arXiv:1202.1226v2 [hep-ph] 24 Feb 2012

IISER(Kolkata)/GR-QC
   February 27, 2012

Effects of the Modified Uncertainty Principle on the Inflation Parameters

Barun Majumder^1

Department of Physical Sciences, Indian Institute of Science Education and Research (Kolkata), Mohanpur, Nadia, West Bengal, Pin 741252, India

Abstract

In this Letter we study the effects of the Modified Uncertainty Principle as proposed in [8] on the inflationary dynamics of the early universe in both standard and Randall-Sundrum type II scenarios. We find that the quantum gravitational effect increase the amplitude of density fluctuation, which is oscillatory in nature, with an increase in the tensor-to-scalar ratio.

Keywords: Generalized Uncertainty Principle, Quantum Gravity Phenomenology, Inflation

The idea that the uncertainty principle could be affected by gravity was first given by Mead [1]. Later modified commutation relations between position and momenta commonly known as Generalized Uncertainty Principle ( or GUP ) were given by candidate theories of quantum gravity ( String Theory, Doubly Special Relativity ( or DSR ) Theory and Black Hole Physics ) with the prediction of a minimum measurable length [2, 3, 5]. Similar kind of commutation relation can also be found in the context of Polymer Quantization in terms of Polymer Mass Scale [6]. Recently authors in [7] claimed the existence of minimal space and four-volumes but not minimal length.

The authors in [8] proposed a Modified Uncertainty Principle (from now we denote this as MUP to distinguish it from the Generalised Uncertainty Principle introduced in [3]) which is consistent with DSR theory, String theory and Black Hole Physics and which says

[x_i, x_j ] = [p_i, p_j ] = 0, (1)

[x_i, p_j ] = iℏ [ δ_{ij} − l ( pδ_{ij} + p_ip_j p ) + l^2 ( p^2δ_{ij} + 3p_ip_j ) ] , (2)

ΔxΔp ≥ ℏ 2 [ 1 − 2l < p > +4l^2 < p^2 > ]

≥ ℏ 2 [ 1 + ( l √ ⟨p^2⟩ + 4l^2 ) Δp^2 + 4l^2⟨p⟩^2 − 2l √ ⟨p^2⟩ ] , (3)

where l =^{l0lpl}_ℏ . Here l_{pl} is the Plank length (≈ 10^{−35}m). It is normally assumed that the dimensionless parameter l_0 is of the order unity. If this is the case then the l dependent terms are only important at or near the Plank regime. But here we expect the existence of a new intermediate physical length scale of the order of lℏ = l_0l_{pl}. We also note that this unobserved length scale cannot exceed the electroweak length

1barunbasanta@iiserkol.ac.in

scale [8] which implies l_0 ≤ 10^{17}. These equations are approximately covariant under DSR transformations but not Lorentz covariant [5]. These equations also imply

Δx ≥ (Δx)_{min} ≈ l_0 l_{pl} (4) and Δp ≤ (Δp)_{max} ≈ M_{pl}c l_0 (5) where M_{pl} is the Plank mass and c is the velocity of light in vacuum. It can be shown that equation (2) is satisfied by the following definitions x_i = x_{oi} and p_i = p_{oi}(1−l p_o +2 l^2 p^2_o), where x_{oi}, p_{oj} satisfies [x_{oi}, p_{oj} ] = iℏδ_{ij} . Here we can interpret p_{oi} as the momentum at low energies having the standard representation in position space (p_{oi} = −iℏ^∂_{∂xoi} ) with p^2_o =

∑_3

i=1 p_{oi}p_{oi} and p_i as the momentum at high energies. The effect of this proposed MUP is well studied recently for some well known physical systems in [9, 10].

The authors in [3] derived a generalized uncertainty principle and studied the quantum-mechanical structure of the principle which describes the minimal length as a minimal uncertainty in position measurements. With a plausible type of ultra-violet cut off [4] we can continuously generate co-moving modes during inflation. Later [15, 14, 19] studied different aspects of inflation using the GUP. Recently the authors in [10] examined the effects of the MUP in the scenario of post inflation preheating and showed that there can either be an increase or a decrease in parametric resonance and a corresponding change in particle production. Guided by these ideas in this short Letter we examine the effects of the MUP on the slow-roll inflation parameters in standard and Randall-Sundrum type II scenarios. Here we are going to compute the fluctuation spectrum with our MUP and compare the result with the spectrum calculated earlier in the Heisenberg setup and the GUP.

The slow-roll parameters for inflation are given by [12]

ϵ_V =

M^2_4 16π (V ′ V )_2

, (6)

η_V =

M^2_4 8π V^{′′} V , (7)

where V (ϕ) is the potential responsible for inflation and M_4 is the four-dimensional fundamental scale. For new inflation or slow-roll inflation we require 1 2 ϕ̇^2 ≪ V (ϕ) (8) and 3Hϕ̇ ≃ −V^′(ϕ) . (9) If we consider an inflating background with the metric ds^2 = dt^2 − a (t)^2 dx^2 and the scale factor a (t) ∼ e^{Ht} then the scalar field equation (or the Klein-Gordon equation) in this background is given by ϕ̈ + 3Hϕ̇ − ∇^2ϕ = 0 . (10)

With η = −^1_{aH} as the conformal time and redefining the field as μ = aϕ we get μ^{′′}_k + ( k^2 − a^{′′} a ) μ_k = 0 (11)

in Fourier space. Here k = ap and p is the physical momentum which is red-shifting with the expansion. In terms of the time dependent oscillators we can write

μ_k (η) = 1 √ 2k [ a_k (η) + a^†_{−k} (η) ] (12) π_k (η) = −i √ k 2 [ a_k (η) − a^†_{−k} (η) ] . (13)

The oscillators can be expressed in terms of their values at some fixed time η_0,

a_k (η) = u_k (η) a_k (η_0) + v_k (η) a^†_{−k} (η_0) (14) a^†_{−k} (η) = u^∗_k (η) a^†_{−k} (η_0) + v^∗_k (η) a_k (η_0) . (15)

Plugging this back into the earlier set of equations we get

μ_k (η) = f_k (η) a_k (η_0) + f^∗_k (η) a^†_{−k} (η_0) (16) π_k (η) = −i [ g_k (η) a_k (η_0) − g^∗_k (η) a^†_{−k} (η_0) ] , (17)

where

f_k (η) = 1 √ 2k (u_k (η) + v^∗_k (η)) (18)

g_k (η) = √ k 2 (u_k (η) − v^∗_k (η)) (19)

and f_k (η) is a solution of (11). Following [14] one can choose the vacuum to be

a_k (η_0) |0, η_0⟩ = 0 . (20)

such that v_k(η_0) = 0. It can also be shown that this vacuum is a zeroth-order adiabatic vacuum with a conjugate momenta given by π_k (η_0) = ikμ_k (η_0) . (21) If we now consider the standard treatment of fluctuation in inflation we can calculate the fluctuation spectrum as [14]

P_ϕ = ( H 2π )_2 [ 1 + |α_k|^2 − α_ke^{−2ikη0} − α^∗_ke^{2ikη0} ] 1 1 − |α_k|^2 , (22)

where α_k =^i_{2kη0 +i} . With p = Λ where Λ is the Plank scale considered here we get

η_0 = − Λ Hk . (23)

Assumption of^Λ_H ≫ 1 gives [14]

P_ϕ = ( H 2π )_2 [ 1 − H Λ sin ( 2Λ H )] . (24)

It is interesting to note η_0 depends on k. Here the initial condition is not imposed in the infinite past but at the time when a particular mode is of the order of Plank scale. When H is slowly varying, the spectrum is not scale invariant and there will be a modulation of P_ϕ through the dependence of H on the particular mode.

Now we can study the effect of MUP in the context of inflation. At first let us concentrate on the Hubble parameter. Using equation (2) we can modify the co-moving momentum k to k[1 − βk + 2β^2k^2]. Here we have made a change in notation for equation (2) and have used β = l. This modification is also studied in [4, 15, 19] where the inflation scenario is investigated by the GUP as introduced in [3]. At the horizon crossing epoch we have [11, 12] dH dk = − ϵ_V H k . (25)

With our MUP we can easily find

H_M = [ k √ 1 − βk + 2β^2k^2 ]_{−ϵV} e^{− ϵV√7 tan−1} (_{4βk−1√} 7 ) . (26)

The subscript M is for MUP. Following equation (24) we calculate the fluctuation spectrum as P_{ϕM} = ( H_M 2π )_2 [ 1 − H_M Λ sin ( 2Λ H_M )] . (27)

In Figure[1] we have shown the dependence of k on the fluctuation for fixed values of β and ϵ_V . [1(a)] is for

Figure 1: (a) Small k dependence of the fluctuations with Λ = 100, β = .55 and ϵ_V = .1. (b) Large k dependence of the

fluctuations with Λ = 100, β = .55 and ϵ_V = .1. Red indicates the plot in Heisenberg setup, blue for the GUP [19] and green for our MUP. A suitable scaling is used to enlarge the figure.

the small values of k and [1(b)] for the large values of k. We can see that there is an oscillatory behaviour in the k dependence of the fluctuations. We can also see that the results found in [19] with the GUP [3] shows great deviation from the Heisenberg setup and the fluctuations decay rapidly for large values of k. But in our case the deviation is much small and attains a constant value (independent of k) at large k values. We expect that this behaviour may be observed in the CMB spectrum as a footprint of the strong effects of gravity in the early universe.

Here we have considered the field as a gravitational mode so P_ϕ is actually the density fluctuation. For

the scalar field a factor of (_H ϕ̇ )_2

should be taken into account [12]. So the tensor-to-scalar ratio (R_{ts}) is given by

R_{ts} = ( ϕ̇_M H_M )_2

= ( √ 16πV 3M_4

)_2 √ ϵ_V ( k √_{1−βk+2β2 k2} )_{−2ϵV} e 2ϵV √ 7 tan^{−1} (_{4βk−1} √ 7 ) 2 , (28)

where the subscript M is for the MUP and ϕ̇_M and H_M respect the conditions^1_2 ϕ̇_M^2 ≪ V (ϕ) and 3H_M ϕ̇_M ≃ −V^′(ϕ). Here H_M is given by (26). In Figure[2] we have shown the dependence of the tensor-to-scalar ratio on the inflation parameter ϵ_V for a particular value of k. We can see that the ratio increases if we take into account the quantum effects of gravity. The departures for GUP and MUP with respect to the standard setup is also seen in the plot.

We now move on to study the effect of the MUP on the Randall-Sundrum type II inflationary scenario. Recently substantial amount of progress has been made in the field of brane-world cosmology. The Randall- Sundrum type II scenario [13] has been studied much in detail where a single positive-tension brane is embedded in a five-dimensional space-time (termed as bulk) with a negative cosmological constant. This model has a non-trivial geometry in the bulk and it successfully gives four-dimensional general relativity in the low energy limit. For inflation one generally considers the dynamics of a scalar field on the fivedimensional bulk. The projection of the bulk inflaton on the brane behaves like an ordinary inflation in low energy regime. For a slowly varying potential of a scalar field there arises an effective non-zero cosmological constant on the brane and the brane may undergo inflation solely due to the dynamics in the bulk [16, 17].

For the randall-Sundrum type II model the Friedmann equation can be written as [18]

H^2 = 8π 3M^2_4 ρ [ 1 + ρ 2λ ] , (29)

where λ is the tension of the brane. While writing this equation we have neglected two terms in the right side. One with the cosmological constant and the other term often called as the dark radiation. The term

Figure 2: Plot of tensor-to-scalar ratio with the slow roll parameter ϵ_V . Red indicates the plot in Heisenberg setup, blue for

the GUP [19] and green for our MUP. Here we have taken √ 16πV = 3M_4, β = .55 and k = 1. A suitable scaling is used to enlarge the figure.

comprising of the dark radiation originated as an integration constant from the projection of the bulk Weyl tensor transmitting bulk graviton influence onto the brane and it is assumed that it vanishes during inflation. A scalar field is the only matter here whose dynamics is considered, so the energy density ρ is given by ρ = 1 2 ϕ̇^2 + V (ϕ) , (30)

where V (ϕ) is the inflation potential. In this model we can define two slow-roll parameters [16]

ϵ_V =

M^2_4 16π ( V^′ V )_2[

2λ(2λ + 2V ) (2λ + V )^2 ] (31) and η_V =

M^2_4 8π ( V^{′′} V )[ 2λ 2λ + V ] . (32)

The scalar density perturbation in this model is given by [12] P_{s(withoutMUP )} = 9 25 H^6 V^{′2} . (33)

We now investigate the effect of MUP on the simplest chaotic inflation model driven by a scalar field with potential V =^1_2 m^2ϕ^2. With this form of the potential the slow-roll parameter ϵ_V can be written as

ϵ_V =

2M_4λ πϕ^2 [ 2λ + m^2ϕ^2 (4λ + m^2ϕ^2)^2 ] . (34)

As a consequence of the MUP the scalar density perturbation P_{s(withoutMUP )} gets modified and it can now be written as

P_s = 9 25m^4ϕ^2 ( k √ 1 − βk + 2β^2k^2

)_−^{12M}4^λ_{πϕ2}^[ 2λ+m^2ϕ^2

(4λ+m2ϕ2 )2 ] e^{− 12√7 M4λπϕ2} [_{2λ+m2ϕ2} (4λ+m2 ϕ2)2 ] tan^{−1} (_{4βk−1} √ 7 ) . (35)

In Figure[3] we have shown the k dependence of the scalar density perturbation. We can clearly see a distinct difference between the effect of the GUP and the MUP. In the MUP unlike the GUP we have a term in the commutation relation which is linear in Plank length (equation (2)) as β = l =^{l0lpl}_ℏ . Only due to this term we can see that P_s grabs a constant value (which is higher than the standard setup) and becomes independent of k for large values of k. But as an effect of the GUP [19] we have seen that P_s reduces and the value deviates much more for higher values of k.

So in this Letter we have studied the effects of the Modified Uncertainty Principle as proposed in [8] on the inflationary dynamics of the early universe in both standard and Randall-Sundrum type II scenarios.

Figure 3: k dependence of the scalar density fluctuation in the brane-world scenario. Red indicates the plot in Heisenberg

setup, blue for the GUP [19] and green for our MUP. Here we have taken M_4 = 1, m = .1, ϕ = 4, λ = .1 and β = .55. A suitable scaling is used to enlarge the figure.

In the first place we have noticed that the Hubble parameter gets modified under the incorporation of the strong quantum effect of gravity. Later we studied the k dependence of density fluctuation and found an oscillatory behaviour for small values of k. For large values of k the density fluctuation approximately attains a constant value (nearly independent of k) which is slightly higher compared to the standard Heisenberg setup. But here we see a distinct difference if we compare our result with those found as an effect of the Generalized Uncertainty Principle as proposed in [3]. There we see the amplitude of density fluctuation is reduced by the incorporation of the GUP. But still we can argue that any deviation from the standard result contains a footprint of the quantum effect of gravity and a manifestation of these effects may be traced in the CMB spectrum. We also found that the tensor-to-scalar ratio increases by the incorporation of our Modified Uncertainty Principle. Later we studied the same for the Randall-Sundrum type II scenario and we found that the scalar density perturbation also gets modified. Here also we found that for large values of k the scalar density fluctuation approximately attains a constant value (nearly independent of k) which is slightly higher compared to the standard Heisenberg setup. Finally we may conclude that the strong quantum effects of gravity (which may be incorporated through the Modified Uncertainty Principle) may exactly explain the observed spectrum of the Cosmic Microwave Background Radiation which in turn is an indirect test of the proposal itself.

Acknowledgements

The author is very much thankful to Prof. Narayan Banerjee for helpful discussions and guidance. The author would also like to thank an anonymous referee for helpful comments and enlightening suggestions which immensely helped me improve the manuscript.

References

[1] C. A. Mead, Phys. Rev. D 135 (1964) 849.

[2] D. Amati, M. Ciafaloni, G. Veneziano, Phys. Lett. B 216 (1989) 41;

M. Maggiore, Phys. Lett. B 304 (1993) 65; S. Hossenfelder et. al., Phys. Lett. B 575 (2003) 85; C. Bambi and F. R. Urban, Class. Quant. Grav. 25 (2008) 095006; A. Kempf, G. Mangano, R. B. Mann, Phys. Rev. D 52 (1995) 1108; A. Kempf, J.Phys. A 30 (1997) 2093;

J. Magueijo and L. Smolin, Phys. Rev. Lett. 88 (2002) 190403.

[3] A. Kempf, G. Mangano, R. B. Mann, Phys. Rev. D 52 (1995) 1108.

[4] A. Kempf, Phys. Rev. D 63 (2001) 083514.

[5] J. L. Cortes, J. Gamboa, Phys. Rev. D 71 (2005) 065015.

[6] G. M. Hossain, V. Husain, S. S. Seahra, Class. Quantum Grav. 27 (2010) 165013.

[7] L. Tomassini and S. Viaggiu, Class. Quantum Grav. 28 (2011) 075001.

[8] A. F. Ali, S. Das and E. C. Vagenas, Phys. Lett. B 678 (2009) 497.

[9] S. Das and E. C. Vagenas, Can. J. Phys. 87, 233 (2009);

S. Das, E. C. Vagenas and A. F. Ali, Phys. Lett. B 690, 407 (2010); P. Alberto, S. Das and E. C. Vagenas, Phys. Lett. A 375, 1436 (2011); A. F. Ali, Class. Quantum Grav. 28, 065013 (2011); B. Majumder, Phys. Lett. B 699, 315 (2011);

P. Pedram, K. Nozari and S. H. Taheri, JHEP 03, 093 (2011); B. Majumder, Phys. Lett. B 701 (2011) 384;

B. Majumder, Astrophysics and Space Science 336 (2011) 331; B. Majumder, arXiv:1105.2428 [gr-qc]; B. Majumder, Phys. Lett. B 703 (2011) 402;

A. F. Ali, S. Das and E. C. Vagenas, Phys. Rev. D 84 (2011) 044013; B. Majumder, Phys. Rev. D 84 (2011) 064031; S. Das and R.B. Mann, Phys. Lett. B 704 (2011) 596; P. Pedram, arXiv:1110.2999[hep-th].

[10] Wissam Chemissany, Saurya Das, Ahmed Farag Ali and Elias C. Vagenas, JCAP 12 (2011) 017.

[11] J. E. Lidsey et. al., Rev. Mod. Phys. 69 (1997) 373.

[12] A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large-Scale Structure, Cambridge University Press (2000);

A. R. Liddle and D. H. Lyth, Phys. Lett. B 291 (1992) 391; A. R. Liddle, P. Parsons and J. D. Barrow, Phys. Rev. D 50 (1994) 7222.

[13] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690.

[14] Ulf H. Danielsson, Phys. Rev. D 66 (2002) 023511.

[15] Richard Easther et. al., Phys. Rev. D 67 (2003) 063508.

[16] R. Maartens, D. Wands, B. A. Bassett and I. Heard, Phys. Rev. D 62 (2000) 041301.

[17] R. Dvali and S. H. Tye, Phys. Lett. B 450 (1999) 72;

S. W. Hawking, T. Hertog and H. S. Reall, Phys. Rev. D 63 (2001) 083504; M. C. Bento, O. Bertolami and A. A. Sen, Phys. Rev. D 67 (2003) 063511; J. Garriga and M. Sasaki, Phys. Rev. D 62 (2000) 043523; S. Kanno, M. Sasaki and J. Soda, Prog. Theor. Phys. 109 (2003) 357; R. Brandenberger, G. Geshnizjani and S. Watson, Phys. Rev. D 67 (2003) 123510; Y. Himemoto and M. Sasaki, Phys. Rev. D 63 (2001) 044015; N. Sago, Y. Himemoto and M. Sasaki, Phys. Rev. D 65 (2002) 024014; Y. Himemoto, T. Tanaka and M. Sasaki, Phys. Rev. D 65 (2002) 104020.

[18] P. Binétruy et. al., Phys. Lett. B 477 (2000) 285.

[19] A. Ashoorioon, A. Kempf and R.B. Mann, Phys. Rev. D 71 (2005) 023503;

A. Ashoorioon and R.B. Mann, Nucl. Phys. B 716 (2005) 261; A. Ashoorioon, J. L. Hovdebo and R. B. Mann, Nucl. Phys. B 727 (2005) 63; Kourosh Nozari and Siamak Akhshabi, Int. J. Mod. Phys. D 19 (2010) 513-521.