arXiv:1202.1290v2 [hep-th] 5 Jun 2012

CERN-PH-TH/2012-026 SU-ITP-2012-06

Degeneration of Groups of Type E_7 and Minimal Coupling in Supergravity

Sergio Ferrara^{1,2}, Renata Kallosh^3, Alessio Marrani^1

1Physics Department, Theory Unit, CERN, CH 1211, Geneva 23, Switzerland

2INFN - Laboratori Nazionali di Frascati, Via Enrico Fermi 40, 00044 Frascati, Italy

3Department of Physics, Stanford University, Stanford, California 94305 USA

Abstract

We study properties of D = 4 N ⩾ 2 extended supergravities (and related compactifications of superstring theory) and their consistent truncation to the phenomenologically interesting models of N = 1 supergravity. This involves a detailed classification of the “degenerations” of the duality groups of type E_7, when the corresponding quartic invariant polynomial built from the symplectic irreducible representation of G_4 “degenerates” into a perfect square. With regard to cosmological applications, minimal coupling of vectors in consistent truncation to N = 1 from higher-dimensional or higher-N theory is non-generic. On the other hand, non-minimal coupling involving vectors coupled to scalars and axions is generic. These features of supergravity, following from the electricmagnetic duality, may be useful in other applications, like stabilization of moduli, and in studies of non-perturbative black-hole solutions of supergravity/string theory.

Contents

1 Introduction 2

2 On Groups of Type E_7 4 2.1 Axiomatic Characterization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Simple, Non-Degenerate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Simple, Degenerate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.4 Semi-Simple, Non-Degenerate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.5 The Unified Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Maximal Truncations from N = 8 (J^{Os}_3 ) 11 3.1 → N = 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 → N = 5 → N = 3, 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 3.3 → N = 4 R ⊕ Γ_{5,5} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.4 → N = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.4.1 Further Truncation to Minimal Coupling . . . . . . . . . . . . . . . . . . . . . 18

4 Maximal Truncations from N = 6 (J^H_3 ) 21 4.1 → N = 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4.2 N = 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

5 N = 4 R ⊕ Γ_{5,2n−1} −→ N = 3 21

6 N = 4 R ⊕ Γ_{5,n−1} −→ N = 2 R ⊕ Γ_{1,n−1} + Hypermultiplets 23

7 N = 3 −→ N = 2 C P^n + Hypermultiplets 24

8 Maximal Truncations within N = 2 25 8.1 J^O_3 → R ⊕ Γ_{1,9} (FHSV) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 8.2 J^O_3 −→ C P^6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 8.3 R ⊕ Γ_{1,2n−1} −→ C P^n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 8.3.1 A Remark On C P^1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 8.4 “Generalized” Groups of Type E_7 and Special Geometry . . . . . . . . . . . . . . . . . 29

9 N = 2 → N = 1 Truncation and Minimal Coupling 30

10 On Freudenthal Duality and its “Degeneration” 31

11 Non-Minimal Coupling and Fermions 32

12 Conclusion 32

A Pauli Terms 34 A.1 General Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 A.2 N = 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 A.3 N = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 A.4 N = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

1 Introduction

In the present investigation, we relate a physical property of supergravity couplings to a mathematical property of the underlying electric-magnetic duality symmetries^1 of N ⩾ 2 extended supergravity in D = 4 space-time dimensions.

In the textbook [3], the coupling of N = 1 vector and chiral multiplets to supergravity is presented in its minimal form, i.e. it is assumed that the vector kinetic term − 1 4 δ_{αβ} F^α_{μν} F^{β|μν} (1.1) is scalar independent. However, supersymmetry allows for the replacement of the constant kinetic vector matrix δ_{αβ} by an holomorphic function of the scalar fields z, δ_{αβ} → f_{αβ} (z), such that kinetic vector term reads − 1 4 ( Re f_{αβ}(z) ) F^α_{μν} F^{βμν} + i 4 ( Im f_{αβ}(z) ) F^α_{μν}F̃^{βμν} . (1.2)

Here the function f_{αβ}(z) is holomorphic, so that a non-minimal coupling is introduced. For example, for one vector, in the simplest case, f(z) = ϕ + ia and we have a vector-vector-scalar, ϕF^2, and a vector-vector-axion, aF F̃ , couplings.

In theories with global supersymmetry the choice of the minimal coupling is often preferred since only for constant, scalar independent f_{αβ} the theory is renormalizable. It is the same consideration which suggested that a preferred Kähler potential is canonical. In the context of supergravity, however, the requirement of renormalizability is less relevant, the issue we address here is: what kind of vector coupling is preferred in the models originating from higher supersymmetries/higher dimensions.

Non-minimal vector scalar couplings may play an important rule in inflationary cosmology, because a direct coupling of the inflaton scalar field to matter vector fields (as heavy vector bosons, or photons) may provide the only way to complete the creation of matter in the early Universe. This problem was recently addressed in [4], where it was pointed out that in N = 1 supergravity obtained by reduction from higher-dimensional and/or higher-supersymmetric theories the non-minimal vector scalar couplings (1.2) are generic.

The present paper is intended to generalize the results of [4], because we believe that the issue of minimal coupling in N ⩾ 2 extended supergravities deserves some attention. Indeed, such theories never^2 exhibit a constant f_{αβ}, and in [4] this fact was pointed out to be a consequence of electricmagnetic-duality, which requires a special coupling of the non-linear sigma model of scalars to the vector sector [5]. The kinetic vector matrix N_{ΛΣ} which occurs in N ⩾ 2, D = 4 extended supergravities is not holomorphic, ImN_{ΛΣ}F^Λ_{μν} F^{μνΣ} + iReN_{ΛΣ}F^Λ_{μν}F̃^{Σμν} . (1.3)

Here the kinetic term for vectors N_{ΛΣ} in general depends on scalars. The matrix ImN_{ΛΣ} is a metric in the vector moduli space. Comparing the Maxwell term, N_{ΛΣ} should reduce to −^i_4 f_{αβ} (z) in the N = 1 theory [7]. Consistent truncations of N ⩾ 2 extended supergravities to N = 1 have been studied in [8, 9], where it was shown how the non-holomorphic N_{ΛΣ} reduces to an anti-holomorphic f_{αβ} in the corresponding truncated theories.

Let us remind that in N = 2 special Kähler geometry, in a symplectic frame in which an holomorphic prepotential function F (X) exists (such that X^Λ∂_ΛF = 2F ), the kinetic vector matrix is given by (see e.g. [6], and Refs. therein):

N_{ΛΣ} = F_{ΛΣ} − 2iT_ΛT_Σ ( L^ΞImF_{ΞΩ}L^Ω ) , (1.4)

1Further below, we use the term U-duality, meaning the “continuous” symmetries of [1]. Their discrete versions are the U-duality non-perturbative string theory symmetries [2].

2With exception of “pure” N = 2 and N = 3 supergravity theories, which have no scalars, with U(1) and U (3) U-duality group, respectively, consistent with the analysis of [5].

where F_{ΛΣ} = ∂_Λ∂_ΣF , L^Λ = e^{K/2}X^Λ is the covariantly holomorphic contravariant symplectic section, and T_Λ = 2iImN_{ΛΣ}L^Σ (1.5)

is the projector on the graviphoton (T^−_{μν} = T_ΛF^{Λ|−}_{μν} ), whose “flux” define the N = 2 central charge Z (see e.g. [10, 11] and Refs. therein). Note that N_{ΛΣ} is not anti-holomorphic because of the presence of the second term in the r.h.s. of (1.4). In order to have a consistent N = 1 reduction, one needs to impose T_Λ = 0, i.e. that the graviphoton projection vanishes (when Λ is restricted to the index running on N = 1 vector multiplets). One then obtains that minimal coupling demands F (X) to be quadratic in the truncated scalars of the corresponding would-be N = 1 vector multiplets.

It is here worth observing that, while minimal coupling seems natural in N = 1 supergravity [3], its relaxation is actually natural if one considers N = 1 theories coming from supergravity theory [12] or from higher dimensions [13]. In the systematic approach of the present paper, we will provide a detailed list of examples in which minimal coupling is impossible in the higher-dimensional or higher-N theory, but it can be achieved by a further suitable consistent truncation to N = 1.

This is related to the mathematical property of the U-duality group G_4 of type E_7 [14]. Simple, non-degenerate groups G_4 are related to Freudenthal triple systems M (J_3) on simple rank-3 Jordan algebras J_3. In general, G_4 ≡Conf(J_3) =Aut(M (J_3)) (see e.g. [31, 32, 33] for a recent introduction, and a list of Refs.). When considering a consistent reduction to a subgroup, G_4 groups of type E_7 may admit a “degeneration” in which the rank-4 invariant symmetric structure q is reducible, namely it is the product of two symmetric invariant tensors. As a consequence, the corresponding quartic invariant polynomial built from the symplectic irrep. R of G_4 “degenerates” into a perfect square^3. Here R denotes the symplectic representation of the U-duality group G_4 formed by a the chiral (or anti-chiral) vector field strengths F^{Λ|±} and their duals G^∓_Λ ≡ ∓^i_2 δL/δF^{Λ|∓}: R = ( F^{Λ|±}, G^±_Λ ) , (1.6)

such that “fluxes” of suitably defined projections defines the central charge (matrix) and matter charges (if any; see (see e.g. [16] and Refs. therein). Sometimes, in order to simplify the analysis, in the treatment below we will switch to the basis of the fluxes of the corresponding field strengths, defining the dyonic vector of magnetic and electric charges ([5]; see e.g. the treatment of [6]): R = ( p^Λ, q_Λ ) ≡ Q, (1.7)

even if our analysis does not only restrict to charged states, such as black holes. By truncation of the charged fluxes Q we here mean the reduction of the group G_4 and its irrep. R (G_4) to some proper subgroup G^′_4 and its irrep. R (G^′_4) ≡ R^′.

Since N > 2 theories are related to scalar manifolds which are symmetric spaces, we will consider N = 2 theories with symmetric cosets. Therefore, N = 1 truncations are simpler to investigate, because the N = 2 theory leading to N = 1 minimal coupling are the so-called N = 2 minimally coupled Maxwell-Einstein supergravities [19], whose scalar manifold is a (non-compact) C P^n space. In a scalar-dressed symplectic frame of N = 2 special Kähler geometry, the “degeneration” of the quartic polynomial invariant to a quadratic one corresponds to setting the C-tensor to zero (C_{ijk} = 0). Also for N > 2, we will then consider those cases in which the reduction to N = 2 gives rise to a C P^n special Kähler geometry (C_{ijk} = 0), in which the U-duality group G_4 = U (1, n) is a degenerate^4 group of type E_7 [17], with the rank-4 completely symmetric invariant q-structure reducible, as pointed out above.

As recalled in Example 1.2 of [17] and proved in [14, 20], all degenerate Freudenthal triple systems are isomorphic to the degenerate triple system in which the resulting quartic invariant polynomial I_4

3An analysis at the level of quartic invariant polynomial, and dependent on charge configurations, has been considered in [15]._4

In [4] these groups were called “not of type E7”.

is the square of a quadratic invariant polynomial I_2 which, as pointed out above, also corresponds to the case relevant for D = 4 supergravity with symmetric scalar manifold (see the treatment of Sec. 2, as well). The degeneration of a U-duality group G_4 of type E_7 is also confirmed by the fact that the fundamental identity characterizing simple, non-degenerate groups of type E_7 (proved in Sec. 2 of [17] for E_7, and generalized in formula (2.19) further below at least for all groups listed in Table 1) does not hold in these cases; see Sec. 2. The cases of U-duality groups as semi-simple, non-degenerate groups of type E_7 relevant to D = 4 supergravity theories with symmetric (vector multiplets’) scalar manifolds are also analyzed in Subsec. 2.4.

Simple, degenerate groups of type E_7 relevant to D = 4 supergravity (namely, U (1, n) or U (3, n)) share the property that the dyonic charge vector Q (1.7) (element of the Freudenthal triple system) fits into the sum of the fundamental and anti-fundamental irrep.

Q ∈ R ≡ Fund + Fund, (1.8)

thus naturally admitting a complex representation, endowed with an invariant Hermitian quadratic structure (see e.g. [21, 22]), whose real part gives rise to the aforementioned quadratic invariant polynomial I_2; see the discussion in Sec. 2.

It should be stressed that the conditions on truncations of fluxes and embeddings of scalar manifolds, under consideration in the treatment below, are generally only necessary, but not sufficient for minimal coupling. An analysis of the consistency of the truncations at the level of supersymmetry transformations, along the lines exploited in [8] and [9] (this latter on the further truncation N = 2 → 1) is required to determine also a sufficient condition; we give a brief general account of this analysis at the start of Sec. 3, and we provide an explicit example in Subsec. 3.1.

The plan of the paper is as follows.

After axiomatically introducing groups of type E_7 in Sec. 2, we analyze various truncations to minimal coupling models in subsequent Sections. It is here worth pointing out that by truncation of a theory we here mean a sub-theory obtained from the original one by reducing the amount of supersymmetry. For “pure” (N ⩾ 5) supergravities, this means to consistently truncate away the extra gravitino multiplet(s); these cases are considered in Secs. 3 and 4. On the other hand, for matter-coupled (2 ⩽ N ⩽ 4) theories the truncation also requires to consistently truncate the matter multiplets’ sector; such cases are analyzed in Secs. 5, 6 and 7. In presence of matter coupling, there is another way of obtaining sub-theories, namely to consistently reduce the matter sector but not the gravitino multiplet(s); Sec. 8 deals with such cases. The list of examples produced by the systematic approach of the present investigation is much larger than the ones given in [8, 9, 4], and it is of some interest also because some truncations correspond to orbifolds and orientifolds of string theories with larger supersymmetry, as discussed in Sec. 9, in which the further truncation N = 2 → N = 1 is considered. Comments on the “degeneration” of the so-called Freudenthal duality are then given in Sec. 10. Sec. 11 contain some remarks on fermions and minimal coupling. Conclusive remarks and an outlook are given in Sec. 12. Appendix A, containing some details on the structure of Pauli terms, concludes the paper.

2 On Groups of Type E_7

2.1 Axiomatic Characterization

The first axiomatic characterization of groups “of type E_7” through a module (irreducible representation) was given in 1967 by Brown [14].

A group G of type E_7 is a Lie group endowed with a representation R such that:

1. R is symplectic, i.e. (the subscripts “s” and “a” stand for symmetric and skew-symmetric throughout):

∃!C_{[MN]} ≡ 1 ∈ R×_aR; (2.1)

C_{[MN]} defines a non-degenerate skew-symmetric bilinear form (symplectic product); given two different charge vectors Q_x and Q_y in R, such a bilinear form is defined as ⟨Q_x, Q_y⟩ ≡ Q^M_x Q^N_y C_{MN} = − ⟨Q_y, Q_x⟩ . (2.2) 2. R admits a unique rank-4 completely symmetric primitive G-invariant structure, usually named K-tensor ∃!K_{(MNP Q)} ≡ 1 ∈ [R × R × R × R]_s ; (2.3)

thus, by contracting the K-tensor with the same charge vector Q in R, one can construct a rank-4 homogeneous G-invariant polynomial (whose ς is the normalization constant):

q (Q) ≡ ςK_{MNP Q} Q^M Q^N Q^P Q^Q, (2.4)

which corresponds to the evaluation of the rank-4 symmetric invariant q-structure induced by the K-tensor on four identical modules R: q (Q) ≡ q (Q_x, Q_y, Q_z, Q_w)|_{Qx=Qy=Qz =Qw≡Q} ≡ ς [ K_{MNP Q} Q^M_x Q^N_y Q^P_z Q^Q_w ] Q_x=Q_y=Q_z =Q_w≡Q . (2.5) A famous example of quartic invariant in G = E_7 is the Cartan-Cremmer-Julia invariant ([24], p. 274), constructed out of the fundamental representation R = 56.

3. if a trilinear map T : R × R × R → R is defined such that

⟨T (Q_x, Q_y, Q_z) , Q_w⟩ = q (Q_x, Q_y , Q_z, Q_w) , (2.6)

then it holds that ⟨T (Q_x, Q_x, Q_y) , T (Q_y, Q_y, Q_y)⟩ = −2 ⟨Q_x, Q_y⟩ q (Q_x, Q_y, Q_y, Q_y) . (2.7) This last property makes the group of type E_7 amenable to a treatment in terms of (rank-3) Jordan algebras and related Freudenthal triple systems.

Remarkably, groups of type E_7, appearing in D = 4 supergravity as U-duality groups, admit a D = 5 uplift to groups of type E_6, as well as a D = 3 downlift to groups of type E_8. It should also be recalled that split form of exceptional E - Lie groups appear in the exceptional Cremmer-Julia [1] sequence E_{11−D(11−D)} of U-duality groups of M-theory compactified on a D-dimensional torus, in D = 3, 4, 5. Other sequences, composed by non-split, non-compact real forms of exceptional groups, are also relevant to non-maximal supergravity in various dimensions (see e.g. the treatment in [23], also for a list of related Refs.).

The connection of groups of type E_7 to supergravity can be summarized by stating that all 2 ⩽ N ⩽ 8-extended supergravities in D = 4 with symmetric scalar manifolds^{G4}_{H4} have G_4 of type E_7 [15, 63]. It is intriguing to notice that the first paper on groups of type E_7 was written about a decade before the discovery of of extended (N = 2) supergravity [25], in which electromagnetic duality symmetry was observed [26].

An example of Lie group which is not of type E_7 is the exceptional Lie group E_6 in its fundamental representation^5 27; this is relevant to both maximal (N = 8) and exceptional (N = 2) supergravity theories in D = 5. The representation 27 is not symplectic, but rather it is conjugated to its contragradient counterpart (a = 1, ..., 27):

∃!δ^a_b ≡ 1 ∈ 27×27. (2.8)

5Strictly speaking, the pair (G, R) = (E6, 27) is the prototype of the so-called groups “of type E6”.

Furthermore, 27 admits a unique rank-3 completely symmetric primitive E_6-invariant structure, usually named d-tensor ∃!d_{abc} ≡ 1 ∈ [27 × 27 × 27]_s ; (2.9) thus, by contracting the d-tensor with the same charge vector Q in 27, one can construct a rank-3 homogeneous E_6-invariant polynomial (whose ϑ is the normalization constant): d (Q) ≡ ϑd_{abc}Q^aQ^bQ^c, (2.10) which corresponds to the evaluation of the rank-3 symmetric invariant d-structure induced by the d-tensor on four identical modules 27: d (Q) ≡ d (Q_x, Q_y, Q_z)|_{Qx=Qy=Qz≡Q} ≡ ς [ ϑd_{abc}Q^a_xQ^b_yQ^c_z ] Q_x=Q_y=Q_z≡Q . (2.11)

Focussing on the relevance to supergravity theories in D = 4, in the remaining part of this Section we will characterize various classes of groups of type E_7 in terms of (tensor and) scalar identities, along the lines of [17] and exploiting results of previous investigations, such as [23] and [27].

2.2 Simple, Non-Degenerate In simple, non-degenerate groups G_4 of type E_7 [14] relevant to D = 4 (super)gravity with symmetric scalar manifolds (listed in Table 1^6), the following identity holds (cfr. (5.18) of [23]): K_{MNP Q} K_{RST U} C^{P T} C^{QU} = ξ [ (2τ − 1) K_{MNRS} + ξτ (τ − 1) C_{M(R} C_{S)N} ] . (2.12) C_{MN} is the symplectic metric, and K_{MNP Q} denotes the completely symmetric, rank-4 invariant “Ktensor” in the relevant symplectic irrep. R (G_4) (M is an index in R): C ≡ ∃!1 ∈ [R × R]_a ; (2.13) K ≡ ∃!1 ∈ [R × R × R × R]_s , (2.14) where the subscript “s” (“a”) denotes the (anti)symmetric part of the tensor product. Moreover, the G_4-dependent parameters are defined as [23, 30] τ ≡ 2d f (f + 1)

; (2.15) ξ ≡ − 1 3τ , (2.16) where f ≡ dim_R (R (G_4)) ; (2.17) d ≡ dim_R (Adj (G_4)) . (2.18) By using (2.12), one can show that the following identity holds: tr (p (x ⊗ x) p (y ⊗ y)) = β [ q (x, x, y, y) − 2b (y, x)^2 ] , (2.19) where (recall definition (2.2)) b (x, y) ≡ −C_{MN} Q^M_x Q^N_y = − ⟨Q_x, Q_y⟩ . (2.20) q (x, y, z, w) ≡ −6K_{MNP Q} Q^M_x Q^N_y Q^P_z Q^Q_w ; (2.21) β ≡ 2 τ , (2.22)

6We only consider rank-3 Jordan algebras related to locally supersymmetric theories of gravity.

and p denotes the following vector space map (cfr. Sec. 2 of [17] for further detail) p (x ⊗ y) z ≡ t (x, y, z) − b (z, x) y − b (z, y) x, (2.23) where t (x, y, z) is the trilinear product related to q (x, y, z, w) as q (x, y, z, w) ≡ b (x, t (y, z, w)) . (2.24) The scalar identity (2.19) holds at least for all simple, non-degenerate groups G_4 of type E_7 listed in Table 1 (and for all their other non-compact forms, as well as for the corresponding compact Lie group G_{4,c}), and it is a consequence of the tensor identity (2.12), which in turn follows from the identity for the K-tensor given by (5.17) of [23]. In the particular case of E_7 (see Tables 1 and 2), it holds τ = 1/12 ⇒ β = 24, and the identity proved in Theorem 2.3 of [17] is retrieved.

It is worth remarking that, by defining the parameter q as specified in Table 2, the values of f (2.17), d (2.18), τ (2.16), ξ (2.15) and β (2.22) can be easily q-parametrized as follows ((2.26) was noticed in [23]):

f = 2 (3q + 4) ; (2.25) d = 3 (3q + 4) (2q + 3)

q + 4

; (2.26) τ = 1 q + 4

; (2.27) ξ = − (q + 4) 3 ; (2.28) β = 2 (q + 4) . (2.29)

The specific values for the groups listed in Table 1 are reported in Table 2. Note that, speaking in terms of compact form G_{4,c} of G_4, for G_{4,c} = E_7, SO (12), SU (6) and USp (6), q can be defined as

q ≡ dim_RA , (2.30)

where A denotes the division algebra on which the corresponding rank-3 simple Jordan algebra J^A_3 is constructed (q = 8, 4, 2, 1 for A = O , H , C , R, respectively). Note that the triality symmetric so-called N = 2 ST U model [34], based on J_3 = R ⊕ R ⊕ R, can be obtained by setting q = 0; however, since the corresponding G_4 is semi-simple, it will be considered further below.

Also, note that the dimensions f and d of G_4’s listed in Table 1 satisfy the relation [23] d = 3f (f + 1) f + 16

. (2.31)

2.3 Simple, Degenerate As pointed out in Sec. 2 of [17], the story changes for degenerate groups of type E_7.

Confining ourselves to the ones relevant in D = 4 supergravity with symmetric scalar manifold, they are nothing but G_4 = U (r, s) with r = 1 (N = 2 minimally coupled to s vector multiplets [19]) or r = 3 (N = 3 coupled to s vector multiplets [39]), and the relevant (complex) symplectic representation is R (G_4) = r + s. In these cases, it can be computed that K_{MNP Q} = ζ^2 3 S_{M(N}S_{P Q)}, (2.32)

where ζ is a real constant, and the rank-2 symmetric invariant symplectic tensor S (S^T = S, SC S = C ) is defined by the following formula:

Q^i_xQ^j_yη_{ij} = S_{MN}Q^M_x Q^N_y + iC_{MN} Q^M_x Q^N_y , (2.33)

J_3

G_4 R N

J^O_3 E_{7(−25)} 56 2

J^{Os}_3 E_{7(7)} 56 8

J^H_3 SO^∗ (12) 32 2, 6

J^C_3 SU (3, 3) 20 2

M_{1,2} (O ) SU (1, 5) 20 5

J^R_3 Sp (6, R) 14^′ 2

R (T^3 model)

SL (2, R) 4 2

Table 1: Simple, non-degenerate groups G_4 related to Freudenthal triple systems M (J_3) on simple rank-3 Jordan algebras J_3. The relevant symplectic irrep. R of G_4 is also reported. O , H , C and R respectively denote the four division algebras of octonions, quaternions, complex and real numbers, and O_s , H_s , C_s are the corresponding split forms. Note that the G_4 related to split forms O_s , H_s , C_s is the maximally non-compact (split) real form of the corresponding compact Lie group. The corresponding scalar manifolds are the symmetric cosets^{G4}_{H4} , where H_4 is the maximal compact subgroup (with symmetric embedding) of G_4. The number of supercharges of the resulting supergravity theory in D = 4 is also listed. M_{1,2} (O) is the Jordan triple system generated by 2 × 1 vectors over O [42]. The D = 5 uplift of the T^3 model based on J_3 = R is the pure N = 2, D = 5 supergravity. J^H_3 is related to both 8 and 24 supersymmetries, because the corresponding supergravity theories are “twin”, namely they share the very same bosonic sector [42, 35, 37, 38]. G_{4,c} q f d τ ξ β E_7 8 56 133 1/12 −4 24

SO (12) 4 32 66 1/8 −8/3 16

SU (6) 2 20 35 1/6 −2 12

USp (6) 1 14 21 1/5 −5/3 10 SU (2) −2/3 4 3 3/10 −10/9 20/3

Table 2: The parameter q and the related q-parametrized quantites f (2.25), d (2.26), τ(2.27), ξ (2.28) and β (2.29). The corresponding compact form G_{4,c} of G_4 is listed.

where η_{ij} is the invariant metric of the fundamental irrep. r + s of U (r, s), and Q^i_x and Q^i_x are the charge vectors in the complex (manifestly U (r, s)-covariant) symplectic frame. By introducing

I_2 (x, y) ≡ ζS_{MN}Q^M_x Q^N_y , (2.34)

it is immediate to check the degenerate nature of the quartic invariant q-structure (2.21): q (x, y, z, w) ≡ −6K_{MNP Q} Q^M_x Q^N_y Q^P_z Q^Q_w = −2 [I_2 (x, y) I_2 (z, w) + I_2 (x, z) I_2 (y, w) + I_2 (x, w) I_2 (y, z)] ; (2.35) ⇓ q (x, x, y, y) = −2 [ 2I_2 (x, y)^2 + I_2 (x, x) I_2 (y, y) ] ; (2.36) ⇓ − 1 6 q (x, x, x, x) = I_2 (x, x)^2 . (2.37)

The analogue of identity (2.19) for such degenerate groups of type E_7 enjoys a very simple form (C_{MN} C^{MN} = 2 (r + s)):

K_{QP NR} K_{SMT U} C^{RS} = ζ^4S_{(QP}C_{N)(M} S_{T U)}; (2.38) ⇓ K_{QP NR} K_{SMT U} C^{NM} C^{RS} = ζ^4 9 [(2 (r + s) + 4) S_{P Q}S_{T U} + 2C_{P T} C_{QU} + 2C_{P U} C_{QT} ] . (2.39)

By exploiting (2.39), one can thus compute: tr (p (x ⊗ x) p (y ⊗ y)) = 4 [ q (x, x, y, y) − ( 4ζ^4 + 1 ) b (y, x)^2 ] −4ζ^2 [2 (r + s) + 4] I_2 (x, x) I_2 (y, y) , (2.40)

which can be considered the analogue of (2.19) for the degenerate groups of type E_7 under consideration. The validity of the postulate (2.7) implies ζ^2 = 1/2.

It should be remarked that, according to the discussion in Example 1.2 of [17] (and to the whole treatment therein), the invariant q-structure of any degenerate Freudenthal triple system enjoys the form (2.37), up to isomorphisms. Therefore, the simple, degenerate groups of type E_7 mentioned above (relevant to N = 2 minimally coupled and N = 3 supergravity in D = 4; see also the treatment below) can be regarded as “prototypes” (up to isomorphisms) of (simple) degenerate groups of type E_7.

2.4 Semi-Simple, Non-Degenerate

Let us now consider semi-simple, non-degenerate groups of type E_7.

Confining ourselves to the ones relevant in D = 4 supergravity with symmetric scalar manifold, they are nothing but G_4 = SL (2, R) × SO (m, n) with m = 2 (N = 2 coupled to n + 1 vector multiplets) or m = 6 (N = 4 coupled to n vector multiplets), and the relevant symplectic representation is the bi-fundamental R (G_4) = (2, m + n). They are respectively related to semi-simple rank-3 Jordan algebras R ⊕Γ_{m−1,n−1} , where Γ_{m−1,n−1} is a Jordan algebra with a quadratic form of pseudo-Euclidean (m − 1, n − 1) signature, i.e. the Clifford algebra of O(m − 1, n − 1) [51].The aforementioned N = 2 ST U model [34], based on J_3 = R ⊕ Γ_{1,1} ∼ R ⊕ R ⊕ R, is recovered by setting m = n = 2.

In these cases, electro-magnetic splitting of the symplectic representation R can be implemented in a manifestly G_4-covariant fashion. Namely, Q is an electro-magnetic doublet 2 of the SL (2, R) factor of G_4 itself. The symplectic index M thus splits as follows (cfr. Eq. (3.7) of [28]) M = αΛ, α = 1, 2, Λ = 1, ..., m + n − 2. } ⇒ Q^M ≡ Q^Λ_α , (2.41) and it should be pointed out that in the N = 2 case usually Λ = 0, 1, ..., n − 1, with “0” pertaining to the D = 4 graviphoton vector. The manifestly G_4-covariant symplectic frame (2.41) is usually dubbed Calabi-Vesentini frame [29], and it was firstly introduced in supergravity in [10].

The symplectic metric C_{MN} = C^{αβ}_{ΛΣ} and rank-4 completely symmetric K -tensor K_{MNP Q} = K^{αβγδ}_{ΛΣΞΩ} enjoy the following expression in term of the invariant structures ϵ^{αβ} and η_{ΛΞ} of SL_v (2, R) and of SO (m, n − 2), respectively [27]:

C^{αβ}_{ΛΣ} = η_{ΛΣ}ϵ^{αβ}; (2.42)

K^{αβγδ}_{ΛΣΞΩ} = 1 12 [( ϵ^{αβ}ϵ^{γδ} + ϵ^{αδ}ϵ^{βγ} ) η_{ΛΞ}η_{ΣΩ} + ( ϵ^{αβ}ϵ^{δγ} + ϵ^{αγ} ϵ^{δβ} ) η_{ΛΩ}η_{ΣΞ} + ( ϵ^{αγ} ϵ^{βδ} + ϵ^{αδ}ϵ^{βγ} ) η_{ΛΣ}η_{ΞΩ} ] . (2.43)

From this, one can compute the analogue of identities (2.12) and (2.39) for the semi-simple, nondegenerate groups of type E_7 under consideration (ϵ_{αβ}ϵ^{αβ} = 2, η_{ΛΣ}η^{ΛΣ} = m + n):

K_{MNP Q} K_{RST U} C^{P T} C^{QU} = K^{αβγδ}_{ΛΣΞΩ} K^{ηξλρ}_{ΔΘΦΨ} C^{ΩΔ}_{δη} C^{ΞΘ}_{γξ} = 1 6 K^{αβλρ}_{ΛΣΦΨ} − 1 36 C^{αλ}_{Λ(Φ} C^{ρβ}_{Ψ)Σ} − 1 72 η_{ΛΨ}η_{ΣΦ} ( ϵ^{αβ} ϵ^{λρ} + ϵ^{αλ}ϵ^{ρβ} ) +η_{ΛΦ}η_{ΣΨ} ( ϵ^{αβ}ϵ^{ρλ} + 2ϵ^{αλ}ϵ^{βρ} + ϵ^{αρ}ϵ^{βλ} ) + (m + n − 1) η_{ΛΣ}η_{ΦΨ} ( ϵ^{αρ}ϵ^{λβ} + ϵ^{αλ}ϵ^{ρβ} ) . (2.44)

By exploiting (2.44), one can thus compute: tr (p (x ⊗ x) p (y ⊗ y)) = 5q (x, x, y, y) − 4b (y, x)^2 − [ ϵ^{αβ} ϵ^{ρλ}η_{ΛΨ}η_{ΣΦ} + (m + n − 2) ϵ^{αρ}ϵ^{βλ}η_{ΛΣ}η_{ΦΨ} ] Q^Λ_{α|x}Q^Σ_{β|x}Q^Φ_{λ|y}Q^Ψ_{ρ|y}, (2.45)

where we recall that the quartic invariant form q is defined by (2.21). The identity (2.45) can be considered the analogue of (2.19) and (2.40) for the semi-simple, non-degenerate groups of type E_7 under consideration, and it is different from them both.

2.5 The Unified Limit The different structure exhibited by the scalar identities (2.19) (holding for simple, non-degenerate groups of type E_7), (2.40) (holding for simple, degenerate groups of type E_7) and (2.45) (holding for semi-simple, non-degenerate groups of type E_7) is manifest : the structure of (2.19) is the same as the structure of the first line of (2.40) and of (2.45), but the second line of (2.40) and of(2.45) is not compatible with such a structure.

Therefore, along the lines of [17], the scalar identities (2.19), (2.40) and (2.45) (or the corresponding tensor identities) can be considered as defining identities for simple non-degenerate, simple degenerate, and semi-simple non-degenerate groups of type E_7, respectively.

However, it should be also noted that (2.19), (2.40) and (2.45) share the very same x ≡ y limit: tr (p (x ⊗ x) p (x ⊗ x)) = βq (x, x, x, x) , (2.46) modulo the renamings β ≡ 4 [ 1 + ζ^2 3 (r + s + 2) ] ≡ [ 5 + 1 3 (m + n) ] . (2.47)

Before proceeding to the analysis of various truncation patterns to minimal coupling models, it is worth stressing a peculiar feature of the N = 2 theory among D = 4 extended supergravity theories.

N = 2 supergravity is the unique extended supergravity which admits two different types of matter multiplets, namely vector and hyper multiplets. Thus, out of the three classes (simple non-degenerate, simple degenerate and semi-simple non-degenerate, respectively treated in Subsecs. 2.2, 2.3 and 2.4) of groups G_4 of type E_7 treated above, one can always construct a semi-simple group of type E_7 with the following structure:

G_4 × G_4;

(R (G_4) , R (G_4) = 1) . (2.48)

As pointed out above, G_4 is the U-duality group of the N = 2 theory (which is also the global isometry group of the special Kähler vector multiplets’ scalar manifold), whereas G_4 is the global isometry group of the quaternonic Kähler hypermultiplets’ scalar manifold. The various truncations analyzed in subsequent Sections provide a number of examples of truncations of simple non-degenerate groups of type E_7 down to N = 2 semi-simple degenerate (see e.g. Sec. 6) or semi-simple non-degenerate (see e.g. the models with n_V , n_H ≠ 0 in Table 5 below) groups of type E_7 of type (2.48).

3 Maximal Truncations from N = 8 (J^{O s}_3 )

One can perform the kinematical reduction of N -extended supergravity multiplets down to N^′ < N multiplets (massless multiplets in N -extended D = 4 supergravity are reported in Tables 3 and 4). The reduction is subjected to the following dynamical conditions : the inclusion of U-duality groups: G_4 ⊃ G^′_4, as well as of the stabilizers of the scalar manifold: H_4 ⊃ H^′_4, such that the scalar manifold of the truncated theory is a proper sub-manifold of the scalar manifold of the starting theory: G_4/H_4 ⊃ G^′_4/H^′_4. At the level of electric and magnetic fluxes, the branching R(G_4) = R^′(G^′_4) + ... has to hold, where R^′(G^′_4) is the relevant symplectic representation of G^′_4 itself.

If N , N^′ ⩾ 4, the kinematical multiplet truncation actually coincides with the dynamical truncation, because there is a unique choice of matter multiplets in these cases. On the other hand, already for N^′ = 3 this is no longer true for N ⩾ 6, and for N = 8 → N^′ = 2 many possibilities exist; the maximal truncations (in the sense of G_4 ⊃ G^′_4 specified above) are listed in Table 5. Kinematical truncations N = 6 → 5, N = 6 → 4 and N = 5 → 4 actually coincide with the corresponding dynamical reduction. The two latter cases yield 2 and no matter multiplets, respectively. Further truncation of these theories down to N = 1 reduces to some of the general examples we consider further below.

Before proceeding with the analysis of the various truncations N = 8 → N^′ < 8, we would like here to add a brief discussion of the general consistency conditions yielded by the supersymmetry transformations of the N = 8 fermionic fields, along the lines of the treatment in Sec. 5 of [8] (a similar discussion related to the Attractor Mechanism has been given also in Sec. 5 of [18]). Neglecting three fermion terms, the transformations of the gravitinos ψ_A and of spin^1_2 fermions χ_{ABC} read as follows (A = 1, ..., 8; cfr. e.g. (5.2)-(5.3) of [8]):

δψ_{Aμ} = ∇_μϵ_A + T^−_{AB|νρ}γ^ν_μ γ^ρϵ^B ; (3.1) δχ_{ABC} = P_{ABCD,α}∂_μϕ^αγ^μϵ^D + T^−_{[AB|μν} γ^{μν} ϵ_{|C]}, (3.2) where ∇_μϵ_A ≡ D_μϵ_A + ω^B_A ϵ_B , T^−_{AB} is the (dressed) graviphotonic field strengths’ 2-form, P_{ABCD} is the Vielbein 1-form, and ϕ^α are the 70 real scalars of the rank-7 symmetric N = 8 scalar manifold E_{7(7)}/SU(8)/Z_2.

When considering a truncation N = 8 −→ N^′ < 8, it holds that

SU(8) ⊃ SU(N^′) × SU(8 − N^′) × U(1); (3.3) 8 = ( N^′, 1 ) N^′−8 + ( 1, 8−N^′ ) N^′ . (3.4)

N massless λ_{MAX} = 2 multiplet massless λ_{MAX} = 3/2 multiplet 8 [ (2), 8(^3_2 ), 28(1), 56(^1_2 ), 70(0) ] none 6 [ (2), 6(^3_2 ), 16(1), 26(^1_2 ), 30(0) ] [ (^3_2 ), 6(1), 15(^1_2 ), 20(0) ]

5 [ (2), 5(^3_2 ), 10(1), 11(^1_2 ), 10(0) ] [ (^3_2 ), 6(1), 15(^1_2 ), 20(0) ]

4 [ (2), 4(^3_2 ), 6(1), 4(^1_2 ), 2(0) ] [ (^3_2 ), 4(1), 7(^1_2 ), 8(0) ]

3 [ (2), 3(^3_2 ), 3(1), (^1_2 ) ] [ (^3_2 ), 3(1), 3(^1_2 ), 2(0) ]

2 [ (2), 2(^3_2 ), (1) ] [ (^3_2 ), 2(1), (^1_2 ) ]

1 [ (2), (^3_2 ) ] [ (^3_2 ), (1) ]

Table 3: Massless multiplets with maximal helicity λ_{MAX} = 2, 3/2 [36].

N massless λ_{MAX} = 1 multiplet massless λ_{MAX} = 1/2 multiplet

8,6,5 none none 4 [ (1), 4(^1_2 ), 6(0) ] none 3 [ (1), 4(^1_2 ), 6(0) ] none 2 [ (1), 2(^1_2 ), 2(0) ] [ 2(^1_2 ), 4(0) ]

1 [ (1), (^1_2 ) ] [ (^1_2 ), 2(0) ]

Table 4: Massless multiplets with maximal helicity λ_{MAX} = 1, 1/2 [36].

Correspondingly, the supersymmetry parameters, the gravitinos and the spin 1/2 fermions branch as (a = 1, ..., N^′, i = 1, ..., 8 − N^′): ϵ_A = ϵ_a, ϵ_i; (3.5)

ψ_A = ψ_a, ψ_i; (3.6) χ_{ABC} = χ_{abc}, χ_{abi}, χ_{aij} , χ_{ijk}. (3.7) The conditions of consistent truncation read

ϵ_i = 0;

ψ_i = 0; χ_{abi} = χ_{aij} = χ_{ijk} = 0, such that δψ_i = 0; δχ_{abi} = δχ_{aij} = δχ_{ijk} = 0, (3.8)

with the exception of the case N^′ = 6 (discussed in Subsec. 3.1), for which χ_{aij} , as well as its

corresponding supersymmetry variation, does not vanish.

By exploiting (3.8) and (3.1)-(3.2), one obtains the following general consistency conditions:

i) : ω^a_i = 0;

ii) : T^−_{ai} = 0; iii) : P_{abci} = P_{aijk} = 0; iv) : P_{abij} = 0; v) : T^−_{ij} = 0,

(3.9)

where conditions iv) and v) do not hold for N ′ = 6. Condition i) (on the spin connection ω) confirms the consystency condition on the reduction of the holonomy (R-symmetry) group, as discussed in Secs. 3 and 4 of [8]. Conditions iii) and iv) (on the Vielbein P ) confirm the consistency conditions from the embedding of the scalar manifold of the N^′-extended supergravity sub-theory into the scalar manifold of N = 8 theory, as discussed in Sec. 4 of [8]. Furthermore, conditions ii) and v) (on the graviphotonic field strengths T ), which are the (necessary but noot necessary) conditions which we discuss in the present investigation, are needed in order for T^−_{ab} to consistently parametrize the (dressed) graviphotons which survive the truncation under consideration (in the case N ′ = 6, one should consider also T^−_{ij} non-vanishing).

3.1 → N = 6

In this Subsection, we discuss, at the level of the consistency conditions yielded by supersymmetry, the case N = 8 −→ 6 (for the “twin” case N = 2 (n_V , n_H ) = (15, 0), and further decomposition, see point 1 of Subsubsec. 3.4.1):

J^{Os}_3 : N = 8 −→ J^H_3 : N = 6

E_{7(7)} ⊃ SO^∗ (12) × SU (2) ⊃ SU(6) × SU(2) × U(1) : (3.10) { 56 = (32, 1) + (12, 2) = (1, 1)_3 + (1, 1)_{−3} + (15, 1)_{−1} + ( 15, 1 ) 1 + (6, 2)_1 + ( 6, 2 ) −1 ; (3.11)

SU (8) ⊃ SU(6) × SU(2) × U(1) : { 8 = (6, 1)_{−2} + (1, 2)_6 ;

28 = (15, 1)_{−4} + (6, 2)_4 + (1, 1)_{12} ;

(3.12)

E_{7(7)} SU (8) ⊃ SO^∗ (12) SU (6) × U (1) ⊃ SL (2, R) U (1) × SO (6, 2) SO (6) × SO (2) . (3.13)

In particular, the decomposition of the 28 of SU (8) yields the following branching of the N = 8 dressed graviphotonic field strengths (a = 1, ..., 6, i = 1, 2):

T^−_{AB28} = T^−_{ab}

(15,1) , T^−_{ai} (6,2) , T^−_{ij} (1,1)

. (3.14)

The SU (2) commuting factor in (3.10) and (3.12) is the R-symmetry truncated away in the supersymmetry reduction N = 8 → 6 (a further truncation N = 6 → N = 3 is considered in Subsec. 4.1). The truncation condition on the two-form Abelian field strengths’ fluxes reads

(12, 2) = (6, 2) + ( 6, 2 ) = 0 ⇔ T^−_{ai} = 0. (3.15)

We anticipate that this truncation condition on fluxes is complementary to the condition (3.44) considered in Subsec. 3.3; indeed, the embedding (3.42)-(3.44) is a different non-compact, real form of the embedding (3.12).

As a consequence of the decomposition (3.12) of the 8 of SU(8), the supersymmetry parameters, the gravitinos and the spin 1/2 fermions respectively branch as:

ϵ_{A8} = ϵ_{a(6,1)}, ϵ_{i(1,2)}; (3.16)

ψ_{A8} = ψ_{a(6,1)}, ψ_{i(1,2)}; (3.17) χ_{ABC56} = χ_{abc20} , χ_{abi(15,2)}, χ_{aij} (6,1)

. (3.18)

Correspondingly, the conditions of consistent truncation read ϵ_i = 0; ψ_i = 0; χ_{abi} = 0, such that δψ_i = 0; δχ_{abi} = 0. (3.19)

By evaluating the supersymmetry transformations (3.1)-(3.2) on the truncation conditions (3.19), one obtains

δψ_{aμ} = ∇_μϵ_a + T^−_{ab|νρ}γ^ν_μ γ^ρϵ^b; (3.20) δχ_{abc} = P_{abcd,α}∂_μϕ^αγ^μϵ^d + 1 3 ( T^−_{ab|μν} γ^{μν} ϵ_c + T^−_{ca|μν} γ^{μν} ϵ_b + T^−_{bc|μν} γ^{μν} ϵ_a ) ; (3.21) δχ_{aij} = P_{abij,α}∂_μϕ^αγ^μϵ^b + 1 3 T^−_{ij|μν} γ^{μν} ϵ_a (3.22) in the untruncated sector, and

δψ_{iμ} = ω^a_{i|μ}ϵ_a + T^−_{ia|νρ}γ^ν_μ γ^ρϵ^a; (3.23) δχ_{abi} = −P_{abci,α}∂_μϕ^αγ^μϵ^c + 2 3 T^−_{i[a||μν} γ^{μν} ϵ_{|b]} (3.24) in the truncated sector.

By then imposing (3.19) on (3.23) and (3.24), one obtains

ω^a_i = 0 = T^−_{ia} = P_{abci}. (3.25)

In particular, T^−_{ia} = 0 is nothing but the condition (3.15).

Thus, one can conclude that the truncation (3.25) is fully consistent.

A similar analysis at the level of supersymmetry can be performed in all cases. We observe that whenever the truncation N = 8 −→ N^′ < 8 is consistent with supersymmetry, and thus it actually exists, there occurs an SU(8−N^′) factor commuting with the the R-symmetry U(N ′) of the truncated sub-theory inside the N = 8 R-symmetry SU(8).

3.2 → N = 5 → N = 3, 2 Next, we consider the maximal non-symmetric embedding:

J^{Os}_3 : N = 8 −→ M_{1,2} (O ) : N = 5; (3.26) E_{7(7)} ⊃ SU (1, 5) × SU (3) ; (3.27) 56 = (6, 3) + ( 6,3 ) + (20, 1) ; (3.28) E_{7(7)} SU (8) ⊃ SU (1, 5) U (5)

. (3.29)

M_{1,2} (O ) is the Jordan triple system (not upliftable to D = 5) generated by 2 × 1 matrices over O [42]. The 20 is the rank-3 antisymmetric self-real irrep. of SU (1, 5). The commuting SU (3) factor can be interpreted as the part of the R-symmetry truncated away in the supersymmetry reduction N = 8 → N = 5. On the two-form Abelian field strengths’ fluxes, the truncation condition reads

(6, 3) = 0. (3.30)

As discussed in Sec. 8 of [37], the quartic invariant of the R = 20 of SU (1, 5), after skew-diagonalization in the scalar-dressed R-symmetry U (5)-basis and use of the Hua-Bloch-Messiah-Zumino Theorem [43], is a perfect square. On this respect the couples (SU (1, 5) , R = 20) and (SL (2, R) × SO (6) , R = (2, 6)) (this latter pertaining to N = 4 “pure” supergravity) stand on a particular footing among simple and respectively semisimple groups “of type E_7” [14]. Thus, this embedding does not concern a proper “degeneration” of a group of type E_7, but it is however noteworthy.

In turn, the “pure” N = 5 theory admits two maximal “degenerative” truncations, which precisely match the kinematical decomposition of the N = 5 gravity multiplet into matter N = 2 multiplets.

1. The first reads:

N = 5 −→ N = 3, n_V = 1^{“twin”}⇔ N = 2 C P^3; (3.31) SU (1, 5) ⊃ SU (1, 3) × SU (2) × U (1) ; (3.32) 20 = (4, 1)_{+3} + ( 4, 1 ) −3 + (6, 2)_0 ; (3.33) SU (1, 5) U (5) ⊃ SU (1, 3) U (3)

, (3.34)

and it admits two possible interpretations, due to the fact that N = 3 supergravity coupled to 1 vector multiplet and N = 2 supergravity minimally coupled to 3 vector multiplets share the very same bosonic sector (namely, they are “twin” theories; see the discussion in Sec. 9 of [37]). In the N = 3 interpretation, one gets a theory with 1 vector multiplets, and the SU(2) commuting factor can be interpreted as the part of the R-symmetry truncated away in the supersymmetry reduction N = 5 → N = 3. On the other hand, in the N = 2 interpretation, one gets a theory with 3 minimally coupled vector multiplets without hypermultiplets, and the SU(2) commuting factor is the global N = 2 hyper R-symmetry. In both cases, on the two-form Abelian field strengths’ fluxes the truncation condition reads

(6, 2)_0 = 0. (3.35)

One can also prove that the quartic invariant of the R = 20 of SU (1, 5), under the truncation (3.35) becomes the square of the quadratic invariant of the R = 4 of SU (1, 3).

2. The second maximal “degenerative” truncation of the “pure” N = 5 theory reads

N = 5 −→ N = 2, n_V = 0, n_H = 1; (3.36) SU (1, 5) ⊃ SU (1, 2) × SU (3) × U (1) ; (3.37) 20 = (1, 1)_{+3} + (1, 1)_{−3} + ( 3,3 ) −1 + ( 3, 3 ) +1 ; (3.38) SU (1, 5) U (5) ⊃ SU (1, 2) U (2)

. (3.39)

The N = 2 theory is coupled to the universal hypermultiplet, in absence of vector multiplets. The SU(3) commuting factor can be interpreted as the part of the R-symmetry truncated away in the supersymmetry reduction N = 5 → N = 2, whereas the commuting U (1) factor is the global N = 2 vector R-symmetry. On the two-form Abelian field strengths’ fluxes, the truncation condition reads ( 3,3 ) −1 = 0, (3.40) such that only the graviphoton charges (1, 1)_{+3} + (1, 1)_{−3} survive the truncation. One can also prove that the quartic invariant of the R = 20 of SU (1, 5), under the truncation (3.40) becomes nothing but the square of the Reissner-Nördstrom entropy S_{RN} π = 1 2 [( p^0

)_2 + q^2_0 ] . (3.41)

It is here worth pointing out that a consistent truncation to an hypermultiplet(s)-coupled N = 2 theory with no vector multiplets should necessarily contain two real singlets (namely the electric and magnetic charge of the graviphoton) in the branching of the original flux representation, as it holds e.g. for (3.38) and (3.70) respectively pertaining to truncations (3.36) and (3.68). However, such truncations are not interesting for our investigation, because they yield no vectors when further reduced down to N = 1 models (the N = 2 graviphoton is contained in the N = 1 gravitino multiplet, which is truncated away).

3.3 → N = 4 R ⊕ Γ_{5,5}

Let’s consider now the embedding:

J^{Os}_3 : N = 8 −→ R ⊕ Γ_{5,5} : N = 4, n_V = 6;

E_{7(7)} ⊃ SL (2, R) × SO (6, 6) ; (3.42) 56 = (2, 12) + (1, 32) ; (3.43) E_{7(7)} SU (8) ⊃ SL (2, R) U (1) × SO (6, 6) SO (6) × SO (6) . The N = 4 theory is coupled to 6 vector multiplets and, on the two-form Abelian field strengths’ fluxes, the truncation condition reads (1, 32) = 0. (3.44)

It still exhibits a quartic U-invariant I_4, but it can be further truncated to a theory with U-duality group U (3, 3) with quadratic invariant.

3.4 → N = 2

We now consider the reduction of N = 8 supergravity to an N = 2 theory with n_V vector and n_H hypermultiplets:

(n_V , n_H ) ≡ ( dim_C ( G_V H_V ) , dim_H ( G_H H_H )) , n_V ⩽ 15, n_H ⩽ 20, (3.45)

where^{GV}_{HV} and^{GH}_{HH} respectively stand for the special Kähler and quaternionic Kähler scalar manifolds, where H_V = mcs (G_V ) and H_H = mcs (G_H ). H_V always contains a factorized commuting U(1) subgroup, which is promoted to global symmetry when n_V = 0; on the other hand, H_H always contains a factorized commuting SU(2) subgroup, which is promoted to global symmetry when n_H = 0 [44].

We consider only N = 2 maximal supergravities, i.e. N = 2 theories (obtained by consistent truncations of N = 8 supergravity) which cannot be obtained by a further reduction from some other N = 2 theory, which are also magic. They are called magic, since their symmetry groups are the groups of the famous Magic Square of Freudenthal, Rozenfeld and Tits associated with some remarkable geometries [45, 46]. From the analysis performed in [8], only six N = 2, d = 4 maximal magic supergravities^7 exist which can be obtained by consistently truncating N = 8, d = 4 supergravity;

7By E_{7(p)} we denote a non-compact form of E7, where p ≡ (# non-compact − # compact) generators of the group [22, 21]. In such a notation, the compact form of E7 is E_{7(−133)} (dim_RE7 = 133).

G_V G_H H_V H_H G_V H_V ×_{GH} H_H (n_V , n_H )

J^H_3 SO^∗(12) SU(2) SU(6) × U(1) −^{SO∗(12)}_{SU(6)⊗U(1)} (15, 0)

J^C_3 SU(3, 3) SU(2, 1) SU(3) × SU(3) × U(1) SU(2) × U(1) SU(3,3) S(U(3)×U(3)) × SU(2,1) SU(2)×U(1) (9, 1)

J^R_3 Sp (6, R) G_{2(2)} SU(3) × U(1) SU(2) × SU(2) Sp(6,R) SU(3)×U(1) ×_{G2(2)} SO(4) (6, 2)

ST U SU(1, 1) × SO(2, 2) SO(4, 4) U(1) × SO(2) × SO(2) SO(4) × SO(4) SU(1,1) U(1) × SO(2,2) SO(2)×SO(2) × SO(4,4) SO(4)⊗SO(4) (3, 4)

J^R_{3,M} SU(1, 1) F_{4(4)} U(1) USp(6) × SU(2) SU(1,1) U(1)

×_{F4(4)} USp(6)⊗SU(2) (1, 7)

J^C_{3,M} U(1) E_{6(2)} − SU(6) × SU(2)^{E6(2)}_{SU(6)×SU(2)} (0, 10)

Table 5: N = 2 supergravities obtained as consistent maximal truncation of N = 8 supergravity

they are given by Table 5. After [47], we also include the case of ST U model [48, 49, 50] with n_H = 4 hypermultiplets; see below.

The models have been denoted by referring to their special geometry. J^H_3 , J^C_3 and J^R_3 stand for three of the four N = 2, d = 4 magic supergravities which, as their 5-dim. versions, are respectively defined by the three simple Jordan algebras J^H_3 , J^C_3 and J^R_3 of degree 3 with irreducible norm forms, namely by the Jordan algebras of Hermitian 3 × 3 matrices over the division algebras of quaternions H , complex numbers C and real numbers R [42, 51, 52, 53, 54].

In Table 5, the subscript “M” denotes the model obtained by performing a D = 4 mirror map (i.e. the composition of two c-maps [55] in D = 4) from the original manifold; such an operation maps a model with content (n_V , n_H ) to a model with content (n_H − 1, n_V + 1), and thus the mirror J^H_{3,M}

of J^H_3 , with (n_V , n_H ) = (−1, 16) and quaternionic manifold^{E7(−5)}_{SO(12)⊗SU(2)} does not exist, at least in D = 4. The ST U model is self-mirror: ST U = ST U_M .

3.4.1 Further Truncation to Minimal Coupling

Then, we consider further truncations to N = 2 theories exhibiting scalar-vector minimal coupling; since hyperscalars are always minimally coupled, we study only truncations of the vector multiplets’ scalar sector.

Out of the cases reported in Table 5, some deserve immediate comments:

• The case pertaining to the self-mirror ST U_M model is included in the treatment of Sec. 6 starting from N = 4 theory coupled to n = 6 vector multiplets (which in turn is maximally embedded into N = 8 theory), and considering the splitting (n_1, n − n_1) = (2, 4).

• The case pertaining to the mirror model J^R_{3,M} is not interesting in our investigation: indeed, in the vector multiplets sector, J^R_{3,M} is nothing but the so-called N = 2 T^3 model, in which the complex scalar field T is not minimally coupled to vectors, and no further truncation to minimally coupled N = 2 or N = 1 models is possible.

Let’s now list the various relevant possibilities from the models reported in Table 5:

1. Also by recalling the treatment of Subsec. 3.1 (and in particular Eqs. (3.10) and (3.12)), one can consider:

J^{Os}_3 : N = 8 −→ J^H_3 :

N = 2 (n_V , n_H ) = (15, 0) ⇕ “twin” N = 6

−→ R ⊕ Γ_{1,5} :

N = 2 (n_V , n_H ) = (7, 0) ⇕ “twin” N = 4 n_V = 2

(3.46)

E_{7(7)} ⊃ SO^∗ (12) × SU (2) ⊃ SO^∗ (8) × SO^∗ (4) × SU (2) ∼ SO (6, 2) × SL (2, R) × SU(2) × SU (2) ; (3.47) 56 = (32, 1) + (12, 2) = (8_s, 2, 1, 1) + (8_c, 1, 2, 1) + (1, 2, 2, 2) + (8_v, 1, 1, 2) ; (3.48)

E_{7(7)} SU (8) ⊃ SO^∗ (12) SU (6) × U (1) ⊃ SL (2, R) U (1) × SO (6, 2) SO (6) × SO (2) . (3.49)

The J^H_3 -based theory can either be interpreted as N = 2 or as its “twin” N = 6 [35, 59, 37, 60]; in the former case, the SU (2) commuting factor is the global hyper R-symmetry, whereas in the latter case we already mentioned that the R-symmetry truncated away in the supersymmetry reduction N = 8 → 6 (a further truncation N = 6 → N = 3 is considered in Subsec. 4.1). In both cases, the truncation condition on the two-form Abelian field strengths’ fluxes is given by (3.15). Thence, one can proceed by truncating to the (R ⊕ Γ_{1,5})-based theory still enjoys a “twin” interpretation [37, 60], either N = 2 or N = 4 supergravity; in the former case, the second SU (2) commuting factor also be interpreted as the global hyper R-symmetry, whereas in the latter case it is the R-symmetry truncated away in the supersymmetry reduction N = 6 → N = 4. In both cases, the truncation condition is

(8_c, 1, 2, 1) = 0 or (8_s, 2, 1, 1) = 0. (3.50)

The resulting theory still exhibits a quartic U-invariant I_4, but it can be further truncated to a theory with U-duality group U (1, 3) with quadratic invariant. It is here worth remarking that such a theory still admits a “twin” interpretation [37], namely either as N = 3 with n_V = 1 vector multiplet or as N = 2 minimally coupled to n_V = 3 vector multiplets (and no hypermultiplets). 2. J^{Os}_3 : N = 8 −→ J^C_3 : N = 2 (n_V , n_H ) = (9, 1) −→ N = 2 C P^3 (n_V , n_H ) = (4, 1) ; (3.51)

E_{7(7)} ⊃ SU (3, 3) × SU (2, 1) ⊃ SU (1, 3) × SU (2) × SU (2, 1) × U (1) ; (3.52) 56 = (6, 3) + ( 6, 3 ) + (20, 1) = (1, 2, 3)_2 + (4, 1, 3)_{−1} + ( 1, 2, 3 ) −2 + ( 4, 1, 3 ) 1 + (4, 1, 0)_{+3} + ( 4, 1, 0 ) −3 + (6, 2)_0 ;

(3.53) E_{7(7)} SU (8) ⊃ SU (3, 3) S (U (3) × U (3)) × SU (2, 1) U (2) ⊃ SU (1, 3) U (3) × SU (2, 1) U (2)

. (3.54)

The J^C_3 -based theory is magic N = 2 with 9 vector multiplets and 1 universal hypermultiplet. The truncation condition reads (6, 3) = 0. (3.55)

A different realization of this truncation has been studied in Subsec. 3.2. Thence, one can proceed by truncating to N = 2 minimally coupled to 3 vector multiplets (hyper sector untouched); the further truncation condition is (6, 2)_0 = 0. (3.56)

Through this chain of truncation, one can also prove that the quartic invariant of the R = 20 of SU (3, 3) becomes the square of the quadratic invariant of the R = 4 of SU (1, 3).

3. From N = 2 J^C_3 theory another truncation is possible, namely:

J^{Os}_3 : N = 8 −→ J^C_3 : N = 2 (n_V , n_H ) = (9, 1) −→ N = 2 R ⊕ Γ_{1,3} (n_V , n_H ) = (5, 1) ; (3.57) E_{7(7)} ⊃ SU (3, 3) × SU (2, 1)

⊃ SU (1, 1) × SU (2, 2) × SU (2, 1) × U (1) ∼ SL (2, R) × SO (2, 4) × SU (2, 1) × U (1) ; (3.58) 56 = (6, 3) + ( 6, 3 ) + (20, 1) = (2, 1, 3)_2 + (1, 4, 3)_{−1} + ( 2, 1, 3 ) −2 + ( 1, 4, 3 ) 1 + (1, 4, 1)_3 + ( 1, 4, 1 ) −3 + (2, 6)_0 ;

(3.59) E_{7(7)} SU (8) ⊃ SU (3, 3) S (U (3) × U (3)) × SU (2, 1) U (2) ⊃ SL (2, R) U (1) × SO (2, 4) SO (2) × SO (4) × SU (2, 1) U (2)

. (3.60)

As for the point 2 above, the first truncation condition is given by (3.55), but the second one is the very opposite of (3.56): only (2, 6)_0 does not vanish, or equivalently:

(1, 4, 1)_3 = 0. (3.61)

The resulting theory still exhibits a quartic U-invariant I_4, but it can be non-maximally further truncated to an N = 2 C P^2 model with quadratic invariant through the procedure considered in Sec. 8.3, to which we address the reader for further elucidation.

4. J^{Os}_3 : N = 8 −→ J^R_3 : N = 2 (n_V , n_H ) = (6, 2) −→ N = 2 R ⊕ Γ_{1,2} (n_V , n_H ) = (4, 2) ; (3.62) E_{7(7)} ⊃ Sp (6, R) × G_{2(2)} ⊃ Sp (2, R) × Sp (4, R) × G_{2(2)} ∼ SL (2, R) × SO (2, 3) × G_{2(2)}; (3.63) 56 = ( 14^′, 1 ) + (6, 7) = (1, 4, 1) + (2, 5, 1) + (2, 1, 7) + (1, 4, 7) ; (3.64) E_{7(7)} SU (8) ⊃ Sp (6, R) U (3) × G_{2(2)} SO (4) ⊃ SL (2, R) U (1) × SO (2, 3) SO (2) × SO (3) × G_{2(2)} SO (4) . (3.65)

The J^R_3 -based theory is magic N = 2 with 6 vector multiplets and 2 hypermultiplets. The truncation condition reads (6, 7) = 0. (3.66) Thence, one can proceed by truncating to (R ⊕ Γ_{1,2})-based N = 2 theory (hyper sector untouched); the further truncation condition is

(1, 4, 1) = 0. (3.67)

The resulting theory still exhibits a quartic U-invariant I_4, but it can be non-maximally further truncated to an N = 2 C P^1 model with quadratic invariant through the procedure considered in Sec. 8.3 (see also comment in Subsec. 8.3.1), to which we address the reader for further elucidation. 5. J^{Os}_3 : N = 8 −→ J^C_{3,M} : N = 2 (n_V , n_H ) = (0, 10) ; (3.68) E_{7(7)} ⊃ E_{6(2)} × U (1) ⊃ U (1) ; (3.69) 56 = 27_{+1} + 27^′_{−1} + 1_{+3} + 1^′_{−3}; (3.70) E_{7(7)} SU (8) ⊃ E_{6(2)} SU (6) × SU (2) . (3.71)

The resulting N = 2 theory is coupled to 10 hypermultiplets, in absence of vector multiplets. The commuting U (1) factor is the global N = 2 vector R-symmetry. On the two-form Abelian field strengths’ fluxes, the truncation condition reads

27_{+1} = 0, (3.72)

such that only the graviphoton charges 1_{+3} + 1^′_{−3} survive the truncation.One can also prove that the quartic invariant of the R = 56 of E_{7(7)}, under the truncation (3.72) becomes nothing but the square of the Reissner-Nördstrom entropy (3.41).

4 Maximal Truncations from N = 6 (J^H_3 )

4.1 → N = 3 From N = 6 “pure” theory, one can consider the following maximal “degenerative” truncation: J^H_3 : N = 6 −→ N = 3, n_V = 3; (4.1) SO^∗ (12) ⊃ SU (3, 3) × U (1) ; (4.2) 32 = 6_{−2} + 6_{+2} + 20_0; (4.3) SO^∗ (12) SU (6) × U (1) ⊃ SU (3, 3) SU (3) × SU (3) × U (1)

. (4.4)

The N = 3 theory is coupled to 3 vector multiplets and, on the two-form Abelian field strengths’ fluxes, the truncation condition reads 20_0 = 0. (4.5) One can prove that the quartic invariant of the R = 32 of SO^∗ (12), under the truncation (4.5) becomes the square of the quadratic invariant of the R = 6 of SU (3, 3).

4.2 N = 5 Note that, one might consider another truncation by setting 6_{−2} = 0 (4.6) in (4.3); this corresponds to a truncation N = 6 −→ N = 2 based on J^C_3 or, equivalently (due to the fact that N = 6 and N = 2 based on J^H_3 are “twin”, i.e. they share the very same bosonic sector [35, 59, 37, 60]) to N = 2 J^H_3 −→ N = 2 J^C_3 . However, the resulting N = 2 “magic” complex theory exhibits a generally “non-degenerate” quartic U-invariant I_4.

On the other hand, if in (4.2) SU (3, 3) is changed into SU (1, 5), another, complementary, realization of the above truncation reads N = 6 −→ N = 5; (4.7) SO^∗ (12) ⊃ SU (1, 5) × U (1) ; (4.8) 32 = 6_{−2} + 6_{+2} + 20_0; (4.9) SO^∗ (12) SU (6) × U (1) ⊃ SU (1, 5) U (5)

. (4.10)

The N = 5 theory is “pure” and the commuting U (1) factor corresponds to the part of the Rsymmetry truncated away in the supersymmetry reduction N = 6 → N = 5. On the two-form Abelian field strengths’ fluxes, the truncation condition is 6_{−2} = 0. (4.11) In turn, the “pure” N = 5 theory admits two maximal “degenerative” truncations, treated in Sec. 3.2, which precisely match the kinematical decomposition of the N = 5 gravity multiplet into matter N = 2 multiplets.

5 N = 4 R ⊕ Γ_{5,2n−1} −→ N = 3

We start with N = 4 supergravity coupled to n_V = 2n matter (vector) multiplets , which is based on the rank-3 Jordan algebra R ⊕ Γ_{1,2n−1}, with data G_4 H_4 = SL_v (2, R) U (1) × SO (6, 2n) SO (6) × SO (n) ; (5.1)

R = (2, 6 + n) . (5.2)

The relevant products of electric and magnetic charges read

p^2 ≡ p^Λp^Ση_{ΛΣ} =

∑_6

a=1 (p^a)^2 − ∑_{2n} I=1 ( p^I )_2 ; q^2 ≡ q_Λq_Ση^{ΛΣ} =

∑_6

a=1 q^2_a − ∑_{2n} I=1 q^2_I ; p · q ≡ p^Λq_Λ, (5.3)

where η is the symmetric invariant structure of the vector (Fund) irrep. 6 + 2n of SO (6, 2n), with Λ = 1, ..., 2n + 6, where the indices 1, ..., 6 pertain to the 6 graviphotons.

We consider a complexification of the electric and magnetic charge vectors p^Λ and q_Λ as follows:

P^1 ≡ p^1 + ip^2; P^2 ≡ p^3 + ip^4; P^3 ≡ p^5 + ip^6; P^4 ≡ p^7 + ip^8; .... P^{n+3} ≡ p^{2n+5} + ip^{2n+6},

(5.4)

and analogously for the electric charges. Thus (5.3) can be rewritten as

p^2 = 3∑ A=1 | |P^A | |^2 − n+3∑ A=4 | |P^A | |^2 = P^iP^jη_{ij} ; (5.5)

q^2 = 3∑ A=1 |Q_A|^2 − n+3∑ A=4 |Q_A|^2 = η^{ij} Q_iQ_j; (5.6)

p · q = n+3∑ i=1 Re ( P^iQ_i ) , (5.7)

with η here denoting the invariant rank-2 structure in the product (3 + n) × ( 3 + n ) of U (3, n), with i = 1, ..., n + 3 (in Sec. 2, the complex charge vector ( P^i, Q_i ) has been indicated by Q). Therefore: 1 4 I_{4,R⊕Γ5,2n−1} = p^2q^2 − (p · q)^2 (5.8) = η_{ij} η^{kl}P^iP^jQ_kQ_l − (_{n+3} ∑ i=1 Re ( P^iQ_i ) )_2

(5.9) = 1 4 ( S^2_1 − |S_2|^2 ) , (5.10)

where the following quantities have been introduced [35, 56]:

S_1 ≡ p^2 + q^2 = ( P^iP^j + Q^iQ^j ) η_{ij}; (5.11)

S_2 ≡ ( p^2 − q^2 ) + 2ip · q = ( P^iP^j − Q^iQ^j ) η_{ij} + 2i n+3∑ i=1 Re ( P^iQ_i ) . (5.12)

The “degeneration” condition we exploit reads as follows:

S_2 = 0 ⇔

ReS_2 = 0 ⇔ ( P^iP^j − Q^iQ^j ) η_{ij} = 0;

ImS_2 = 0 ⇔ ∑_{n+3} i=1 Re ( P^iQ_i ) = 0,

(5.13) whose a solution is Q_j = ±iP^j ∀j, (5.14)

with j-dependent “±” branches. One thus obtains: I_{4,R⊕Γ5,2n−1} | |_{S2=0} = (S^1)^2 = 4 ( P^iP^j η_{ij} )_2

= (I_{2,N =3})^2 . (5.15)

Namely, the quartic invariant I_{4,R⊕Γ5,2n−1} of the real irrep. R = (2, 6 + 2n) of the semisimple group of type E_7 G_4 = SL_v (2, R) × SO (6, 2n) = Conf (R ⊕ Γ_{5,2n−1}) “degenerates” into the square of the quadratic invariant I_{2,N =3} of the complex irrep. R^′ = 3 + n of the “degenerate” group of type E_7 G^′_4 = U (3, n). This latter is the U-duality group of N = 3 supergravity coupled to n vector multiplets.

In a manifestly U (3, n)-covariant symplectic basis, I_{2,N =3} reads:

I_{2,N =3} = 3∑ A=1 [( p^A

)_2

+ q^2_A ] − n∑ α=1 [ (p^α)^2 + q^2_α ] . (5.16)

In order to make (5.16) consistent with (5.15), the following dyonic identification of charges can be performed: P^A ≡^{1√}_2 ( p^A + iq_A ) ; P^A ≡^{1√}_2 (p^α + iq_α) .

(5.17)

In group-theoretical terms, the “degeneration” procedure under consideration goes as follows: SL_v (2, R) × SO (6, 2n) ⊃ SL_v (2, R) × U (3, n) ⊃ U (3, n) ; (2, 6 + 2n) = ( 2, (3 + n)_{+1} ) + ( 2, ( 3 + n ) −1 )

= 2 · [ (3 + n)_{+1} + ( 3 + n ) −1 ] , (5.18)

with the double-counting eventually removed by the “degeneration” truncating condition (5.13)-(5.14), which in this case sets to zero n + 3 complex, i.e. 2n + 6 real, charge combinations. Notice that, also in this case, (5.14) breaks SL_v (2, R), and its various branches, generated by the various possibilities in the choice of “±” for each index i, are all inter-related by suitable U (3, n)-transformations. At the level of the vector multiplets’ scalar manifolds, it holds SL_v (2, R) U (1) × SO (6, 2n) SO (2) × SO (2n) N =4, R⊕Γ_{5,2n−1} ⊃ SU (3, n) U (3) × SU (n) N =3

. (5.19)

6 N = 4 R ⊕ Γ_{5,n−1} −→ N = 2 R ⊕ Γ_{1,n−1} + Hypermultiplets

N = 2 hypermultiplets can be added to the “degenerative” truncation procedures (starting from the N = 2 factorized sequence) treated above, by considering the following truncation:

N = 4 R ⊕ Γ_{5,n−1} −→ N = 2 R ⊕ Γ_{1,n1−1} + (n − n_1) hypermults. (6.1) SL_v (2, R) × SO (6, n) ⊃ SL_v (2, R) × SO (2, n_1) × SO (4, n − n_1) ; (6.2) (2, 6 + n) = (2, 2 + n_1, 1) + (2, 1, 4 + n − n_1) , (6.3)

where the hyperscalars fit into the quaternionic Kähler symmetric space SO (4, n − n_1) SO (4) × SO (n − n_1) . (6.4)

Thus, the N = 2 theory is obtained by setting

(2, 1, 4 + n − n_1) = 0. (6.5)

At the level of the scalar manifolds, the truncation (6.1)-(6.5) corresponds to SL_v (2, R) U (1) × SO (6, n) SO (6) × SO (n) ⊃ SL_v (2, R) U (1) × SO (2, n_1) SO (2) × SO (n_1) × SO (4, n − n_1) SO (4) × SO (n − n_1) . (6.6)

It is worth recalling that the case n = 0 of the truncation (6.6) has been considered in Sec. 5 of [58] (see also the considerations in Subsec. 8.3.1).

Starting from the N = 2 theory with n_1 vector multiplets and n − n_1 hypermultiplets, with scalar manifolds given by the direct product on the righthand side of (6.6), iff n_1 is even (i.e. iff n_1 = 2m) one can then consider the further “degenerative” truncation down to N = 2 minimally coupled supergravity with m vector multiplets and n − n_1 = n − 2m hypermultiplets : in practice, the procedure outlined in Subsec. 8.3, with n → m, and the hypermultiplets which are insensitive of the truncation: SL_v (2, R) U (1) × SO (2, n_1) SO (2) × SO (n_1) × SO (4, n − n_1) SO (4) × SO (n − n_1) iff n_1=2m ⊃ SU (1, m) U (m) × SO (4, n − n_1) SO (4) × SO (n − n_1) . (6.7) Let’s finally mention that the quaternionic manifolds (6.4) are maximal in the framework under consideration, but, iff n − n_1 is even (i.e. iff n − n_1 = 2k) the further following truncation in the hyper sector can be considered: SO (4, n − n_1) SO (4) × SO (n − n_1) iff n−n_1=2k ⊃ SU (2, k) SU (2) × SU (k) × U (1) . (6.8)

Thus, by combining the two above observations, iff

n_1 = 2m;

n − n_1 = 2k;

⇒ n = 2 (m + k) even, (6.9)

one can consider, along the very same lines of Subsec. 8.3, the following further non-maximal “degenerative” truncation down to N = 2 minimally coupled supergravity with m vector multiplets and k hypermultiplets: SL_v (2, R) U (1) × SO (2, n_1) SO (2) × SO (n_1) × SO (4, n − n_1) SO (4) × SO (n − n_1) iff n=2(m+k) ⊃ SU (1, m) U (m) × SU (2, k) SU (2) × SU (k) × U (1) . (6.10)

7 N = 3 −→ N = 2 C P^n + Hypermultiplets

Finally, let us consider the following truncation:

N = 3 p vector mults. −→ N = 2 C P^{s1} + (p − s_1) hypermults. (7.1) U (3, p) ⊃ U (1, s_1) × SU (2, p − s_1) × U (1) ; (7.2) (3 + n) = (1 + s_1)_{+1} + (2 + p − s_1)_− (1+s_1)_{2+p−s1} , (7.3)

which, at the level of scalar manifolds corresponds to the following maximal embedding: SU (3, p) SU (3) × SU (p) × U (1) ⊃ SU (1, s_1) U (s_1) × SU (2, p − s_1) SU (2) × SU (p − s_1) × U (1)

. (7.4)

Thus, the N = 2 minimally coupled theory is obtained by setting

(2 + p − s_1) = 0. (7.5)

Notice that the starting N = 3 theory can be seen to be obtained from N = 4 theory coupled to 2p matter (vector) multiplets through the “degenerative” truncation procedure outlined in Subsec. 5, with n → p.

8 Maximal Truncations within N = 2

8.1 J^O_3 → R ⊕ Γ_{1,9} (FHSV)

J^O_3 : N = 2, n_V = 27 −→ N = 2 R ⊕ Γ_{1,9} n_V = 11; (8.1) E_{7(−25)} ⊃ SL (2, R) × SO (2, 10) ; (8.2) 56 = (2, 12) + (1, 32) ; (8.3) E_{7(−25)} E_6 × U (1) ⊃ SL (2, R) U (1) × SO (2, 10) SO (2) × SO (10)

. (8.4)

The truncation condition reads (1, 32) = 0. (8.5) The resulting theory, the so-called N = 2 FHSV model [61], still exhibits a quartic U-invariant I_4, but it can be non-maximally further truncated to an N = 2 C P^5 model with quadratic invariant through the procedure considered in Sec. 8.3, to which we address the reader for further elucidation. Note that this case, as well as the cases treated at points 1, 3 and 4 of Sec. 3.4, is based on the maximal (symmetric) Jordan algebraic embedding (see e.g. [62]):

J^A_3 ⊃ J^A_2 ⊕ R, A = O, H , C , R; (8.6) J^A_2 ∼ Γ_{1,q+1}, q ≡ dim_RA = 8, 4, 2, 1. (8.7)

8.2 J^O_3 −→ C P^6 Interestingly, the exceptional magic theory admits another relevant truncation:

J^O_3 : N = 2, n_V = 27 −→ N = 2 C P^6; (8.8) E_{7(−25)} ⊃ SU (6, 2) ⊃ SU (6, 1) × U (1) ; (8.9) 56 = 28 + 28 = 21_{+1} + 7_{−3} + 21_{−1} + 7_{+3}; (8.10) E_{7(−25)} E_6 × U (1) ⊃ SU (1, 6) U (6)

. (8.11)

The N = 2 theory is minimally coupled to 6 vector multiplets and, on the two-form Abelian field strengths’ fluxes, the truncation condition reads

21_{+1} = 0. (8.12)

It can also be proved that the quartic invariant I_4 of the R = 56 of E_{7(−25)}, under the truncation (8.12), becomes the square of the quadratic invariant of the R = 7 of SU (1, 6).

8.3 R ⊕ Γ_{1,2n−1} −→ C P^n A procedure very similar to the one of Sec. 5 can be considered in this case.

We consider N = 2 supergravity based on the rank-3 Jordan algebra R ⊕ Γ_{1,2n−1} , with n_V = 2n + 1 vector multiplets, with data

G_4 H_4 = SL_v (2, R) U (1) × SO (2, 2n) SO (2) × SO (n) ; (8.13)

R = (2, 2 + n) . (8.14)

The relevant products of electric and magnetic charges read

p^2 ≡ p^Λp^Ση_{ΛΣ} = ( p^0

)_2 + ( p^1

)_2 − ∑_{2n+1} a=2 (p^a)^2 ;

q^2 ≡ q_Λq_Ση^{ΛΣ} = q^2_0 + q^2_1 −

∑_{2n+1}

a=2 q^2_a; p · q ≡ p^Λq_Λ, (8.15)

where η is the symmetric invariant structure of the vector (Fund) irrep. 2 + 2n of SO (2, 2n), with Λ = 0, 1, ..., 2n + 1, where the indices “0” and “1” respectively pertain to the graviphoton and to the axio-dilatonic Maxwell field.

We consider a complexification of the electric and magnetic charge vectors p^Λ and q_Λ as follows:

P^1 ≡ p^0 + ip^1; P^2 ≡ p^2 + ip^3; .... P^{n+1} ≡ p^{2n} + ip^{2n+1},

(8.16)

and analogously for the electric charges. Thus (8.15) can be rewritten as

p^2 = | P^1 |_2 − n+1∑ A=2 | P^A |_2 = P^iP^j η_{ij}; (8.17)

q^2 = |Q_1|^2 − n+1∑ A=2 |Q_A|^2 = η^{ij} Q_iQ_j ; (8.18)

p · q = n+1∑ i=1 Re ( P^iQ_i ) , (8.19)

with η here denoting the invariant rank-2 structure in the product (1 + n) × ( 1 + n ) of U (1, n), with i = 1, ..., n + 1. Therefore: 1 4 I_{4,R⊕Γ1,2n−1} = p^2q^2 − (p · q)^2 (8.20) = η_{ij} η^{kl}P^iP^jQ_kQ_l − (_{n+1} ∑ i=1 Re ( P^iQ_i ) )_2

(8.21) = 1 4 ( S^2_1 − |S_2|^2 ) , (8.22)

where, mutatis mutandis, S^2_1 and S_2 are given in (5.11)-(5.12) [35, 56].

By imposing the very same “degeneration” truncating condition (5.13)-(5.14), and evaluating (8.20)-(8.22) on (5.13)-(5.14), one obtains (in Sec. 2, the complex charge vector ( P^i, Q_i ) has been indicated by Q): I_{4,R⊕Γ1,2n−1} | |_{S2=0} = (S^1)^2 = 4 ( P^iP^j η_{ij} )_2 = ( I_{2,C P}n )_2 . (8.23)

Namely, the quartic invariant I_{4,R⊕Γ1,2n−1} of the real irrep. R = (2, 2 + 2n) of the semisimple group of type E_7 G_4 = SL_v (2, R) × SO (2, 2n) = Conf (R ⊕ Γ_{1,2n−1}) “degenerates” into the square of the quadratic invariant I_{2,C P}n of the complex irrep. R^′ = 1 + n of the “degenerate” group of type E_7 G^′_4 = U (1, n). This latter is the U-duality group of N = 2 supergravity minimally coupled to n vector multiplets [19].

In a manifestly U (1, n)-covariant symplectic basis, I_{2,C P}n reads: I_{2,C P}n = ( p^0

)_2

+ q^2_0 − n∑ α=1 [ (p^α)^2 + q^2_α ] . (8.24)

In order to make (8.24) consistent with (8.23), the following dyonic identification of charges can be performed: P^1 ≡^{1√}_2 ( p^0 + iq_0 ) ; P^A ≡^{1√}_2 (p^α + iq_α) .

(8.25)

Note that in this case (5.13) manifestly breaks SL_v (2, R), whereas its solution (5.14) further breaks SO (2, 2n) down to U (1, n).

The “degeneration” of I_{4,R⊕Γ1,2n−1} can also be considered in the scalar-dressed formalism, in which [35, 56, 57]

S_1 = |Z|^2 + |Z_s|^2 − Z_I Z^I ; (8.26) S_2 = 2iZZ_s − Z_I Z^I , (8.27)

where Z, Z_s and Z_I respectively are the central charge, axio-dilatonic matter charge and non-axio-dilatonic matter charges (I = 1, ..., 2n denotes “flatted” local indices, also the index s does). Recall that Z_s ≡ D_sZ, Z_I ≡ D_I Z, Z^I = Z_I , Z^I ≡ Z_I , where D is the Kähler-covariant differential operator in “flatted” local indices. By splitting the index I as I = { ~I, ^I } with ~I = 1, ..., n and ^I = 1, ..., n, the “degeneration” condition (5.13) S_2 = 0 ⇔ 2iZZ_s = Z_I Z^I (8.28)

can be solved by setting Z_s = 0, Z_{~I} = iZ_{^I} , (8.29)

thus implying (recall (8.22))

I_{4,R⊕Γ1,2n−1} = S^2_1 = ( |Z|^2 − | Z_{~I} |_2 − | Z_{^I} |_2)2 = ( |Z|^2 − 2 | Z_{~I} |_2)2 = ( I_{2,C P}n )_2 , (8.30)

where the re-writing of the invariant I_{2,C P}n in the scalar-dressed formalism reads (see e.g. [35, 56, 57])

I_{2,C P}n = |Z|^2 − |Z_α|^2 , (8.31)

thus yielding the following identification of scalar-dressed charges with α-dependent “±” branches: Z_{~I} ≡ ± i √ 2 Z_α. (8.32)

It should be stressed that (5.14) and (8.29) are different solutions, in two different (respectively “bare” and “scalar-dressed”) formalisms, to the “degeneration” condition (5.13) (or, equivalently, (8.28)). Note that the solution (8.29) to the manifestly SL_v (2, R)-breaking “degeneration” condition (5.13) (or, equivalently, (8.28)) consistently breaks SO (2, 2n) down to U (1, n).

Mutatis mutandis, the “degeneration” in the scalar-dressed formalism considered above can also be performed for of I_{4,R⊕Γ5,2n−1} of Sec. 5; essentially, one has to identify

Z ≡ Z_1, iZ_s ≡ Z_2, (8.33) where Z_1 and Z_2 are the skew-eigenvalues of the N = 4 central charge matrix Z_{AB} (A, B = 1, ..., 4) (see e.g. [35, 56, 58, 57]).

In group-theoretical terms, the “degeneration” truncating procedure under consideration goes as follows: SL_v (2, R) × SO (2, 2n) ⊃ U (1, n) ; (2, 2 + 2n) = 2 · [ (1 + n)_{+1} + ( 1 + n ) −1 ] , (8.34)

with the double-counting eventually removed by the “degeneration” truncating condition (5.13)-(5.14), which sets to zero n+1 complex, i.e. 2n+2 real, charge combinations. As mentioned, (5.13) manifestly breaks SL_v (2, R)-invariance, and its various branches, generated by the various possibilities in the choice of “±” for each index i, are all inter-related by suitable U (1, n)-transformations. At the level of the vector multiplets’ scalar manifolds, it holds SL_v (2, R) U (1) × SO (2, 2n) SO (2) × SO (2n) N =2, R⊕Γ_{1,2n−1} ⊃ SU (1, n) U (n) N =2, C P^n . (8.35)

8.3.1 A Remark On C P^1

It is worth pointing out that the n = 1 case of the “degeneration” procedure (8.34)-(8.35) is different from the “usual” truncation of the R ⊕ Γ_{1,n−1} sequence down to the axio-dilatonic minimally coupled 1-modulus C P^1 model, achieved by setting n = 0:

SL_v (2, R) × SO (2, n)^{n=0}−→ SL_v (2, R) × SO (2) ∼ U (1, 1) ;

(2, 2 + 2n)^{n=0}−→ (2, 2) ∼ 2_{+1} + 2_{−1}; SL_v(2,R) U(1) × SO(2,n) SO(2)×SO(n) N =2, R⊕Γ_{1,n−1} n=0−→^{SLv (2,R)} U(1) × SO(2) SO(2) ∼ SU(1,1) U(1) × U(1) U(1) N =2, C P^1 axion-dilaton . (8.36)

Thus, the U-duality group of the 1-modulus minimally coupled N = 2 theory is the unbroken axiodilatonic SL_v (2, R) group times the factor SO (2, n = 0) = SO (2). On the other hand, the n = 1 case of the “degeneration” procedure described in Sec. 8.3 manifestly breaks SL_v (2, R), and it determines the U-duality group of the 1-modulus minimally coupled N = 2 theory as the n = 1 case of the breaking SO (2, 2n) → U (1, n) of the symmetry pertaining to the non-axio-dilatonic matter sector.

At the level of invariant polynomials of the symplectic irrep. of the U-duality group, the truncation (8.36) works as (recall (8.16) and (8.25)): I_{4,R⊕Γ1,n−1} | |_{n=0} = 4 {[( p^1

)_2 + ( p^2 )_2] ( q^2_1 + q^2 ) − ( p^1q_1 + p^2q_2

)_2} = 4 ( p^1q_2 − p^2q_1

)_2 = ( I_{2,C P}1 )_2

. (8.37)

The N = 2 symplectic basis obtained in this truncation is the one in which the holomorphic prepotential reads F = −iX^1X^2, and it thus differs from the one pertaining to (8.24) with n = 1, in which F = −i [( X^0

)_2 − ( X^1

)_2]

. Indeed, while (8.37) does not vanish iff both the graviphoton (index 1) and the matter Maxwell field (index 2) have at least one non-vanishing field strength’s flux (namely, iff at least p^1, q_2 ≠ 0 or p^2, q_1 ≠ 0), (8.24) can be non-vanishing also when the graviphoton (index 0) or the matter Maxwell field (index 1) has both electric and magnetic zero charges. The Sp (4, R) /U (1, 1) finite transformation S relating the two symplectic bases under consideration reads

X^1 X^2 F_1 F_2 F =−iX^1X^2 = S X^0 X^1 F_0 F_1

F =−i[(X^0)^2−(X^1)^2]

; (8.38)

S ≡ 1 2 2 2 0 0 2 −2 0 0 0 0 1 1 0 0 1 −1 ∈ Sp (4, R) /U (1, 1) . (8.39)

8.4 “Generalized” Groups of Type E_7 and Special Geometry

As introduced in Sec. 4.3 of [27], special Kähler geometry can be reformulated in order to capture both non-degenerate and degenerate groups of type E_7 in a coordinate-independent (i.e. diffeomorphisminvariant) way. This is achieved by introducing “generalized” groups of type E_7, based on a quartic “entropy functional”, expressed in terms of the scalar-dressed basis of N = 2 central charge Z (graviphoton) and N = 2 matter charges Z_i ≡ D_iZ (vector multiplets) as follows :

I_4 = (i_1 − i_2)^2 + 4i_4 − i_5; (8.40) i_1 ≡ |Z|^2 ; (8.41)

i_2 ≡ Z_iZ^i; (8.42)

i_3 ≡ i 6 [ ZC_{ijk}Z^iZ^jZ^k + ZC_{ijk}Z^iZ^jZ^k ] (8.43)

i_4 ≡ i 6 [ ZC_{ijk}Z^iZ^jZ^k − ZC_{ijk}Z^iZ^jZ^k ] ; (8.44) i_5 ≡ g^{ii}C_{ijk}C_{ilm}Z^jZ^kZ^lZ^m. (8.45) Note that I_4 = (i_1 − i_2)^2 if C_{ijk} = 0; this corresponds to symmetric N = 2 C P^n models, which upon reduction to N = 1 yield minimal coupling. Another way to obtain N = 2 C P^n models by truncating an N = 2 theory with C_{ijk} ≠ 0 is discussed in Subsec. 8.3.

One can make a model-independent analysis holding for any special Kähler geometry, by relating the invariants i_1, i_2, i_3, i_4 and i_5 defined in (8.41)-(8.45) to the three roots λ_1, λ_2, λ_3 of the universal cubic equation (cfr. Eqs. (5.11)-(5.18) of [74])

λ^3 − i_2λ^2 + i_5 4 λ − ( i^2_3 + i^2_4 ) 4i_1

= 0. (8.46)

Within this formalism, the “degeneration” corresponds to truncating the N = 2 vector multiplets such that

i_3 = i_4 = i_5 = 0 (8.47) ⇓ I_4 = (i_1 − i_2)^2 . (8.48)

The condition (8.47) implies that a unique non-vanishing independent root of (8.46) exists, namely λ = i_2.

All reductions treated in Sec. 8 satisfy the condition (8.47), which can be regarded as a necessary, but not necessarily sufficient, condition for truncating any N = 2 model down to an N = 2 C P^n model, and thus to N = 1 supergravity models with minimal coupling.

9 N = 2 → N = 1 Truncation and Minimal Coupling

Truncation of N = 2 theories to N = 1 theories was studied in [8, 9]. From Eq. (1.4) it is clear that, after projecting out the graviphoton, the anti-holomorphic vector kinetic matrix becomes N_{αβ} = F_{αβ} = ∂_α∂_βF ( X ) , (9.1)

where the projective symplectic sections t^a ≡ X^a/X^0 have been split as t^a ≡ ( t^α, t^i ) , (9.2)

with index α referring to the scalar directions of the would-be N = 1 vector multiplets, whereas index i refers to the would-be N = 1 chiral multiplets. As pointed out above, minimal coupling of vectors requires F (X) to be quadratic in the N = 2 symplectic sections corresponding to N = 1 vector multiplets, such that when truncating down to N = 1, the kinetic vector matrix N_{αβ} is a scalarindependent symmetric rank-2 tensor. Note that we here use a symplectic frame of special Kähler geometry in which an holomorphic prepotential exists

F (X) = ( X^0

)_2 F ( X X^0 ) ≡ ( X^0

)_2

f (t) , (9.3)

so that the C-tensor of special geometry reads

C_{abc} = e^K ∂_a∂_b∂_cf (t) . (9.4)

In particular, in this basis, d-geometries (which include all symmetric special geometries but the C P^n models) correspond to ∂_a∂_b∂_cf = d_{abc} constant, (9.5)

whereas C P^n models correspond to f (t) = − i 2 [ 1 − ∑ a (t^a)^2 ] . (9.6)

It is worth remarking that minimal coupling requires, in addition to

C_{αβγ} = 0 = C_{αij}, (9.7)

also [8, 9] C_{αβi} = 0, (9.8)

and thus the only non-vanishing components of the C-tensor can lie along the directions C_{ijk} corresponding to the would-be N = 1 chiral multiplets.

For symmetric cosets, this is only possible for C P^n scalar manifolds, with n = n_c + n_V (with n_c and n_V here denoting the number of N = 1 chiral and vector multiplets, respectively). The only other possibility would consist in taking the models based on the semi-simple U-duality group SL (2, R) ×SO (2, n), and considering only one vector multiplet, but this is nothing but the C P^1 model itself (see the comment in Subsubsec. 8.3.1).

For non-symmetric special geometry, other solutions exist. In Calabi-Yau compactifications, the effective N = 2 prepotential for particular orbifold realizations can have a cubic dependence on the untwisted moduli X_U and a quadratic dependence on the twisted moduli X_T (see e.g. [71], and Refs. therein):

F (X_U , X_T ) = C_{ijk}X^i_U X^j_U X^k_U + C_{αβ}X^α_T X^β_T . (9.9)

If one performs a truncation in which the N = 1 chiral multiplets correspond to untwisted moduli and N = 1 vector multiplets correspond to twisted ones (as suggested by the index splitting in (9.9), one obtains a scalar-independent kinetic vector matrix : f_{αβ} = C_{αβ} (minimal N = 1 vector coupling).

Theories which exhibit minimal coupling under truncation can for instance be given by suitable projections of an original N = 3 theory down to N = 1. Indeed, if some vector multiplets survive the truncation down to N = 1, they necessarily exhibit a minimal coupling, because the matrix f_{αβ} is independent of the remaining N = 1 chiral multiplets’ complex scalar fields. This can be understood by considering the intermediate truncation N = 3 → N = 2, corresponding to the following branching of the U-duality group (see Sec. 7):

U (3, n) ⊃ U (1, n_V ) × SU (2, n_H ) × U (1) , n = n_V + n_H . (9.10)

The kinetic matrix of the N = 2 n_V vector multiplets is independent of the n_H N = 2 hyperscalars, and after projecting out the N = 2 graviphoton and thus reducing to N = 1, it also becomes independent of the scalars corresponding to the N = 2 vector multiplets, thus becoming constant and giving rise to an N = 1 minimal vector coupling.

Other non-symmetric special geometries are obtained in N = 1 Calabi-Yau orientifold compactifications [72, 4]. The kinetic vector matrix generally depends on the moduli, and in the simplest case reads as N_{αβ} = d_{αβi}z^i, (9.11)

where as above α, β run over N = 1 vector multiplets, and i runs over N = 1 chiral multiplets. (9.11) corresponds to orientifold projections of N = 2 special d-geometries [73], as they naturally occur in Calabi-Yau compactifications (where the d-tensor is related to the triple intersection numbers).

10 On Freudenthal Duality and its “Degeneration”

All the cases in which I_4 degenerates to (I_2)^2 provide instances of the so-called Freudenthal duality [15, 63], whose manifest invariance (by construction, and apart from possible “hidden” symmetries) is given by the U-duality group of the theory obtained after truncation.

In the “degenerative” truncations under consideration, the corresponding “degeneration” of the (on-shell, non-polynomial) Freudenthal duality is given by the (on-shell, linear) formula: ~Q^M ≡ C^{MN} ∂I^2 ∂Q^N , (10.1)

where Q is the dyonic charge vector, and C^{MN} ≡ ( 0^{ΛΣ} −δ^Λ_Σ δ^Σ_Λ 0_{ΛΣ} ) (10.2)

is the symplectic metric. Due to the very structure of I_2, it holds that

~I_2 (Q) ≡ I_2 ( ~Q ) = I_2 (Q) . (10.3)

In the manifestly U (1, n)-covariant N = 2 symplectic basis specified by (8.24), the “degenerate” Freudenthal duality (10.1) can be made explicit as follows:

~Q^M ≡ C^{MN} A_{NP} Q^P ; (10.4) A_{MN} ≡ ( η_{ΛΣ} 0^Σ_Λ 0^Λ_Σ −η^{ΛΣ} ) , (10.5) namely, in components (Q = ( p^Λ, q_Λ )_T , consistent with (8.24)):

~p^Λ

~q_Λ = −η^{ΛΣ}q_Σ

η_{ΛΣ}p^Σ

, (10.6)

where η is the metric of (the fundamental irrep. of) SO (1, n). Note that this explicit treatment can be generalized to N = 3 supergravity in the manifestly U (3, n)-covariant symplectic basis specified by (5.16) by simply considering η as the metric of (the fundamental irrep. of) SO (3, n).

It can be easily checked that the “degenerate” Freudenthal duality transformation C A (10.4)-(10.6) is nothing but a particular anti-involutive symplectic transformation of the relevant U-duality group G_4. Thus, the invariance (10.3) is trivial, and in the simple, degenerate groups of type E_7 relevant to D = 4 supergravity (namely, U (1, n) or U (3, n)) the corresponding Freudenthal duality is an anti-involutive U-duality transformation.

11 Non-Minimal Coupling and Fermions

Certain aspects of non-minimal vector coupling reflect on fermions and their interactions. In particular, one finds that in case that the holomorphic function f_{αβ}(z) depends on z the mass of gaugino’s may have a non-vanishing tree level contribution of the form (in the notation of [76]) 1 4 f_{αβi} g^{−1i}_je^{K/2}D^jW λ̄^α_Rλ^β_R + (R ⇔ L). (11.1) Such a mass term for D^jW ≠ 0 may play an important role in particle physics. In the minimal coupling case, f_{αβi} ≡^{∂fαβ}_{∂zi} = 0, and the mass of gaugino’s may only come from soft breaking terms and from quantum effects.

Another case of non-minimal coupling in the fermion sector involves a Pauli coupling of a vector to a fermion of the chiral multiplet and a gaugino (see also App. A further below) 1 4 f_{αβ}^iχ̄_iγ^{μν} F^{−α}_{μν} λ^β_L + h.c. (11.2) This process is interesting in the context of creation of matter in the Universe, after inflation. The bosonic cubic vertices ϕF^2 or aF F̃ provide a possibility of creation of vectors fields from the inflaton (scalar ϕ, or the axion a). A Pauli coupling above will allow the fermionic partner of the inflaton, χ to decay and create a vector and a gaugino, standard model particles. Thus the dependence of the vector coupling on scalars due to supersymmetry is present also in the fermionic sector of the theory and may also be useful. Clearly, both terms in (11.1) and in (11.2) are absent in models of N = 1 supergravity with minimal coupling, but necessarily present in models originating from higher supersymmetries.

12 Conclusion

The minimal vector coupling in N = 1 supergravity corresponds to the choice of the constant vector kinetic term as shown in eq. (1.1), when instead of a holomorphic function of scalars, f_{αβ}(z), as in eq. (1.2), one has f_{αβ} = δ_{αβ} . Meanwhile, there is an interesting possibility to use the couplings like ϕF^2, and aF F̃ and the ones with fermions, for cosmological applications, see for example [70].

It is therefore interesting to study the origin of such couplings, attractive for cosmology and for particle physics, from well motivated superstring theory and their compactification, and related to these four-dimensional supergravities with higher suppersymmetries.

As resulting from the present paper, generalizing and refining the investigation carried out in [4], the answer to this question follows from duality symmetry and has a group theoretical origin. The question is why the vector kinetic matrix N_{ΛΣ}(φ) in ImN_{ΛΣ}F^Λ_{μν} F^{μνΣ} +iReN_{ΛΣ}F^Λ_{μν}F̃^{Σμν} (1.3) in N ⩾ 2 depends, generically, or does not depend, in degenerate cases, on scalars, when the theory is reduced to N = 1 case. In N ⩾ 2 there is a duality symmetry group G, embedded into an Sp(2n_v, R), such that the n_v vector 2-form field strengths and their duals fit into a symplectic representation

R^′ = SR , S = ( A B C D ) S^tΩ S = Ω , Ω = ( 0 −I I 0 ) . (12.1)

The gauge kinetic term N generically depends on scalars since it transforms via fractional transformations N^′ = (C + DN )(A + BN )^{−1} . (12.2)

The symplectic symmetric tensor (see e.g. [11], and Refs. therein) M_{MN} (N ) ≡ ( A B C D ) ; (12.3)

A ≡ ImN + ReN (ImN )^{−1} ReN ; B ≡ −ReN (ImN )^{−1} ; C ≡ − (ImN )^{−1} ReN ; D ≡ (ImN )^{−1}

is never constant (i.e. scalar-independent) in N ⩾ 2 supergravity, because, as shown in [4], this would imply the existence of an invariant quadratic form with Euclidean signature (due to the negative definiteness of M (12.3)-(12.4) itself). However, in the present investigation we exploited a systematic investigation of the cases in which degenerate groups of type E_7, when reduced to N = 1, may provide a scalar-independent kinetic vector matrix N , and thus a scalar-independent M. For N = 2 theories, this can only occur when the matrix F_{ΛΣ} ≡ ∂_Λ∂_ΣF projected onto the directions pertaining to the would-be N = 1 vector multiplets, is constant, namely when the holomorphic prepotential F is quadratic in the scalar degrees of freedom corresponding to the would-be N = 1 vector multiplets. In symmetric special Kähler geometry, this implies that M (F) (defined as (12.3)-(12.4) with N_{ΛΣ} → F_{ΛΣ}) is a scalar-independent matrix with Lorentzian signature, and the corresponding quadratic form QM (F) Q^T defines the quadratic symmetric invariant structure of degenerate groups of type E_7 (recall (8.31) and Eqs. (34) and (35) of [75])

I_{2,C P}n = i_1 − i_2 = − 1 2 QM (F) Q^T . (12.4)

For non-degenerate groups of type E_7, M (F) is never scalar-independent, and thus minimal coupling is not allowed.

In the present paper, we carried out a detailed classification and analysis of all cases of degeneration of groups of type E_7 responsible for the duality symmetry of extended supergravity: in this way, our investigation provides an explanation for the fact that the minimal coupling case is non-generic in N = 1 supergravity originating from higher supersymmetries, thus supporting the proposal to use a non-minimal vector coupling for applications in particle physics and cosmology.

Acknowledgments

S. F. would like to thank Laura Andrianopoli, Riccardo D’Auria and Mario Trigiante for enlightening discussions. R. K. is grateful to A. Linde and K. Olive for the discussion of the non-minimal vector couplings in applications to cosmology and particle physics. The work of S.F. has been supported by the ERC Advanced Grant no. 226455, Supersymmetry, Quantum Gravity and Gauge Fields (SUPER- FIELDS). The work of R.K. was supported by the Stanford Institute of Theoretical Physics and NSF grant 0756174.

A Pauli Terms

A.1 General Structure

In a D = 4 N -extended supergravity theory, the general structure of Pauli terms read (we use the notation and conventions of [64], to which the reader is addressed for further elucidation): [ ( √ −g)^{−1}L ] Pauli = F −Λ μν ImN_{ΛΣ} ( L^Σ_{AB}ψ^{μA}ψ^{νB} + L^Σ_{IA}ψ^{μA}γ^ν λ^I + L^Σ_{IJ} λ^I γ^{μν} λ^J ) + h.c., (A.1) where λ_I and ψ_{Aμ} respectively denote the spin-^1_2 fermions and the gravitino fields, andF^{(∓)Λ}_{μν} are the self-dual/anti-self-dual combinations of the vector field strengths:

F^{(∓)Λ}_{μν} ≡ 1 2 ( F^Λ_{μν} ∓ i ⋆ F^Λ_{μν} ) ; ⋆F^Λ_{μν} ≡ 1 2 ϵ_{μνρσ}F^{ρσΛ}, ⋆F^{Λ(±)}_{μν} = ∓iF^{Λ(±)}_{μν} . (A.2)

A, B, . . . indices range in the fundamental representation of the R-symmetry SU(N ) ×U(1) (the U (1) term is missing in the maximal case N = 8), their lower (upper) position denoting left (right) chirality. Besides enumerating the fields, the indices I actually are a short-hand notation, which encompasses various possibilities: if the fermions belong to vector multiplets I → IA, since they also transform under R-symmetry; if they refer to fermions of the gravitational multiplet they are a set of three SU(N ) antisymmetric indices: I → [ABC]. (In the particular case of N = 2 n_H hypermultiplets : I → α, where α is in the fundamental of USp(2n_H ) ).

The matrices entering the Lagrangian are in general all dependent on the scalar fields q^i. N_{ΛΣ} is the kinetic vector matrix, generally depending on (a subset q^i of) the scalar fields q^u. According to [5], the indices Λ, Σ sit in the relevant symplectic representation of the U-duality group G. The structures L^Σ_{AB}, L^Σ_{IA}, L^Σ_{IJ} are coset representatives of the σ-model G/H for N > 2, while they are objects of special Kähler geometry for N = 2. For N = 1, they are related to the kinetic matrix of the vectors (with L^Σ_{AB} = 0, because there are no vectors in the N = 1 gravity multiplet).

In the following, we will specify (A.1) to N = 8, to N = 2 (in particular, when G is a “degenerate” group “of type E_7”) and to N = 1 theories (also in presence of minimal coupling).

A.2 N = 8

In this case, A = 1, ..., 8 range in the 8 of the R-symmetry SU (8). Only gravitational multiplet is present; the gauginos λ_{[ABC]} are in the rank-3 antisymmetric irrep. 56 of SU (8), whereas the scalars q^{[ABCD]} sit into the rank-4 antisymmetric self-real irrep. 70 of SU (8). (A.1) thus specifies to:

N = 8 : [ ( √ −g)^{−1}L ] Pauli = F −Λ μν ImN_{ΛΣ}L^Σ_{AB}ψ^{μA}ψ^{νB} +F^{−Λ}_{μν} ImN_{ΛΣ}L^Σ_{AB}ψ^μ_C γ^ν λ^{ABC} +F^{−Λ}_{μν} ImN_{ΛΣ}ϵ_{ABCDEF GH} λ^{ABC} γ^{μν} λ^{DEF} L^{Σ|GH} + h.c. . (A.3) Thus, by introducing

T^−_{μν, AB} ≡ F^{−Λ}_{μν} ImN_{ΛΣ}L^Σ_{AB} ; (A.4) T^{−|AB} μν ≡ F^{−Λ}_{μν} ImN_{ΛΣ}L^{Σ|AB}, (A.5)

(A.3) can be rewritten as

N = 8 : [ ( √ −g)^{−1}L ] Pauli = T^−_{μν, AB} ψ^{μA}ψ^{νB} + T^−_{μν, AB} ψ^μ_C γ^ν λ^{ABC} +ϵ_{ABCDEF GH} λ^{ABC} γ^{μν} λ^{DEF} T^{−|GH}_{μν} + h.c. . (A.6) A.3 N = 2

N = 2 supergravity the scalar manifold is a product manifold [65, 66, 55], M_{scalar} = M_{vec} × M_{hyper} (A.7) since there are two kinds of matter multiplets, the vector multiplets and the hypermultiplets. The geometry of M_{vec} is described by the special Kähler geometry [65, 67], while the geometry of M_{hyper} is described by quaternionic geometry [65, 66, 68]; for a thorough geometric treatment, see e.g. [6]. With respect to the general case (A.1)

Λ = 0, 1, . . . , n_V ; A, B = 1, 2; i = 1, . . . , 4n_H + 2n_V ; I = 1, . . . n_H + n_V , (A.8)

where the index 0 pertains to the graviphoton.

As it will be the case in N = 1 supergravity, we denote the complex scalars parameterizing^{(vec)} by z^i, z̄^ī, while the scalars parameterizing M_{hyper} will be denoted by q^u. When the index I runs over the vector multiplets it must be substituted by IA in all the formulae relevant to the vector multiplet, since the fermions λ^{IA} are in the fundamental of the R-symmetry group U(2).

L^Λ(z, z̄) and its ”magnetic” counterpart M_Λ(z, z̄) = N_{Λ Σ} L^Σ actually form a 2n_V dimensional covariantly holomorphic section V = (L^Λ, M_Λ) of a flat symplectic bundle.

When the index I runs over the hypermultiplets, we rename them as follows: (I, J) → (α, β) and since there are no vectors in the hypermultiplets we have f^{ΛA}_α = 0

The Vielbein of the quaternionic manifold M_{hyper} are usually denoted by U^{α A} ≡ U^{α A}_u dq^u, where α = 1, . . . , 2n_H is an index labelling the fundamental representation of USp(2n_H ). The inverse matrix Vielbein is^u_{α A}. We raise and lower the indices α, β, . . . and A, B, . . . with the symplectic matrices C^{αβ} and ϵ_{A B}.

Thus, (A.1) specifies to:

N = 2 : [ ( √ −g)^{−1}L ] Pauli

= F^{−Λ}_{μν} ImN_{ΛΣ} 4L^Σψ^{Aμ}ψ^{Bν} ϵ_{AB} − 4iD_iL^Σλ^i_Aγ^ν ψ^μ_B ϵ^{AB} +^i_2 C_{ijk}g^{kk}D_kL^Σλ^{iA}γ^{μν} λ^{jB}ϵ_{AB} − L^Σζ_αγ^{μν} ζ_βC^{αβ} + h.c., (A.9)

where ζ_α, ζ_α denote the spin-^1_2 fermions of the hypermultiplets (hyperinos). The kinetic vector matrix N_{ΛΣ} can be constructed in terms of L^Λ through the procedure e.g. given in [6].

By introducing the gravity- and matter- vector projectors

T^−_{μν} ≡ 2iImN_{ΛΣ}L^ΣF^{−Λ}_{μν} ; (A.10)

T^{−i}_{μν} ≡ −ImN_{ΛΣ}F^{−Λ}_{μν} g^{ij} D_jL^Σ, (A.11)

(A.9) can be rewritten as

N = 2 : [ ( √ −g)^{−1}L ] Pauli = − i 2 T^−_{μν} [ 4ψ^{Aμ}ψ^{Bν} ϵ_{AB} − ζ_αγ^{μν} ζ_βC^{αβ} ] (A.12) + i 2 T^{−k}_{μν} [ 8g_{ki}λ^i_Aγ^ν ψ^μ_B ϵ^{AB} − C_{ijk}λ^{iA}γ^{μν} λ^{jB}ϵ_{AB} ] + h.c.. (A.13)

Note that for N = 2 minimally coupled theories, whose U-duality group is a degenerate group of type E_7 : G_4 = U (1, n_V ), it holds that C_{ijk} = 0, and thus the second Pauli term in the “matter sector” (A.13) is absent.

A.4 N = 1

In order to specify the general formula (A.1) to N = 1, we recall that the scalar manifold is in this case a Kähler-Hodge manifold and that the R-symmetry reduces simply to U(1).; for a general treatment, see e.g. [69, 7]. It is convenient in this case to use as “Vielbeins” the differentials of the complex coordinates dz^i, dz̄^i, where z^i(x) are the complex scalar fields parameterizing the Kähler- Hodge manifold of (complex) dimension n_C ; thus, in this case we set q^u → (z^i, z̄^i). The spin^1_2 fermions are either in chiral or in vector multiplets; so, the index I runs over the number n_V + n_C of vector and chiral multiplets: I = 1, . . . , n_V + n_C . Furthermore, it is convenient to assign the index Λ, the same as for the vectors, to the fermions of the vector multiplets : we will denote them as λ^Λ, Λ = 1, . . . , n_V ; the fermions of the chiral multiplets will instead be denoted by χ^i, χ^i in the case of left-handed or right-handed spinors, respectively. Since the gravitino and the gaugino fermions have no SU(N ) indices, their chirality will be denoted by a lower or an upper dot for left-handed or right handed fermions respectively, namely (ψ_•, ψ^•) and (λ^Λ_• , λ^{•Λ}). Thus, (A.1) specifies to:

N = 1 : [ ( √ −g)^{−1}L ] Pauli = ImNΛΣF −Λ μν λ̄^{•Σ}γ^μψ^ν_• − i 8 ∂_iN_{ΛΣ}F^{−Λ}_{μν} χ̄^iγ^{μν} λ^Σ_• + h.c., (A.14)

where F^{(∓)Λ}_{μν} are defined in (A.2). Within the adopted conventions, N_{ΛΣ} is anti-holomorphic in the chiral multiplets’ complex scalars:

∂_iN_{ΛΣ} = 0. (A.15)

It is instructive to compare (A.14) with its N = 2 counterpart (A.12)-(A.13). When performing the supersymmetry reduction N = 2 → N = 1, the “gravity sector” (A.12) of the N = 2 Pauli terms is projected out because, as mentioned, the N = 1 gravity multiplet des not contain any graviphoton. On the other hand, the “matter sector” (A.13) of the N = 2 Pauli terms (simpler in the N = 2 minimally coupled theory due to C_{ijk} = 0) becomes (A.14) itself.

Furthermore, it should be noted that when the N = 1 scalars are minimally coupled to the vectors (∂_iN_{ΛΣ} = 0; thus, from (A.15)), the second term in (A.14) vanishes, and the Pauli term (A.14) acquires its minimally coupled form

N = 1 minimal coupling : [ ( √ −g)^{−1}L ] Pauli = ImNΛΣF −Λ μν λ̄^{•Σ}γ^μψ^ν_• + h.c.. (A.16) References

[1] E. Cremmer and B. Julia, The N = 8 Supergravity Theory. 1. The Lagrangian, Phys. Lett. B80, 48 (1978). E. Cremmer and B. Julia, The SO(8 ) Supergravity, Nucl. Phys. B159, 141 (1979).

[2] C. Hull and P. K. Townsend, Unity of Superstring Dualities, Nucl. Phys. B438, 109 (1995),

hep-th/9410167.

[3] J. Wess and J. Bagger, “Supersymmetry and supergravity,” Princeton, USA: University Press (1992).

[4] S. Ferrara and R. Kallosh, Creation of Matter in the Universe and Groups of Type E_7, JHEP 1112 (2011) 096, arXiv:1110.4048 [hep-th].

[5] M. K. Gaillard and B. Zumino, Duality Rotations For Interacting Fields, Nucl. Phys. B193, 221 (1981). P. Aschieri, S. Ferrara and B. Zumino, Duality Rotations in Nonlinear Electrodynamics and in Extended Supergravity, Riv. Nuovo Cim. 31, 625 (2009), arXiv:0807.4039 [hep-th].

[6] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fré, and T. Magri, N = 2 supergravity and N = 2 superYang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23, 111 (1997), hep-th/9605032.

[7] E. Cremmer, S. Ferrara, L. Girardello and A. Van Proeyen, Yang-Mills theories with local supersymmetry: Lagrangian, transformation laws and superHiggs Effect, Nucl. Phys. B212, 413 (1983).

[8] L. Andrianopoli, R. D’Auria and S. Ferrara, Supersymmetry Reduction of N Extended Supergravities in Four Dimensions, JHEP 0203, 025 (2002), hep-th/0110277.

[9] L. Andrianopoli, R. D’Auria and S. Ferrara, Consistent Reduction of N = 2 → N = 1 Four- Dimensional Supergravity Coupled to Matter, Nucl. Phys. B628, 387 (2002), hep-th/0112192.

[10] A. Ceresole, R. D’Auria, S. Ferrara and A. Van Proeyen, Duality transformations in supersymmetric Yang-Mills theories coupled to supergravity, Nucl. Phys. B444, 92 (1995), hep-th/9502072.

[11] A. Ceresole, R. D’Auria and S. Ferrara, The Symplectic structure of N = 2 supergravity and its central extension, Nucl. Phys. Proc. Suppl. 46, 67 (1996), hep-th/9509160.

[12] E. Witten, Dimensional Reduction of Superstring Models, Phys.Lett. B155 (1985) 151.

[13] A.C. Cadavid, A. Ceresole, R. D’Auria and S. Ferrara, Eleven-dimensional supergravity compactified on Calabi-Yau threefolds, Phys. Lett. B357 (1995) 76, hep-th/9506144.

[14] R. B. Brown, Groups of Type E_7, J. Reine Angew. Math. 236, 79 (1969).

[15] L. Borsten, D. Dahanayake, M. J. Duff and W. Rubens, Black Holes Admitting a Freudenthal Dual, Phys. Rev. D80, 026003 (2009), arXiv:0903.5517 [hep-th].

[16] L. Andrianopoli, R. D’Auria and S. Ferrara, Central extension of extended supergravities in diverse dimensions, Int. J. Mod. Phys. A12, 3759 (1997), hep-th/9608015. L. Andrianopoli, R. D’Auria and S. Ferrara, U duality and central charges in various dimensions revisited, Int. J. Mod. Phys. A13, 431 (1998), hep-th/9612105.

[17] R. S. Garibaldi, Groups of type E_7 over Arbitrary Fields, Commun. in Algebra 29, 2689 (2001),

math/9811056 [math.AG].

[18] S. Ferrara and R. Kallosh, Universality of supersymmetric attractors, Phys. Rev. D54, 1514 (1996), hep-th/9603090.

[19] J. F. Luciani: Coupling of O(2 ) Supergravity with Several Vector Multiplets, Nucl. Phys. B132, 325 (1978).

[20] K. Meyberg, Eine Theorie der Freudenthalschen Triplesysteme. I, II, Nederl. Akad. Wetensch.

Proc. Ser. A71, 162 (1968).

[21] R. Gilmore, Lie Groups, Lie Algebras, and Some of Their Applications (Dover Publications, 2006).

[22] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces (Academic Press, New York, 1978).

[23] A. Marrani, E. Orazi and F. Riccioni, Exceptional Reductions, J. Phys. A44, 155207 (2011),

arXiv:1012.5797 [hep-th].

[24] E. Cartan, Œuvres complètes (Editions du Centre National de la Recherche Scientifique, Paris, 1984).

[25] D. Z. Freedman, P. van Nieuwenhuizen and S. Ferrara, Progress Toward a Theory of Supergravity, Phys. Rev. D13, 3214 (1976).

[26] S. Ferrara, C. Savoy and B. Zumino, General Massive Multiplets In Extended Supersymmetry, Nucl. Phys. B121, 393 (1977).

[27] S. Ferrara, A. Marrani and A. Yeranyan, On Invariant Structures of Black Hole Charges, JHEP (2012), in press, arXiv:1110.4004 [hep-th].

[28] S. Ferrara, A. Marrani, E. Orazi, R. Stora and A. Yeranyan, Two-Center Black Holes Duality- Invariants for stu Model and its lower-rank Descendants, J. Math. Phys. 52, 062302 (2011),

arXiv:1011.5864 [hep-th].

[29] E. Calabi and E. Vesentini, On Compact, Locally Symmetric Kähler Manifolds, Ann. Math. 71, 472 (1960).

[30] L. Andrianopoli, R. D’Auria, S. Ferrara, A. Marrani and M. Trigiante, Two-Centered Magical Charge Orbits, JHEP 1104, 041 (2011) 041, arXiv:1101.3496 [hep-th].

[31] M. Günaydin, Lectures on Spectrum Generating Symmetries and U -Duality in Supergravity, Extremal Black Holes, Quantum Attractors and Harmonic Superspace, arXiv:0908.0374 [hep-th].

[32] L. Borsten, M. J. Duff, S. Ferrara, A. Marrani and W. Rubens, Small Orbits, arXiv:1108.0424

[hep-th].

[33] L. Borsten, M. J. Duff, S. Ferrara, A. Marrani and W. Rubens, Explicit Orbit Classification of Reducible Jordan Algebras and Freudenthal Triple Systems, arXiv:1108.0908 [math.RA].

[34] M. J. Duff, J. T. Liu and J. Rahmfeld, Four-dimensional String-String-String Triality, Nucl. Phys.

B459, 125 (1996), hep-th/9508094. K. Behrndt, R. Kallosh, J. Rahmfeld, M. Shmakova and W. K. Wong, STU Black Holes and String Triality, Phys. Rev. D54, 6293 (1996), hep-th/9608059.

[35] L. Andrianopoli, R. D’Auria and S. Ferrara, U Invariants, Black Hole Entropy and Fixed Scalars, Phys. Lett. B403, 12 (1997), hep-th/9703156.

[36] L. Andrianopoli, R. D’Auria, S. Ferrara and M. Lledó, On the Super Higgs Effect in Extended Supergravity, Nucl. Phys. B640, 46 (2002), hep-th/0202116.

[37] S. Ferrara, A. Marrani and A. Gnecchi, d = 4 Attractors, Effective Horizon Radius and Fake Supergravity, Phys. Rev. D78, 065003 (2008), arXiv:0806.3196 [hep-th].

[38] D. Roest and H. Samtleben, Twin Supergravities, Class. Quant. Grav. 26, 155001 (2009),

arXiv:0904.1344 [hep-th].

[39] L. Castellani, A. Ceresole, S. Ferrara, R. D’Auria, P. Fré and E. Maina, The Complete N = 3 Matter Coupled Supergravity, Nucl. Phys. B268, 317 (1986).

[40] R. Kallosh and B. Kol, E_7 Symmetric Area of the Black Hole Horizon, Phys. Rev. D53, 5344 (1996), hep-th/9602014.

[41] L. Andrianopoli, R. D’Auria, S. Ferrara and M. Trigiante, Extremal Black Holes in Supergravity, Lect. Notes Phys. 737, 661 (2008), hep-th/0611345.

[42] M. Günaydin, G. Sierra and P. K. Townsend, Exceptional Supergravity Theories and the Magic Square, Phys. Lett. B133, 72 (1983). The Geometry of N = 2 Maxwell-Einstein Supergravity and Jordan Algebras, Nucl. Phys. B242, 244 (1984). Gauging the D = 5 Maxwell-Einstein Supergravity Theories: More on Jordan Algebras, Nucl. Phys. B253, 573 (1985). More on D = 5 Maxwell-Einstein Supergravity: Symmetric Space and Kinks, Class. Quant. Grav. 3, 763 (1986).

[43] L. K. Hua, On the Theory of Automorphic Functions of a Matrix Variable. I: Geometrical Basis, Amer. J. Math. 66, 470 (1944). C. Bloch and A. Messiah, The Canonical Form of an Antisymmetric Tensor and its Application to the Theory of Superconductivity, Nucl. Phys. B39, 95 (1962). B. Zumino, Normal Forms of Complex Matrices, J. Math. Phys. 3, 1055 (1962).

[44] S. Ferrara, J. Scherk and B. Zumino, Algebraic Properties of Extended Supergravity Theories, Nucl. Phys. B121, 393 (1977).

[45] H. Freudenthal, Proc. Konink. Ned. Akad. Wetenschap A62, 447 (1959).

[46] B. A. Rozenfeld, Dokl. Akad. Nauk. SSSR 106, 600 (1956). J. Tits, Mem. Acad. Roy. Belg. Sci.

29, fasc. 3 (1955).

[47] S. Ferrara and A. Marrani, N = 8 non-BPS Attractors, Fixed Scalars and Magic Supergravities, Nucl. Phys. B788, 63 (2008), arXiv:0705.3866 [hep-th].

[48] M. J. Duff, J. T. Liu and J. Rahmfeld, Four-dimensional string/string/string triality, Nucl. Phys.

B459, 125 (1996), hep-th/9508094.

[49] K. Behrndt, R. Kallosh, J. Rahmfeld, M. Shmakova and W. K. Wong, STU Black Holes and String Triality, Phys. Rev. D54, 6293 (1996), hep-th/9608059.

[50] R. Kallosh, N. Sivanandam and M. Soroush, Exact Attractive non-BPS STU Black Holes, Phys.

Rev. D74, 065008 (2006), hep-th/0606263.

[51] P. Jordan, J. Von Neumann and E. Wigner, On an algebraic generalization of the quantum mechanical formalism, Ann. Math. 35, 29 (1934).

[52] N. Jacobson, Ann. Math. Soc. Coll. Publ. 39 (1968).

[53] M. Günaydin, Exceptional Realizations of Lorentz Group: Supersymmetries and Leptons, Nuovo Cimento A29, 467 (1975).

[54] M. Günaydin, C. Piron and H. Ruegg, Moufang Plane and Octonionic Quantum Mechanics, Comm. Math. Phys. 61, 69 (1978).

[55] S. Cecotti, S. Ferrara and L. Girardello, Geometry of Type II Superstrings and the Moduli of Superconformal Field Theories, Int. J. Mod. Phys. A4, 2475 (1989).

[56] B. L. Cerchiai, S. Ferrara, A. Marrani and B. Zumino, Duality, Entropy and ADM Mass in Supergravity, Phys. Rev. D79, 125010 (2009), arXiv:0902.3973 [hep-th].

[57] A. Ceresole, S. Ferrara and A. Marrani, Small N = 2 Extremal Black Holes in Special Geometry, Phys. Lett. B693, 366 (2010), arXiv:1006.2007 [hep-th].

[58] A. Ceresole, S. Ferrara, A. Gnecchi and A. Marrani, More on N = 8 Attractors, Phys. Rev. D80, 045020 (2009), arXiv:0904.4506 [hep-th].

[59] S. Ferrara, E. G. Gimon and R. Kallosh, Magic Supergravities, N = 8 and Black Hole Composites, Phys. Rev. D74, 125018 (2006), hep-th/0606211.

[60] D. Roest and H. Samtleben, Twin Supergravities, Class. Quant. Grav. 26, 155001 (2009),

arXiv:0904.1344 [hep-th].

[61] S. Ferrara, J. A. Harvey, A. Strominger and C. Vafa, Second Quantized Mirror Symmetry, Phys.

Lett. B361, 59 (1995), hep-th/9505162.

[62] M. Günaydin, Lectures on Spectrum Generating Symmetries and U -Duality in Supergravity, Extremal Black Holes, Quantum Attractors and Harmonic Superspace, arXiv:0908.0374 [hep-th].

[63] S. Ferrara, A. Marrani and A. Yeranyan, Freudenthal Duality and Generalized Special Geometry, Phys. Lett. B701, 640 (2011), arXiv:1102.4857 [hep-th].

[64] R. D’Auria and S. Ferrara, On Fermion Masses, Gradient Flows and Potential in Supersymmetric Theories, JHEP 0105, 034 (2001), hep-th/0103153v5.

[65] B. de Wit, P.G. Lauwers and A. Van Proeyen, Lagrangians of N = 2 Supergravity - Matter Systems, Nucl.Phys. B255 (1985) 569.

[66] R. D’Auria, S. Ferrara and P. Fré, Special and Quaternionic Isometries : General Couplings in N = 2 Supergravity and the Scalar Potential, Nucl. Phys. B359 (1991) 705.

[67] A. Strominger, Special Geometry, Commun. Math. Phys. 133 (1990) 163. L. Castellani, R.

D’Auria and S. Ferrara, Special Kähler Geometry : an Intrinsic Formulation from N = 2 Space- Time Supersymmetry, Phys. Lett. B241 (1990) 57; Special Geometry without Special Coordinates, Class. Quantum Grav. 7 (1990) 1767. B.Craps, F.Roose, W.Troost and A. Van Proeyen, What is Special Kähler Geometry?, Nucl. Phys. B503 (1997) 565, hep-th/9703082.

[68] D. V. Alekseevski, Classification of Quaternionic Spaces with a Transitive Solvable Group of Motions, USSR Izvestija 9 (1975) 297. K.Galicki, A Generalization of the Momentum Mapping Construction for Quaternionic Kähler Manifolds, Commun. Math. Phys. 108 (1987) 117; Geometry of the Scalar Couplings in N = 2 Supergravity Models, Class. Quantum Grav. 9 (1992) 27. J. Bagger and E. Witten, Matter Couplings in N = 2 Supergravity, Nucl. Phys. B222 (1983)1. A. Galperin, O. Ogievetsky and E.Ivanov, Harmonic Space and Quaternionic Manifolds, Ann. of Phys. 230 (1994) 201. B. de Wit, B. Kleijn and S. Vandoren, Superconformal Hypermultiplets, Nucl. Phys. B568 (2000) 475, hep-th/9909228. B.de Wit and A.Van Proeyen, Hidden Symmetries, Special Geometry and Quaternionic Manifolds, Int. J. Mod. Phys. D3 (1994) 31,

hep-th/9310067.

[69] E. Cremmer, B. Julia, J. Scherk, S. Ferrara, L. Girardello and P. van Nieuwenhuizen, Spontaneous symmetry breaking and Higgs effect in supergravity without cosmological constant, Nucl. Phys. B147, 105 (1979).

[70] R. Kallosh, A. Linde, K. A. Olive and T. Rube, Chaotic inflation and supersymmetry breaking, Phys. Rev. D84, 083519 (2011), arXiv:1106.6025 [hep-th].

[71] L. J. Dixon, V. Kaplunovsky and J. Louis, On Effective Field Theories Describing (2 , 2 ) Vacua of the Heterotic String, Nucl. Phys. B329, 27 (1990).

[72] T. W. Grimm and J. Louis, The Effective Action of N = 1 Calabi-Yau Orientifolds, Nucl. Phys.

B699, 387 (2004), hep-th/0403067. T. W. Grimm and J. Louis, The Effective Action of Type IIA Calabi-Yau Orientifolds, Nucl. Phys. B718, 153 (2005), hep-th/0412277. R. Blumenhagen, B. Kors, D. Lust and S. Stieberger, Four-Dimensional String Compactifications with D-Branes, Orientifolds and Fluxes, Phys. Rept. 445, 1 (2007), hep-th/0610237.

[73] B. de Wit, F. Vanderseypen and A. Van Proeyen, Symmetry structure of special geometries, Nucl.

Phys. B400, 463 (1993), hep-th/9210068.

[74] A. Ceresole, G. Dall’Agata, S. Ferrara and Armen Yeranyan, Universality of the superpotential for d = 4 extremal black holes, Nucl. Phys. B832, 358 (2010), arXiv:0910.2697 [hep-th].

[75] S. Ferrara and R. Kallosh, Supersymmetry and Attractors, Phys. Rev. D54, 1514 (1996),

hep-th/9602136.

[76] R. Kallosh, L. Kofman, A. D. Linde and A. Van Proeyen, Superconformal Symmetry, Supergravity and Cosmology, Class. Quant. Grav. 17, 4269 (2000) [Erratum-ibid. 21, 5017 (2004)],

hep-th/0006179.