

− (2α_{60} − 3α_{70}) m^2_A m^2_Z − (2α_{60} + α_{70}) m^4_Z ) + 8 (m^2_A + m^2_Z) (μ m_0 ζ_{10} ζ_{11}) v^2 (m^2_A − m^2_Z )^2 ]

+ O(1/ tan^2 β) (5.52)

A similar formula exists for the correction to m_H:

δ^′m^2_H = [ − 2 (m_0μ (α_{51} + α_{61}) + α_{82} m^2_0) v^2 +

(2 ζ_{10} μ)^2 v^4 m^2_A − m^2_Z ]

+ v^2 tan β [ 1 m^2_A −m^2_Z ( 2m^2_A (2 (α_{11} −α_{21}) m_0μ +(α_{60} −α_{50}) μ^2 +(α_{52} −α_{62}) m^2_0 − α_{60} m^2_A) − [ 4 (α_{11} + α_{21} + α_{31} + α_{41} + 2α_{81}) m_0μ + 6(α_{50} + α_{60}) μ^2 + 2(α_{52} + α_{62}) m^2_0 − (α_{50} +5α_{60} −2α_{70}) m^2_A] m^2_Z − (α_{50} − α_{60}) m^4_Z ) − 8 (m^2_A + m^2_Z) (μ m_0 ζ_{10} ζ_{11}) v^2 (m^2_A − m^2_Z )^2 ] + O(1/ tan^2 β) (5.53)

Corrections (5.52) and (5.53) must be added to the rhs of eq. (5.45) to obtain the value of m^2_{h,H} expressed in function of m_A. The corrections in equations (5.47) to (5.53) extend those of the previous chapter to include all O(1/M^2) terms.

From equations (5.48) and (5.52) we are able to identify the effective operators of d = 6 that give the leading contributions to m^2_h, which is important for model building. These are O_{2,3,4} in the absence of supersymmetry breaking and O_{2,6} when this is broken. It is however preferable to increase m^2_h by supersymmetric rather than supersymmetry-breaking effects of the effective operators, because the latter are less under control in the effective approach and one would favour a supersymmetric solution to the fine-tuning problem associated with increasing the MSSM Higgs mass above the LEPII bound. Therefore O_{2,3,4} are the leading operators, with the remark that O_2 has a smaller effect, of order (m_Z /μ)^2 relative to O_{3,4} (for similar α_{j0}, j = 2, 3, 4). At smaller tan β, O_{5,6} can also give significant contributions while O_7 has a relative suppression factor (m_Z/μ)^2.

5.4 Analysis of the Leading Corrections and Effective Opera-

tors

One expects that when in the Lagrangian appear effective operators of mass dimension five and six, coming from the same UV physics, those of dimension six will be subleading. However, this is not the case when an extra suppression

makes the two classes comparable. In our case, some dimension five operators are suppressed by 1/(M tan β) but dimension six only have 1/M^2. Thus, in the limit of large tan β these two classes can be comparable.

In the particular case of the Higgs mass, by comparing O(1/M) terms in eq. (5.45) against O(1/M^2) terms in equations (5.52) and (5.53), one identifies

the situation when these two classes of operators give comparable corrections:

4m^2_A m^2_A − m^2_Z

| ζ_{10} μ | tan β ≈ | | |α^{22}m^20 + (α^{30} + α^{40})μ^2 + 2α^{61}m^0μ − α^{20}m^2Z +

2 (ζ_{10} μ)^2 v^2 m^2_A − m^2_Z | | | | | | ζ^{11} m^0 +

4m^2_Z m^2_A − m^2_Z ζ_{10} μ tan β | | | ≈ | | | (m^0μ (α^{51} + α^{61}) + α^{82} m^20) −

2 (ζ_{10} μ)^2 v^2 m^2_A − m^2_Z | | | (5.54)

In this case O(1/(M tan β)) and O(1/M^2) corrections are approximately equal (for M ≈ m_0 tan β). Similar relations can be obtained by comparing (5.40) and (5.44) against δm^2_{h,H} of (5.48), (5.49) and (5.50).

Note that we don’t have to consider operators of dimension > 6 since they

do not receive any tan β enhancement in order to become comparable with d = 6 and will always be subleading.

Let us now examine more closely the corrections to the Higgs masses due to d = 6 operators. The interest is to maximise the correction to the MSSM classical value of m_h. From equations (5.48) and (5.52) and ignoring SUSY breaking corrections (α_{jk}, k � 0), we saw that at large tan β O_{3,4} bring the largest correction and also O_2 to a lower extent. At smaller tan β, O_{5,6,7} can have significant corrections. All this can be seen from the relative variation:

ϵ_{rel} ≡ m_h − m_Z m_Z = √ δ_{rel} − 1, (5.55)

with

δ_{rel} ≡ 1 −

4m^2_A m^2_A − m^2_Z 1 tan^2 β + v^2 m^2_Z

{2 ζ_{10} μ tan β

4 m^2_A m^2_A − m^2_Z + (−2 ζ_{11} m_0) tan^2 β

2 (m^4_A + m^4_Z) (m^2_A − m^2_Z)^2 − [ 2 ( α_{22} m^2_0 + (α_{30} + α_{40}) μ^2 + 2 α_{61} m_0 μ − α_{20} m^2_Z ) + (2 ζ_{10} μ)^2 v^2 m^2_A − m^2_Z ]

+ 1 tan β 1 m^2_A − m^2_Z [ 4 m^2_A μ ( (2α_{21} + α_{31} + α_{41} + 2α_{81}) m_0 + (2 α_{50} + α_{60}) μ )

+ 4 α_{62} m^2_0 m^2_A −(2α_{60} −3 α_{70}) m^2_A m^2_Z − (2 α_{60} +α_{70}) m^4_Z +8 ζ_{10} ζ_{11} μ m_0 v^2 m^2_A +m^2_Z m^2_A −m^2_Z ]}

+ O(1/ tan^4 β) +O(m̃/(M tan^3 β)) + O(m̃^2/(M^2 tan^2 β)) (5.56)

where m̃ is some generic mass scale of the theory such as μ, m_Z, m_0 or v. The arguments of the functions O in the last line show explicitly the origin of these corrections (MSSM, d = 5 and d = 6 operators, respectively). Eq. (5.55) gives the overall relative change of the classical value of m_h in the presence of all possible higher dimensional operators of d = 5 and d = 6 beyond the MSSM Higgs sector, for large tan β with m_A fixed. Depending on the signs of coefficients α_{jk}, ζ_{10} and ζ_{11} this relative variation can be positive and increase m_h above the MSSM classical upper bound m_Z . The accuracy of the expansion at intermediate tan β depends on m̃/M; in any case one can use the exact δm^2_{h,H} in (5.47).

The same expansion in large tan β can also be computed keeping Bm_0μ fixed, instead of m_A. Then δ_{rel} ≡ 1 − 4 tan^2 β + v^2 m^2_Z

{4 (2 ζ_{10} μ) tan β + 2 tan^2 β ( (−2 ζ_{11} m_0) +

2 m^2_Z (2 ζ_{10} μ) B m_0 μ )

− 2 [ α_{22} m^2_0 + 2 α_{61} m_0 μ + (α_{30} + α_{40}) μ^2 − α_{20} m^2_Z ] + 1 tan β

[(2 ζ_{10} μ)2 v2 −B m_0 μ + 4 (2 α_{21} +α_{31} +α_{41} +2α_{81}) m_0 μ + 4 (2 α_{50} +α_{60}) μ^2 +4α_{62} m^2_0 − (2 α_{60} −3α_{70}) m^2_Z ]}

+ O(1/ tan^4 β) + O(m̃/(M tan^3 β)) + O(m̃^2/(M^2 tan^2 β)) (5.57)

In (5.55) and (5.57), the d = 6 operators (α_{i j} dependence) give contributions which are dominated by tan β-independent terms. One particular limit to consider for δm^2_h or δ^′m^2_h is that in which the effective operators of d = 6 have coefficients such that these contributions add up to maximise δ_{rel}. Since coefficients α_{i j} are not known, we can choose them equal in absolute value

− α_{22} = −α_{61} = −α_{30} = −α_{40} = α_{20} > 0 (5.58)

In this case, at large tan β:

δm^2_h ≈ 2 v^2α_{20}[m^2_0 + 2 m_0μ + 2 μ^2 + m^2_Z ] (5.59)

and similar for δ^′m^2_h. A simple numerical example is illustrative. For m_0 = 1 TeV, μ = 350 GeV and v ≈ 246 GeV, one has δm^2_h ≈ 2.36 α_{20} × 10^{11} (GeV)^2. Assuming α_{20} ∼ 1/M^2 for M = 10 TeV and the classical MSSM value of m_h to be equal to m_Z (reached for large tan β), we obtain an increase of m_h from d = 6 operators alone of about Δm_h = 12.15 GeV to m_h ≈ 103 GeV. An increase of α_{20} by a factor of 2.5 to α_{20} ∼ 2.5/M^2 would give Δm_h ≈ 28 GeV and m_h ≈ 119.2 GeV, which is above the LEPII bound.

The discussion above indicates that if we persist on using the loop correction to increase the Higgs mass, the effect of these operators will be to relax the strain of the little hierarchy. Indeed, the relative increase of Δ m_h due to d = 6 operators alone is mildly reduced, however, the effective quartic coupling of the Higgs is increased. This amounts to a reduction of the fine tuning for the electroweak scale [96]. The above choice of M = 10 TeV was partly motivated by the finetuning results of [88] and on convergence grounds: The expansion parameter of our effective analysis is m_q/M where m_q is any scale of the theory, in particular it can be the susy breaking scale m_0. For m_0 ≃ 3 TeV and c_{1,2} ≃ 2.5 (of eq. (5.1)), one finds for M = 10 TeV that c_{1,2} m_0/M ≃ 0.75 which is already at the limit of validity of the expansion in the effective approach considered.

These simple estimates demostrate that mass dimension six operators can indeed bring a significant increase of m_h to values compatible with the LEPII bound. However, the amount of increase depends on implicit assumptions like the type and number of operators present and whether their overall sign, as generated by the UV physics, is consistent with an increase of m_h. Take for example the case of the leading contribution to m_h in the large tan β case. One would prefer to generate the leading operators with supersymmetric coefficients satisfying

α_{20} > 0, α_{30} < 0, α_{40} < 0 (5.60)

in order to increase m_h. We have already mentioned that O_{1,2,3} can be generated by integrating out a massive gauge boson U(1)^′ or S U(2) triplets while O_4 by a massive gauge singlet or S U(2) triplets. Let us discuss the signs that these operators are generated with:

(a): Integrating out a massive vector superfield U(1)^′ under which Higgs fields have opposite charges (to avoid a Fayet-Iliopoulos term), one finds α_{20} < 0 and α_{30} > 0 (also α_{10} < 0), which is opposite to condition (5.60). However, this can change if for example there are additional pairs of massive Higgs doublets also charged under the new U(1)^′ since then O_3 could be generated with α_{30} < 0. (b): Integrating out massive S U(2) triplets that couple to the MSSM Higgs sector would bring α_{20} > 0, α_{40} < 0, α_{30} > 0; the first two of these satisfy (5.60). (c): Integrating out a massive gauge singlet would bring α_{40} > 0 which would actually decrease m_h. Finally, if we take into account further constraints coming form the ρ parameter [82], it turns out that it is α_{40} and α_{30} that can have the largest correction to m^2_h. For generating them, the case of a massive gauge singlet or additional U(1)^′ vector superfield would have the advantage of preserving gauge couplings unification at one-loop.

For smaller tan β, operators O_{5,6,7} could bring significant corrections to m_h but it is more difficult to generate these in a renormalisable setup. For example, O_{5,6} can be generated by integrating out a pair of massive Higgs doublets and a massive gauge singlet but the overall sign of α_{50,60} would depend on the details of the model. This discussion shows that while effective operators can in principle increase m_h, deriving a renormalisable model that would generate them with appropriate signs for their (supersymmetric) coefficients is not a simple issue. However this does not exclude the possibility, since the examples given are rather simplistic. Other generating mechanisms for O_i could be in place^6 with appropriate signs to increase m_h.

6For some models with extended MSSM Higgs sector see [97, 98, 99, 100].

CHAPTER 6

NONLINEAR MSSM

In the previous chapters we used EFT to study in a model independent way the effects of new physics beyond MSSM in the multiTeV scale. Nevertheless, MSSM itself contains new physics at scale √ f , the SUSY breaking scale. If we take this scale to be around multiTeV, new effects appear by the presence of a goldstino, which is the dominant component of the gravitino. Goldstino couplings are best described in terms of nonlinear supersymmetry, as briefly presented in section 2.3. One way to realize symmetries in a nonlinear fashion is by using appropriate constraints. In supersymmetry, these are constraints on superfields. In the following we apply the method of constrained superfields in order to construct the most general couplings of a goldstino to full MSSM.

6.1 The Model

We couple the constrained superfield X_{nl} of eq. (2.44) to the SUSY part of the MSSM, to find the “nonlinear” supersymmetry version of MSSM. At energy scales below m_{so f t}, similar constraints can be applied to the MSSM superfields themselves, corresponding to integrating out the superpartners. Here, the only difference from ordinary MSSM is in the supersymmetry breaking sector. Supersymmetry is broken spontaneously via a vacuum expectation value (v.e.v.)

of F_X, fixed by its equation of motion. The Lagrangian of nonlinear MSSM is:

L = L_0 + L_X + L_H + L_m + L_{AB} + L_g (6.1)

Let us detail these terms. L_0 is the usual MSSM SUSY Lagrangian

L_0 = ∑ Φ,H_{1,2} ∫ d^4θ Φ^† e^{Vi} Φ + { ∫ d^2θ [ μ H_1 H_2 + H_2 Q U^c + Q D^c H_1 + L E^c H_1 ] + h.c. }

+ ∑ SM groups 1 16 g^2 κ ∫ d^2θ Tr [ W^α W_α] + h.c., Φ : Q, D^c, U^c, E^c, L , (6.2)

where κ is a constant canceling the trace factor and the gauge coupling g is

shown explicitly. The family matrices in the superpotential are implicit to

lighten the notation.

The SUSY breaking couplings originate from the MSSM fields couplings to

the goldstino superfield; this is done by the replacement S → m_{so f t} X_{nl}/ f [62],

where S is the usual spurion also used in the previous chapters, with S = θθ m_{so f t}

and m_{so f t} a generic notation for the soft terms (denoted below m_{1,2}, m_0). One has

for the Higgs sector

L_H = ∑ i=1,2

c_i ∫ d^4θ X^†_{nl} X_{nl} H^†_i e^{Vi} H_i = ∑ i=1,2

c_i { |ϕ_X|^2 [ |D_μ h_i|^2 + F^†_{hi} F_{hi} + h^†_i

D_i 2 h_i + ( i 2 ψ_{hi} σ^μ D_μψ_{hi} − 1 √ 2 h^†_i λ_i ψ_{hi} + h.c. )]

+ 1 2 h^†_i (D_μ + ←−D_μ) h_i ∂^μ|ϕ_X|^2 + ψ_Xψ_{hi} ψ_Xψ_{hi} − 1 2 [ϕ^†_X (∂^μ − ←− ∂^μ) ϕ_X] [h^†_i (D_μ − ←−D_μ) h_i] + [ − i 2 ϕ^†_Xψ_X σ^μ ψ_{hi} (D_μ − ←−D_μ)h_i − 1 √ 2 ϕ^†_Xψ_X h^†_i λ_i h_i − ϕ^†_Xψ_X F^†_{hi} ψ_{hi} + ϕ^†_X F_X F^†_{hi} h_i + i 2 (ψ_X σ^μ ψ_X) (h^†_i D_μ h_i) + i 2 (ϕ^†_X∂_μ ϕ_X) (ψ_{hi} σ^μ ψ_{hi} ) + i 2 ψ_X σ^μ (∂_μ − ←− ∂_μ) ϕ_X (h^†_i ψ_{hi} )

− ψ_X F_X ψ_{hi} h_i + h.c. ] + [ ∂_μϕ^†_X∂^μϕ_X + F^†_X F_X + ( i 2 ψ_X σ^μ∂_μψ_X + h.c. )] | h_i|^2 } , (6.3)

Here D, ∂, (←−D, ←− ∂ ) act only on the first field to their right (left) respectively and

h_i, ψ_{hi} , F_{hi} denote SU(2) doublets. Also

c_1 = −m^2_1/ f^2, c_2 = −m^2/ f^2 . (6.4)

Similar terms exist for all matter fields

L_m = ∑ Φ c_Φ ∫ d^4θ X^†_{nl}X_{nl} Φ^†e^V Φ, c_Φ = − m^2_Φ f^2

, Φ : Q, U^c, D^c, L, E^c, (6.5)

One can eventually set m_Φ = m_0 (all Φ). The bi- and trilinear SUSY breaking

couplings are

L_{AB} =

B^′ f ∫ d^2θ X_{nl} H_1 H_2 (6.6) + A_u f ∫ d^2θ X_{nl} H_2 Q U^c +

A_d f ∫ d^2θ X_{nl} Q D^c H_1 +

A_e f ∫ d^2θ X_{nl} L E^c H_1 + h.c. = B^′ f { ϕ_X [ h_1 · F_{h2} + F_{h1} · h_2 − ψ_{h1} · ψ_{h2} ] − h_1 · (ψ_Xψ_{h2} ) − (ψ_Xψ_{h1} ) · h_2 + F_X h_1 · h_2 }

+ { A_u f [ ϕ_X h_2 · (ϕ_Q F_U −ψ_Q ψ_U +F_Q ϕ_U ) − ϕ_X (ψ_{h2} · ϕ_Qψ_U + ψ_{h2} · ψ_Qϕ_U − F_{h2} · ϕ_Q ϕ_U )

− ψ_X (h_2 · ϕ_Q ψ_U + h_2 · ψ_Q ϕ_U + ψ_{h2} · ϕ_Q ϕ_U ) + F_X h_2 · ϕ_Q ϕ_U ] − [ U → D, H_2 → H_1 ] − [ U → E, H_2 → H_1, Q → L ]} + h.c. (6.7)

where B^′ ≡ B m_0μ. Finally, the supersymmetry breaking couplings in the gauge

sector are

L_g = 3∑ i=1 1 16 g^2_i κ

2 m_{λi} f ∫ d^2θ X_{nl} Tr [ W^α W_α]_i + h.c. = 3∑ i=1 m_{λi} 2 f { ϕ_X [ 2 i λ^a σ^μ Δ_μ λ^a − 1 2 F^{a μν}F^a_{μν} + D^aD^a − i 4 ϵ^{μνρσ} F^a_{μν} F^a_{ρσ} ] − √ 2ψ_X σ^{μν}λ^a F^a_{μν} − √ 2 ψ_X λ^a D^a + F_X λ^aλ^a } i + h.c. (6.8)

with m_{λ1,2,3} the masses of the three gauginos and gauge group index i for U(1),

S U(2), S U(3) respectively. Above we introduced the notation Δ_μλ^a = ∂_μλ^a −

g t^{abc} V^b_μ λ^c. Equations (6.1) to (6.8), along with (2.45), define the model, with

spontaneous supersymmetry breaking ensured by non-zero ⟨F_X⟩.

Since ϕ_X ∼ 1/ f , the Lagrangian contains terms of order higher than 1/ f^2. In

the calculation of the onshell Lagrangian we shall restrict the calculations to up to and including 1/ f^2 terms. This requires solving for F_ϕ of matter fields up to and including 1/ f^2 terms and for F_X up to and including 1/ f^3 terms (due to its leading contribution which is - f ). Doing so, in the final Lagrangian no kinetic mixing is present at this order. Using the expressions of the auxiliary fields, one then computes the F-part of the scalar potential of the Higgs sector, to find:

V_F = |μ|^2 [ |h_1|^2 + |h_2|^2 ] + | f + (B^′/ f ) h_1 · h_2|^2 1 + c_1 |h_1|^2 + c_2 |h_2|^2

+ O(1/ f^3) (6.9)

with h_1 · h_2 ≡ h^0_1 h^0_2 − h^−_1 h^+_2 and |h_i|^2 ≡ h^†_i h_i = h^{0 ∗}_i h^0_i + h^{− ∗}_i h^−_i . One can work with this potential, however, for convenience, if |c_{1,2}||h_{1,2}|^2 ≪ 1, we can approximate V_F by expanding the denominator in a series of powers of these coefficients. Our analysis below is then valid for |c_{1,2}||h_{1,2}|^2 ≪ 1. After adding the gauge contribution, we find the following result for the scalar potential of the Higgs sector:

V = f^2 + (|μ|^2 + m^2_1) |h_1|^2 + (|μ|^2 + m^2)|h_2|^2 + (B^′ h_1 · h_2 + h.c.) (6.10) + 1 f^2 | |m^2_1 |h_1|^2 + m^2 |h_2|^2 + B^′ h_1 · h_2 | |^2 + g^{21} + g^2 8 [ |h_1|^2 − |h_2|^2

]_2 + g^2 2 |h^†_1 h_2|^2 + O(1/ f^3)

This is the full Higgs potential. The first term in the last line is a new term, absent in MSSM (generated by eliminating F_X of X_{nl}). Its effects for phenomenology will be analyzed later. The ignored higher order terms in 1/ f involve nonrenormalizable h^6_{1,2} interactions in V.

6.2 New Couplings in the Lagrangian

In this section we compute the new interactions induced by Lagrangian (6.1), which are not present in the MSSM. Many of the new couplings are actually dimension-four in fields, with a (dimensionless) f -dependent coupling. The couplings are important in the case of a low SUSY breaking scale in the hidden sector and a light gravitino scenario. Some of the new couplings also involve the goldstino field and are relevant for phenomenology.

As mentioned earlier, from the SUSY breaking part of the Lagrangian only terms up to 1/ f^2 were kept in the total Lagrangian. After eliminating all terms proportional to F-auxiliary fields of X, H_i, Q, D^c, U^c, E^c and L, one obtains new couplings L^{new} beyond those of the usual on shell, supersymmetric part of MSSM, which are unchanged and not shown. One finds the on shell Lagrangian L^{new} ≡ L^{aux}_F + L^{aux}_D + L^{extra}_m + L^{extra}_g (6.11) Let us detail these terms. Firstly, L^{aux}_F = L^{aux}_{F (1)} + L^{aux}_{F (2)} (6.12) with

L^{aux}_{F (1)} = − [ f^2 + (m^2_1|h_1|^2 + m^2|h_2|^2 + m^2_Φ |ϕ_Φ|^2) ] − [ B^′ h_1 · h_2 + A_u h_2.ϕ_Q ϕ_U + A_d ϕ_Qϕ_D.h_1 + A_e ϕ_Lϕ_E.h_1 + 1 2 m_{λi} λ_iλ_i + h.c. ] (6.13)

recovering the usual MSSM soft terms and the additional contributions:

L^{aux}_{F (2)} =

{ ψ_Xψ_X

2 f^2 [ μ(m^2_1 +m^2) h_1 · h_2 −(m^2_1 +m^2_Q +m^2_D)h_1 · ϕ_Qϕ_D −(m^2_1 +m^2_L +m^2_E)h_1 · ϕ_Lϕ_E − (m^2 + m^2_Q + m^2_U )ϕ_Qϕ_U · h_2 +(B^′ h_2 − A_d ϕ_Qϕ_D − A_e ϕ_L ϕ_E)^†(μh_2 − ϕ_Qϕ_D − ϕ_L ϕ_E) + (B^′ h_1 − A_u ϕ_Q ϕ_U )^†(μ h_1 − ϕ_Q ϕ_U ) + (A_d ϕ_D h_1 − A_u h_2 ϕ_U )^†(ϕ_D h_1 − h_2 ϕ_U ) + A_d (|ϕ_Q · h_1|^2 + |ϕ_E h_1|^2) + A_u |h_2 · ϕ_Q|^2 + A_e |ϕ_L · h_1|^2 ] + h.c. } − 1 f^2 | |B^′ h_1 · h_2 + A_uh_2 · ϕ_Q ϕ_U +A_dϕ_Q ϕ_D · h_1 +A_eϕ_L ϕ_E · h_1 + m_{λi} 2 λ_iλ_i +(m^2_1|h_1|^2 +m^2|h_2|^2 +m^2_Φ|ϕ_Φ|^2) | |^2 − 1 f [ m^2_1 ψ_Xψ_{h1} h_1 + m^2 ψ_Xψ_{h2} h_2 + m^2_Φ ψ_Xψ_Φ ϕ_Φ + h.c. ] + O(1/ f^3) (6.14)

A summation is understood over the SM group indices i = 1, 2, 3 in the gaugino

term and over Φ = Q, U^c, D^c, L, E^c in the mass terms; appropriate contractions

among S U(2)_L doublets are understood for holomorphic products, when the or-

der displayed is relevant. The leading interactions O(1/ f ) are those in the last

line and are dimension-four in fields. Similar couplings exist at O(1/ f^2) and

involve scalar and gaugino fields. Yukawa matrices are restored in (6.14) by re-

placing ϕ_Qϕ_D → ϕ_Qγ_dϕ_D, ϕ_Qϕ_U → ϕ_Qγ_uϕ_U , ϕ_Lϕ_E → ϕ_Lγ_eϕ_E, as already explained.

There are also new couplings from terms involving the auxiliary components

of the vector superfields of the SM. Integrating them out one finds:

L^{aux}_D = −1 2 [ D̃_1 + 1 4 f^2

( m_{λ1} ψ_Xψ_X + h.c.) D̃_1 + 1 √ 2 f ( m_{λ1} ψ_X λ_1 + h.c.)

]_2

+ −1 2 [ D̃^a_2 + 1 4 f^2

(m_{λ2} ψ_Xψ_X + h.c.) D̃^a_2 + 1 √ 2 f (m_{λ2} ψ_X λ^a_2 + h.c.)

]_2

+ −1 2 [ D̃^a_3 + 1 4 f^2

(m_{λ3} ψ_Xψ_X + h.c.) D̃^a_3 + 1 √ 2 f (m_{λ3} ψ_X λ^a_3 + h.c.)

]_2 + O( f^{−3})(6.15)

with notation:

D̃_1 = −1 2 g_1 ( − h^†_1h_1 + h^†_2h_2 + 1/3 ϕ^†_Qϕ_Q − 4/3 ϕ^†_U ϕ_U + 2/3 ϕ^†_Dϕ_D − ϕ^†_Lϕ_L + 2 ϕ^†_Eϕ_E)

D̃^a_2 = −1 2 g_2 (h^†_1σ^ah_1 + h^†_2σ^ah_2 + ϕ^†_Qσ^aϕ_Q + ϕ^†_Lσ^aϕ_L)

D̃^a_3 = −1 2 g_3 (ϕ^†_Q t^aϕ_Q − ϕ^†_U t^aϕ_U − ϕ^†_D t^aϕ_D) (6.16)

for the corresponding MSSM expressions; here t^a/2 are the SU(3) generators.

From (6.15) one can easily read the new, f −dependent couplings in the gauge

sector, absent in the MSSM.

The total Lagrangian also contains extra terms, not proportional to the aux-

iliary fields, and not present in the MSSM. In the matter sector these are:

L^{extra}_m = 1 4 f^2

|∂_μ(ψ_Xψ_X)|^2 + ( i 2 ψ_Xσ^μ ∂_μψ_X + h.c. ) (6.17) − 2∑ i=1 m^2_i f^2 { ψ_Xψ_{hi} ψ_Xψ_{hi} + [ i 2 (ψ_X σ^μ ψ_X) (h^†_i D_μ h_i) + i 2 |h_i|^2 ψ_X σ^μ∂_μψ_X + h.c. ]}

− [ m^2_i → m^2_Φ, H_i → Φ ] + { B_′ f [ 1 2 f ψ_Xψ_X ψ_{h1} .ψ_{h2} − h_1.(ψ_Xψ_{h2} ) − (ψ_Xψ_{h1} ).h_2 ]

+ A_u f [ 1 2 f ψ_Xψ_X ( h_2.ψ_Q ψ_U + ψ_{h2} .ϕ_Q ψ_U + ψ_{h2} .ψ_Q ϕ_U ) − ψ_X (h_2.ϕ_Q ψ_U + h_2.ψ_Q ϕ_U

+ ψ_{h2} .ϕ_Q ϕ_U ) ] + [ A_d f ( 1 2 f ψ_Xψ_X (ψ_Q ψ_D.h_1 + ϕ_Q ψ_D.ψ_{h1} + ψ_Q ϕ_D.ψ_{h1} )

− ψ_X (ϕ_Q ψ_D.h_1 + ψ_Q ϕ_D.h_1 +ϕ_Q ϕ_D.ψ_{h1} ) ) +(D→ E, L→ Q) ] +h.c. } +O(1/ f^3)(6.18)

Note the presence of interactions that are dimension-four in fields (B^′/ f h_1ψ_Xψ_{h2} , etc) that can be relevant for phenomenology at low f . There are also new couplings in the gauge sector

L^{extra}_g = 3∑ i=1 m_{λi} 2 f [ψ_Xψ_X −2 f ( 2 i λ^aσ^μ Δ_μ λ^a − 1 2 F^a_{μν} F^{a μν} − i 4 ϵ^{μνρσ} F^a_{μν} F^a_{ρσ} )

− √ 2 ψ_Xσ^{μν}λ^a F^a_{μν} ] i + h.c. + O(1/ f^3), (6.19)

with i = 1, 2, 3 is the gauge group index and σ^{μν} = i/4 (σ^μσ^ν − σ^νσ^μ). The new couplings of L^{new} together with the on shell part of the purely supersymmetric part of the MSSM Lagrangian (on shell L_0 of (6.2)) gives the final effective Lagrangian of the model. From this, the full scalar potential is identified.

6.3 Implications for the Higgs Masses

Let us consider the Higgs scalar potential found in (6.10) and analyze its implications for the Higgs masses. From the neutral Higgs part of the potential one finds the masses of the CP even and CP odd Higgs fields. Since eq. (6.10) is valid up to 1/ f^3 terms, it is sufficient to restrict the expressions up to this order.

Firstly, at the minimum of the scalar potential one has:

m^2_1 − m^2 = cot 2β [ B^′ + f^2 v^2

(−1 + √ w_0)(−B^′ + m^2_Z sin 2β) 2μ^2 + m^2_Z cos^2 2β + B^′ sin 2β ]

m^2_1 + m^2 = 1 sin 2β [ − B^′ + f^2 v^2

(−1 + √ w_0)(B^′ + 2 μ^2 sin 2β) 2μ^2 + m^2_Z cos^2 2β + B^′ sin 2β ] (6.20)

where

w_0 ≡ 1 − v^2 f^2

(4 μ^2 + 2 m^2_Z cos^2 2β + 2 B^′ sin 2β) (6.21)

One finds the following results (upper sign for m^2_h):

m^2_{h,H} = 1 2 [ m^2_Z +

−2 B^′ sin 2β ∓ √ w_1 ] + v^2 32 f^2 { 4 B^′ [ 2B^′ + (4μ^2 + 2m^2_Z cos^2 2β)/ sin 2β ] + 4 [ 2 B^{′2} + 8 μ^4 + 2 m^2_Z(4μ^2 + m^2_Z) cos^2 2β + 8 B^′ μ^2 sin 2β ] ∓ csc^2 2β √ w_1 [ − 2 (B^{′2} + 4μ^4)m^2_Z + 4μ^2m^4_Z + m^6_Z + 8 (2μ^4m^2_Z − B^{′2} (4μ^2 + m^2_Z)) cos 4β

− m^2_Z (6 B^{′2} + 8μ^4 + 4μ^2m^2_Z + m^4_Z ) cos 8β − 8 B^′ (B^{′2} − 8μ^4) sin 2β

+ B^′(−8B^{′2} + 16μ^2m^2_Z + m^4_Z) sin 6β + B^′m^4_Z sin 10β ]} + O(1/ f^3) (6.22)

with

w_1 = ( m^2_Z +

−2 B^′ sin 2β

)_2

− 4 m^2_Z

( −2 B′

sin 2β ) cos^2 2β (6.23)

Further, the mass m_A of the pseudoscalar Higgs has a simple form (no expan-

sion):

m^2_A =

−2 B^′ sin 2β { 3 4 + 1 4 √ w_0 − v^2 4 f^2

B^′ sin 2β } (6.24)

and, as usual, the Goldstone mode has mass m_G = 0.

(a) m_h in function of √ f , m_A parameter (b) m^H in function of √ f , m_A parameter

(c) m_h in function of √ f , μ parameter (d) m_h in function of √ f , μ parameter

(e) c_1v^2 in function of √ f (f) c2v^2 in function of √ f Figure 6.1: The tree-level Higgs masses (in GeV) and expansion coefficients as functions of √ f (in GeV). In (a), (b) μ = 900 GeV, tan β = 50, m_A increases upwards from 90 to 150 GeV in steps of 10 GeV. Larger m_A has little impact on m_h for relevant √ f . In (c), (d), m_A = 150 GeV, and m_h increases as μ varies from 400 to 1200 GeV, in steps of 100 GeV. In (c) tan β = 50 while in (d) tan β = 5, showing a milder dependence on tan β than in MSSM. For tan β ≥ 10 there is little difference from (c). In (e), (f) the expansion coefficients are shown, for m_A = [90, 650] GeV with steps of 10 GeV, μ = 900 GeV, tan β = 50; they are less than unity (even at larger μ), as required for a convergent expansion.

It is instructive to consider the limit of large u ≡ tan β, with B^′ < 0 fixed, when

m^2_h = [ m^2_Z + O(1/u) ] + v^2

2 f^2 [ (2 μ^2 + m^2_Z)^2 + 4 u B^′ (2 μ^2 + m^2_Z ) + O(1/u^2) ] + O( f^{−3})(6.25)

m^2_H =

[ −2B′

sin 2β

+O(1/u) ] + v^2 B^′

4 f^2 [ (2 μ^2 + m^2_Z) u+4 B^′ + 1 u (2 μ^2 −11m^2_Z)+O(1/u^2) ] +O( f^{−3})

which shows that a large μ can increase m_h (decrease m_H). However, for phe-

nomenology it is customary to use m_A as an input instead of B^′, in which case

the masses m_{h,H} take the form

m^2_{h,H} = 1 2 [ m^2_A + m^2_Z ∓ √ w ] ± v^2

16 f^2 1 √ w [ 16m^2_Aμ^4 + 4 m^2_A μ^2 m^2_Z + (m^2_A − 8 μ^2) m^4_Z

− 2 m^6_Z ± 2 (−2 m^2_A μ^2 + 8μ^4 + 4μ^2 m^2_Z + m^4_Z ) √ w + m^2_A m^4_Z cos 8β

+ m^4_A (m^2_A −8μ^2 −3m^2_Z) sin^2 2β+cos 4β [ − 2m^2_Z (8μ^4 +4μ^2 m^2_Z +m^4_Z −m^2_A(6μ^2 +m^2_Z))

± 2 (2 m^2_Aμ^2 + 4μ^2m^2_Z + m^4_Z ) √ w − m^2_A(m^2_A + 5 m^2_Z) sin^2 2β ] ] + O(1/ f^3) (6.26)

where the first term (bracket) is just the MSSM contribution. The upper (lower)

signs correspond to m_h (m_H) and w = (m^2_A + m^2_Z)^2 − 4 m^2_A m^2_Z cos^2 2β. At large tan β

with m_A fixed one finds^1 (with u ≡ tan β)

m^2_h = [ m^2_Z + O(1/u^2) ] + v^2

2 f^2 [ (2 μ^2 + m^2_Z )^2 + O(1/u^2) ] + O(1/ f^3)

m^2_H = [ m^2_A + O(1/u^2) ] + 1 f^2

O(1/u^2) + O(1/ f^3) (6.27)

In this limit the increase of m_h is driven by a large μ and is apparently of SUSY

origin, but the quartic Higgs couplings giving this effect involved combinations

of soft masses (see (6.10)). These soft masses combine to give, at the EW mini-

mum, the μ-dependent increase in (6.27).

1 In (6.27) m_A > m_Z is assumed, otherwise just exchange m^2_h with m^2_H .

Some simple numerical examples are relevant for the size of the corrections to the Higgs masses, relative to their MSSM values. The largest correction to m_h for large tan β is dominated by μ and f . For example, if (μ/ √ f )^2 = (1/2.25)^2 ≈ 1/5, v = 246 GeV, with μ = 900 GeV then √ f = 2 TeV, giving m_h = 114.4 GeV.

Another example is with μ = 1.2 TeV, √ f = 2.7 TeV, ((μ/ √ f )^2 ≈ 1/5), giving again m_h = 114.4 GeV. Smaller μ ≈ 600 GeV can still allow m_h just above the LEP bound if √ f = 1.35 TeV, for similar value for (μ/ √ f )^2 = 1/5 and for the rest of the parameters. This shows that one can have a classical value of m_h near or marginally above the LEP bound and larger than the classical MSSM value (= m_Z ). The plots in Figure 6.1 illustrate better this change of m_h and m_H for various values of √ f . For a low value of √ f near or above 1.35 TeV, the LEP bound is still satisfied for m_h, while at large √ f the MSSM case is recovered.

By varying √ f our results can interpolate between low and high scale (in the hidden sector) SUSY breaking. Quantum corrections increase m_h further, just as in the MSSM.

Regarding the usual MSSM tree-level flat direction |h^0_1| = |h^0_2| one can show that the potential in this direction can have a minimum for the case (not considered in MSSM) of m^2_1 + m^2 + 2|μ|^2 < 2|B^′|, equal to V_m = f^2 − (1/4) f^2(m^2_1 + m^2 + 2|μ|^2 + 2B^′)^2/(m^2_1 + m^2 + B^′)^2. Compared to the usual MSSM minimum, the former can be situated above it only for values of f which do not comply with the original assumptions of m^2_{1,2}, |B^′| < f . On the other hand, the case with V_m situated below the MSSM minimum does not allow one to recover the MSSM ground state in the decoupling limit of large f , and in conclusion the “flat” direction is not of physical interest here.

6.4 Other Phenomenological Implications

6.4.1 Fine Tuning of the Electroweak Scale

The increase of m_h beyond the MSSM tree level bound and the presence of new quartic Higgs couplings have implications in the fine tuning. In MSSM the smallness of the effective quartic coupling λ (fixed by the gauge sector) is at the origin of an increased amount of fine tuning of the electroweak scale for large soft masses. For soft masses significantly larger than the electroweak (EW) scale, (also needed to increase the MSSM value for m_h above LEP bound via quantum corrections), fine tuning increases rapidly and may become a potential problem (sometimes referred to as the “little hierarchy” problem). Let us see why in the present model this problem is alleviated. One can write v^2 = −m^2/λ where λ ≡ g^2_1 + g^2 8 [ cos^2 2β + δ sin^4 β ] + 1 f^2 | |m^2_1 cos^2 β + m^2 sin^2 β + (1/2) B^′ sin 2β | |^2

m^2 ≡ (|μ|^2 + m^2_1) cos^2 β + (|μ|^2 + m^2) sin^2 β + B^′ sin 2β (6.28)

The first term in λ is due to MSSM only, while the second one, which is positive, is due to the new quartic Higgs terms in (6.10). Here δ accounts for the top/stop quantum effects to |h_2|^4 term in the potential, which becomes (1+δ) (g^2_1+g^2)/8 |h_2|^4; usually δ ∼ O(1) (ignoring couplings other than top Yukawa). This quantum effect is only included for a comparison to the new quartic Higgs term. The important point to note is that a larger λ gives a suppression in the fine tuning measure Δ: Δ = ∂ ln v^2 ∂ ln p = ∂ ln(−m^2/λ) ∂ ln p

, p = A, B^′, m^2_0, μ^2, m^2_{λi} . (6.29)

Here p is an MSSM parameter with respect to which fine tuning is evaluated.

In the large tan β limit, the fine tuning of the electroweak scale becomes (see the Appendix in [88]):

Δ = −

(|μ|^2 + m^2)^′ v^2 m^4_2/ f^2 + (1 + δ) m^2_Z/2

+ O(1/ tan β), (|μ|^2 + m_2)^′ ≡

∂(|μ|^2 + m^2) ∂ ln p

(6.30)

For small tan β a similar result is obtained in which one replaces m_2 by m_1. The first term in denominator comes from the new correction to the effective quartic coupling λ. Larger soft masses m_{1,2} increase λ and this can actually reduce fine tuning, see the denominator in Δ. Therefore, in this case heavier superpartners do not necessarily bring an increased fine tuning amount (as it usually happens in the MSSM). The only limitation here is the size of the ratio m^2_{1,2}/ f ≤ 1 for convergence of the nonlinear formalism. In the limit this coefficient approaches its upper bound (say ∼ 1/3), the two contributions in the denominator have comparable size (for δ ∼ 1 and v = 246 GeV) and fine tuning is reduced by a factor ≈ 2 from that in the absence of the new term in the denominator (i.e. the MSSM case).

6.4.2 Limiting Cases and Loop Corrections

Some interesting limits of our “nonlinear” MSSM model are worth considering. Firstly, in the limit of large f (i.e. large SUSY breaking scale in the hidden sector) and with m_{1,2}, B^′ fixed, the new quartic term in (6.10) vanishes, while the usual explicit soft SUSY breaking terms specific to the Higgs sector remain. This is just the MSSM case. All other couplings suppressed by inverse powers of f are negligible in this limit. Another limiting case is that of very small f . For our analysis to be valid, one needs to satisfy the condition B^′, m^2_{1,2} ≤ f. When f reaches this minimal bound, the new quartic couplings in (6.10), not present in the MSSM, increase and eventually become closer to unity. The analysis is then less reliable and additional effective contributions in the Lagrangian, suppressed by higher powers like 1/ f^4 and beyond, may become relevant for SUSY breaking effects.

Finally, one remark regarding the calculation of radiative corrections using (6.10) and the electroweak symmetry breaking (EWSB). In our case EWSB was assumed to take place by appropriate values of m^2_{1,2}, B^′. However, the same EWSB mechanism as in the MSSM is at work here, via quantum corrections to these masses, which near the EW scale turn m^2 + μ^2 negative and trigger radiative EWSB. Indeed, if the loops of the MSSM states are cut off as usual at the high GUT scale (well above √ f ) and with the new Higgs quartic couplings regarded as an effective, classical operator, radiative EWSB can take place as in the MSSM. A similar example is the case of a MSSM Higgs sector extended with additional effective operators of dimension d = 5 such as (1/M) ∫ d^2θ(H_1H_2)^2 giving a dimension-four (in fields) contribution to the scalar potential V ⊃ h_1h_2 (|h_1|^2 + |h_2|^2); this is regarded as an effective operator and radiative EWSB is implemented as in the MSSM, see for example [76, 88].

It is interesting to remark that that the loop corrections induced by the (effective) quartic couplings proportional to 1/ f^2 in eq. (6.10), can be under control at large f . Indeed, the loop integrals this coupling induces can be quadratically divergent and are then cut-off at momentum p^2 ≤ f ; but the loop effects come with a coupling factor that behaves like 1/ f^2, so overall they will be suppressed like 1/ f and can then be under control even at large f . It would be interesting to check if for a large enough f , radiative EW breaking is still achievable if the usual MSSM effects are also cut at this scale (with less an energy range to trigger

EWSB).

6.4.3 Invisible Decays of Higgs and Z Bosons

Let us analyze some implications of the interactions involving the goldstino

field, described by the Lagrangian found above. An interesting possibility, for a

light enough neutralino, is the decay of the neutral higgses into a goldstino and

the lightest neutralino χ^0_1 (this is the NLSP, while the goldstino is the LSP). The

coupling Higgs-goldstino-neutralino is only suppressed by 1/ f . It arises from

the following terms in L^{new} and from the terms in the on shell, supersymmetric

part of usual MSSM Lagrangian (6.2), hereafter denoted L^{onshell}_0 :

L^{new} + L^{onshell}_0 ⊃ − 1 f [ m^2_1 ψ_Xψ_h0_1 h^{0 ∗}_1 + m^2 ψ_Xψ_h0_2 h^{0 ∗}_2 ] − B^′ f [ ψ_Xψ_h0_2 h^0_1 + ψ_Xψ_h0_1 h^0_2 ]

− 1 f ∑ i=1,2

m_{λi} √ 2 D̃^a_i ψ_Xλ^a_i − 1√ 2 [ g_2λ^3_2 − g_1λ_1 ][ h^{0 ∗}_1 ψ_h0_1 − h^{0 ∗}_2 ψ_h0_2 ] + h.c.(6.31)

The last term (present in the MSSM) also brings a goldstino interaction. This is

possible through the goldstino components of the higgsinos ψ_h0_{1,2} and EW gaugi-

nos λ_{1,2}. The goldstino components are found via the equations of motion, after

EWSB, to give (see also [62]):

μ ψ_h0_1 = 1 f √ 2 ( − m^2 v_2 − B^′ v_1 − 1 2 v_2 ⟨g_2D^3_2 − g_1D_1⟩ ) ψ_X + · · ·

μ ψ_h0_2 = 1 f √ 2 ( − m^2_1 v_1 − B^′ v_2 + 1 2 v_1 ⟨g_2D^3_2 − g_1D_1⟩ ) ψ_X + · · ·

λ_1 = −1 f √ 2 ⟨D_1⟩ ψ_X + · · · , λ^3_2 = −1 f √ 2 ⟨D^3_2⟩ ψ_X + · · · (6.32)

which can be further simplified by using the MSSM minimum conditions in the terms multiplied by 1/ f (allowed in this approximation). As a consistency check we also showed that the determinant of the neutralino mass matrix (now a 5 × 5 matrix, to include the goldstino) vanishes up to corrections of order O( f^{−4}). This is consistent with our approximation for the Lagrangian, and verifies the existence of a massless goldstino (ultimately “eaten” by the gravitino). Using (6.31) and (6.32), one finds after some calculations (for previous calculations of this decay see [101, 102, 103]):

L^{new} + L^{onshell}_0 ⊃ − 1 f √ 2 4∑ j,k=1 [ ψ_X χ^0_j H^0 δ_k X^∗_{jk} + ψ_X χ^0_j h^0 δ^′_k X^∗_{jk} ] + h.c. (6.33) where δ_1 = m_Z sin θ_w [m_{λ1} cos(α + β) + μ sin(α − β)], δ_2 = −m_Z cos θ_w [m_{λ2} cos(α + β) + μ sin(α − β)], δ_3 = −m^2_A sin β sin(α − β) − μ^2 cos α δ_4 = m^2_A cos β sin(α − β) − μ^2 sin α, δ^′_i = δ_i | |_{α→α+π/2} (6.34)

X is the matrix that diagonalizes the MSSM neutralino mass matrix^2: M^2_d = X M M^† X^†, and can be easily evaluated numerically (see [104] for its analytical expression). Further H^0, h^0 are Higgs mass eigenstates (of mass m_{h,H} computed earlier) and h^0_i = 1/ √ 2 (v_i + h^{0 ′}_i + iσ_i) with ⟨h^{0 ′}_i ⟩ = 0, ⟨σ_i⟩ = 0; the relation of H^0, h^0 to h^{0 ′}_{1,2} is a rotation, which in this case can be just that of the MSSM (due to extra 1/ f suppression in the coupling^3). The angle α is tan 2α = tan 2β m^2_A + m^2_Z m^2_A − m^2_Z

, −π/2 ≤ α ≤ 0 (6.35)

2The exact form of M is: M_{11} = m_{λ1} , M_{12} = 0, M_{13} = −m_Z cos β sin θ_w, M_{14} = m_Z sin β sin θ_w, M_{21} = 0, M_{22} = m_{λ2} , M_{23} = m_Z cos β cos θ_w, M_{24} = −m_Z sin β cos θ_w, M_{33} = 0, M_{34} = μ, M_{44} = 0, also M_{i j} = M_{ji}. Note the sign of μ related to our definition of the holomorphic product of SU(2) doublets. With this notation, in the text χ^0_j = X_{jk} ξ_k, with ξ^T_k ≡ (λ_1, λ^3_2, ψ_h0_1 , ψ_h0_2 ).

3The relation is h^{0 ′}_1 = H^0 cos α − h^0 sin α, and h^{0 ′}_2 = H^0 sin α + h^0 cos α.

If the lightest neutralino is light enough, m_χ0_1 < m_h, then h^0, H^0 can decay into it and a goldstino which has a mass of order f /M_{Planck} ∼ 10^{−3} eV; if this is not the case, the decay of neutralino into h^0 and goldstino takes place, examined in [103]. In the former case, the partial decay rate is

Γ_h0_{→χ}0_{1 ψX} = m_h 16 π f^2 | |^4 ∑ k=1 δ^′_k X_{1k} | |^2 ( 1 − m^2_{χ01} m^2_{h0}

)_2 (6.36)

The partial decay rate has corrections coming from both higgsino (X_{13}, X_{14}) and gaugino fields (X_{11}, X_{12}), since they both acquire a goldstino component, see eqs. (6.32). The gaugino correction arises after gaugino-goldstino mixing, SUSY and EW symmetry breaking, (as shown by m_{λi} , m_Z dependence in δ^′_k) and was not included in previous similar studies [101, 102, 103].

The partial decay rate is presented in Figure 6.2 for various values of μ, m_A and m_{λ1,2} which are parameters of the model. A larger decay rate requires a light μ ∼ O(100) GeV, when the neutralino χ^0_1 has a larger higgsino component. At the same time an increase of m_h above the LEP bound requires a larger value for μ, close to μ ≈ 700 GeV if √ f ≈ 1.5 TeV, and μ ≈ 850 GeV if √ f ≈ 2 TeV, see Figure 6.1 (c). The results in Figure 6.2 show that the partial decay rate can be significant (∼ 3 × 10^{−6} GeV), if we recall that the total SM Higgs decay rate (for m_h ≈ 114 GeV) is about 3×10^{−3} GeV, with a branching ratio of h^0 → γγ of 2×10^{−3}, (Figure 2 in [105]). Thus the branching ratio of the process can be close to that of SM h^0 → γγ. The decay is not very sensitive to tan β (Figure 6.2 (b)), due to the extra contribution (beyond MSSM) from the quartic Higgs coupling.

An interesting coupling that is also present in the 1/ f order is that of goldstino to Z_μ boson and to a neutralino. Depending on the relative mass relations, it can bring about a decay of Z_μ (χ^0_j ) into χ^0_j (Z_μ) and a goldstino, respectively.

(a) Γ_h0_{→χψx} in function of √ f . (b) Γ_h0_{→χψx} in function of √ f . Figure 6.2: The partial decay rate of h^0 → ψ_Xχ^0_1 for (a): tan β = 50, m_{λ1} = 70 GeV, m_{λ2} = 150 GeV, μ increases from 50 GeV (top curve) by a step 50 GeV, m_A = 150 GeV. Compare against Figure 6.1 (c) corresponding to a similar range for the parameters. At larger μ, m_h increases, but the partial decay rate decreases. Similar picture is obtained at low tan β ∼ 5. (b): As for (a) but with tan β = 5. Compare against Figure 6.1 (d). Note that the total SM decay rate, for m_h ∼ 114 GeV, is of order 10^{−3}, thus the branching ratio in the above cases becomes comparable to that of SM Higgs going into γγ (see Figure 2 in [105]).

The relevant terms are

L^{new} + L^{onshell}_0 ⊃ − 1 4 ψ_h0_1 σ^μψ_h0_1 (g_2V^3_2 − g_1 V_1)_μ + 1 4 ψ_h0_2 σ^μψ_h0_2 (g_2V^3_2 − g_1 V_1)_μ }

− 2∑ i=1 m_{λi} √ 2 f ψ_X σ^{μν} λ^a_i F^a_{μν, i} + h.c. (6.37)

where the last term was generated in (6.19) (i labels the gauge group). Since the

higgsinos acquired a goldstino component (∝ ψ_X/ f ) via mass mixing, the first

line above induces additional O(1/ f ) couplings of the higgsino to goldstino and

to Z_μ = (1/g) (g_2V^3_2 − g_1 V_1)_μ with g^2 = g^2_1 + g^2. After some calculations one finds

the coupling Z_μ χ^0_j ψ_X:

L^{new}+L^{onshell}_0 = 1 f √ 2 4∑ j=1 [ ψ_Xσ^μ χ^0_j Z_μ (μ m_Z w_j −m^2_Z v_j)−ψ_X(σ^μ∂^ν −σ^ν∂^μ)χ^0_j Z_{μν}v_j ]

+ h.c. (6.38) where

w_j = cos β X^∗_{j4} − sin β X^∗_{j3}, v_j = − sin θ_w X^∗_{j1} + cos θ_w X^∗_{j2}, Z_{μν} = ∂_μZ_ν − ∂_νZ_μ(6.39)

If m_χ0_1 is lighter than Z_μ then a decay of the latter into χ^0_1 + ψ_X is possible. The decay rate of this process is (with j = 1):

Γ_{Z→ψX χ}0_j = m^5_Z 32π f^2 [ ζ_1|w_j|^2 + ζ_2 |v_j|^2 + ζ_3 (w_j v^∗_j + w^∗_j v_j) ]( 1 − m^2_{χ j} m^2_Z

)_2

(6.40)

with ζ_1 = 2(2 + r^2) μ^2/m^2_Z , ζ_2 = 2(8 + r^2)(1 + 2r^2), ζ_3 = −2(4 + 5r^2)μ/m_Z where r = m_{χ j} /m_Z (in (6.38) and subsequent one can actually replace μ by m_{χ j} and w_j → w^∗_j , with X_{j4} ↔ X_{j3}).

The decay rate should be within the LEP error for Γ_Z , which is 2.3 MeV [106] (ignoring theoretical uncertainties which are small). From this, one finds a lower bound for √ f , which can be as high as √ f ≈ 700 GeV for the parameter space considered previously in Figure 6.1, while generic values are √ f ∼ O(400) GeV.

Therefore the results for the increase of m_h, that needed a value for √ f in the TeV region, escape this constraint. This constraint does not apply if the lightest neutralino has a mass larger than m_Z, when the opposite decay (χ_j → Z ψ_X) takes place (this can be arranged for example by a larger m_{λ1} ).

There also exists the interesting possibility of an invisible decay of Z_μ gauge boson into a pair of goldstino fields, that we review here [62, 64, 82]. This is induced by the following terms in the Lagrangian, after the Higgs field acquires a VEV:

L^{new} + L^{onshell}_0 ⊃ { 1 4 f^2 ψ_Xσ^μψ_X (g_2V^3_2 − g_1 V_1)_μ (m^2_1 v^2_1/2 − m^2 v^2/2) − 1 4 ψ_h0_1 σ^μψ_h0_1 (g_2V^3_2 − g_1 V_1)_μ + 1 4 ψ_h0_2 σ^μψ_h0_2 (g_2V^3_2 − g_1 V_1)_μ } + h.c.(6.41)

With (6.32) and (6.41) one finds the coupling of Z boson to a pair of goldstinos:

L^{new} + L^{onshell}_0 ⊃ m^2_Z 4 f^2 ψ_X σ^μ ψ_X Z_μ ⟨D_Z ⟩ + h.c. (6.42)

where ⟨D_Z ⟩ ≡ cos θ_W ⟨D^3_2⟩ − sin θ_W ⟨D_1⟩ = −(m^2_Z /g) cos 2β + O(1/ f ). The decay rate is then

Γ_{Z→ψX ψX} = m_Z 24 π g^2

[ m4_Z 2 f^2

]_2 cos^2 2β (6.43)

in agreement with previous results obtained for B^′ = 0 [64, 62, 82]. The decay rate is independent of m_A and should be within the LEP error for Γ_Z (2.3 MeV [106]). One can then easily see that the increase of the Higgs mass above the LEP bound (114.4 GeV) seen earlier in Figure 6.1 is consistent with the current bounds for this decay rate, which thus places only mild constraints on f , below the TeV scale (≈ 200 GeV) [64, 82].

Similarly, L^{new} can also induce Higgs decays into goldstino pairs. The terms in L^{new} that contribute to Higgs decays are L^{aux}_{F (2)}, L^{aux}_D , L^{extra}_m together with the MSSM higgsino-Higgs-gaugino coupling (last term in (6.31)). After using (6.32), expanding the Higgs fields about their v.e.v., one finds:

L^{new} + L^{onshell}_0 ⊃ μ v 4 f^2 m^2_A cos 2β ψ_Xψ_X [ h^{0 ′}_1 sin β − h^{0 ′}_2 cos β ] + h.c. + O(1/ f^3) (6.44)

which, similarly to Z couplings, is independent of gaugino masses. Here v = 246 GeV and h^0_i = 1/ √ 2 (v_i +h^{0 ′}_i +iσ_i), ⟨h^{0 ′}_i ⟩ = 0, ⟨σ_i⟩ = 0. In the mass eigenstates basis one simply replaces the square bracket in (6.44) by [H^0 sin(β − α) − h^0 cos(β − α)]. One can also replace m_A by m^2_A = m^2_h + m^2_H − m^2_Z + O(1/ f^2), where the Higgs masses can be taken to be the MSSM values (up to higher order corrections in 1/ f ). The decay rate of h^0 into a pair of goldstinos is then

Γ_h0_{→ψX ψX} = m_h 8π f^4 g^2_{h0ψX ψX} (6.45)

where g_h0_{ψX ψX} is the coupling of h^0ψ_Xψ_X of the above Lagrangian. For relevant values of f above ∼1 TeV it turns out that this decay rate is very small relative to other partial decay rates of the Higgs in the MSSM/SM. For example, for a total decay rate near 10^{−3} GeV (valid near a Higgs mass of order O(100) GeV), the branching ratio of this decay mode is well below the usual ones and below that of SM Higgs going into γγ, by a factor ≈ 10^{−3} − 10^{−2}.

CHAPTER 7

SUMMARY OF RESULTS

This part of the thesis consists of two different effective analyses in the context of MSSM.

In the first one, covered in chapters 3, 4 and 5, we considered an extension by the complete set of R-parity conserving, mass dimension 5 operators for the MSSM and by dimension 5 and 6 for its Higgs sector. This set included all supersymmetric and supersymmetry breaking terms, the latter being incorporated by the use of spurions. Some of these operators are not physical since they can be related to each other by field redefinitions. We performed the appropriate, spurion dependent, redefinitions that allowed us to write down the full irreducible set of dimension 5 and dimension 6 operators. We further restricted the parameter space by applying phenomenological constraints, in particular from flavor changing neutral currents. We then studied the phenomenological consequences of the model both in the production of new couplings and in the mass of the Higgs.

The new couplings include “wrong” Higgs Yukawa terms which are also generated at one loop in pure MSSM. One significant effect of these terms is the tan β enhancement of the mass of the bottom quark. If the scale of the effective operators is at the multiTeV scale, the effective contribution is comparable or even bigger than the loop contribution. We also found couplings of type 2 quarks - 2 squarks and 2 quarks - 2 sleptons. These are also relevant for LHC since they contribute to processes of squark production. The corresponding pure MSSM channels become weaker for higher collision energy, contrary to the effective contribution which is simply suppressed by 1/M. The two can become comparable for energy of the TeV scale as in LHC.

The effective analysis presented offers a solution to the little hierarchy problem of MSSM. This problem is related to the fact that the tree level calculation for m_h in pure MSSM reveals an upper bound, equal to m_Z = 91.2 GeV, which is in complete disagreement with the lower bound of 114 GeV from the LEPII experiment. The only way to overpass this discrepancy in pure MSSM is to suppose significant loop corrections implying very heavy stops or large stop mixing. In any case fine tuning is reintroduced and this is what we call the little hierarchy problem. However, we showed that effective operators can significantly raise the mass of the Higgs thus reducing the fine tuning. This result suggests an alternative interpretation of the little hierarchy. Instead of viewing it as a deficiency of MSSM, it can be viewed as an indication for new physics at the multiTeV range.

The second effective analysis, presented in chapter 6, is not related to some “new physics” but to the SUSY breaking sector. Models of low energy SUSY breaking predict a very light gravitino. In the low energy regime, the dynamics of the gravitino can be accurately described by the dynamics of its goldstino component. So if the breaking scale is around TeV, apart from the pure MSSM spectrum we need to include the goldstino mode.

The effective description of the goldstino mode is done via nonlinear realization of supersymmetry. There are various ways to study such systems. We chose the language of “constrained superfields” as the most general and easy to reproduce the couplings of goldstinos to MSSM fields. We wrote the full set of couplings and studied their phenomenological significance. One important effect is again related to the mass of the Higgs. It is shown that the presence of a goldstino can also increase m_h providing us with yet another way to alleviate the little hierarchy, even without the hypothesis of new physics. Furthermore, we found that invisible decays of Higgs to goldstinos and other neutralinos can be of comparable size with the standard decay to two photons. Finally, assuming that the lightest neutralino is lighter than the Z gauge boson, we got a bound on the SUSY breaking scale of around 700 GeV from invisible Z boson decays.

Part II

BRANE - BULK INTERACTIONS IN N = 2 GLOBAL AND LOCAL SUPERSYMMETRY

CHAPTER 8

PRELIMINARIES

8.1 The Dirac Born Infeld Action as the Effective Action of a D-brane

In 1934, a few years before the development of Quantum Electrodynamics, M. Born and L. Infeld proposed a generalization of Maxwell’s electrodynamics that was free of the notorious divergence in the self-energy of the electron [107]. Their inspiration derived from how Special Relativity (SR) accommodated what they called “the principle of finiteness”, that consistent theories should not allow physical quantities to become infinite.

In SR, the Newtonian kinetic energy of a particle is replaced by a function that imposes an upper limit in the velocity.

1 2 mv^2 → mc^2 1 − √ 1 − v^2 c^2

. (8.1)

The deeper reason behind this replacement is the principle of relativity, that the kinetic action be invariant under Lorentz transformations. Born and Infeld suggested a similar replacement for electrodynamics 1 2 (H^2 − E^2) → b^2 √ 1 + 1 b^2

(H^2 − E^2) − 1

, (8.2)

where b is a constant with the same dimension as the fields. They supported it by constructing a general expression for the Lorentz invariant action of a tensor field A_{μν}. In a few lines, this is what they did: Under a coordinate transformation, the measure d^4 x becomes Jd^4 x and the determinant |A| becomes J^{−2}|A|, where J is the Jacobian of the transformation. It is obvious then that √ |A| d^4 x forms an invariant piece. As for any arbitrary tensor, we can split A_{μν} into a sum of its symmetric and antisymmetric part. The symmetric part was identified with the metric g_{μν} and the antisymmetric with the field strength F_{μν}. A general expression for an invariant Lagrangian is then: L = √ −|g + F| + α √ −|g| + β √ −|F| . (8.3)

However, the last piece is a total derivative and can be ignored. Also, α = −1 by the requirement that we reduce to Maxwell’s electrodynamics in the limit of small fields. After restoring dimensions we find that in flat space the Lagrangian takes the form:

L = b^2 1 − √ −|η + F b | = b^2 1 − √ 1 + F_{μν}F^{μν} 2b^2 − (F^{μν}F̃_{μν})^2 16b^4

, (8.4)

where F̃_{μν} = ϵ_{μνρσ}F^{ρσ}/2 is the dual field strength. We see that their derivation led to the suggested action (8.2) up to the piece FF̃ that does not affect the resolution of the electron self energy problem. In fact, we see that the electric field E has a maximum value b, in direct correspondence to the maximum velocity c of a particle in SR. As a consequence, the electric potential at zero distance doesn’t diverge as 1/r but rather takes a maximum value proportional to √ b/e, with e the electron charge.

The Born Infeld (BI) action offered an ingenious solution to the apparent divergence of the electric field at short distances. However, it was a classical solution to a problem that is purely quantum mechanical. The advent of Quantum Electrodynamics and renormalizable quantum field theories in the following years resolved, beyond many other things, the self energy problem.

Little attention was paid to the BI action until 50 years later. In a paper by E. Fradkin and A. Tseytlin in 1984, it was shown that the low energy effective action for open bosonic strings propagating in a background of constant field strength is given precisely by the BI action [108]. The same action is obtained in the superstrings case, too [109, 110]. In this framework, the maximal value ‘b’ of the field strength is interpreted as the string tension T = 1/2πα^′. At such extreme values, higher harmonics of the string can be excited and thus the energy of the field is transferred into these modes. In a way, the extended nature of strings smears the singularity. This was a remarkable discovery as it provided a closed expression where α^′ corrections are summed up to all orders.

The connection with D-branes, which were discovered some years later, didn’t take long to reveal. It was soon demonstrated that the effective action for the coupling of a D-brane with NSNS bulk fields is given by the Dirac-Born- Infeld (DBI) action [111]. The DBI action is merely a dimensional reduction of a generalization of BI action to include the coupling to the dilaton and the antisymmetric tensor. The effective action of a D-brane was extended after it was discovered that these non perturbative objects break half of the bulk supersymmetries and act as sources for the RR fields of the closed string spectrum [112]. This introduced a second piece in the effective action given by Wess-Zumino terms [113]. All in all, the bosonic part of the world-volume effective action of a

Dp-brane at the string tree level is given by:

S_{Dp} = −T_p ∫ d^{p+1} x e^{−ϕ} ( √ −|g| − √ −|g + 2πα^′F + B| ) + μ_p ∫ ∑ l e^{2πα′ F+B} ∧ C_l (8.5)

at string frame. T_p is the brane tension, μ_p is the brane’s charge for the various RR fields denoted by C_l (so l is even in type IIB and odd in type IIA) while B is the NSNS 2-form.

In the previous paragraph we mentioned that D-branes are objects that break half of the bulk supersymmetries and that their low energy effective action is described by the DBI action. To be more precise, it has been shown that the broken half of the supersymmetry is realized nonlinearly on the worldvolume of the D-brane. These facts lead us to the following question: Is it possible to apply the tools of nonlinear realizations developed in the previous part of the thesis, in order to “reproduce” the low energy effective action of a D-brane? In the following chapters we show that for the general case of N = 2 bulk supersymmetry, it is. We do this by defining appropriate N = 2 superfields and then upgrading the constrained superfields technique to N = 2 superspace. The constraint breaks one supersymmetry leaving one linear and one nonlinear in the effective theory. The result comes out to be precisely the DBI action plus Wess - Zumino terms.

8.2 Quaternion-Kähler and Hyper-Kähler Manifolds

Supersymmetric Lagrangians of interacting matter typically contain complicated, field dependent terms in their kinetic part forming a nonlinear σ model. An efficient way to study the structure of the allowed couplings is to view the fields as coordinates of a Riemannian manifold. Restrictions that supersymmetry imposes on the couplings are translated into restrictions on the corresponding manifold of the σ model.

N = 1 global supersymmetry requires that the manifold of hypermultiplet scalars is Kähler while for N = 1 supergravity it is further restricted to be Hodge. Adding one more supersymmetry brings further conditions: The scalar manifold in global N = 2 is restricted to be hyperKähler while in local N = 2 it is quaternion-Kähler. Since we will focus on N = 2 supersymmetric models, we briefly present some basic facts about these two manifolds.

A quaternion-Kähler manifold is a 4n real dimensional Kähler manifold with holonomy contained in S p(2) × S p(2n). It has three complex structures J^i J^k = −δ^{ik}I + ϵ^{ikl} J^l (8.6) with i, k, l = 1, 2, 3 and a hermitian metric such that, for each i g_{αβ} J^{i α}_κ J^{i β}_λ = g_{κλ} .

It is also Einstein, which means that its Ricci tensor is proportional to the metric: R_{αβ} = 2ρ(2 + n)g_{αβ} .

and is strictly non-vanishing. In addition, it has a self-dual Weyl curvature (Weyl tensor is the traceless component of Riemann tensor). In 4D (n=1) the holonomy is S p(2) × S p(2) ∼ S O(4) so the holonomy condition is empty. In this case the proper condition is self-duality of the Weyl tensor. In N = 2 nonlinear σ models coupled to SUGRA the Einstein parameter is identified as ρ = −k^2 where k^2 = 8πG_N (G_N is Newton’s constant). In the zero curvature limit (k → 0) we obtain global supersymmetry and a manifold which is Ricci-flat (Ricci tensor is zero).

By properly taking the global supersymmetry limit in a SUGRA theory with matter couplings, we should reduce to some global matter coupling theory which, as we mentioned, is described by a hyper-Kähler manifold. Hyper- Kähler manifolds are defined as the 4n real dimensional, connected, Riemannian manifolds whose holonomy group is contained in S p(2n). All hyper-Kähler manifolds are also Kähler and Ricci-flat, that is R_{μν} = 0. This matches with the zero curvature limit of the quaternion-Kähler. However, hyper-Kähler are not a subclass of quaternion-Kähler whose Ricci scalar and S p(2) connection are strictly non-zero.

8.3 Superspace Conventions

The notation used henceforth is somewhat different from the one of the previous part, being more suitable for the work done here. We present the notation as well as some ingredients that will be proven useful in the following chapters.

The N = 1 supersymmetry variation of a superfield V_1 is δV_1 = (ϵQ + ϵQ)V_1, with supercharges verifying the algebra

{Q_α, Q_{α̇}} = −2i(σ^μ)_{αα̇} ∂_μ. (8.7)

On V_1, the supersymmetry algebra is

[δ_1, δ_2]V_1 = −2i (ϵ_1σ^μϵ_2 − ϵ_2σ^μϵ_1) ∂_μV_1. (8.8)

The covariant derivatives

D_α = ∂ ∂θ^α

− i(σ^μθ)_α ∂_μ , D_{α̇} = ∂ ∂θ^{α̇}

− i(θσ^μ)_{α̇} ∂_μ (8.9) anticommute with supercharges and verify {D_α, D_{α̇}} = −2i(σ^μ)_{αα̇} ∂_μ (8.10) as well.

The second supersymmetry will transform V_1 into another superfield V_2 and these two will form an N = 2 supermultiplet. It is known that the covariant derivatives themselves offer a good differential realization of the supersymmetry algebra; this is easily seen here by comparing (8.7) and (8.10). So we choose to realize the second supersymmetry algebra on the covariant derivatives by postulating the following transformations: δ^∗V_1 = − i √ 2 (ηD + ηD)V_2 , δ^∗V_2 = i √ 2(ηD + ηD)V_1 . (8.11) where η_α is the spinorial parameter of the second supersymmetry. What we have presented here is the realization of N = 2 supersymmetry in terms of N = 1 superfields. We will see later that for our purposes, we can also define N = 2 chiral superfields, which will be very useful in simplifying various expressions.

The N = 1 supersymmetry variations of the components (z, ψ, f ) of a chiral superfield Φ, D_{α̇}Φ = 0, are δz = √ 2 ϵψ ,

δψ_α = − √ 2 [ f ϵ_α + i(σ^μϵ)_α∂_μz] ,

δ f = − √ 2 i ∂_μψσ^μϵ.

(8.12)

The bosonic expansions of the chiral superfields that will appear later are: W_α(y, θ) = θ_αd(y) +^i_2 (θσ^μσ^ν)_αF_{μν}(y), χ_α(y, θ) = −^1_4 θ_αC(y) +^1_4 (θσ^μσ^ν)_α b_{μν}(y),

Φ(y, θ) = ϕ(y) − θθ f_ϕ(y),

(8.13) and any other chiral superfield has an expansion similar to Φ. In this notation χ_{α̇} = (χ_α)^∗ but W_{α̇} = −(W_α)^∗. Since L = D^αχ_α − D_{α̇}χ^{α̇}, the linear superfield has bosonic expansion

L(x, θ, θ) = C + θσ^μθv_μ +^1_4 θθθθ □C,

v_μ =^1_2 ϵ_{μνρσ}∂^νb^{ρσ} =^1_2 ϵ_{μνρσ}∂^{[ν}b^{ρσ]} =^1_6 ϵ_{μνρσ}H^{νρσ}.

(8.14)

With these expansions, ∫ d^2θd^2θ [ −L^2 + 1 2 (Φ + Φ)^2 ]

is the Lagrangian of a free, canonically-normalized, single-tensor N = 2 multiplet. Its bosonic content is 1 2 (∂_μC)(∂^μC) + 1 12 H_{μνρ}H^{μνρ}, H_{μνρ} = 3 ∂_{[μ}b_{νρ]}.

For more details on the single tensor multiplet see section 9.1.

The identities

DD θθ = DD θθ = −4, ∫ d^2θd^2θ = − 1 4 ∫ d^2θ DD = − 1 4 ∫ d^2θ DD, (8.15)

only valid under a space-time integral ∫ d^4 x, are commonly used. Also,

D_αD_β =^1_2 ϵ_{αβ}DD, D_{α̇}D˙_β = −^1_2 ϵ_{α̇}˙_βDD,

[D_α, DD] = −4i(σ^μD)_α∂_μ, [D_{α̇}, DD] = +4i(Dσ^μ)_{α̇}∂_μ,

DD W_α = 4i(σ^μ∂_μW)_α, DD W_{α̇} = −4i(∂_μWσ^μ)_{α̇}.

CHAPTER 9

THE LINEAR N = 2 MAXWELL-DILATON SYSTEM

Our first objective is to describe, in the context of linear N = 2 supersymmetry, the coupling of the single-tensor multiplet to N = 2 super-Maxwell theory. Since these two supermultiplets admit off-shell realizations, they can be described in superspace without reference to a particular Lagrangian. Gauge transformations of the Maxwell multiplet use a single-tensor multiplet, we then begin with the latter.

9.1 The Single-Tensor Multiplet

In global N = 1 supersymmetry, a real antisymmetric tensor field b_{μν} is described by a chiral, spinorial superfield χ_α with 8_B + 8_F fields [114]^1:

χ_α = − 1 4 θ_α(C + iC^′) + 1 4 (θσ^μσ^ν)_α b_{μν} + . . . ( D_{α̇}χ_α = 0 ), (9.1)

C and C^′ being the real scalar partners of b_{μν}. The curl h_{μνρ} = 3 ∂_{[μ}b_{νρ]} is described by the real superfield L = D^αχ_α − D_{α̇}χ^{α̇}. (9.2)

1The notation m_B + n_F stands for ‘m bosonic and n fermionic fields’.

Chirality of χ_α implies linearity of L: DDL = DDL = 0. The linear superfield L is invariant under the supersymmetric gauge transformation^2

χ_α −→ χ_α + i 4 DDD_αΔ, χ_{α̇} −→ χ_{α̇} + i 4 DDD_{α̇}Δ, (9.3)

of χ_α: this is the supersymmetric extension of the invariance of h_{μνρ} under δb_{μν} = 2 ∂_{[μ}Λ_{ν]}. Considering bosons only, the gauge transformation (9.3) eliminates three of the six components of b_{μν} and the scalar field C^′. Accordingly, L only depends on the invariant curl h_{μνρ} and on the invariant real scalar C. The linear L describes then 4_B + 4_F fields. Using either χ_α or L, we will find two descriptions of the single-tensor multiplet of global N = 2 supersymmetry [18, 19, 20].

In the gauge-invariant description using L, the N = 2 multiplet is completed with a chiral superfield Φ (8_B + 8_F fields in total). The second supersymmetry transformations (with parameter η_α) are

δ^∗L = −^i√_2 (ηDΦ + ηDΦ) ,

δ^∗Φ = i √ 2 ηDL , δ^∗Φ = i √ 2 ηDL ,

(9.4)

where D_α and D_{α̇} are the usual N = 1 supersymmetry derivatives verifying {D_α, D_{α̇}} = −2i(σ^μ)_{αα̇}∂_μ. It is easily verified that the N = 2 supersymmetry algebra closes on L and Φ.

We may try to replace L by χ_α with second supersymmetry transformation δ^∗χ_α = −^i√_2 Φ η_α, as suggested when comparing eqs. (9.2) and (9.4). However, with superfields χ_α and Φ only, the N = 2 algebra only closes up to a gauge transformation (9.3). This fact, and the unusual number 12_B + 12_F of fields, indicate that (χ_α, Φ) is a gauge-fixed version of the off-shell N = 2 multiplet.

2Δ is an arbitrary real superfield.

We actually need another chiral N = 1 superfield Y to close the supersymmetry algebra. The second supersymmetry variations are

δ^∗Y = √ 2 ηχ ,

δ^∗χ_α = −^i√_2 Φ η_α −^{√2}_4 η_α DD Y − √ 2i(σ^μη)_α∂_μY ,

δ^∗Φ = 2 √ 2i [_1 4 DDηχ + i∂_μχσ^μη ] . (9.5)

One easily verifies that the Y–dependent terms in δ^∗χ_α induce a gauge transformation (9.3). Hence, the linear L and its variation δ^∗L do not feel Y. The superfields χ_α, Φ and Y have 16_B + 16_F field components. Gauge transformation (9.3) eliminates 4_B + 4_F fields. To further eliminate 4_B + 4_F fields, a new gauge variation Y −→ Y − 1 2 DDΔ^′, (9.6) with Δ^′ real, is then postulated. We will see below that this variation is actually dictated by N = 2 supersymmetry. There exists then a gauge in which Y = 0 but in this gauge the supersymmetry algebra closes on χ_α only up to a transformation (9.3). This is analogous to the Wess-Zumino gauge of N = 1 supersymmetry, but in our case, this particular gauge respects N = 1 supersymmetry and gauge symmetry (9.3).

Two remarks should be made at this point. Firstly, the superfield Y will play an important role in the construction of the Dirac-Born-Infeld interaction with nonlinear N = 2 supersymmetry. As we will see later on^3, it includes a fourindex antisymmetric tensor field in its highest component. Secondly, a constant (θ–independent) background value ⟨Φ⟩ breaks the second supersymmetry only, δ^∗χ_α = −^i√_2 ⟨Φ⟩η_α + . . . It is a natural source of partial supersymmetry breaking in the single-tensor multiplet. Notice that the condition δ^∗⟨Φ⟩ = 0 is equivalent

3See section 9.4.

to D_{α̇}(Dχ − Dχ) = 0.

An invariant kinetic action for the gauge invariant single-tensor multiplet in-

volves an arbitrary function solution of the three-dimensional Laplace equation

(for the variables L, Φ and Φ) [19]:

L_{S T} = ∫ d^2θd^2θ H(L, Φ, Φ) ,

∂^2H ∂L^2 + 2 ∂^2H ∂Φ∂Φ

= 0. (9.7)

In the dual hypermultiplet formulation the Laplace equation is replaced by a

Monge-Ampère equation. We will often insist on theories with axionic shift

symmetry δΦ = ic (c real), dual to a double-tensor theory. In this case, H is a

function of L and Φ + Φ so that the general solution of Laplace equation is

L_{S T} = ∫ d^2θd^2θ H(V) + h.c., V = L + i √ 2 (Φ + Φ), (9.8)

with an arbitrary analytic function H(V).

The single-tensor multiplet as well as its Poincaré duals will play a central

role in what follows. For this reason in Appendix C we give a detailed presen-

tation of these multiplets and the duality transformations that switch from one

to the other.

9.2 The Maxwell Multiplet, Fayet-Iliopoulos Terms

Take two real vector superfields V_1 and V_2. Variations

δ^∗V_1 = − i √ 2 [ ηD + ηD ] V_2 , δ^∗V_2 = √ 2i [ ηD + ηD ] V_1 (9.9)

provide a representation of N = 2 supersymmetry with 16_B +16_F fields. We may

reduce the supermultiplet by imposing on V_1 and V_2 constraints consistent with the second supersymmetry variations: for instance, the single-tensor multiplet

is obtained by requiring V_1 = L and V_2 = Φ + Φ. Another option is to impose a

gauge invariance: we may impose that the theory is invariant under^4

δ_{U(1)} V_1 = Λ_ℓ , δ_{U(1)} V_2 = Λ_c + Λ_c , (9.10)

where Λ_ℓ and Λ_c form a single-tensor multiplet,

Λ_ℓ = Λ_ℓ , DDΛ_ℓ = 0, D_{α̇}Λ_c = 0, (9.11)

with transformations (9.4). Defining the gauge invariant superfields^5

W_α = −^1_4 DDD_α V_2 , W_{α̇} = −^1_4 DDD_{α̇} V_2 ,

X =^1_2 DD V_1 , X =^1_2 DD V_1,

(9.12)

the variations (9.9) imply^6

δ^∗X = √ 2 i η^αW_α, δ^∗X = √ 2 i η_{α̇}W^{α̇},

δ^∗W_α = √ 2 i [_1 4 η_αDD X + i(σ^μη)_α ∂_μX ] , δ^∗W_{α̇} = √ 2 i [_1 4 η_{α̇}DD X − i(ησ^μ)_{α̇} ∂_μX ] . (9.13)

While (V_1, V_2) describes the N = 2 supersymmetric extension of the gauge po-

tential A_μ, (W_α, X) is the multiplet of the gauge curvature F_{μν} = 2 ∂_{[μ}A_{ν]} [115].

The N = 2 gauge invariant Lagrangian depends on the derivatives of a holo-

morphic prepotential F (X):

L_{Max.} =^1_4 ∫ d^2θ [ F^{′′}(X)WW −^1_2 F^′(X)DD X ] + c.c.

=^1_4 ∫ d^2θ F^{′′}(X)WW + c.c. +^1_2 ∫ d^2θd^2θ [ F^′(X)X + F^′(X)X ] + ∂_μ(. . .).

(9.14)

4For clarity, we use the following convention for field variations: δ^∗ refers to the second (N = 2) supersymmetry variations of the superfields and component fields; δ_{U(1)} indicates the Maxwell gauge variations; δ appears for gauge variations of superfields or field components related (by supersymmetry) to δb_{μν} = 2 ∂_{[μ}Λ_{ν]}.

5Remember that with this (standard) convention, W_{α̇} is minus the complex conjugate of W_α. 6There is a phase choice in the definition of X: a phase rotation of X can be absorbed in a phase choice of η.

In the construction of the Maxwell multiplet in terms of X and W_α, one ex-

pects a triplet of Fayet-Iliopoulos terms,

L_{F.I.} = − 1 4 (ξ_1 + ia) ∫ d^2θ X − 1 4 (ξ_1 − ia) ∫ d^2θ X + ξ_2 ∫ d^2θd^2θ V_2, (9.15)

with real parameters ξ_1, ξ_2 and a. They may generate background values of

the auxiliary components f_X and d_2 of X and V_2 which in general break both

supersymmetries:

δ^∗X = √ 2i ηθ ⟨d_2⟩ + . . . , δ^∗W_α = √ 2i η_α ⟨ f_X⟩ + . . . (9.16)

In terms of V_1 and V_2 however, the relation X =^1_2 DDV_1 implies that Im f_X is the

curl of a three-index antisymmetric tensor (see section 9.4) and that its expec-

tation value is turned into an integration constant of the tensor field equation

[116, 117]. As a consequence, − 1 4 (ξ_1 + ia) ∫ d^2θ X − 1 4 (ξ_1 − ia) ∫ d^2θ X = ξ_1 ∫ d^2θd^2θ V_1 + derivative

and the Fayet-Iliopoulos Lagrangian becomes

L_{F.I.} = ∫ d^2θd^2θ [ξ_1V_1 + ξ_2V_2], (9.17)

with two real parameters only.

The Maxwell multiplet with superfields (X, W_α) and the single-tensor mul-

tiplet (Y, χ_α, Φ) have a simple interpretation in terms of chiral superfields on

N = 2 superspace. We will use this formalism to construct their interacting

Lagrangians in section 9.5.

9.3 The Chern-Simons Interaction

With a Maxwell field F_{μν} = 2 ∂_{[μ}A_{ν]} (in W_α) and an antisymmetric tensor b_{μν} (in χ_α or L), one may expect the presence of a b ∧ F interaction

ϵ^{μνρσ}b_{μν}F_{ρσ} = 2 ϵ^{μνρσ}A_μ∂_νb_{ρσ} + derivative.

This equality suggests that its N = 2 supersymmetric extension also exists in two forms: either as an integral over chiral superspace of an expression depending on χ_α, W_α, X, Φ and Y, or as a real expression using L, Φ + Φ, V_1 and V_2.

In the ‘real’ formulation, the N = 2 Chern-Simons term is^7

L_{CS} = −g ∫ d^2θd^2θ [ LV_2 + (Φ + Φ)V_1 ] , (9.18)

with a real coupling constant g. It is invariant (up to a derivative) under the gauge transformations (9.10) of V_1 and V_2 with L and Φ left inert. Notice that the introduction of Fayet-Iliopoulos terms for V_1 and V_2 corresponds respectively to the shifts Φ + Φ → Φ + Φ − ξ_1/g and L → L − ξ_2/g in the Chern-Simons term.

The ‘chiral’ version uses the spinorial prepotential χ_α instead of L. Turning expression (9.18) into a chiral integral and using X =^1_2 DD V_1 leads to

L_{CS, χ} = g ∫ d^2θ [ χ^αW_α + 1 2 ΦX ] + g ∫ d^2θ [ −χ_{α̇}W^{α̇} + 1 2 ΦX ] , (9.19)

which differs from L_{CS} by a derivative. The chiral version of the Chern-Simons term L_{CS,χ} transforms as a derivative under the gauge variation (9.3) of χ_α. Its invariance under constant shift symmetry of Im Φ follows from X =^1_2 DD V_1. It does not depend on Y.

7The dimensions in mass unit of our superfields are as follows: V_1, V_2 : 0 , X, Y : 1 , W_α, χ_α : 3/2 , Φ, L : 2. The coupling constant g is then dimensionless.

The consistent Lagrangian for the Maxwell – single-tensor system with

Chern-Simons interaction is then

L_{S T} + L_{Max.} + L_{CS} or L_{S T} + L_{Max.} + L_{CS, χ}. (9.20)

The first two contributions include the kinetic terms and self-interactions of the

multiplets while the third describes how they interact. Each of the three terms

is separately N = 2 supersymmetric.

Using a N = 1 duality, a linear multiplet can be transformed into a chiral su-

perfield with constant shift symmetry and the opposite transformation of course

exists. Hence, performing both transformations, a single-tensor multiplet La-

grangian (L, Φ) with constant shift symmetry of the chiral Φ has a ‘double-dual’

second version. Suppose that we start with a Lagrangian where Maxwell gauge

symmetry acts as a Stückelberg gauging of the single-tensor multiplet:^8 L = ∫ d^2θd^2θ H(L − gV_1, Φ + Φ − gV_2). (9.21)

The shift symmetry of Im Φ has been gauged and L is invariant under gauge

transformations (9.10) combined with

δ_{U(1)}L = gΛ_ℓ , δ_{U(1)}Φ = gΛ_c , (9.22)

and under N = 2 supersymmetry if H verifies Laplace equation (9.7). If we

perform a double dualization (L, Φ + Φ) → (Φ̃ + Φ̃, L̃), we obtain the dual theory

L̃ = ∫ d^2θd^2θ H̃(L̃, Φ̃ + Φ̃) + g ∫ d^2θ [ χ̃^αW_α + 1 2 Φ̃X ] + c.c. (9.23) = ∫ d^2θd^2θ [ H̃(L̃, Φ̃ + Φ̃) − gL̃V_2 ] + g 2 ∫ d^2θ Φ̃X + c.c.

8Strictly speaking, the coupling constant g in this theory has dimension (energy)^2. There is an irrelevant energy scale involved in the duality transformation of a dimension two L into a dimension two chiral superfield. Hence, g in eq. (9.23) is again dimensionless.

where H̃ is the result of the double Legendre transformation

H̃(ỹ, x̃) = H(x, y) − x̃x − ỹy. (9.24)

The dual theory is then the sum of the ungauged Lagrangian (9.7) and of the Chern-Simons coupling (9.18). This single-tensor – single-tensor duality is actually N = 2 covariant: if H solves Laplace equation, so does H̃, and every intermediate step of the duality transformation can be formulated with explicit N = 2 off-shell supersymmetry.

We have then found two classes of couplings of Maxwell theory to the singletensor multiplet. Firstly, using the supersymmetric extension of the b ∧ F coupling, as in eqs. (9.20). Secondly, using a Stückelberg gauging (9.21) of the single-tensor kinetic terms. The first version only is directly appropriate to perform an electric-magnetic duality transformation. However, since the second version can always be turned into the first one by a single-tensor – single-tensor duality, electric-magnetic duality of the second version requires this preliminary step: both theories have the same ‘magnetic’ dual.

9.4 The Significance of V_1, X and Y

In the description of the N = 2 Maxwell multiplet in terms of two N = 1 real superfields, V_2 describes as usual the gauge potential A_μ, a gaugino λ_α and a real auxiliary field d_2 (in Wess-Zumino gauge). We wish to clarify the significance and the field content of the superfields V_1 and X =^1_2 DDV_1, as well as the related content of the chiral superfield Y used in the description in terms of the spinorial potential χ_α of the single-tensor multiplet (Y, χ_α, Φ).

The vector superfield V_1 has the N = 2 Maxwell gauge variation δ_{U(1)}V_1 = Λ_ℓ, with a real linear parameter superfield Λ_ℓ. In analogy with the Wess-Zumino gauge commonly applied to V_2, there exists then a gauge where

V_1(x, θ, θ) = θσ^μθ v_{1μ} − 1 2 θθ x − 1 2 θθ x − 1 √ 2 θθθψ_X − 1 √ 2 θθθψ_X + 1 2 θθθθ d_1. (9.25)

This gauge leaves a residual invariance acting on the vector field v_{1μ} only:

δ_{U(1)}v^μ_1 = 1 2 ϵ^{μνρσ}∂_νΛ_{ρσ} . (9.26)

This indicates that the vector v^μ_1 is actually a three-index antisymmetric tensor,

v^μ_1 = 1 6 ϵ^{μνρσ}A_{νρσ}, (9.27)

with Maxwell gauge invariance

δ_{U(1)}A_{μνρ} = 3 ∂_{[μ}Λ_{νρ]}. (9.28)

By construction, X =^1_2 DDV_1 is gauge invariant. In chiral variables,

X(y, θ) = x + √ 2 θψ_X − θθ(d_1 + i∂_μv^μ_1). (9.29)

Hence, while Re f_X = d_1,

Im f_X = ∂_μv^μ_1 = 1 24 ϵ^{μνρσ}F_{μνρσ}, F_{μνρσ} = 4 ∂_{[μ}A_{νρσ]} (9.30)

is the gauge-invariant curl of A_{μνρ}. It follows that the field content (in Wess- Zumino gauge) of V_1 is the second gaugino ψ_X, the complex scalar of the Maxwell multiplet x, a real auxiliary field d_1 and the three-form field A_{μνρ}, which corresponds to a single, non-propagating component field. The gauge-invariant chiral X includes the four-form curvature F_{μνρσ}.

At the Lagrangian level, the implication of relations (9.30) is as follows. Suppose that we compare two theories with the same Lagrangian L(u) but either with u = ϕ, a real scalar, or with u = ∂_μV^μ, as in eq. (9.30). Since L(ϕ) does not

depend on ∂_μϕ, the scalar ϕ is auxiliary. The field equations for both theories are ∂ ∂ϕ L(ϕ) = 0, ∂_ν ∂ ∂u L(u) | | |_{u=∂μVμ} = 0

The second case allows a supplementary integration constant k related to the

possible addition of a ‘topological’ term proportional to ∂_μV^μ to the Lagrangian

[116, 117]: ∂ ∂u L(u) | | |_{u=∂μVμ} = k.

In the first case, the same integration constant appears if one considers the fol-

lowing modified theory and field equation:

L(ϕ) − k ϕ −→ ∂ ∂ϕ L(ϕ) = k.

Returning to our super-Maxwell case, the relation is ϕ = Im f_X and the modifi-

cation of the Lagrangian is then

− k Im f_X = − ik 2 ∫ d^2θ X + c.c. (9.31)

This is the third Fayet-Iliopoulos term, which becomes a ‘hidden parameter’

[116] when using V_1 instead of X.

Consider finally the single-tensor multiplet (Y, χ_α, Φ) and the supersymmet-

ric extension of the antisymmetric-tensor gauge symmetry, as given in Eqs. (9.3)

and (9.6):

δY = − 1 2 DDΔ^′, δχ_α = i 4 DDD_αΔ, δΦ = 0.

Using expansion (9.29), there is a gauge in which Y reduces simply to

Y = −i θθ Im f_Y (9.32) and one should identify Im f_Y as a four-index antisymmetric tensor field, Im f_Y = 1 24 ϵ^{μνρσ}C_{μνρσ}, (9.33) with residual gauge invariance δ C_{μνρσ} = 4 ∂_{[μ}Λ_{νρσ]}. (9.34) The antisymmetric tensor C_{μνρσ} describes a single field component which can be gauged away using Λ_{νρσ}. Applying this extended Wess-Zumino gauge to the N = 2 multiplet (Y, χ_α, Φ), the fields described by these N = 1 superfields are as given in the following table.

N = 1 superfield Field Gauge invariance Number of fields χ_α b_{μν} δb_{μν} = 2 ∂_{[μ}Λ_{ν]} 6_B − 3_B = 3_B C 1_B χ_α 4_F Φ Φ 2_B f_Φ 2_B (auxiliary) ψ_Φ 4_F Y C_{μνρσ} δ C_{μνρσ} = 4 ∂_{[μ}Λ_{νρσ]} 1_B − 1_B = 0_B

The propagating bosonic fields b_{μν}, C and Φ (four bosonic degrees of freedom) have kinetic terms defined by Lagrangian L_{S T} , eq. (9.7).

9.5 Chiral N = 2 Superspace

Many results of the previous section can be reformulated in terms of chiral superfields on N = 2 superspace. We now turn to a discussion of this framework, including an explicitly N = 2 covariant formulation of electric-magnetic duality.

9.5.1 Chiral N = 2 Superfields

A chiral superfield on N = 2 superspace can be written as a function of y^μ, θ, θ̃:

D_{α̇} Z = ~D_{α̇} Z = 0 −→ Z = Z(y, θ, θ̃) (9.35)

with y^μ = x^μ − iθσ^μθ − iθ̃σ^μθ̃ and D_{α̇} y^μ = ~D_{α̇} y^μ = 0. Its second supersymmetry variations are δ^∗Z = i(ηQ̃ + ηQ̃)Z, (9.36) with supercharge differential operators Q̃_α and Q̃_{α̇} which we do not need to explicitly write. It includes four N = 1 chiral superfields and 16_B + 16_F component fields and we may use the expansions

Z(y, θ, θ̃) = Z(y, θ) + √ 2 θ̃^αω_α(y, θ) − θ̃θ̃F(y, θ)

= Z(y, θ) + √ 2 θ̃^αω_α(y, θ) − θ̃θ̃

[_i 2 Φ_Z(y, θ) +^1_4 DD Z(y, θ) ] , (9.37)

where θ̃ and ~D_α are the Grassmann coordinates and the super-derivatives associated with the second supersymmetry. The second supersymmetry variations (9.36) are easily obtained by analogy with the N = 1 chiral supermultiplet:

δ^∗Z = √ 2 ηω,

δ^∗ω_α = − √ 2[Fη_α + i(σ^μη)_α ∂_μZ] = −^i√_2 Φ_Z η_α −^{√2}_4 η_α DD Z − √ 2i(σ^μη)_α∂_μZ,

δ^∗F = − √ 2i ∂_μωσ^μη,

δ^∗Φ_Z = 2 √ 2i [_1 4 DDηω + i∂_μωσ^μη ] . (9.38) We immediately observe that the second expansion (9.37) leads to the second supersymmetry variations (9.5) of a single-tensor multiplet (Y = Z, χ = ω, Φ = Φ_Z). Similarly, the expansion

W(y, θ, θ̃) = X(y, θ) + √ 2i θ̃W(y, θ) − θ̃θ̃ 1 4 DDX(y, θ), (9.39) which is obtained by imposing Φ_Z = 0 in expansion (9.37), leads to the Maxwell

supermultiplet (9.13) [118]. The Bianchi identity D^αW_α = D_{α̇}W^{α̇} is required by

δ^∗Φ_Z = 0. The N = 2 Maxwell Lagrangian (9.14) rewrites then as an integral

over chiral N = 2 superspace,

L_{Max.} = 1 2 ∫ d^2θ ∫ d^2θ̃ F (W) + c.c., (9.40)

and the Fayet-Iliopoulos terms (9.17) can be written [119]

L_{F.I.} = ∫ d^2θd^2θ [ξ_1V_1 + ξ_2V_2] = − 1 4 ∫ d^2θ ∫ d^2θ̃ [ θ̃θ̃ ξ_1 − √ 2i θθ̃ ξ_2 ] W + c.c. (9.41)

Considering the unconstrained chiral superfield (9.37) with 16_B + 16_F fields,

the reduction to the 8_B + 8_F components of the single-tensor multiplet is done by

imposing gauge invariance (9.3) and (9.6). In terms of N = 2 chiral superfields,

this gauge symmetry is simply

δY = −^W, (9.42)

where ^W is a Maxwell N = 2 superfield parameter (9.39). In terms of N = 1

superfields, this is

δY = −^X, δχ_α = −i^W_α, δΦ = 0, (9.43)

as in eqs. (9.3) and (9.6). Hence, a single-tensor superfield Y is a chiral superfield

Z with the second expansion (9.37) and with gauge symmetry (9.42).

The chiral version of the Chern-Simons interaction (9.19) can be easily writ-

ten on N = 2 superspace. Using Y with gauge invariance (9.42) and W to

respectively describe the single-tensor and the Maxwell multiplets. Then

L_{CS,χ} = ig ∫ d^2θ ∫ d^2θ̃ YW + c.c. (9.44)

It is gauge-invariant since for any pair of Maxwell superfields i ∫ d^2θ ∫ d^2θ̃ W^W + c.c. = derivative. (9.45)

Notice that the lowest component superfield Y of Y does not contribute to the field equations derived from L_{CS,χ}: it only contributes to this Lagrangian with a derivative.

Finally, a second method to obtain an interactive Lagrangian for the Maxwell–single-tensor system is then obvious. Firstly, a generic N = 2 chiral superfield Z can always be written as

Z = W + 2gY. (9.46)

It is invariant under the single-tensor gauge variation (9.42) if one also postulates that δW = 2g ^W, (9.47) which amounts to a N = 2 Stückelberg gauging of the symmetry of the antisymmetric tensor. With this decomposition, F_{μν} and b_{μν} only appear in the θ_αθ̃_β component of Z through the gauge-invariant combination F_{μν} − gb_{μν}. The chiral integral L = 1 2 ∫ d^2θ ∫ d^2θ̃ F (W + 2gY) + c.c. + L_{S T} (9.48) provides a N = 2 invariant Lagrangian describing 16_B + 16_F (off-shell) interacting fields. There exists a gauge in which W = 0, in which case theory (9.48) describes a massive chiral N = 2 superfield.

Theory (9.48) is actually related to the Chern-Simons Lagrangian (9.20) by electric-magnetic duality, as will be shown below.

9.5.2 Electric-Magnetic Duality

The description in chiral N = 2 superspace of the Maxwell multiplet allows

to derive a N = 2 covariant version of electric-magnetic duality. The Maxwell

Lagrangian (9.14) supplemented by the Chern-Simons coupling (9.19) can be

written

L_{electric} = ∫ d^2θ ∫ d^2θ̃ [ 1 2 F (W) + igYW ] + c.c., (9.49)

adding eqs. (9.40) and (9.44). Replace then W by an unconstrained chiral su-

perfield Ẑ (with N = 1 superfields Ẑ, ω̂_α and Φ̂) and introduce a new Maxwell

multiplet ~W (with N = 1 superfields ~X and ~W_α). Using

~X = 1 2 DD ~V_1 , ~W_α = − 1 4 DDD_α~V_2 ,

we have i ∫ d^2θ ∫ d^2θ̃ ~WẐ + c.c. = ∫ d^2θ

[_1 2Φ̂~X + ω̂ ~W ] + c.c. = − ∫ d^2θd^2θ [ ~V_1(Φ̂ + Φ̂) + ~V_2(D^αω̂_α − D_{α̇}ω̂^{α̇}) ] . (9.50)

Consider now the Lagrangian L = ∫ d^2θ ∫ d^2θ̃ [ 1 2 F (Ẑ) + i 2 Ẑ(~W + 2gY) ] + c.c. (9.51)

Invariance under the gauge transformation of the single-tensor superfield,

eq. (9.42), requires a compensating gauge variation of ~W, as in eq. (9.47). Elim-

inating ~W leads back to theory (9.49) with Ẑ = W. This can be seen in two

ways. Firstly, the condition i ∫ d^2θ ∫ d^2θ̃ ~WẐ + c.c. = derivative

leads to Ẑ = W, a N = 2 Maxwell superfield, up to a background value. Sec-

ondly, using eqs. (9.50), we see that ~V_2 imposes the Bianchi identity on ω̂ while

~V_1 cancels Φ̂ up to an imaginary constant.^9 We will come back to the (important) role of a nonzero background value in the next section. For the moment we disregard it.

On the other hand, we may prefer to eliminate Ẑ, using its field equation

F^′(Ẑ) = −iV , V ≡ ~W + 2gY , (9.52)

which corresponds to a Legendre transformation exchanging variables Ẑ and V. Defining ~F (V) = F (Ẑ) + iVẐ, (9.53)

we have

~F^′(V) = iẐ , F^′(Ẑ) = −iV , ~F^{′′}(V)F^{′′}(Ẑ) = 1. (9.54)

The dual (Legendre-transformed) theory is then ~L_{magnetic} = 1 2 ∫ d^2θ ∫ d^2θ̃ ~F (~W + 2gY) + c.c. (9.55)

or, expressed in N = 1 superspace,^{10}

~L_{magnetic} =^1_4 ∫ d^2θ [ ~F ′′(~X + 2gY) ( ~W − 2igχ)α( ~W − 2igχ)_α

−^1_2 ~F^′(~X + 2gY) DD(~X + 2gY) − 2ig ~F^′(~X + 2gY)Φ ] + c.c.

(9.56) We then conclude that the presence of the Chern-Simons term in the electric theory induces a Stückelberg gauging in the dual magnetic theory.

As explained in ref. [119], the situation changes when Fayet-Iliopoulos terms (9.41) are present in the electric theory. In the magnetic theory coupled to the single-tensor multiplet, with Lagrangian (9.56), the gauging δ~W = 2g^W forbids

9An unconstrained ~X would forbid this constant.

10The free, canonically-normalized theory corresponds to F (W) =^1_2 W^2 and ~F (V) =^1_2 V^2.

Fayet-Iliopoulos terms for the magnetic Maxwell superfields ~V_1 and ~V_2. Sponta-

neous supersymmetry breaking by Fayet-Iliopoulos terms in the electric theory

finds then a different origin in the magnetic dual.

For our needs, we only consider the Fayet-Iliopoulos term induced by V_1,

i.e. we add

L_{FI} = ξ_1 ∫ d^4θ V_1 = − 1 4 ξ_1 ∫ d^2θ ∫ d^2θ̃ θ̃θ̃ W + c.c. (9.57)

to L_{electric}, eq. (9.49). In turn, this amounts to add − 1 4 ξ_1 ∫ d^2θ ∫ d^2θ̃ θ̃θ̃ Ẑ + c.c.

to theory (9.51). But, in contrast to expression (9.57), this modification is not

invariant under the second supersymmetry: according to the first eq. (9.38), its

δ^∗ variation − √ 2 4 ξ_1 ∫ d^2θ ηω + c.c.

is not a derivative.^{11} To restore N = 2 supersymmetry, we must deform the δ^∗

variation of ~W_α − 2igχ_α into

δ^∗_{de f ormed} ( ~W_α − 2igχ_α) = 1 √ 2 ξ_1η_α + δ^∗( ~W_α − 2igχ_α), (9.58)

the second term being the usual, undeformed, variations (9.13) and (9.5). Hence,

the magnetic theory has a goldstino fermion and linear N = 2 supersymmetry

partially breaks to N = 1, as a consequence of the electric Fayet-Iliopoulos term.

Concretely, the magnetic theory is now

~L_{magnetic} =^1_2 ∫ d^2θ ∫ d^2θ̃ ~F ( ~W + 2gY +^i_2 ξ_1θ̃θ̃ ) + c.c.

=^1_2 ∫ d^2θ ∫ d^2θ̃ [ ~F ( ~W + 2gY ) +^i_2 ξ_1θ̃θ̃ ~F^′ ( ~W + 2gY )] + c.c. = [ 1 2 ∫ d^2θ ∫ d^2θ̃ ~F ( ~W + 2gY ) +^i_4 ξ_1 ∫ d^2θ ~F^′ ( ~X + 2gY )] + c.c.

(9.59)

11It would be a derivative if ω_α would be replaced by the Maxwell superfield W_α, as in eq. (9.57).

One easily checks that N = 2 supersymmetry holds, using the deformed variations (9.58).

CHAPTER 10

NONLINEAR N = 2 SUPERSYMMETRY AND THE DBI ACTION

In the previous sections, we have developed various aspects of the coupling of a Maxwell multiplet to a single-tensor multiplet in linear N = 2 supersymmetry. With these tools, we can now address our main subject: show how a Dirac- Born-Infeld Lagrangian (DBI) coupled to the single-tensor multiplet arises from nonlinearization of the second supersymmetry.

It has been observed that the DBI Lagrangian with nonlinear second supersymmetry can be derived by solving a constraint invariant under N = 2 supersymmetry imposed on the super-Maxwell theory [21, 22]. We start with a summary of this result, following mostly Roček and Tseytlin [22], and we then generalize the method to incorporate the fields of the single-tensor multiplet.

10.1 The N = 2 Super-Maxwell DBI Theory

The constraint imposed on the N = 2 Maxwell chiral superfield W is [22]^1

W^2 − 1 κ θ̃θ̃ W = ( W − 1 2κ θ̃θ̃

)_2 = 0. (10.1)

1See also Ref. [120] and very recently Ref. [62] in the context of N = 1 supersymmetry.

It imposes a relation between the super-Maxwell Lagrangian superfield W^2 and the Fayet-Iliopoulos ‘superfield’ θ̃θ̃W, eq. (9.57). The real scale parameter κ has dimension (energy)^{−2}. In terms of N = 1 superfields, the constraint is equivalent to X^2 = 0, XW_α = 0, WW − 1 2 XDDX = 1 κ X. (10.2) The third equality leads to X = 2 WW 2 κ + DDX

(10.3) which, since W_αW_βW_γ = 0, implies the first two conditions. Solving the third constraint amounts to express X as a function of WW [21]^2. The DBI theory is then obtained using as Lagrangian the Fayet-Iliopoulos term (9.57) properly normalized:

L_{DBI} = 1 4κ ∫ d^2θ X + c.c = 1 8κ^2 [ 1 − √ −det(η_{μν} + 2 √ 2κF_{μν}) ] + . . . (10.4) The constraints (10.1) and (10.2) are not invariant under the second linear supersymmetry, with variations δ^∗. However, one easily verifies that the three constraints (10.2) are invariant under the deformed, nonlinear variation δ^∗_{de f ormed}W_α = √ 2 i [ 1 2κ η_α + 1 4 η_αDD X + i(σ^μη)_α ∂_μX ] , (10.5) with δ^∗X unchanged. The deformation preserves the N = 2 supersymmetry algebra. It indicates that the gaugino spinor in W_α = −iλ_α + . . . transforms inhomogeneously, δ^∗λ_α = −^1√_{2κ} η_α + . . ., like a goldstino for the breaking of the second supersymmetry. In other words, at the level of the N = 2 chiral superfield W, δ^∗_{de f ormed} W = − 1 κ θ̃η + i ( ηQ̃ + ηQ̃ ) W = i ( ηQ̃ + ηQ̃ ) ( W − 1 2κ θ̃θ̃ ) . The deformed second supersymmetry variations δ^∗_{de f ormed} act on W as the usual variations δ^∗ act on the shifted superfield W −^1_{2κ}θ̃θ̃. In fact, this superfield transforms like a chiral N = 2 superfield (9.37) with Z = X, ω_α = iW_α verifying the

2See Appendix B.

Bianchi identity and with Φ_Z = −i/κ. The latter background value of Φ_Z may be

viewed as the source of the partial breaking of linear supersymmetry.

Hence, the scale parameter κ introduced in the nonlinear constraint (10.1)

appears as the scale parameter of the DBI Lagrangian and also as the order

parameter of partial supersymmetry breaking. The Fayet-Iliopoulos term (10.4)

has in principle an arbitrary coefficient −ξ_1/4, as in eq. (9.17). We have chosen

ξ_1 = −κ^{−1} to canonically normalize gauge kinetic terms.

The DBI Lagrangian is invariant under electric-magnetic duality.^3 In our N =

2 case, the invariance is easily established in the language of N = 2 superspace.

We first include the constraint as a field equation of the Lagrangian:

L_{DBI} = ∫ d^2θ ∫ d^2θ̃ 1 4κ θ̃θ̃ W + 1 4 Λ ( W − 1 2κ θ̃θ̃

)_2 + c.c. (10.6)

The field equation of the N = 2 superfield Λ enforces (10.1). We then intro-

duce two unconstrained N = 2 chiral superfields U and Υ and the modified

Lagrangian

L_{DBI} = ∫ d^2θ ∫ d^2θ̃ [ 1 4κ θ̃θ̃ W + 1 4 ΛU^2 − 1 2 Υ ( U − W + 1 2κ θ̃θ̃ )] + c.c.

Since the Lagrange multiplier Υ imposes U = W −^1_{2κ}θ̃θ̃, the equivalence with

(10.6) is manifest. But we may also eliminate W which only appears linearly in

the last version of the theory. The result is

Υ = −i~W − 1 2 ( 1 κ − iζ ) θ̃θ̃

where ~W is a Maxwell N = 2 superfield dual to W and ζ an arbitrary real

constant. As in subsection 9.5.2, N = 2 supersymmetry of the theory with a

Fayet-Iliopoulos term requires a nonlinear deformation of the δ^∗ variation of

3For instance, in the context of D3-branes of IIB superstrings, see Ref. [121]. Our procedure is inspired by Ref. [22].

~W: ~W −^i_2

(_1 κ − iζ ) θ̃θ̃ should be a ‘good’ N = 2 chiral superfield. Replacing Υ in

the Lagrangian and taking ζ = 0 leads to

L_{DBI} = ∫ d^2θ ∫ d^2θ̃ [ 1 4 ΛU^2 + i 2 U [ ~W − i 2κ θ̃θ̃ ] + i 4κ ~W θ̃θ̃ ] + c.c.

Finally, eliminating U gives the magnetic dual

L_{DBI} = ∫ d^2θ ∫ d^2θ̃ [ 1 4Λ ( ~W − i 2κ θ̃θ̃ )2 + i 4κ ~W θ̃θ̃ ] + c.c. (10.7)

One easily verifies that the resulting theory has the same expression as the initial

‘electric’ theory (10.4). The Lagrange multiplier Λ^{−1} imposes constraint (10.1) to

−i~W, which reduces to eq. (10.3) applied to −i~X. The Lagrangian is then given

by the Fayet-Iliopoulos term for this superfield.

10.2 Coupling the DBI Theory to a Single-Tensor Multiplet:

a Super-Higgs Mechanism without Gravity

The N = 2 super-Maxwell DBI theory is given by a Fayet-Iliopoulos term for

a Maxwell superfield submitted to the quadratic constraint (10.1), which also

provides the source of partial supersymmetry breaking. The second supersym-

metry is deformed by the constraint: it is W−^1_{2κ}θ̃θ̃ which transforms as a regular

N = 2 chiral superfield. Instead of expression (9.44), we are thus led to consider

the following Chern-Simons interaction with the single-tensor multiplet:

L_{CS,de f.} = ig ∫ d^2θ ∫ d^2θ̃ Y ( W −^1_{2κ}θ̃θ̃ ) + c.c. = g ∫ d^2θ

[_1 2 ΦX + χ^αW_α −^i_{2κ} Y ] + c.c. + derivative.

(10.8)

The new term induced by the deformation of δ^∗W_α is proportional to the four-

form field described by the chiral superfield Y, as explained in section 9.4 [see eq. (9.33)]. This modified Chern-Simons interaction, invariant under the de-

formed second supersymmetry variations, may be simply added to the Maxwell

DBI theory (10.6). We then consider the Lagrangian

L_{DBI} = ∫ d^2θ ∫ d^2θ̃ igY ( W − 1 2κ θ̃θ̃ ) − 1 4 ξ_1θ̃θ̃ W + 1 2 Λ ( W − 1 2κ θ̃θ̃

)_2

+ c.c.,

(10.9)

for the constrained Maxwell and single-tensor multiplets, keeping the Fayet-

Iliopoulos coefficient ξ_1 arbitrary. For a coherent theory with a propagating

single-tensor multiplet, a kinetic Lagrangian L_{S T} [eq. (9.7)] should also be

added. Since ∫ d^2θ ∫ d^2θ̃ [ igYW − 1 4 ξ_1θ̃θ̃ W ] +c.c. = ∫ d^2θ [ g χW + g 2 ΦX − 1 4 ξ_1X ] +c.c.+deriv.,

we see that the Fayet-Iliopoulos term is equivalent to a constant real shift of Φ

which, according to variations (9.5), partially breaks supersymmetry. We will

choose to expand Φ around ⟨Φ⟩ = 0 and keep ξ_1 � 0.

Again, the constraint (10.1) imposed by the Lagrange multiplier Λ can be

solved to express X as a function of WW: X = X(WW). The result is [21]

X(WW) = κWW − κ^3DD

WWWW 1 + κ^2A + √ 1 + 2κ^2A + κ^4 B^2

, (10.10)

where A and B are defined in Appendix B. The DBI Lagrangian coupled to the

single-tensor multiplet reads then

L_{DBI} = ∫ d^2θ [ 1 4 (2gΦ − ξ_1) X(WW) + gχ^αW_α − ig 2κ Y ] + c.c. + L_{S T} . (10.11)

The bosonic Lagrangian depends on a single auxiliary field^4, d_2 in W_α or V_2:

L_{DBI, bos.} =^1_{8κ} (2g Re Φ − ξ_1) ( 1 − √ −8κ^2d^2 − det(η_{μν} + 2 √ 2κ F_{μν}) ) −^g_2 Cd_2

+gϵ^{μνρσ}

(_κ 4 Im ΦF_{μν}F_{ρσ} −^1_4 b_{μν}F_{ρσ} +^1_{24κ} C_{μνρσ} ) + L_{S T, bos.}. (10.12)

4 Since X(WW)|_{θ=0} is a function of fermion bilinears, the auxiliary f_Φ does not contribute to the bosonic Lagrangian and χ_α does not include any auxiliary field.

The real scalar field C is the lowest component of the linear superfield L. Contrary to ⟨Φ⟩, its background value is allowed by N = 2 supersymmetry. However, a non-zero ⟨C⟩ would induce a non-zero ⟨d_2⟩ which would spontaneously break the residual N = 1 linear supersymmetry. This is visible in the bosonic action which, after elimination of

d_{2, bos.} = gC 2κ √ − det(η_{μν} + 2 √ 2κ F_{μν}) (2g Re Φ − ξ_1)^2 + 2g^2C^2

, (10.13) becomes

L_{DBI, bos.} =^1_{8κ} (2g Re Φ − ξ_1) [ 1 − √ 1 +^{2g2C2}

(2g Re Φ−ξ_1)^2 √ − det(η_{μν} + 2 √ 2κ F_{μν}) ]

+gϵ^{μνρσ}

(_κ 4 Im ΦF_{μν}F_{ρσ} −^1_4 b_{μν}F_{ρσ} +^1_{24κ} C_{μνρσ} ) + L_{S T, bos.}. (10.14) First of all, as expected, the theory includes a DBI Lagrangian for the Maxwell field strength F_{μν}, with scale ∼ κ. With the Chern-Simons coupling to the singletensor multiplet, the DBI term acquires a field-dependent coefficient, − 1 8κ √ (2g Re Φ − ξ_1)^2 + 2g^2C^2 √ − det(η_{μν} + 2 √ 2κ F_{μν}). (10.15) It also includes a F ∧F term which respects the axionic shift symmetry of Im Φ, a b ∧ F coupling induced by (linear) N = 2 supersymmetry and a ‘topological’ C_4 term induced by the nonlinear deformation. These terms are strongly reminiscent of those found when coupling a D-brane Lagrangian to IIB supergravity. The contribution of the four-form can be eliminated by a gauge choice of the single-tensor symmetry (9.34). We have however insisted on keeping off-shell (deformed) N = 2 supersymmetry, hence the presence of this term.

The theory also includes a semi-positive scalar potential^5

V(C, Re Φ) =

2g Re Φ − ξ_1 8κ √ 1 + 2g^2C^2 (2g Re Φ − ξ_1)^2 − 1 (10.16)

5We only consider 2g Re Φ−ξ_1 > 0, in order to have well-defined positive gauge kinetic terms.

which vanishes only if C is zero.^6 The scalar potential determines then ⟨C⟩ = 0 but leaves Re Φ arbitrary. Since

⟨d_2⟩ = g⟨C⟩ 2κ ⟨ (2g Re Φ − ξ_1)^2 + 2g^2C^2

⟩_{−1/2} , the vacuum line ⟨C⟩ = 0 is compatible with linear N = 1 and deformed second supersymmetry. While Φ is clearly massless, C has a mass term − 1 2 M^2_C C^2 = − g^2 4κ(2 Re Φ − ξ_1)

C^2.

The same mass is acquired by the U(1) gauge field coupled to the antisymmetric tensor b_{μν}, and by the goldstino (the U(1) gaugino in W_α) that forms a Dirac spinor with the fermion of the linear multiplet χ_α. In other words, the Chern- Simons coupling χW pairs the Maxwell goldstino with the linear multiplet to form a massive vector, while the chiral multiplet Φ remains massless with no superpotential.

At ⟨C⟩ = ⟨Re Φ⟩ = 0, gauge kinetic terms are canonically normalized if ξ_1 = −κ^{−1}. The Maxwell DBI theory (10.4) is of course recovered when the Chern- Simons interaction decouples with g = 0. Notice finally that the kinetic terms L_{S T} of the single-tensor multiplet are given by eq. (9.7), as with linear N = 2 supersymmetry. Since the nonlinear deformation of the second supersymmetry does not affect δ^∗L or δ^∗Φ even if ⟨Re Φ⟩ � 0, the function H remains completely arbitrary.

The phenomenon described above provides a first instance of a super-Higgs mechanism without gravity: the nonlinear goldstino multiplet is ‘absorbed’ by the linear multiplet to form a massive vector N = 1 superfield. One may wonder how this can happen without gravity; normally one expects that the gold-

6With respect to Re Φ, the potential is stationary,^{∂V}_{∂ Re Φ} = 0, only if C = 0. All local minima are then characterized by C = 0 and Re Φ arbitrary and are then (supersymmetric) global minima.

stino can be absorbed only by the gravitino in local supersymmetry. The reason of this novel mechanism is that the goldstino sits in the same multiplet of the linear supersymmetry as a gauge field which has a Chern-Simons interaction with the tensor multiplet. This will become clearer in Section 10.6, where we will show by a change of variables that this coupling is equivalent to an ordinary gauge interaction with a charged hypermultiplet, providing non derivative gauge couplings to the goldstino. Actually, this particular super-Higgs mechanism is an explicit realization of a phenomenon known in string theory where the U(1) field of the D-brane world-volume becomes in general massive due to a Chern-Simons interaction with the R–R antisymmetric tensor of a bulk hypermultiplet.^7

We have chosen a description in terms of the single-tensor multiplet because it admits an off-shell formulation well adapted to our problem. Our DBI Lagrangian (10.9), supplemented with kinetic terms L_{S T} , admits however several duality transformations. Firstly, since it only depends on W, we may perform an electric-magnetic duality transformation, as described in section 10.4. Then, for any choice of L_{S T} , we can transform the linear N = 1 superfield L into a chiral Φ^′. The resulting theory is a hypermultiplet formulation with superfields (Φ, Φ^′) and N = 2 supersymmetry realized only on-shell. As already explained in section 9.3, the b ∧ F interaction is replaced by a Stückelberg gauging of the axionic shift symmetry of the new chiral Φ^′: the Kähler potential of the hypermultiplet formulation is a function of Φ^′ + Φ^′ − gV_2. Explicit formulae are given in the next section and in section 10.6 we will use this mechanism in the case of nonlinear N = 2 QED. Finally, if kinetic terms L_{S T} also respect the shift symmetry of Im Φ, the chiral Φ can be turned into a second linear superfield L^′, leading

7This can be avoided in the orientifold case: the N = 2 bulk supermultiplets are truncated by the orientifold projection.

to two formulations which are also briefly described below.

10.3 Hypermultiplet, Double-Tensor and Single-Tensor Dual Formulations

As already mentioned, using the single-tensor multiplet is justified by the existence of an off-shell N = 2 formulation. The hypermultiplet formulation, with two N = 1 chiral superfields, is however more familiar and the first purpose of this subsection is to translate our results into this formalism. In the DBI theory (10.11), the linear superfield L only appears in

L_{S T} + g ∫ d^2θ χ^αW_α + c.c. = ∫ d^2θd^2θ [ H(L, Φ, Φ) + gLV_2 ] + derivative.

These contributions are not invariant under δ^∗ variations: the nonlinear deformation acts on W_α and on V_2. Nevertheless, the linear superfield can be transformed into a new chiral superfield Φ^′. The resulting ‘hypermultiplet formulation’ has Lagrangian

L_{DBI, hyper.} = ∫ d^2θd^2θ K ( Φ^′ + Φ^′ − gV_2, Φ, Φ )

+ ∫ d^2θ

[_1 4 (2gΦ − ξ_1) X(WW) −^{ig}_{2κ} Y ] + c.c.

(10.17)

The Kähler potential is given by the Legendre transformation K(Φ^′ + Φ^′, Φ, Φ) = H(U, Φ, Φ) − U(Φ^′ + Φ^′), (10.18) where U is the solution of ∂ ∂U H(U, Φ, Φ) = Φ^′ + Φ^′. (10.19) In the single-tensor formulation, N = 2 supersymmetry implies that H solves Laplace equation. As a result of the Legendre transformation, the determinant of K is constant and the metric is hyperkähler [19]. It should be noted that the Legendre transformation defines the new auxiliary scalar f_Φ′ of Φ^′ according to

f_Φ′ = ( ∂^2H ∂U∂Φ ) θ=0 f_Φ. (10.20)

Hence, the hypermultiplet formulation has the same number of independent auxiliary fields as the single-tensor version: d_2 and f_Φ.

The second supersymmetry variation δ^∗ of Φ^′ is also defined by transformation (10.19): in the hypermultiplet formulation, N = 2 is realized on-shell only, using the Lagrangian function. The nonlinear deformation of variations δ^∗ acts on V_2. Since W_α = −^1_4 DDD_αV_2, eq. (10.5) indicates that

δ^∗V_2 = i √ 2κ (θθθη − θθθη) + √ 2i (ηD + ηD)V_1.

The κ-dependent term in the δ^∗ variation of the Kähler potential term in L_{DBI, hyper.} is then the same as the κ-dependent part in g δ^∗ ∫ d^2θ χ^αW_α + c.c, which is compensated by the variation of the four-form field. This can again be shown using eqs. (10.18) and (10.19). This hypermultiplet formulation will be used in Section 10.6, on the example of nonlinear DBI QED with a charged hypermultiplet.

For completeness, let us briefly mention two further formulations of the same DBI theory, using either a double-tensor, or a dual single-tensor N = 2 multiplet. These possibilities appear if Lagrangian (10.11) has a second shift symmetry of Im Φ. This is the case if the single-tensor kinetic Lagrangian has this isometry: L_{S T} = ∫ d^2θd^2θ H(L, Φ + Φ).

We may then transform Φ into a linear superfield L^′ using an N = 1 duality transformation. Keeping L and turning Φ into L^′ leads to a double-tensor formulation with superfields (L, L^′). The Lagrangian has the form

L_{DT} = ∫ d^2θd^2θ G ( L, L^′ − gV_1(WW) ) − ∫ d^2θ [ 1 4 ξ_1X(WW) − gχ^αW_α + ig 2κ Y ] + c.c.

(10.21)

The function G is the Legendre transform of H with respect to its second vari-

able Φ + Φ and the real superfield V_1(WW) is defined by the equation

X(WW) = 1 2 DD V_1(WW). (10.22)

It includes the DBI gauge kinetic term in its d_1 component and the Lagrangian

depends on the new tensor b^′_{μν} through the combination 3 ∂_{[μ}b^′_{νρ]} − g ω_{μνρ}, where

ω_{μνρ} = 3 A_{[μ}F_{νρ]} is the Maxwell Chern-Simons form.

Finally, turning Φ and L into L^′ and Φ^′, leads to another single-tensor theory

with a Stückelberg gauging of both Φ^′ and L^′, as in theory (9.21). In this case,

the Lagrangian is

L_{S T} ′ = ∫ d^2θd^2θ ~H ( Φ^′ + Φ^′ − gV_2, L^′ − gV_1(WW) ) − ∫ d^2θ [ 1 4 ξ_1X(WW) + ig 2κ Y ] + c.c.

(10.23)

While in the double-tensor theory (10.21) the second nonlinear supersymmetry

only holds on shell, it is valid off shell in theory (10.23). The function ~H veri-

fies Laplace equation, as required by N = 2 linear supersymmetry.^8 Using the

supersymmetric Legendre transformation, one can show that the nonlinear de-

formation of δ^∗V_2, which affects δ^∗ ~H, is again balanced by the variation of the

four-form superfield Y.

8See eq. (9.7).

10.4 The Magnetic Dual

To perform electric-magnetic duality on theory (10.9), we first replace it with

L_{DBI} = ∫ d^2θ ∫ d^2θ̃ [ igY ( W −^1_{2κ}θ̃θ̃ ) −^1_4 ξ_1θ̃θ̃ W

+^1_4 ΛU^2 −^1_2 Υ ( U − W +^1_{2κ}θ̃θ̃ )] + c.c. + L_{S T} .

(10.24)

Both U and Υ are unconstrained chiral N = 2 superfields. The Lagrange multiplier Υ imposes U = W −^1_{2κ}θ̃θ̃, which leads again to theory (10.9). The first two terms, which have gauge and N = 2 invariance properties related to the Maxwell character of W are left unchanged. The term quadratic in W has been turned into a linear one using the Lagrange multiplier. Hence, the Maxwell superfield W, which contributes to Lagrangian (10.24) by ∫ d^2θ ∫ d^2θ̃ W ( igY + 1 2 Υ − 1 4 ξ_1 θ̃θ̃ ) + c.c., (10.25)

can as well be eliminated: Υ should be such that this contribution is a derivative. In terms of N = 1 chiral superfields, W has components X and W_α and since there exists two real superfields V_1 and V_2 such that X =^1_2 DD V_1 and W_α = −^1_4 DDD_α V_2, we actually need to eliminate V_1 and V_2 with result

Υ = −i~W − 2igY + 1 2 (ξ_1 + iζ) θ̃θ̃. (10.26)

In this expression, ~W is a Maxwell N = 2 superfield, the ‘magnetic dual’ of the eliminated W. There is a new arbitrary real deformation parameter ζ, allowed by the field equation of V_2. Notice however that ξ_1 + iζ can be eliminated by a constant complex shift of Φ. Invariance of Υ under the single-tensor gauge variation (9.42) implies that δ~W = 2g^W = −2gδY and

Z ≡ ~W + 2gY (10.27) is then a gauge-invariant chiral superfield. As already mentioned, any uncon-

strained chiral N = 2 superfield can be decomposed in this way and our theory

may as well be considered as a description of the chiral superfields Z and Y

with Lagrangian

L_{DBI} = ∫ d^2θ ∫ d^2θ̃ [1 4 ΛU^2 + iU (1 2 Z + i 4 (ξ_1 + iζ)θ̃θ̃ ) + i 4κ θ̃θ̃(Z − 2gY) ] + c.c. + L_{S T} .

(10.28)

Invariance under the second supersymmetry implies that Z +^i_2 (ξ_1 + iζ)θ̃θ̃ trans-

forms as a standard N = 2 chiral superfield and then

δ^∗_{de f ormed} Z = i(ξ_1 + iζ)θ̃η + i(ηQ̃ + ηQ̃)Z. (10.29)

Eliminating U leads finally to

~L_{DBI} = ∫ d^2θ ∫ d^2θ̃ [ 1 4Λ ( Z + i 2 (ξ_1 + iζ)θ̃θ̃

)_2 + i 4κ θ̃θ̃(Z − 2gY) ] + c.c. + L_{S T} , (10.30)

which is the electric-magnetic dual of theory (10.9).^9 The Lagrange multiplier

superfield Λ^{−1} implies now the constraint 0 = ( Z + i 2 (ξ_1 + iζ)θ̃θ̃ )2 = Z^2 + i(ξ_1 + iζ)θ̃θ̃Z. (10.31)

Using the expansion (9.37),

Z(y, θ, θ̃) = Z(y, θ) + √ 2 θ̃ω(y, θ) − θ̃θ̃ [ i 2 Φ_Z(y, θ) + 1 4 DDZ(y, θ) ] , with Z = ~X + 2gY, ω_α = i ~W_α + 2gχ_α and Φ_Z = 2gΦ, this constraint corresponds to

Z^2 = 0, Zω_α = 0, 1 2 ZDDZ + ωω = −iZ[Φ_Z − (ξ_1 + iζ)].

In this case, and in contrast to the electric case, the constraint leading to the DBI

theory is due to the scale ⟨Φ_Z⟩ = 2g⟨Φ⟩: we will actually choose ζ = 0, absorb ξ_1

9It reduces to eq. (10.7) if g = 0.

into Φ_Z and consider the constraint Z^2 = 0 with a non-zero background value ⟨Φ_Z⟩ breaking the second supersymmetry. Our magnetic theory is then ~L_{DBI} = ∫ d^2θ ∫ d^2θ̃ [ 1 4Λ Z^2 + i 4κ θ̃θ̃(Z − 2gY) ] + c.c. + L_{S T} , (10.32) with constraints

Z^2 = 0, Zω_α = 0, 1 2 ZDDZ + ωω = −iZΦ_Z, (10.33) the DBI scale arising from Φ_Z = ϕ_Z + ⟨Φ_Z⟩. As in the Maxwell case, the third equation, which also reads Z = iωω Φ_Z −^i_2 DDZ

, (10.34) implies Zω_α = Z^2 = 0 and allows to express Z as a function of ωω and Φ, Z = Z(ωω, Φ), using Φ_Z = 2gΦ − ξ_1. The magnetic theory (10.32) is then simply ~L_{DBI} = − 1 2κ Im ∫ d^2θ [ Z(ωω, Φ) − 2gY ] + L_{S T} . (10.35) It is the electric-magnetic dual of expression (10.11). At this point, it is important to recall that ω and Φ are actually N = 1 superfields components of Z = ~W + 2gY, i.e.

ω_α = i ~W_α + 2gχ_α. (10.36) The kinetic terms for the single-tensor multiplet (L, Φ), L = Dχ−Dχ, are included in L_{S T} while Z(ωω, Φ) includes the DBI kinetic terms for the Maxwell N = 1 superfield ~W_α. As in the electric case, the magnetic theory has a contribution proportional to the four-form field included in Y.

The third constraint (10.33) is certainly invariant under the variations (9.38), using Zω_α = 0. But with a non-zero background value Φ = ϕ + ⟨Φ⟩, the spinor ω_α transforms nonlinearly, like a goldstino:^{10}

δ^∗ω_α = − i √ 2 ⟨Φ⟩ η_α − i √ 2 ϕ η_α − √ 2 4 η_α DD Z − √ 2i(σ^μη)_α∂_μZ. (10.37)

10See eq. (10.29).

10.4.1 The Bosonic Lagrangian

The bosonic Lagrangian included in the magnetic theory (10.35) is

~L_{DBI,bos.} =^{Re ΦZ}_{8κ} −^{Re ΦZ}_{8κ|ΦZ|2} { −|Φ_Z|^4 det [ η_{μν} − 2 √ 2 |Φ_Z|^{−1}(~F_{μν} − gb_{μν}) ]

−8d̃_2^2 (|Φ_Z|^2 + 2g^2C^2) + 2g^2C^2|Φ_Z|^2

+8gCd̃_2 ϵ^{μνρσ}(~F_{μν} − g b_{μν})(~F_{ρσ} − g b_{ρσ})

}_{1/2}

−^{Im ΦZ}_{8κ|ΦZ|2} [ ϵ^{μνρσ}(~F_{μν} − g b_{μν})(~F_{ρσ} − g b_{ρσ}) − 4gC~d_2 ]

+^g_{24κ} ϵ^{μνρσ}C_{μνρσ} + L_{S T,bos.}.

(10.38)

It depends on a single auxiliary field, the Maxwell real scalar ~d_2, with field equa-

tion

~d_{2, bos.} = − g C 2(|Φ_Z|^2 + 2g^2C^2) ϵ^{μνρσ}(~F_{μν} − g b_{μν})(~F_{ρσ} − g b_{ρσ})

− g C Im Φ_Z

2|Φ_Z|^2

√ − det ( η_{μν} +^{2 √2}

√_{2g2C2+|ΦZ|2} (~F_{μν} − g b_{μν}) ) √ (Re Φ_Z)^2 + 2g^2C^2 . (10.39)

Eliminating d̃_2 and using Φ_Z = 2gΦ − ξ_1 to reintroduce the superfield Φ of the

single-tensor multiplet and the ‘original’ Fayet-Iliopoulos term ξ_1, we finally

obtain the magnetic, bosonic Lagrangian

~L_{DBI,bos.} = 2g Re Φ − ξ^1 8κ − 1 8κ √ (2g Re Φ − ξ_1)^2 + 2g^2C^2 × √ − det ( η_{μν} −^{2 √2}

√_{2g2C2+|2gΦ−ξ1|2} (~F_{μν} − gb_{μν}) ))

− g Im Φ 4κ(2g^2C^2 + |2gΦ − ξ_1|^2) ϵ^{μνρσ}(~F_{μν} − gb_{μν})(~F_{ρσ} − gb_{ρσ}) + g 24κ ϵ^{μνρσ}C_{μνρσ} + L_{S T,bos.} .

(10.40)

As in the electric case, the DBI term has a field-dependent coefficient, − 1 8κ √ (2g Re Φ − ξ_1)^2 + 2g^2C^2 √ − det ( η_{μν} − 1 √ 2g^2C^2 + |2gΦ − ξ_1|^2

(~F_{μν} − gb_{μν}) ) , (10.41)

and, as expected, the scalar potentials of the magnetic and electric [eq. (10.16)]

theories are identical.

Define the complex dimensionless field

S = κ √ (2g Re Φ − ξ_1)^2 + 2g^2C^2 + 2iκg Im Φ, (10.42)

for which κ^{−2}|S |^2 = |2gΦ − ξ_1|^2 + 2g^2C^2. In terms of S , the magnetic theory (10.40)

rewrites as

~L_{DBI,bos.} = 2g Re Φ − ξ^1 8κ − 1 8κ^2 Re 1 S √ − det ( |S |η_{μν} − 2 √ 2κ(~F_{μν} − gb_{μν}) )

+ 1 8 Im 1 S ϵ^{μνρσ}(~F_{μν} − gb_{μν})(~F_{ρσ} − gb_{ρσ}) + g 24κ ϵ^{μνρσ}C_{μνρσ} + L_{S T,bos.} = 2g Re Φ − ξ_1 8κ − 1 8κ^2

Re S √ − det ( η_{μν} − 2 √ 2κ|S |^{−1}(~F_{μν} − gb_{μν}) )

+ 1 8 Im 1 S ϵ^{μνρσ}(~F_{μν} − gb_{μν})(~F_{ρσ} − gb_{ρσ}) + g 24κ ϵ^{μνρσ}C_{μνρσ} + L_{S T,bos.}. (10.43)

This is to be compared with the electric theory (10.14):

L_{DBI, bos.} =

2g Re Φ − ξ_1 8κ − 1 8κ^2

Re S √ − det(η_{μν} − 2 √ 2κ F_{μν}) + 1 8 Im S ϵ^{μνρσ}F_{μν}F_{ρσ} − g 4 ϵ^{μνρσ}b_{μν}F_{ρσ} + g 24κ ϵ^{μνρσ}C_{μνρσ} + L_{S T, bos.}. (10.44)

Hence, the duality from the electric to the magnetic theory corresponds to the

transformations

b_{μν} → 0, F_{μν} → ~F_{μν} − gb_{μν}, S → S^{−1}, η_{μν} → |S |η_{μν}, (10.45)

which can be also derived from electric-magnetic duality applied on the bosonic

DBI theory only.

10.5 Double-Tensor Formulation and Connection with the String Fields

In IIB superstrings compactified to four dimensions with eight residual supercharges, the dilaton belongs to a double-tensor supermultiplet. This representation of N = 2 supersymmetry includes two Majorana spinors, two antisymmetric tensors B_{μν} (NS–NS) and C_{μν} (R–R) with gauge symmetries

δ_{gauge} B_{μν} = 2 ∂_{[μ}Λ_{ν]}, δ^′_{gauge} C_{μν} = 2 ∂_{[μ}Λ^′_{ν]} (10.46)

and two (real) scalar fields, the NS–NS dilaton and the R–R scalar, for a total of 4_B + 4_F physical states. In principle, both antisymmetric tensors can be dualized to pseudoscalar fields with axionic shift symmetry, in a version of the effective field theory where the dilaton belongs to a hypermultiplet with four scalars in a quaternion-Kähler manifold possessing three perturbative shift isometries, since the R–R scalar has its own shift symmetry. It is easy to see that only two shift isometries, related to the two antisymmetric tensors, commute, while all three together form the Heisenberg algebra. Indeed, in the double-tensor basis, the R–R field strength is modified [122] due to its anomalous Bianchi identity to 3 ∂_{[λ}C_{μν]} − 3 C^{(0)}∂_{[λ} B_{μν]}. Thus, a shift of the R–R scalar C^{(0)} by a constant λ is accompanied by an appropriate transformation of C_{μν} to leave its modified field-strength invariant:

δ_HC^{(0)} = λ, δ_HC_{μν} = λB_{μν}. (10.47)

It follows that δ_{gauge}, δ^′_{gauge} and δ_H verify the Heisenberg algebra, with a single non-vanishing commutator [ δ_{gauge}, δ_H ] = δ^′_{gauge} . (10.48)

More details about the Heisenberg algebra in local and global supersymmetry are given in chapter 11 where we obtain the global supersymmetry limit of the universal hypermultiplet. Our aim is to use the Heisenberg algebra in order to establish the connection between the general formalism developed so far and string theory. This formalism would then describe the coupling of a D-brane with bulk fields in the limit of global supersymmetry.

To this end, we transform the N = 2 double-tensor into a single-tensor representation by dualizing one of its two N = 1 linear multiplet components L^′, containing the R–R fields C_{μν} and C^{(0)}, into a chiral basis Φ + Φ. In this basis, the two R–R isometries correspond to constant complex shifts of the N = 1 superfield Φ. Imposing this symmetry to the kinetic function of eqs. (9.7)–(9.8), one obtains (up to total derivatives, after superspace integration):

H(L, Φ, Φ) = α ( − 1 3 L^3 + 1 2 L(Φ + Φ)^2 ) + β ( −L^2 + 1 2 (Φ + Φ)^2 ) , (10.49) where α and β are constants. Note that the second term proportional to β can be obtained from the first by shifting L + β/α. For α = 0 however, it corresponds to the free case of quadratic kinetic terms for all fields of the single-tensor multiplet. The coupling to the Maxwell goldstino multiplet is easily obtained using eqs. (10.12), (10.22) and (9.18). Up to total derivatives, the action is: L = ∫ d^2θd^2θ [ α ( −^1_3 L^3 +^1_2 L(Φ + Φ)^2 ) + β ( − L^2 +^1_2 (Φ + Φ)^2 )

−g(Φ + Φ)V_1(WW) ] + g ∫ d^2θ [ χ^αW_α −^i_{2κ} Y −^{ξ1}_{4g} X(WW) ] + c.c.

(10.50)

In general, the four-form field is not inert under the variation δ_H of eq. (10.47) [123]. In our single-tensor formalism, δ_H L = 0 and δ_HΦ = c where c is complex when combined with the axionic shift δ^′_{gauge} of ImΦ dual to C_{μν} of eq. (10.46); in addition δ_HY = −icκX(WW). (10.51)

With this variation, the Lagrangian, including the Chern-Simons interaction, is

invariant under the Heisenberg symmetry.

We can now dualize back Φ + Φ to a second linear multiplet L^′ by first replac-

ing it with a real superfield U: L = ∫ d^2θd^2θ [ α ( −^1_3 L^3 +^1_2 LU^2 ) + β ( −L^2 +^1_2 U^2 ) − U(mL^′ + gV_1) ]

+g ∫ d^2θ [ χ^αW_α −^i_{2κ} Y −^{ξ1}_{4g} X ] + c.c.,

(10.52)

where the constant m corresponds to a rescaling of L^′. Solving for U, U = mL^′ + gV_1 αL + β

, (10.53)

delivers the double-tensor Lagrangian

~L = ∫ d^2θd^2θ [ − α 3 L^3 − βL^2 − 1 2 (mL^′ + gV_1)^2 αL + β ] + g ∫ d^2θ [ χ^αW_α − i 2κ Y − ξ_1 4g X ] + c.c.,

(10.54)

where as before V_1 = V_1(WW) and X = X(WW) =^1_2 DD V_1(WW). It is invari-

ant under variation (10.51) of the four-form superfield combined with δ_H L^′ =

2c(αL + β)/m.

After elimination of the Maxwell auxiliary field (choosing m = √ 2) d_{2, bos.} = gC 2κ − det(η_{μν} + 2 √2κ F_{μν}) (_{√2g C′}

αC+β − ξ1

)_2 + 2g^2C^2

, (10.55)

the component expansion of the bosonic Lagrangian is

~L_{bos.} = (αC + β)

[_1 2 (∂_μC)^2 +^1_2 ∂_μ

(_{C′}

αC+β

)_2

+^1_{12} (3 ∂_{[μ}b_{νρ]})^2 ]

+^1_{12(αC+β)} ( 3 ∂_{[μ}b^′_{νρ]} +^{gκ}√_2 ω_{μνρ} −^{C′}_{αC+β} 3 ∂_{[μ}b_{νρ]}

)_2

−^g_{4κ} √_2 (^{C′}_{αC+β} +^{ξ1}√_{2g} ) +^g_{4κ} √_2 √ (^{C′}_{αC+β} +^{ξ1}√_{2g} )^2 + C^2 √ − det(η_{μν} + 2 √ 2κF_{μν})

−^g_4 ϵ^{μνρσ}b_{μν}F_{ρσ} +^g_{24κ} ϵ^{μνρσ}C_{μνρσ} . (10.56) in terms of the Maxwell Chern-Simons form ω_{νρσ} = 3 A_{[ν}F_{ρσ]}.

This is the explicit expression of the interacting action (10.21) and the kinetic part for the double-tensor multiplet. It describes the global supersymmetry limit of the effective four dimensional action of a D-brane coupled to the universal dilaton hypermultiplet of the perturbative type II string. The precise identification of the fields will be done in section 11.3 in the dual single-tensor basis but we can already see the similarities here: As mentioned previously, its general form in the local case depends also on two constant parameters, upon imposing the perturbative Heisenberg isometries, that correspond to the tree and one-loop contributions [29]. We expect that these two parameters are related to α and β of our action. Moreover, by identifying the two antisymmetric tensors b_{μν} and b^′_{μν} with the respective NS–NS B_{μν} and R–R C_{μν} and the combination C^′/(αC + β) with the R–R scalar C^{(0)}, as the Heisenberg transformations indicate, one finds that the two actions match up to normalization factors depending on the NS–NS dilaton that should correspond to the scalar C.

10.6 Nonlinear N = 2 QED

We will now show that the effective theory presented above describing a super- Higgs phenomenon of partial (global) supersymmetry breaking can be identified with the Higgs phase of nonlinear N = 2 QED, up to an appropriate choice of the single-tensor multiplet kinetic terms. We will then analyze its vacuum structure in the generally allowed parameter space.

In linear N = 2 quantum electrodynamics (QED), the Lagrangian couples a hypermultiplet with two chiral superfields (Q_1, Q_2) to the vector multiplet

(V_1, V_2) or (X, W_α). The U(1) gauge transformations of the hypermultiplet are

linear, and Q_1 and Q_2 have opposite U(1) charges:

L_{QED} = ∫ d^2θd^2θ [ Q_1Q_1e^{V2} + Q_2Q_2e^{−V2} ] + ∫ d^2θ i √ 2 XQ_1Q_2 + c.c. + L_{Max.} + ΔL,

(10.57)

where L_{Max.} includes (canonical) gauge kinetic terms and ΔL contains three pa-

rameters:

ΔL = m ∫ d^2θ Q_1Q_2 + c.c. + ∫ d^2θd^2θ [ξ_1V_1 + ξ_2V_2]. (10.58)

The hypermultiplet mass term with coefficient m can be eliminated by a shift

of X and ξ_{1,2} are the two Fayet-Iliopoulos coefficients. Since ξ_1 ∫ d^2θd^2θ V_1 =

−^1_4 ∫ d^2θ ξ_1X + c.c., the complete superpotential w is w = ( i √ 2 X + m ) Q_1Q_2 − 1 4 ξ_1X.

There are six real auxiliary fields, f_{Q1} , f_{Q2} , d_1 and d_2 but only four are actually

independent:^{11} Q_1 f_{Q1} = Q_2 f_{Q2} . Since the metric is canonical, det K_{i j} = 1 and

trivially hyperkähler. If ξ_1 = ξ_2 = 0, the gauge symmetry is not broken and the

hypermultiplet mass m + i⟨X⟩/ √ 2 is arbitrary. Any nonzero ξ_1 or ξ_2 induces U(1)

symmetry breaking with all fields having the same mass. In any case, N = 2

supersymmetry remains unbroken at the global minimum.

In order to first bring the theory to a form allowing dualization to our single-

tensor formulation, we use the holomorphic field redefinition^{12}

Q_1 = a √ Φ e^{Φ′} , Q_2 = ia √ Φ e^{−Φ′} ,

Q_1Q_2 = ia^2Φ, Q_1/Q_2 = −ie^{2Φ′} ,

(10.59)

11 We use the same notation for a chiral superfield Φ, Q_1, Q_2, . . . and for its lowest complex scalar component field.

12This field redefinition has constant Jacobian.

with a^2 = 1/ √ 2. The QED Lagrangian becomes

L_{QED} =^1√_2 ∫ d^2θd^2θ √ ΦΦ [ e^{Φ′+Φ′+V2} + e^{−Φ′−Φ′−V2} ] + L_{Max.} + ∫ d^2θ [ −^1_2 Φ(X − √ 2im) −^1_4 ξ_1X ] + c.c. + ξ_2 ∫ d^2θd^2θ V_2.

(10.60)

While the gauge transformation of Φ^′ is δ_{U(1)}Φ^′ = Λ_c, Φ is gauge invariant. Since

the Kähler potential is now a function of Φ^′ + Φ^′, with a Stückelberg gauging of

the axionic shift of Φ^′, the chiral Φ^′ can be dualized to a linear L using a N = 1

Legendre transformation. The result is

L_{QED} = ∫ d^2θd^2θ [ √ 2ΦΦ + L^2 − L ln ( √ 2ΦΦ + L^2 + L )] + L_{Max.} − ∫ d^2θ

[_1 2 XΦ + χ^αW_α −^i√_2 mΦ +^1_4 ξ_1X ] + c.c. + ξ_2 ∫ d^2θd^2θ V_2.

(10.61)

The dual single-tensor QED theory has off-shell N = 2 invariance (the Laplace

equation (9.7) is verified) and the two multiplets are now coupled by a N = 2

Chern-Simons interaction (9.19). Notice that the free quadratic kinetic terms of

the charged hypermultiplet lead to a highly non-trivial kinetic function in the

single-tensor representation. Moreover, there are only four auxiliary fields, f_Φ,

d_1 and d_2. The Legendre transformation defines the scalar field C in L as

e^{2 Re Φ′} = 1 √ 2ΦΦ ( √ 2ΦΦ + C^2 + C ) , e^{−2 Re Φ′} = 1 √ 2ΦΦ ( √ 2ΦΦ + C^2 − C )

(10.62)

and eqs. (10.59) relate then C and Φ with Q_1 and Q_2:

C = |Q_1|^2 − |Q_2|^2, Φ = − √ 2i Q_1Q_2. (10.63)

According to eq. (10.11), the nonlinear DBI version of N = 2 QED is obtained

by replacing in Lagrangian (10.61) X by X(WW), which includes DBI gauge ki-

netic terms, by omitting L_{Max.} which is removed by the third constraint (10.2) and by adding the four-form term^i_{2κ} ∫ d^2θ Y + c.c.:

L_{QED,DBI} = ∫ d^2θd^2θ [ √ 2ΦΦ + L^2 − L ln ( √ 2ΦΦ + L^2 + L ) + ξ_2 V_2 ]

− ∫ d^2θ

[(_1

2 Φ +^1_4 ξ_1 ) X(WW) −^i√_2 mΦ + χ^αW_α −^i_{2κ} Y ] + c.c.

(10.64)

Notice that two additional terms appear compared to the action studied in Sec-

tion 10: a Fayet-Iliopoulos term proportional to ξ_2 and a term linear in Φ which

is also invariant under the second (nonlinear) supersymmetry (9.4); they gen-

erate, together with ξ_1 the general parameter space of nonlinear QED coupled

to a charged hypermultiplet. Without loss of generality, we choose m to be real,

while the choice ξ_1 = −1/κ would canonically normalize gauge kinetic terms for

a background where Φ vanishes. We may return to chiral superfields (Φ, Φ^′) or

(Q_1, Q_2) to write the DBI theory as^{13}

L_{QED} = ∫ d^2θd^2θ [ Q_1Q_1e^{V2} + Q_2Q_2e^{−V2} + ξ_2V_2 ]

+ ∫ d^2θ

[(_{i√}

2 Q_1Q_2 −^1_4 ξ_1 ) X(WW) + mQ_1Q_2 +^i_{2κ} Y ] + c.c.

(10.65)

Since X(WW)|_{θ=0} only depends on fermion fields, the auxiliary fields f_1 and f_2

only contribute to the bosonic Lagrangian by a hypermultiplet mass term ( | f_1|^2 + | f_2|^2 ) bos. = m 2 ( |Q_1|^2 + |Q_2|^2 )

to be added to the scalar potential obtained from eq. (10.16) with the substitu-

tions

2g Re Φ − ξ_1 −→ 2 √ 2 Im(Q_1Q_2) − ξ_1, gC −→ C + ξ_2 = ξ_2 + |Q_1|^2 − |Q_2|^2

(since we have chosen g = 1). The complete potential is then^{14}

V_{QED,DBI} = 1 8κ ( 2 √ 2 Im(Q_1Q_2) − ξ_1 ) √ 1 + 2[ξ_2 + |Q_1|^2 − |Q_2|^2]^2 [2 √ 2 Im(Q_1Q_2) − ξ_1]^2 − 1

+m^2 ( |Q_1|^2 + |Q_2|^2 ) . (10.66)

13See eq. (10.17).

14The auxiliary d_2 is given in eq. (10.13).

The analysis is then very simple. The first line vanishes only for

⟨ξ_2 + |Q_1|^2 − |Q_2|^2⟩ = 0, ⟨2 √ 2 Im(Q_1Q_2) − ξ_1⟩ > 0. (10.67)

The first condition is the usual D–term equation ⟨d_2⟩ = 0 for the Maxwell superfield. The second condition is necessary to have a well-defined DBI gauge kinetic term at the minimum. Hence, if m = 0, conditions (10.67), which can always be solved, define the vacuum of the theory. Choosing ⟨Q_1⟩ = v and ⟨Q_2⟩ = √ v^2 + ξ_2, with v real (and arbitrary), we find a massive vector boson which, along with a real scalar and the two Majorana fermions 1 √ 2v^2 + ξ_2 [ vψ_{Q1} − √ v^2 + ξ_2 ψ_{Q2} ] ± iλ,

makes a massive N = 1 vector multiplet of mass √ v^2 + ξ_2/2. Hence the potentially massless gaugino λ, with its goldstino-like second supersymmetry variation δ^∗λ_α = −^1√_{2κ} η_α + . . ., has been absorbed in the massive U(1) gauge boson multiplet. This is possible only because the second supersymmetry transformation of the four-form field compensates the gaugino nonlinear variation. The fermion √ v^2 + ξ_2 ψ_{Q1} + v ψ_{Q2} is massless and corresponds to the fermion of the chiral superfield Φ in the single-tensor formalism, in agreement with our analysis in Section 10.2 [see below eq. (10.16)]. With two real scalars, it belongs to a massless N = 1 chiral multiplet.

If m � 0, a supersymmetric vacuum has ⟨Q_1⟩ = ⟨Q_2⟩ = 0. It only exists if ξ_2 = 0 and ξ_1 � 0. The second condition is again to have DBI gauge kinetic terms on this vacuum. In this case, the U(1) gauge symmetry is not broken, the goldstino vector multiplet remains massless and the hypermultiplet has mass m. If m � 0, a nonzero Fayet-Iliopoulos coefficient ξ_2 breaks then N = 1 linear supersymmetry. Note that the single-tensor formalism is appropriate for the description of the Higgs phase of nonlinear QED in a manifest N = 1 superfield basis (with respect to the linear supersymmetry), while the charged hypermultiplet representation is obviously convenient for describing the Coulomb phase.

One can finally expand the action (10.65) in powers of κ in order to find the lowest dimensional operators that couple the goldstino multiplet of partial supersymmetry breaking to the N = 2 hypermultiplet. Besides the dimension-four operators corresponding to the gauge factors e^{±V2} , one obtains a dimension-six superpotential interaction ∼ κQ_1 Q_2W^2 coming from the solution of the nonlinear constraint X = κW^2 + O(κ^3); it amounts to a field-dependent correction to the U(1) gauge coupling.

CHAPTER 11

THE UNIVERSAL HYPERMULTIPLET IN LOCAL AND GLOBAL SUPERSYMMETRY

11.1 On the Heisenberg Algebra and Global Supersymmetry

In the context of IIB superstrings, the Heisenberg algebra is generated by a combination of the gauge symmetries of the two antisymmetric tensors B_{μν} (NS-NS) and C_{μν} (R-R) and of the shift symmetry of the R-R scalar C_0:

δB_{μν} = 2 ∂_{[μ}Λ_{ν]}, δC_{μν} = 2 ∂_{[μ}Λ̃_{ν]} + λB_{μν}, δC_0 = λ. (11.1)

As a consequence, the theory depends on the invariant three-forms

H_{μνρ} = 3 ∂_{[μ}B_{νρ]}, F_{μνρ} = 3 ∂_{[μ}C_{νρ]} − C_0H_{μνρ} (11.2)

and on ∂_μC_0. The Heisenberg algebra follows from

[δ_1, δ_2] C_{μν} = 2 ∂_{[μ}λ_2Λ_{1ν]} − 2 ∂_{[μ}λ_1Λ_{2ν]}. (11.3)

After reduction to four dimensions, the gauge symmetries imply that each tensor can be dualized into a scalar field with axionic shift symmetry. The third global symmetry (with parameter λ) combines then with the axionic shifts to realize again the Heisenberg algebra on three scalar fields.

Indeed, one obtains three scalar fields φ, τ and η = C_0, with Heisenberg variations δη = c_X, δφ = c_Y , δτ = c_Z − c_Xφ . (11.4) The scalars φ and τ are Poincaré dual to C_{μν} and B_{μν}, respectively. The duality relations are, schematically,

∂_μφ ∼ ϵ_{μνλρ}F^{νλρ}, ∂_μτ + η ∂_μφ ∼ ϵ_{μνλρ}H^{νλρ} .

The algebra is [X, Y] ∼ Z, with Y and Z generating the axionic shifts (with parameters c_Y and c_Z ), while X generates the shift of the R-R scalar (with parameter c_X). Notice that the central charge of the algebra is (depending on the representation) the gauge symmetry of the R-R tensor and the axionic symmetry of τ, dual to the NS-NS tensor.

The Heisenberg algebra is extended by a fourth perturbative generator M that rotates X, Y and commutes also with the central charge Z:

δ_M η = c_M φ , δ_M φ = −c_M η , δ_M τ = c_M 2 (η^2 − φ^2). (11.5)

Equivalently, M rotates the phase of the complex R-R scalar η + iφ. As a result, the perturbative symmetry becomes the two-dimensional Euclidean group E_2 with central extension Z.

11.1.1 Lagrangians

Consider a N = 1 globally supersymmetric theory with two superfields, a chiral Φ and a real linear L. It contains three real scalars, Re ϕ = Re Φ|_{θ=0}, Im ϕ = Im Φ|_{θ=0}, and C = L|_{θ=0}, and L also depends on the curl of an antisymmetric tensor H_{μνρ} = 3 ∂_{[μ}B_{νρ]}. The Lagrangian (up to two derivatives) is L = ∫ d^2θd^2θ H(L, Φ, Φ) + ∫ d^2θ W(Φ) + ∫ d^2θ W(Φ) . (11.6)

Besides the gauge invariance of B_{μν} which does not act on the superfields, we also impose a two-parameter global symmetry acting on Φ with variations

δΦ = α − iβ. (11.7)

In this formulation, all three symmetries trivially commute. Nevertheless, in the version where B_{μν} is dualized to a scalar, or in the version where Im ϕ (for instance) is transformed into a second antisymmetric tensor, the three-parameter symmetry realizes a Heisenberg algebra acting either on three scalars according to eq. (11.4), as in the hypermultiplet formulation of IIB strings compactified to four dimensions, or on two tensors and one scalar according to eqs. (11.1) and (11.3). The Lagrangian compatible with the required symmetry (11.7) has

H(L, Φ, Φ) = F (L) + [AL + B]ΦΦ, W(Φ) = kΦ, (11.8)

with an arbitrary function F (L) and real constants A and B.^1 The constant k generates a C–dependent potential V = |k|^2/(AC + B) which does not admit a vacuum if A � 0. We take then k = 0.

The superfields Φ and L provide an off-shell representation of the N = 2 single-tensor multiplet. On the N = 1 Lagrangian, the condition for a second supersymmetry is [19] ∂^2H ∂L^2 + 2 ∂^2H ∂Φ∂Φ

= 0, (11.9) which in turn indicates that

F_{N=2}(L) = − A 3 L^3 − BL^2. (11.10)

1Of course, B can be eliminated by a constant shift of L.

The same theory is given by ^F_{N=2}(L) = − 1 3A^2

(AL + B)^3. (11.11)

Hence, the N = 2 theory compatible with complex shift symmetry of Φ is the sum L_{N=2} = ∫ d^2θd^2θ [ A ( − 1 3 L^3 + LΦΦ ) + B(−L^2 + ΦΦ) ] (11.12) of a trilinear interacting term and of a free term where the symmetry is trivial. If canonical dimensions are assigned to L and Φ, A has dimension (mass)^{−1} and B is dimensionless.

Fur further use, we need the bosonic component expansion of this superfield theory. Using (8.14) and the expansion of Φ

Φ(x, θ, θ) = ϕ(x) − iθσ^μθ ∂_μϕ − θθ f − 1 4 θθθθ□ϕ,

we obtain^2

L_{N=2, bos.} = (AC + B)

[_1 2 (∂_μC)^2 + (∂_μϕ)(∂^μϕ) +^1_{12} H^{μνρ}H_{μνρ} ]

−^i_{12} A ϵ^{μνρσ}(ϕ ∂_μϕ − ϕ ∂_μϕ)H_{νρσ}.

(11.13)

Since, ∂_{[μ}H_{νρσ]} = 0, the variation (11.7) of ϕ induces a total derivative. Kinetic terms are positive if AC + B > 0. If A � 0, B can be eliminated by shifting C. The (shifted) field C will be assumed strictly positive and the two options are an interacting, cubic theory with A > 0 and B = 0, or the free theory A = 0, B > 0.

We may then perform two supersymmetric duality transformations [114] on theory (11.8), either turning the linear L into a chiral S or turning the chiral Φ into a second linear multiplet L^′. The first transformation leads to L = ∫ d^2θd^2θ [ ~F (Y) + BΦΦ ] , (11.14)

2The auxiliary field f vanishes.

where ~F (Y) is the Legendre transform of F (L) and the variable is^3 Y = S + S + AΦΦ. Invariance of Y under shift symmetries (11.7) requires a compensating variation of S :

δ_HS = (αδ_X + βδ_Y + γδ_Z )S = −A(α + iβ)Φ + 2iγ, (11.15)

where the axionic shift symmetry of Im S is dual to the gauge symmetry of B_{μν}, and the subscripts X, Y, Z make clear the correspondence with the transformations (11.4). Indeed, since

[δ^′_H, δ_H]S ≡ −A(α^′ + iβ^′)δ_HΦ + A(α + iβ)δ^′_HΦ = 2iA(α^′β − αβ^′), [δ_H, δ^′_H]Φ = 0, (11.16) the chiral theory has Heisenberg symmetry. Moreover, the theory (11.14) has another symmetry M rotating the chiral superfield Φ, as already mentioned in the Introduction (see eq. (11.5)).

For the N = 2 single-tensor theory (11.12), the dual hypermultiplet theory^4 is L_{N=2} = ∫ d^2θd^2θ K(Y) = 2 3A^2 ∫ d^2θd^2θ ( AY + B^2

)_{3/2} . (11.17) Eliminating some derivatives, the limiting case A = 0 is a free theory. As required for a hyper-Kähler sigma-model, the determinant of the Kähler metric is constant (and positive).

A useful change of variable is

Ŝ = S − A 2 Φ^2, Y = Ŝ + Ŝ + A 2 (Φ + Φ)^2. (11.18)

and transformation (11.15) becomes δ_HŜ = −2AαΦ + 2iγ. With these variables, the transformations with parameters β and γ only act as shift symmetries of

3Notice that ∫ d^2θd^2θ ΦΦ =^1_A ∫ d^2θd^2θ Y + derivative.

4With positive Kähler metric.

Im Φ and Im Ŝ respectively. In terms of variables Y, Im Ŝ , Re Φ and Im Φ, one immediately deduces that the most general Heisenberg-invariant supersymmetric theory is of the form (11.14).

Performing the second duality transformation of the chiral Φ into a linear L^′, always leads to the dual theory L = ∫ d^2θd^2θ [ F (L) − 1 2 L^{′2} AL + B ] , (11.19)

with F given in eq. (11.10). Expression (11.19) is actually the most general N = 1 Lagrangian for L and L^′ with symmetry

δL^′ = α(AL + B). (11.20)

This transformation, which links the two antisymmetric tensors in L and L^′ as in variation (11.1), forms with their respective gauge symmetries a Heisenberg algebra realized as in type IIB strings.

Instead of Im Φ, we could have chosen to dualize e^{ia}Φ for any phase a, since ∫ d^2θd^2θ (AL + B)ΦΦ = 1 2 ∫ d^2θd^2θ (AL + B)(e^{ia}Φ + e^{−ia}Φ)^2 + derivative.

The result would be again theory (11.19). This is a consequence of symmetry M, which is however fixed by the choice of dualization and does not act on L^′.

11.1.2 Hyper-Kähler Metrics with Heisenberg Symmetry

The Kähler coordinates defined by N = 1 chiral superfields S and Φ are not necessarily the most appropriate to describe a hyper-Kähler manifold. There is a ‘standard’ set of coordinates used to describe hyper-Kähler metrics with shift isometries in the literature. For comparison purposes, we define in this subsection these coordinates in terms of our superfield components.

For any hyper-Kähler manifold with a shift symmetry, one can find coordinates in which the metric has the Gibbons-Hawking form [124] ds^2 = f (⃗x) dx_i dx_i + f (⃗x)^{−1}(dτ + ω_i dx_i)^2, (11.21) with condition ⃗∇×⃗ω = ⃗∇ f . Imposing the requirement of a Heisenberg symmetry acting according to δ_H x_1 = √ 2 α, δ_H x_2 = − √ 2 β, δ_H x_3 = 0, δ_H τ = − √ 2 α x_2 + γ (11.22) also defines dτ + x_1 dx_2 as the invariant derivative of τ and indicates that ⃗ω = (0, x_1, 0). The value of f (⃗x) follows then from ⃗∇ × ⃗ω = ⃗∇ f . This last condition is invariant under ⃗ω → ⃗ω + ⃗∇λ(⃗x), for any gauge function λ(⃗x). In turn, invariance of the metric requires the compensating transformation τ → τ − λ(⃗x).

From the N = 2 Kähler potential (11.17), the Kähler metric can be written^5 ds^2 =^1_2 (AY + B^2)^{−1/2}

[_1 4 dY^2 + ( d Im S + i^A_2 (Φ dΦ − Φ dΦ)

)_2]

+(AY + B^2)^{1/2} dΦdΦ,

(11.23)

using coordinates (Y, Im S, Re Φ, Im Φ). The supersymmetric duality transformation from L to S exchanges a real scalar C = L|_{θ=0}, invariant under Heisenberg variations, and Re S with variation (11.15). The Legendre transformation defines the change of variable from Y to C: AC + B = √ AY + B^2. (11.24) Then, in terms of coordinates (C, Im S, Re Φ, Im Φ), the metric becomes ds^2 =

AC + B 2 [ dC^2 + 2 dΦdΦ ] + 2 (AC + B) ( dτ + A Re Φ d Im Φ

)_2

. (11.25)

5From here on, we do not distinguish chiral superfields S and Φ and their lowest complex scalar components.

This is the Gibbons-Hawking metric (11.21) with ⃗x = ( √ 2 Re Φ, √ 2 Im Φ, C) and τ = 1 2 (Im S − A Re Φ Im Φ) = 1 2 Im Ŝ .

The function f (⃗x) =

AC + B 2 (11.26) solves the hyper-Kähler condition ⃗∇ × ⃗ω = ⃗∇ f with ⃗ω = (0,^A_2 x_1, 0). Choosing for instance λ = −^A_2 x_1 x_2 turns then ⃗ω into (−^A_2 x_2, 0, 0) and dτ+^A_2 x_1dx_2 into dτ−^A_2 x_2dx_1. Similarly, a rotation of Φ

δ_M x_1 = mx_2, δ_M x_2 = −mx_1,

which is compatible with the shift symmetry (11.7), corresponds to λ(⃗x) = Am 4 (x^2 − x^2_1). It is the isometry M of metric (11.25).

The conclusion is that the Gibbons-Hawking ansatz for the hyper-Kähler metric corresponds to coordinates where Re S is replaced by its Legendre dual C, which is also the lowest scalar component of the linear superfield dual to S .

11.2 The Universal Hypermultiplet in N = 2 Supergravity

Hypermultiplet scalars of N = 2 supergravity live on 4n–dimensional quaternion-Kähler manifolds with holonomy included in S p(2n)×S p(2). Supergravity requires that the curvature of these Einstein spaces is proportional to the gravitational coupling κ^2 [15]. Hence, the decoupling limit κ → 0 turns the hypermultiplet manifold into a Ricci-flat hyper-Kähler space, as required by global N = 2 supersymmetry [17]. For a single hypermultiplet, or a four-dimensional quaternion-Kähler manifold, the defining condition on the holonomy is not pertinent since S p(2) × S p(2) ∼ S O(4). The relevant condition is then self-duality of the Weyl tensor.

11.2.1 The Calderbank-Pedersen Metric with Heisenberg Symmetry

Calderbank and Pedersen [125] have classified all four-dimensional Einstein metrics with self-dual Weyl curvature and two commuting isometries. Using coordinates (ρ, η, φ, τ) with the isometries acting as shifts of φ and τ, their metrics are written in terms of any single function F(ρ, η) verifying ∂^2F ∂ρ^2 + ∂^2F ∂η^2 = 3F 4ρ^2

. (11.27)

It is simple to see [29] that metrics with Heisenberg symmetry are then obtained if F does not depend on η, i.e. if^6 √ ρ F(ρ) = 1 2 [ρ^2 − χ], (11.28)

with an arbitrary real parameter χ. The Calderbank-Pedersen metric with Heisenberg symmetry (the CPH metric) reads then

ds^2_{CPH} = ρ^2 + χ (ρ^2 − χ)^2

(dρ^2 + dη^2 + dφ^2) +

4ρ^2 (ρ^2 − χ)^2(ρ^2 + χ)

(dτ + η dφ)^2 . (11.29)

The coordinate ρ is positive, ρ > 0, and positivity of the metric requires ρ^2 + χ > 0, a stronger condition if χ is negative. It is an Einstein metric with negative curvature, and is Kähler only if χ = 0. Notice that if χ � 0, the rescaling (ρ, η, φ, τ) → (|χ|^{1/2}ρ, |χ|^{1/2}η, |χ|^{1/2}φ, |χ|τ) turns χ in metric (11.29) into ±1. This is

6The metric does not make sense without the ρ^{3/2} contribution to F and the overall normalization of F is a choice of coordinates. Our χ is χ̂ in Ref. [29].

not true if we turn on string interactions, such as in the presence of D-branes where the dilaton, or equivalently the field ρ, couples to the Dirac-Born-Infeld (DBI) action in a non-trivial way (see section 11.3). For this reason, we keep explicitly χ throughout the paper. We may use a new coordinate V = ρ^2 with metric

ds^2_{CPH} =

V + χ (V − χ)^2 ( dV^2 4V + dη^2 + dφ^2 ) + 4V (V − χ)^2(V + χ) ( dτ + η dφ

)_2 . (11.30)

The particular case χ = 0 has extended symmetry: it is the S U(2, 1)/S U(2) × U(1) metric with Kähler potential

K(Ŝ , Ŝ , Φ, Φ) = − ln V, V = Ŝ + Ŝ − (Φ + Φ)^2, (11.31)

and with Φ =^1√_2 (η + iφ), τ = −^1_2 Im Ŝ .

The CPH metric is invariant under four isometry variations acting on coordinates (η, φ, τ):

δ_Xη = √ 2, δ_Y η = 0, δ_Zη = 0, δ_M η = φ,

δ_Xφ = 0, δ_Y φ = − √ 2, δ_Z φ = 0, δ_M φ = −η,

δ_Xτ = − √ 2 φ, δ_Y τ = 0, δ_Zτ = 1, δ_Mτ =^1_2 (η^2 − φ^2). (11.32) The non-zero commutators are

[X, Y] = 2Z, [M, X] = Y, [M, Y] = −X. (11.33)

Hence, X, Y and Z generate the Heisenberg algebra and Z is a central extension of a two-dimensional euclidean algebra generated by M (which rotates φ and η), X and Y (which translate φ and η). With these conventions,

δ_H Φ = (αX + βY + γZ)Φ = α − iβ, δ_H Ŝ = 4α Φ − 2iγ (11.34) and V is invariant.

The metric (11.30) appears in the one-loop-corrected Lagrangian of the universal hypermultiplet of type II strings, reduced to four dimensions, with the NS-NS and R-R tensors dualized to scalars with shift symmetry [29]. At oneloop order, the four-dimensional dilaton field is related to coordinate V and parameter χ by e^{−2ϕ4} = V − χ, χ = −χ_1, χ_1 = χ_E 12π , (11.35) where χ_E is the Euler number of the internal CY_3 manifold. The real number χ_1 encodes the one-loop correction [29, 30]. Notice that this relation also indicates that V − χ = V + χ_1 > 0, which is stronger than V = ρ^2 > 0 if the Euler number is negative (χ > 0). Since positivity of the CPH metric also requires V + χ > 0 if χ < 0, the domain of V is naturally restricted to V > |χ|.

The R-R scalar is C_0 ≡ η , (11.36) and is shifted by symmetry X. Finally, Poincaré duality gives the following equivalences dφ ∼ F_3 = dC_2 − η dB_2,

dτ + η dφ ∼ H_3 = dB_2.

In the scalar version, the central charge is the shift Z of τ (related to the NS-NS tensor B_2) while in the two-tensor version, it is the gauge variation of the (R-R) tensor C_2. Writing η and φ in a complex Φ is conventional: we always use Φ = 1 √ 2 (η + iφ).

In the previous section, we found a unique four-dimensional hyper-Kähler manifold with Heisenberg symmetry. It also admits the fourth isometry M rotating Φ. In the quaternion-Kähler case, the theorem of Calderbank-Pedersen [125] leads then to a very similar uniqueness conclusion. We will see how these two results are connected when taking an appropriate zero-curvature limit. But we first want to obtain the N = 2 supergravity coupling of the universal hypermultiplet on the CPH manifold.

11.2.2 Coupling to N = 2 Supergravity

There are different methods to construct hypermultiplet couplings to N = 2 supergravity. The simplest procedure, which is however not the most general, is to use hypermultiplets coupled to local N = 2 superconformal symmetry [126] and to perform a quaternionic quotient [31, 32] using supplementary hypermultiplet(s) and non-propagating vector multiplet(s). In this section, we use this procedure to obtain the supergravity theory of the one-loop-corrected dilaton hypermultiplet.

Related constructions, using more general but also more complicated methods, can be found in ref. [132], in the language of projective superspace or in ref. [133], using harmonic superspace.

Conformal N = 2 supergravity is the gauge theory of S U(2, 2|2), which has a S U(2)_R × U(1)_R R–symmetry with non-propagating gauge fields. Pure Poincaré N = 2 supergravity is obtained from the superconformal coupling of one propagating vector multiplet^7 (which may be charged under U(1)_R) and one hypermultiplet (charged under S U(2)_R) by gauge-fixing of the extraneous symmetries. These two multiplets include in particular the compensating fields used

7Its gauge field is the graviphoton.

in the gauge-fixing to the Poincaré theory.

For the superconformal construction of our particular hypermultiplet sigmamodel, we also need a physical hypermultiplet, with positive kinetic metric, to describe the dilaton multiplet. In addition, for the quaternionic quotient, we need a non-propagating vector multiplet with gauge field W_μ, gauging a specific generator T to be discussed below, and, since the elimination of the algebraic vector multiplet involves three constraints and one gauge choice on scalar fields, we also need a third non-physical hypermultiplet. Its kinetic metric can have a positive or negative sign, depending on the constraints induced by the choice of T . Hence, we need to consider the N = 2 superconformal theory of two vector multiplets and three hypermultiplets. The superconformal hypermultiplet scalar sector has then an ‘automatic’ S p(2, 4) global symmetry in which the gauge generator T of the quaternionic quotient is chosen.

11.2.3 Sp(2, 4)

In the following, we consider three hypermultiplets coupled to (superconformal) N = 2 supergravity. One (compensating) hypermultiplet has negative signature, the physical hypermultiplet has positive signature, the third hypermultiplet, associated to the non-propagating vector multiplet, may have a positive or negative signature, depending on the constraints applied to the scalar fields. In any case, we are considering S p(2, 4)–invariant supergravity couplings of N = 2 hypermultiplets.

The hypermultiplet scalars are A^α_i , with S U(2)_R index i = 1, 2 and S p(2, 4) index α = 1, . . . , 6. They transform in representation (6, 2) of S p(2, 4) × S U(2)_R.

Their conjugates are^8 A^i_α = (A^α_i )^∗ = ϵ^{i j}ρ_{αβ}A^β_j (11.37) with ρ^{αβ}ρ_{βγ} = −δ^α_γ and ϵ^{i j}ϵ_{jk} = −δ^i_k. We choose the S p(2, 4)–invariant metric as

ρ = I_3 ⊗ iσ_2 =

0 I_3 −I_3 0

(11.38)

and we use

d = η 0 0 η , η = diag(−1, 1, −1), ρ d ρ = −d. (11.39)

In our choice of η, direction 1 corresponds to the superconformal compensator, direction 2 to the physical hypermultiplet and our choice of quaternionic quotient will require a negative metric in direction 3; otherwise, our construction does not work. On scalar fields, S p(2, 4) acts according to

δA^α_i = g t^α_βA^β_i , δA^i_α = g t_α^βA^i_β, t_α^β = −ρ_{αγ} t^γ_δ ρ^{δβ}. (11.40)

Since relation (11.37) also implies t_α^β = (t^α_β)^∗, the choice (11.38) and the invariance of d^α_β A^i_αA^β_i lead to

t = U ηQ −ηQ^∗ U^∗

, U^† = −ηUη, Q = Q^τ, t^† = −d t d. (11.41)

This is an element of S p(2, 4): U generates the U(1, 2) subgroup (9 generators) and Q (12 generators) generates S p(2, 4)/U(1, 2). The (2 × 2) matrix A^† d t A, with matrix elements A^i_αd^α_β t^β_γ A^γ_j , is antihermitian, as required by gauge invariance of A^†dA, and traceless.

8We follow the conventions of the second paper of ref. [126].

11.2.4 The Heisenberg Subalgebra of SU(1, 2) and Sp(2, 4)

At string tree-level, the universal hypermultiplet of the dilaton in type II strings lives, when formulated in terms of four real scalars, on the quaternion-Kähler and Kähler manifold S U(1, 2)/S U(2) × U(1) = U(1, 2)/U(2) × U(1) [134]. Since U(1, 2) = S U(1, 2) × U(1)_0 is maximal in S p(2, 4), S p(2, 4) has a unique generator commuting with S U(1, 2): the generator of U(1)_0. At one-loop however, the isometry is reduced and includes the Heisenberg algebra which is known to be a subalgebra of S U(1, 2). We need to find the most general generator T of S p(2, 4) which commutes with a Heisenberg subalgebra. In the following subsections, we will perform the quaternionic quotient construction induced by the gauging of T .

Since elements U of the U(1, 2) algebra verify U^† = −η U η and we have chosen η = diag(−1, 1, −1), a generic U is

U = ia A B A ib C −B C ic

, (11.42)

with a, b, c real, A, B, C complex and elements of S U(1, 2) are traceless. On a three-dimensional complex vector, U(1, 2) variations are δA = UA.

We may define the Heisenberg subalgebra as the U(1, 2) transformations leaving A_1 − A_2 invariant: (δ_H A)_1 − (δ_H A)_1 = (UA)_1 − (UA)_2 = 0. The transformations acting on A_1 and A_2 are generated by the following three elements

X = 0 0 1 0 0 1 −1 1 0

, Y =

0 0 i 0 0 i i −i 0

, Z = i −i 0 i −i 0 0 0 0

(11.43) which verify

0 = XZ = ZX = YZ = ZY = Z^2, XY = −YX = Z, X^2 = Y^2 = iZ. (11.44) The Heisenberg algebra [X, Y] = 2Z, [X, Z] = [Y, Z] = 0 (11.45) is then realized as a subalgebra of S U(1, 2), with variations

δ_H A = (αX + βY + γZ) A = iγ −iγ α + iβ iγ −iγ α + iβ −α + iβ α − iβ 0

A_1 A_2 A_3

(11.46)

in the fundamental representation. Since Z is a central charge of the Heisenberg algebra, we are interested in the elements of U(1, 2) which commute with Z. They form an algebra generated by five elements, U_0, M, X, Y and Z, with

U_0 = iI_3, M = i

1 0 0 0 1 0 0 0 −2

(11.47)

(U_0 generates the abelian factor of U(1, 2) = S U(1, 2)×U(1)_0). Besides the Heisenberg algebra generated by X, Y, Z, we also have [M, X] = 3Y, [M, Y] = −3X (11.48) and M generates a rotation of (X, Y) leaving X^2 +Y^2 = 2iZ invariant: [M, X^2 +Y^2] = 2i[M, Z] = 0.

One then easily checks that the most general U(1, 2) generator which commutes with the Heisenberg algebra generated by X, Y, Z is proportional to

^T = U_0 + χ Z = i

1 + χ −χ 0 χ 1 − χ 0 0 0 1

, U_0 = iI_3, (11.49) where χ is an arbitrary real number. If χ = 0, ^T = U_0 commutes with the whole U(1, 2). If χ � 0, ^T commutes with the Heisenberg algebra supplemented by U_0 and M. The extension to S p(2, 4) is straightforward. Requiring that

T = T̂ 0 0 T̂^∗

(11.50)

in S p(2, 4) commutes with an element of S p(2, 4)/U(1, 2) corresponds to find a (nonzero) symmetric matrix Q in eq. (11.41) such that T̂^†Q is also antisymmetric, which is impossible.^9 Hence, T is also the most general generator in S p(2, 4) which commutes with the Heisenberg algebra generated by X, Y and Z in S U(1, 2). It actually commutes with X, Y, Z, M and U_0.

11.2.5 N = 2 Supergravity Scalar Lagrangian

To construct the scalar kinetic metric, the relevant terms of the N = 2 conformal supergravity Lagrangian are [126, 31, 32]

e^{−1}L = d^α_β (D_μA^β_i )(D^μA^i_α) + (g d^α_β A^i_αT^β_γ A^γ_k Y^k_i + c.c.)

+^1_6 R(−X_0X_0 + d^α_β A^i_αA^β_i ) + d(X_0X_0 +^1_2 d^α_β A^i_αA^β_i ).

(11.51)

The complex scalar X_0 is the partner of the graviphoton, Y^i_j, Y^i_i = 0, is the triplet of real auxiliary scalars in the non-propagating vector multiplet with gauge field W_μ used in the quaternionic quotient. The covariant derivatives are

D_μA^α_i = ∂_μA^α_i − g^′W_μT^α_βA^β_i − gV_{μi}^jA^α_j ,

D_μA^i_α = ∂_μA^i_α − g^′W_μT_α^βA^i_β − gV_μ^i_jA^j_α,

(11.52)

9This would not be true for T̂ = Z, which commutes with a larger subalgebra of S p(2, 4). The U_0 component is necessary.

where g and g^′ are S U(2)_R and U(1)_T coupling constant. The (anti-hermitian) S U(2) gauge fields V_{μ i}^j, V_{μ i}^i = 0, and the real auxiliary scalar d belong to the multiplet of superconformal gauge fields: V_{μ i}^j = i 2 V^x_μ (σ^x)_i^j, V_μ^i_j = ϵ^{ik}ϵ_{jl}V_{μ k}^l = (V_{μ i}^j)^∗.

We will commonly use a matrix notation, with a 6 × 2 complex matrix A and its 2 × 6 conjugate A^† replacing A^α_i and A^i_α. Condition (11.37) implies that A contains six complex components only. It also implies, in particular, that A^†dA = 1 2 Tr(A^†dA) I_2. Since V_μ = −V^†_μ , the Lagrangian and the derivatives read e^{−1}L = Tr(D_μA^†)d(D^μA) + g Tr YA^†d T A + c.c.

+^1_6 R(−X_0 X_0 + Tr A^†dA) + d(X_0X_0 +^1_2 Tr A^†dA); D_μA = ∂_μA − g^′W_μT A − gAV_μ, D_μA^† = ∂_μA^† − g^′W_μA^†T^† + gV_μA^†.

(11.53)

Constraints are obtained from the elimination of the auxiliary fields and from the gauge-fixing of dilatation symmetry in the Poincaré theory:

• Einstein frame gauge-fixing condition and d auxiliary field equation: X_0X_0 = 1 κ^2

, Tr A^†dA = − 2 κ^2

. (11.54) The second condition is invariant under S U(2)_R and S p(4, 2). With an S U(2) gauge choice, it allows to eliminate four scalar fields and would lead to the S p(4, 2)/S p(4) × S p(2) sigma-model.

• Auxiliary fields Y^i_j:

A^†d T A = 0. (11.55) Since this 2×2 matrix is traceless and antihermitian, these conditions eliminate three scalars and the associated abelian gauge invariance removes a fourth field.

The S U(2)_R gauge fields V_{μi}^j and the abelian W_μ have then algebraic field equations:

• Gauge field W_μ, associated with generator T : W_μ =

Tr(∂_μA^†d T A − A^†d T ∂_μA) 2g^′ Tr(A^†T^†d T A)

. (11.56)

• S U(2)_R gauge fields V_{μ i}^j: V_μ = −

∂_μA^†d A − A^†d ∂_μA g Tr(A^†dA)

. (11.57) According to the second eq. (11.54), the denominator is −2g/κ^2.

At this point, the scalar kinetic Lagrangian in theory (11.51) reduces to e^{−1}L = e^{−1}(L_{kin.} + L_T + L_{S U(2)})

= Tr(∂_μA^†)d(∂^μA) − g^{′2} Tr(A^†T^†d T A)W^μW_μ −^{g2}_{κ2} Tr(V^μV_μ).

(11.58)

The scalar fields are submitted to constraints (11.54) and (11.55) and the gauge fields W_μ and V_{μ i}^j are defined by their field equations (11.56) and (11.57).

To study the constraints (11.54) and (11.55) for our specific choice (11.49) and (11.50) of gauged generator T , we introduce two three-component complex vectors: A^α_i =

⃗A_+ ⃗A_− − ⃗A^∗_− ⃗A^∗_+

, A^i_α =

⃗A^∗_+ ⃗A^∗_− − ⃗A_− ⃗A_+

, (11.59)

verifying the reality condition (11.37). On each doublet A_{+a}, A_{−a}, a = 1, 2, 3, act two different S U(2) groups. Firstly, the superconformal S U(2)_R acts on ± indices. Secondly, S p(2, 4) ⊃ S p(2)_1 × S p(2)_2 × S p(2)_3 ∼ S U(2)_1 × S U(2)_2 × S U(2)_3 and (A_{+a}, −A^∗_{−a}) is a doublet of S U(2)_a. One could define three quaternions

Q_a =

A_{+a} A_{−a} −A^∗_{−a} A^∗_{+a} a = 1, 2, 3 (11.60) with a left action of S U(2)_a and a right action of the superconformal S U(2)_R. They verify (for each a)

Q_a Q^†_a = Q^†_a Q_a = det Q_a I_2, det Q_a = |A_{+a}|^2 + |A_{−a}|^2. (11.61)

The second condition (11.54) from N = 2 supergravity becomes: ⃗A^∗_+ · ⃗A_+ + ⃗A^∗_− · ⃗A_− = − 1 κ^2

, ⃗A^∗ · ⃗A = ⃗A^†η ⃗A = −|A_1|^2 + |A_2|^2 − |A_3|^2. (11.62) With eq. (11.50), condition (11.55) leads to three (real) equations: ⃗A^†_+ iηT̂ ⃗A_+ = ⃗A^†_− iηT̂ ⃗A_−, ⃗A^†_− iηT̂ ⃗A_+ = 0

(11.63)

([iηT̂ ]^† = iηT̂ ). With the explicit form of T̂ , eq. (11.49), and defining dimensionless fields a_{±i} = √ 2κA_{±i}, the four constraints (11.62) and (11.63) read finally I : |a_{+1}|^2 + |a_{−1}|^2 − |a_{+2}|^2 − |a_{−2}|^2 + |a_{+3}|^2 + |a_{−3}|^2 = 2, II : −|a_{+1}|^2 + |a_{+2}|^2 − |a_{+3}|^2 − χ|a_{+1} − a_{+2}|^2 = −|a_{−1}|^2 + |a_{−2}|^2 − |a_{−3}|^2 − χ|a_{−1} − a_{−2}|^2, III : 0 = −a_{+1}a_{−1} + a_{+2}a_{−2} − a_{+3}a_{−3} − χ(a_{+1} − a_{+2})(a_{−1} − a_{−2}).

(11.64)

They are invariant under Heisenberg variations (11.46) of ⃗a_+ and ⃗a_−. The case χ = 0 has been considered by Galicki [31]. Since it leads to S U(1, 2)/S U(2)×U(1), coordinates more appropriate for this larger isometry have been used.

11.2.6 Solving the Constraints

To solve the constraints (11.64), we insist on keeping in ⃗a_− a field Φ which transforms under the Heisenberg variations^{10} δ_H ⃗a_− = (αX+βY +γZ) ⃗a_− with a complex

10See eq. (11.46).

shift:

δ_H Φ = α − iβ. (11.65) This is the case if a_{−1} = a_{−2}, and a_{−3} is then invariant. We may define Φ = a_{−1}/a_{−3} and constraint III reduces to a_{+3} = (a_{+2} − a_{+1})Φ. Since

δ_H ( a_{+2} + a_{+1} a_{+2} − a_{+1} ) = −2iγ + 2(α + iβ) a_{+3} a_{+2} − a_{+1}

= −2iγ + 2Φ δ_HΦ,

we finally define S = a_{+2} + a_{+1} a_{+2} − a_{+1}

+ Y, δ_HS = −2iγ + 2(α + iβ)Φ (11.66)

and the quantity Y = S + S − 2ΦΦ (11.67) is invariant under Heisenberg variations. The algebra follows from [δ^′_H, δ_H] = (α^′β − αβ^′)[X, Y] = 2(α^′β − αβ^′)Z:

[δ^′_H, δ_H]S = 2(α^′ + iβ^′)δ_HΦ − 2(α + iβ)δ^′_HΦ = −4i(α^′β − αβ^′) = 2(α^′β − αβ^′)Z.

These definitions are summarized in the choice

⃗a_− = K Δ Φ Φ 1 , ⃗a_+ = 1 Δ S − Y − 1 S − Y + 1 a , (11.68)

with complex fields S , Φ and a. The four available gauge choices have been used to take Δ = |Δ|, K = |K| and a_{−1} = a_{−2}. Under Heisenberg variations, Δ and K are invariant. Hence, we are left with eight real scalar fields submitted to the four constraints (11.64) which drastically simplify: I : Δ^2 ( 2 − |a_{+1}|^2 + |a_{+2}|^2 − |a_{+3}|^2 ) = K^2,

II : 2(S + S ) − |a|^2 − 4Y = 4χ − K^2,

III : a = 2Φ.

(11.69)

Hence, the solution is

⃗a_− = √ Y + 2χ Y + χ Φ Φ 1 , ⃗a_+ = 1 √ 2(Y + χ)

S − Y − 1

S − Y + 1 2Φ . (11.70)

The solution implies Y + χ > 0 if χ > 0 or Y + 2χ > 0 if χ < 0. The scalar kinetic

Lagrangian (11.58) obtained from this solution is^{11}

κ^2L =

(Y + 3χ) 4(Y + 2χ)(Y + χ)^2

(∂_μY)^2 − 2 Y + χ

∂_μΦ ∂^μΦ + 1 2(Y + χ)(Y + 3χ) [ Im(∂_μS − 2Φ ∂_μΦ)

]_2

+ 1 2(Y + χ)^2 [ Im(∂_μS − 2Φ ∂_μΦ)

]_2 + 4(Y + 2χ) (Y + χ)^2

∂_μΦ ∂^μΦ.

(11.71)

The first line comes from the basic scalar kinetic terms L_{kin.} in Lagrangian

(11.58). The second line is the contribution L_T of the gauge field of T , the third

line arises from the supergravity S U(2)_R gauge fields. Each term is separately

invariant under Heisenberg variations. Collecting terms, the final form of the

theory is

κ^2L =

Y + 3χ (Y + χ)^2 [ 1 4 (∂_μY)^2 Y + 2χ

+ 2∂_μΦ ∂^μΦ ]

+ Y + 2χ (Y + 3χ)(Y + χ)^2 ( ∂_μ Im Ŝ − 4 Re Φ ∂_μ Im Φ

)_2 , (11.72)

where Ŝ = S + Φ^2, (11.73)

for which Y = Ŝ + Ŝ − (Φ + Φ)^2 and Im(dS − 2Φ dΦ) = d Im Ŝ − 4 Re Φ d Im Φ. From

the existence of solutions (11.70) and positivity of the Lagrangian, the range of

Y is Y + χ > 0 if χ > 0 and Y + 3χ > 0 if χ < 0 Writing as usual L = 1 κ^2 g_{ab}(∂_μq^a)(∂^μq^b) = G_{ab}(∂_μq^a)(∂^μq^b), (11.74)

11 All fields and parameter χ are dimensionless.

q^a = (Y, Re Φ, Im Φ, Im Ŝ ), and comparing ds^2 = g_{ab} dq^adq^b with expression (11.30), we see that the hypermultiplet kinetic metric g_{ab} is the CPH metric with

Y = V − 2χ = ρ^2 − 2χ, (11.75)

and with^{12} Φ = 1 √ 2 (η + iφ), Im Ŝ = −2τ. (11.76) Positivity of kinetic terms is obtained if V = ρ^2 > |χ| which is, as explained at the end of subsection 11.2.1, the natural domain of V.

As already observed, the case χ = 0 corresponds to the S U(2, 1)/S U(2) × U(1) metric ds^2 = 1 Y^2 [ 1 4 dY^2 + ( d Im Ŝ − 4 Re Φ d Im Φ

)_2] + 2 Y dΦdΦ. (11.77) With Kähler coordinates Ŝ and Φ, the Kähler potential is K = − ln Y, with Y = V = Ŝ + Ŝ − (Φ + Φ)^2.

This relatively simple construction of the one-loop-corrected dilaton hypermultiplet metric allows easily to derive the full N = 2 supergravity Lagrangian, using N = 2 superconformal tensor calculus [126, 31, 32].

11.3 Zero-Curvature Hyper-Kähler Limit

All quaternion-Kähler metrics are Einstein spaces with nonzero curvature. With one hypermultiplet, the scalar kinetic Lagrangian (11.74) verifies [15]

R_{ab} = −6 g_{ab} = −6κ^2 G_{ab}. (11.78)

12This choice is not unique. We may for instance rotate Φ using isometry M.

The link with global N = 2 supersymmetry is realized by defining a κ → 0 hyper-Kähler limit of the CPH metric (11.30) or (11.72) in which, if feasible, the Heisenberg algebra does not contract to an abelian symmetry. As observed in Subsection 11.2.1, the magnitude of χ can be eliminated by rescaling of the coordinates (in the absence of D-branes). We then have three |χ|-independent cases to examine: firstly, positive χ, with V > 0; secondly, χ = 0 (V > 0) which is S U(1, 2)/S U(2) × U(1); thirdly, a negative χ, with V > |χ|. In each case, we should seek to find a parameter-free zero-curvature limit. The most interesting case turns out to be χ negative, which we first study.

With χ negative, we are interested in the CPH metric in the region V + χ ∼ 0. We then apply to metric (11.30) the following change of variables:

V = 2|χ| κ^{2/3}μ^{−1/3} C − χ , φ = √ |χ| κ^{2/3}μ^{−1/3} φ̂ , η = √ |χ| κ^{2/3}μ^{−1/3} η̂ , τ = |χ| κ^{4/3}μ^{1/3} τ̂ ,

(11.79)

where μ is an arbitrary mass scale. Positivity of the metric, V + χ > 0 implies C > 0. While the original fields are dimensionless, the new, hatted, fields (C, ϕ̂, η̂, τ̂) have canonical dimension. With this choice of dependence in κ, the resulting metric is

ds^2 = g_{ab} dq^adq^b = κ^2 2 μC [(κμ)^{2/3}C + μ]^2 [ dC^2 2κ^{2/3}μ^{−1/3}C + 1

+ dη̂^2 + dφ̂^2 ]

+ κ^2μ^2 2C 2(κμ)^{2/3}C + μ [(κμ)^{2/3}C + μ]^2 [ dτ̂ + 1 μ η̂dφ̂

]_2 , (11.80)

since χ = −|χ|. Using this metric in Lagrangian (11.74), the overall factor κ^2 cancels and we can take the limit κ → 0, with result

L_{κ→0} = C 2μ [ (∂_μC)^2 + (∂_μη̂)^2 + (∂_μφ̂)^2 ] + μ 2C [ ∂_μτ̂ + 1 μ η̂ ∂_μφ̂

]_2 . (11.81)

This scalar Lagrangian has the hyper-Kähler metric with Heisenberg symmetry (11.25) with A = 1/μ and B = 0 and with relations Φ =^1√_2 (η̂ + iφ̂), τ̂ = 2τ. As noticed earlier, parameter B can always be absorbed in a shift of C, as long as A � 0.

Notice that to obtain limit (11.81), we only need the change of variables (11.79) up to higher orders in κ. In particular, according to eq. (11.35), we may write the four-dimensional string dilaton as e^{−2ϕ4} = 2|χ|κ^{2/3}μ^{−1/3} C − 2χ,

ϕ_4 = ⟨ϕ_4⟩ − κ^{2/3}μ^{−1/3}ϕ̂_4,

e^{−2⟨ϕ4⟩} = −2χ = 2|χ|, C = 2ϕ̂_4,

(11.82)

in terms of the fluctuation ϕ̂_4 and of the background value ⟨ϕ_4⟩. Since |χ| = χ_1 = χ_E/(12π), we are considering the case of a positive Euler number χ_E = 2(h_{11} −h_{21}), with h_{11}, h_{12} the corresponding Betti numbers of the CY_3 manifold. A typical example with a single hypermultiplet would be IIA strings on a CY_3 manifold with h_{21} = 0. Positivity-related questions with several hypermultiplets, as is in particular the case with a negative Euler number, should be reanalyzed.

Comparing the scalings (11.79) and the identification of the string coupling in the last eq. (11.82), we see that the R-R fields η and φ carry as expected a supplementrary factor g_{string}.

We could also consider the single-tensor version of the theory. Dualizing τ̂ into H_{μνρ}, we find

L_{κ→0,S T} = C μ [ 1 2 (∂_μC)^2 + 1 12 H^{μνρ}H_{μνρ} + (∂_μΦ)(∂^μΦ) ]

− i 12μ ϵ^{μνρσ}(Φ∂_μΦ − Φ∂_μΦ)H_{νρσ}.

(11.83)

This is the bosonic sector (11.13) of the single-tensor theory (11.12) with again A = 1/μ and B = 0. Then, for negative χ, the N = 2 supergravity hypermultiplet with Heisenberg symmetry is described in the global supersymmetry limit by

the unique nontrivial theory with the same symmetry.

For completeness, we may also consider the case of the CPH metric with

positive χ. The interesting limiting regions are V ∼ 0 and V −χ ∼ 0. If V = ρ^2 ≪ χ,

ds^2_{CPH} = 1 χ (dρ^2 + dη^2 + dφ^2) +

4ρ^2 χ^3

(dτ + η dφ)^2. (11.84)

The appropriate rescalings are (ρ, η, φ, τ) = ( √ χκρ̂, √ χκη̂, √ χκφ̂, χτ̂) to obtain

ds^2_{CPH} = κ^2 [ dρ̂^2 + dη̂^2 + dφ̂^2 + 4ρ̂^2(dτ̂ + κ^2 η̂dφ̂)^2 ] . (11.85)

The Heisenberg symmetry acting on the rescaled fields has algebra [X, Y] = 2κ^2Z.

In the limit κ → 0, it contracts to [X, Y] = 0 and we find

lim_{κ→0} 1 κ^2 ds^2_{CPH} = dρ̂^2 + 4ρ̂^2dτ̂^2 + dη̂^2 + dφ̂^2, (11.86)

which is the trivial four-dimensional euclidean space. The second region of

interest if χ > 0 is V − χ ∼ 0. First, we change coordinates to

V = 2λC + χ, η = λη̂/ √ χ, φ = λφ̂/ √ χ, τ = λτ̂ (11.87)

and the metric for λ → 0 and χ finite reads

ds^2_{CPH} = 1 2C^2 [ dC^2 + dη̂^2 + dφ̂^2 + dτ̂^2 ] . (11.88)

This limiting metric is S O(1, 4)/S O(4), again with R_{i j} = −6g_{i j} and with radius

∼ ⟨C⟩. In the large radius, zero-curvature limit, the metric is trivial. Finally, in

the S U(1, 2)/S U(2) × U(1) case χ = 0, the zero-curvature limit is again trivial.

The conclusion is that in the zero-curvature limit, the CPH one-loop La-

grangian for the dilaton hypermultiplet is the hyper-Kähler N = 2 sigma-model

with Heisenberg symmetry (11.12). If the one-loop parameter χ is negative, then

A � 0 and the Heisenberg algebra has a non-trivial realization in this limit. If χ ≥ 0 however, A = 0 and the limit of N = 2 global supersymmetry is the free hypermultiplet. In the string context, the above non-trivial limit can be taken if the string coupling is tuned at a fixed value, according to the third line of eq. (11.82), which applies with positive Euler number.

In chapter 10 we constructed the interaction of a hypermultiplet with the Dirac-Born-Infeld Maxwell Lagrangian. The hypermultiplet sector has a full linear N = 2 supersymmetry while the second supersymmetry is nonlinearly realized on the Maxwell superfield W_α. As an application of our results, we can easily use our identification of the string universal hypermultiplet. The bosonic DBI action, after elimination of the Maxwell auxiliary field and using the singletensor formulation, is^{13}

L_{DBI} = 1 8F (2gReΦ − 1 F ) 1 − √ 1 + 2g^2C^2 (2g Re Φ −^1_F )^2 √ − det(η_{μν} + 2 √ 2F F_{μν})

+ gϵ^{μνρσ} ( F 4 ImΦF_{μν}F_{ρσ} − 1 4 B_{μν}F_{ρσ} + 1 24F C_{μνρσ} ) . (11.89) In this expression, F is the breaking scale of the second, nonlinearly realized supersymetry (with dimension (energy)^{−2}) and g is the Chern-Simons coupling^{14} (equal to the string coupling for a D3-brane). The four-form field C_{μνρσ} is a component of the single-tensor multiplet required by supersymmetry of the nonlinear theory [see section 9.4].

Since we have control of the kinetic Lagrangian of the universal string hypermultiplet in the global supersymmetry limit, we can then identify the single-

13In chapter 10, this is the electric version of the theory, induced by a N = 2 Chern-Simons coupling gB ∧ F.

14In contrast to chapter 10, we have defined single-tensor fields with canonical dimension so that g has dimension (energy). We also chose the Fayet-Iliopoulos term to be 1/F so that gauge kinetic terms are canonically normalized at Re Φ = 0.

tensor fields in terms of string fields. First, C is the global dilaton and B_{μν} is the NS-NS tensor. Then, the complex scalar Φ includes the R-R fields. The supersymmetric minimum of the scalar potential included in theory (11.89) implies ⟨C⟩ = 0 and Φ corresponds to flat directions of this vacuum.

CHAPTER 12

SUMMARY OF RESULTS

This part of the thesis constitutes a detailed study, in the context of global supersymmetry, of the D-brane effective action of N = 2 compactifications in type II string theory, including both the gauge part as well as the couplings of the brane to bulk fields. From a field theoretic point of view, this is the interaction of the Maxwell goldstino multiplet of N = 2 nonlinear supersymmetry to a hypermultiplet with at least one isometry. The hypermultiplet is described by its Poincaré dual single tensor multiplet where N = 2 supersymmetry can be realized off shell. The nonlinear breaking of the second SUSY is realized with a supersymmetric constraint while the coupling of the single-tensor to the goldstino multiplet is realized with a supersymmetric generalization of the usual Chern-Simons term B ∧ F. This system has equivalent descriptions in terms of different chiral and tensor multiplets. We proved the equivalence of these descriptions by performing N = 1 and N = 2 Poincaré type dualities which led us to a net of theories summarized in the figure below.

Up to appropriate field redefinitions, this system is also equivalent to the Higgs phase of N = 2 nonlinear QED coupled to a charged hypermultiplet. The system also explores a phase with all supersymmetries broken and a phase with the U(1) gauge symmetry unbroken. In the Higgs phase an interesting phenomenon appears. The goldstino multiplet combines with the hypermultiplet to

Single-tensor Stückelberg gauging (L^′, Φ^′) (10.23)

ST-ST duality Single-tensor Chern-Simons (L, Φ) (10.11)

E-M duality Magnetic dual Single-tensor (L, Φ) (10.35)

Double-tensor (L, L^′) (10.21)

Hypermultiplet (Φ, Φ^′) (10.17)

Figure 12.1: Web of dualities: double arrows indicate duality transformations preserving off-shell N = 2 supersymmetry, simple arrows are N = 1 off-shell dualities only, leading to theories with onshell N = 2 supersymmetry. The N = 1 superfields and the related equations are indicated.

form a massive vector multiplet and a massless chiral multiplet. In the massive

multiplet, the goldstino combines with a hypermultiplet fermion and becomes

massive, thus realizing a new type of super-Higgs mechanism that doesn’t in-

volve a gravitino. This is possible because the hypermultiplet is charged under

the U(1) partner of the goldstino.

The next step is to find how the Lagrangian of our system eq. (10.14) re-

lates with the global limit of the low energy effective D-brane action in N = 2

compactifications. In other words, we have to relate the field basis used in our

construction with the string basis of the universal hypermultiplet. To do that we

need to specify the correct global limit of the universal hypermultiplet. At string

tree level, the universal hypermultiplet is described by the symmetric coset

S U(2, 1)/S U(2) × U(1). At the quantum level this isometry structure reduces to the centrally extended Euclidean algebra E_2 which contains a Heisenberg subalgebra. Requiring that the same isometry structure survive in the global limit we found that apart from the trivial global limit of canonical kinetic terms (which destroys this isometry), there is also a limit leading to a hyperKähler manifold. An independent derivation of the most general hyperKähler manifold that satisfies the Heisenberg isometries had as a result precisely the same manifold that we obtained from this global limit. We could then identify the string basis of the system.

APPENDIX A

COEFFICIENTS FOR THE HIGGS MASSES

For completeness, we present the expressions of the coefficients in eq. (5.47):

γ^±_1 =

±v^2 2u^2(1 + u^2)^3 w^{1/2} × [ (B_0m_0μ_0)^2 (1 + u^2)^4 − 2m^2_Z u^2 [m^2_Z(1 − u^2)^2 + (1 + u^2) (8μ^2_0 u^2 ± (u^2 − 1) w^{1/2}))]

+ (B_0 m_0μ_0) u(1 + u^2)^2[m^2_Z (1 + u^2) − (± w^{1/2}(1 + u^2) + 16μ^2_0 u^2)] ] (A.1)

γ^±_2 =

±v^2 2(1 + u^2)^3 w^{1/2} × [ (B_0m_0μ_0)^2(1 + u^2)^4 − 2m^2_Zu^2[8μ^2_0(1 + u^2) + m^2_Z (1 − u^2)^2 ± w^{1/2}(1 − u^4)]

− (B_0m_0μ_0) u (1 + u^2)^2[16μ^2_0 − m^2_Z(1 + u^2) ± (1 + u^2) w^{1/2}] ] (A.2)

γ^±_3 = γ^±_4 =

±v^2 u (1 + u^2)^2 w^{1/2}

{μ^2_0[−B_0m_0μ_0 (1+u^2)^3 + m^2_Zu(1 −6u^2 + u^4) ∓ u(1+u^2)^2 w^{1/2}]

+ B_0m_0μ_0 u^2 (1 + u^2) m^2_Z + m^2_Z u^3 (m^2_Z ∓ w^{1/2})} (A.3)

γ^±_5 =

∓v^2 8u^3 (1 + u^2)^3 w^{1/2} [ (B_0m_0μ_0)^2(1 + u^2)^4 (−1 + 3u^2) − (B_0m_0μ_0) u(1 + u^2)^2

× [ − 2m^2_Z (1 + 5u^2) + 2μ^2_0 (1 + 8u^2 + 25u^4 + 2u^6) ± (1 + u^2)(3u^2 − 1) w^{1/2}]

− u^2 m^2_Z[m^2_Z(1 − 19u^2 − u^4 + 3u^6) − 2μ^2_0 (1 + u^2)(1 − 16 u^2 − 23u^4 + 2u^6)

± (1 + u^2)^2(1 + 3u^2) w^{1/2}] + 2μ^2_0 u^2 [ ± (1 + u^2)^2 (1 − 9u^2 + 2u^4)w^{1/2} ] ] (A.4)

γ^±_6 =

±v^2 8u^2 (1 + u^2)^3 w^{1/2} [ (B_0m_0μ_0)^2 u (1 + u^2)^4 (−3 + u^2) − (B_0m_0μ_0) (1 + u^2)^2

× [2m^2_Z(5 + u^2) u^4 − 2μ^2_0 (2 + 25u^2 + 8u^4 + u^6) ± (1 + u^2) (u^2 − 3) u^2 w^{1/2}]

+ u m^2_Z[m^2_Z (3 − u^2 − 19u^4 + u^6) u^2 − 2μ^2_0 (1 + u^2)(2 − 23 u^2 − 16u^4 + u^6)

± u^2 (1 + u^2)^2(3 + u^2) w^{1/2}] − 2μ^2_0 u [ ± (1 + u^2)^2 (2 − 9u^2 + u^4)w^{1/2} ] ] (A.5)

γ^±_7 =

∓v^2m^2_Z 16u^2(1 + u^2)^3 w^{1/2} [ − B_0m_0μ_0 (1 + u^2)(1 + 40u^2 − 114u^4 + 40u^6 + u^8)

+ m^2_Z (u + 30u^5 + u^9) ± u(1 + u^2)^2(1 − 10u^2 + u^4) w^{1/2} ] (A.6)

γ^±_x =

±8 (u^2 − 1)^2 v^4 u (1 + u^2)^3 w^{3/2}

[m^2_Z u − B_0m_0μ_0 (1 + u^2)][2 m^2_Z u − B_0m_0μ_0 (1 + u^2)] m_0 μ_0 (A.7)

γ^±_y = ∓

(−1 + u^2)^2 v^4 (1 + u^2)^4 w^{3/2}

[m^2_Z u − B_0 m_0 μ_0 (1 + u^2)]^2 (4 m^2_0) (A.8)

γ^±_z =

∓v^4 μ^2_0 u^2 (1 + u^2)^3 w^{3/2}

(A.9) × [ − 2 (B_0m_0μ_0)^3 u (1 + u^2)^4 + m^4_Z u^2(1 + u^2)(4 μ^2_0(−1 + u^2)^2 − u^2(2m^2_Z ± w^{1/2}))

+ 2 B_0m_0μ_0 m^2_Z u [ − 2μ^2_0(u^4 − 1)^2 + u^2(m^2_Z(1 − 14u^2 + u^4) ± (u^4 − 6u^2 + 1) w^{1/2})]

+ (B_0m_0μ_0)^2 (1 + u^2)[μ^2_0 (u^4 − 1)^2 + u^2(2m^2_Z (1 − 14u^2 + u^4) ∓ (1 + u^2)^2 w^{1/2})] ] (4μ^2_0)

APPENDIX B

THE SOLUTION OF THE QUADRATIC CONSTRAINT

In sec. 10.4, the quadratic constraint Z^2 = 0 must be solved to obtain the magnetic DBI theory coupled to a single-tensor multiplet. Using the expansion

Z(y, θ, θ̃) = Z(y, θ) + √ 2 θ̃ω(y, θ) − θ̃θ̃ [ i 2 Φ_Z + 1 4 DDZ(y, θ) ] , in terms of the N = 1 chiral superfields Z, ω_α and Φ_Z, the constraint is equivalent to the single equation Z = − ωω iΦ_Z +^1_2 DDZ

. (B.1)

The electric constraint equation (10.3), which was solved by Bagger and Galperin [21] using a method which applies to eq. (B.1) as well, corresponds to the particular case ω_α = iW_α, Φ_Z = −i/κ and Z = X. Following then Ref. [21], the solution of eq. (B.1) is

Z(ωω, Φ_Z) = i Φ_Z ωω + DD ωωωω |Φ_Z|^2 + A + √ |Φ_Z|^4 + 2A|Φ_Z|^2 + B^2

, (B.2)

where A = −^1_2 (DD ωω + DD ωω) = A^∗,

B = −^1_2 (DD ωω − DD ωω) = −B^∗.

Another useful expression is

Z(ωω, Φ_Z) = i Φ_Z ( ωω +DD [ ωωωω (DDωω)(DDωω) { |Φ_Z|^2 + A − √ |Φ_Z|^4 + 2A|Φ_Z|^2 + B^2 }]) . (B.3)

In the text, we need the bosonic content of Z(ωω, Φ_Z). We write:

ω_α(y, θ) = θ_α ρ + 1 2 (θσ^μσ^ν)_αP_{μν} + . . . , (B.4)

where ρ is a complex scalar (2 bosons), P_{μν} a real antisymmetric tensor (6 bosons)

and dots indicate omitted fermionic terms. Hence,

ωω = θθ [ ρ^2 +^1_2 P^{μν}P_{μν} +^i_4 ϵ^{μνρσ}P_{μν}P_{ρσ} ] + . . . ,

A = 2(ρ^2 + ρ^2) + 2P^{μν}P_{μν} + . . . ,

B = 2(ρ^2 − ρ^2) + iϵ^{μνρσ}P_{μν}P_{ρσ} + . . .

Since the bosonic expansion of ω_α carries one θ_α, it follows from solution (B.2)

that the bosonic Z(ωω, Φ_Z) has a θθ component only, and that this component

only depends on ρ, P_{μν} and the lowest scalar component of Φ_Z (which we also

denote by Φ_Z). As a consequence, the bosonic Z(ωω, Φ_Z) does not depend on

the auxiliary scalar f_{ΦZ} of Φ_Z. We then find:

Z(Φ_Z, ωω)_{bos.} = iΦ_Z |Φ_Z|^2 ωω− iΦ_Z 4|Φ_Z|^2 θθ ( |Φ_Z|^2 + A − √ |Φ_Z|^4 + 2A|Φ_Z|^2 + B^2 ) θ=0 . (B.5)

The parenthesis is real. In terms of component fields:

Z = −^{iΦZ}_{4|ΦZ|2} θθ [ |Φ_Z|^2 − iϵ^{μνρσ}P_{μν}P_{ρσ} − 2(ρ^2 − ρ^2) ]

+^{iΦZ}_{4|ΦZ|2} θθ [( |Φ_Z|^2 + 2(ρ^2 + ρ^2)

)_2

− 16ρ^2ρ^2 + 4(ρ^2 − ρ^2)iϵ^{μνρσ}P_{μν}P_{ρσ}

+4|Φ_Z|^2P^{μν}P_{μν} − ( ϵ^{μνρσ}P_{μν}P_{ρσ}

)_2]_{1/2} + . . .

(B.6)

The decomposition (10.27), Z = ~W + 2gY, indicates that

ρ = − g 2 C + i~d_2, P_{μν} = gb_{μν} − ~F_{μν} , Φ_Z = 2gΦ. (B.7)

In Lagrangian (10.35), we need the imaginary part of the θθ component of

Z(ωω, Φ_Z):

Im Z(ωω, Φ_Z)|_{θθ} = −^{g Re Φ}_2 +^{Re Φ}_{8g|Φ|2} { 16g^4|Φ|^4 + 8g^2|Φ|^2(g^2C^2 − 4d̃^2) − 16g^2C^2d̃^2

+16g^2|Φ|^2(~F_{μν} − g b_{μν})(~F^{μν} − g b^{μν})

+8gCd̃_2 ϵ^{μνρσ}(~F_{μν} − g b_{μν})(~F_{ρσ} − g b_{ρσ}) − [ ϵ^{μνρσ}(~F_{μν} − g b_{μν})(~F_{ρσ} − g b_{ρσ})

]_2}^{1/2}

+^{Im Φ}_{8g|Φ|2} [ ϵ^{μνρσ}(~F_{μν} − g b_{μν})(~F_{ρσ} − g b_{ρσ}) − 4gC~d_2 ] . (B.8)

We now use

−det(|Φ|η_{μν} +^{√2}_g P_{μν}) = −|Φ|^4 det(η_{μν} +^{√2}_{g|Φ|} P_{μν})

= |Φ|^4 +^{|Φ|2}_{g2} P^{μν}P_{μν} −^1_{16g4} (ϵ^{μνρσ}P_{μν}P_{ρσ})^2

(B.9)

to rewrite

Im Z(ωω, Φ_Z)|_{θθ} = −^{g Re Φ}_2 +^{Re Φ}_{4g|Φ|2} { −4g^4|Φ|^4 det [ η_{μν} −^{√2}_{g|Φ|} (~F_{μν} − gb_{μν}) ]

−4g^2d̃^2 ( 2|Φ|^2 + C^2 ) + 2g^4C^2|Φ|^2

+2gCd̃_2 ϵ^{μνρσ}(~F_{μν} − g b_{μν})(~F_{ρσ} − g b_{ρσ})

}_{1/2}

+^{Im Φ}_{8g|Φ|2} [ ϵ^{μνρσ}(~F_{μν} − g b_{μν})(~F_{ρσ} − g b_{ρσ}) − 4gC~d_2 ] .

(B.10)

As a check, choosing Φ = −1/(2gκ) and g = 0 to decouple the single-tensor

multiplet leads back to theory (10.4) since in that case d̃_2 = 0.

APPENDIX C

EQUIVALENT DESCRIPTIONS OF THE DILATON MULTIPLET

We present in detail three dual descriptions of the dilaton multiplet as well as the duality transformations that take us from one to another. We start by repeating the analysis of section 9.1 on the single-tensor multiplet, this time with more details, and then we go on to the hyper- and the two-tensor multiplets.

C.1 The Single Tensor Formulation

The single-tensor multiplet [19, 127, 128] is the N = 2 extension of the antisymmetric tensor field b_{μν} with gauge symmetry δ_{gauge}b_{μν} = 2∂_{[μ}Λ_{ν]}. It admits two descriptions, either in terms of the gauge-invariant curl ∂_{[μ}b_{νρ]} or in terms of the antisymmetric tensor field submitted to its gauge transformation.

In the case of N = 1 supersymmetry, a real linear superfield L, DDL = 0, L = L, describes the curl of the antisymmetric tensor. It can be expressed in terms of a chiral spinor potential including the antisymmetric tensor:

L = D^αχ_α − D_{α̇}χ^{α̇}, (C.1)

with D_{α̇}χ_α = 0. The gauge invariance of the two-form field acts on the potential χ_α according to

χ_α −→ χ_α + iDDD_αΔ, χ_{α̇} −→ χ_{α̇} + iDDD_{α̇}Δ, (C.2) which, since D^αDDD_α = D_{α̇}DDD^{α̇}, leaves invariant the linear superfield L for any real Δ. The potential χ_α includes the antisymmetric tensor in its θ component:

χ_α = . . . − 1 4 θ_αC + 1 2 (θσ^μσ^ν)_α b_{μν} + . . . , (C.3) C being the real scalar partner of b_{μν}. The two descriptions of the N = 2 singletensor multiplet use either L or χ_α, completed with one or two chiral N = 1 superfields.

In the gauge-invariant description using L, the N = 2 multiplet is completed with a chiral superfield Φ (8_B + 8_F fields in total). The second supersymmetry transformations are δ^∗L = −^i√_2 (ηDΦ + ηDΦ) ,

δ^∗Φ = i √ 2 ηDL , δ^∗Φ = i √ 2 ηDL ,

(C.4)

The supersymmetry algebra closes (off-shell) on L and Φ.

Alternatively, in terms of χ_α and Φ, eqs. (C.3) suggest the variations δ^∗χ_α = −^i√_2 Φ η_α , δ^∗χ_{α̇} =^i√_2 Φ η_{α̇} ,

δ^∗Φ = 2 √ 2i [_1 4 DDηχ + i∂_μχσ^μη ] , δ^∗Φ = −2 √ 2i [_1 4 DDηχ − iησ^μ∂_μχ ] . (C.5)

On χ_α however, the supersymmetry algebra closes up to a gauge transformation (C.2):

[δ^∗_1, δ^∗_2]χ_α = −2i (η_2σ^μη_1 − η_1σ^μη_2) ∂_μχ_α

+^i_2 DDD_α [ i η_1θ η_2χ − i η_1θ η_2χ − i η_2θ η_1χ + i η_2θ η_1χ ] . (C.6)

This result suggests that the N = 1 superfields Φ and χ_α do not complete a true off-shell supermultiplet of N = 2 supersymmetry. Another hint is given by the degrees of freedom: Φ and χ_α contain 12_B +12_F fields and gauge invariance (C.2), which is only compatible with N = 1, removes 4_B +4_F fields, to give the expected 8_B + 8_F degrees of freedom in L and Φ. We should then expect that the N = 2 supermultiplet of the potential χ_α (including the antisymmetric tensor among its component fields) has 16_B + 16_F fields, with an extended gauge transformation using a Maxwell N = 2 multiplet and removing 8_B + 8_F components.

From the structure of relation (C.6), one may guess that the introduction of another chiral superfield Y (with 4_B + 4_F fields) with δ^∗Y ∼ ηχ would be appropriate if we also add to δ^∗χ_α a gauge transformation proportional to i DDD_α [iηθY − iηθY] = −η_αDD Y − 4i(σ^μη)_α ∂_μY.

This modification, being a gauge transformation of χ_α, does not affect δ^∗L. One then easily verifies that the second supersymmetry variations δ^∗Y = √ 2 ηχ ,

δ^∗χ_α = −^i√_2 Φ η_α −^{√2}_4 η_α DD Y − √ 2i(σ^μη)_α∂_μY ,

(C.7)

with δ^∗Φ as in (C.5), close the N = 2 superalgebra.

It is then natural to generalize gauge transformation (C.2) to N = 2, using a Maxwell supermultiplet with N = 1 superfields ^W_α and ^X: δ_{gauge}χ_α = i^W_α, δ_{gauge}Y = ^X, δ_{gauge}Φ = 0. (C.8) Since L = Dχ − Dχ, the Bianchi identity verified by ^W implies the gauge invariance of L. The second variation, which is the same as transformation (C.2), contains in particular δ_{gauge} b_{μν} = ^F_{μν}. This N = 2 gauge transformation removes 8_B + 8_F component fields, leaving as expected 8_B + 8_F fields.

It may be useful to remark that giving a constant background value to the chiral N = 1 superfield Φ seems to break N = 2 supersymmetry to N = 1. According to the second variation (C.7), χ_α transforms like a Goldstino if Φ acquires a background value. The lowest component of χ_α does however transform under gauge symmetry (C.2) and a Goldstino is generated only if a gaugeinvariant quantity is created in a theory where the single-tensor multiplet interacts with other fields. In a theory depending only on the gauge-invariant L and Φ, a background value of Φ does not break the second supersymmetry: it is invariant under transformations (C.4).^1

The chiral superfield Y does not contain any physical state: neither L nor ϕ do depend on Y. There is a gauge similar to the Wess-Zumino gauge of N = 1 supersymmetry in which Y = 0. This gauge choice respects N = 1 supersymmetry and gauge symmetry (C.2).

An invariant kinetic action for the single-tensor multiplet involves an arbitrary function solution of the three-dimensional Laplace equation (for the variables L, Φ and Φ) [19]: L_{S T} = ∫ d^2θd^2θ H(L, Φ, Φ) ,

∂^2H ∂L^2 + 2 ∂^2H ∂Φ∂Φ

= 0. (C.9) It is in particular straightforward to show that

L_{S T} = ∫ d^2θd^2θ H(V) + h.c., (C.10) with V = L + i √ 2 (Φ + Φ) transforms with a derivative under the second supersymmetry for any function H(V). It is also invariant under a constant shift of Im Φ, the symmetry which

1A background value of the scalar C in χ_α [see expansion (C.3)] does not break supersymmetry. It corresponds to a constant background value of L.

allows dualization of Φ into the second linear superfield of the double-tensor multiplet.

C.2 Hypermultiplet Formulation

In terms of N = 1 superfields, a hypermultiplet has two chiral superfields Φ and T . The linear L of the single-tensor multiplet has been dualized to a chiral T with axionic shift symmetry. Since the duality involves a Legendre transformation using the Lagrangian function, the second supersymmetry transformations will not any longer hold off-shell when acting on Φ and T : the hypermultiplet does not admit an off-shell formulation.

We start with the single-tensor Lagrangian

L_{S T} = ∫ d^2θd^2θ H(L, Φ, Φ). (C.11)

To dualize the theory, use a real vector superfield U and rewrite

L_{S T} = ∫ d^2θd^2θ [ H(U, Φ, Φ) − m(T + T )U ] , (C.12)

with an arbitrary real parameter m. Eliminating U with ∂ ∂U H(U, Φ, Φ) = m(T + T ), (C.13)

one obtains the dual hypermultiplet theory

L̃_{S T} = ∫ d^2θd^2θ K(T +T , Φ, Φ), K(T +T , Φ, Φ) = H ( u, Φ, Φ ) −m(T +T )u, (C.14)

where U = u(T + T , Φ, Φ) is the solution of the Legendre transformation (C.13).

One can then derive various relations between derivatives of the Kähler potential K and derivatives of H: K_{T T} = − m^2 H_{UU}

, K_{ΦΦ} = H_{ΦΦ} −

H_{UΦ}H_{UΦ} H_{UU} , K_{T Φ} = m

H_{UΦ} H_{UU}

, K_{ΦT} = m

H_{UΦ} H_{UU} , (C.15)

using the notation

H_{UU} =

∂^2H ∂U^2

, H_{ΦΦ} =

∂^2H ∂Φ ∂Φ

, . . .

As a consequence, the determinant of the (2 × 2) Kähler metric is

K_{T T} K_{ΦΦ} − K_{T Φ}K_{ΦT} = −m^2

H_{ΦΦ} H_{UU}

. (C.16)

In this N = 1 Legendre transformation, the condition for N = 2 supersymmetry has not been used. Hence for a single-tensor multiplet, the second eq. (C.9) implies [129, 130] K_{T T} K_{ΦΦ} − K_{T Φ}K_{ΦT} = 1 2 m^2 (C.17) (Monge-Ampère equation). This result implies Ricci-flatness which, for a twodimensional complex manifold, indicates that the hypermultiplet scalar manifold is hyper-Kähler, as expected in general [17]. Hypermultiplet scalar kinetic terms are^2 K_{T T} [ ∂_μT +^{KΦT}_{KT T} ∂_μΦ ] [ ∂^μT +^{KT Φ}_{KT T} ∂^μΦ ] +^{m2}_{2KT T} ∂_μΦ ∂^μΦ

= −^1_{HUU} | |m ∂_μT − H_{UΦ} ∂_μΦ | |^2 −^1_2 H_{UU} (∂_μΦ)(∂μΦ).

(C.18)

using the same notation T and Φ for the chiral superfields and for their lowest scalar components. The chiral superfields T and Φ are Kähler coordinates.

One should remark that adding to H the quantity

ΔH = L[g(Φ) + g(Φ)] (C.19)

2Positivity of kinetic terms requires that H_{UU} < 0.

does not change the single-tensor theory:^3 its superspace integral is a derivative. Since ΔH_U = g(Φ) + g(Φ), ΔH_{UΦ} = g_Φ(Φ), the Legendre transformation (C.13) and the kinetic terms (C.18) are affected by a modification of T : T −→ T − g(Φ) m . (C.20) Hence, for a given single-tensor theory defined by the function H, we have a family of hypermultiplet theories generated by the arbitrary function g(Φ). In other words, the chiral superfield dual to L can be defined as T −^{g(Φ)}_m , for any function g.

The hyper-Kähler scalar metric is commonly expressed in “mixed” coordinates where u, the solution of the Legendre transformation (C.13), is used instead of Re T . Defining then coordinates

q^a = (τ, x^i) = (Im T, √ 2 Re ϕ, √ 2 Im ϕ, u), a = 0, i, i = 1, 2, 3, (C.21) the line-element can be written

ds^2 = g_{ab} dq^a dq^b

= −^{HUU}_4 du^2 + H_{ΦΦ} dΦ dΦ −^{m2}_{HUU} [ d Im T +^i_{2m} (H_{UΦ} dΦ − H_{UΦ} dΦ)

]_2 . (C.22) With the condition for N = 2 supersymmetry, H_{ΦΦ} = −^1_2 H_{UU} , this is ds^2 = −^{HUU}_4 [du^2 + 2 dΦ dΦ] −^{m2}_{HUU} [ d Im t +^i_{2m} (H_{UΦ} dΦ − H_{UΦ} dΦ)

]_2

=^m_2 ( V dx^i dx^i + V^{−1}[dτ − ω^i dx^i]^2 ) , (C.23)

with functions V(x^i) and ω^i(x^j) given by

V = −

H_{UU} 2m , ω^1 =

Im H_{UΦ} √ 2m , ω^2 =

Re H_{UΦ} √ 2m , ω^3 = 0. (C.24)

3It is a trivial solution of Laplace equation.

Using again the condition for N = 2 supersymmetry, which implies that the metric is hyper-Kähler, one finds that ⃗∇ V = ⃗∇ ∧ ⃗ω. (C.25)

This indicates that V solves Laplace equation

∂^i∂^i V = (∂^2_u + 2 ∂_Φ∂_Φ)V = 0, (C.26)

in agreement with its definition (C.24). A (four-dimensional) hyper-Kähler metric with shift symmetry of τ = Im T is then defined by V and ω^i related by equations (C.25) [124]. Given a metric of this form, the single-tensor formulation of the N = 2 supersymmetric theory is then obtained by integrating eqs. (C.24) to find H. Notice that eq. (C.25) remains valid if

⃗ω −→ ⃗ω + ⃗∇ F ,

for an arbitrary real function F . The metric is unchanged if coordinate τ is changed according to τ −→ τ + F .

Comparing with eqs. (C.19) and (C.20), one sees that F =^1√_{2m} Im g(Φ).

The Kähler formulation with complex coordinates T and Φ is defined by relations K_{T T} = m 2V , K_{ΦT} = − m √ 2 V (ω^2 + iω^1) (C.27) (ω^3 = 0) and by the Legendre transformation K_T = −mu [see eqs. (C.15) and (C.14)].

Notice that if the theory is also invariant under the shift of Im Φ, then is H a real function of L (or U) and Φ + Φ and ω^1 = 0. Relation (C.25) implies then that V does not depend on x^2: obviously, V does not depend on Im Φ.

As an example, the Taub-NUT metric is considered in Appendix D.2.

C.3 Two-Tensor Formulation

Similarly, we can turn Φ + Φ into a second linear superfield L^′ to obtain the

two-tensor formulation of the kinetic Lagrangian (C.11). Rewriting it as

L_{S T} = ∫ d^2θd^2θ [ H(L, V) − mL^′ V ] , (C.28)

with an unconstrained real superfield V to impose V = Φ + Φ and an arbitrary

parameter m. If we instead eliminate V by its field equation

H_V = mL^′, H_V = ∂ ∂V H(L, V), (C.29)

the resulting two-tensor theory is

L_{2T} = ∫ d^2θd^2θ G(L, L^′), G(L, L^′) = H(L, V) − mL^′ V, (C.30)

with V replaced by the solution V(L, L^′) of eq. (C.29). Again the Legendre trans-

formation generates relations between derivatives of G and H:

G_{LL} = H_{LL} −

H^2_{LV} H_{VV}

, G_{LL}′ = m

H_{LV} H_{VV}

, G_L′_L′ = − m^2 H_{VV}

. (C.31)

As in the hypermultiplet formulation, we have a determinant relation

G_{LL} G_L′_L′ − G^2_{LL}′ = −m^2

H_{LL} H_{VV}

. (C.32)

The bosonic kinetic terms of the two-tensor formulation can then be written

L_{2T,kin.} = −^1_4 G_{LL} [ (∂_μC)(∂_μC) +^1_{12} H_{μνρ}H^{μνρ} ]

−^1_4 G_L′_L′ [ (∂_μC^′)(∂_μC^′) +^1_{12} H^′_{μνρ}H^{′ μνρ} ]

−^1_2 G_{LL}′ [ (∂_μC)(∂_μC^′) +^1_{12} H_{μνρ}H^{′ μνρ} ]

= −^1_4 H_{LL} [ (∂_μC)(∂_μC) +^1_{12} H_{μνρ}H^{μνρ} ]

+^{m2}_{4HVV} [ (∂_μC^′ −^1_m H_{LV} ∂_μC)(∂^μC^′ −^1_m H_{LV} ∂^μC)

+^1_{12} (H^′_{μνρ} −^1_m H_{LV} H_{μνρ})(H^{′ μνρ} −^1_m H_{LV} H^{μνρ}) ] ,

(C.33)

with H_{μνρ} = 3 ∂_{[μ}B_{νρ]} and H^′_{μνρ} = 3 ∂_{[μ}B^′_{νρ]} and, as before, V should be replaced by

the solution V(L, L^′).

The condition imposed by the second supersymmetry has not been imposed

yet. In the single-tensor formulation, N = 2 supersymmetry is obtained if H_{LL} =

−2H_{VV} . The two-tensor version (C.30) has then N = 2 supersymmetry if

G_{LL} G_L′_L′ − G^2_{LL}′ = 2m^2, (C.34)

i.e. if the determinant is a positive constant. Bosonic kinetic terms of the N = 2

theory are then

L_{2T,kin.} = −^{m2}_{2GL′ L′} [ (∂_μC)(∂_μC) +^1_{12} H_{μνρ}H^{μνρ} ]

−^1_4 G_L′_L′ [ (∂_μC^′ +^{GLL′}_{GL′ L′} ∂_μC)(∂^μC^′ +^{GLL′}_{GL′L′} ∂^μC)

+^1_{12} (H^′_{μνρ} +^{GLL′}_{GL′L′} H_{μνρ})(H^{′ μνρ} +^{GLL′}_{GL′L′} H^{μνρ}) ] , = −^1_4 H_{LL} [ (∂_μC)(∂_μC) +^1_{12} H_{μνρ}H^{μνρ} ]

−^{m2}_{2HLL} [ (∂_μC^′ −^1_m H_{LV} ∂_μC)(∂^μC^′ −^1_m H_{LV} ∂^μC)

+^1_{12} (H^′_{μνρ} −^1_m H_{LV} H_{μνρ})(H^{′ μνρ} −^1_m H_{LV} H^{μνρ}) ] .

(C.35)

While the first supersymmetry imposes a relation between scalar and tensor kinetic terms, the second imposes a specific relation between the kinetic terms of the two linear superfields.

In comparing with the reduction of a IIB supergravity Lagrangian, one should then choose a gravity frame in which the relation between scalar and tensor kinetic terms is verified. The first supersymmetry and kinetic terms (C.33) are then sufficient for this choice.

APPENDIX D

OBTAINING THE TAUB-NUT METRIC FROM CONFORMAL SUPERGRAVITY

D.1 SU(2, 1)/SU(2) × U(1) and its Global Hyper-Kähler Limit

The superconformal construction of the N = 2 S U(2, 1)/S U(2) × U(1) sigmamodel coupled to N = 2 supergravity starts with one vector multiplet (for the graviphoton) and three hypermultiplets. However, with these states only, eliminating auxiliary fields and imposing Poincaré gauge conditions would lead to the S p(4, 2) / S p(4) × S p(2) theory. We need an additional non-propagating vector multiplet with gauge field W_μ to eliminate four more scalars and to reduce the theory to S U(2, 1)/S U(2)×U(1). The vector field will be used to gauge a U(1) or S O(1, 1) subgroup of S p(4, 2) with generator T . This is very much similar to what we do in section 11.2 where we obtain the universal hypermultiplet from conformal N = 2 supergravity.

The basic difference here is that in order to reduce to a Taub-NUT metric, we need to start with a different signature for η:

η = diag(−1, 1, 1) (D.1)

The first steps of writing down the supergravity scalar Lagrangian and imposing the proper constraints is exactly the same as in subsec. 11.2.5 until eq. (11.62) where the the different choice of signature appears explicitly:

⃗A^∗_+ · ⃗A_+ + ⃗A^∗_− · ⃗A_− = − 1 κ^2

, ⃗A^∗ · ⃗A = ⃗A^†η ⃗A = −|A_1|^2 + |A_2|^2 + |A_3|^2. (D.2)

From that point on, in order to obtain the Taub-NUT metric we proceed as follows. We first define q_a = 1 κ Q_aQ^{−1}_1 , (D.3) and q_1 =^1_κ I_2 will not be used herebelow. Defining the new coordinates q_a left invariant by the superconformal S U(2) is equivalent to identify the superconformal S U(2) with S U(2)_1 and choose a gauge for Q_1. Explicitly,

q_a = q_{+a} q_{−a} −q^∗_{−a} q^∗_{+a} = 1 κ det Q_1

A_{+a}A^∗_{+1} + A_{−a}A^∗_{−1} −A_{+a}A_{−1} + A_{−a}A_{+1}

−A^∗_{−a} A^∗_{+1} + A^∗_{+a}A^∗_{−1} A^∗_{−a}A_{−1} + A^∗_{+a}A_{+1} .

Similarly,

Q_a = κ q_{+a}A_{+1} − q_{−a}A^∗_{−1} q_{+a}A_{−1} + q_{−a}A^∗_{+1}

−q^∗_{−a}A_{+1} − q^∗_{+a}A^∗_{−1} −q^∗_{−a}A_{−1} + q^∗_{+a}A^∗_{+1} .

The second condition (D.2) is now written as

− det Q_1 + det Q_2 + det Q_3 = − 1 κ^2

, det Q_1 = 1 κ^2(1 − κ^2 det q_2 − κ^2 det q_3)

. (D.4)

Both Q_a and q_a have dimension (mass)^1 and they verify det Q_a ≤ κ^{−2}, det q_a ≤ κ^{−2}. We will use the S U(2) symmetry to choose

A_{+1} = √ det Q_1 = A^∗_{+1}, A_{−1} = 0, q_a = 1 κ √ det Q_1

Q_a (a = 2, 3). (D.5)

Notice that with this choice A_{+1} and q_a are respectively of order κ^{−1} and κ^0. Actually, in the global supersymmetry limit κ → 0, the constraint reduces to A_{+1} = κ^{−1}. The S U(2) gauge fields and their contributions to the Lagrangian are of order κ^2.

With the above choices, the sigma-model Lagrangian for the scalar fields becomes L_{scalar} = 2κ^2A^2_{+1} [ (∂_μq_{+2})(∂_μq^∗_{+2}) + (∂_μq_{−2})(∂_μq^∗_{−2})

+(∂_μq_{+3})(∂_μq^∗_{+3}) + (∂_μq_{−3})(∂_μq^∗_{−3}) ]

+^1_2 κ^6A^4_{+1}[∂_μ(det q_2 + det q_3)]^2

−^{g2}_{κ2} V_{μ i}^jV_{μ j}^i

+g^{′2} W_μW^μ d^α_β T^γ_αT^β_δA^i_γ A^δ_i

= L_0 + L_{A+1} + L_{S U(2)} + L_{O(1,1)},

(D.6)

with A_{+1} as in the first eq. (D.5). Notice that the term in the third line is

L_{A+1} = 2 κ^2

∂_μ ln(κA_{+1}) ∂^μ ln(κA_{+1}).

It vanishes in the limit κ → 0. The S U(2) gauge fields do not depend on derivatives of A_{+1}:

L_{S U(2)} = −^{g2}_{κ2} V_{μ i}^jV_{μ j}^i = −^1_4 κ^6A^4_{+1} Tr [ q^†_2^↔∂_μ q_2 + q^†_3^↔∂_μ q_3

]_2

= −^1_2 κ^6A^4_{+1} [ (q^∗_{+a}^↔∂_μ q_{+a} − q^∗_{−a}^↔∂_μ q_{−a})^2 + 4(q^∗_{+a}^↔∂_μ q_{−a})(q^∗_{−a}^↔∂_μ q_{+a}) ] , (D.7)

where a is summed over values a = 2, 3 only. This contribution also cancels in the limit κ → 0 where L_{scalar, κ→0} = L_0 + L_{S O(1,1)}, with κA_{+1} = 1.

With g^′ = 0 and without the constraint (11.55), one obtains the sigma-model HP^2 = S p(4, 2)/S p(4) × S p(2). Expressed in terms of the quaternion (2 × 2) matrices q_2 and q_3, it reads:

L_{HP}2 = κ^2A^2_{+1} Tr[(∂_μq_2)^†(∂^μq_2) + (∂_μq_3)^†(∂^μq_3)] +κ^6A^4_{+1} Tr[(q^†_2∂_μq_2 + q^†_3∂_μq_3)(∂^μq^†_2 q_2 + ∂^μq^†_3 q_3)].

(D.8)

In the limit κ → 0, κA_{+1} → 1 and the sigma-model metric is trivial.

If we choose the U(1) generator T as in eq. (11.50): T = T̂ 0 0 T̂^∗

, T̂^† = −ηT̂ η, (D.9) then constraint (D.2) leads to three (real) equations: ⃗A^†_+ iηT̂ ⃗A_+ = ⃗A^†_− iηT̂ ⃗A_−, ⃗A^†_− iηT̂ ⃗A_+ = 0

(D.10)

([iηT̂ ]^† = iηT̂ ). With the S O(1, 1) generator

T̂ =

0 λ 0 λ 0 0 0 0 i

(D.11)

(λ real) the three constraints are:

λ(A^∗_{+2}A_{+1} − A^∗_{+1}A_{+2}) + iA^∗_{+3}A_{+3} = λ(A^∗_{−2}A_{−1} − A^∗_{−1}A_{−2}) + iA^∗_{−3}A_{−3}, λ(A^∗_{−2}A_{+1} − A^∗_{−1}A_{+2}) + iA^∗_{−3}A_{+3} = 0.

(D.12)

These conditions survive in the global supersymmetry limit κ → 0, where also det Q_1 → κ^{−2}, if λA_{+1} has a finite limit. Since κA_{+1} → 1, we then assume that^1

1ℓ has dimension (mass)^1.

λ = ℓκ. In terms of the coordinates q_a, the conditions are: ℓ [ (|A_{+1}|^2 − |A_{−1}|^2)(q^∗_{+2} − q_{+2}) − 2A_{+1}A_{−1}q^∗_{−2} + 2A^∗_{+1}A^∗_{−1}q_{−2} ]

= i [ (|A_{−1}|^2 − |A_{+1}|^2)(|q_{+3}|^2 − |q_{−3}|^2)) + 2A_{+1}A_{−1}q_{+3}q^∗_{−3} + 2A^∗_{+1}A^∗_{−1}q_{−3}q^∗_{+3} ] , ℓ [ A_{+1}A^∗_{−1}(q^∗_{+2} − q_{+2}) + A_{+1}A_{+1}q^∗_{−2} + A^∗_{−1}A^∗_{−1}q_{−2} ]

= i [ A_{+1}A^∗_{−1}(|q_{−3}|^2 − |q_{+3}|^2) − A_{+1}A_{+1}q_{+3}q^∗_{−3} + A^∗_{−1}A^∗_{−1}q^∗_{+3}q_{−3} ] . Using S U(2) symmetry to choose as earlier A_{−1} = 0, we obtain iℓ (q^∗_{+2} − q_{+2}) = |q_{+3}|^2 − |q_{−3}|^2 ,

ℓ q_{−2} = i q^∗_{+3}q_{−3},

(D.13)

independent of κ. In the limiting case ℓ = 0, q_3 = 0 and the resulting constraint (D.4) leads to the four-dimensional S p(2, 2)/S p(2) × S p(2). As a S O(1, 1) gauge choice, we may take Re q_{+2} = 0, which leads to q_{+2} =^i_{2ℓ} (|q_{+3}|^2 − |q_{−3}|^2) ,

q_{−2} =^i_ℓ q^∗_{+3}q_{−3} ,

det q_2 = |q_{+2}|^2 + |q_{−2}|^2 =^1_{4ℓ2} (det q_3)^2.

(D.14)

With A_{−1} = 0 and A_{+1} real, the unconstrained fields are q_{±3}, with q_{±2} given by eqs. (D.14) and with relations

q_3 = 1 κ √ det Q_1

A_{+3} A_{−3} −A^∗_{−3} A^∗_{+3} ,

A_{+1} = √ det Q_1 =^1_κ [ 1 − κ^2 det q_3 −^{κ2}_{4ℓ2} (det q_3)^2

]_{−1/2} . (D.15)

In terms of quaternion matrices, conditions (D.14) correspond to

q_2 = i 2ℓ q^†_3 J q_3, J = 1 0 0 −1

. (D.16)

With the gauge choices A_{−1} = Re q_{+2} = 0 and A_{+1} real, the S O(1, 1) gauge field reads W_μ = i 2g q^∗_{+3}^↔∂_μ q_{+3} + q^∗_{−3}^↔∂_μ q_{−3} ℓ^2 + det q_3 −^{κ2}_4 (det q_3)^2

(D.17) in terms of q_{±3}. Its contribution to the scalar Lagrangian is

L_{S O(1,1)} = 1 2 κ^2A^2_{+1}

(q^∗_{+3}^↔∂_μ q_{+3} + q^∗_{−3}^↔∂_μ q_{−3})^2 ℓ^2 + det q_3 −^{κ2}_4 (det q_3)^2

. (D.18)

To calculate the various contributions to the scalar Lagrangian (D.6), we introduce new (real) coordinates (r, θ, ϕ, τ):

q_{+3} = r cos θ 2 e^{i(ϕ+τ)/2}, q_{−3} = r sin θ 2 e^{−i(ϕ−τ)/2}. (D.19)

With these variables,

det q_3 = r^2,

|dq_{+3}|^2 + |dq_{−3}|^2 = dr^2 +^{r2}_4 (dθ^2 + sin^2 θ dϕ^2) +^{r2}_4 (dτ + cos θ dϕ)^2,

q_{+2} =^{ir2}_{2ℓ} cos θ, q_{−2} =^{ir2}_{2ℓ} sin θ e^{−iϕ},

|dq_{+2}|^2 + |dq_{−2}|^2 =^{r2}_{ℓ2} [ dr^2 +^{r2}_4 (dθ^2 + sin^2 θ dϕ^2) ] , κA_{+1} = [1 − κ^2r^2 −^{κ2}_{4ℓ2} r^4]^{−1/2}.

The basic scalar kinetic terms become

L_0 = 2κ^2A^2_{+1} [ |∂_μq_{+2}|^2 + |∂_μq_{−2}|^2 + |∂_μq_{+3}|^2 + |∂_μq_{−3}|^2 ]

= 2κ^2A^2_{+1} [( 1 +^{r2}_{ℓ2} ) [ (∂_μr)^2 +^{r2}_4 {(∂_μθ)^2 + sin^2 θ (∂_μϕ)^2} ]

+^{r2}_4 (∂_μτ + cos θ ∂_μϕ)^2 ] . (D.20)

The contribution of the S O(1, 1) gauge field is

L_{S O(1,1)} = − r^4 2 κ^2A^2_{+1}

(∂_μτ + cos θ ∂_μϕ)^2 ℓ^2 + r^2 −^{κ2}_4 r^4

. (D.21)

The constribution of the S U(2) gauge fields is

L_{S U(2)} = 1 2 κ^6A^4_{+1} r^4 [ (∂_μτ + cos θ ∂_μϕ)^2 + ( 1 + r^2 2ℓ^2

)_2{ (∂_μθ)^2 + sin^2 θ(∂_μϕ)^2 }] . (D.22)

Finally

L_{A+1} = 2κ^6A^4_{+1} ( 1 + r^2 2ℓ^2

)_2 r^2(∂_μr)(∂^μr). (D.23)

Both L_{S U(2)} and L_{A+1} vanish (like κ^2) in the limit κ → 0. Then, summing the four

contributions leads to the scalar Lagrangian

L =^1_{2ℓ2} κ^4A^4_{+1} ( 1 +^{ℓ2}_{r2} −^{κ2r2}_4 ) [ 4r^2(∂_μr)^2 + r^4{(∂_μθ)^2 + sin^2 θ (∂_μϕ)^2} ]

+^1_{2ℓ2} κ^4A^4_{+1}^{(ℓ2+ κ} 2r4 4 )^2 1+^{ℓ2}_{r2} −^{κ2r2}_4 (∂

μτ + cos θ ∂_μϕ)^2.

(D.24)

If we define a new variable R = r^2/ℓ, choosing a positive ℓ, the theory becomes

L =^1_2 κ^4A^4_{+1} ( 1 +^ℓ_R −^{κ2ℓR}_4 ) [ (∂_μR)^2 + R^2{(∂_μθ)^2 + sin^2 θ (∂_μϕ)^2} ]

+^1_2 κ^4A^4_{+1}^{(1+ κ} 2R2 4 )^2 1+^ℓ_R −^{κ2ℓR}_4 ℓ

2 (∂_μτ + cos θ ∂_μϕ)^2,

(D.25)

where^2

κ^4A^4_{+1} = [ 1 − κ^2ℓR − κ^2R^2 4 ]_{−2}

. (D.26)

The parameter ℓ defines the energy scale of the field R while the length κ defines

the curvature of the quaternionic manifold. The metric defined by these kinetic

terms is Einstein with

R_{ab} = −6κ^2 g_{ab} , (D.27)

as expected for a single hypermultiplet quaternionic space [15].

The limit κ → 0 leads to

L_{κ→0} =^1_2 [( 1 +^ℓ_R ) [ (∂_μR)^2 + R^2{(∂_μθ)^2 + sin^2 θ (∂_μϕ)^2} ]

+^{ℓ2}_{1+ ℓR} (∂_μτ + cos θ ∂_μϕ)^2 ] . (D.28)

2Positivity implies R ≤^2_κ ( √ 1 + κ^2ℓ^2 − κℓ).

We will see later [eq. (D.35)] that the metric of this scalar Lagrangian is the Taub- NUT metric with 2M = ℓ.

There are four isometries acting on θ, ϕ and τ. Three are the spherical symmetries of (∂_μθ)^2 + sin^2 θ (∂_μϕ)^2, the fourth isometry is the shift of τ. Explicitly, the metric is invariant under δθ = sin ϕ c_2 + cos ϕ c_3,

δϕ = c_1 + cotg θ(cos ϕ c_2 − sin ϕ c_3),

δτ = c_4 −^1_{sin θ} (cos ϕ c_2 − sin ϕ c_3).

(D.29)

where C_I , I = 1, 2, 3, 4 are the real parameters of the isometries. The S U(2) algebra is verified by transformations with parameters c_1, c_2 and c_3.

We introduce cartesian coordinates x_i, i = 1, 2, 3 instead of the polar coordinates R, θ, ϕ:

x_1 = R sin θ cos ϕ, x_2 = R sin θ sin ϕ, x_3 = R cos θ.

Using

x_1dx_2 − x_2dx_1 x^2_1 + x^2

= dϕ, x_3 R = cos θ, R = √ x^2_1 + x^2 + x^2_3,

We can rewrite our Lagrangian in the following form:

L = F(R) (∂_μ x_i)(∂^μ x_i) + G(R)(∂_μτ + ω_i∂_μ x_i)^2. (D.30)

We find

F(R) = 1 2 κ^4A^4_{+1} [ 1 + ℓ R − κ^2ℓR 4 ] ,

G(R) = 1 2 κ^4A^4_{+1}

(1 +^{κ2R2}_4 )^2 1 +^ℓ_R −^{κ2ℓR}_4 ℓ^2,

ω_1 = − x_2 x_3 R(x^2_1 + x^2)

, ω_2 = x_1 x_3 R(x^2_1 + x^2)

, ω_3 = 0.

(D.31)

In the limit κ → 0, F(R)G(R) = ℓ^2/4.

Notice that d dR [ 1 + ℓ R − κ^2ℓR 4 ] = − ℓ R^2 [ 1 + κ^2R^2 4 ]

In a set of Kahler coordinates z^i = (T, Φ), one can in general write

ds^2 = K_{T T} ( dT +

K_{ΦT} K_{T T} dΦ ) ( dT +

K_{T Φ} K_{T T} dΦ ) + det K_{i j} K_{T T} dΦdΦ.

For an Einstein space with R_{i j} = ∂_i∂_j ln det K_{kl} = ΔK_{i j},

ds^2 = K_{T T} ( dT +

K_{ΦT} K_{T T} dΦ ) ( dT +

K_{T Φ} K_{T T} dΦ ) + Ae^{ΔK} K_{T T} dΦdΦ,

where A is an arbitrary positive constant.^3 Defining K = −n ln Y, the line element is ds^2 = K_{T T} ( dT +

K_{ΦT} K_{T T} dΦ ) ( dT +

K_{T Φ} K_{T T} dΦ ) + AY^{−nΔ} K_{T T} dΦdΦ.

If we further assume that the Kähler potential K is a function of T + T , Φ and Φ,

since T is dual to a linear superfield,

dK_T = K_{T T} d(T + T ) + K_{ΦT} dΦ + K_{T Φ}dΦ,

and the line element becomes

ds^2 = K_{T T} ( d Re T +^{KΦT}_{2KT T} dΦ +^{KT Φ}_{2KT T} dΦ

)_2

+K_{T T} ( d Im T +^{KΦT}_{2iKT T} dΦ −^{KT Φ}_{2iKT T} dΦ

)_2

+^{AY−nΔ}_{KT T} dΦdΦ

=^1_{4KT T} (dK_T )^2 + K_{T T} ( d Im T +^{KΦT}_{2iKT T} dΦ −^{KT Φ}_{2iKT T} dΦ

)_2 +^{AY−nΔ}_{KT T} dΦdΦ.

3A could be in principle a harmonic function f (T, Φ) + f (T , Φ) but this case is irrelevant for us.

D.2 Taub-NUT

The Taub-NUT (Taub-Newman-Unti-Tamburino) metric [131] describes a fourdimensional euclidean space with self-dual curvature. It is then Ricci-flat and a solution of the vacuum Einstein equations. Hence, it is also hyper-Kähler and appropriate to describe the scalar sector of a globally N = 2 hypermultiplet theory.

The Taub-NUT metric is commonly expressed in coordinates where ds^2_{T N} = r + M r − M dr^2 + (r^2 − M^2) (σ^2_1 + σ^2) + 4M^2 r − M r + M σ^2_3. (D.32) The one-forms σ_1 = cos τ dθ + sin τ sin θ dφ,

σ_2 = − sin τ dθ + cos τ sin θ dφ,

σ_3 = cos θ dφ + dτ

(D.33)

verify dσ_x = −ϵ_{xyz} σ_y ∧ σ_z (x, y, z = 1, 2, 3). (D.34) The coordinates τ, θ and φ are angular variables (0 ≤ θ ≤ π, 0 ≤ τ ≤ 4π, 0 ≤ φ ≤ 2π), r > M and M is a (real) parameter. A more convenient form is obtained by shifting the singularity from r = M to R = 0 with the redefinition R = r − M. The metric becomes [124]

ds^2_{T N} = V[dR^2 + R^2 dΩ] +

4M^2 V [dτ + cos θ dφ]^2, V = 1 + 2M R , (D.35) where dΩ = σ^2_1 + σ^2 = dθ^2 + sin^2 θ dφ^2. (D.36) This form is reminiscent of a (euclidean) Schwarzschild metric. Since 1 4M^2 ds^2_{T N} = ρ + 1 ρ [dρ^2 + ρ^2 dΩ] + ρ ρ + 1

[dτ + cos θ dφ]^2, ρ = R 2M , (D.37) the constant 2M sets the scale of the radial coordinate R. Notice that the determinant of the metric is

det g_{ab} = 4M^2V^2R^4 sin^2 θ = 4M^2R^2 sin^2 θ(R + 2M)^2. (D.38)

It would be constant in Kähler coordinates.

In cartesian coordinates q^a = (τ, x^i), with dx^idx^i = dR^2 + R^2dΩ, the metric is

ds^2_{T N} = 2M ( V 2M dx^i dx^i + 2M V [dτ − ω^i dx^i]^2 ) , (D.39)

with ω^1 = − x^2 x^3 R(x^{12} + x^{22})

, ω^2 = x^1 x^3 R(x^{12} + x^{22})

, ω^3 = 0. (D.40) The relation [124] ⃗∇ V 2M = ⃗∇ ∧ ⃗ω, (D.41) which is required for four-dimensional hyperkähler manifold, is verified.

The Taub-NUT metric (D.35) is invariant under S U(2) × U(1) isometries δθ = sin ϕ c_2 + cos ϕ c_3,

δϕ = c_1 + cotg θ(cos ϕ c_2 − sin ϕ c_3),

δτ = c_4 −^1_{sin θ} (cos ϕ c_2 − sin ϕ c_3),

(D.42)

where c_I, I = 1, 2, 3, 4 are constant real parameters. The S U(2) algebra is generated by transformations with parameters c_1, c_2 and c_3. On cartesian coordinates x^i, the action of the S U(2) isometries is

δx^1 = −c_1 x^2 + c_3 x^3, δx^2 = c_1 x^1 + c_2 x^3, δx^3 = −c_3 x^1 − c_2 x^2. (D.43)

On the Kähler coordinate Φ = (x^1 + ix^2)/ √ 2, δΦ = ic_1 Φ + 1 √ 2 (c_3 + ic_2)U , δU = − 1 √ 2 (c_3 − ic_2)Φ − 1 √ 2 (c_3 + ic_2)Φ , (D.44) where U = x^3, leaving U^2 + 2ΦΦ invariant.^4

The single-tensor N = 2 theory leading to the Taub-NUT scalar manifold in

the hypermultiplet formulation is defined by the function

H(L, Φ, Φ) = − 1 2 [ L^2 − ΦΦ ] + 2M [ √ L^2 + 2ΦΦ − L ln ( L + √ L^2 + 2ΦΦ )] , (D.45)

obtained by integrating eqs. (C.24). The real superfield L^2 + 2ΦΦ is R^2. Since the

action of isometries does not respect in general the chiral or linear nature of a

superfield, we do not expect H to be invariant, but the line element (the kinetic

terms) should be invariant.

In the hypermultiplet formulation, the line element reads

ds^2_{T N} = 1 2 V dΦ dΦ + V^{−1} | | |m dT + M U dΦ Φ | | | 2 , (D.46)

where

V = 1 + 2M √ U^2 + 2ΦΦ

, U = 1 − U √ U^2 + 2ΦΦ

(D.47)

and U is defined (as a function of T +T and ΦΦ) by the Legendre transformation

(C.13):

U + 2M ln ( U + √ U^2 + 2ΦΦ ) = −m(T + T ). (D.48)

This equation cannot be analytically inverted. The determinant of the Kähler

metric is constant, as in eq. (C.17), and the second eq. (D.44) indicates that the

S U(2) isometries act on T + T according to

δ(T + T ) = 1 √ 2m ( 1 + 2M U + R ) [ (c_3 − ic_2)Φ + (c_3 + ic_2)Φ ] . (D.49)

To compare eqs. (D.46) and (D.39), we need to rewrite ds^2_{T N} in coordinates

(τ, x^i) with x^i = ( √ 2 Re Φ, √ 2 Im Φ, U) and R^2 = x^i x^i = U^2 + 2ΦΦ. Hence,

V = 1 + 2M R = V(R), U = 1 − U R 4The phase rotation of Φ has parameter c_1.

and, according to eq. (D.48),

2m d Re T = −dU − 2M dU + dR U + R

= −V dU − 2M R(U + R) d(ΦΦ).

We first obtain

ds^2_{T N} = V^{−1} [ m d Re T +^{MU}_{2ΦΦ} d(ΦΦ)

]_2

+^V_2 dΦdΦ

+V^{−1} [ m d Im T +^{MU}_{ΦΦ} (Re Φ d Im Φ − Im Φ d Re Φ)

]_2 . Since^{MU}_{2ΦΦ} =^M_{R(U+R)} , we have

ds^2_{T N} =^1_4 V [ (dU)^2 + 2 dΦdΦ ]

+V^{−1} [ m d Im T +^{2M}_{R(U+R)} (Re Φ d Im Φ − Im Φ d Re Φ)

]_2

=^1_4 ( V dx^idx^i + 4m^2V^{−1} [ d Im T +^M_{mR(U+R)} (x^1dx^2 − x^2dx^1)

]_2) . (D.50)

Finally, we set m = M and use 1 R(U+R) (x

1dx^2 − x^2dx^1) = −^U_{R(R2−U2)} (x^1dx^2 − x^2dx^1) +^i_2 d ln(Φ/Φ)

= −ω_i dx^i +^i_2 d ln(Φ/Φ),

with ω_i as in eq. (D.40). Finally,

ds^2_{T N} = 1 4 ( V dx^idx^i + 4M^2V^{−1} [ d Im T + i 2 d ln(Φ/Φ) − ω_i dx^i

]_2)

. (D.51)

Comparison with expression (D.39) indicates that the fourth coordinate is

τ = Im T + i 2 ln(Φ/Φ). (D.52)

The action of S U(2) × U(1) isometries on τ is

δτ = c_4 − R 2 √ 2 c_2 − ic_3 Φ − R 2 √ 2 c_2 + ic_3 Φ . (D.53)

Hence,

δ Im T = c_4 − c_1 −^1√_2^1_{R−U} [(c_2 + ic_3)Φ + (c_2 − ic_3)Φ]

δT = i(c_4 − c_1) +^1√_2

[_R ΦΦ +^1_{2M} ] (c_3 − ic_2)Φ −^1√_2

[_U ΦΦ −^1_{2M} ] (c_3 + ic_2)Φ (D.54)

To summarize, Kähler coordinates T and Φ of the Taub-NUT metric are related to standard variables by (τ, x^i) = (τ, √ 2 Re Φ, √ 2 Im Φ, U). Eq. (D.52) defines Im T while the Legendre transformation (D.48) gives implicitly Re T .

BIBLIOGRAPHY

[1] I. Antoniadis, E. Dudas, D.M. Ghilencea, P. Tziveloglou, “MSSM with Dimension-five Operators (MSSM_5)”, Nucl. Phys. B808: 155-184 (2009), arXiv: 0806.3778 [hep-ph].

[2] I. Antoniadis, E. Dudas, D.M. Ghilencea, P. Tziveloglou, “MSSM Higgs with dimension-six operators”, Nucl. Phys. B831: 133-161 (2010), arXiv: 0910.1100 [hep-ph].

[3] I. Antoniadis, E. Dudas, D.M. Ghilencea, P. Tziveloglou, “Non-linear MSSM”, arXiv: 1006.1662 [hep-ph].

[4] N. Ambrosetti, I. Antoniadis, J.-P. Derendinger, P. Tziveloglou, “Nonlinear Supersymmetry, Brane-bulk Interactions and Super-Higgs without Gravity”, Nucl. Phys. B835: 75-109 (2010), arXiv: 0911.5212 [hep-th].

[5] Nicola Ambrosetti, Ignatios Antoniadis, Jean-Pierre Derendinger, Panteleimon Tziveloglou, “The Hypermultiplet with Heisenberg Isometry in N=2 Global and Local Supersymmetry”, arXiv: 1005.0323 [hep-th].

[6] S. Coleman and J. Mandula, “All possible symmetries of the S-matrix”, Phys.

Rev. 159 (1967) 1251.

[7] R. Haag, J. Lopuszanski, and M. Sohnius, “All possible generators of supersymmetries of the s matrix”, Nucl. Phys. B88 (1975) 257.

[8] Pierre Ramond, “Dual theory for free fermions”, Phys. Rev. D3 (1971) 2415.

[9] A. Neveu, J. H. Schwarz, “Quark model of dual pions”, Phys. Rev. D4 (1971) 1109.

[10] H. P. Nilles, “Supersymmetry, Supergravity And Particle Physics”, Phys. Rept.

110 (1984) 1. H. E. Haber and G. L. Kane, “The Search For Supersymmetry: Probing Physics Beyond The Standard Model”, Phys. Rept. 117 (1985) 75. S. P. Martin, “A supersymmetry primer”, arXiv:hep-ph/9709356.

[11] H. E. Haber, J. D. Mason, “Hard supersymmetry-breaking ’wrong-Higgs’ couplings of the MSSM”, Phys. Rev. D 77 115011 (2008) [arXiv:0711.2890 [hepph]].

[12] S. P. Martin, “Dimensionless supersymmetry breaking couplings, flat directions, and the origin of intermediate mass scales,” Phys. Rev. D 61 (2000) 035004 [arXiv:hep-ph/9907550],

[13] K. Harada and N. Sakai, “Softly Broken Supersymmetric Theories,” Prog.

Theor. Phys. 67 (1982) 1877. K. Inoue, A. Kakuto, H. Komatsu and S. Takeshita, “Aspects Of Grand Unified Models With Softly Broken Supersymmetry,” Prog. Theor. Phys. 68 (1982) 927 [Erratum-ibid. 70 (1983) 330]. D. R. T. Jones, L. Mezincescu and Y. P. Yao, “Soft Breaking Of Two Loop Finite N=1 Supersymmetric Gauge Theories,” Phys. Lett. B 148 (1984) 317. L. J. Hall and L. Randall, “Weak scale effective supersymmetry,” Phys. Rev. Lett. 65 (1990) 2939; F. Borzumati, G. R. Farrar, N. Polonsky and S. D. Thomas, “Soft Yukawa couplings in supersymmetric theories,” Nucl. Phys. B 555 (1999) 53 [arXiv:hep-ph/9902443]; I. Jack and D. R. T. Jones, “Non-standard soft supersymmetry breaking,” Phys. Lett. B 457 (1999) 101 [arXiv:hep-ph/9903365]. N. Polonsky and S. f. Su, “Low-energy limits of theories with two supersymmetries,” Phys. Rev. D 63 (2001) 035007 [arXiv:hep-ph/0006174]. N. Polonsky and S. Su, “More corrections to the Higgs mass in supersymmetry,” Phys. Lett. B 508 (2001) 103 [arXiv:hep-ph/0010113].

[14] P. Fayet, “Mixing Between Gravitational And Weak Interactions Through The Massive Gravitino,” Phys. Lett. B 70 (1977) 461. R. Casalbuoni, S. De Curtis, D. Dominici, F. Feruglio and R. Gatto, “A Gravitino - Goldstino High-Energy Equivalence Theorem,” Phys. Lett. B 215 (1988) 313 “High- Energy Equivalence Theorem In Spontaneously Broken Supergravity,” Phys. Rev. D 39 (1989) 2281.

[15] J. Bagger and E. Witten, “Matter Couplings In N=2 Supergravity,” Nucl. Phys.

B 222 (1983) 1.

[16] B. de Wit, P. G. Lauwers and A. Van Proeyen, “Lagrangians Of N=2 Supergravity - Matter Systems,” Nucl. Phys. B 255 (1985) 569.

[17] L. Alvarez-Gaumé and D. Z. Freedman, “Geometrical Structure And Ultraviolet Finiteness In The Supersymmetric Sigma Model,” Commun. Math. Phys. 80 (1981) 443.

[18] B. de Wit and J. W. van Holten, “Multiplets of Linearized S O(2) Supergravity,” Nucl. Phys. B 155 (1979) 530.

[19] U. Lindström and M. Roček, “Scalar Tensor Duality and N = 1, N = 2 Nonlinear Sigma Models,” Nucl. Phys. B 222 (1983) 285.

[20] A. Karlhede, U. Lindström and M. Roček, “Selfinteracting Tensor Multiplets in N = 2 Superspace,” Phys. Lett. B 147 (1984) 297;

N. J. Hitchin, A. Karlhede, U. Lindström and M. Roček, Commun. Math. Phys. 108 (1987) 535.

[21] J. Bagger and A. Galperin, “A new Goldstone multiplet for partially broken supersymmetry,” Phys. Rev. D 55 (1997) 1091 [arXiv:hep-th/9608177].

[22] M. Roček and A. A. Tseytlin, “Partial breaking of global D = 4 supersymmetry, constrained superfields,” Phys. Rev. D 59 (1999) 106001 [arXiv:hepth/9811232].

[23] I. Antoniadis, J. P. Derendinger and T. Maillard, “Nonlinear N=2 Supersymmetry, Effective Actions and Moduli Stabilization,” Nucl. Phys. B 808 (2009) 53 [arXiv:0804.1738 [hep-th]].

[24] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky and E. Sokatchev, “Unconstrained N=2 Matter, Yang-Mills And Supergravity Theories In Harmonic Superspace,” Class. Quant. Grav. 1 (1984) 469;

A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky and E. S. Sokatchev, “Harmonic Superspace,” Cambridge, UK: Univ. Pr. (2001) 306 p.

[25] I. Antoniadis, H. Partouche and T. R. Taylor, “Spontaneous Breaking of N=2 Global Supersymmetry,” Phys. Lett. B 372, 83 (1996) [arXiv:hep-th/9512006].

[26] K. Fujiwara, H. Itoyama and M. Sakaguchi, “Supersymmetric U(N) gauge model and partial breaking of N = 2 supersymmetry,” Prog. Theor. Phys. 113 (2005) 429 [arXiv:hep-th/0409060]; “Partial breaking of N = 2 supersymmetry and of gauge symmetry in the U(N) gauge model,” Nucl. Phys. B 723 (2005) 33 [arXiv:hep-th/0503113]; “Partial supersymmetry breaking and N = 2 U(N(c)) gauge model with hypermultiplets in harmonic superspace,” Nucl. Phys. B 740 (2006) 58 [arXiv:hep-th/0510255].

[27] F. Brandt, “New N = 2 supersymmetric gauge theories: The double tensor multiplet and its interactions,” Nucl. Phys. B 587 (2000) 543 [arXiv:hepth/0005086].

[28] U. Theis and S. Vandoren, “N = 2 supersymmetric scalar-tensor couplings,” JHEP 0304 (2003) 042 [arXiv:hep-th/0303048].

[29] I. Antoniadis, R. Minasian, S. Theisen and P. Vanhove, “String loop corrections to the universal hypermultiplet,” Class. Quant. Grav. 20, 5079 (2003)

[arXiv:hep-th/0307268];

D. M. J. Calderbank and H. Pedersen, “Selfdual Einstein metrics with torus symmetry,” arXiv:math/0105263.

[30] I. Antoniadis, S. Ferrara, R. Minasian and K. S. Narain, “R**4 couplings in M- and type II theories on Calabi-Yau spaces”, Nucl. Phys. B 507 (1997) 571 [arXiv:hep-th/9707013].

[31] K. Galicki, “Quaternionic Kahler And Hyperkahler Nonlinear Sigma Models,” Nucl. Phys. B 271 (1986) 402.

[32] K. Galicki, “New matter couplings in N=2 supergravity,” Nucl. Phys. B 289 (1987) 573.

[33] Howard Georgi, “Effective Field Theory”, Annu. Rev. Nucl. Part. Sci. 43 (1993) 209.

[34] K.G. Wilson, John B. Kogut, “The Renormalization Group and the Epsilon Expansion”, Phys. Rept. 12 (1974) 75.

[35] S. Groot Nibbelink and M. Hillenbach, “Renormalization of supersymmetric gauge theories on orbifolds: Brane gauge couplings and higher derivative operators”, Phys. Lett. B 616 125-134 (2005) [arXiv:hep-th/0503153];

[36] S. Groot Nibbelink and M. Hillenbach, “Quantum Corrections to Non-Abelian SUSY Theories on Orbifolds”, Nucl. Phys. B 748 60-97 (2006). [arXiv:hepth/0602155].

[37] H. Georgi, H. Politzer, “Freedom at Moderate Energies: Masses in Color Dynamics”, Phys. Rev. D 14 (1976) 1829.

[38] Edward Witten, “Heavy Quark Contributions to Deep Inelastic Scattering”, Nucl. Phys. B 104 (1976) 445.

[39] Steven Weinberg, “Phenomenological Lagrangians”, Physica A 96 (1979) 327.

[40] Steven Weinberg, “Effective Gauge Theories”, Phys. Lett. B91 (1980) 51.

[41] H. Georgi, “On-Shell Effective Field Theory”, Nucl. Phys. B 361 (1991) 339.

[42] H. D. Politzer, “Power Corrections At Short Distances”, Nucl. Phys. B 172 (1980) 349.

[43] C. Arzt, “Reduced effective Lagrangians”, Phys. Lett. B 342 (1995) 189 [arXiv:hep-ph/9304230].

[44] A. Salam, J. Strathdee, “Effective Gauge Theories”, Phys. Rev. D2 (1970) 2869.

[45] R.E. Kallosh, I.V. Tyutin, “The Equivalence Theorem and Gauge Invariance in Renormalizable Theories”, Yad. Fiz. 17 (1973) 190.

[46] I. Antoniadis, E. Dudas and D. M. Ghilencea, “Supersymmetric Models with Higher Dimensional Operators,” JHEP 0803 (2008) 045 [arXiv:0708.0383 [hepth]].

[47] I. Antoniadis, E. Dudas and D. M. Ghilencea, “Living with ghosts and their radiative corrections,” Nucl. Phys. B 767 (2007) 29 [arXiv:hepth/0608094]. D. M. Ghilencea, “Higher dimensional operators and their effects in (non)supersymmetric models,” Mod. Phys. Lett. A 23 (2008) 711 [arXiv:0708.2501 [hep-ph]].

[48] S. Ferrara, E. Remiddi, “Absence of the anomalous magnetic moment in a supersymmetric Abelian gauge theory”, Physics Letters 53B (1974) 347.

[49] S. Coleman, J. Wess, Bruno Zumino, “Structure of Phenomenological Lagrangians. I”, Phys. Rev. 177 (1969) 2239.

[50] S. Coleman, J. Wess, Bruno Zumino, “Structure of Phenomenological Lagrangians. II”, Phys. Rev. 177 (1969) 2247.

[51] D. V. Volkov and V. P. Akulov, “Is the Neutrino a Goldstone Particle?”, Phys.

Lett. B 46 (1973) 109.

[52] T. E. Clark and S. T. Love, “Goldstino couplings to matter”, Phys. Rev. D 54 (1996) 5723 [arXiv:hep-ph/9608243].

[53] T. E. Clark, T. Lee, S. T. Love and G. Wu, “On the interactions of light gravitinos”, Phys. Rev. D 57 (1998) 5912 [arXiv:hep-ph/9712353].

[54] E. A. Ivanov and A. A. Kapustnikov, “Relation Between Linear And Nonlinear Realizations Of Supersymmetry”, JINR-E2-10765, June 1977

[55] E. A. Ivanov and A. A. Kapustnikov, “General Relationship Between Linear And Nonlinear Realizations Of Supersymmetry”, J. Phys. A 11 (1978) 2375.

[56] S. Samuel and J. Wess, “A Superfield Formulation Of The Nonlinear Realization Of Supersymmetry And Its Coupling To Supergravity”, Nucl. Phys. B 221 (1983) 153.

[57] I. Antoniadis and M. Tuckmantel, “Non-linear supersymmetry and intersecting D-branes”, Nucl. Phys. B 697 (2004) 3 [arXiv:hep-th/0406010].

[58] I. Antoniadis, M. Tuckmantel and F. Zwirner, “Phenomenology of a leptonic goldstino and invisible Higgs boson decays”, Nucl. Phys. B 707 (2005) 215 [arXiv:hep-ph/0410165].

[59] M. Rocek, “Linearizing The Volkov-Akulov Model”, Phys. Rev. Lett. 41 (1978) 451.

[60] U. Lindstrom, M. Rocek, “Constrained Local Superfields”, Phys. Rev. D 19 (1979) 2300.

[61] R. Casalbuoni, S. De Curtis, D. Dominici, F. Feruglio and R. Gatto, “Nonlinear realization of supersymmetry algebra from supersymmetric constraint”, Phys. Lett. B 220 (1989) 569.

[62] Z. Komargodski and N. Seiberg, “From Linear SUSY to Constrained Superfields”, JHEP 0909 (2009) 066 [arXiv:0907.2441 [hep-th]].

[63] A. Brignole, F. Feruglio and F. Zwirner, “On the effective interactions of a light gravitino with matter fermions”, JHEP 9711 (1997) 001 [arXiv:hepth/9709111];

[64] M. A. Luty and E. Ponton, “Effective Lagrangians and light gravitino phenomenology”, Phys. Rev. D 57 (1998) 4167 hep-ph/9706268,v3 [revised version of Phys. Rev. D 57 (1998) 4167].

[65] L. E. Ibanez and G. G. Ross, “Discrete Gauge Symmetries And The Origin Of Baryon And Lepton Number Conservation In Supersymmetric Versions Of The Standard Model”, Nucl. Phys. B 368 (1992) 3. H. K. Dreiner, C. Luhn and M. Thormeier, “What is the discrete gauge symmetry of the MSSM?”, Phys. Rev. D 73 (2006) 075007 [arXiv:hep-ph/0512163]; C. Luhn and M. Thormeier, “Dirac neutrinos and anomaly-free discrete gauge symmetries”, Phys. Rev. D 77 (2008) 056002 [arXiv:0711.0756 [hep-ph]].

[66] G. R. Farrar and P. Fayet, “Phenomenology Of The Production, Decay, And Detection Of New Hadronic States Associated With Supersymmetry”, Phys. Lett. B

76 (1978) 575. For a review see R. Barbier et al., “R-parity violating supersymmetry”, Phys. Rept. 420 (2005) 1 [arXiv:hep-ph/0406039].

[67] F. Gabbiani, E. Gabrielli, A. Masiero and L. Silvestrini, “A complete analysis of FCNC and CP constraints in general SUSY extensions of the standard model”, Nucl. Phys. B 477 (1996) 321 [arXiv:hep-ph/9604387].

[68] L. Girardello and M. T. Grisaru, “Soft Breaking Of Supersymmetry”, Nucl.

Phys. B 194 (1982) 65; K. Harada and N. Sakai, “Softly Broken Supersymmetric Theories”, Prog. Theor. Phys. 67 (1982) 1877. S. Dimopoulos and H. Georgi, “Softly Broken Supersymmetry And SU(5)”, Nucl. Phys. B 193 (1981) 150.

[69] W. Buchmuller and D. Wyler, “Effective Lagrangian Analysis Of New Interactions And Flavor Conservation”, Nucl. Phys. B 268 (1986) 621.

[70] M. Pospelov, A. Ritz and Y. Santoso, “Flavor and CP violating physics from new supersymmetric thresholds”, Phys. Rev. Lett. 96 (2006) 091801 [arXiv:hepph/0510254];

[71] M. S. Carena, H. E. Haber, H. E. Logan and S. Mrenna, “Distinguishing a MSSM Higgs boson from the SM Higgs boson at a linear collider”, Phys. Rev. D 65 (2002) 055005 [Erratum-ibid. D 65 (2002) 099902] [arXiv:hepph/0106116].

[72] D. M. Pierce, J. A. Bagger, K. T. Matchev and R. J. Zhang, “Precision corrections in the minimal supersymmetric standard model”, Nucl. Phys. B 491 (1997) 3 [arXiv:hep-ph/9606211].

[73] L. J. Hall, R. Rattazzi and U. Sarid, “The Top quark mass in supersymmetric SO(10) unification”, Phys. Rev. D 50 (1994) 7048 [arXiv:hep-ph/9306309].

[74] M. S. Carena, M. Olechowski, S. Pokorski and C. E. M. Wagner, “Electroweak symmetry breaking and bottom - top Yukawa unification”, Nucl. Phys. B 426 (1994) 269 [arXiv:hep-ph/9402253].

[75] S. Dawson, E. Eichten and C. Quigg, “Search For Supersymmetric Particles In Hadron - Hadron Collisions”, Phys. Rev. D 31 (1985) 1581. P. R. Harrison and C. H. Llewellyn Smith, “Hadroproduction Of Supersymmetric Particles”, Nucl. Phys. B 213 (1983) 223 [Erratum-ibid. B 223 (1983) 542].

[76] M. Dine, N. Seiberg and S. Thomas, “Higgs Physics as a Window Beyond the

MSSM (BMSSM)”, Phys. Rev. D 76 (2007) 095004 [arXiv:0707.0005 [hepph]].

[77] R. Barate et al. [LEP Working Group for Higgs boson searches], “Search for the standard model Higgs boson at LEP”, Phys. Lett. B 565, 61 (2003) [arXiv:hep-ex/0306033]; S. Schael et al. [ALEPH Collaboration], “Search for neutral MSSM Higgs bosons at LEP”, Eur. Phys. J. C 47, 547 (2006) [arXiv:hepex/0602042].

[78] K. Blum and Y. Nir, “Beyond MSSM Baryogenesis”, Phys. Rev. D 78 (2008) 035005 [arXiv:0805.0097 [hep-ph]].

[79] A. Strumia, “Bounds on Kaluza-Klein excitations of the SM vector bosons from electroweak tests”, Phys. Lett. B 466 (1999) 107 [arXiv:hep-ph/9906266];

[80] M. Berg, J. Edsjo, P. Gondolo, E. Lundstrom and S. Sjors, “Neutralino Dark Matter in BMSSM Effective Theory”, arXiv:0906.0583 [hep-ph].

[81] S. W. Ham, S. a. Shim and S. K. OH, “Possibility of spontaneous CP violation in Higgs physics beyond the minimal supersymmetric standard model”, arXiv:0907.3300 [hep-ph].

[82] A. Brignole, J. A. Casas, J. R. Espinosa and I. Navarro, “Low-scale supersymmetry breaking: Effective description, electroweak breaking and phenomenology”, Nucl. Phys. B 666 (2003) 105 [arXiv:hep-ph/0301121]. J. A. Casas, J. R. Espinosa and I. Hidalgo, “The MSSM fine tuning problem: A way out”, JHEP 0401 (2004) 008 [arXiv:hep-ph/0310137].

[83] We thank K. Blum, Y. Nir and G.G. Ross for bringing this issue to our attention.

[84] R. Barbieri and A. Strumia, “About the fine-tuning price of LEP”, Phys. Lett.

B 433 (1998) 63 [arXiv:hep-ph/9801353].

[85] P. H. Chankowski, J. R. Ellis, M. Olechowski and S. Pokorski, “Haggling over the fine-tuning price of LEP”, Nucl. Phys. B 544 (1999) 39 [arXiv:hepph/9808275].

[86] P. H. Chankowski, J. R. Ellis and S. Pokorski, “The fine-tuning price of LEP”, Phys. Lett. B 423 (1998) 327 [arXiv:hep-ph/9712234].

[87] G. L. Kane and S. F. King,“Naturalness implications of LEP results”, Phys.

Lett. B 451 (1999) 113 [arXiv:hep-ph/9810374].

[88] S. Cassel, D. M. Ghilencea and G. G. Ross, “Fine tuning as an indication of physics beyond the MSSM”, Nucl. Phys. B 825 (2010) 203 [arXiv:0903.1115 [hep-ph]].

[89] G. F. Giudice and R. Rattazzi, “Living dangerously with low-energy supersymmetry”, Nucl. Phys. B 757 (2006) 19 [arXiv:hep-ph/0606105].

[90] P. Batra, A. Delgado, D. E. Kaplan and T. M. P. Tait, “The Higgs mass bound in gauge extensions of the minimal supersymmetric standard model”, JHEP 0402 (2004) 043 [arXiv:hep-ph/0309149].

[91] R. Barbieri and G. F. Giudice,“Upper Bounds On Supersymmetric Particle Masses”, Nucl. Phys. B 306 (1988) 63;

[92] M. S. Carena, J. R. Espinosa, M. Quiros and C. E. M. Wagner,“Analytical expressions for radiatively corrected Higgs masses and couplings in the MSSM”, Phys. Lett. B 355 (1995) 209 [arXiv:hep-ph/9504316].

[93] M. Carena, K. Kong, E. Ponton and J. Zurita, “Supersymmetric Higgs Bosons and Beyond”, Phys. Rev. D 81 (2010) 015001 [arXiv:0909.5434 [Unknown]].

[94] D. Piriz and J. Wudka, “Effective operators in supersymmetry”, Phys. Rev. D 56 (1997) 4170 [arXiv:hep-ph/9707314].

[95] K. Blum, C. Delaunay and Y. Hochberg, “Vacuum (Meta)Stability Beyond the MSSM”, arXiv:0905.1701 [hep-ph].

[96] S. Cassel, D. M. Ghilencea and G. G. Ross, “Testing SUSY at the LHC: Electroweak and Dark matter fine tuning at two-loop order”, arXiv:1001.3884 [hepph]; “Testing SUSY”, arXiv:0911.1134 [hep-ph].

[97] J. R. Espinosa and M. Quiros, “On Higgs Boson Masses In Nonminimal Supersymmetric Standard Models”, Phys. Lett. B 279 (1992) 92.

[98] J. R. Espinosa and M. Quiros, “Gauge unification and the supersymmetric light Higgs mass”, Phys. Rev. Lett. 81 (1998) 516 [arXiv:hep-ph/9804235].

[99] J. R. Espinosa and M. Quiros, “Higgs boson bounds in nonminimal supersymmetric standard models”, arXiv:hep-ph/9208226.

[100] J. R. Espinosa and M. Quiros, “Upper bounds on the lightest Higgs boson mass in general supersymmetric Standard Models”, Phys. Lett. B 302 (1993) 51 [arXiv:hep-ph/9212305].

[101] A. Djouadi and M. Drees, “Higgs boson decays into light gravitinos”, Phys.

Lett. B 407 (1997) 243 [hep-ph/9703452].

[102] S. Dimopoulos, M. Dine, S. Raby and S. Thomas, “Experimental Signatures of Low Energy Gauge Mediated Supersymmetry Breaking”, Phys. Rev. Lett. 76 (1996) 3494 [hep-ph/9601367]; S. Ambrosanio, G. L. Kane, G. D. Kribs, S. P. Martin and S. Mrenna, “Supersymmetric analysis and predictions based on the CDF eeγγ + missing E_T event”, Phys. Rev. Lett. 76 (1996) 3498 [hepph/9602239] S. Ambrosanio, G. L. Kane, G. D. Kribs, S. P. Martin and S. Mrenna, “Search for supersymmetry with a light gravitino at the Fermilab Tevatron and CERN LEP colliders”, Phys. Rev. D 54 (1996) 5395 [hepph/9605398];

[103] S. Dimopoulos, S. Thomas and J. D. Wells, “Sparticle spectroscopy and electroweak symmetry breaking with gauge-mediated supersymmetry breaking”, Nucl. Phys. B 488 (1997) 39 [hep-ph/9609434].

[104] M. M. El Kheishen, A. A. Aboshousha and A. A. Shafik, “Analytic Formulas For The Neutralino Masses And The Neutralino Mixing Matrix”, Phys. Rev. D 45 (1992) 4345.

[105] A. Djouadi, J. Kalinowski and M. Spira, “HDECAY: A program for Higgs boson decays in the standard model and its supersymmetric extension”, Comput. Phys. Commun. 108 (1998) 56 [arXiv:hep-ph/9704448].

[106] C. Amsler et al., Particle Data Group, Physics Letters B667, 1 (2008) and 2009 partial update for the 2010 edition.

[107] M. Born and L. Infeld, “Foundations of the New Field Theory”, Proc. Roy.

Soc. Lond. A144 (1934) 425.

[108] E.S. Fradkin and A.A. Tseytlin, “Nonlinear Electrodynamics from Quantized Strings”, Phys. Lett. B163 (1985) 123.

[109] E. Bergshoeff, E. Sezgin, C.N. Pope and P.K. Townsend, “The Born-Infeld action from conformal invariance of the open superstring”, Phys. Lett. B188 (1987) 70.

[110] R.R. Metsaev, M.A. Rakhmanov and A.A. Tseytlin, “The Born-Infeld action as the effective action in the open superstring theory”, Phys. Lett. B193 (1987) 207.

[111] R.G. Leigh, “Dirac-Born-Infeld action from the Dirichlet sigma model”, Mod.

Phys. Lett. A4 (1989) 2767.

[112] Joseph Polchinski, “Dirichlet Branes and Ramond-Ramond charges”, hepth/9510017, Phys. Rev. Lett. 75 (1995) 4724.

[113] Michael R. Douglas, “Branes within Branes”, hep-th/9512077, RU-95-92, (1995).

[114] W. Siegel, “Gauge Spinor Superfield As A Scalar Multiplet”, Phys. Lett. B 85 (1979) 333.

[115] A. Salam and J. A. Strathdee, “Supersymmetry and Nonabelian Gauges”, Phys. Lett. B 51 (1974) 353;

P. Fayet, “Fermi-Bose Hypersymmetry”, Nucl. Phys. B 113 (1976) 135.

[116] A. Aurilia, H. Nicolai and P. K. Townsend, “Hidden Constants: The Theta Parameter Of QCD And The Cosmological Constant Of N=8 Supergravity”, Nucl. Phys. B 176 (1980) 509.

[117] A. Aurilia, Y. Takahashi and P. K. Townsend, “The U(1) Problem And The Higgs Mechanism In Two-Dimensions And Four-Dimensions”, Phys. Lett. B 95 (1980) 265.

[118] R. Grimm, M. Sohnius and J. Wess, “Extended Supersymmetry and Gauge Theories”, Nucl. Phys. B 133 (1978) 275.

[119] E. A. Ivanov and B. M. Zupnik, “Modified N = 2 supersymmetry and Fayet- Iliopoulos terms”, Phys. Atom. Nucl. 62 (1999) 1043 [Yad. Fiz. 62 (1999) 1110] [arXiv:hep-th/9710236].

[120] M. Roček, “Linearizing The Volkov-Akulov Model”, Phys. Rev. Lett. 41 (1978) 451.

[121] A. A. Tseytlin, “Self-duality of Born-Infeld action and Dirichlet 3-brane of type IIB superstring theory”, Nucl. Phys. B 469 (1996) 51 [arXiv:hep-th/9602064].

[122] J. H. Schwarz and P. C. West, “Symmetries And Transformations Of Chiral N=2 D=10 Supergravity”, Phys. Lett. B 126, 301 (1983);

J. H. Schwarz, “Covariant Field Equations Of Chiral N=2 D=10 Supergravity”, Nucl. Phys. B 226, 269 (1983);

P. S. Howe and P. C. West, “The Complete N=2, D=10 Supergravity”, Nucl. Phys. B 238, 181 (1984).

[123] E. Bergshoeff and P. K. Townsend, “Super D-branes”, Nucl. Phys. B 490 (1997) 145 [arXiv:hep-th/9611173].

[124] S. W. Hawking, “Gravitational Instantons”, Phys. Lett. A 60 (1977) 81;

G. W. Gibbons and S. W. Hawking, “Gravitational Multi - Instantons”, Phys. Lett. B 78 (1978) 430.

[125] D. M. J. Calderbank and H. Pedersen, “Selfdual Einstein metrics with torus symmetry”, J. Diff. Geom. 60 485 [arXiv: math/0105263].

[126] B. de Wit, J. W. van Holten and A. Van Proeyen, “Transformation Rules Of N=2 Supergravity Multiplets”, Nucl. Phys. B 167 (1980) 186; B. de Wit, P. G. Lauwers and A. Van Proeyen, “Lagrangians Of N=2 Supergravity - Matter Systems”, Nucl. Phys. B 255 (1985) 569.

[127] B. de Wit and J. W. van Holten, “Multiplets of Linearized S O(2) Supergravity”, Nucl. Phys. B 155 (1979) 530.

[128] A. Karlhede, U. Lindström and M. Roček, “Selfinteracting Tensor Multiplets in N = 2 Superspace”, Phys. Lett. B 147 (1984) 297;

N. J. Hitchin, A. Karlhede, U. Lindström and M. Roček, “Hyperkähler Metrics and Supersymmetry”, Commun. Math. Phys. 108 (1987) 535.

[129] G. W. Gibbons and C. N. Pope, “The Positive Action Conjecture And Asymptotically Euclidean Metrics In Quantum Gravity”, Commun. Math. Phys. 66 (1979) 267.

[130] M. F. Atiyah, N. J. Hitchin and I. M. Singer, “Selfduality In Four-Dimensional Riemannian Geometry”, Proc. Roy. Soc. Lond. A 362 (1978) 425.

[131] A. H. Taub, “Empty space-times admitting a three parameter group of motions”, Annals Math. 53 (1951) 472;

E. Newman, L. Tamburino and T. Unti, “Empty space generalization of the Schwarzschild metric”, J. Math. Phys. 4 (1963) 915.

[132] L. Anguelova, M. Rocek and S. Vandoren, “Quantum corrections to the universal hypermultiplet and superspace”, Phys. Rev. D 70, 066001 (2004) [arXiv:hep-th/0402132].

[133] P. Y. S. Casteill, E. Ivanov and G. Valent, “U(1) × U(1) quaternionic metrics from harmonic superspace”, Nucl. Phys. B 627 (2002) 403 [arXiv:hepth/0110280].

[134] S. Cecotti, S. Ferrara and L. Girardello, “Geometry of Type II Superstrings and the Moduli of Superconformal Field Theories”, Int. J. Mod. Phys. A 4 (1989) 2475; S. Cecotti, “Homogeneous Kahler manifolds and T algebras in N=2 supergravity and superstrings”, Commun. Math. Phys. 124 (1989) 23; S. Ferrara and S. Sabharwal, “Dimensional Reduction Of Type II Superstrings”, Class. Quant. Grav. 6 (1989) L77.