arXiv:1201.6364v2 [hep-ph] 9 Apr 2012

DESY 12-007 IFUM-986-FT

Threshold resummation in SCET vs. perturbative QCD: an analytic comparison

Marco Bonvini,^{1,2 ∗} Stefano Forte,^3 Margherita Ghezzi^{3,4∗} and Giovanni Ridolfi^1

1 Dipartimento di Fisica, Università di Genova and INFN, Sezione di Genova, Via Dodecaneso 33, I-16146 Genova, Italy 2 Deutsches Elektronen-Synchroton, DESY, Notkestraße 85, D-22603 Hamburg, Germany 3Dipartimento di Fisica, Università di Milano and INFN, Sezione di Milano, Via Celoria 16, I-20133 Milano, Italy 4Dipartimento di Fisica, Sapienza Università di Roma and INFN, Sezione di Roma, Piazzale Aldo Moro 2, I-00185 Roma, Italy

Abstract:

We compare threshold resummation in QCD, as performed using soft-collinear effective theory (SCET) in the Becher-Neubert approach, to the standard perturbative QCD formalism based on factorization and resummation of Mellin moments of partonic crosssections. We consider various forms of the SCET result, which correspond to different choices of the soft scale μ_s that characterizes this approach. We derive a master formula that relates the SCET resummation to the QCD result for any choice of μ_s. We then use it first, to show that if SCET resummation is performed in N-Mellin moment space by suitable choice of μ_s it is equivalent to the standard perturbative approach. Next, we show that if SCET resummation is performed by choosing for μ_s a partonic momentum variable, the perturbative result for partonic resummed cross-sections is again reproduced, but like its standard perturbative counterpart it is beset by divergent behaviour at the endpoint. Finally, using the master formula we show that when μ_s is chosen as a hadronic momentum variable the SCET and standard approach are related through a multiplicative (convolutive) factor, which contains the dependence on the Landau pole and associated divergence. This factor depends on the luminosity in a non-universal way; it lowers by one power of log the accuracy of the resummed result, but it is otherwise subleading if one assumes the luminosity not to contain logarithmically enhanced terms. Therefore, the SCET approach can be turned into a prescription to remove the Landau pole from the perturbative result, but the price to pay for this is the reduction by one logarithmic power of the accuracy at each order and the need to make assumptions on the parton luminosity.

∗Current address 1

1 Threshold resummation and the Landau pole

The interest in the resummation of logarithmically enhanced contributions due to soft gluon radiation in perturbative QCD (threshold resummation, henceforth) has been recently revived due to its relevance for many LHC processes, such as Higgs [1] or top [2] production. Threshold resummation was originally performed (to next-to-leading logarithmic accuracy) by factorizing the hadronic cross-section in Mellin space in terms of a luminosity and a partonic cross-section, and then exponentiating logarithmically enhanced corrections to the latter to all orders through eikonal [3] or factorization [4] techniques. Subsequent derivations and generalizations to all logarithmic orders were obtained, among others, from a suitable two-scale generalized factorization theorem [5] and through renormalizationgroup improvement of the kinematics of the gluon radiation phase-space [6], with an additional hypothesis of factorization of virtual corrections.

In all these approaches, resummation is performed after Mellin transformation of the hadronic cross-section, which factorizes it into the product of a parton luminosity and a partonic cross-section. More importantly, in Mellin space the partonic cross-section in the soft limit can be obtained by exponentiating single-particle emission cross-sections, thanks to the fact that in Mellin space the n-particle longitudinal phase space factorizes. The large logs which are resummed are then logarithms of N, the variable which is Mellin conjugate to τ (a dimensionless ratio which equals one at threshold), rather than the original ln(1 − τ).

More recently, factorization and exponentiation were directly performed at the level of Feynman diagrams, without the need for a Mellin transformation, using path-integral methods to separate off soft gluon modes [7, 8]. In the latter approach the standard resummed results are readily recovered, but the way the terms which dominate in the eikonal limit emerge order-by-order in perturbation theory (and the next-to-eikonal corrections to them) is particularly transparent. Indeed, an important use of resummed results is to provide predictions for higher order terms which can even be used to construct approximate expressions for unknown fixed-order corrections (see e.g. Ref. [9]).

However, regardless of how resummation is proven, resummed expressions for partonic cross-sections with a fixed logarithmic accuracy in momentum space (i.e. next^k-to-leading ln(1 − z), where z is a partonic scaling variable) turn out to be ill-defined: they lead to divergent hadronic cross-sections upon convolution with a parton luminosity [6, 10]. This behaviour is already present at the fixed-coupling level [10], and it persists when the coupling runs [6]. It can be traced [10] to the fact that the truncation of resummed results to any finite logarithmic accuracy in momentum space induces terms which violate longitudinal momentum conservation, thereby leading to factorial divergence of the perturbative expansion: the result is well-defined provided only the truncation to finite logarithmic accuracy is performed in Mellin space (i.e., next^k-to-leading ln N, rather than next^k-to-leading ln(1−z)), and the Mellin transform is inverted exactly to power accuracy, i.e. retaining terms to all logarithmic orders in 1 − z and only neglecting terms which are down by powers of 1 − z [6]. As a consequence, perturbative QCD resummation, even if derived using a momentum-space argument, must be performed in Mellin space (to finite logarithmic accuracy) if it is to respect momentum conservation, and to lead to finite physical (hadronic) cross-sections.

At the running-coupling level, however, a new difficulty arises: namely, it turns out that the next^k-to-leading ln N series of contributions to the partonic cross-section at any finite logarithmic accuracy, viewed as a series in the strong coupling α_s, corresponds, upon inverse Mellin transformation, to a divergent series of contributions to the partonic cross-section. This divergence can be traced to the Landau pole in the strong coupling: as long known [11], resummed results correspond to effectively replacing the hard scale M^2 at which the strong coupling is evaluated with a scale M^2(1 − z)^a related to the softgluon radiation process (with a a process-dependent exponent, e.g. a = 2 for Drell-Yan). Because the hadronic observable is found by convoluting the partonic cross-section with a luminosity , the integration over parton momenta always intercepts the region z → 1 where the strong coupling blows up, and this manifests itself as a divergence of the expansion in powers of α_s(M^2). This divergence, which is of non-perturbative origin, can be removed by addition of subleading terms: within the commonly used “minimal prescription” of Ref. [10] this is done by choosing a particular integration path to perform the Mellin inversion integral, which corresponds to adding a term which is more suppressed than any power of 1/M^2, while with the more recent “Borel prescription” [12, 13] this is done by adding a higher twist term to make the divergent series Borel summable.

An alternative approach to resummation can be based on the soft-collinear effective field theory (SCET) [14–17], which provides [18] an alternative derivation of QCD factorization: threshold resummation based on SCET was performed in Refs. [19–23]. This approach provides a powerful alternative way of determining resummed results for hadronic observables, which can then be used for phenomenology through the standard Mellin-space formalism of Ref. [10]. However, it was pointed out in Ref. [23] that, thanks to the fact that the effective theory deals with the hadronic degrees of freedom, in a SCET approach resummed expressions can be directly derived in terms of the hadronic kinematic variable, i.e., in practice, SCET allows one to perform the resummation of ln(1 − τ), where τ is a measurable dimensionless kinematic ratio. The advantage is that the divergences related to the need to integrate over the parton kinematics are no longer present: hence, in particular, the difficulties related to the Landau pole of the strong coupling disappear. The approach of Ref. [23] has been subsequently developed for phenomenology, and applied to various physical processes, such as deep-inelastic scattering [24], Drell-Yan [25] and Higgs [26] production.

Henceforth, for brevity, we will refer to the approach of Ref. [23] as SCET approach, and that of Refs. [3–6] as QCD approach. It should be observed, however, that whereas the QCD implementation of resummation is unique to any finite perturbative order, the aforementioned [19–23] alternative implementations of threshold resummation in SCET, to the best of our understanding, lead to results which differ (possibly by subleading terms) even when truncated to finite perturbative order. Here we will concentrate on the SCET approach of Ref. [23], which has been widely used in particular for phenomenological applications.

However, results obtained in the approach of Ref. [23] are not easily compared to those obtained using the standard approach of Refs. [3–6], because the direct connection to factorization and resummation at the level of partonic cross-sections is lost. Indeed, as mentioned, the presence of the Landau pole implies that the expansion in powers of α_s(M^2) of the resummed partonic cross-section diverges. Hence, if the resummed SCET result of Ref. [23] is free of divergences, its expansion to fixed order must necessarily differ from that of the standard Mellin-space resummation.

This difference has never been determined so far: its computation is the goal of this paper. Clearly, its knowledge is crucial in order to determine the theoretical and phenomenological viability of the SCET resummation of Ref. [23]. Some phenomenological comparisons of resummed predictions for relevant physical processes obtained using SCET to standard perturbative results have been performed in Refs. [24–26]. Differences are found to be reasonably small: however, this does not shed light on their analytic form. But knowledge of this analytic form is necessary if we wish to know, first, whether up to the stated accuracy the SCET and QCD approaches are equivalent, and second, even if they are, what is the kind of subleading suppression of the terms introduced in the SCET approach to tame the perturbative divergence, i.e. what is the accuracy of the SCET approach (be it power or logarithmic).

The answer to these questions is presented here in several steps. In Section 2, after summarizing the known form of resummed results both in the perturbative QCD and SCET approach, we recall that the definition of next^k-to-leading log accuracy in the SCET approach of Ref. [23] and in the standard perturbative QCD approach are different, and only agree at the leading log level. Beyond the leading log, SCET results are always less accurate by one power of log than the perturbative ones: so N^kLL in the perturbative case always include terms which only appear in the N^{k+1}LL SCET result, and so forth. In order to proceed to a comparison, it is necessary to discuss the dependence of the SCET resummation on the soft scale: in Section 3 we summarize how SCET results in Mellin space, or in momentum space, at either the partonic or hadronic level can be obtained by different choices of soft scale. A comparison is then made possible through the derivation of a general relation between the SCET result and the standard result, by expressing the latter in terms of the convolution of the former with a function C_r which depends on the soft scale. We establish this result at next-to-next-to-leading logarithmic order (but we conjecture it to hold to all orders): it provides a master formula which enables a full comparison of the QCD and SCET results, both from an analytic and a numerical point of view.

As a preliminary step, this master formula can be used to prove the fact that if SCET resummation is performed in Mellin space it is completely equivalent to the standard approach, and in particular it has the same logarithmic accuracy at each order. This result was established already in Refs. [24, 25], but with the aforementioned lower log accuracy of the SCET results. This is done in Section 4, where we also digress to show that if SCET resummation is performed in momentum space by choosing a partonic scaling variable z, it coincides with the perturbative result up to power suppressed corrections, but, like the perturbative result, it diverges at the partonic endpoint z = 1. We can then (in Section 5) tackle the computation of the function C_r which relates the SCET and perturbative resummation when the soft scale is chosen as a measurable hadronic scale. In this case, the SCET result is free of Landau pole, and thus the divergence is entirely contained in the C_r function. This function depends on the PDF luminosity in a non-universal way, and thus whether or not it is subleading depends on the form of the PDF. In particular, if one assumes that the luminosity does not contain logarithmically enhanced terms, then we can show that this function is always logarithmically subleading, provided only the less accurate SCET definition of logarithmic accuracy is used. However, any logarithmically enhanced contribution to the parton luminosity L(x) proportional to ln^k(1 − x), with k ≥ 1, will lead to contributions to C_r which are of the same order as those induced by perturbative resummation.

Therefore, we conclude that it is only for a particular class of luminosities that SCET with a hadronic choice of soft scale reproduces the perturbative result, and can thus be considered to be equivalent to the standard approach and to provide an alternative prescription to remove the divergence of the perturbative expansion. Even when this is the case, the momentum-space SCET resummation prescription of Ref. [23] requires lowering by one order (one power of log) the accuracy of the resummed result at each logarithmic order. Furthermore, in the SCET prescription, terms which are introduced in order to remove the perturbative divergence are only logarithmically subleading, rather than being power suppressed (as in the Borel prescription) or exponentially suppressed (as in the minimal prescription), along with power suppressed terms. Finally, subleading terms which are induced by SCET resummation are suppressed by powers or logs of the hadronic scale: this feature of SCET resummation may also be a limitation, because the partonic and hadronic scales, though related, do not coincide, and in fact it may well be that the former is close to threshold while the latter is not [27].

2 Threshold resummation at fixed logarithmic accuracy

For definiteness, we will concentrate on the production of Drell-Yan pairs at hadron colliders. This choice does not entail loss of generality, and the extension to other processes is straightforward. We will consider in particular the invariant mass distribution^{dσDY}_{dM 2} , with M the invariant mass of the pair. We define the hadronic scaling variable τ = M^2 s (2.1)

where s is the hadronic center-of-mass energy squared, so the threshold limit is τ → 1. Perturbative QCD factorization takes the form

σ(τ, M^2) =

∫_1 τ dz z C(z, M^2)L ( τ z ) , (2.2)

where L is the parton luminosity, and σ(τ, M^2) is a dimensionless cross-section

σ(τ, M^2) = 1 τσ_0 dσ_{DY} dM^2 (2.3)

defined by requiring that at the Born level (i.e. at order α^0_s) C(z, M^2) = δ(1−z). Note that Eq. (2.2) is a schematic expression: in general, a sum over different parton subprocesses must be included. In the sequel, without significant loss of generality, we shall always choose the renormalization and factorization scales equal to each other and to the physical hard scale μ^2_F = μ^2_R = M^2.

2.1 Perturbative QCD: resummation in N space

As discussed in Section 1, standard QCD resummation is more conveniently performed by taking a Mellin transform

σ(N, M^2) =

∫_1 0 dτ τ^{N−1}σ(τ, M^2) = C(N, M^2)L(N) (2.4) which factorizes both the convolution Eq. (2.2) and the gluon radiation phase space. In Eq. (2.4) by slight abuse of notation we denote with C(N, M^2) and L(N) the Mellin transforms of C(z, M^2) and L(z) respectively.

The N-space resummed coefficient function has the form

C_{QCD}(N, M^2) = ḡ_0(α_S) exp S̄ ( M^2,

M^2 N^2 ) (2.5)

where S̄ ( M^2,

M^2 N^2 ) = ∫_1 0 dz z^{N−1} [ 1 1 − z ∫_M 2_{(1−z)}2

M^2 dμ^2 μ^2 2A ( α_S(μ^2) ) + D ( α_S([1 − z]^2M^2) ) ] + . (2.6) The functions ḡ_0(α_S), A(α_S) and D(α_S) are given as power series in α_S, with ḡ_0(0) = 1 and A(0) = D(0) = 0; A(α_S) is order by order the coefficient of the soft singularity in the Altarelli-Parisi splitting function for the relevant partonic subprocess, while the functions D(α_S) and ḡ_0(α_S) are process-dependent. Specifically, in the case of Drell-Yan production initiated by quark-antiquark collisions, the relevant Altarelli-Parisi splitting function is P_{qq}(α_s, x) = A(α_S) (1 − x)_+

[1 + O(1 − x)] . (2.7)

As a result, the resummed coefficient function takes the form (using the notation of Ref. [10])

C_{QCD}(N, M^2) = g_0(α_S) exp S (ᾱL, ᾱ) , (2.8) S(ᾱL, ᾱ) = 1 ᾱ g_1(ᾱL) + g_2(ᾱL) + ᾱg_3(ᾱL) + ᾱ^2g_4(ᾱL) + . . . , (2.9)

ᾱ ≡ 2α_S(M^2)β_0, L ≡ ln 1 N , (2.10)

where β_0 is the first coefficient of the QCD β function, defined as

μ^2 dα_S(μ^2) dμ^2 = −β_0α^2_S (μ^2) + O(α^2_S ); β_0 =

11C_A − 2n_f 12π (2.11)

and the functions g_i are of order g_1(ᾱL) = O(α^2_S ) and g_i(ᾱL) = O(α_S) for i > 1, and are straightforwardly obtained performing the integrals in Eq. (2.6), and thus each determined by a finite number of coefficients in the expansion of the functions A and D. Note that the functions g_0 and S do not coincide with ḡ_0 and S̄ of Eq. (2.5), because, by definition, S unlike S̄ does not contain terms which are not logarithmically enhanced, while g_0 includes non-logarithmic contributions both from ḡ_0 itself, and from the integral Eq. (2.6).

The standard perturbative QCD resummation predicts correctly all contributions to ln C_{QCD}(N, M^2) up to a given order: in other words, if contributions up to g_n are included in S(ᾱL, ᾱ) Eq. (2.9) then ln C_{QCD}(N, M^2) is determined up to subleading corrections of order O(α^{k+(n−1)}

S L^k). This is standardly called N^{n−1}LL resummation. However, once the exponential is expanded out in order to obtain the coefficient function C_{QCD}(N, M^2), at each order in α_S, only a restricted number of logarithmically enhanced terms is predicted correctly, and furthermore, inclusion of the prefactor g_0(α_S) Eq. (2.8) (which is not logarithmically enhanced) is mandatory in order to improve the accuracy beyond NLL. In fact its inclusion already at the NLL level increases the number of contributions to the coefficient function which are predicted correctly. In Tab. 1 we summarize the order up to which the expansion of the functions Eq. (2.8,2.9) should be included to achieve a given logarithmic accuracy, and, in the last column, the order of the contributions to the resummed coefficient function C_{QCD}(N, M^2) which, as a consequence, are predicted correctly.

log approx. g_i up to g_0 up to order accuracy: α^n_S L^k

LL i = 1 (α_S)^0 k = 2n NLL i = 2 (α_S)^1 2n − 2 ≤ k ≤ 2n NNLL i = 3 (α_S)^2 2n − 4 ≤ k ≤ 2n

Table 1: Orders of logarithmic approximations and accuracy of the predicted logarithms in perturbative QCD.

2.2 The SCET approach

Resummation in SCET in the approach of Ref. [23], which henceforth we will refer to as SCET resummation for short, is directly given in the physical space of momentum fractions. The relevant expression for Drell-Yan pair production has been computed in Ref. [25], and it is given by

C_{SCET}(z, M^2, μ^2_s) = H(M^2)U(M^2, μ^2_s)S(z, M^2, μ^2_s) (2.12)

where H(M^2), the so-called hard function, has an expansion in powers of α_S computed at the hard scale M^2;

S(z, M^2, μ^2_s) = s̃_{DY} ( ln M^2 μ^2_s + ∂ ∂η , μ_s ) 1 1 − z ( 1 − z √ z )_{2η} e^{−2γη} Γ(2η)

, (2.13)

where η = ∫_μ2_s

M^2 dμ^2 μ^2

Γ_{cusp} ( α_S(μ^2) ) ; Γ_{cusp}(α_S) = A(α_S) (2.14)

and s̃_{DY}(L, μ) has a perturbative expansion in powers of α_S(μ^2). Note that the function Γ_{cusp}(α_S) coincides with the function A(α_S) of Eq. (2.6). Finally,

U(M^2, μ^2_s) = exp { − ∫_μ2_s

M^2 dμ^2 μ^2 [ Γ_{cusp} ( α_S(μ^2) ) ln μ^2 M^2 − γ_W ( α_S(μ^2) ) ]} (2.15)

where γ_W (α_S) has a power expansion in α_S. The resummed expression as given in Ref. [25] actually depends on several energy scales, which here for simplicity are all taken to be equal to the hard scale M^2.

Two important formal aspects characterize the SCET resummed result. The first is that it depends on a “soft scale” μ_s, and in fact the logs which are being resummed in

SCET are ln^{μs}_M . Hence, different choices of soft scale lead to different forms of the SCET resummation, as we shall discuss in greater detail in the next Section.

The second is related to the well-known fact that at the endpoint z = 1 the coefficient function C_{SCET}(z, M^2, μ^2_s) is a distribution, rather than an ordinary function. This distribution is usually expressed in terms of the so-called plus distribution^1_{(1−z) +}. The distributional nature of the SCET result emerges in the following way. The convolution product of C_{SCET}(z, M^2, μ^2_s) with any well-behaved test function of z is well defined as long as η is a fixed, positive number: the factor (1 − z)^{2η} acts as a regulator of the soft singularity at z = 1. The result can then be analytically continued to negative values of η (which is typically the case in DY-like processes) by means of the identity ∫_1 0 dz (1 − z)^{2η−1}f(z) = ∫_1 0 dz (1 − z)^{2η−1}[f(z) − f(1)] + 1 2η f(1). (2.16)

Eq. (2.16) defines a distribution on a space of test functions f(z), regular in the range 0 ≤ z ≤ 1, which is usually written

(1 − z)^{2η−1} = [ (1 − z)^{2η−1} ] + + 1 2η δ(1 − z). (2.17)

It is important to note that η is of order α_S: therefore, the term proportional to δ(1 − z) in Eq. (2.17) combines with the factor 1/Γ(2η) = 2η + O(η^2) in Eq. (2.12) to form an order-α^0_S contribution (with the correct kinematic structure).

As in the perturbative case, a given logarithmic accuracy is obtained by including a finite number of terms in the perturbative expansion of the functions which determine the resummed result, namely Γ_{cusp}, γ_W , H and s̃_{DY}. The accuracy which, according to Ref. [25], is obtained by including in the SCET expression Eq. (2.12-2.15) coefficients up to a given order, as well as the corresponding nomenclature, are summarized in Tab. 2. As in the case of Tab. 1, the last column gives the order of the contributions to C_{SCET} which are predicted exactly. As mentioned in Section 1 and as is apparent comparing Tab. 1 to Tab. 2, beyond LL the SCET results are always less accurate than the QCD results of the same name: the QCD NLL includes terms of order α^n_s ln^{k μs}_M with k ≥ 2n − 2, but the SCET NLL only includes terms with k ≥ 2n − 1. This was already observed in Ref. [28].

RG-impr. PT log. approx. Γ_{cusp} γ_W H, s̃_{DY} accuracy: α^n_s ln^{k μs}_M — LL 1-loop tree-level tree-level k = 2n LO NLL 2-loop 1-loop tree-level 2n − 1 ≤ k ≤ 2n NLO NNLL 3-loop 2-loop 1-loop 2n − 3 ≤ k ≤ 2n NNLO NNNLL 4-loop 3-loop 2-loop 2n − 5 ≤ k ≤ 2n

Table 2: Different approximation schemes for the evaluation of the resummed crosssection formulae in the SCET approach.

When comparing the two different definitions of logarithmic accuracy, Tab. 1 and Tab. 2, one should distinguish a purely terminological issue and an issue of substance. The terminological issue is how each given accuracy is called: this is clearly immaterial.

The issue of substance is whether at (say) NLL the SCET expression Eq. (2.12-2.15) may be upgraded to the higher accuracy of the NLL QCD expression Eq. (2.5-2.6) (without having to resort to the yet more accurate NNLL SCET expression), and likewise at all subsequent logarithmic orders. We will show that the answer to this question depends on the choice of soft scale μ_s.^1

3 Choice of the soft scale and SCET-QCD comparison

In the standard perturbative QCD approach to soft resummation, the energy scale which characterizes soft gluon emission is of the order of M(1 − z): when the observed final state carries away a fraction z of the available partonic energy, the energy available for unobserved radiation is M(1−z), which is much smaller than M if z is close to 1. The fact that the scale involved is partonic has phenomenological implications: because the partonic center-of-mass energy is always smaller than the hadronic one, threshold resummation may be relevant even for processes which are relatively far from hadronic threshold, provided the parton luminosity is peaked for small values of the momentum fraction [27]. This indeeds is known to happen for Higgs production in gluon fusion at the LHC. [30, 31] In SCET resummation, however, one resums logs of the large ratio M/μ_s of the hard scale M to the soft scale μ_s, and various choices for the soft scale μ_s are possible: in particular, the choice which has been advocated in Refs. [23–26], and which removes the problem of the Landau pole, consists of choosing for μ_s a scale which characterizes the (hadronic) physical process.

If μ_s is chosen as a function of the partonic scaling variable z, then the resummed SCET partonic cross-section C_{SCET}(z, M^2, μ^2_s) Eq. (2.12) can be directly compared to the momentum-space perturbative QCD expression, which may be obtained by determining the inverse Mellin transform C_{QCD}(z, M^2) of the resummed N-space expression Eq. (2.5). We will study this case in detail in the next Section. However, if μ_s is chosen as a function of the hadronic scaling variable τ, the SCET and perturbative QCD resummed results must be compared at the level of physical cross-sections σ_{QCD}(τ, M^2) and σ_{SCET}(τ, M^2), which are respectively obtained substituting C_{QCD}(z, M^2) or C_{SCET}(z, M^2, μ^2_s) in the factorized expression Eq. (2.2), with some particular choice of soft scale μ_s.

It is important to understand that these different choices of soft scale lead to resummed predictions with different analytic structure. To see this, note that if the soft scale only depends on the parton momentum fraction z, then Eq. (2.2) is a convolution, in the sense that upon Mellin transformation it factorizes according to Eq. (2.4). This factorization is of course a necessary and sufficient condition for parton radiation to respect longitudinal momentum conservation. But if in Eq. (2.2) the coefficient function depends on τ through the soft scale, then the convolution structure is destroyed. This means that with this particular choice of soft scale, upon Mellin transformation the cross-section no longer factorizes, thereby violating longitudinal momentum conservation. This also violates the QCD factorization theorem, because the short-distance partonic cross section depends on long-distance physics through the hadronic variable τ. The possibility of making this

1In other contexts, such as for example the resummation of jet veto logs [29], SCET results which correspond either of two different accuracies, respectively akin to Tab. 2 or Tab. 1, may be achieved by suitable choices of terms to be included in the resummed expression.

choice of soft scale, and indeed the very possibility of making alternative choices of soft scale, some of which preserve factorization and some of which do not, appears puzzling in a standard perturbative QCD approach. We will not attempt to address the issue of principle of understanding this apparent structural discrepancy between SCET and QCD results. Rather, we will take the SCET and QCD expressions at face value: our aim will be to determine how they are related to each other.

We will now derive a master formula which relates the SCET resummed expression for generic choice of the soft scale to the standard perturbative QCD expression. For definiteness, we specialize to the next-to-next-to-leading log case, but all relevant structures are already present at this order so generalization to higher logarithmic orders is straightforward. First, we give the explicit expression of the QCD result Eq. (2.5) to this order. Then, we give the SCET expression Eq. (2.12-2.15) to the same order, and we perform its (exact) Mellin transform in order to allow for a comparison with the QCD expression, which is given in N space. Finally, by comparing the two expressions we derive a master formula which relates them, as a function of the soft scale μ_s, through a suitable factor (in Mellin space) or a convolutive function (in momentum space).

3.1 Perturbative QCD resummation to NNLL The NNLL resummed expression in perturbative QCD is given by Eq. (2.5) with [9, 32] (see also Ref. [27])

A(α_S) =

A_1 4 α_S +

A_2 16 α^2_S +

A_3 64 α^3_S + O(α^4_S ), (3.1)

A_1 = 4C_F π ; (3.2)

D(α_S) = D_1α_S + D_2α^2_S + O(α^3_S ), (3.3)

D_1 = 0, D_2 = C_F 16π^2 [ C_A ( − 1616 27 + 88 9 π^2 + 56ζ_3 ) + ( 224 27 − 16 9 π^2 ) n_f ] . (3.4)

We can perform the z integral in Eq. (2.5) using Eq. (A.4):

S̄_{QCD} ( M^2,

M^2 N̄ 2 ) = ∫_M 2_/¯_N 2

M^2 dμ^2 μ^2 [ A ( α_S(μ^2) ) ( ln 1 N̄ 2 − ln μ^2 M^2 ) + 1 2 D ( α_S(μ^2) ) ]

+ π^2 12 d^2 dL^2 ∫_M 2_{/N} 2

M^2 dμ^2 μ^2 [ A ( α_S(μ^2) ) ( ln 1 N^2

− ln μ^2 M^2 ) + 1 2 D ( α_S(μ^2) )]

= ∫_M 2_/¯_N 2

M^2 dμ^2 μ^2 [ A ( α_S(μ^2) ) ( ln 1 N̄ 2 − ln μ^2 M^2 ) + 1 2 D ( α_S(μ^2) ) ]

+ C_F π 3 α_S ( M^2 N̄ 2 ) , (3.5)

where (as per Eq. (A.5)) N̄ = Ne^γ . We have neglected subleading (N^3LL) terms (including the replacement N → N̄ in the argument of α_S in the last term) and we have brought all integrals to a common form using ∫_{1−1/N} 0 dz 1 − z 2 ∫_M 2_{(1−z)}2

M^2 dμ^2 μ^2 A ( α_S(μ^2) ) = − ∫_M 2_{/N} 2

M^2 dν^2 ν^2

∫_ν2

M^2 dμ^2 μ^2 A ( α_S(μ^2) )

= − ∫_M 2_{/N} 2

M^2 dμ^2 μ^2 A ( α_S(μ^2) ) ( ln 1 N^2

− ln μ^2 M^2 )

(3.6) ∫_{1−1/N} 0 dz 1 − z D ( α_S(M^2(1 − z)^2 ) = − 1 2 ∫_M 2_{/N} 2

M^2 dμ^2 μ^2 D ( α_S(μ^2) ) . (3.7)

In order to ease the subsequent comparison to the SCET result, we separate off the non-logarithmic constant from the last term in Eq. (3.5):

S̄_{QCD} ( M^2,

M^2 N̄ 2 ) = ∫_M 2_/¯_N 2

M^2 dμ^2 μ^2 [ A ( α_S(μ^2) ) ( ln 1 N̄ 2 − ln μ^2 M^2 ) + D̂_2α^2_S (μ^2) ]

+ C_F π 3 α_S(M^2) (3.8)

where D̂_2 = D^2 2 − C_F π 3 β_0 = C_F 16π^2 [ C_A ( − 808 27 + 28ζ_3 ) + 112 27 n_f ] . (3.9)

We can thus write

C_{QCD}(N, M^2) = ĝ_0(α_S(M^2)) exp Ŝ_{QCD} ( M^2,

M^2 N̄ 2 ) , (3.10)

where

ĝ_0(α_S) = 1 + ĝ_{01}α_S + O(α^2_S ); (3.11)

Ŝ_{QCD} ( M^2,

M^2 N̄ 2 ) = ∫_M 2_/¯_N 2

M^2 dμ^2 μ^2 [ A ( α_S(μ^2) ) ( ln 1 N̄ 2 − ln μ^2 M^2 ) + D̂_2α^2_S (μ^2) ] . (3.12)

Note that ĝ_0 and Ŝ cannot be identified with g_0 and S in Eq. (2.5), because the integral in Eq. (3.12) does contain some terms which are not logarithmically enhanced:

A_1 4 ∫_M 2_/¯_N 2

M^2 dμ^2 μ^2 α_S(μ^2) ( ln 1 N̄ 2 − ln μ^2 M^2 ) = 2C_F π γ^2α_S(M^2)+logarithms+O(α^2_S ), (3.13)

so that ĝ_{01} = g_{01} − 2C_F π γ^2. (3.14)

However, the form Eq. (3.12) of the exponent in the QCD result is especially suited for comparison to the SCET result, as we now show.

3.2 SCET resummation to NNLL We turn to the SCET expression, which is given by Eq. (2.12) with, to NNLL

γ_W (α_S) = γ^{(2)}_W α^2_S 16π^2

+ O(α^3_S ), (3.15)

γ^{(2)}_W = C_F C_A ( − 808 27 + 11π^2 9 + 28ζ_3 ) + C_F T_F n_f ( 224 27 − 4π^2 9 ) . (3.16)

In order to compare it to the perturbative QCD result, we perform a Mellin transform with respect to z. This is easy to do, because the z dependence is all contained in the soft function S(z, M^2, μ^2_s), whose Mellin transform is M [ S(z, M^2, μ^2_s) ] = s̃_{DY} ( ln M^2 μ^2_s + ∂ ∂η , μ_s ) Γ(N − η)Γ(2η) Γ(N + η) e^{−2γη} Γ(2η) = [ 1 + C_F 2π α_S(μ^2_s) ( ln^2

M^2 μ^2_sN̄^2 + π^2 6 )] N̄^{−2η} + O ( 1 N ) . (3.17)

It follows that the Mellin transform of the coefficient function Eq. (2.12) is

C_{SCET}(N, M^2, μ^2_s) = H(M^2) [ 1 + C_F π 12 α_S(μ^2_s) + C_F 2π α_S(μ^2_s) ln^2

M^2 μ^2_sN̄^2 ]

× exp

∫_μ2_s

M^2 dμ^2 μ^2 [ Γ_{cusp} ( α_S(μ^2) ) ( ln 1 N̄ 2 − ln μ^2 M^2 ) + γ^{(2)}_W 16π^2 α^2_S(μ^2) ] + O ( 1 N ) . (3.18)

It is very important to observe that the Mellin transform has been computed at fixed μ_s. This means that firstly, Eq. (3.18) is not the Mellin transform of the SCET expression when μ_s depends on z (which we will discuss in the next Section): in that case the Mellin transform would also act on the z dependence through μ_s. And second, that if μ_s depends on τ the cross-section σ_{SCET}(τ, M^2) computed using Eq. (2.2) does not factorize into the product of C_{SCET}(N, M^2, μ^2_s) Eq. (3.18) times a parton luminosity L(N) upon Mellin transformation: the Mellin integral over τ would also act on the τ dependence through μ_s which, as already noted, does not have the form of a convolution integral.

Equation (3.18) can be brought in a form which is suitable for comparison to the QCD expression by separating off the constant as in Eq. (3.8), thus leading to

C_{SCET}(N, M^2, μ^2_s) = Ĥ(M^2)E(N, M^2, μ^2_s) exp Ŝ_{SCET}(M^2, μ^2_s), (3.19)

with

Ĥ(M^2) = H(M^2) exp [ C_F π 12 α_S(M^2) ] = 1 + α_S(M^2) ( H_1 + C_F π 12 ) + O(α^2_S ); (3.20)

Ŝ_{SCET}(M^2, μ^2_s) =

∫_μ2_s

M^2 dμ^2 μ^2 [ Γ_{cusp} ( α_S(μ^2) ) ( ln 1 N̄ 2 − ln μ^2 M^2 ) + γ̂^{(2)}_W α^2_S (μ^2) ] , (3.21)

γ̂^{(2)}_W = γ^{(2)}_W 16π^2 − C_F π 12 β_0 = C_F 16π^2 [ C_A ( − 808 27 + 28ζ_3 ) + 112 27 n_f ] ; (3.22)

E(N, M^2, μ^2_s) = 1 + C_F 2π α_S(μ^2_s) ( ln 1 N̄ 2 − ln μ^2_s M^2

)_2

. (3.23)

3.3 The master formula The QCD expression Eqs. (3.10-3.12) and the SCET expression Eqs. (3.19-3.23) are easily related, by noting that, because Γ_{cusp}(α_S) = A(α_S) and D̂_2 = γ̂^{(2)}_W , the integrands in Eqs. (3.12) and (3.21) coincide, so Ŝ_{SCET}(M^2, Q^2) = Ŝ_{QCD}(M^2, Q^2) ≡ Ŝ(M^2, Q^2). (3.24)

It follows that, splitting the integral as

∫_M 2_/¯_N 2

M^2 dμ^2 μ^2 =

∫_μ2_s

M^2 dμ^2 μ^2 +

∫_M 2_/¯_N 2

μ^2_s dμ^2 μ^2 , we get

C_{QCD}(N, M^2) = C_r(N, M^2, μ^2_s)C_{SCET}(N, M^2, μ^2_s) (3.25)

where

C_r(N, M^2, μ^2_s) = ĝ_0(α_S(M^2)) Ĥ(M 2) exp Ŝ ( μ^2_s,^{M 2}_{N̄ 2} ) E(N, M^2, μ^2_s)

. (3.26)

The non-logarithmic terms in fact cancel to the accuracy of our computation. Indeed, by substituting the value [32]

g_{01} = C_F π ( 4ζ_2 − 4 + 2γ^2 ) (3.27)

in Eq. (3.14), and the value [25]

H_1 = C_F π ( 7 2 ζ_2 − 4 ) (3.28)

in Eq. (3.20) we get ĝ_0(α_S(M^2)) Ĥ(M 2) = 1 + O(α

2_S ), (3.29)

so deviations from unity are of the same order as the first contribution which, at NNLL accuracy, is not included in H(M^2) (according to Tab. 2). The expression of C_r can be further simplified by including the function E(N, M^2, μ^2_s) Eq. (3.23) in the function Ŝ: indeed

E(N, M^2, μ^2_s) = exp [ A_1 8 α_S(μ^2_s) ( ln 1 N̄ 2 − ln μ^2_s M^2

)_2] + O(α^2_S )

= exp

∫_M 2_/¯_N 2

μ^2_s dμ^2 μ^2 [ A_1 4 α_S(μ^2) ( ln 1 N̄ 2 − ln μ^2 M^2 ) − A_1 8 β(α_S(μ^2)) ( ln 1 N̄ 2 − ln μ^2 M^2

)_2 ] . (3.30)

Using Eq. (3.30) in the definition of C_r(N, M^2, μ^2_s) we obtain our final expression

C_r(N, M^2, μ^2_s) = exp Ŝ_r ( μ^2_s,

M^2 N̄ 2 ) , (3.31)

with Ŝ_r ( μ^2_s,

M^2 N̄ 2 ) = ∫_M 2_/¯_N 2

μ^2_s dμ^2 μ^2 [ ( A(α_S(μ^2)) −

A_1α_S(μ^2) 4 ) ( ln 1 N̄ 2 − ln μ^2 M^2 )

+ A_1 8 β(α_S(μ^2)) ( ln 1 N̄ 2 − ln μ^2 M^2

)_2

+ D̂_2α^2_S (μ^2) ] . (3.32)

Equation (3.25) together with the explicit expression Eqs. (3.31-3.32) of the function C_r provides the master formula which relates SCET and perturbative QCD resummation. It is the main result of this paper. We note that no term of order α_S appears in the integrand of Eq. (3.32): indeed, the inclusion of the term E(N, M^2, μ^2_s) has the effect of removing the term proportional to A_1α_s (see Eq. (3.1)). The remaining contributions to the integrand in Eq. (3.32) start at O(α^2_S ).

It is important to observe that while C_{QCD}(N, M^2) does not admit a Mellin inverse, because it has a cut in the complex N plane starting at the value N_L at which the strong coupling blows up, C_{SCET}(N, M^2, μ^2_s) does admit a Mellin inverse as long as μ_s is kept fixed, because the argument of the strong coupling in the SCET expression does not depend on N. This means that if Eq. (3.25) is expanded in powers of α_s(M^2), and then the expansion is Mellin-inverted term by term, the expansion of the left-hand side is divergent, while on the right-side the Mellin inverse of the expansion of C_{SCET}(N, M^2, μ^2_s) converges to C_{SCET}(z, M^2, μ^2_s) Eq. (2.12). Therefore, the divergence has been isolated in the Mellin inverse of the expansion of the function C_r(N, M^2, μ^2_s) Eq. (3.26).

If the perturbative expansion of both sides of Eq. (3.25) in powers of α_s(M^2) is truncated to any finite order, then the Mellin inverse of both sides exists, and one gets the momentum-space relation

C_{QCD}(z, M^2) =

∫_1 z dy y C_r (y z , M^2, μ^2_s ) C_{SCET} ( y, M^2, μ^2_s ) , (3.33)

where C_{SCET}(z, M^2, μ^2_s) is given by Eq. (2.12) (expanded out to the given order), while both C_{QCD}(z, M^2) and C_r ( z, M^2, μ^2_s ) should be understood as the truncation to the given order of the Mellin inverse of the expansion of the corresponding N–space quantities. Equation (3.33) is then the momentum-space version of the master formula.

The master formula Eqs. (3.25,3.33) has been established at next-to-next-to-leading logarithmic order, defined according to Tab. 2. Note, however, that the accuracy is upgraded to the higher one of Tab. 1 if non-logarithmic terms cancel to O(α^3_S ), i.e. if the function Ĥ(M^2) in the SCET coefficient function Eq. (3.19) is replaced by a function H̄(M 2) such that ĝ_0(α_S(M^2)) H̄(M 2) = 1 + O(α^{3S} ). (3.34)

Of course, this can always be achieved by letting H̄(M^2) = Ĥ(M^2) + H̄_2α^2_S (M^2) and suitably choosing the value of H̄_2, while including the O(α^2_S ) to g_0(α_S(M^2)), as per Tab. 1. (Whether H̄(M^2) coincides with the O(α^2_S ) expression of Ĥ(M^2) as obtained using SCET is an issue that we will not address here). We conclude that the master formula holds up to NNLL accuracy, defined as in Tab. 1. It is easy to convince oneself that this argument should hold to all logarithmic orders.

4 Perturbative QCD vs. SCET: partonic cross-sections

The master formula Eqs. (3.25-3.33) shows how SCET resummation can be used to reproduce standard results. Indeed, it immediately implies that if we fix the soft scale in terms of the Mellin-space variable, μ_s = M N̄ , (4.1) then C_r(N, M^2, μ^2_s) = 1, i.e.

C_{QCD}(N, M^2) = C_{SCET} ( N, M^2, M^2 N̄ 2 ) , (4.2)

so the standard QCD result is reproduced: with this choice, SCET resummation is performed at the level of Mellin-space partonic cross-sections. Notice that because with this choice the SCET and QCD expressions coincide, they also have the same accuracy. So with this choice the SCET results actually has the accuracy of Tab. 1, rather than the lower accuracy of Tab. 2. The equivalence of Mellin-space SCET resummation to the QCD expressions was already established in Ref. [33]; it was also pointed out in Ref. [25], but with the lower accuracy of Tab. 2.

Alternatively, one may try to use SCET resummation for partonic cross-sections, but using the momentum-space SCET formula Eq. (2.12), with μ_s fixed as a momentum-space partonic scale, namely μ_s = M(1 − z). (4.3) This choice for instance was adopted recently in Ref. [34] to perform threshold resummation for top production. This choice also provides another way of re-deriving the standard perturbative resummation from SCET. Indeed, it can be shown that, away from the endpoint z = 1, all logarithmically enhanced terms^{lnp(1−z)}_{1−z} in the partonic cross-section are reproduced order by order with this choice.

This is very easily seen at the leading-log, fixed-coupling level. Indeed, in this limit one has η = α_SA_1 2 ln(1 − z), (1 − z)^{2η} = exp [ α_SA_1 ln^2(1 − z) ] , (4.4)

so that

C_{SCET}(z, M^2, M^2(1 − z)^2) = exp [ − A_1α_S 4 ∫_M 2_{(1−z)}2

M^2 dμ^2 μ^2 ln μ^2 M^2 ] (1 − z)^{2η} 1 − z 1 Γ(2η)

= exp [ − A_1α_S 2 ln^2(1 − z) ] (1 − z)^{2η} 1 − z 1 Γ(2η)

. (4.5)

But to leading log order one may expand 1/Γ(2η) to first order in α_S, so

C_{SCET}(z, M^2, M^2(1 − z)^2) = α_SA_1 ln(1 − z) 1 − z exp [ A_1α_S 2 ln^2(1 − z) ] + NLL; z ≠ 1. (4.6)

On the other hand, the perturbative result in the same approximation is the inverse Mellin transform of C_{QCD}(N, M^2) = exp [ α_SA_1 2 ln^2 1 N ] + NLL, (4.7)

i.e., using the results of Appendix B,

C_{QCD}(z, M^2) = 1 1 − z exp ( α_SA_1 2 ∂^2 ∂ξ^2 ) (1 − z)^ξ Γ(ξ) | | | ξ=0 + NLL; z ≠ 1. (4.8)

Expanding the exponential and keeping only leading log terms this is seen to coincide with Eq. (4.6).

However, as pointed out in Ref. [10] and discussed in Section 1, C_{QCD}(z, M^2) (defined as the leading-log truncation of the inverse Mellin of Eq. (4.7)) is ill-defined at the endpoint z = 1: it behaves as a distribution which leads to a divergent integral upon convolution with any reasonably behaved luminosity, and, if expanded order by order in α_s, it diverges factorially. The SCET expression, either in the form of Eq. (4.5) or of Eq. (4.6), is also ill-defined as z → 1. Indeed, because now η depends on z (see Eq. (4.4)), it is no longer possible to use Eq. (2.17) to regulate the behaviour of C_{SCET}(z, M^2, μ_s). Note that Eq. (2.17) also had the effect of generating the required O(α^0_S ) contribution to C_{SCET}(z, M^2, M^2(1 − z)^2) proportional to δ(1 − z). Furthermore, as z → 1 the coefficient function Eq. (4.5) oscillates with a factorially-growing amplitude, because of the factor 1 Γ(2η) . The fact that the SCET resummed expression diverges at the partonic endpoint

was already noticed in Ref. [34]. Because of these difficulties, we will not pursue further the choice Eq. (4.3) of soft scale.

5 Perturbative QCD vs. SCET in momentum space: hadronic cross-sections

We now turn finally to the choice of soft scale which is recommended in Refs. [23–26], specifically as a solution to the problem of the Landau pole, namely, a soft scale fixed in terms of the hadronic momentum scale^2

μ_s = M(1 − τ). (5.1)

With this choice of soft scale, the SCET and perturbative QCD results can only be compared at the level of hadronic cross-sections

σ_{QCD}(τ, M^2) =

∫_1 τ dz z C_{QCD}(z, M^2)L ( τ z ) , (5.2)

σ_{SCET}(τ, M^2) =

∫_1 τ dz z C_{SCET}(z, M^2, μ^2_s)L (τ z ) . (5.3)

Indeed, with the choice of soft scale Eq. (5.1) the resummed SCET cross-section Eq. (5.3) is no longer in the form of a convolution product, because the integrand depends on τ explicitly in the lower integration bound and in the argument of L, but also implicitly through μ^2_s. As a consequence, upon Mellin transformation with respect to τ, σ_{SCET}(τ, M^2), unlike the standard QCD result, does not factorize into a parton luminosity and a partonic cross-section.

Therefore, the comparison must be carried out directly at the level of hadronic crosssections Eqs. (5.2-5.3), using the momentum-space form Eq. (3.33) of the master formula (always understood as a truncation to arbitrary but finite order in α_s, as discussed in the end of Section 3.3). This is somewhat problematic, because the power counting of Tabs. 1-2 was defined at the level of coefficient functions and thus necessarily at the level

2In Refs. [23–26] a slightly more general choice of soft scale is considered: namely, the soft scale Eq. (5.1) is generally rescaled by a function of τ which does not vanish at τ = 1, and is chosen in such a way that the finite-order perturbative expansion of s̃DY is reliable. Because this modification does not introduce any extra logarithmic enhancement, it does not affect our discussion, and we will not consider it.

of a partonic cross-section. Of course, it is possible to define a given logarithmic order at the level of SCET coefficient functions, then use this expression to compute the crosssection σ_{SCET}(τ, M^2) using Eq. (5.3). However, because this expression is not factorized, the question whether σ_{SCET}(τ, M^2) and σ_{QCD}(τ, M^2) agree at any given order can only be answered by comparing them directly, and counting logs of the hadronic scale 1 − τ. The result will then inevitably depend on the choice of parton distributions. The only alternative is to simply conclude that the SCET result with this choice cannot be compared to the perturbative one, and cannot be endowed with a perturbative meaning [35].

We will perform this comparison by computing the difference between σ_{SCET}(τ, M^2) and σ_{QCD}(τ, M^2) up to O(α^2_S (M^2)) and using the master formula to relate results. We will then discuss the structure of the result to all orders.

5.1 Fixed-order comparisons We start by computing the function C_r(N, M^2, μ^2_s) Eq. (3.31) explicitly. Up to order α^2_S we find

C_r(N, M^2, μ^2_s) = 1 + α^2_S (M^2) ( − A_1 3 β_0 ln^3 c N + A_2 8 ln^2 c N + 2D̂_2 ln c N ) + O(α^3_S ) (5.4)

where c = Me^{−γ} μ_s . (5.5)

The corresponding momentum-space expression is readily obtained by performing the inverse Mellin transform of Eq. (5.4) with the help of Eq. (A.9):

C_r(z, M^2, μ^2_s) = δ(1 − z)

+ α^2_S (M^2) ( − A_1 3 β_0

∂^3 ∂ξ^3 + A_2 8 ∂^2 ∂ξ^2 + 2D̂_2 ∂ ∂ξ ) c^ξK(z, ξ) | | |_{ξ=0} + O(α^3S ), (5.6)

where the function K(z, ξ) = Δ(ξ) ln^{ξ−1} 1 z (5.7)

plays the role of a generating function.

The difference between the resummed physical cross-sections in the QCD and SCET formalisms is now found substituting the explicit expression of C_r Eq. (5.6) in the master formula Eq. (3.33):

σ_{QCD}(τ, M^2) = σ_{SCET}(τ, M^2) + α^2_S (M^2) ( − A_1 3 β_0

∂^3 ∂ξ^3 + A_2 8 ∂^2 ∂ξ^2 + 2D̂_2 ∂ ∂ξ ) c^ξΣ(τ, ξ) | | ξ=0 (5.8) where Σ(τ, ξ) = ∫_1 τ dz z K(z, ξ)σ_{SCET} ( τ z , M^2 )

= (1 − τ)^ξΔ(ξ) ∞∑ n=0 1 n + ξ 1 n! (1 − τ)^nσ^{(n)}_{SCET}(τ, M^2); (5.9) σ^{(n)}_{SCET}(τ, M^2) = ∂^n ∂τ^n σ_{SCET}(τ, M^2), (5.10)

up to corrections suppressed by powers of 1 − τ, as shown in Appendix B.

Equation (5.8) provides the sought-for explicit comparison of the QCD and SCET results at the level of hadronic cross-sections. Note that the non-convolutive nature of the SCET result implies that the generating function for the correction term is now given by the function Σ(τ, ξ), which depends on the parton luminosity, rather than by the universal function K(z, ξ) Eq. (5.7).

In order to understand the correction term in Eq. (5.8), we note that, with the choice of μ_s Eq. (5.1), we get c^ξΣ(τ, ξ) = e^{−γξ} Δ(ξ) ∞∑ n=0 1 n + ξ 1 n! (1 − τ)^nσ^{(n)}_{SCET}(τ, M^2), (5.11)

so the dependence on (1 − τ)^ξ cancels. It follows that ξ derivatives acting on c^ξΣ(τ, ξ) do not induce any extra logarithmic enhancement, other than that of σ_{SCET}(τ, M^2) itself:

σ_{QCD}(τ, M^2) = σ_{SCET}(τ, M^2) + α^2_S (M^2) ∞∑ n=0 C_n n! (1 − τ)^nσ^{(n)}_{SCET}(τ, M^2), (5.12)

where the constants C_n are τ-independent:

C_n = ( − A_1 3 β_0

∂^3 ∂ξ^3 + A_2 8 ∂^2 ∂ξ^2 + 2D̂_2 ∂ ∂ξ ) e^{−γξ} Δ(ξ) n + ξ | | |_{ξ=0} ; (5.13)

C_0 = − 2 3 ζ_3A_1β_0 − π^2 48 A_2, (5.14)

C_n =

A_1β_0 n ( π^2 6 − 2 n^2 ) − A_2 4n^2 + 2D̂_2 n , n > 0. (5.15)

Therefore, up to order α^2_S , the correction term is just α^2_S (M^2) times a linear combination of derivatives of σ_{SCET} with respect to ln(1 − τ). It follows that the correction term is at most of order

α^2_S × α^k_S ln^{2k}(1 − τ) × ln^p(1 − τ) = α^h_S ln^{2h+p−4}(1 − τ); h ≡ k + 2, (5.16)

where terms of order α^k_S ln^{2k}(1 − τ) are due to the coefficient functions, while terms of order ln^p(1 − τ) are due to the parton luminosity.

In other words, at order α^n_S , terms ln^k(1 − τ) in the SCET and QCD result coincide if 2n − 3 + p ≤ k ≤ 2n. There are now various possibilities. If we simply neglect all logarithmic enhancements from the parton luminosity, i.e. if we set p = 0, then we conclude that the SCET and QCD results differ by terms which are NNLL according to the QCD counting Tab. 1, but N^3LL correction according to the SCET counting Tab. 2. Hence we conclude that, neglecting logarithmic enhancements from the luminosity, the SCET result does reproduce the QCD result to NNLL accuracy, albeit with the less accurate SCET definition of what is meant by NNLL. However, if a logarithmic enhancement from the luminosity is present, this is no longer the case, and the discrepancy can become arbitrarily large (i.e. even at the leading log level) by just increasing the value of p. Note that this in particular means that with this choice of soft scale it is not possible to upgrade the accuracy of the SCET expression, as given in Tab. 2, to that of the QCD expression, as given in Tab. 1, because at each logarithmic order the SCET expression differs from the perturbative QCD results by terms which, though consistent with the accuracy of Tab. 2, spoil the higher logarithmic accuracy of Tab. 1.

One may then ask whether logarithmic enhancements due to the PDF are expected to be present, and whether they should be counted. Because the P_{qq} and P_{gg} splitting functions behave as P ∼^1_{(1−x) +} as x → 1, contributions to all parton distributions f(x) which are enhanced by ln(1 − x) terms will always be induced by perturbative evolution. In a parton distribution evaluated at some reference scale Q_0 these terms will be accompanied by powers of α_s(Q^2_0), which is not small if the reference scale is taken as some low “initial” scale. Hence, in general, one does expect logarithmically enhanced contributions to PDFs, unless one wishes to make some fine-tuned assumption about the PDF itself, which can only hold at one single scale. The second question is whether these terms should be included or not in the power counting Eq. (5.16). This is a question which cannot be answered on the basis of first principles. Two relevant observations here are the following. First, once one substitutes any explicit expression of the parton luminosity in the expression Eq. (5.8) for the difference between the SCET and QCD result, there is no way to separate what comes from the luminosity and what comes from the coefficient function, because the SCET expression is not factorizable. Hence, in order to discard the luminosity logs from the power counting ones has to invoke the explicit SCET expression Eq. (2.12): in other words, one must argue that the SCET expression contains more information than that which is contained in the order-by-order perturbative result. The second observation is that in practice these correction terms may be parametrically large in realistic situations, and they may lead to significant discrepancies between the predictions obtained using σ_{SCET}(τ, M^2) or σ_{QCD}(τ, M^2).

5.2 All orders

The fixed O(α^2_S ) computation of Section 5.1 can be easily generalized to all orders. First of all, we note that the argument is based on the observation that to O(α^2_S ) the correction term Eq. (5.8) can be expressed as a series of derivatives of the function c^ξΣ(τ, ξ) with respect to ξ , but these do not lead to an extra logarithmic enhancement beyond that which is already present in Σ(τ, ξ). The argument of Section 5.1 would thus hold, to NNLL but to all orders in α_s, provided only the correction term in Eq. (5.8) was a series of series of derivatives of the function c^ξΣ(τ, ξ) with respect to ξ to all orders in α_s. This is true if and only if Ŝ_r depends on μ_s only through powers of ln^c_N , with c given by Eq. (5.5).

Now, we observe that the generic term in Ŝ_r, Eq. (3.32), has the form ∫_M 2_/¯_N 2

μ^2_s dμ^2 μ^2 α^n_S (μ^2) ( ln 1 N̄ 2 − ln μ^2 M^2 )_m = ∫_c2_{/N} 2 1 dt t α^n_S (tμ^2_s) ( ln c^2 N^2 − ln t )_m , (5.17)

with n ≥ 2 and m = 0, 1, 2. This is not a function of ln^c_N only, because of the dependence of α_S on μ_s. In order to generalize the argument to all orders we must thus study this dependence. Note that because

α^n_S (tμ^2_s) = α^n_S (M^2) − nβ_0α^{n+1}_S (M^2) ln tμ^2_s M^2

+ O(α^{n+2}_S ) (5.18)

terms in Ŝ_r which are not a function of ln^c_N only first appear at order α^3_S (M^2).

Furthermore,

α^{n+1}_S (M^2) ln μ^2_s M^2

∫_c2_{/N} 2 1 dt t ( ln c^2 N^2 − ln t )_m = 1 m + 1 α^{n+1}_S (M^2) ln μ^2_s M^2 ln^{m+1} c^2 N^2 . (5.19) For n = 2, this term contributes to Eq. (5.8) an order-α^3_S correction. This gives a series of extra contributions to the correction term, on top of those whose order was given in Eq. (5.16), which are at most of order

α^3_S ln(1 − τ) × α^k_S ln^{2k}(1 − τ) × ln^p(1 − τ) = α^h_S ln^{2h−5+p}(1 − τ); h ≡ k + 3 (5.20)

while higher-order terms are even more suppressed.

The power counting which ensues from Eq. (5.20) is the same as that of Section 5.1: neglecting logarithmic enhancements from the luminosity (i.e. if p = 0), the SCET result does reproduce the QCD result to NNLL accuracy, but with the less accurate SCET definition of what is meant by NNLL. If a logarithmic enhancement from the luminosity is included, the QCD and SCET results differ, with the discrepancy appearing at any desired logarithmic order (including leading log) if the enhancement of the luminosity is sufficiently strong.

It is interesting to observe that a different power counting might be appopriate in the phenomenologically relevant case in which the hadronic τ is actually far from threshold, yet threshold resummation effects are non-negligible because the partonic center-of-mass energy is lower than the hadronic one, as discussed in the beginning of Section 3. In this case, it might be appropriate to simply take μ_s as some numerical constant, and compare directly the SCET and QCD expressions of the coefficient function C_{SCET} and C_{QCD} through the master formula Eq. (3.33). But if τ is far from threshold, then μ_s Eq. (5.1) is of the same order as the hard scale M. As a consequence, in this case C_r(N, M^2, μ^2_s) Eq. (3.31) manifestly starts at NLL order, as confirmed by inspection of Eq. (5.4), which gives

C_r(N, M^2, μ^2_s) = 1 + O ( α^2_S (M^2) ln^3 1 N ) . (5.21)

One must therefore conclude that this class of NLL terms are resummed, through the leading-log function g_1 in Eq. (2.9), by the QCD result C_{QCD}(z, M^2) but are not resummed at all in C_{SCET}(z, M^2, μ^2_s). This problem may be alleviated through generalizations of the choice Eq. (5.1) such as those proposed in Ref. [25] (and mentioned above at the beginning of Section 5), whereby one rescales μ_s Eq. (5.1) by a factor (determined for instance using scale-optimization methods), because they lead to smaller values of μ_s. These choices, however, do not affect the counting of logs, and it is therefore impossible to assess their impact in a comparison with standard QCD results, other than by numerical methods.

6 Summary

We have analyzed in detail the relation between the approach to threshold resummation based on perturbative factorization of Refs. [3–6], and the SCET approach of Refs. [23–26], with the main goal of exploring the viability, both theoretical and phenomenological, of the SCET prescription to treat the divergent nature of the perturbative QCD expansion in the soft limit. By deriving a master formula which connects resummed results in these two approaches, we have shown that the way they are related depends on the choice of soft scale in the SCET expression. We have explicitly performed calculations up to nextto-next-to-leading logarithmic accuracy, though it is easy to convince oneself that the structure of our master formula holds to any logarithmic order.

We have shown that if SCET resummation is performed in Mellin space, then it coincides with the standard perturbative result. The SCET and QCD results then have the same accuracy, and are both beset by the problem of the divergence of the perturbative expansion. With this (partonic) choice of soft scale SCET and QCD provide alternative ways of deriving the same resummed result.

If SCET resummation is performed in momentum space, as advocated in Ref. [23], the SCET and QCD results differ by a non-universal term, which depends on the parton luminosity (explicitly given up to O(α^2_s) in Eq. (5.4)): the SCET approach separates off the series of divergent contributions which is then contained in this term, with the SCET resummed result now given by a convergent perturbative expansion. The price to pay for this is fourfold. First, because the difference term is non-universal, it may spoil the logarithmic accuracy of the resummed result depending on the parton luminosity. In particular, if the parton luminosity contains logarithmically enhanced contributions (as it generally will, based on its behaviour upon QCD evolution), the difference term may enter at any logarithmic accuracy (including at the leading-log level), unless one decides that logarithms coming from the luminosity should not be included in the power counting. Note however that, because this correction term is not factorized, there is no way of actually isolating the logs that come from the luminosity, other than to assume that the luminosity does not contain any.

If this problem of non-universality is neglected, the SCET and QCD results are equivalent, however only by redefining the logarithmic accuracy to be always by one power lower, according to the counting of Tab. 2 rather than the more accurate perturbative QCD counting Tab. 1. Hence the second price to pay is that the logarithmic accuracy of the SCET result in this case is always lower by one power of log, to all orders in α_s. Third, while perturbative QCD resummation prescriptions such as the minimal [10] or Borel [12,13] prescription introduce corrections to the perturbative result which are power suppressed or more, the SCET prescription introduces a deviation which is only logarithmically suppressed. And finally, the power counting and suppression in the SCET result must be done at the level of the hadronic scale 1 − τ, while in QCD it is done at the level of the partonic scale 1 − z. In many cases of physical interest [27] it may turn out that the latter is small even when the former isn’t: in these cases the QCD counting will be more accurate.

It will be interesting to investigate the phenomenological implications of this state of affairs. Our result enables such an investigation, by providing a closed-form expression for the difference between the SCET and QCD results.

Acknowledgements SF and GR are grateful to Stefano Catani for long and fruitful conversations. GR thanks Martin Beneke for useful discussions. MB thanks the CERN Theory Unit for hospitality while completing this work, and Frank Tackmann for comments on a preliminary version of this paper. Part of this work was performed during the GGI Workshop “High-energy QCD after the start of the LHC”, Florence (Italy), September 5-21, 2011.

A Mellin transforms

We collect here some useful results on Mellin transforms, while referring to Section 2 of Ref. [6] and the appendices of Refs. [13, 27] for a fuller treatment.

The Mellin transform which are necessary for the computation of resummed terms, such as the exponent of Eq. (2.5), can be performed using

∫_1 0 dz z^{N−1} [ ln^p(1 − z) 1 − z ] + = − p+1∑ k=0 Γ^{(k)}(1) k! d^k dL^k ∫_{1−1/N} 0 dz ln^p(1 − z) 1 − z + O ( 1 N ) (A.1)

where L = ln^1_N Eq. (2.10).

At NNLL ∫_1 0 dz z^{N−1} [ F (ln(1 − z)) 1 − z ] + = − [ 1 − γ d dL + 1 2 ( γ^2 + π^2 6 ) d^2 dL^2 ] ∫_{1−1/N} 0 dz F (ln(1 − z)) 1 − z + N^3LL + O ( 1 N ) , (A.2)

(where γ = −Γ^′(1) is the Euler constant) for any function F (ℓ) which admits a Taylor expansion around ℓ = 0. Now, ( 1 − γ d dL + γ^2 2 d^2 dL^2 ) L^p = L^p − γpL^{p−1} + p(p − 1) 2 γ^2L^{p−2} = (L − γ)^p + O(L^{p−3}). (A.3)

Hence, to NNLL accuracy, Eq. (A.1) can be written in the equivalent form ∫_1 0 dz z^{N−1} [ F (ln(1 − z)) 1 − z ] + = − ∫_{1−1/}¯_N 0 dz F (ln(1 − z)) 1 − z − π^2 12 d^2 dL^2 ∫_{1−1/N} 0 dz F (ln(1 − z)) 1 − z (A.4)

where N̄ = Ne^γ ; ln 1 N̄ = L − γ. (A.5) An essential ingredient in the discussion of Section 5 is the inverse Mellin transform of

ln^n c N (A.6)

where c is a constant. In order to compute it, we start from the identity

ln^n 1 N = d^n dξ^n Δ(ξ)

∫_1 0 dz z^{N−1} ln^{ξ−1} 1 z | | ξ=0 , (A.7)

where Δ(ξ) =^1_{Γ(ξ)} . Eq. (A.7) should be (and usually is) written in the form

ln^n 1 N = d^n dξ^n Δ(ξ)

∫_1 0 dz z^{N−1} [ ln^{ξ−1} 1 z ] + | | |_{ξ=0} + δ^{n0}, (A.8) so that the integral is well defined even when the derivatives and the limit ξ → 0 are taken under the integral sign. This is not necessary for our present purposes. Rewriting Eq. (A.7) with N replaced by N/c we obtain

ln^n c N = d^n dξ^n Δ(ξ)

∫_1 0 dz z^{Nc −1} ln^{ξ−1} 1 z | | | ξ=0 = d^n dξ^n c^ξΔ(ξ)

∫_1 0 dz z^{N−1} ln^{ξ−1} 1 z | | |_{ξ=0} (A.9)

after rescaling the integration variable z → z^c. The inverse Mellin transform of ln^{n c}_N can now be immediately read off Eq. (A.9).

B Convolutions

In this Appendix we compute the integral

Σ(τ, ξ) = Δ(ξ)

∫_1 τ dz z σ (τ z ) ln^{ξ−1} 1 z , (B.1)

where σ(τ) ≡ σ_{SCET}(τ, M^2) for simplicity, up to terms suppressed by powers of 1 − τ. Using ln 1 z = 1 − z + O((1 − z)^2) (B.2)

we find

Σ(τ, ξ) = Δ(ξ)

∫_1 τ dz z (1 − z)^{ξ−1}σ (τ z )

= Δ(ξ) ∞∑ n=0 σ^{(n)}(τ) n! τ^n ∫_1 τ dz (1 − z)^{ξ−1} (1 − z)^n z^{n+1} . (B.3)

Expanding 1/z^{n+1} in powers of 1−z we see that the integral is a sum of terms proportional to (1 − τ)^{ξ+m}; m ≥ n. (B.4) Hence, the derivatives σ^{(n)}(τ) appear in Σ(τ, ξ) multiplied by (1 − τ)^m, with m ≥ n. Now

(1 − τ)σ^{(1)}(τ) = − dσ(τ) d ln(1 − τ)

(1 − τ)^2σ^{(2)}(τ) = − dσ(τ) d ln(1 − τ) + d^2σ(τ) d ln^2(1 − τ) . . . (B.5)

which means that (1−τ)^mσ^{(n)}(τ) with m > n is power-suppressed, and can be we neglected in Eq. (B.3) since we are only interested in logarithmically-enhanced contributions to Σ(τ, ξ). Hence

Σ(τ, ξ) = Δ(ξ)(1 − τ)^ξ ∞∑ n=0 (1 − τ)^nσ^{(n)}(τ) n!(n + ξ) + power-suppressed terms. (B.6)

References

[1] D. de Florian and M. Grazzini, Phys. Lett. B 674 (2009) 291 [arXiv:0901.2427 [hepph]].

[2] M. Cacciari, M. Czakon, M. L. Mangano, A. Mitov and P. Nason, arXiv:1111.5869 [hep-ph].

[3] S. Catani and L. Trentadue, Nucl. Phys. B 327 (1989) 323. [4] G. F. Sterman, Nucl. Phys. B 281 (1987) 310.

[5] H. Contopanagos, E. Laenen and G. F. Sterman, Nucl. Phys. B 484 (1997) 303 [hepph/9604313].

[6] S. Forte and G. Ridolfi, Nucl. Phys. B 650 (2003) 229 [hep-ph/0209154]. [7] E. Laenen, G. Stavenga and C. D. White, JHEP 0903 (2009) 054 [arXiv:0811.2067 [hep-ph]].

[8] E. Laenen, L. Magnea, G. Stavenga and C. D. White, JHEP 1101 (2011) 141 [arXiv:1010.1860 [hep-ph]].

[9] S. Moch and A. Vogt, Phys. Lett. B 631 (2005) 48 [hep-ph/0508265]. [10] S. Catani, M. L. Mangano, P. Nason and L. Trentadue, Nucl. Phys. B 478 (1996) 273.

[11] D. Amati, A. Bassetto, M. Ciafaloni, G. Marchesini and G. Veneziano, Nucl. Phys.

B 173 (1980) 429.

[12] S. Forte, G. Ridolfi, J. Rojo and M. Ubiali, Phys. Lett. B 635 (2006) 313 [arXiv:hepph/0601048].

[13] R. Abbate, S. Forte and G. Ridolfi, Phys. Lett. B 657 (2007) 55 [arXiv:0707.2452 [hep-ph]].

[14] C. W. Bauer, S. Fleming and M. E. Luke, Phys. Rev. D 63 (2000) 014006 [hepph/0005275].

[15] C. W. Bauer, S. Fleming, D. Pirjol and I. W. Stewart, Phys. Rev. D 63 (2001) 114020 [hep-ph/0011336].

[16] C. W. Bauer and I. W. Stewart, Phys. Lett. B 516 (2001) 134 [hep-ph/0107001]. [17] C. W. Bauer, D. Pirjol and I. W. Stewart, Phys. Rev. D 65 (2002) 054022 [hepph/0109045].

[18] C. W. Bauer, S. Fleming, D. Pirjol, I. Z. Rothstein and I. W. Stewart, Phys. Rev. D 66 (2002) 014017 [hep-ph/0202088].

[19] A. V. Manohar, Phys. Rev. D 68 (2003) 114019 [hep-ph/0309176].

[20] B. D. Pecjak, JHEP 0510 (2005) 040 [hep-ph/0506269]. [21] J. Chay and C. Kim, Phys. Rev. D 75 (2007) 016003 [hep-ph/0511066]. [22] A. Idilbi and X. -d. Ji, Phys. Rev. D 72 (2005) 054016 [hep-ph/0501006]. [23] T. Becher and M. Neubert, Phys. Rev. Lett. 97 (2006) 082001 [hep-ph/0605050]. [24] T. Becher, M. Neubert and B. D. Pecjak, JHEP 0701 (2007) 076 [hep-ph/0607228]. [25] T. Becher, M. Neubert and G. Xu, JHEP 0807 (2008) 030 [arXiv:0710.0680 [hep-ph]]. [26] V. Ahrens, T. Becher, M. Neubert and L. L. Yang, Phys. Rev. D 79 (2009) 033013 [arXiv:0808.3008 [hep-ph]].

[27] M. Bonvini, S. Forte and G. Ridolfi, Nucl. Phys. B 847 (2011) 93 [arXiv:1009.5691 [hep-ph]].

[28] V. Ahrens, A. Ferroglia, M. Neubert, B. D. Pecjak and L. -L. Yang, JHEP 1109 (2011) 070 [arXiv:1103.0550 [hep-ph]].

[29] C. F. Berger, C. Marcantonini, I. W. Stewart, F. J. Tackmann and W. J. Waalewijn, JHEP 1104 (2011) 092 [arXiv:1012.4480 [hep-ph]].

[30] S. Catani, D. de Florian and M. Grazzini, JHEP 0201 (2002) 015 [hep-ph/0111164]. [31] S. Catani, D. de Florian, M. Grazzini and P. Nason, JHEP 0307 (2003) 028 [hepph/0306211].

[32] S. Moch, J. A. M. Vermaseren and A. Vogt, Nucl. Phys. B 726 (2005) 317 [hepph/0506288].

[33] A. Idilbi, X. -d. Ji, J. -P. Ma and F. Yuan, Phys. Rev. D 73 (2006) 077501 [hepph/0509294].

[34] M. Beneke, P. Falgari, S. Klein and C. Schwinn, Nucl. Phys. B 855 (2012) 695 [arXiv:1109.1536 [hep-ph]].

[35] S. Catani, private communication.